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21Dipartimento di Fisica, INFN Sezione di Padova and Università di Padova, I-35131, Padova, Italy
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We present the results of the charge ratio (R) and polarization (Pµ
0 ) measurements using the

decay electron events collected from 2008 September to 2022 June by the Super-Kamiokande de-
tector. Because of its underground location and long operation, we performed high precision
measurements by accumulating cosmic-ray muons. We measured the muon charge ratio to be
R = 1.32 ± 0.02 (stat.+syst.) at Eµ cos θZenith = 0.7+0.3

−0.2 TeV, where Eµ is the muon energy and
θZenith is the zenith angle of incoming cosmic-ray muons. This result is consistent with the Honda
flux model while this suggests a tension with the πK model of 1.9σ. We also measured the muon
polarization at the production location to be Pµ

0 = 0.52 ± 0.02 (stat.+syst.) at the muon momen-
tum of 0.9+0.6

−0.1 TeV/c at the surface of the mountain; this also suggests a tension with the Honda
flux model of 1.5σ. This is the most precise measurement ever to experimentally determine the
cosmic-ray muon polarization near 1 TeV/c. These measurement results are useful to improve the
atmospheric neutrino simulations.

∗ Corresponding author.
ynakano@km.icrr.u-tokyo.ac.jp † also at BMCC/CUNY, Science Department, New York, New
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I. INTRODUCTION

Three-flavor neutrino mixing, described by the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [1,
2], is generally parameterised by three mixing angles,
two neutrino mass-squared differences, and one CP -
violating phase. Neutrino oscillation was first confirmed
in atmospheric neutrino data observed with the Super-
Kamiokande (SK) detector [3]. Since then neutrino os-
cillation has been observed not only in atmospheric neu-
trinos [4–6] but also with other neutrino sources such
as solar neutrinos [7–9], accelerator neutrinos [10–13],
and reactor neutrinos [14–16]. However, several oscil-
lation parameters remain unknown; the mass hierarchy
of ∆m2

23, the octant of θ23, and the value of CP -violating
phase.
In the SK detector, the approach to measuring these

oscillation parameters is by comparing the energy, an-
gle and flavor distributions of atmospheric neutrino in-
teraction products observed in data with that predicted
by atmospheric neutrino simulations [17, 18]. For atmo-
spheric neutrino measurements, a precise knowledge of
the ratio of neutrinos to anti-neutrinos (ν/ν̄) is of partic-
ular importance in the extraction of accurate oscillation
parameters. However, the accuracy of the atmospheric
neutrino predictions in the absolute flux and the flavor
proportion is limited by uncertainties in both the pri-
mary cosmic-ray flux and the hadronic production in the
air shower [19, 20].
Cosmic-ray muons predominantly come from the decay

of mesons produced in hadronic showers that follow from
the interaction between primary cosmic-rays and nuclei
in the atmosphere. Accordingly, these muons carry es-
sential information on pion and kaon production in the
hadronic interaction.
Figure 1 shows the expected fraction of parent par-

ticles that produce cosmic-ray muons at the Kamioka
site by the Honda flux model [21]. The main source
of cosmic-ray muons is pion decays at low energy. On
the other hand, the contribution of pion decays is sup-
pressed at high energy because the interactions with at-
mospheric nuclei before their decays increase due to their
relatively long lifetime. Thus, the contribution of kaon
decays relatively increases at high energy. This phe-
nomenon is parameterized in Ref. [22] by using critical
energy of επ = 115 GeV (εK = 850 GeV), which is the
energy of pion (kaon) where the probabilities of causing
interaction and decay are equal. For the muon energy
of Eµ > επ/ cos θZenith, the contribution of pion decays
is suppressed while the contribution of kaon decays in-
creases, where the dependence of zenith angle (θZenith)
due to the air density profile change is taken into account.

York, 1007, USA.
‡ also at University of Victoria, Department of Physics and Astron-
omy, PO Box 1700 STN CSC, Victoria, BC V8W 2Y2, Canada.

This tendency continues until Eµ ≫ εK/ cos θZenith.
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FIG. 1. The fraction of parent particles which produce
cosmic-ray muons at the Kamioka site, based on the Honda
flux simulation [21]. The fraction is calculated by integrating
over the zenith angle. The solid black, dashed red, dotted
green, and blue dashed-dotted lines show the fraction of pos-
itive pion to positive muon, negative pion to negative muon,
kaon to positive muon, and kaon to negative muon, respec-
tively.

The charge ratio, which is defined as the ratio of the
number of positive particles to negative particles, is an
important observable to constrain the flavor ratio of at-
mospheric neutrinos. The kaon charge ratio is larger than
that of pions because positive kaons are produced asso-
ciated with lambda particles in air showers, and this re-
sults in the higher production rate than that of negative
kaons. The contribution of kaon decays to muon produc-
tion increases at high Eµ cos θZenith as explained above,
and this results in the rise of muon charge ratio [22, 23].
Figure 2 shows the muon charge ratio expected by two
theoretical models; the Honda flux model [21] and the
πK model [23]. Since the interaction length of the par-
ent meson depends on Eµ cos θZenith, the charge ratio for
vertically down-going muons is higher than that for hor-
izontally going muons, as shown in Fig. 2.
In addition to the muon charge ratio, the polariza-

tion of cosmic-ray muons is also an important observ-
able to constrain the contribution from kaon decays. The
muon produced in the two body decay of a meson is com-
pletely polarized in the direction of motion of the muon
in the rest frame of the meson [24–26]. The polarization
of muons from kaon decays in the laboratory frame is
therefore much larger than those from pion decays, be-
cause the polarization reflects the rest mass of the par-
ent meson [27]. Hence, a measurement of the magnitude
of muon polarization constrains the relative contribution
from kaons and pions to the muon flux [28–30]. Figure 3
shows the momentum dependence of the muon polariza-
tion simulated with the Honda flux model [21].
The SK detector is a water Cherenkov detector located
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FIG. 2. The expected muon charge ratio from two simulation
models. The top panel shows the expectation at the Kamioka
site based on the Honda flux simulation [21]. The vertical
uncertainties are the statistical uncertainties of the MC sim-
ulation. The bottom panel shows the expectation from the
πK model [23]. In both models, the charge ratio depends on
the zenith angle in the muon momentum above 100 GeV/c.
The πK model considers the energy range from 10 GeV to
PeV [22].
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FIG. 3. The expected polarization as a function of muon
momentum based on the Honda flux simulation [21]. The red
solid and blue dashed lines show the polarization of positive
and negative muons, respectively. For positive muons the
sign of the polarization is inverted. Because of the differing
contributions from charged kaons in atmosphere as shown in
Fig. 1, the absolute values of polarization are slightly larger
for positive muons than for negative muons above 1 GeV/c.

1000 m beneath the top of Mt Ikenoyama in Japan [31].
Cosmic-ray muons must penetrate the mountain to reach
the SK detector, selecting a typical momentum of 0.9 TeV
at sea level. Although the detector cannot distinguish the
charge of the penetrating cosmic-ray muons, the muon

charge ratio can be statistically determined by measuring
the decay time of stopping muons, since negative muons
tend to have a shorter decay time due to the formation
of muonic atoms with oxygen in the water. Furthermore,
the angular distribution between the parent muon and
the decay electron gives the magnitude of the muon po-
larization. To this end we analyzed stopping muons ob-
served in the SK detector to provide new information for
the simulation of atmospheric neutrinos [20, 21, 32–35].
This paper is organized as follows. In Sec. II we briefly

describe the SK detector and its reconstruction perfor-
mance. In Sec. III we describe the development of the
MC simulation for muon decays with polarization. In
Sec. IV, we describe the data analysis methods to identify
pairs of parent muons and decay electrons, the definition
of the χ2 method used to determine the charge ratio and
the polarization of cosmic-ray muons, and the systematic
uncertainties. In Sec. V we present the analysis results,
including the incoming muon directional dependence and
a search for periodicity using yearly data, and make com-
parisons to results from other experiments. In the final
section we conclude this study and give future prospects.

II. SUPER-KAMIOKANDE DETECTOR

A. Detector

Super-Kamiokande is a water Cherenkov detector in
the Gifu prefecture of central Japan. The detector was
constructed 1000 meters (m) underground, which corre-
sponds to 2700 m water equivalent (m.w.e.). It is a cylin-
drical stainless steel tank structure and contains 50 kilo-
tons (ktons) of ultra-pure water. The detector is divided
into two regions by an inner structure that optically sep-
arates the two with Tyvek sheets. One region is the inner
detector (ID) and the other is the outer detector (OD).
The ID serves as the target volume for neutrino inter-
actions and the OD is used to veto external cosmic-ray
muons as well as γ-rays from the surrounding rock. In
the ID, the diameter (height) of the cylindrical tank is
33.8 m (36.2 m). It contains 32 ktons of water and holds
about eleven thousand inward-facing 20-inch photomul-
tiplier tubes (PMTs) to observe the Cherenkov light pro-
duced by relativistic particles. The diameter (height) of
the OD is 39.3 m (41.4 m). Further details of the detector
can be found elsewhere [31, 36].

B. Data acquisition and data set

The SK data set is separated into seven distinct peri-
ods, from SK-I to SK-VII. The SK-VI and SK-VII phases,
starting in July 2020 and June 2022 respectively, are the
first and second phases in which gadolinium sulfate was
dissolved into the detector. For the prior SK-I to SK-V
phases, spanning April 1996 to July 2020, the detector
operated with ultra-pure water [37, 38].
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From SK-I to SK-III (until 2008 August), Analog
Timing Modules (ATMs), based on the TKO (Tristan
KEK Online) standards, were used as front-end electron-
ics [39, 40]. However, some charge could be leaked during
charge integration after triggering a cosmic-ray muon,
such that number of hit PMTs and hit times were not
always correct for decay electrons, resulting in an inac-
curate reconstruction of their energy.
From SK-IV, starting in September 2008, new front-

end electronics denoted QBEEs [41] were installed. These
are capable of very high speed signal processing, enabling
the integration and recording of charge and time for ev-
ery PMT signal. Since all PMT signals are digitized and
recorded, there is basically no deadtime of the detector.
Furthermore, a new online data acquisition (DAQ) sys-
tem was implemented that generates multiple software
triggers depending on the number of hit PMTs within
200 ns [42]. For every trigger all PMT signals in a [−5,
+35] µs window around the trigger time are recorded.
This window is long enough to capture the vast majority
of electrons from muon decay; the corresponding decay
electron identification procedure is detailed in Sec. IID.
The analysis presented here used data collected from SK-
IV to SK-VI, acquired with the QBEE electronics and
associated DAQ system. Table I summarizes the period
of operation, the livetime used for this analysis, and the
water status.

TABLE I. The summary of data sets used in this analysis.
The livetime is the total duration of data samples used for this
analysis after removing calibration and bad condition runs.
The gadolinium (Gd) concentration in SK-VI is 0.011% [38].

SK phase SK-IV SK-V SK-VI

Period Sep. 2008 Jan. 2019 Aug. 2020

– May 2018 – Jul. 2020 – Jun. 2022

Livetime [days] 2970.1 379.2 560.6

Water Ultra-pure water Gd loaded water

C. Reconstruction of the muon track

Muon track reconstruction is performed by a dedicated
muon fitter called MUBOY (detailed in Ref. [43, 44]).
MUBOY classifies reconstructed muons into four groups
depending on the number of muon tracks and the event
topology; (I) Single through-going muons, (II) Single
stopping muons, (III) Multiple muons, and (IV) Corner-
clipping muons. Here, the reconstruction procedure for
stopping muons is briefly described.
The fitter uses information from ID PMT hits to re-

construct the muon entry point and exit point. MUBOY
begins with an initial entry point determined by select-
ing the earliest hit PMT which has at least three near-
est neighbor hits within a 10 ns window. It determines
an initial exit point by selecting the center of the nine

PMTs (one tube and eight surrounding neighbors) which
have the maximum total charge. If the muon penetrates
the corner of the water tank, or stops inside the ID with-
out an exit point, the trial entry and exit points are
located close to each other. In such cases, the charge-
weighted center of mass of all remaining PMTs is used
as the trial exit point. At this stage, the trial direction of
the muon track between the entry point and exit point
is determined. Here, if the entry point is close to the
exit point, the event is recognized as a corner-clipping
muon. In order to finalize the entry point and the direc-
tion of the muon track, MUBOY maximizes a likelihood
function that depends on the expected Cherenkov light
pattern from the muon track, by changing the direction
and entry time within the PMT timing resolution.
To classify the reconstructed muon as a stopping muon,

MUBOY evaluates the amount of charge generated by
the tail of the muon track. The number of photo-
electrons (p.e.) observed from ID PMTs within 2 m from
the projected exit point is defined as

QExit
ID =

N2m
ID

∑

i

Qi, (1)

where N2m
ID is the number of selected PMTs and Qi is

the observed p.e. in each of those PMTs. In the same
way, the total number of p.e. observed on OD PMTs
within 4 m from the projected exit point (the number of
selected OD PMTs) is defined as QExit

OD (N4m
OD). Table II

summarizes the requirements for tagging an event as a
stopping muon. Note that MUBOY may issue a stopping
muon flag even when the stopping point is located in the
OD region.

TABLE II. The summary of the requirement of the total
charge of PMTs near the projected exit point to select the
stopping muons by MUBOY. The stopping muon is basically
selected by the first criterion. Second and third criteria can
select stopping muon near the wall depending on the number
of the OD hit PMTs.

QExit
ID QExit

OD N4m
OD

QExit
ID < 200 p.e. – –

200 ≤ QExit
ID < 300 p.e. – N4m

OD = 0

200 ≤ QExit
ID < 400 p.e. < 30 p.e. N4m

OD > 0

When flagging a stopping muon MUBOY also esti-
mates the stopping point. For that purpose it calculates
the track length based on dQ/dx, the observed energy
loss per unit track length, with a resolution of 0.5 m.
When the muon stops inside the tank, the amount of
charge detected from each unit track length drops off at
the end of the muon track. Figure 4 shows a typical
distribution of dQ/dx and the true vs estimated muon
stopping point.
The track length is determined to be within 0.5 m by

finding the point at which dQ/dx falls below 40% of the
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FIG. 4. Example of dQ/dx distribution for a stopping muon
generated from MC simulation. The gray filled histogram
shows the distribution of dQ/dx in units of p.e./0.5 m. The
horizontal red dashed line shows the average dQ/dx in the first
1.5 m of the muon track, while the green dotted line shows
40% of the average over this region. The true stopping posi-
tion in the MC simulation of (x, y, z) = (10.28,−0.29, 0.92) m
is indicated by the vertical purple line, while the estimated
stopping position of (x, y, z) = (10.59,−0.11, 0.37) m is indi-
cated by the vertical blue line.

average value over the first 1.5 m of the reconstructed
track. Then, the stopping position is estimated based
on the reconstructed entry position, the reconstructed
muon direction, and the track length. Based on the MC
simulation described in Sec. III, the efficiency for cor-
rectly identifying stopping muons in the fiducial volume
is (95.06 ± 0.01)% and its resolution of estimating the
stopping position is (0.49 ± 0.04) m. Table III summa-
rizes the efficiency of stopping muon reconstruction and
the resolution of reconstructed stopping position.

TABLE III. Summary of the reconstruction efficiency for stop-
ping muons in SK-IV using MUBOY. The resolution of the
stopping muon position is estimated by calculating the dif-
ference between the true stopping position and the estimated
stopping position based on the MC simulation.

Event category Efficiency Resolution

[%] [m]

Full volume (OD+ID) 62.55± 0.02 –

ID only (32.5 ktons) 77.11± 0.02 0.49± 0.05

Fiducial volume (22.5 ktons) 95.06± 0.01 0.49± 0.04

D. Tagging the decay electron

After an event is identifies as a stopping muon with
MUBOY, a decay electron signal is searched in a window

of +35 µs after the muon trigger time, where the thresh-
old of PMT hits within 200 ns is 20. If a decay electron
event is found, its position, direction, and energy are re-
constructed using the BONSAI fitter [45]. This fitter re-
constructs the particle’s position based on the time resid-
ual of PMT hits after subtracting the time of flight, and
their direction by maximizing a likelihood function that
considers the angle between the direction of the decay
electron and the direction of the observed photon, taken
from the vertex position, with a correction for PMT ac-
ceptance. The energy is determined based on the num-
ber of hit PMTs with factors to account for delayed hits
due to reflection and scattering in water, dark noise on
un-hit PMTs, photo-cathode coverage, PMT gain, and
water transparency. Further details on the performance
of BONSAI may be found in Ref. [46–49].
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FIG. 5. The relationship between decay time and total energy
of decay electrons in MC simulation. The top (bottom) panel
shows the true (reconstructed) energy of the decay electron as
a function of the true (reconstructed) time interval between
the parent muon and the decay electron. The vertical (hori-
zontal) dashed line shows the cut criteria for the timing dif-
ference between the parent muon and the decay electron (the
energy cut to reject γ-rays from excited nitrogen) used in the
selection cut described in Sec. IVB2. Hits from decay elec-
trons with a short time interval overlap with those from the
parent muon, preventing accurate energy reconstruction. A
cut of time interval > 1.3 µs (vertical dashed line) is used to
remove these events from the analysis sample.

Even though the QBEE front-end electronics can dig-
itize hit timing and charge information with high speed,
some decay electrons will nonetheless be reconstructed
incorrectly due to the overlap of PMT hits from the
cosmic-ray muon with those from the decay electron.
Scattering and reflection of photons originating from
the parent muon produce a long tail of hits that some-
times exceeds the threshold for tagging a decay electron
event (20 hits within 200 ns). This results in a false
delayed event before the true decay electron. Such mis-
identified events have a shorter time difference between
muon and electron (typically less than 1.3 µsec) and tend
to under-estimate the decay electron energy. Figure 5
top (bottom) shows the relationship between the true (re-
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constructed) energy and true (reconstructed) decay time
obtained from MC simulation. To minimise contamina-
tion from such mis-identified decay electrons in the anal-
ysis sample a cut is applied to remove events whose time
difference is shorter than 1.3 µs. The efficiency of stop-
ping muon event selection, including this cut, is described
in Sec. IV.

III. DEVELOPMENT OF MC SIMULATION

In order to understand the detector response to cosmic-
ray muons and their associated decay electrons, a de-
tector simulation based on the Geant3 toolkit [50] was
used for this study. This simulation has been tuned by
comparing calibration data with outputs from the MC
simulation. The simulation models particle interactions
in the water and electronic systems response.

A. Intensity of incident muons

The cosmic muon intensity at the underground detec-
tor depends on the thickness and density of the surround-
ing rock [51, 52]. This implies that the muon energy
threshold varies with direction due to the variation in
overburden [53]. In order to obtain the directional de-
pendence of the muon intensity at the detector site we
used the MUSIC (MUon SImulation Code) package to
simulate muon propagation through the rock surround-
ing the SK detector [54–57].
Figure 6 shows the directional dependence of the

muon path length from the surface of the mountain
to the SK detector site. The minimum path length
is 0.85 km from the direction of (φ, cos θZenith) =
(265.0◦, 0.81) near the top of the mountain while the
maximum is 11.36 km from the horizontal direction of
(φ, cos θZenith) = (299.0◦, 0.02), where φ is defined as the
azimuthal angle.
Figure 7 shows the distribution of initial momenta at

the surface of the mountain for cosmic-ray muons that
stop at the SK detector, based on the MUSIC simula-
tions [54, 56]. In the calculation of the muon flux at the
surface of the mountain, we used the modified Gaisser
parametrization defined in Ref. [56] with a muon spectral
index of γ = −2.7. For muons that enter the SK detector
horizontally the momentum is greater than for other di-
rections, and the intensity is low due to the longer muon
path length and increased attenuation, as expected.
Table IV summarizes the ranges of muon momentum

and Eµ cos θZenith for stopping muons at the surface of
the mountain, coming from different incident directions,
as simulated by MUSIC. By sampling muons with dif-
ferent Eµ cos θZenith, we test the directional dependence
of charge ratio and polarization. However, the number
of muon from low incident angle is limited due to their
long propagation length in the mountain, resulting in
large uncertainties on their range of muon momenta and
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FIG. 6. Directional dependence of the muon path length from
the surface of the mountain to the SK detector based on the
Fundamental Geographic Data published by Geospatial In-
formation Authority of Japan.
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FIG. 7. Distributions of cosmic-ray muon initial momenta at
the surface of the mountain, obtained from MUSIC simula-
tion [54, 57], where we selected muons stopping at the SK
detector. We show five sample directions depending on the
zenith angle as summarized in Table IV. The different prop-
agation lengths for each trajectory (shown in Fig. 6) affect
the shape of the energy distribution as well as the number of
events at the SK detector.

Eµ cos θZenith, as indicated in Table IV. In the analysis,
we removed muons whose cos θZenith is less than 0.2.
Figure 8 shows the energy dependence of total muon

flux at the detector site. The integrated muon flux is
estimated to be 1.48 × 10−7 cm−2s−1, corresponding to
an event rate of 2.4 Hz. Figure 9 shows the azimuthal
angular dependence of the muon flux and the mean muon
energy at the SK site, as simulated by MUSIC. The aver-
age energy of cosmic-ray muons that reach the detector
is about 271 GeV, of which the majority fully penetrate
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TABLE IV. The summary of ranges of muon momentum and
Eµ cos θZenith of stopping muons at the surface of the moun-
tain in different directions around the SK detector simulated
by MUSIC. Due to the long propagation length in the rock
of the mountain, there are few muons and large statistical
uncertainties in the region of cos θZenith < 0.2. The symbol
† indicates that the sample does not include muons from the
horizontal direction of cos θZenith ≤ 0.2.

Direction Momentum Eµ cos θZenith

[TeV/c] [TeV]

0.0 < cos θZenith ≤ 0.2 2.1+1.5
−0.4 0.3+0.2

−0.1

0.2 < cos θZenith ≤ 0.4 1.4+0.8
−0.3 0.4+0.2

−0.1

0.4 < cos θZenith ≤ 0.6 1.0+0.6
−0.1 0.5+0.3

−0.1

0.6 < cos θZenith ≤ 0.8 0.8+0.4
−0.1 0.6+0.3

−0.1

0.8 < cos θZenith ≤ 1.0 0.8+0.3
−0.1 0.8+0.2

−0.1

North† (45◦ < φ ≤ 135◦) 1.0+0.7
−0.1 0.9+0.3

−0.1

West †(135◦ < φ ≤ 225◦) 0.8+0.5
−0.1 0.7+0.2

−0.1

South† (225◦ < φ ≤ 315◦) 0.8+0.4
−0.1 0.6+0.2

−0.1

East† (φ ≤ 45◦ or φ > 315◦) 0.9+0.5
−0.1 0.8+0.3

−0.1

All direction† 0.9+0.7
−0.1 0.7+0.4

−0.2
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FIG. 8. The total muon flux as a function of muon energy
at the SK detector, from simulations with the MUSIC pack-
age [54, 57]. Black squares show the predicted muon flux; the
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that encapsulates the majority of stopping muons used in this
analysis. The inset panel shows the directional dependence of
the muon flux in the energy range of 0.1 GeV to 100 GeV. The
different colored points illustrate the muon flux from various
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For simulation of muon decay events inside the SK de-
tector we used the initial azimuthal angular distribution
shown in Fig. 9, but with a truncated energy distribution
spanning 0.1 MeV to 20 GeV to avoid generating many
muons that penetrate through the SK detector without
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FIG. 9. Muon flux and average muon energy as a function
of azimuthal angle, where the azimuthal angle is the angle
about the central axis of the SK detector in cylindrical co-
ordinates. The black solid (red dotted) histogram in the top
panel shows the directional dependence of the muon flux (flux
below 20 GeV); the histogram in the bottom panel shows the
directional dependence of average muon energy at the detec-
tor site. This azimuthal dependence arises from the differ-
ence in overburden of the mountain. The average energy of
cosmic-ray muons that reach the SK detector is approximately
271 GeV.

producing a decay electron event.

B. Muon decay with polarization

Cosmic-ray muons are mainly produced via the two
body decay of charged pions and kaons. The kinemat-
ics of these decays result in muons that are polarized in
the rest frame of the parent meson. The direction of the
muon spin is either parallel (for negative muons) or anti-
parallel (for positive muons) to its direction of propaga-
tion. The different degrees of contribution from charged
kaons to positive and negative muon production, together
with the greater polarization of muons from parent kaons,
means that the level of polarization of positive muons is
expected to be higher than that of negative muons [26],
as shown in Fig. 3. The implementation of this muon
polarization in the simulation is detailed in Appendix A.
Muon decay is a purely leptonic process mediated by

the charged current weak interaction, and is generally
characterized by the Michel parameters [58–61]. In the
case of free muon decay the direction of the emitted elec-
tron is highly correlated with the spin of the parent muon,
due to the maximally violating nature of parity in the
weak interaction. The expected decay rate (Γ) is de-
scribed as

d2Γ

dx d cos θ
∼ N(x)[1 + Pµβ(x) cos θ], (2)
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where x = 2Ee/mµ is the reduced energy of the emit-
ted electron (Ee is the total energy of the electron and
mµ is the mass of muon), θ is the angle between the spin-
direction of the parent muon and that of the emitted elec-
tron momentum, N(x) is the expected energy spectrum,
Pµ is the polarization of the parent muon, and β(x) is
the degree of correlation between the electron momentum
and the muon spin direction. In the case of free muon de-
cay the parameters N(x) and β(x) are simply described
as N(x) = x2(3 − 2x) and β(x) = −(1 − 2x)/(3 − 2x)
for positive muons, with the sign inverted in the case of
negative muons. Figure 10 shows the expected energy
spectrum of emitted electrons, obtained by integrating
Eq. (2) over cos θ.
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FIG. 10. The energy distribution of decay electrons, used
as input for the MC simulation. The red dashed line shows
the energy distribution for free decay of muons, based on
the Michel parameters [58]. The gray filled histogram shows
the energy distribution of electrons emitted in the decay of
negative muons atomically bound with oxygen, according to
Ref. [62].

Negative muons traversing matter may be captured by
the Coulomb potential of atoms in the material, sub-
sequently decaying in orbit. When a muonic hydrogen
atom is formed it freely diffuses in water because its
charge is strongly shielded by the compact muon or-
bit [63, 64]. When the muonic hydrogen atom approaches
an oxygen it transfers its muon to form a new muonic oxy-
gen atom due to the stronger binding energy. This trans-
fer process occurs on a much shorter timescale than that
of muon decay, so all muon decays in orbit occur within
the orbit of an oxygen atom. In the decay in orbit, both
the nuclear charge distribution (Coulomb potential) and
finite size of the nucleus affect the direction and energy
of the emitted electrons [65]. Furthermore, nuclear recoil
alters the kinematics such that electrons from muon de-
cays in orbit have a higher energy than those from muon
decay in vacuum [66, 67], as shown in Fig. 10. To in-
clude the effects of oxygen capture in the MC simulation

the parameters N(x) and β(x) are modified based on the
studies in Refs. [68] and [62].
Figure 11 shows the impact of the modified asymmetry

parameter β(x) on the decay electron energy; the energy
distribution is distorted, most notably with an additional
component from bound decays at x > 1.0.
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FIG. 11. The degree of correlation between emitted electron
momentum and parent muon spin direction (β(x) in Eq. (2))
for both free and bound muon decays, as a function of the
reduced energy x [62]. The red dotted line, black dashed
line, and gray filled histograms show the β(x) parameter for
free positive muon decays, free negative muon decays, and
decays of negative muons bound with oxygen, respectively.
The maximum energy of an electron from free muon decay
corresponds to x = 1.0 (Ee = 52.8 MeV). For bound muon
decays a reduced energy x exceeding x = 1.0 is permitted
because of the recoiling nucleus.

Figure 12 shows the cos θ distribution assuming fully
polarized muon decays, again accounting for the distor-
tion from bound muon decays. Because of the β(x) pa-
rameter decay electrons at lower energies are more likely
to be emitted in the direction of the muon polarization,
while those at higher energies are more likely to be emit-
ted in the direction opposite to the muon polarization.
The difference between free decays and bound decays is
shown in the bottom of Fig. 12. The impact of the al-
tered β(x) parameter from muon decay-in-orbit on both
decay electron energy and angular distributions were in-
cluded in the MC simulation, although the effect of the
latter on the simulation results is only on the order of
±0.2%.

C. Muon de-polarization

While the polarization of cosmic ray muons at gen-
eration provides a handle on atmospheric νe production
above 1 TeV, cosmic-ray muons may lose their original
polarization before stopping, through processes both in
the rock overburden and in the detector itself [69]. These
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FIG. 12. Distributions of cos θ assuming fully polarized muon

decays (Pµ±

0 = +1), where θ describes the opening angle be-
tween the emitted electron direction and the direction of the
parent muon spin. Because of their helicity, the slopes of two
distributions are inverted when the magnitude of polarization
is the same. Top: The red dotted, black dotted, and gray
filled histograms show cos θ for electrons with energy greater
than 15 MeV emitted from positive muon free decay, negative
muon free decay, and bound muon decay, respectively. Bot-
tom: The ratio of negative muon free decay to bound decay as
a function of cos θ; the distribution is slightly distorted by the
β(x) contribution from electrons with high energy (x > 1.0)
seen in Fig. 11.

de-polarization mechanisms affect positive and negative
muons differently, so each must be considered separately.

1. De-polarization during propagation

The first stage of de-polarization originates from mul-
tiple Coulomb scattering (MCS) between the propagat-
ing muon and nuclei and electrons in matter. Table V
summarizes the probability of de-polarization in the at-
mosphere and in surrounding rock, estimated based on
Ref. [27]. Here, we define the ratio of de-polarization
during muon propagation as δ. Owing to the lower den-
sity the amount of de-polarization in the atmosphere is
negligible compared to that in rock, while de-polarization
from MCS in the water is negligible due to the relatively
short propagation distance inside the SK detector [63].
As the muon nears stopping other de-polarization pro-
cesses, such as spin-flip [70], spin precession [71], and
Auger effect [72], can occur, but the impact of these pro-
cesses are similarly negligible.

2. De-polarization of positive muons

The depolarization of stopping positive muons in water
has been previously studied experimentally. In Refs. [73–

TABLE V. Probability of muon de-polarization during prop-
agation, based on Ref. [27]. These de-polarization effects
during propagation affect both positive and negative muons
equally. This parameter is defined as δ.

Medium Probability of losing

polarization to decay [%]

Atmosphere 1.8× 10−6

Rock 0.3

75] a beam of polarized positive muons was used to eval-
uate the degree of residual polarization in muons that
capture in water. The experiment measured the asym-
metry in the angular distribution of the emitted positron
following positive muon decay.
The study found that 62% of positive muons either de-

cayed without capturing or after binding with a diamag-
netic molecule, in both cases retaining polarization until
decay. A further 20% of muons were found to bind with
electrons to form muonium. When forming muonium
two spin-states (a singlet or triplet) may be formed with
equal probability (since electrons in water are largely un-
polarized). Those muons that form a singlet efficiently
lose their original polarization in the process [76], while
those that form triplets retain their polarization in for-
mation, but may lose it in subsequent chemical reactions
of the muonium with the surrounding medium. The re-
maining 18% of muons were observed to lose their polar-
ization, but the mechanism of polarization loss was not
determined [75]. In total, the fraction of residual polar-
ization of captured muons, denoted r+H2O

, was estimated
to be (71.8 ± 0.7)%. Table VI summarizes the fraction
of residual polarization in captured positive muons, mea-
sured by three different studies. In this study we use the
weighted mean of these measurements as r+H2O

.

TABLE VI. Summary of the parameter, r+H2O
, describing the

fraction of original polarization retained by polarized positive
muons that stop in water. The combined value is calculated
by taking the weighted mean of the three results.

Reference Probability of retaining

polarization to decay [%]

Ref. [73] 68.2± 5.3

Ref. [74] 70.6± 2.3

Ref. [75] 72.0± 0.6

Combined 71.8± 0.7

3. De-polarization of negative muons

Negative muons stopping in matter are initially cap-
tured by the Coulomb field of a nucleus into a highly ex-
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cited bound state characterized by large orbital angular
momentum. The resulting muonic atom then transitions
through less excited states until it eventually reaches the
ground state [77–79]. In this de-excitation cascade the
Auger process typically dominates at the beginning while
radiative decay dominates in lower-energy orbitals. As
the muonic atom transitions through several intermedi-
ate states the muon loses the majority of its original po-
larization [80]. For nuclei with non-zero spin further de-
polarization may occur following de-excitation through
interactions between the magnetic moment of the muon
and that of the nucleus, producing hyperfine level split-
ting in the energy levels of the muonic atom [81]. Since
oxygen has zero spin, such de-polarization does not occur
in water. The residual polarization upon reaching the K-
orbit of the muonic atom is theoretically expected to be
1/6 of the original polarization [82, 83]. After the muon
reaches the K-orbit of oxygen, a muonic atom with the
electron shell of atomic nitrogen is produced. Hereafter,
it is referred to as muonic nitrogen. This muonic nitro-
gen acquires electrons through collisions with surround-
ing medium and compensates for the paramagnetism in
its electron shells until the muon decays. This results in
further depolarization through interactions between the
muon and the magnetic moment of the electron shell. Ta-
ble VII summarizes the resulting fraction of residual po-
larization for negative muons captured in water, denoted
as r−H2O

, as measured by four different studies. The earli-
est measurement in Ref. [84] observed a large fraction of
residual polarization, while the other measurements clus-
ter around a 5% level. In this study, we used only the lat-
ter three measurements [85–87] and the combined value
listed in Table VII is used for the analysis. We should
note that additional captures by gadolinium and sulfur
are expected after loading Gd2(SO4)3 as mentioned in
Sec. II while such captures can be ignored in this study.
The detail is discussed later in Sec. IVD5.

TABLE VII. Summary of measurements of the parameter
r−H2O

, the fraction of original polarization retained by negative
muons captured in water. The combined value is calculated
by taking the weighted mean of the latter three measured re-
sults. The earliest study in Ref. [84] is not used in calculating
the combined value.

Reference Probability of retaining

polarization to decay [%]

Ref. [84] 12.9± 1.5

Ref. [85] 5.1± 1.5

Ref. [86] 4.8± 0.6

Ref. [87] 5.3± 0.4

Combined 5.1± 0.4

D. Angular distribution in the detector

The polarization observed in the detector, defined as
Pobs, needs to be corrected to account for these depolar-
ization mechanisms to recover the polarization at produc-

tion, defined as Pµ±

0 . The angular distribution in water,
which is defined as I(θ), can be represented as;

I(θ) = Nµ+

Iµ
+

(θ) +Nµ−

Iµ
−

(θ)

= Nµ+

+Nµ−

+
(

Nµ+

P+
H2O

+Nµ−

P−
H2O

)

cos θ

where Nµ± is the number of cosmic-ray muons, Iµ
±

(θ)
is the angular distribution, which is the integration of
Eq. (2) by x, and P±

H2O
is the residual polarization in

water. Hence, the observed polarization can be repre-
sented as,

Pobs =
Nµ+

P+
H2O

+Nµ−

P−
H2O

Nµ+ +Nµ−
,

=
RP+

H2O
+ P−

H2O

1.0 +R
,

where the parameter R = Nµ+

/Nµ−

is the charge ra-
tio of cosmic-ray muons. After including de-polarization
effects the parameters P±

H2O
can be written as P±

H2O
=

(1.0− δ) r±H2O
Pµ±

0 , where parameters δ and r±H2O
are the

ratio of de-polarization during the propagation listed in
Table V, and those in water listed in Table VI and Ta-
ble VII. Incorporating these into the equation above, the
observed polarization in the SK detector can now be ex-
pressed as,

Pobs = (1.0− δ)
Rr+H2O

Pµ+

0 + r−H2O
Pµ−

0

1.0 +R
. (3)

Although the absolute magnitude of polarization of
positive muons is different from that of negative muons
in the high momentum region above 1 TeV/c, as shown
in Fig. 3, the SK detector does not have the sensitiv-
ity to determine the two polarizations separately because
of the small fraction of residual polarization of negative
muons (r−H2O

) as mentioned in Sec. III C 3. For this rea-
son, we assumed in this analysis that the polarizations of
positive and negative muons are equal while the sign is
inverted. Hence, Eq. (3) can be expressed as

Pobs = (1.0− δ)
Pµ
0 (Rr+H2O

+ r−H2O
)

1.0 +R
, (4)

where Pµ = −Pµ+

= Pµ−

.
In the analysis of data the number of tagged decay

electrons, which is defined as Ne± , is used instead of

the number of muons (Nµ±

) to calculate the opening
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angle. In the case of negative muons, nuclear capture
by oxygen is expected through the interaction µ− + p →
n+νµ [88]. The fraction of negative muons that undergo
nuclear capture in water was experimentally measured as
Λc = 0.184 ± 0.001 [89, 90] and the charge ratio R can
be expressed as,

R =
Nµ+

Nµ−
=

Ne+

N e− / (1− Λc)
. (5)

Figure 13 shows examples of cos θ distributions ob-
tained from the MC simulation with specific magnitudes
of muon polarization at the SK detector. As the polar-
ization at the production site increases, the slope of the
distribution becomes steeper. Hence, the SK detector
can determine the magnitude of polarization by measur-
ing the opening angles between the direction of incoming
muons and emitted decay electrons.
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FIG. 13. Simulated distributions of cos θ for three different
magnitudes of muon polarization in the SK detector (ultra-
pure water case). In these simulations, we assumed that the
muon charge ratio is R = 1.30, the reduced energy threshold is
x = 15.5/52.8, and the de-polarization mechanisms described
in the previous subsections are considered. The filled gray
histogram, green dashed line, and crosshatch red histogram
show the expected cos θ distributions for the parameters of
(R,Pµ

0 ) = (1.30, 0.40), (1.30, 0.50), and (1.30, 0.60), respec-
tively. The differences among them are small but visible when
analyzing a decay electron sample with sufficiently high statis-
tics.

IV. DATA ANALYSIS

In this section, we briefly describe the data selection
procedure for identifying pairs of parent muons and de-
cay electrons, and procedures for the rejection of back-
grounds. The performance in SK-IV is described but we
have confirmed similar performance in other phases (SK-
V and SK-VI). We also describe the χ2 method used in

determining the charge ratio and polarization, and asso-
ciated systematic uncertainties.

A. Parent muon selection

To select decay electrons from the observed data in the
SK detector, the first step to analyze the data is to tag
stopping muons.

1. First reduction

An event whose number of PMT hits exceeds 1000
is enough to find the muon track and the muon recon-
struction is applied to such events. Then, the events
that MUBOY recognizes as stopping muons are selected.
Since the cosmic-ray originated from the atmosphere,
only down-going muons with a zenith angle (angle with
respect to the detector vertical axis) of cos θZenith > 0.2
are selected to reject muons from muon neutrino inter-
actions in the rock around the detector [91]. We also
rejected muon events whose z-position of the entering
position is the bottom region of the detector.

2. Second reduction

After muon reconstruction, some reconstructed pa-
rameters are used to reject mis-fit events, those mainly
originated from single through-going muons as well as
the corner-clipping muons. Reconstructed muons whose
track length ranges from 2.5 m to 32.25 m are selected.
Furthermore, the reconstruction goodness parameter is
also calculated by evaluating the Cherenkov light pat-
tern and the track length. The events whose goodness
parameter ranges from 0.51 to 0.70 are selected since the
small (large) value of this parameter mainly consists of
corner-clipping muons (single through-going muons).
In general stopping muons have a short track inside

the detector and no exit point, resulting in a small total
energy deposit in the detector. In the following sections
charge is defined in units of the number of photoelectrons,
which is obtained from the charge read out from a given
PMT, converted by 2.658 pC to 1 p.e. for SK-IV [36]
and 2.460 pc to 1 p.e. for SK-V and SK-VI. To quantita-
tively evaluate the deposited energy we define the total
charge in an event, Qtotal, and the maximum charge on
a single PMT in the event, Qmax. For events in which
the muon penetrates the SK detector the PMT nearest
the exit point typically gives a large Qmax, while stop-
ping muons tend to have a small Qmax. Figure 14 and
Figure 15 show typical distributions of Qtotal and Qmax

for stopping muons as well as penetrating muons using
the MC simulation.
Since some of the penetrating muons are incorrectly

recognized as stopping muons, cut criteria for two pa-
rameters for stopping muons are optimized to maximize
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FIG. 14. Typical distributions of total charge (Qtotal [p.e.])
for stopping muons (red left slanting line histogram), single
through-going muons flagged as single muon (gray filled his-
togram), and those flagged as stopping muon (blue right slant-
ing line histogram) from the MC simulation. The green ver-
tical line shows the cut criterion on Qtotal.

the selection efficiency for the stopping muon by evalu-
ating the significance after the selection cuts. Due to the
long operation of the SK detector a gain shift of PMTs
has been observed and this results in the gradual change
of the parameters Qtotal and Qmax. To consider this gain
shift effect, we optimized the cut criteria for each monthly
data sample.
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FIG. 15. Typical distributions of maximum charge on a sin-
gle PMT (Qmax [p.e.]) for stopping muons (red left slanting
line histogram), single through-going muons flagged as single
muon (gray filled histogram), and those flagged as stopping
muon (blue right slanting line histogram) from the MC sim-
ulation. The green vertical line shows the cut criterion of
Qmax. The large final bin count at 1020 p.e. comes from the
saturation of PMT electronics in the MC simulation.

After the stopping muon selection cuts, the total effi-
ciency of finding stopping muon in the fiducial volume is
(71.86±0.01)%, where no difference can be seen between
the negative and positive muons, and the remaining frac-
tion of other background events is less than 0.01%. The
selection efficiencies of both the first and second reduc-
tions are summarized in Table VIII.

B. Decay electron selection

After the selection of stopping muons, we then perform
the search for decay electrons near the muon stopping
position and reject background events.

1. Delayed events search

In the process of delayed decay electron search, the
number of tagged delayed events associated with a sin-
gle cosmic-ray muon is expected to be Ntag = 1, where
Ntag is defined as the number of tagged delayed events
in the window. However, multiple accidental background
events, whose number of hits PMTs within 200 ns exceed
the threshold, are also recorded within the search window
of the single parent muon. In these cases, Ntag becomes
more than one. Such accidental events originate from
the decay of radon dissolved in the water [92] or from
spallation products induced by penetrating muons [93].
Figure 16 shows the typical distribution of Ntag using
the SK-IV data set with and without the selection cuts
described in Sec. IVB2.

)
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FIG. 16. The typical distribution of Ntag, which is de-
fined as the number of tagged delayed events associated with
single cosmic-ray muons, using the SK-IV data. The gray
filled histogram (red left slanting histogram) show the num-
ber of events without (with) the selection cuts described in
Sec. IVB2.

Although selection cuts efficiently reject the accidental
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TABLE VIII. Summary of stopping muon event selection efficiency, defined as the ratio of the number of events remaining
after a given cut to the number of generated MC events assuming SK-IV. For the contamination of mis-reconstructed events,
we applied the same cuts to the single through-going muon sample and the remaining events after the cuts are evaluated. The
mis-reconstructed events can be neglected in this analysis.

Selection cut for stopping muon Stopping muons [%] Stopping muons [%] Other muons [%]

Analysis volume ID+OD Fiducial volume (22.5 kton) ID+OD

First reduction 57.54± 0.01 87.76± 0.01 1.85± 0.01

Second reduction 44.32± 0.01 73.69± 0.01 < 0.01

Stopping muon selection efficiency 43.20± 0.01 71.86± 0.01 < 0.01

background events, some background events are still col-
lected as data and result in Ntag ≥ 2. In order to increase
the purity of the decay electron data sample, we selected
those events, where Ntag = 1.
Table IX categorizes the values of Ntag using the ob-

served data. The fraction of tagging such accidental
background events (Ntag ≥ 2) is less than 0.01% through-
out three different phases after the selection cuts as
shown in Fig. 16. This fraction is smaller than their sta-
tistical uncertainties. The relative increase of the num-
ber of delayed events with Ntag ≥ 2 is the result of γ-
rays due to neutron capture with gadolinium-loaded wa-
ter [37, 38, 94]. The details are discussed in Appendix B.

TABLE IX. Summary of the number of tagged events in the
search window, which is defined as Ntag. In this table, Ntag

after the selection cuts with and without the energy cut de-
scribed in Sec. IVB3 is listed.

SK phase SK-IV SK-V SK-VI

No cut

Ntag = 0 4329334 558240 793876

Ntag = 1 8062457 1066656 1550111

Ntag ≥ 2 49983 26963 54210

Apply reduction cuts (Sec. IVB2)

Ntag = 1 5152331 641761 919853

Ntag ≥ 2 191 25 319

Apply energy cut (Sec. IVB3)

Ntag = 1 48237171 600966 860159

Ntag ≥ 2 179 24 36

2. Reduction cuts

After the initial event reconstruction by BONSAI,
several cuts are applied to select the decay electron
events. Many radioactivity events from the PMTs and
poorly reconstructed events are observed close to the ID
wall. To reduce these backgrounds, events with recon-
structed vertices within 2 m horizontally from the ID
wall are rejected. We also define a backward-projected
distance (the distance from the reconstructed vertex to

the wall opposite from the direction of travel [46]) and
reject events where this distance is less than 4 m. When a
decay electron is produced near the wall and is traveling
toward the wall, some PMTs tend to observe multiple
photons. This may lead to an underestimation of the
number of PMTs that are hit, leading to an underesti-
mation of the reconstructed energy of the decay electron.
To mitigate this effect, we define a forward-projected dis-
tance (the distance from the reconstructed vertex to the
wall along the direction of travel) and reject events where
this distance is less than 4 m.

Next a selection is applied to the distance between the
stopping position of the parent muon and the vertex po-
sition of the decay electron candidate. For true muon-
electron pairs these vertices are expected to be close to-
gether, even if the vertex resolutions of the fitters mean
the two are not exactly the same. The distribution of
separations, however, has a large tail arising from mis-
tagged accidental backgrounds; events in which the de-
cay of radon dissolved in the water [92], or of spallation
products induced by penetrating muons [93], have been
mis-identified as a decay electron. To remove these acci-
dental coincidences a vertex separation cut of < 3 m is
applied.

As described in Sec. IID, when the time difference be-
tween the parent muon and the decay electron is shorter
than 1.3 µs it is usually a sign that light from the parent
muon has been mis-identified as a decay electron. Such
events pass the vertex separation cut, but the energy of
decay electrons is generally not reconstructed correctly;
we apply a time difference cut to avoid including such
mis-reconstructed events. Since their lifetimes are differ-
ent this cut results in a different selection efficiency for
positive and negative muons in this analysis. We also
reject events whose time difference is larger than 20 µs
because of their low statistics.

In addition to the vertex and timing cuts we also ap-
ply an event quality cut, where the quality of event recon-
struction is quantified by two variables based on PMT hit
timing (gt) and hit pattern (gp) [49]. Some radioactive
background events, originating mainly from the PMT en-
closures, PMT glass, and detector wall structure, are mis-
reconstructed inside the fiducial volume even though the
true vertex lies outside the fiducial volume. To reject such
backgrounds we select events whose gt

2 − gp
2 is larger
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than 0.22. The selection efficiencies of each selection cut
are summarized in Table X.

3. Gamma-rays from oxygen capture

As briefly explained in Sec. IIID, negative muons
sometimes are captured on oxygen in water. This reac-
tion eventually produces 16N, 15N, or 14N, depending on
the number of neutrons simultaneously produced [95–97].
In the case of 15N and 14N de-excitation γ-rays are emit-
ted soon after radioisotope production, which the trigger
system can mis-identify as decay electron events. Since
the charge ratio is determined by the numbers of decay
electrons and positrons as described in Eq. (5), the con-
tamination from such background events decreases the
sensitivity to the measurements of the charge ratio.

Figure 17 shows the reconstructed energy distribution
for γ-rays events and negative muon decay events, from
MC simulation. Since the energies of emitted γ-rays are
less than about 15 MeV the number of PMT hits is lower
than those from true decay electron events. In order to
eliminate such γ-ray events, we removed events whose
reconstructed energy is less than 15.5 MeV. Although
this selection cut removes a small amount of decay elec-
tron events, γ-ray events are efficiently rejected from the
analysis sample as listed in Table X. In addition to this,
accidental background events are also rejected by this cut
as listed in Table IX.
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FIG. 17. The reconstructed energy distribution for γ-rays
from oxygen capture (light-blue right slanting line histogram)
as well as the that of negative muon decay electron (gray filled
histogram), obtained from the MC simulation after applying
the selection cuts listed in Table X. The vertical green dashed
line shows the optimized cut value used in the analysis.

4. Summary of selection cuts

After applying the cuts above the total selection effi-
ciency is determined using MC simulated events. The
efficiency is evaluated for positive and negative muons
separately, to account for the impact of nuclear capture
incurred only by negative muons. Table X summarises
the resulting efficiencies including the stopping muon se-
lection in Table VIII.
From MC simulation the total efficiency for selecting

stopping positive (negative) muon decay events in the
fiducial volume (22.5 kton) is estimated to be 35.53 ±
0.02% (31.28 ± 0.02%), where the difference originates
from the difference in decay times, while the contami-
nation due to γ-ray background events is completely re-
jected.

C. Chi-square definition

To determine the charge ratio and polarization from
the observed data, the decay times of tagged decay elec-
trons, the energy spectra of tagged decay electrons, and
the cos θ distribution between the direction of incoming
cosmic-ray muons and that of emitted decay electrons are
simultaneously fit to the distributions derived from the
MC simulation. The definition of total chi-square (χ2

Total)
is

χ2
Total (R,Pµ

0 ) = χ2
Time + χ2

Energy + χ2
cos θ (6)

where χ2 is chi-square for each distribution, R is the given
charge ratio, Pµ

0 is the polarization of cosmic-ray muons
at the production site. The χ2 for each distribution are
defined as,
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+
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(7)
where NData

i (NMC
i ) is the number of selected events in

i-th bin of the observed data (MC) distribution, n is the
number of bins, σData

i (σMC
i ) is the statistical uncertainty

on each bin of the observed data (MC), and σSyst.
i is the

systematic uncertainty on each bin described in the next
subsection, respectively. Since the energy scale of decay
electrons affects the value of χ2

Energy, the pull term is in-

troduced only for χ2
Energy, where σ

E-scale
i is the systematic

uncertainty of the energy scale determined from LINAC
calibration [98] and the details are described in the next
subsection.
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TABLE X. Summary of decay electron event selection efficiency in SK-IV. The first line gives the efficiency of finding the decay
electron event in the fiducial volume (22.5 kton) in the window of [−5,+35] µs, following the reduction cuts in Table VIII.
Lines 2–7 describe selection efficiencies for the resulting subset of identified stopping muons, with line 8 being the resulting
efficiency after the application of all of these selections. The final line gives the net efficiency, accounting for the reduction
efficiency in Table VIII and the total selection efficiency in line 8.

Selection cut Positive muon Negative muon γ-rays

(In fiducial volume, 22.5 kton) [%] [%] [%]

Finding delayed event (Ntag = 1) 76.31± 0.02 71.02± 0.02 16.05± 0.07

µ-e timing cut 78.78± 0.02 75.14± 0.03 92.98± 0.12

Fiducial volume cut 97.56± 0.01 97.60± 0.01 96.56± 0.09

Effective wall cut 91.50± 0.02 91.65± 0.02 91.57± 0.13

µ-e distance cut 95.23± 0.01 95.05± 0.01 95.31± 0.13

Decay-e fit quality cut 96.87± 0.01 96.43± 0.01 97.57± 0.07

Energy cut 87.17± 0.02 85.75± 0.02 0.19± 0.02

Decay electron selection efficiency 64.66± 0.03 61.48± 0.03 0.0

Total efficiency (w/ stopping muon selection) 35.53± 0.02 31.28± 0.02 0.0

In the presented analysis, we generated four kinds of
MC simulations, where charged muons are fully polar-

ized, e.g. Pµ+

0 = ±1.0, and Pµ−

0 = ±1.0 at the labo-
ratory frame. These samples enable us to produce the
expected distributions of decay time, energy, and cos θ
with any given combination of charge ratio (R) and po-
larization (Pµ

0 ).

D. Systematic uncertainties

In this section the systematic uncertainties associated
with reconstruction methods are discussed. Since the
selection cuts equally affect negative and positive muon
decays, we have not included the systematic uncertainty
due to the selection cuts.

1. De-polarization during the propagation

As we estimated the probability of de-polarization dur-
ing the propagation in air and rock in Sec. III C, such
uncertainty propagates to the final result of the polar-
ization measurement. Indeed, the parameter δ depends
on the initial muon energy at the surface of the moun-
tain, the propagation length, and the density profile of
medium [27]. The dependencies originating from the en-
ergy and propagation length are basically canceled out
because those two variables are anti-correlated. However,
the density profile of the surrounding rock is difficult to
fully understand. For conservatively considering such un-
certainties, we assigned the systematic uncertainty of de-
polarization during the propagation as 0.3% (relatively
100% of the parameter δ).

2. Accuracy of decay time

The time between the stopping muon event and decay
electron event, is calculated by reconstructing the time of
each event separately. To estimate the combined system-
atic uncertainty on the resulting decay time we prepared
two samples. The first is produced by analyzing MC sim-
ulation data using the true decay time, while the second
is produced using the reconstructed decay time. We then
compared the number of events in each bin in Eq. (6) be-
tween the data sets, and assigned their difference as the
systematic uncertainty on that bin. Figure 18 shows the
resulting systematic uncertainties from the timing recon-
struction. Since the decay times are different between
positive and negative muons, their systematic uncertain-
ties are separately estimated.

3. Track, direction, and vertex reconstructions

As described in Sec. II C, the stopping position is es-
timated by MUBOY with an accuracy of 0.5 m and this
results in the uncertainty of the track length. In addition
to the track reconstruction, the vertex reconstruction by
BONSAI has about 0.3 m of vertex resolution. To esti-
mate their impact, we made a MC sample by applying
the same selection cuts using the true vertex positions
instead of the reconstructed track by MUBOY and the
stopping position by BONSAI. By comparing the num-
ber of events after the selection cuts, their difference is
estimated.
In addition, the accuracy of directional reconstruction

directly affects the measurement of muon polarization be-
cause the angle between the muon and the decay electron
reflects the magnitude of the polarization. As mentioned
in Sec. II, two separate algorithms are used for recon-
structing the stopping muon track and the emitted de-
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FIG. 18. Systematic uncertainties, which is the relative dif-
ferent number of events in the true decay time sample and
the reconstructed decay time sample, from decay time recon-
struction in SK-IV. The gray filled (red right slanting line)
histogram shows the systematic uncertainty of negative (pos-
itive) muon decay sample. The relatively large uncertainty
above 10 µs is a result of low statistics on the selected events
in the MC simulation.

cay electron. To estimate the systematic uncertainty on
the angle between them we again prepared two samples
according to the procedure described in Sec. IVD2. Fig-
ure 19 shows the systematic uncertainty caused by direc-
tional reconstruction. We evaluate the number of events
in each bin of the cos θ distribution, which is typically
at the ±2% level of systematic uncertainty due to the
directional reconstruction, and consider those estimated
values in Eq. (6).
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FIG. 19. Systematic uncertainty on reconstructed cos θ be-
tween the parent muon and the emitted electron in SK-
IV. The gray filled (red right slanting line) histogram shows
the systematic uncertainty of negative (positive) muon decay
sample.

4. Energy reconstruction

This energy reconstruction is tuned by comparing cali-
bration data against MC simulation with LINAC [98] and
deuterium-tritium neutron (DT) generator [99] sources.
The former determines the absolute energy scale by in-
jecting mono-energy electron beams and the latter evalu-
ates the directional dependence of energy scale as well as
the stability of energy scale in time with high statistics
radioactive β decays.
Table XI summarizes the systematic uncertainties on

energy scale determined by two calibration sources, for
each of the SK phases analysed [100]. The relatively large
errors for SK-V and SK-VI are a result of the limited
number of LINAC calibrations compared to SK-IV, due
to their short running times.

TABLE XI. Summary of systematic uncertainties on the en-
ergy scale, determined via LINAC and DT calibrations [98–
100].

SK phase Systematic uncertainty [%]

SK-IV ±0.48

SK-V ±0.87

SK-VI ±1.32

5. Gadolinium Addition after SK-VI

As briefly mentioned in Sec. II B, the SK-VI phase
started after the first gadolinium loading on July 2020.
During this loading work, 13 tons of Gd2(SO4)3 · 8H2O
was dissolved, resulting in 0.021% of Gd2(SO4)3 concen-
tration in the SK tank [38]. These additional elements
may produce additional muonic atoms instead of oxygen.
In a chemical compound, the ratio of muonic Coulomb

capture on each element can be expressed by the num-
ber of nuclei and the relative capture probabilities P (Z),
where Z is the atomic number. The parameter P (Z) for
various elements has experimentally been measured [101],
where its values are basically normalized by P (8), the
value for oxygen. As stated in Sec. III B, the muons,
which are captured on hydrogen, are immediately trans-
ferred to other nuclei with higher atomic numbers.
Hence, the contribution from hydrogen is ignored in this
estimation. By multiplying the capture probability and
the element ratio, the relative ratio of muonic Coulomb
capture in gadolinium-loaded water can be calculated.
Table XII summarizes the number ratio of elements in
the SK tank, the muonic Coulomb capture probabilities
relative to the oxygen capture [102], the relative ratio of
muonic Coulomb capture, and the lifetime of captured
muons [89].
Because of low concentrations of sulfur and gadolin-

ium, their relative ratio of forming muonic atom is quite
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TABLE XII. Summary of the element ratio in gadolinium-loaded water, the muonic Coulomb capture probability P (Z) nor-
malized to P (8) [89, 102], the fraction of muonic Coulomb capture, and the lifetimes of the muonic atom [103]. Here the
concentration of Gd2(SO4)3 is 0.021% as mentioned in the main text [38].

Elements Element ratio Relative capture Fraction of Lifetime [µs]

in gadolinium-loaded water [%] probability P (Z) muonic Coulomb capture [%]

Hydrogen 66.6637 – – –

Oxygen 33.3352 1.0 99.990 1.7954± 0.0020

Sulfur 0.0006 1.23± 0.05 0.002 0.5447± 0.0010

Gadolinium 0.0004 5.8± 0.5 0.007 0.0818± 0.0015

Free muon – – – 2.1969811± 0.0000022

small. Furthermore, the µ-e timing cut listed in Table X
efficiently removes such events because of their shorter
decay time. After the selection cuts, the number of pair of
parent muon and decay electron in the SK-VI data sam-
ple is 860159 events in 560.6 days as listed in Table IX,
where the stopping negative muon in the fiducial volume
is about 1040667±34280 events considering the selection
efficiency and resulting charge ratio. Hence, the Coulomb
capture by sulfur and gadolinium in the fiducial volume
are expected to be 24.1±0.8 and 75.9±2.5, respectively.
Based on the calculation above, their contamination af-
ter the timing cut of 1.3 µs is about 7.7± 0.3 events for
sulfur and 12.3 ± 0.4 events for gadolinium. We ignore
their contamination in the analysis because the statistical
uncertainties are larger than their contributions.

V. RESULTS AND DISCUSSION

In this section, we present the measurement results for
the muon charge ratio and the polarization. Then, we
compare those results with the theoretical expectations
and the results measured by other experiments.

A. Chi-square map

In order to determine the charge ratio and the polar-
ization at the production site, we calculated the χ2 de-
fined in Eq. (6) and then extracted the difference between
each value and the minimum value of χ2, which is ex-
pressed as ∆χ2(R,Pµ

0 ) = χ2(R,Pµ
0 )− χ2

Min, where χ2
Min

is the minimum value of χ2. Figure 20 shows the result
of ∆χ2 calculation using SK-IV, SK-V, and SK-VI data
sets. The measured charge ratio and polarization among
three different data sets are consistent within their esti-
mated uncertainties.
Figure 21 shows the example of three distributions of

observed decay electron sample in SK-IV, i.e. the recon-
structed energy distribution, time difference distribution,
and cos θ distribution together with the MC simulation.
The same distributions using data taken in SK-V and SK-
VI are shown in Appendix C. Three distributions of the
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FIG. 20. The allowed regions of the charge ratio and the
polarization at the production site using SK-IV, SK-V, and
SK-VI data sets. Red open square (dashed line), green open
upward-triangle (dotted line), blue open rhombus (dashed-
dotted line) show the best fit values (their 1σ allowed regions
determined by ∆χ2(R,Pµ

0 ) = 2.30) of SK-IV, SK-V, and SK-
VI, respectively. The black filled circle (solid line) shows the
combined value (1σ allowed region). The measured values
and the combined value are listed in Table XIII.

observed decay electron sample demonstrate good agree-
ment with those of the best-fit MC simulation.

Table XIII summarizes the charge ratio and the polar-
ization at the production site among the three SK phases.

By combining the results from three different SK
phases, we determined the charge ratio and the polar-
ization as R = 1.32 ± 0.02 (stat.+syst.), and Pµ

0 =
0.52± 0.02 (stat.+syst.), respectively.
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FIG. 21. The example of three distributions using the decay electron sample in SK-IV (other phases are shown in appendix C).
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TABLE XIII. The summary of the charge ratio and the polar-
ization at the production determined by the χ2 method. The
statistical and systematic uncertainties are considered for the
uncertainties of SK results.

Phase Charge ratio (Rµ) Pµ
0 Pµ

obs

SK-IV 1.32± 0.03 0.52± 0.04 0.22± 0.02

SK-V 1.26± 0.07 0.54+0.06
−0.05 0.22± 0.02

SK-VI 1.33± 0.06 0.43± 0.05 0.18± 0.02

SK combined 1.32± 0.02 0.52± 0.02 0.22± 0.01

B. Periodicity search

The production of atmospheric neutrinos depends on
the intensity of primary cosmic-rays, the density of the
atmosphere structure, geomagnetic field, etc. The den-
sity as well as the temperature in the stratosphere re-
gion, where cosmic-ray muons are produced, changes de-
pending on the solar activity [104] and this results in the
change of the production rate of secondary particles.

The SK data presented in this article covers the period
of solar cycle 24, whose solar maximum was around April
2014. Such data can test possible correlations between
the charge ratio (polarization) of cosmic-ray muons and
the solar activity whose periodicity is about 11 years.
Figure 22 shows the yearly data of the charge ratio and
the muon polarization at the production site from 2008
to 2018.

In order to test the periodicity of muon charge ra-
tio and muon polarization, we analyzed yearly-binned
data (shown in Fig. 22) by using the generalized Lomb-
Scargle method [105], which is generally used to search
for periodicity in frequency analysis of time series. Fig-
ure 23 shows the power spectra by analyzing the yearly
data of both charge ratio and muon polarization. The
maximum height of power spectra are 0.40 at 1.1 year
for charge ratio and 0.40 at 3.2 year for muon polariza-
tion. Their probabilities of finding one peak at a certain

period are 6.9%, and 7.2%, respectively. Therefore, the
yearly data shown in Fig. 22 can be explained by statis-
tical fluctuation and no clear periodic change is found in
both charge ratio and muon polarization measurements.

C. Comparison with other experiments and

simulations

1. Charge ratio

The muon charge ratio has been experimentally mea-
sured by several methods in the energy region of GeV
to tens of TeV. Figure 24 shows the comparison within
the experimental results from other detectors [11, 106–
113]. Around the energy range of the SK detector, the
charge ratio has been measured by the experiment of
Utah [106], MINOS (far detector) [111], CMS [112], and
OPERA [113]. Those experimental data are consistent
among their estimated uncertainties.
The charge ratio is interpreted in terms of the primary

cosmic-ray spectrum and composition. As mentioned in
Sec. I, the contribution from kaon decays increases rel-
ative to that from pion decays when Eµ is larger than
επ/ cos θZenith. In the πK simulation model [23], the
charge ratio of cosmic-ray muons is described as,

Rµ =

fπ
1+1.1Eµ cos θ/επ

+ ηfK
1+1.1Eµ cos θ/εK

1−fπ
1+1.1Eµ cos θ/επ

+ η(1−fK)
1+1.1Eµ cos θ/εK

, (8)

where fπ/(1− fπ) is the charge ratio of muon from pion
decays, fK/(1−fK) is that from kaon decays, η (= 0.054)
is the Gaisser constant, and επ (εK) is the critical en-
ergy defined in the first section. In order to determine
the parameters (fπ and fK), Eq. (8) is fitted with the
experimental results of charge ratio shown in Fig. 24.
By adding the SK’s result, the experimental results are
fitted with Eq. (8) and the parameters are determined
as fπ = 0.550 ± 0.001 and fK = 0.693 ± 0.006 with
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FIG. 22. Yearly data of the charge ratio (left) and muon polarization (right) from 2008 to 2022. The red filled circles show
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Period [year]

0 2 4 6 8 10 12 14

G
e
n
e
ra

liz
e
d
 L

o
m

-S
c
a
rg

le
 p

o
w

e
r

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Charge ratio

Muon polarization

False positive probability for muon polarization (1%)

False positive probability for charge ratio (1%)
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1.1 years for charge ratio and 0.40 at 3.2 years for muon
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χ2 = 159.4/160 = 1.0. We should note that we did
not include the experimental data below 10 GeV for the
fitting with Eq. (8) [22].
The muon charge ratio measured by the SK detector
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ments together with the expectations from simulation mod-
els. The red filled circle shows the SK data and other symbols
with different colors show the experimental data measured by
other groups [11, 106–113]. The red band shows the expected
muon charge ratio based on Honda flux simulation [21] and
the dashed curve shows the fitting result of Eq. (8) based on
the πK model [23]. The experimental data below 10 GeV are
not used for the fitting with Eq. (8) according to Ref. [22].

is consistent with that by the Kamiokande-II detector,
which was located at almost the same depth in the same
mountain, within their uncertainties. The result from the
SK detector is consistent with the prediction from Honda
flux model while it deviates by 1.9σ from the πK model
at Eµ cos θZenith = 0.7+0.3

−0.2 TeV. This tension between
the measured charge ratio and the πK model should lead
to further improvement of atmospheric neutrino simula-
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tions.

2. Muon polarization

The muon polarization has been experimentally mea-
sured at various locations. It has been mostly measured
below 15 GeV/c by experiments that measured the de-
cay asymmetry of muons in a magnetic metal absorber
on the ground [30, 114–118] as well as underground [119].
Those experiments measured the muon polarization in
the energy region where pion decay is dominant. On the
other hand, the SK detector, as well as the Kamiokande-
II detector [108], uniquely measured the polarization of
cosmic-ray muons with momentum around 1.0 TeV/c
at sea level because of their shared underground loca-
tion. Such higher energy measurement of muon polar-
ization can evaluate the contribution from kaon decays.
Figure 25 shows the comparison of the polarization of
cosmic-ray muons with different momenta.
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FIG. 25. The experimental data of the polarization of the
cosmic-ray muon at the production site as a function of the
muon momentum. The red filled circle shows the SK data
and other symbols with different colors show the experimen-
tal data measured by other groups [30, 108, 114–119]. Red
solid and green dashed lines with band show the expected
muon polarization from pion decay only and kaon decay only,
where the details are described in Appendix A. The blue line
shows the expected muon polarization based on the Honda
flux simulation [21].

As summarized in Table XIII, the polarization mea-
sured by the SK detector is 0.52 ± 0.02 (stat.+syst.),
which is the most precise measurement of muon po-
larization ever because of the large statistics and well-
controlled analysis method. The muon polarization mea-
sured by the SK detector deviates by 1.6σ from the expec-
tation simulated by the Honda flux model [21] as shown
in Fig. 25.

3. Directional dependence of charge ratio and muon
polarization

The propagation length in the mountain of cosmic-ray
muons depends on its direction as shown in Fig. 6. That
directional dependence selects different energies of muons
as summarized in Table IV and this means the measured
charge ratio and muon polarization will change depend-
ing on the muon direction. To test such directional de-
pendence, we created sub-groups depending on the muon
direction and analyzed the sub-groups to determine the
charge ratio and muon polarization. Figure 26 shows
the zenith angle and azimuthal angle dependences of the
measured charge ratio and the muon polarization. For
the zenith angle dependence, a tension between the ob-
served charge ratio and its expectation exists in the range
of 0.2 < cos θZenith ≤ 0.6 while the muon polarization
measurement shows no clear discrepancy between the ob-
served data and the expectation. For the azimuthal angle
dependence, both observed data shows no clear difference
between them.
The contribution of muons from kaon decays changes

depending on the zenith angle because of the difference
of the relative propagation length of parent mesons in
the atmosphere [32]. However, this dependence is can-
celed out by the longer propagation length in the rock of
the mountain, which efficiently selects cosmic-ray muons
with high energies, as shown in Fig. 7.
Figure 27 shows the directional dependence of the

charge ratio and muon polarization to test the consis-
tency between the observed data and the expectation
with different ranges of Eµ cos θZenith. Comparing the
measured values with the expectation from the Honda
flux simulation model [21], the accuracy of measurements
are not enough to test the consistency between them.
Hence further statistics are required to precisely evalu-
ate the directional dependence of the charge ratio and
the muon polarization by analyzing the decay electron
sample. However, we should mention that the measured
values are useful as the inputs for future atmospheric
neutrino flux simulation models.

VI. SUMMARY AND FUTURE PROSPECT

For improving the sensitivity to the neutrino oscilla-
tion parameters, a precise modeling of atmospheric neu-
trino flux is highly required. The energy spectrum of
atmospheric neutrinos reflects the charge ratio and po-
larization of cosmic-ray muons because of their origin.
For providing new inputs for atmospheric neutrino sim-
ulations, the charge ratio of positive to negative cosmic-
ray muons and the muon polarization are experimentally
measured in the SK detector using data collected from
2008 September to 2022 June. Because of its long opera-
tion, these precision measurements were performed with
large statistics of accumulated decay electron events.
The muon charge ratio is measured through the anal-
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FIG. 26. Zenith and azimuthal angular dependences of the charge ratio and the muon polarization. The top-left (right) panel
shows the measured charge ratio (muon polarization) as a function of cos θZenith and the bottom-left (right) panel shows their
directional dependence. The red open square, green open upward-triangle, and blue open rhombus show the measured charge
ratio using SK-IV, SK-V, and SK-VI, respectively. The black filled circle shows the combined value and the filled band shows the
expectation derived from the Honda flux model [21]. For ease of visualisation, data points of each SK phase shift horizontally
from their original positions.
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ysis of the decay time of stopping muons and found
to be R = 1.32 ± 0.02 (stat.+syst.) at Eµ cos θZenith =

0.7+0.3
−0.2 TeV. This result is in agreement with past mea-

surements at the energy range around 1 TeV and the
prediction from the Honda flux model [21] within their
uncertainties while it deviates by 1.9σ from the πK
model [23].

The polarization of the cosmic-ray muons is also mea-
sured by evaluating the angle between the parent muon
and the decay electron. By assuming the magnitude of
polarization for the negative and positive muons is equal

while the sign is inverted (Pµ = −Pµ+

0 = Pµ−

0 ), the
magnitude of the polarization at the production site is
obtained to be Pµ

0 = 0.52 ± 0.02 (stat.+syst.) at the
muon momentum of 0.9+0.5

−0.1 TeV/c. This is the most pre-
cise measurement ever to experimentally determine the
cosmic-ray muon polarization near 1 TeV/c because of
large statistics. The measured polarization also deviates
by 1.6σ from the expectation simulated by the Honda
flux model [21].

We also searched for a possible periodicity of charge
ratio and muon polarization by analyzing the yearly-
binned observed data with the generalized Lomb-Scargle
method. No clear periodic change is found in the period
from 2008 to 2018, which covers solar cycle 24.

As for future prospects, the measurement result of
charge ratio constrains the ratio of atmospheric neutrinos
to anti-neutrinos (ν/ν̄) and the measurement of muon po-
larization also constraints the energy spectrum of atmo-
spheric neutrinos in the neutrino flux simulation models.
These measurements can therefore contribute to more
precise determination of neutrino oscillation parameters.
In addition, the precise measurement of muon polariza-
tion in the underground environment could prove helpful
to understand the asymmetric changes in helical biopoly-
mers, which may account for the emergence of biological
homochirality [120, 121], due to spin-polarized cosmic ra-

diation.
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Appendix A: Muon polarization prediction with

Honda flux calculation

For considering the polarization of cosmic-ray muons
in the MC simulation, relativistic transformations of the
polarization vector should be formalized. In this section,
we briefly describe the formulation of the muon polariza-
tion after its production by assuming the natural unit of
c = h̄ = 1.

In the Honda flux model calculation [21], the polariza-
tion of each muon is calculated based on the kinematics
of its parent particle. Cosmic-ray muons in air show-
ers are dominantly produced from the four decay modes,
summarized in Table XIV.

TABLE XIV. Decay modes producing muons in air show-
ers. Branching ratios used in the Honda calculation are also
shown.

Parent particle Decay mode Branching ratio [%]

π± π± → µ± + νµ(ν̄µ) 100.0

K± K± → µ± + νµ(ν̄µ) 63.5

K± → π0 + µ± + νµ(ν̄µ) 3.2

KL KL → π∓ + µ± + νµ(ν̄µ) 27.1

If the decay is a two-body decay (i.e., π → µ + ν or
K → µ+ν), the muon polarization P ∗

µ in the parent me-
son’s rest frame (or center-of-mass (hereafter CM) frame)
is fully-polarized, i.e. +1 or −1. Here, an asterisk (∗)
distinguishes quantities referenced in the CM frame. In
the case of three-body decays (i.e., K± → π0 + µ + ν
or KL → π + µ + ν), P ∗

µ is given as a function of muon
energy according to Ref. [122].

At first, we define three vectors according to Ref. [27];
(i) pσ = (Eµ,p) is the muon energy-momentum vector,
where σ is a dummy index, which runs 0 to 3, Eµ is
the muon energy, and p is the spatial component of pσ,
respectively. (ii) sσ = (s0, s) is the spin four vector,
which forms a pseudo-vector. (iii) ζ is a unit vector to
express the polarization of muon. If the muon is at rest, s
corresponds to ζ while s has direction of the momentum
if the muon is in motion.

The muon polarization in the laboratory frame, which
is defined as Pµ, is obtained by introducing ζ. We ran-
domly sample a unit vector ζ∗ which represents the po-
larization direction in the CM frame, satisfying

P ∗
µ = ζ∗ ·

p
∗

|p∗|
. (A1)

Then, the spin vector in the laboratory frame, sσ, is cal-
culated to be

s = ζ∗ +
ζ∗ · p∗

E∗
µ(mµ + E∗

µ)
p
∗, (A2)

s0 = ζ∗ · p∗/mµ, (A3)

where mµ represents the muon rest mass. After applying
the Lorentz transformation to the sσ, the polarization
in the laboratory frame Pµ is obtained from Eqs. (A1)
and (A3), as

Pµ = s0
mµ

|p|
, (A4)

where the s0 and p are quantities in the laboratory frame.
The relation of Eq. (A4) is satisfied in both two and three
body decays. In the case of the two-body decays, the
result can be simplified to be

Pµ =
E∗

µEµ

p∗σpσ
− γprt

m2
µ

p∗σpσ
, (A5)

where γprt is the gamma factor of the parent meson in
the laboratory frame.
Figure 28 shows the produced muon energy depen-

dence of the expected muon polarization. The muon
polarization from pion decay is not only in the forward
direction, but also in a wide variety of directions. On the
other hand, the muon polarization from kaon decay tends
to be in the forward direction in the direction of momen-
tum. Although both decays are basically described in
the two-body decay, the different distributions originate
from the mass of mesons in Eq. (A5).

Appendix B: Delayed signal after the

gadolinium-loading in SK-VI

In general, neutrons are produced along the muon
track as spallation products [94]. In addition to this,
neutrons are also emitted from nitrogen (14N and 15N)
via the muon capture on oxygen [97] as explained in
Sec. IIID. Because of high efficiency for neutron detec-
tion after the gadolinium-loading [37, 38], such neutrons
are tagged within the decay electron search window of
[−5,+35] µs. Figure 29 shows the relationship between
the muon timing and the reconstructed energies of tagged
events, where the delayed signals consist of decay electron
events and γ-rays from the neutron capture by gadolin-
ium. Gadolinium de-excitation γ-rays are observed with
longer time difference compared with the decay electrons.
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FIG. 28. Expected muon polarization distribution from pion
decay (top) and kaon decay (bottom) predicted by the Honda
flux model calculation [21].
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FIG. 29. The time difference between the stopping muon and
the reconstructed events in the SK-IV (top) and -VI (bottom)
data sample. In the SK-VI data sample, 8 MeV γ-rays origi-
nating from the neutron capture by gadolinium in water are
observed after tagging the decay electron.

Those additional events are basically rejected by the en-
ergy cut as described in Sec. IVB3.
Although the additional delayed events are found in

the window of [−5,+35] µs, the occurrence rate of Ntrg is
smaller than the statistical fluctuation as summarized in
Table IX. Hence, the contamination due to γ-rays from
gadolinium capture in decay electron sample presented
in Sec. IVB2 is quite small and such contamination does
not affect the measurements for charge ratio and muon
polarization.
Appendix C: The energy, time difference, and cos θ

distributions in SK-V and SK-VI

Figures 30 and 31 show three distributions of observed
decay electron sample in SK-V and SK-VI, i.e. the recon-
structed energy distribution, time difference distribution,
and cos θ distribution together with the MC simulation.
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FIG. 30. The example of three distributions using the decay electron sample in SK-V (purified water and 379.2 days). The
definition of colors are the same as Fig. 21.
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FIG. 31. The example of three distributions using the decay electron sample in SK-VI (gadolinium loaded water and 560.6 days).
The definition of colors are the same as Fig. 21.
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