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Abstract: The goal of the present paper is to establish a framework which allows to
rigorously determine the large-scale Gaussian fluctuations for a class of singular SPDEs
at and above criticality, and therefore beyond the range of applicability of pathwise
techniques, such as the theory of Regularity Structures. To this purpose, we focus on
a d-dimensional generalization of the Stochastic Burgers equation (SBE) introduced in
van Beijeren et al. (Phys Rev Lett 54(18):2026-2029, 1985. https://doi.org/10.1103/
PhysRevLett.54.2026). In both the critical d = 2 and super-critical d > 3 cases, we
show that the scaling limit of (the regularised) SBE is given by a stochastic heat equation
with non-trivially renormalised coefficient, introducing a set of tools that we expect to
be applicable more widely. For d > 3 the scaling adopted is the classical diffusive one,
while in d = 2 it is the so-called weak coupling scaling which corresponds to tuning
down the strength of the interaction in a scale-dependent way.
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1. Introduction

The study of (singular) Stochastic Partial Differential Equations (SPDEs) has known
tremendous advances in recent years. Thanks to the groundbreaking theory of regularity
structures [Hail4], paracontrolled calculus [GIP15] or renormalization group techniques
[Kup14], a local solution theory can be shown to hold for a large family of SPDEs in
the so-called sub-critical dimensions (see [Hail4] for the notion of sub-criticality in
this context). In contrast, SPDEs in the critical and super-critical dimensions are, from
a mathematical viewpoint, still largely unexplored and poorly understood. The aim of
the present paper is to establish a framework which allows to rigorously determine the
large-scale (Gaussian) fluctuations for a class of SPDEs at and above criticality under
(suitable) diffusive scaling.

To present the ideas and the techniques in our analysis, we will focus on a specific ex-
ample, the Stochastic Burgers Equation (SBE), which, in any dimension, can (formally)
be written as

= A0+ Vn?+E (1.1)

where the scalar field n = n(x, ) dependson ¢ > 0 and x € RY withd > 1, 1w € RY
is a fixed vector and &€ = (&1, ...,&,) is a d-dimensional space-time white noise on
R, x R?, i.e. a centred d-dimensional Gaussian process whose covariance is formally
given by E[& (1, 0)&; (s, )] = 8(t — $)8(x — y)L;—;.

The above equation was introduced by van Beijeren, Kutner and Spohn in [VBKS85]
as an approximation of the fluctuations of general driven diffusion systems with one
conserved quantity, e.g. the Asymmetric Simple Exclusion Process (ASEP) on Z¢. The
nonlinear termin (1.1) expresses the fact that the velocity at which the fluctuation density
travels depends on its magnitude. In the context of ASEP, comes from the gradient
of the current and is due to its asymmetry, so that in particular the vector to models
how the ASEP under consideration is asymmetric in the different spatial directions. In
the sub-critical dimension d = 1, (1.1) reduces to the (derivative of the) celebrated
Kardar—Parisi—Zhang (KPZ) equation [KPZ86] whose local solution theory is by now
well-understood [Hail3,GP17,GJ14,GP18] and whose large-scale statistics have been
recently determined [QS23,Vir20]. In higher dimensions the only available results are
in the discrete setting. For d > 3, corresponding to the super-critical case, ASEP has
been shown to be diffusive at large scales [EMY94,LY97]—its fluctuations are Gaussian
and given by the solution of a Stochastic Heat equation (SHE) with additive noise, see
[CLOO01,LOY04] and [KLO12] for areview. The critical dimensiond = 2 is more subtle.
Only qualitative information is available and no scaling limit has been obtained thus far.
The most important result is that of [ Yau0O4], which states that two-dimensional ASEP
is logarithmically superdiffusive, meaning that the diffusivity D(z) satisfies D(¢) ~
(log 1)%/3 for t large.!

As mentioned above, our focus is on the critical and super-critical dimensions, i.e.
we will be studying (1.1) (in the continuum) in d > 2. In both cases, we will prove
that the large-scale behaviour is Gaussian and that the fluctuations evolve as a SHE with
renormalized coefficients (see Theorem 1.3), but while for d > 3 the scaling adopted is
the classical diffusive scaling, for d = 2 we will consider the so-called weak coupling
scaling. This corresponds to tuning down the strength of the nonlinearity (morally, the
“norm” of the vector tv) at a suitable rate together with the scale parameter, see (1.6).

! The diffusivity measures how the correlations of a process grow in space as a function of time so that,
denoting by £(¢) the correlation length, it formally satisfies £(t) ~ /t D(t).
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The tuning is chosen so that we can “tame” the growth caused by the non-linear term
without destroying its large-scale effects (see e.g. [CD20,CSZ20,Gu20,CES21,CETar]
for a similar choice of scaling in the critical dimension for different equations).

Let us mention that the study of large-scale Gaussian fluctuations of space-time
random fields with local non-linear random dynamics is not restricted the context of
SPDEs but is a classical topic in probability theory and mathematical physics. From the
more general point of view of theoretical physics, large-scale Gaussian fluctuations are
expected for equilibrium diffusive systems above their critical dimension and this belief
is informally explained via (non-rigorous) Renormalization Group (RG) arguments and
effective dynamical field theories.

A variety of tools have been used to mathematically justify these heuristics in the static
setting, i.e. for the equilibrium measure of local non-linear systems. RG methods have
been applied to derive the scaling limit of unbounded spin systems (and other statistical
mechanical models) at and above their critical dimension d > 4 in [BBS15,BBS14,
BBS19]%. The related problem of triviality of CD; theories for d > 4 was treated in
[Aiz82,Fr682,FFS92] using apriori bounds on correlation functions, an approach which
ultimately lead to a proof in the more challenging critical dimension d = 4, see [AD21].
Another class of equilibrium models for which scaling limits have been successfully
determined are equilibrium interface models, so called V¢ models in all dimensions
[BY90,NS97,FS97,GOS01,AD22a], for which the Helffer-Sjostrand representation of
correlations together with homogeneization arguments was exploited. Analogous results
have been proven, with very different methods, for discrete V¢ models in dimension
d = 2 (in particular dimer models, both integrable ones [KenO1] and their non-integrable
perturbations [GMT20]).

On the other hand, establishing large-scale Gaussian fluctuations for dynamical prob-
lems has proven to be challenging and we are not aware of general results in this direction.
The major issue seems to stem from the fact that there is currently no framework which al-
lows to naturally identify the law of the limit process. A lot of attention has been recently
devoted to the above mentioned KPZ equation in high dimension, whose expression in
its most general form is as (1.1) but with nonlinearity given by (Vn, QVn), for Q a
d x d deterministic symmetric matrix, and a real valued space-time white noise in place
of —&. Most of the works focus on the case in which Q is given by the identity matrix and
the specific form of the resulting equation plays a crucial role. Indeed, one can use the
Cole-Hopf transformation to linearise the SPDE and turn it into a linear multiplicative
stochastic heat equation or the associated directed-polymer models. These latter models
possess an “explicit" representation (via, e.g., Feynman-Kac formula) and one can then
leverage Malliavin calculus tools to derive the scaling limit (see [DGRZ21,GRZ18b]
for the multiplicative stochastic heat equation and [GRZ18a,CCM20,LZ22,CNN20] for
KPZ). In this context, let us mention the recent striking results on the fluctuations of
KPZ at the critical dimension d = 2 in the weak coupling scaling (or the intermediate
disorder regime) starting with [CD20,CSZ20,Gu20] (for KPZ) and culminating with
the characterisation of the stochastic heat flow [CSZ23]. An alternative approach is that
used in [MU18], which is based on re-expressing the SPDE as a functional integral
via the Martin—Siggia—Rose formalism (essentially a Girsanov transformation, which
again is only possible in view of the specific form of the equation) and then leveraging
constructive quantum field theory techniques and RG ideas to control the large scale
fluctuations in the regime of small non-linearity.

2 The authors further claim that “Our emphasis here is on the critical dimension d = 4, which is more
difficult than dimensions d > 4."
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In the critical dimension d = 2, for Q diagonal and with diagonal entries 1 and —1
(so-called Anisotropic KPZ or AKPZ), progress has been made in [CET23], where it
is shown that the equation is logarithmically superdiffusive, and in [CETar], where the
large-scale behaviour in the weak coupling scaling is determined. In both articles, the
tools adopted are closer to those in the present paper and we will comment more on
them below.

Let us also mention recent work in extending the homogeneization methods (origi-
nated in the work of Naddaf and Spencer [NS97]) to dynamical problems [CDS22].

One of the main advantages of the approach taken in the present paper is that it moves
away from the usual technique of Cole—Hopf transformation, which is not applicable,
towards a set of tools which on the one hand makes a link with interacting particle sys-
tems, i.e. via the martingale problem and the associated infinite-dimensional generator,
and on the other has better chances to apply more generally. A crucial tool for us is the
fact that we have control over the invariant measure for (1.1), which significantly sim-
plifies the already involved analysis of the generator. While this is another non-generic
situation, there is a wide class of examples in which a similar control is available and to
which our tools potentially directly apply, e.g. (super-)critical Stochastic Navier—Stokes
[GT20,CK23,HZZ23], diffusions in divergence-free random vector fields [CHST22],
lattice gas models [LRY05] and many others.

Our results open the way to gradually attack more challenging models and we discuss
some open problems below in Sect. 1.2.

Before turning to the core of the proof, in the next section we will precisely state our
main result and outline the ideas behind our arguments.

1.1. The equation and main result. As written (1.1) is meaningless as the noise is too
irregular for the non-linearity to be well-defined. Nonetheless, as we are interested in the
large-scale behaviour, we regularise it, so to have a well-defined field at the microscopic
level, and our goal then becomes to control its fluctuations while zooming out at the
correct scale. We choose the regularisation in such a way to retain a fundamental property
of the solution, namely its (formal) invariant measure. This amounts to smoothening the
quadratic term via a Fourier cut-off as follows

1 1
0 =S An+w TV +(=A)2¢, (1.2)
where for a > 0, I1, acts in Fourier space as
an(k) = ﬁ(k)llldsg . (1.3)

Without loss of generality, we also replaced div & in (1.1) with (—A)%E for & a space-
time white noise (see (1.16) for the definition of the fractional Laplacian), since the two
can be easily seen to have the same law. In order to avoid technicalities related to infinite
volume issues, we restrict (1.2) to the d-dimensional torus ']I‘g of side-length 277 /¢. Here,
¢ is the “scale” parameter which will later be sent to 0.

Remark 1.1. In principle, the results below can be shown to hold using the same tech-
niques of the present paper, even if instead of the Fourier cut-off we used a more general
mollifier. This would correspond to taking the nonlinearity in (1.2) as tv - o % V(0 * 17)?,
for o (smooth) radially symmetric function decaying at infinity sufficiently fast, which
means replacing the indicator function in (1.3) with ¢. That said, to simplify some (minor
but annoying) technical points, we will stick to IT; and further assume that
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e ford > 3, 1/e € N+ 1/2 and that the norm in (1.3) is the sup-norm | - |,
e for d = 2, the norm in (1.3) is the Euclidean norm | - | (no further assumption on &
is made).

We refer the reader to Remark 2.6 for some additional (technical) advantages of our
choice.

Note that via the diffusive rescaling

7 (x, 1) ga_%n(x/s, t/82> , (1.4)

equation (1.2) becomes

& _ 1 & &\2 1
arn _EAn + g0 - T1y e V(I en”)” + (—A) 28 (1.5)

where now the spatial variable takes values in the d-dimensional torus T¢ = T‘li of side-

length 277, and £ is a space-time white noise on R* x T¢. The coefficient A, depends on
the dimension and is defined as

1 .
fd=2
he 2 ] ore (1.6)
g27! ifd > 3.

While in the super-critical case d > 3, X, is directly determined by (1.4), ford = 2, (1.1)
is formally scale invariant under the diffusive scaling (another reason why such dimen-
sion is critical) so that one would have A, = 1. The choice made in (1.6) corresponds to
the so-called weak coupling scaling alluded to earlier and we will comment more on it
after we state the main result. Before doing so, let us give the notion of solution for (1.5)
we will be working with.

Definition 1.2. We say that n? is a stationary solution to (1.5) with coupling constant A,
if ¢ solves (1.5) and its initial condition is 5(0, -) = pu, for i a spatial white noise on
T4, i.e. a mean zero Gaussian distribution on T¢ such that

Elu(@pn@)] = (g, ¥)2,  forallg, y € LF(T?) (1.7)

where (-, -);2 is the usual scalar product in L?*(T%) and L%(']Td) is the space of zero-
average square integrable functions on T¢. We will denote by PP the law of x and by E
the corresponding expectation.

The reason why the solution n® of (1.5) started from a spatial white noise is called
stationary is that IP is its invariant measure and, as we will prove in Lemma 2.1 below,
this holds irrespective of the choice of tv, €. Instead, the law P (with corresponding
expectation E) of a stationary solution to (1.5) clearly depends on tv, .

For T > 0, letus denote by C([0, T'], S’ (Td )) the space of continuous functions with
values in the space of distributions &’ (T9) and by & the Fourier transform on 8’ (T9)
(see (1.13) for a definition). We are now ready to state the main result of the paper.
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Theorem 1.3. Let v € R?\ {0} and T > 0. For ¢ > 0, let i, be defined according
to (1.6) and n® be the stationary solution of (1.5) started from a spatial white noise L.
Then, there exists a constant Dsyg > 0, depending only on the dimension d and the
norm |1| of vo, such that, as ¢ — 0, n° converges in law in C([0, T], 8’(Td)) to the
unique stationary solution n of

9n = 5(A+ Dspg(w - V)H)n+ (—A — Dsup(tv - V)H V26, n(0,) =pn, (1.8)

where (w0 - V)? is the linear operator defined as F((w - V)?¢) (k) “ — (1 - k)2 F (@) (k),
for ¢ € 8'(T%) and k € 7.
In the case d = 2, Dsug is explicit and given by the formula

2
1 3|2 3
D = — +1) —1], 1.9
SHE = 103 < e (1.9)

[to| being the Euclidean norm of v.

Before proceeding to the proof of the above theorem, let us make a few comments on
its statement and on the choice of A, in (1.6). Notice that in any dimension d > 2, the
constant Dsyg appearing in the limiting equation is strictly positive. Hence, despite the
presence of the vanishing factor A, in front of the nonlinearity, not only the quadratic
term does not go to O but actually produces a new “Laplacian” and a new noise. Further,
this new Laplacian (and noise), in a sense, “feels” the small-scale behaviour of the field
in (1.2) as it depends on the vector tv, which in turn describes its microscopic dynamics.
A similar phenomenon has already been observed for other critical and super critical
SPDEs, even though we are not aware of examples in which a Laplacian of the form
above was derived.

We have already pointed out thatin d = 2 (1.1) is formally scale invariant. That said,
the above mentioned result in [Yau04] for ASEP suggests that also (1.2) is logarithmi-
cally superdiffusive and the additional diffusivity can only come from the non-linear
term. What the previous theorem shows is that the choice in (1.6) guarantees that the
nonlinearity ultimately gives a non-vanishing order 1 contribution. What might appear
puzzling is that, by translating the result of Yau to (1.5), the diffusivity D®(¢) of the
scaled process grows as | log £|?/3 so that one might be led to think that A, should be
chosen accordingly. While this is not the case, the expression in (1.9) formally implies
the result of Yau, as can be seen by taking tv = tv, such that || = k;l (remember
that the constant in (1.9) multiplies the operator (tv - Vv)3).

Furthermore, a similar scaling has been considered in the critical dimension d = 2
in the context of the KPZ equation [CD20,CSZ20,Gu20,CSZ23], of the Anisotropic
KPZ equation [CES21,CETar] and of the stochastic Navier—Stokes equation [CK23].
What is interesting is that, even though these latter examples in principle have different
large scale diffusivity, i.e., D(¢) ~ P for some B > 0 [FT90] for KPZ, D(t) ~ /logt
for AKPZ and Navier—Stokes [CET23, WAG71], they all display non-trivial (in that the
non-linearity nontrivially contributes to the limit) Gaussian fluctuations under the same
weak coupling scaling A, = |log e|~!/2, thus suggesting some sort of universality for it.
This is to be compared with the one-dimensional case, in which, setting A, = /€, one
recovers the so-called weakly asymmetric scaling under which convergence of ASEP to
the one-dimensional KPZ equation was first shown in [BG97] and since then for a wide
variety of models.
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1.2. Open problems. Our results raise several interesting questions, as

e obtain Gaussian fluctuations for (1.1) in the case of more general non-linearity, i.e.
to - V2 replaced by 1o - VF (i), for instance for polynomial F. The main difficulty
is to obtain operator estimates similar to those of Lemma 2.4, which though seem
highly non-trivial.

e Prove the analog of Theorem 1.3 (for d = 2) for ASEP on 72 in the same limit of
weak asymmetry.

e Indimensiond = 2, define 77° (x, t) = 5_117(x/£, t/(szr(s))) (to be compared with
(1.4)) and find the right correction 7 (¢) to the diffusive scaling so that a non-trivial
scaling limit as ¢ — 0 exists. This corresponds to a strong coupling regime. On the
basis of [Yau04], the natural guess is t(g) = | logelz/ 3 but the identification of the
limit is hard as the regularising properties of the Laplacian vanish.

More challenging will be to move towards models for which the invariant measure is
non-Gaussian or non-explicit. One guiding heuristic could be that the limiting Gaussian
fluctuations and associated Gaussian stationary distribution could still provide a good
setting for the analysis.

1.3. Idea of the proof . The idea of the proof finds its roots in the approach detailed in
[KLO12] in the context of interacting particle systems. To summarise it and see how it
translates to the present context, let us consider the weak formulation of (1.5) started
from a spatial white noise u, which, for a given test function ¢, reads

t t
n; (@) — n(p) — %/0 15 (Ap)ds — /O Ny (n5)ds = M, () (1.10)

where ./V(/‘)s stands for the nonlinearity tested against ¢ and M is the martingale associated
to the space-time white noise &. Now, upon assuming the sequence {n®}, to be tight in
the space C ([0, T1S'(T%)), we see that all the terms in the above expression converge
(at least along subsequences) but we have no information concerning the nonlinearity.
For Theorem 1.3 to be true, we need this latter term to produce both a dissipation
term of the form of Dsyg<’n, where £’ = %(m - V)2, and a fluctuation part which
should encode the additional noise in (1.8). In other words, the problem is to identify a
Sfluctuation-dissipation relation [LY97], i.e. to determine Dsyg > 0 and /¢ such that

Ny () = =ZL*W* (n°) + Dsue %y n° (¢) (1.11)

where £? is the generator of n°. Indeed, since by Dynkin’s formula, there exists a
martingale (¢ (W¢) such that

t
W) = WG — [ LW s =t (),
0
given (1.11), we could rewrite the nonlinear term in (1.10) as
t t
/o Ny (n5)ds = /0 DsueZy” 05 (9)ds — My (W) +o(1), (1.12)

where o(1) is a vanishing summand which contains the boundary terms. The advantage
of the above is that we have expressed the nonlinearity in terms of a drift which captures



89  Page 8 of 60 G. Cannizzaro, M. Gubinelli, F. Toninelli

the additional diffusivity and a martingale part which instead encodes the extra noise.
At this point, tightness would ensure convergence of the former and we would be left to
prove that the sequence J° (7¢) converges to a martingale with the correct quadratic
variation.

The (hardest) problem is clearly the derivation of the fluctuation-dissipation relation
and this is the point from which our analysis departs from that in [KLO12]. Even though,
as we will see, it is enough to determine (1.11) approximately (i.e. that the difference
of left and right hand side is small in a suitable sense), in the equation there are two
unknowns, DSHEQ(;” which is not apriori given to us, and ¢ which, even if we were
given the previous, is the solution of an infinite dimensional equation. To separate the
two issues, we introduce a suitable truncation which removes the second summand from
the right hand side of (1.11), so that we can first solve for ¢ and then project back
and determine DSHE&P(‘)”. This is done in d > 3 and d = 2 in very different ways. In the
former case, we will control /¢ similarly to [LLY97], as we can show it satisfies a graded
sector condition in the spirit of [KLO12, Section 2.7.4]. Nonetheless, their functional
analytic approach does not apply in our setting and in particular, for the identification
of Dsyg and &P(;", we devise a new method which is detailed in Sect. 2.4. For d = 2
instead, we introduce a novel ansatz which is based on the idea that at large scales
the generator of n° should approximate a modulated version of the generator of (1.8).
This ansatz simplifies dramatically the (iterative) analysis performed in [CETar] and is
heavily based on the Replacement Lemma in Sect. 2.1.1.

Organisation of the article. The rest of this work is organised as follows. Below we
introduce notations, conventions, function spaces and elements of Wiener space analysis
which will be used throughout. Section 2 is the bulk of the paper. In Sect. 2.1, after
recalling basic properties of (1.5) and its generator, we discuss the one of the main
technical tools, i.e. the Replacement Lemma for d = 2. In Sect. 2.2 we determine apriori
estimates on the solution to the generator equation and in the next two we identify Dsyg
and £{°, so to obtain a refined version of the fluctuation-dissipation relation (1.11).
Section 3 is devoted to the proof of Theorem 1.3. At last, Appendix 3.2 contains some
technical steps necessary in the proof of the Replacement Lemma.

Notations, function spaces and Wiener space analysis. We let T¢ be the d-dimensional
torus of side length 2. We denote by {ex}; 7« the Fourier basis defined via e (x) =
Gyt which, forall j, k € Z¢, satisfies (e, e— ;)2 = Li—;.

The Fourier transform of a function ¢ € L?(T%) will be denoted by F(¢) or ¢ and,
for k € Z4 is given by the formula

F(p)(k) = gk) = /JT Pei(x)dx, (1.13)
so that in particular
9= ¢(e, inL* T (1.14)
kezd

Let S(T9) be the space of smooth functions on T and 8’ (T?) the space of real-valued
distributions given by the dual of S(T¢). For any n € 8'(T¢) and k € Z?, we will denote
its Fourier transform by

A(k) = nle—g) . (1.15)
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Note that (k) = n(—k). Since the zero mode #7(0) of the solution is automatically
zero, we will only care about 7 (k) for k € Zg =74 \ {0}. Moreover, we recall that the
Laplacian A on T has eigenfunctions {ey}; .7z« with eigenvalues {—|k|? : k € Z%), so

that the operator (—A)% in (1.2) is defined by its action on the basis elements
(—A) e & |klex, kez?. (1.16)

In particular, (—A)% is an invertible linear bijection on distributions with null 0-th
Fourier mode. We denote by H'(T) the space of mean-zero functions ¢ such that the
norm

2 def

1 e ~
lolzn S H(=D)2pll7, = > k@)

d
keZj

is finite.
Let (2, %, P) be a complete probability space and n be a mean-zero spatial white
noise on the d-dimensional torus T¢, i.e. n is a Gaussian field with covariance

Eln(@)n()] = (@, ¥) 2 (1.17)

def

where ¢, € H = L(Z)(’]I‘d), the space of square-integrable functions with O total
mass, and (-, -);2 is the usual scalar product in L2(T%). For n € N, let .7, be the n-th
homogeneous Wiener chaos, i.e. the closed linear subspace of L?($2) generated by the
random variables H,, (n(h)), where H,, is the n-th Hermite polynomial, and 7 € H has
norm 1. By [Nua06, Theorem 1.1.1], 5%, and .74, are orthogonal whenever m # n and
LY(Q) = @n J,. Moreover, there exists a canonical contraction [ : @n>0 L2(T?) —
L2(2), which restricts to an isomorphism / : I'L? — L2(2) on the Fock space rL? .=
@, 'Ly, where 'L} denotes the space L3,,,(T“") of functions in L§(T“") which
are symmetric with respect to permutation of variables. The restriction 7, of I to FL,%,
is itself an isomorphism from FL,ZL to ¢, and, by [Nua06, Theorem 1.1.2], for every
F € L*(Q) there exists a family of kernels ( f;;)nenN € ['L? such that F = > om0 In(fn)
and

E[F?] = |IFI? =) nll full72 (1.18)

n>0

where L2 = L?(T9"), and we take the right hand side as the definition of the scalar
product on CL2 ie.

(f8) = (furgn) =D 0! fu &)r2- (1.19)

n>0 n>0

Remark 1.4. In view of the isometry between I' L? and L?(£2), throughout the paper, we
will abuse notation and denote with the same symbol operators acting on I' L? and their
composition with the isometry 7, which is an operator acting on L% ().
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For F(n) = f(n(e1),...,n(en)), f: R" — R smooth and growing at most poly-
nomially at infinity and ¢1, ..., ¢, € L%(Td), we define the Malliavin derivative DF
according to

def

DF(n)(-) = Zaif(rl((/)l)»~-~a77((Pn))(Pi(') (1.20)

i=1
and, for k € Z‘é , denote its Fourier transform by
D F(v) CI=®°f°J(DF(v))(k) = (DF,e_g). (1.21)

Notice that, for p € 74, the action of D pon fel L,21 is

F(Dp f)kin-1) = nfkin-1, p), (1.22)

so that in particular D, f € I‘L,Zl_l. At last, we also recall the following integration by
parts formula on Wiener space, i.e.

E[GDyF] = E[G(DF, e_x)] = E[—FDiG + FGH(k)]. (1.23)

Throughout the paper, we will write a < b if there exists a constant C > 0 such that
a < Cb. We will adopt the previous notations only in case in which the hidden constants
do not depend on any quantity which is relevant for the result. When we write <r for
some quantity 7', it means that the constant C implicit in the bound depends on 7.

2. The Equation and its Generator

In this section, we first collect a number of preliminary properties of the solution n° to
the regularised Burgers equation (1.5) and its generator (Sect. 2.1). Then, we carry out a
detailed analysis of the generator equation (a.k.a. Poisson equation) and obtain the main
estimates we will need in order to determine the large—scale behaviour of n®.

2.1. Multidimensional Burgers generator. As in Sect. 1.3, let us first write (1.5) in its
weak formulation. For ¢ € S(']I‘d) and ¢t > 0, it reads

1 t t t
7@ — 1) = 5 /0 1 (Ap)ds + /0 A )ds + /0 £ds, (—A) %) @)

where 7 is the initial condition, & is a space-time white noise so that

£, (—0)'2p) = Y [kIG(k)dB; (k)

i
keZy

for B(k)’s complex valued Brownian motions satisfying B(k) = B(—k) and d(B(k),
B(0)); = 1 jj4¢=0 dt, and J\/qf(n) is the nonlinearity tested against ¢, i.e.

NE() = hero - T e V(IT1jen) ()

= ‘)dxg ST 0 (€ +m)G(—C — m)i@)im) 22)
77)2

Lm
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witht = +/—1 and

Jj?,m =1{0 <¢ellloo < 1,0 < g|m|eo < 1,0 < |l + m|oo < 1}. (2.3)
In accordance with Remark 1.1, for d = 2 the sup-norm | - | in (2.3) is replaced by the
Euclidean norm | - | instead.

From (2.1) it follows that the Fourier modes 7° (k), |k| > ¢! evolve like independent
(and e-independent) Ornstein-Uhlenbeck processes.

Lemma 2.1. For every deterministic initial condition no, the solution t — n; of (2.1)
exists globally in time and is a strong Markov process. The generator £° of n® can be
written as £¢ = Lo + A° and the action of Ly and A on smooth cylinder functions F
is given by

w1 .
(FoF)() = 5 ) P (=i(=k) D + D D) F (1) (24)

kezd
bt 0

(A F)(n) GmiR

e Y TG0 (C+mAMAOD_  F).  (25)

d
m,LeZy

Moreover, £y is symmetric with respect to P while dA° is skew-symmetric. Finally, the
law P of the average-zero space white noise is stationary.

Proof. Very similar arguments were provided in a number of references for equations
which share features similar to those of (2.1), e.g. [CES21,GJ13] and, more compre-
hensively, [Gub19], so we will limit ourselves to sketch some of the proofs.

For the global in time existence of (2.1) for fixed ¢, we refer the reader to [CES21,
Prop. 3.4] or [GJ13, Section 3], while the expressions (2.4) and (2.5) can be easily
derived by It6’s formula and the definition of Malliavin derivative in (1.20).

To see that P is stationary, we start by noting that stationarity for the linear equation
with w = 0 is well-known (and easy to check), see e.g. [Gub19, Section 2.3], where it is
further shown that & is symmetric with respect to P. Hence, by [Ech82], it suffices to
check that E[4° F'] = 0 for every cylinder function F'. In fact, this follows immediately
if we prove that o1° is skew-symmetric, since, if so, E[gd°F] = —E[Fd®1] = 0 as
the Malliavin derivative of the constant random variable ' = 1 is 0. Now, to prove
skew-symmetry for sd¢, we apply Gaussian integration by parts (1.23) and get

E[GA’F] = — E[Fd*G]

Ae ) R A
+—(2;)d/z D7 Tt €+ mE[A(—¢ = miem)i©) F G|

d
m,ZeZO

= — ELFl*G1+E[W; ) F )G |
so that, since
he
Ny ) = dero - V([Tyyen)?, (Magem) = == - V(e 1) =0 (2.6)

the proof is completed. o
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Next, we want to determine the action of %y and 94° on the Fock space I'L?. To
lighten notations, for a set of integers I, we will denote by k; the vector (k;);c; and

kil> =) Ikl and ki = kg @.7)
iel
where {1 :n} = {1,...,n).
Lemma 2.2. Let ¢ > 0, £y and d¥ be the operators defined according to (2.4) and (2.5)
respectively. Then, A can be written as
A* =S +A°,  with  A° = —(A))". (2.8)
For any n € N, the action of the operators Lo, d° , 45 on f € FL% is given by

F (Lo )kin) = — Skl f (ki)
2t Ae
- X
Qr)a2n+1
X Z [ro - (ki +kj)]Jii‘kj fki +kj, kitneing, )

I<i<j<n+l

F (A ) ki) =

n—1
2t N
F(AEf)kin—1) = — —(27_[)‘1'/2”)"8 § (to - kj) E u]]sz(za m, k{l:nfl}\{j}) s
j=1

€+m=kj

(2.9)

and, ifn = 1, then df f is identically 0. Moreover, foranyi = 1, ..., d, the momentum
operator M;, defined for f € FL% as F(M; f)(ky.p,) = (Z?Zl kj.)f(kl;n), with k’/ the

ith component of the vector k j, commutes with £o, A, and A .

Proof. The proof is identical to that of [CES21, Lemma 3.5], to which we refer the
interested reader. Regarding the fact that the £p, 945 commute with the momentum
operator, this is immediate to verify. O

In order to state the following lemma, we introduce the so-called number operator.

Definition 2.3. We define the number operator N : T L> — T'L? to be the linear diagonal
def

operator acting on ¥ = (), € L2 as (NY), = n,.

Our analysis will need some preliminary estimates on the asymmetric part of the gen-
erator, which corresponds to proving the so-called graded sector condition in [KLO12,
Section 2.7.4].

Lemma 2.4. Ford > 2 here exista constant C = C(d) > Osuch that foreveryy € I'L?
the following estimate holds

1 1
I(=Z0) 25| < CIVN (=Z0)2 ¥, (2.10)
for o € {+, —}. In particular, for o € {+, —}, it implies

1(—S0) " 25dE (—L0) 29 || < CIINVN Y. @.11)
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Proof. Clearly, once we establish (2.10), (2.11) follows immediately by choosing ¥
therein to be (—55())_1/29 for o € L2,

For (2.10), we claim that we only need to prove that for any ¢ € FL% andp e I'L
we have

2
n+1’

1
o)) S V(I Py i + -2 Pel). @)

We will show (2.12) at the end. Assuming it holds, we first derive (2.10) for 5. The
variational characterisation of the (—%y)~Y/2T" L%-norm gives

I(—Lo) ™2ty |2

= s (200 5y) — I(=L0)7el?)
oel'L?

n+l

1
< sup (2coﬁ(y||<—seo>“2wn2+—||<—seo>”2@||2)—||(—S£o>ig||2)
oel'L? 14

<nll(=2o) 2y = VN (=2L0) 2y

where in the first step we used (2.12) (and Cy is the universal constant implicit in that

inequality) while in the last we chose y = 2Co+/n.
For o? instead, we use that, by (2.8), d° = —(s5)*. Invoking again the variational
formula above, we deduce

(—L0)~ /2t ||

= swp (2o sty — I(-20)7el?)
o€el'L?

n—1

= sup (2(ste.v) — I(=%0)2el)
oel'L?

n—1

1
< sup (2coﬁ(y||<—550)”zgn2+;n(—seo)“zwnz)—||<—S£o>5g||2>

oel'L?

n—1

Snll(=2o) Py = IVN (~=20) 2y |?

where this time we chose y = 1/(2Co/n).
It remains to prove (2.12). By definition of d¢, we have

Z é(_k11n+l)x

kl:n+1
X Z [ro - (k; +kj)]Jii,kjlﬁ(ki +kj, k{l:n+l}\{i,j})‘
I<i<j<n+l

_(n +1)In

et

2
(o, di¥)| =n! The
(2m)>2

&

Z O(—kpnaD)[v0 - (k1 +k2)1TE, 0 (ky + ko, k3:n+1)‘ :

kl:n+1

Let us look at the sum over &y, k. This equals

| okl -y + k)1, 4+ Ko sne)
k]:Z



89  Page 14 of 60 G. Cannizzaro, M. Gubinelli, F. Toninelli

—\Z(m DV Kane) D T, b

k1+k2 =q

(Z(m~Q)2|KZ(q,k3zn+l)|2) (Z‘ Z J/il’kzé(_kh”“)‘zy/z
q

q  kit+ka=q
=:Ax (D). (2.13)

N

We leave A as it stands and focus on (I). Note that this can be bounded by

0=(2| ¥ Fwocken]) "

q  kit+ky=q
2(A 2 Jeisr \1/2
(X X halleckian? Y 24)
q kitko=q kivoeq F12]
1/2
5121(2 > |k1:2|2|@(kl:n+l)|2>/ —2;'B (2.14)
q  ki+ka=q

where we used that for d = 2, Ag = (loge=2)"! and

I g2 1 1 dx
2 i _ <1 / o<1 @15)
¢ Z lk1:2|? ~ loge=2 Z leki> ™~ loge~2 Ixlele.1] 1X1?

k1+ka=q e<|ekp|<1

while for d > 3, Ag =¢&972 and

Sd_2 Z Jklkz < d Z

T2
ki +ha=q k12| leki|<1

dx
<1. (2.16)
|8kl|2 /|x|<l |x|2

As a consequence, for any y > 0, we have

|(g,gﬂiw)|5(n+1)!nZABg(nH)!n( 3 A%t Z )

k3:n+1 kz e+l k3:n+1

1 n~1/2
= (4 Din (=5 (=) 2y 2+ o |0 0l?)
< Vnyll(=%0) 2y | + */7’7||<—S£o)”29||2 (2.17)

where we used that, by the definition of A and B in (2.13) and (2.14) respectively, we
have

-1
A n
D AT Y Pl )P < (=)' Py )
k3:n+1 kin ’
and similarly for B. Then, (2.12) follows. |

Before turning to the analysis of the generator equation, we need some further esti-
mates which are specific to the case d = 2.
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2.1.1. The replacement lemma: d =2 While in dimension d > 3 the inverse Laplacian
is integrable close to the origin, and this will be crucial in identifying the limiting
diffusivity, in d = 2, this is not the case. To overcome the lack of integrability, we
devise an alternative route, which (morally) approximates the inverse of the generator
with a linear and diagonal (both in Fourier and in the chaos) operator, given by a non-
trivial order 1 perturbation of Z.

To be more precise, we need to introduce some notation. For ¢ > 0, let L® be the
function defined on [1/2, 00) as

. 1

L (x) £ 22 log <1 + T) . (2.18)

E°X

Further, let G be the function

2

Gx) = ! 3I|? +1 ’ 1 (2.19)
X) = —= X -17, .
|ro|2 27

and €° be the operator on I'L? given by
le: G1€° = G(LE (—%)) (2.20)

which means that for i € FL%, n € N, the action of €* on ¥ is

def

F(E ) (ki) =

We are now ready to state the main result of this section, namely, the replacement lemma.
Recall the definition of the scalar product (-, -) on I'L? given in (1.19).

G Lk ki), ki € Z3".

Lemma 2.5. (Replacement Lemma) There exists a constant C > 0 such that for every
v, Yo € L2 we have

([ = o2 (=Fo — ZE°) ol + Z6F [y, ¥o)|
< CHREIN (=) Py IV (=%0) V| 2.21)

where €° is the operator defined according to (A.8) and (2.19) and, for n € N, £ is
the operator acting on ¥ € FL,% as

FEF V) ki) = =30 - 0T, ¥ (k). forall ki € 2 (2.22)

and (v - k)3 =3 (- k).

Remark 2.6. As it appears from the proof of Proposition A.1 in the appendix, the form
of the function G in (2.18) is dictated by the following fixed point equation

G(x) = (2.23)

1 / * dy

7 Jo 1+ w2G(y)
Now, if we had chosen a different regularisation for the nonlinearity, e.g. the | - |co-
distance in (2.3) instead of the Euclidean one or a smooth regularisation instead of the

Fourier cut-off in (2.2), then we would have not obtained an explicit G but the statement
above would have remained true.
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Apart from working with an explicit function, the advantage of our choice lies in
the fact that it allows us to make an explicit connection with the work of Yau [Yau04]
on the two-dimensional ASEP. Indeed, the exponent 2/3 in (2.19) precisely reflects that
obtained therein and strongly suggests that, if 1, were taken to be a constant independent
of &, then the diffusivity would diverge as (log1)%/> for t — oo.

Proof. Notice first that, for any n € N, the operator #4° (—%Lo — £’ €° )~ 'A% maps FL%
into itself, so that, to establish (2.21), it suffices to consider V1, Y, € I"Lﬁ. Moreover,
we can write

([ A2 (Lo — L7 sl JY1, ¥2) = (=Fo — L") sy, ). (224)

Recalling the form of oI in (2.9), we see that the scalar product at the right hand side
can be split into a diagonal part, corresponding to making the same choice for the
indices i, j in the two occurrences of o, an off-diagonal part of type 1, corresponding
to choosing i, j and i’, j’ with one element in common, and off-diagonal part of type 2,
corresponding to all remaining choices. (See for instance [CET23, Lemma 3.6], where
a similar distinction was made.)

To write this in formulas, let ¢ = (—%y — SN €¢)~! and denote with o = () n>1
its Fourier multiplier, i.e. for ¢ € FL% F(S*Y) (k1) = 0 (klzn)t/}(kl;,,) where

2
of(kim) = . (2.25)
T P+ (04103, G L (S lial?))
Then, the scalar product in (2.24) satisfies
2
(SEASY1, ASY2) = (STALY1, ALY )diag + ) _(STALY1, A Y) o,
i=1
where diagonal part, given by the first summand, is defined as
&€ & def 4)‘3
(S, AL o) diag = nln WX
) Y S0 k) ki) yatkig) Y o (€ m, k)T,
ki:n L+m=k;
(2.26)
while off-diagonal parts of type 1 and 2 are respectively given by
(STALYr1, ALY2) oty
Enlncom(n) Y ok krne)IE, T8 1 ¥
K1+t
x (10 - (k1 +k2)) (10 - (ky + k)1 (k1 + Ko, k3, Kana)) W2 (k1 + k3, ko, kanen)
(2.27)

and

(SEALY1, ALY2)ofts
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def
= nlncofty(n) ) oy (rone DTG, 4, 35, 1y
k1:11+1

x (10 - (ki +k2)) (10 - (k3 + ka)) Uy (k1 + ka, k3., ksone1) W2 (k3 + ka, k12, ksier)
(2.28)

where, for i = 1, 2, coff, (n) is an explicit positive constant only depending on n and
such that cofr, (n) = O(n'*1).

We are ready to control the left hand side of (2.21). At first, we split all the diagonal
parts from the off-diagonal

([ — oA (=0 — L5 G°) oA + LP G [y, o)

= |(S* st St Padaeg + (EEG Y1, )|+ Y (S AL, s p2doms ] (229)
i=1,2

Let us begin by estimating the first summand. By (A.8), (2.22) and (2.26), we see that
(=20 = L) S, o2 )atag + (LG, ¥2)|

= ntn| 3 30 - k)2 (ki) D) (P ki) = GO (k)|

kl:n

where P? is defined as

. A2 7
Pe (k1) = =& L (2.30)
2 MZ::M [ +TwGLE(D))
and, to shorten the notations, we wrote
D= Le? +imP + ke ?). T E L -0+ (0 -m)? + (- 4)3,,).

By Proposition A.1, we can upper bound the above by

nin» " 3(w- k1>2|¢1(k1:n)||&z(k1m>|\P‘?(km — G(L* B lk1al)

kl:n
Sagntn Yl P k)l (k)| = 2210 ) ki P19 i)l (ki)
kl:n kl:n
S A(=20) Py 11(=Z0) V2| (2.31)

so that this term satisfies (2.21).

We are now left to estimate the off diagonal terms. This is done by following mutatis
mutandis the same steps as in the proof of [CETar, Lemma 3.4], so we will only point
out the necessary changes. For the off-diagonal terms of type 1, we need to control

WS ALY, ALY ) off, |

2 . . . .
< nleoft; (A7 Y Lji+ jal lji + 3l
J1:3.k3:n

X U1 (1 + Jos J3s k3) V2t + J3s 2o k3n) 0k Ginss K3 (2.32)
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where o7, |, given in (2.25), is the Fourier multiplier of §° in FL,Zl +1 and, as usual, we

have bounded |tv - k| < |k|. As in [CETar, Eq.(3.21)], an application of Cauchy-Schwarz
shows that (2.32) is upper bounded by

2 1
N 1 1
xzcoffl(m]"[(ntz|wi(k1:,z)|2|k1|2|kz| > %o,fﬂ(jlzz,kz:n))z. (233)

i=l ki Ji+j2=k

This is the same expression as in [CETar, Eq. (3.21)], with o, replacing J N there.
Since o7, satisfies

1

£ . < -

01 U12s k2m) S — ,
i |]1:2|2+ |]€2:n|2

which is the same estimate that JV satisfies, one can argue as in [CETar] and deduce

1 1
< —.
lkinl [k

1
> o Uz k) S (2.34)

Jiti2=ki
Now, since coff, (n) S n2,(2.33)is upper bounded by a constant times kg v/ N (—Zo) > Yl
1
VN (=ZLo)2 2]l

As for the off-diagonal terms of type 2, we proceed similarly, recalling that, this time,
Coff, (M) S n3. Namely, applying Cauchy-Schwarz and exploiting once more (2.34), we
bound them as

WSS, ALY2) off |

2 o |
) 0p 1 (12, ko) \ 2
S reeomm [ (”'Z AGHIRARIET Y M)z

i=1 " ki e [J1l12]
2
- lki|lk2|lk3|\1/2
/S )&g”!coﬁ:z (n) l_[ (Z |1ﬂ, (k]n)|2T)
i=1  kin lin
2 2
R 172
A2 T (Y Witk Pl ) S 2 TT I (=20 2wl
i=1 kizn i=1
as desired. 0

2.2. A priori estimates on the truncated generator equation. The goal of this section is
to derive a priori estimates on suitable elements of the n-th inhomogeneous Fock space,
which will be crucial in characterising the limit ¢ — 0 of the solution to (1.5). The
specific functions we need will depend on the dimension, as for d = 2 we want to take
full advantage of the Replacement Lemma 2.5. Let us begin with some definitions.
Letn € N,i > 2 and P/ be the projection onto n-th inhomogeneous Fock space

with the first i — 1 chaos removed, i.e. onto @']'.:i FL?. The truncated generator &7,
&

and the corresponding truncated operators o7,

as

s and o7 are respectively defined

£f, =SLo+olf, . df, = PIA°P! and oY = PldS P! (2.35)

g 1
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foro € {+, —}.
Let g € @’j":i I’L?, i <m < n.Ford > 2, let u®" be the unique solution of the
truncated generator equation which is defined as

—%F utt=g. (2.36)

i,n

In the specific case of d = 2, we further consider #® which satisfies
i€ = (=L — LPE) AL + (—FLy — LPE) g (2.37)

where £ and 6° are defined according to (2.22) and (A.8) respectively. Note that, even

if in (2.37) there is no truncation in the chaos, the equation admits a unique solution.

Indeed, it is a triangular equation which can be explicitly solved starting from #{ =
u;_, =0, and then inductively setting

“”( Lo — L€ 194” IR/ Aok ARSI I

That said, we will be concerned with the projection of #* onto EB;'.:i FL?, that we denote
by u®" and can be easily seen to solve

S (=L — LG T AP+ (o — #5760 g (2.38)

As we will see in the proof of the main convergence theorem (see Sect. 3.2), a case
which will play a crucial role for us is when the input g above coincides with the action
of g on a smooth element of a fixed Fock space. For this, consider test functions

o, ¥ ST
and let f; = ¢ € FL% and

L =1lo®Vlsym fw

be the symmetric version of ¢ & 1, which lives in FL%. Fori = 2, 3, we will study v®"
(that we distinguish from u*" as the right-hand side is fixed o4 f; _), that is the solution
to the equation

=L VT =l fi. (2.39)

nLn
and for d = 2, v%" that solves
V" = (=L — LFEG) T AL P T 4 (—F0 — FREH) T fimy . (2.40)
We are ready to state the main result of this section.

Theorem 2.7. Let ¢, ¢ € S(TY), fi £ ¢ and fo = [¢ ® Ylsym be the symmetric
version of ¢ @ Y. Let i = 2,3. Forn € N, let w®" be the solution of the truncated
generator equation v&" in (2.39) if d > 3 or be v°" given by (2.40) if d = 2. Then, for
any k € N, there exists a constant C > 0, depending only on k, m and the dimension d,
and eq(n) > 0 such that for any ¢ < g4(n) the following estimate holds

_1 C 1
[(=Z0) 2 (=L w™" — oS fi 1 + 2w < JH(—go)zfifl I, (2.41)

where we recall that wf’" is the component of w&" in the i'"* chaos. Ifd > 3, e4(n) can
be taken to be 1.
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As a first step in the proof of the previous theorem, we derive weighted estimates
on the solution to (2.39) which hold in any dimension d > 2. The argument we exploit
follows closely that of [LY97, Lemma 2.5] and since the proof works for any choice of
g, we formulate and prove the result in the more general case of (2.36).

Proposition 2.8. Letm € N, i = 2,3 and g € @Tzi FL;. Forn e N, n > m, let u®"
be the solution of the truncated generator equation in (2.36) in any dimension d > 2.
Then, for every k € N, there exists a positive constant C = C(m, k) independent of n, €
and g, such that

k Loen _1
N5 (=Zo)2u™" | < CII(=ZLo) 2gll. (2.42)
where N is the number operator in Definition 2.3.

Proof. As n and ¢ are fixed throughout the proof, we will writt w andu;, j =1,...,n
in place of u®" and ui.’", respectively. Also, by convention, we let u,.1 =0 = u;—| =
-+- = u1. To denote constants which do not depend on ¢, n or g we will use C, and such
C might change from line to line.

Let us test the j-th component, j > i, with £%u, which, since by Lemma 2.2
(A" = —d®, gives

<1/l], Sﬁau) = (M], gou]) + <I,{]’ Sﬂj—”]*l) + (uj9 ‘quuj+1)
= (uj, Fouj) = [(”.i+1’ Afujy — (uj, d5uj_1)].
Via a summation by parts, for any a > 0, we have

n n

Z(a +j2k)(uj, (—=Lo)u;) :Z(a +j2k)(uj, (=5 )u)

j=i P
n

+3 G = G = D)y Aug).

j=i

Next, note that —£*u = g — dd5u, — % u; so that, by orthogonality of Fock spaces
with different indices,

1 1
uj, (=Lu)| = [(uj, g} < z(“j» (=ZLo)uj) + 5(8/’» (-20)'g)).

As a consequence, there exists some finite strictly positive constant C = C (m, k), which
might change from line to line, such that

D (a+ )y, (~Lou,)

J=i
= (=0 5glP+ 3G = G = D)y, 1))

j=i

1 n
= (=20 22+ Y 74wy, ;) (2.43)
j=i
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where the constant C = C (k) was chosen in such a way that ( j2k - - I)Zk)ﬁ <
Cj2— 3. To handle the last sum, we bound

1 1
g, Auj—1)] < 1(=Lo)2u; I (=Lo) " 2edluj_1 ]|
1 1
< CVII=%0)2u; | (=%0) 211 |
1 1 1 1
= Vi (G120 u; 1P+ S 1= a1 ]2) (2.44)

where in the second bound we used (2.10) in Lemma 2.4. We now plug the result
into (2.43) and rearrange the terms, so that we conclude

C 1
Zﬁ"(l #op = )i CFow) S CA+IZo) 2. (249)

Choosing a sufficiently large, in such a way that (1 + ;‘7 — %) > 1/2 for every
Jj > 2,(2.42) follows. O

In the next two lemmas, we consider the specific case of d = 2. In the first one, we
show that, for any g, 2®" defined according to (2.38) can be estimated in terms of g.

Lemma 2.9. For d = 2, let g € @m FL2, neN i <m<nandiu®" be given
by (2.38). Then, there exists a constant C > O independent of n, € and €,(n) > 0 such
that for every ¢ < e>(n)

(=)' 2" |1* < Cll(=<o) ™ ?glI* . (2.46)
Proof. At first, we study how the generator £¢ acts on u#®". We have
—LEAE =(=Ly — LEE) " — AL — AT G + LPEC "
=g — o (=L — LFG) g — il + LG "
+[ = ot (Lo — LPEH) T + LG P A (2.47)

where in the last step we used (2.38). Now, d¢ii," € rr? +.1» so that, since u®" €
EB’}'::'FL?’ the two are orthogonal. Therefore, by testing both sides by %", we obtain

I(=%o) 2" |12
= (@, g — d° (=L — LPE) g) + (@5, BEEEAE")
+ (" [ — A (—SL0 — PG oA+ LPGE P ")
< FI=L0) " |1 + F 1 (—=Lo) (g — o (—Lo — LFE) gl
— =L E) iy |17 + Cazn? || (—L0) a1
< Cll(=20) ™ 2gl* + (5 + Cr*AD) | (—2Lo) 2" |2 (2.48)
where in the last step we neglected the negative term at the right hand side, we used (2.11)
together with the positivity of —%£;°€* and the fact that the operators £y, £ and €°

commute to control the second term containing g, and the Replacement Lemma 2.5 to

bound the third summand. Now, we choose &>(n) in such a way that C nzkg ) < 1/2.

Therefore, (2.46) follows upon rearranging the terms in (2.48). O
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In the next lemma, we turn our attention to v*" given in (2.40) and prove that it satisfies
the same weighted estimates as those in (2.42). To do so, in view of Proposition 2.8 and
the previous Lemma, it suffices to control the difference between v%-" and the solution
of the truncated generator equation v®".

Lemma 2.10. Let d = 2. Forn € Nandi = 2, 3, let v&" be given by (2.40) and fi, f>
be as in Theorem 2.7. Then, for any k € N there exists a constant C > Qand ey(n, k) > 0
such that for every ¢ < ex(n, k)

L. 1
INK(=Z0) 205" | < CII(=Z0)? fi—1ll- (2.49)
Proof. Let v®" be the solution of (2.39) in d = 2. Notice that, trivially,
INE (L) 258m | < n* I (=Lo) V2 (@5 — vom)|| + [N (=Zo)/2v® . (2.50)

Now, in view of Proposition 2.8, the second summand is bounded by (a constant times)
[| (—Sfo)_l/zsﬂif,-,l ||. For the first, we claim that for any j there exists C > 0 such that
for & small enough, we have

(=2 2@ — v"™M)|1> < C(n™ +n?22)[(=Lo) "2 elE fi||* . (2.51)

Assuming the claim, we choosein (2.51) j = kand e2(n, k) > Osuchthat nk"zksz (k) <
1, so that we obtain

IV (=) 255 S I1(=0) ™2 fisil S I(=Z)' 2 fica 1P

where the last step follows by (2.10). Hence, (2.49) is proved.

We now prove (2.51). To shorten the notation, set gg E (=L — 86“‘58)_191:1]”,-,1.
We begin by evaluating —<£¢ on v*" — v®". To do so, we exploit (2.47) and the fact
that, as noted in the proof of Proposition 2.8, since v®" solves (2.39), we have

£..&,n & & en g, &,n
=L =l fi o+ = —div "
This means that

—LE@" — 0" = — ol (gF — v — A" — v + LG T

+[ = o (=L — ZPE) Tl + LPEE P (2.52)

Now, since gf € TL2, o (¢f — v&™) € TL2_, and o5 (v5" — 55") € T'L2,,, which
implies that they are orthogonal to both v*" and v®" as these belong to @’}:iFLi.

Hence, by testing both sides of (2.52) by v*" — v®", we obtain

||(—$())1/2(58’n _ vs,n)“2 — <l‘}8,n _ va,n’ gol'ncgaﬁiJl)

+ (05— v [ — o (Lo — L) T AL + LG P )
(2.53)

Let us analyse the two terms at the right hand side separately. For the first, note that the
operator £’ is negative, so that
<l‘}8,n _ va,n , 361: cga 5?11) (vz,n , g(\)‘o Cgs ﬁi,ﬂ) _ <i}£,n (_gé’ﬂ CgS)i)';Zl,n >

n

< (=v" (=Zy €)D"
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S N=L) V2o [ (—2Lo) V258"

and in the last bound we used that —2£{°6° < —% and that £, Z° and €° commute.
Now, the a priori estimates in Proposition 2.8 and Lemma 2.9 allow to upper bound the
previous by

n RN (L) 2 (= Lo) 2uem | S n R (=Z0) V2o £ )12

For the second term in (2.53), we apply the Replacement Lemma 2.5 first and the same
a priori estimates as above, thus getting

(5" — v, [ (Lo — LEE°) oA + P P 60
< Cagn? || (=%0)' 2@ — v" ") [[I1(=L0) 25|
< 1CaZn? (1(=20) 2@ — v )P + 1| (~0) 25" )

IA

LOnln? (I=50) 2@ — vt + (= £0) 25 fia |2
where the constant C changed in the last two lines. Now, by using that for ¢ < &2(n, k),
ankg < 1, collecting the previous bounds and rearranging the terms, (2.51) follows. O

We are now ready for the proof of Theorem 2.7, which is an easy consequence of
Lemma 2.4 and, for d > 3, Proposition 2.8, while, for d = 2 Lemmas 2.9 and 2.10.

Proof of Theorem 2.7. Let us first treat the case of d > 3. As noted in the proof of
Proposition 2.8, since v®" solves (2.39), we have

=L — o i+ A" = =l (2.54)

+-n

By (2.10), for any £ > 1, we have

_1 1 1 1
(=)~ 2vE" | < Vnll (L) 2vs" | < n—kIIJVk”(—ifoﬂvs’"ll- (2.55)

n

Hence, (2.41) follows directly by (2.42) and (2.10).

We now turn to d = 2, in which case v*" satisfies (2.40). Notice that, by the recursive
definition of *", 37" = -+ = ﬁf’_"l = 0 and therefore

00" = (=0 — LPG) AL fior
Hence, upon replacing ¢ with A f;_1 in (2.47), we see that
o A L R
=~ — oA fi g+l (—Ly — LFECE) T AL fiy
= —dios" + L€ v
+[ = oA (—F — ZPE) T Al + e P e

Now, for the first two terms we use Lemma 2.4 and —86" €* < =, so that we can
bound them by

(=Lo) P[—oAE 55" + L€ E | < Vnll(—Zo) /255" |
<nRI=2L) 2 fioall
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where the last step follows by Lemma 2.10. For the third term, we note that the I' L2-norm
satisfies a variational formulation, i.e.

I(=Lo) ™" 2[ = d® (—%o — LFE°) S + L6 P o0
= sup (o, (=%0)""?[ = ol (=0 — LGS + LF G PO

llell=1
= ”s1”1p1<(—§£0)—1/2g, [ — o (=% — P6) ot + et P oo
Q =
S CA; sup lollW?(—=20) /255" || = CAZIIN? (=) /255" |
llell=
< CAZn2||(=%0)' fi-1 (2.56)

where in the third step we used the Replacement Lemma 2.5 and in the last, Lemma 2.9.
By choosing &> (n, k) > 0 such that )‘gz(n,k)”2+k < 1, (2.41) follows at once. |

2.3. The diffusivity. The main advantage of Theorem 2.7 is that it allows to replace the
nonlinearity with the sum of two terms: one involves the generator of our process, and
therefore encodes its fluctuations, while the other consists of s4° applied to an element
in the Fock space of degree i = 2, 3, so that overall it is of degree i — 1. This suggests
that this latter term should give us the additional diffusivity appearing in the limit (1.8).
The goal of this section is to analyse this object and determine its behaviour.

The analysis for d = 2 and d > 3 will be very different, but the limits we need to
establish have the same expression. Let us first state the main theorem and then provide
different proofs in the two cases.

def

Theorem 2.11. Let ¢, € S(TY), fi L g and f> = [p ® Ylsym. Forn € N, let w*"
be the solution of the truncated generator equation v®" in (2.39) if d > 3 or be v®"
given by (2.40) ifd = 2. Leti = 2, 3. Then

i

lim lim sup || (—%o) 2[5 w®™" — D fi_11]| =0, (2.57)
n—0oo 8—)0

where D is the operator introduced in Theorem 1.3, given by @ = Dsue <y for £
defined according to (2.22) and Dsyg > 0 as in the aforementioned statement. Further,
we have

lim Jw*"|| = 0. (2.58)
e—0

Let us begin with the proof the above theorem in d = 2 since, thanks to the replace-
ment lemma, it is way easier.

Proof of Theorem 2.11 in d=2. Notice first that the recursive definition of v%" in (2.40)
immediately gives

AT = AT (—Lo — LEE) T AL fioy (2.59)
As a consequence, we have

1(=L0) 2[5 55" — D fi 1]
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= [|(=%Lo) 2 [ (=L — LFEC) AL fim1 — D fialll
< (=) 2[o° (Lo — LFEC) ots — LPEE] fimll
1

+1(=2L0) 2 [Zy 6" — D] fi-1ll-

For the first term at the right hand side, we use the same variational formulation as
in (2.56) so that following the same steps, we deduce

1
I(=ZLo) "2 [dE (=L — LP €)' ot — LPE] fiall

= sup (—%0) 20, [ — S5 (—Fo — LPE) oS + LPE ] fi1)
llell=1

<)\2”SHP lollll(~%0)? fi-1ll = 321 (~ZL0)? fi—i |
Q_

where in the last step we used the Replacement Lemma 2.5. For the second, the analysis
is identical for f; or f2, so we only consider the latter. Using the explicit expression of
£5°,6°, D and f, we see that

||<—S£o>—%[5£5"@8— ] £l
2
—Z )”[Gw( [k12%) = Dsue]

x <|<p(k1>| 219 (k)1 + ¢ (k1)@ (ko) ¥ (—k1) ¥ (—k2)) .

Since ¢ is smooth we can take the limit in ¢ inside the sum and, provided we take
Dsye = G (1), we conclude that the right hand side goes to 0. Hence, the proof of (2.57)
is completed.

Concerning (2.58), we note that for any j € Nand ¢ € FL?,

1(=%0 — 257 6°) " sty |)?
< Z J5, ko (0 Ky + k)2 (ki + ko, K3 )|
gtk 4+ 3 (0 - T G L G Lk )12

A 1
Sjagz(m.kozwwnﬂf 2

2 2
+
ki g, €17+ 1ml%)

Now, the inner sum is clearly finite, and therefore we deduce
I(=%0 — L6 iy 11> S 22NN (~ZL0) Pyl (2.60)
We apply the previous estimate to the definition of v%", so that we obtain
15571 < (=0 — L5 6°) T LT + fiall®
S MV (=) 2" + fioal)? (2.61)

where in the first step, we replaced the truncated operator sﬂf; with . By the weighted

a priori estimate on v®" in Lemma 2.10, we see that the norm at the right hand side
of (2.61) is bounded uniformly in €. Now, since A, goes to 0 as e — 0, (2.58) follows. O
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We now turn to the case d > 3. The proof of (2.57) (and (2.58)) requires to be able
to pass to limit first in € and then in n. Since the first limit is the most delicate, we single
it out in the statement below, which also includes (2.58), and postpone its proof to the
next subsection.

Proposition 2.12. Consider the setting of Theorem 2.11 for d > 3. Then, for every n
fixed, there exists a unique constant D" > 0 such that, fori = 2, 3,

lim 1(=S0) 2 [ b5 — B2 f; ] =0, (2.62)

E—>

where D" is the operator given by D" = D"Z for £ defined according to (2.22).
Further, as ¢ — 0, v&" converges to 0 in T L.

We now turn to the proof of Theorem 2.11 for d > 3, for which, thanks to Proposi-

tion 2.12 we only need to ensure that the limit in n of the constants D" is unique and
strictly positive.
Proof of Theorem 2.11 in d > 3. Notice that (2.58) was established in Proposition 2.12,
so that we only need to focus on (2.57). For this, in light of (2.62), it suffices to prove
that the sequence of operators {2"}, converges to a unique limit, which translates into
showing that the sequence of constants { D"},, is Cauchy. The definition of the operator
9" ensures that for any f| = ¢ € S(T¢), we have

I(=%L0)"2[D"™ — D" il = [D"™' — DM[|[(=%0) "2 (L&) fill . (2.63)

Furthermore, the left hand side can be bounded by

I(=%0) (D™ = D1 fill <l (~%0) 2 (05" — 2™ £
+I(=%0) 2 V5" — D" fil
HIL) T @™ =5, 264
where, for ¢ > 0,any n € Nand ¢ = f; any smooth function, v®” is the solution of the

corresponding generator equation (2.39) truncated at level n. To control the last term,
we apply (2.10) to get

II(—&f’o)*%&qe_(vi"”l — "I S I(=%0)2 " — vo )] (2.65)

e,n+l

By definition of v and v®", we deduce that

+"n+1
& en £,.&,N e &n
+&, v v+l v,

e,n+l s e,n+1 e,n
= =i =) =AW =0T,

e/ e.n+l eny e e,n+l e &n+l e &,n+l
£ (v — v == —dv —d’ v,

We now test both sides by v®"*! — v&" and, using the antisymmetry of ¢, obtain

||(_80)1/2(v8,n+1 _ Ué‘,n)”z — (vs,n+1 _ vé‘,n’ _wi(vzi:l;l _ U;ﬂ;,n )

= (" — ™" o) (2.66)
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where the terms containing s1° (v5"*' — v5") € TL? and 150" € T'L2,, dropped
out because of orthogonality of Fock spaces with different indices (recall that vf’"“ =

V8" =0 = vf4 = vF). Now, the right hand side can be bounded above by

(va,n+l_vs,n Sﬁava,n>
4+ Yn
< HI=Z0) 2™ —vEm) |12+ 20 (=ZLo) T PdE i |2
We can go back to (2.66) and get
1 _1 1
(=) 2 (v&™* — v )12 < (=Lo) 205" |2 S |V (=Lo) 20|12 (2.67)

where the last step follows by Lemma 2.4. To control the last term, we apply Proposi-
tion 2.8, which, for any j > 1, gives

1 Y . 1 _ 1
IV (=Lo)2vE 1> < n2U=DYNT (=ZLo) Zve" 2 < n =2 ([(=Z0)2 f1l° .

At this point, we upper bound the right hand side of (2.64) with the above so that, by
using (2.63) and taking the limit in &, (2.62) ensures that

1 . 1
D™ — DM |(=%L0) "2 () fill S n M I(—%0)2 fill*

Since fj is an arbitrary smooth test function, we can choose it to be such that the norm at
the left hand side is non-zero. Consequently, the sequence { D"}, is Cauchy and therefore
converges to a unique constant Dsyg, so that the proof of (2.57) is concluded.

It remains to show that Dy is strictly positive. To do so, fix fi = ex fork € Z? such
that w - k # 0 and set v®"[—k] to be the solution of the truncated generator equation
whose input function is f]. Notice that

(w-k)*
Dll
V2]

= (=%0)"2(=D") fil

> 1(—=%0) "2 5" [—K]|| — [1(—L0) "2 [l 05" [—k] — D" fi]]l .
(2.68)

Let us consider the first term at the right hand side more carefully. Since 4% vi’n [—k] €
FL%, we can expand it in the Fourier basis, i.e.

A"k = ) (A5 05" [—k] e j)e;
jeZﬁ
==Y "kl dlie_jlej = — (3" [kl slie r)er,  (2.69)
jezd

where the last step is a consequence of the translation invariance of the equation, i.e.
the commutation between the operators £y, 4° with the momentum operator as stated
in Lemma 2.2. We can now exploit orthogonality of Fock spaces with different indices
and the antisymmetry of #4°, to see that

(3" [k, dle_i) = (WO [—k], =L v""[k])
= (V[ k], ~Lov*"[K]) = [|(~Lo) "/ 2uS " [—k]|12.
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It follows that

1(—=L0) "2 w5 [—K]| ZW”( Lo) 2ot k]2

so that we will only establish a lower bound on the latter norm. We have

1(=0) 2v® " [—k]11* = (dSex, (—=£5,) e y)

= sup |20 e 1) — (0. (~Lo)o) — (o, (~515 )" (=)~ (~s15, )0 |
oel'L2

> sup {20 dhe-i) =l (—L0)e) — (oo, (L))} . 270)
0€l'L}

where in the second equality we used [KLO12, Theorem 4.1], in last step we restricted the
supremum to FL%, thus making it smaller, and exploited Lemma 2.2 and the truncation
Py in the definition of 915,” in (2.35) to simplify the last term. According to (2.10), for

¥ € I'L3, there exists a constant C > 0 such that

(A, (=Z0) T AEW) = I(=Zo) Pl y || < ClI(—=Zo) *y|I?

which implies a further lower bound of the form

(=) 2v " [=k1II> = sup {2(y, dle_x) — (¥, (=Z0)¥) — C (¥, (=L0)¥)}

2
Yells

1 _
=% V2ot e i 1%

We are left with estimating (=L)"Y Zsﬁieknz from below. Thanks to (2.9), we have
an explicit expression for the latter, which reads

2
Z Jem(m (£+m))

g 1/2945
1(=%0) ™2t e |2 el

T @n )dg

2 m
= Gy (0 - k)2 (Ag 3 m) . (2.71)

L+m=k

As a consequence, from (2.68) and the previous estimates, we obtain

em k e,n n
Dnz(xg ) )_( | ')2||< L0) 72 (61 v [~k] = D" fi]].

2 2
L+m=k |€| + |m|

Now, taking the ¢ — 0 limit at both sides we see that, by (2.62), the second term
converges to 0, while the first goes to a strictly positive constant independent of n. Thus,
the strict positivity of Dsyg follows by passing to the limit in n so that the proof of the
theorem is concluded. O
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2.4. Proof of Proposition 2.12. The proof of Proposition 2.12 is the most delicate part
of the present paper. Since ind > 3 we have no analogue of the replacement lemma (and
we do not even expect it to hold), we need to resort to a different strategy. Our proof is
centred around a suitable expansion of the norms of v®" (see e.g. (2.80) below) which
involves several subsequent applications of the operators 45, s° interposed by inverses
of —Zp. In order to see why such an expansion is meaningful, it is convenient to write it
in terms of operators which are skew-Hermitian and bounded in I'L? (uniformly in &),
and this is the first thing we will do.

Letn € N, n > 2, be fixed throughout the section. Fori = 2,3, let ¢ > 0 and Qﬁin
be given as in (2.35). We introduce the operators Tfn and for o € {+, —}, T%“, 7}?,’1”
according to

T = (=%0) 2 (dE) (—%0) 2,
Tf, = (o)Al ) (—20) 2,
TS S (—=%0) (AT (=%0) 2.72)

Note that, by Lemma 2.4 and in particular (2.11), each of the operators above is bounded
inT"L2 uniformly in € (the bound depends on 7, but this is irrelevant as n is fixed) and,
by Lemma 2.2, it is easy to see that Tfn is skew-Hermitian.

To have a notation for multiple applications of the operators 74, o € {+, —}, we set,
form > landa > 0, l'[,(l",),1 to be the set of simple random walk paths p = (po, ..., pa)
consisting of a steps, starting at height 1, i.e. pg = 1, ending at height m, i.e. p, = m,
that do not reach height n + 1 and that can have height 1 only at the endpoints. Given

pe 1—[2’1’)71 we let |p| £ a and J, be defined according to
Lqu d=ef Ts,d,, Ts,oa_1 . Té‘,(fl (273)

where 0; = +if p; — pi—1 = 1,and o; = —if p; — pi-1 = —1,and T = 1if |p| = 0.
In other words, there is a factor T** (resp. T~ ) whenever the path takes a step up (resp.
down)?.

We enclose the most technical aspect of the proof of Proposition 2.12 in Proposi-
tion 2.13 below. Before giving the proof of the latter, we will show how it implies the
former.

Proposition 2.13. For ji, jo» € Zg, let j be either ji or ji, and denote by e; either

def . . . .
ej orej, = lej ® ej,lsym, the symmetric version of ej, ® ej,, where ej; is the ji-th

element of the Fourier basis. In the notations introduced above, for every ay, a> > 0 and
pe n”, r= 1, 2 (so that in particular a, € 2N) the limit*

ar, 1’

1 =12 La,
||<—S£o>-z(—seg‘we,-u)Z b2 o)
il/ V2

exists, with c(p) € R depending only on the path p and such that c(p) = 1 if |p| = 0.

81i_r)r})(9”]f. ¢ T 1¢j) = c(pHe(p?) (

3 For instance, for ¢ = 4 the path p = (1,2,3,2,3) € l'[i"%,n > 4 corresponds to J& =

p
T€,+T€,— T8’+T€’+.
4 in (2.74), the overbar denotes complex conjugation
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Furthermore, for every a, > 0, m, > 2, and p”" € Ha,)m, r =1, 2, one has
hm(J 16, (— .SPO) pzej) 0. (2.75)

Proof of Proposition 2.12 given Proposition 2.13. Letus firstintroduce a notation thanks
to which we can express both the norm in (2.62) and the "' L2-norm of v®". For this, let

and ¢ be, respectively, a linear operator and a constant given by either § = P;_1 9 and

c=1lorS = (=%y)"/? and ¢ = 0, with P;_; the orthogonal projector on the (i — 1)-th

chaos, FLI.Z_ 1- Then, the quantity of interest in (2.62) is

1 .
(—=%0) "2 [Sv*" — D"~ fi 11| .

The rest of the proof will be divided in several steps, the first of which reduces our study
to the case where the test functions ¢ and ¥ in the definition of f;_| are two given
elements of the Fourier basis.

Step 1: Reduction to Fourier basis. For this step, we focus on the case i = 3 sincei =2
is easier and can be argued similarly. For ji, jo» € Zg, let v®"[—ji2] be the solution
to (2.39) in which we take f> to be ej,, = [e}, ® e}, ]sym. By linearity, we clearly have
Vol = Zjl,jz (ﬁ(j])&(jz)vs’n[—jlzz]. The definition of the norm in I'L? immediately
gives

2 k1o |2
I(~0) 280" — " P = Y (<8v“ — ey, Th2
k1o [k1:2] llex |l

Now, for @ > 0, we can apply Cauchy-Schwarz to get

2
(507 = 2" fo, ety

~ 2
= | 3 9GNP GV =12l = D" ey ki)
JisJ2
N 2
< Y Li2PUeGo PGl Y e (S il D" e e ts)
JisJ2 Jisj2 0

so that we conclude

1(=Lo) 2 [Sv™" — @"—1fz]u2

2 2

S (=20 f2lI Z |2a Z lkl.zlz\@v&"[—m]—c@zs"—le,-we,kkg

= [(~%0)* f2l? Z I(=Z0) 2 [Sv"" [ jia] — D" e, 111

A2|

Now, the norm inside the sum is bounded by (a constant times) | j1;2|2. Indeed, if § =
Prsd® and ¢ = 1, thanks to (2.10), the apriori estimates in Proposition 2.8 and the
definition of @"~! in Proposition 2.12, we get

1
(=Lo) 2[5 05" [~ j12] — D" e, 1112
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S I=LD) 205" = jiall? + 11 (=L0) "2 D" e, 11
S =) 2 die ), |7 + 1 (—%0) ey, |17
SN2 e, 17 < Ll
In instead, S = (—E.CL’O)I/2 and ¢ = 0, then
0" = 2]l < 1(=20) v [—ji2lI* < 1(=ZL0) e, I < Ljial?.

As a consequence, upon choosing « big enough, and we are allowed to since f5 is
smooth, by dominated convergence the statement follows if we prove that for all given
Ji, j2 € Zg, the norm in the sum vanishes. Now, by opening up the squared norm and

using the definition of 2"~ ! we see that this is equivalent to showing that
lim [|(~0) 8" [—jiall = D" %, e (2.76)
and, if ¢ # 0, that
lim (e, (~%0) 280" [=jial) = D", el @7

and similarly for i = 2, in which case instead of v®"[— ji.2], "1 and ej,.,, we have
vo"*[—j1], D" and e, respectively.

From now on, we adopt the notations of Proposition 2.13 and let j be either j; if
i=2or jipifi =3.
Step 2: Analysis of Sv®"[—j]. Recall the definition of the operators Tf , and 759,
o € {+, —}in (2.72). Thanks to (2.39),

vl = () T ele = (—%0) TP~ TE) TITO (= %0) e
il - _
= = (=%Lo) VAU — TF,) T T e

V2

= %(—550)—'/2( / Ooe—xe”fnds) T 2.78)
0

Hence, the scalar product in (2.77) satisfies

V2
[jl
-1 —1/2 g sTf £+

= (e_j. (=L0) " I8(—=%) ( e t-nds)T’ )

(e_j. (—%0) " 28V [—j])

o0
= /0 e_s(e_j,(—i/’o)_%S(—go)_l/zeSTiv"T€’+ej)ds

where in the last step we applied Fubini, which is allowed as the operator e° "5 has norm
at most 1, since the spectrum of 777, is purely imaginary. For the same reason, once we
take the e-limit at both sides we can apply dominated convergence and pass the limit
inside the integral in s, i.e.

2
lim f\/—(efj, (—SBO)_%SUS’"[—j])
e—0 |_]|
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00
_ / e lim (e_j’ (_go)*%g(_go)*l/zesn"n T€,+ej)ds
0

e—0

=/°O ~lim e, (<o) IS (=) 2 Y (Tg )T ej)ds
0 h=o?

/ e Z— lim (e, (—L0) 1 8(=%L0) (TP T ep)ds (2.79)

where in the last step we could exchange the limit with both the summation over » and
the scalar product because, for fixed n, s, the norm of s7,7 is uniformly bounded (recall
that after the first, in the subsequent steps s can be treated as fixed).

For the norm in (2.76), we can follow the exact same arguments so that we are led to

lim (~%0)28v"" [l

||2||

2 1
= lim = ((—%0) " 28v5 [l (~%0) 2 Sv*"[j])

e—0 |J|

:/ / dsjdsy e 51702 Z 12
0 0 b1!by!

b1,b2>0

X Tim (=£0) ™2 (=%0) ™2 (T}, ) T4 ey, (=£0) ™1 S(=%0) ™2 (T}, )2 T ey
(2.80)

The previous arguments guarantee that we are left to determine, for every by, by > 0
and 6 € {0, 1}, the limit

. _1 _1 _1 _1
lim ([(~%0) 28 (=L0) "2 (T, )1 T+ ey, (—0) "2 8(=%0) 2 (T7,)* T ey)
(2.81)

and to do so we will separately consider the case in which 8 = P;_19® andc = 1, or

S = (—Efo)% and ¢ = 0, starting with the former.

Step 3: The case S = Pi_194% and ¢ = 1. With this choice of S and ¢ we need to
prove both (2.76) and (2.77), which respectively correspond to taking# = 1 and 6 = 0
in (2.81). Furthermore, by (2.72), we have

(—0) I8(—L0) "2 = (—Lo) 2 Pyt (—=Lo) "2 = Py T~

so that the scalar product in (2.81) becomes

([P To(TE ) To+ ey, P TS (T, )2 T e5) .

Letus begln with a few remarks. First of all, because of the projection P;_; and the fact
that ej € FL __|» b> must necessarily be even, hence we set ay € N\ {0} to be such that
by = 2a; — 2 The same holds for by if & = 1 (and we write b = 2a; — 2, a; € N\ {0})
while if & = 0, b; plays no role and for convenience we will set a; = 0. Next, we expand

([P 1 To (TF )2 2T Py, Py T5(T7,) > 2T ej)
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T T Ty
Py TS (T + Tf;;)Zaz—Z Toe;)

— Z <[T€ 024, Ta »02a1 -1 T~8’62 T¢.01 ]eej
s dyg s
preﬁZar,l
r=1,2
£,02a5—1
T, 2T Tfn"sz e (2.82)

where we define 1:[2(1,1 to be the set of all walks p which start at time 1 from 1, i.e.
po = 1, end at time 2a at 1, i.e. pp, = 1, have increments of size 1 and are such that
p1 — po = 1 = pas—1 — pas. If either of the previous conditions were violated the
projection onto P;_; would set the scalar product to 0. Moreover, the last condition on
the p’s ensures that 0y = + and 0o, = — (so that the 7%~ and T*7 in the line above
are present).

Because of the projector P/ entering the definition of T , if a path p, reaches
height n + 3 — i or height i — 1 (except at the endpoints), then the correspondlng scalar
product is annihilated. Hence, we can replace the index set of the sum at the right hand

side of (2.82) to 15", and get

(P To (T2 2T ey, P T (T5,) 22 2T ey)
= > A[T*PaTsPat | TeoTeo e %0 52T )

(n+2—i)
prellyy,
r=1,2

— TE s € 0.
- Z (7 16> ‘Z?zel)
(n+2—i)
pre Hza)

r12

where in the first step we replaced all instances of T"3 7 with T4, since for p, € Hg’;ﬂl 9

the projection P/" acts as the identity operator, and in the second we used the convention
that a; = 0if & = 0, in which case p; has length zero and Zfl =1.
At last, getting back to (2.79), and applying (2.74) in Proposition 2.13, we obtain

lim (e_j. (—550)_%808’"[—j])

I [ e )
/ Z (261)' a—)O Z (e_j’ ‘ZJ ej>ds

e
L]l —3 : &€
/ Z(2a)' 2 limey. Tieds
perig, 7™
N o s SZa
= =20 (el /0 T G L e

(n+2—0)
pelly,

(=L0) "2 (—LE)ej | D2 2.83)
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where the last constant D"*>~ is uniquely defined by the expression before, so that (2.77)
follows at once. Similarly, (2.76) holds since, from (2.80) and by (2.74), we get

lim 1(=%Lo) 2 Sv° " [—j]]12
E—>

P e e
-~ dsidsy e PP — 1 ﬂ . TE e
2/0 /0 e 2;1 Ganioayl 2 imThe. T
1

> (n+2— 1)
=1 rrzzla,'z'l
o) 2a 2
-1 2 —s S
= 1(=Z0) "2 (=Z))ej e > c(p)ds
[ 0 )ejll | 2a)! clp
a>1 I—[(n+2—l)
p 2a,1

=l (—3())_% (—Sf(‘)”)ej ||2(Dn+2—i)2

for D"*2~1 pe given as above. Therefore, the proof of (2.76) is concluded and so is that
of (2.62).

Step 4: The case S = (—&Po)% and ¢ = 0. This choice of § turns the scalar product
in (2.81) into

(TF ) Tor ey, (=20) ™ (TF,)2 T ey) . (2.84)
By expanding and arguing as in the previous step, we deduce that

(TE P To ey, (—L0) ™ (TF,)2 T )

&,+ &,— —1 &,+ &,—\b +
= (TS5 + TN Toveg (=0) ™ (T3 + T57) T ey)
2 by+i

8(7 &,0]
5 3 DD DGR PR AL

r=1m,=i Prenbr,my

2 b+

=20 X TR (<) T TP Ty

r=1m,=i prenl(]nrjrt)
2 b+
=D > (TEOn L TeTe0ey, (—L) TH . TH 2T )
r=1 m,—z l—l(r;+r2nrt)
2 bp+i
=20 ) (T4 20 The)
r=1 m,=i Pr Enlgr:+r2rlrl)

where ﬁb,,m,, r = 1,2, is the set of all walks p, which start at time 1 from 1, i.e.
po = 1, end at time b, at m,, i.e. pp, = b,, have increments of size 1 and are such that
p1 — po = 1. In the third step, because of the projector P/ in the definition of TS

nn
we replaced the sum over m b,.m, With that over Hl(,':j',ﬁr and consequently removed the
projection.

Now, since the scalar product at the right hand side converges to 0 by (2.75),
from (2.80) we deduce that |Jv®" > converges to 0 so that the proof of Proposition 2.12
is concluded. O
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We now turn to the proof of Proposition 2.13, for which we will need some notation
and a few preliminary results. First of all, the action of the operators 47, s° of (2.9) on

I'L2 can be rewritten as follows:

1
FEALN Kine) = —— 3 @D Kine)
1<i<i’<n+l
n—1

F (A f)kin1) =nY_ A [q]f ki), (2.85)

q=1

where, forl <i <i’<n+landl1 <qg <n-—1,

d
P 21271
AL, D] f kiner) = )i [vo - (ki +ki)1Jy, k,f(k +kir, k{tnsipn\iiny)
I/ k 2 ok e fl,m, k 2.86
gl fkin—1) = WS (to - ky) Z Jz,mf( 1, ki1n—1)\(q)) - (2.86)

L+m=k,

Let T%*[(i,i")] and T*~[gq] be defined as in (2.72), but with o**, AA*~ replaced by
AL, D], AL [g].

The advantage of this decomposition is that the operators in (2.86) can be extended
to functions which are not necessarily symmetric, i.e. they can be viewed as operators
on@, L2 =@, L>(TH)").

Before detailing their properties, we also introduce operators dis, 8 > 0, which will
allow us to derive a uniform integrability-type condition. This will be the essential tool
to prove the limit in (2.74). For f € Lﬁ, l<i<i'<n+l,1<g<n-1landé§ >0,
set

. 4126 ro - (ki + k)] 149
AP 1G, D) f (kiner) = €2 S ‘ ki k,f(k +kiry kineingiiny)
a12e ok, (146 R
A’ [q1f kin) = &7 Wdﬂq Yo T fCm kg, (287)
L+m=kgy
and
TEO (i, i) (=Lo) ™ T A5G, i (—Lo) ™2 (2.88)

and similarly for 7%%>~[¢]. In the following lemma, we collect estimates on the operators
introduced above.

Lemma 2.14. Lete > Oandn € N. Foreveryl <i <i’ <n+land1 < q <n—1, the
linear operators A5[(i, i")] and A° [q] in (2.86) map L% to Li+1 and L;%—l respectively,
and commute with the momentum operator defined in Lemma 2.2. Moreover, there exists
a constant C > 0 such that for every [ € L,zl,

171G D fllz, VT g1 fl | < Clfllgg (2.89)
and for every § € [0, (d — 2)/2) we also have
17316, D f Lz, VTS [g1f 2 < COIFlLe - (2.90)
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Proof. Commutativity with the momentum operator is immediately checked from the
definition of the operators. Concerning (2.89), it follows from (2.90) upon noting that
forevery f € L,%

TG D 2, < 1T G DIl 2,

with § = 0, and similarly for 7%~ [¢]. Let § € [0, (d —2)/2) and f € L2 Then, with a
simple change of variables, we have

17524 D117

_8 e s . _ 145 2
= (=)~ 7 o216 L0) ™ 2 fIs
[ro - ky|\2+23 2 d—2(1+8) Te.m
<Z( k10| ) |f(k e Z (122 + |m|?)1+8
1

l+m=k
1
2 _d-2(145
Sllflllef (1+0) E T2k

le|<e~!
Since the sum above equals
=208 3 el 3 _de 2.91)
|£|2+26 - |£€|2+28 N |x|2+28 :
Jej<e! le€l<1 =t

and the right hand side is bounded as long as § < (d —2)/2, (2.90) follows. Concerning
T%%~[q], we apply Cauchy-Schwarz so to obtain

175" 1q)f 1.2
L _ 148
= I=%0)" T A% [q1f %) T2

Z (|m.kq|)2+25
X
~ [k1:n—11

ki:n—1

&
4_(1+5) Z l,m
x &2 oS Cm ko 1\{q})
timak, (€12 +1m|2 + kin—1yq) 1) 2
1
2_d—(2+28)
< D 1 f Gl Y. pw (2.92)
ki:n w\f&*l

and once again the inner sum is bounded uniformly over &, thanks to (2.91), so that the
proof of (2.90) is complete. O

In the following lemma, we show that the main contribution to the norm of T4-*[(i, i")] f
and 7%~ [¢q]f comes from Fourier modes whose size diverges with ¢.

Lemma 2.15. In the setting of Lemma 2.14, let y € (0, 1) and, for f € L2, define the
operators

TEH G N1 Rinet) =2 D= TG D1 KRinen)
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def

gl fkizn—1) = T* g1 f~ (ki:n—1) (2.93)

where f> (k1:n) o iy Alka 56— f(kl;n). Then, there exists a constant C > 0 such that
TG DT = TG DD fll2 < Ce 2 £l (2.94)

and the same bound holds for || (T* " [q] — Te’f[q])fll,#zil

Proof. By the definition of the operator s5[(i, i")] in (2.86) and that of TG, iN)]
in (2.93), we have

(T4 G =T G DD f ki) = Lt s <o OGN (Riinen) -
Hence,

116 T = TG D FI2

d=2 w0 - (ki + ki) 2L a, <o

e .
S | f ki + ki Ky
Z lkins11? Nk + ki |2 + ke giin)? P Rl

kin+1
gd—2
= Z [k1one1]? Ly, [Alk;r|<e~ V|f(k +kiry ki1, 1’})|
kln lin
; Ligiaimi<e—
=Y 1 f k) gd=? =
kzl; ’ e+§=:k1 €12 + [m|? + ki1 gi.iny |

where in the last step we simply relabelled all the variables in the sum. Now, the inner
sum can be bounded as

T 2 Ljejnpm)<e-r <y pd—2 Lieinimize
€12+ [m % + [kpnenyin 1~ (1€l A lm)?

C+m=k;

el=r

8d—l < ﬁ < rd73dr < gI-1d=2) (2.95)
le€|>2 ~ ), ~Jo N

e
|t|<eY xlzel v 1]

A

from which (2.94) follows. The analogous statement for 7%~ [g] — fs’_[q] can be
obtained as in the previous lemma, i.e. applying Cauchy-Schwarz as in (2.92) and then
controlling the resulting sum with (2.95). O

Before proceeding, we want to rewrite (2.73) in terms of the operators we just intro-
duced. Leta > 0,m > 1, p € I'Ia m,_] ej be as above. For f € Liz, let k() =i denote
the eigenvalue of the number operator, so that k = k(ej) =1ifj = jiand k = 2if
j = Jj1:2. Replacing each of the T¢*, T~ with the sum of the T¢*[(i, i")], T®*[q] (as
in (2.85)), we obtain

Y Tlglg=— 3 Tl T*(giley  (296)

Coni $€G<[p] MK ek p]



89  Page 38 of 60 G. Cannizzaro, M. Gubinelli, F. Toninelli

where Cyp e = 1_[] 1 !(« + j) (in particular, C; . = 1), €¥[p] is a set whose elements
g = (gs)s=1....q are of the form

i(ZM) if oy = +
8s = .
qs ifoy, = —,

for 1 < iy < i,qs < ps +k — 1. In particular, the cardinality of €[p] is finite and
independent of ¢.

Thanks to the representation in (2.96), we are ready to state the next lemma which
will give (2.75) as a corollary.

Lemma 2.16. In the same setting as Proposition 2.13, leta > 0, m > 2 and p € 1'[,(1"2,1
Then, for every g € €“[p], we have

. _1
Lim J|(==f0) 2 T, 8lejllz =0, (2.97)

. de
where k = Kk (¢)) is defined as above, and m Zm4i—1.

Proof. By the definition of .77[g] in (2.96), we have

1 1
I(~%0) "2 T 1glejllp = I(=L0) 2T [gal ... T* (g lejll 2

Let y € (0, 1) and recall the definition of Teo [g] from Lemma 2.15. Thanks to (2.94),
we can replace every instance of 7% [g] with T%?[g] since, by (2.89), the T%%[g,]’s
are bounded operators and e; has clearly finite L? norm. Therefore we are left to consider

Y~ ~
I(=Z0)"2 T ga] ... T*"'[g11¢jl1 7>
2

2 ~ ~
=Y Tolgal . T (g1l Kkrom,)
mJ

~ ~ 2
<& 2 ’T&“a[ga]...T”"“1 [g1]ej(kim, )
kl‘m~
|

= e IT % gl ... T (811117, (2.98)

where, in the second step, we used the fact that |ky.,, | > &77. To see this, notice
that, by definition, the new Fourier modes produced by Te "*[g] have modulus bigger
than £77. Now, the assumption m > 2 ensures that the number of variables on which
T [ga].. . Teo [g1lej depends (i.e. m,) is strictly blgger than that of ej. Therefore,
at least one among ki, ..., k;,, must be generated by a T *[g], which then implies
|k1.m, | > €77.To conclude, it suffices to observe that by (2.94) and (2.89), the operators
Teo [¢] are bounded and that e; has finite L2-norm, so that the right hand side of (2.98)
converges to 0, thus proving (2.97). O

To prove (2.74),leta > 0,m > 1, p € l'[am and g € €“[p], fork = 1,2. We
introduce a graphical representation for g € 6“[ p], which consists of associating to it a
graph as that depicted in Figure 1.
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)

Fig. 1. A graphical representation for a graph g € Gl[ pl. In this example, p € I, witha = |p| = 4,
n>3andm =1,k =2and g = {(1, 3), (2, 3), 2, 1}. Columns are labelled from O to a starting from the left,
vertices are labelled by increasing integers starting from top. Vertices marked as empty squares are merging
points, full squares are branching points. The number of vertices in column j is p; + 1

The vertices of the graph are divided in a + 1 columns, labeled from 0 to a. The
column with label s contains ps + k — 1 vertices; the vertices inside each column are
labeled with increasing positive integers, starting from the uppermost vertex. The edges
only connect vertices in consecutive columns, with each vertex in one column connected
to at least one and at most two vertices in the next. The edges between column s — 1 and
s,s € {1,...,a}, are drawn starting from the vertices involved in the definition of g:
if g5 = (is, i;) then the first vertex from the top in column s — 1 is called a branching
point and we draw two edges connecting it to the vertices with label i and i| in column
s; if instead g; = g5, then the vertex with label g5 in column s is called a merging point
and we draw an edge from the vertices with labels 1 and 2 in column s — 1 to gj; for the
other vertices in column s — 1 (i.e. those whose label is not 1 if gg = (i, i;), and neither
1 nor 2 if gg¢ = ¢5), we inductively draw an edge from the vertex with the lowest label
to that of lowest label in column s which is not already connected to another vertex in
column s — 1.

One should think of the vertices as carrying a momentum, and of the edges as the
relation the momenta on the vertices connected by them satisfy. In particular, when
7, gl is applied to e, or’ ej, ® e}y, the vertex in position 1 of the first column carries
momentum j, that in position 2 (if there is one) carries momentum jp, a branching point
determines the creation of a new momentum, while a merging point, the annihilation of
one. Moreover, if x, y, z are vertices then

e if x in column s is either a branching or a merging point, and is connected to y, z in
column s + 1 or s — 1 respectively, then the sum of the momenta at y, z must coincide
with the momentum at x;

o if there is an edge between x in column s and y in column s + 1, x is not a branching
point and y is not a merging point, then the momenta at x and y coincide.

In the next lemma, we identify a large class of elements g € €2 p] for which 9; [gl(e;;®
ej,) does not contribute to the limit in (2.74). To state it, let us define a path 7 in the
graph associated to g as a directed sequence of connected vertices in which 7 () is the
label of the vertex 7 encounters in column j.

Lemma 2.17. Leta > 0, p € Hé(z"i and g € €*[p]. If in the graph associated to g there
exists a path 7 starting from the second vertex of the 0-th column that contains either a
branching or a merging point, then

lim ||91f[g](ejl ®ejp)l;2=0. (2.99)
e—0 2

5 here we atually mean e j ®ej,,not its symmetrized version. Recall that the action of the operators ‘:7[‘,9 [g]
is well-defined on not necessarily symmetric functions
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0 1 2 3 4 0 1 2 3 4

Fig. 2. Left drawing: the path 7 from the vertex 2 of the 0-th column, until the first merging point (in column
labeled a = 3). Right: the path 7 until the first branching point (in column labeled a — 1 = 2)

Proof. Let  be a path starting from vertex with label 2 in the column of label 0 and
containing either a branching or a merging point. See Fig. 2. Leta € {2, ..., a} be such
that, in the former case, the first branching point 7 encounters lies in the (@ — 1)-th
column, so that in particular w(a — 1) = 1. In the latter case, a is such that 7(a) is a
merging point, and w(a — 1) € {1, 2}. Then, invoking (2.89), we upper bound the norm
in (2.99) as

175 181e ) ® ez = 1T [ga] ... T [gil(ejy ® el 2
ST lgal... T*gil(e, ® el 2.

+Pa—Pa—1

for M =1+ pa—1. To simplify the notation, set

def

W E T ga ] T g1](e), @) (2.100)

and ¥ € L3,.

Let us begin by considering the case in which the path reaches a branching point.
Then, by definition, 0z = pz — pa—1 = + and there exist iz < i} such that gz = (iz, i}).
Let us immediately point out that, by the description of the graph we have given above,
the momentum carried by the vertex at the branching point is necessarily j» since this
is the first branching point on 7 by construction. Also, the sum of the momenta carried
by the vertices at iz, i, must be j>. Hence, the quantity we need to control equals

175 Ga, i1V,
M+1
[ - (kg + ki)

% .
(27T)d |k1 M+1|2 kiz + ki |2 +1ky. M1\ (ig.if }|

X Jk,»a,kii |‘I’(kizz +kir s kl:M+1\{i5,itil})|

16 [to - jo]? 2,
(o, ki) P x
T e, Z TRk P T

8

gd—2
Z lk1:p— 1|2+|5|2+|m|2

L+m=jp
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where in the last step we renamed the variables (k;;, k;;) = (£, m) and removed the

variable corresponding to j, from the outer sum since j; is fixed. Now, the inner sum is
bounded uniformly in k;.p7—1 (as can be seen by (2.91) with 6§ = 0) so that we deduce

1T (G, i1V,
M+1

-l . )
N |V (2, k1:m—1)]
kl»zle lkip—112 + | ja]?

2
s[m-szZ'kr |2|w(k1M>|2 [ro - j21 (I (—%0)~ ZW
ki:m ’

Since by definition (2.100), ¥ = %"3 [g'] for a suitable choice of p’ and g’, the last norm
at the right hand side converges to 0 by (2.97).

We now turn to the case in which & reaches a merging point. This time, 0 = — and
there exists gz such that gz = ¢z, and w(a — 1) € {1, 2}. Without loss of generality,
assume 7 (a — 1) = 1. The norm under study is

||T8’_[Qa]‘lf||iz
—1

9a

(271)”’ Z k- 1|2

Z I (e, m, kiv-1\(g:) 2
“"(|£|2+|m|2+|k1M g 1D

2
<

~

lIJ(E, m, ki:m—1\{gz})
Z Je v (2.101)

Pl tem—ty, +m? + k-1 1H)1/?
Now, in the sum above, if £ is the momentum carried by the vertex at w(a — 1), then £
must be j». In particular, £ = j, is fixed and, therefore, so is m since it must coincide
with kg, — jo (kgq; is already summed in the external sum). This means that the sum
inside the square at the right hand side of (2.101) has a unique summand. Hence, by
applying the change of variables k,; + k,; — j> and lower bounding the denominator
with 1, we deduce that the right hand side of (2.101) is given by

. 2
g2 Z ‘\Ij(jZ,kqa,kl:Mfl\{q;,}) §8d_2||\y||i%4,

ki:m—1
Since the norm of W is bounded uniformly in €, (2.99) follows at once. O

Recall that our final goal is to prove Proposition 2.13 and that each J 7 ¢j has been
decomposed as a sum over g € €[ p]. Thanks to Lemma 2.17, we are left to consider
only g € €![p] and those g € €*[p] whose associated graph has two connected
components, one of which is a path with no branching points. We call the collection
of such graphs €2 pl; see Flg 4 for an example. In the next lemma we determine a
correspondence between S| pl and ‘§2[ pl validin case m = 1.

Lemma 2.18. Let a > 0 be even and p € H(”) Then, for every g € €'[p] there exist

exactly two elements of @2[ p), called g and g, such that the graph associated to g can
be obtained from that of ¢ and g by removing their connected component corresponding
to the single path .
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Fig. 3. Left: a graph g € 6! [p]. Center and right: the graphs g, g € c§2lpj corresponding to g. In particular,
g is obtained by simply attaching the path 7 below g, and g is obtained from g by changing 7 at the very last
step. Note that, when 7 is removed from g, the last column contains a single vertex, so the resulting graph is
again g. The path 7 cannot cross the other connected component anywhere else

0 1 2 3 4

Fig. 4. A graph corresponding to j = jj.2 andto p € H((,'?,)n withn > 4,a = 4, m = 3. In this graph, the path

7 has neither branching nor merging points: the graph is disconnected. The label of the unique vertex of 7 in
column i defines 7 (i)

Proof. The construction of the graphs g, § € €*[p] given g € €'[p] is explained in
Figure 3. The fact that there is no other ¢’ € €?[p] that reduces to g once the path 7
is removed, follows from the fact that the path 7 can cross the connected component
starting at the vertex 1 of colum labelled O only in the step from the second to last to the
last column. This can be seen for instance by induction, following the graph from right
to left. ]

Let p € l'[,(ln,),1 and g € ‘gl[p] or in %z[p]. Let, as above, m, = m + k — 1, where

k = 1if g € €'[p] and 2 in the other case. Moreover, let

e N
g £ 160 = (2.102)
€ ®ej2 lf.] = J12

(note that in the latter case, ¢; # e; if j; ). Then, T¢[gle; € L2 , and we write the
j juJ J p LE1Ej P
Fourier transform of its kernel in the form

. dom — .
[ Germe, ) = €2V FE (ki €]) (2.103)

in which we singled out the scaling factor 5%(’”"_1). We derive an expression for F, 5‘,9 in
terms of ratios of polynomials, whose form and main properties are summarised in the
following lemma.

Lemma 2.19. Given p € Hf,nz,, anda > 1,let M = (1+a —m)/2 (> 0) be the number
of T*~ in the product ;.
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Let ji, jo € Z¢,j = j12 and z = (21, 22). For g € €*[p), the kernel F{(X1m+13 2)
in (2.103), corresponding to 17[;’3 [glej, can be written as
(o-z1) 4
—_— X

|z] X1t |

P, M XTI

o« g1M Z e (V1M XLms I\ (7 (@)})
Qe (Vi:M5 X1:m+1)

e Co) —
Fg (X1:m4152) = 121'7&;1(11) x,—:zlllxﬂ(ﬂ)zzz

I (Yips Xtm\((@))) »  (2.104)
yimeEZHM:
[Viloo=<1l,i<M
where 1 (a) is the label of the vertex of the path w belonging to the a-th column and

(1) Ig is a product of indicator functions, each imposing that certain linear combinations
of its arguments have | - |0 norm in (0, 1],
(ii) Pg (resp. Qg)is a homogenous real-valued polynomial of degree a—1 (resp. 2(a—1))
i Y1:M5 XUim+1\{z(a)} (€SP. Y1:M; X1:m+1). Further, Qg > 0 and it does not vanish on
the support of I,
(iii) if m = 1, then Qg(y1.m: 0) > 0 for almost every yi.y .

Moreover, if m = 1 (so that, in particular, a is even and a > 2), then there exists a
polynomial P of degree a — 2 such that for every ji, j; € Zg andj' = j{.,, we have
(e T, [8le) 2

- D2 uu 3 Py (y1:m; €j1)
a e ——

=1p,0" —5— —Ig(yi:m5 €j1)  (2.105)
A NTTE 0, Gims &) *

yimeEZHM:

[Viloo=Z1,i<M
where ej‘is defined according to (2.102) and A;.j(g) = {j,/,(a)r =Ji; j;/z(a) = joa}, for
(@) = (1,2} \ {z(a)).
Similarly, if ji, j; € Zg and g € €'[p), then the analog of (2.104) and 2.105 holds

upon setting 7 = z1, removing the dependence on z» (and w(a)) from the right hand
side of (2.104), replacing both x1.m+1 and X1:m1\(z (@)} With X1. in (2.104) and setting

Ajj(8) = {j{ = ji} in (2.105).

We emphasise that the functions Py, Qg, I, and P, are e-independent. The only
e-dependence in F ; comes from the fact that the Riemann sums runs over sZg.

Proof. The argument for j = j; is identical (and simpler) than that for j = j;.», so we
will only focus on the latter.

The statement is proven via induction on |p| = a > 1. In order to verify condition
(iii), we will simultaneously show that Q, further satisfies

@iii") Q¢ (y1:M; X1:m+1) is the product of homogeneous quadratic polynomials Q",1 < r <
a — 1, each being the sum of |x;(4)|* and the squared norms of linear combinations
of the other arguments (which are (y1:a; X1:m+1\(z(a)}))- Forevery 1 <r <a —1,
Q" # | Z#N(G) xi|%, |Xz(a)|? or the sum of the two.

We begin our induction with a = 1. In this case, if p € l'[gf;,,, then necessarily m =
2,M =0,01 = +and g = (i,i’) forsome 1 < i < i’ < 3. From (2.86) and the
definition of T%*[(i, i")], one sees that

(w-z1) ¢ -4

1, =
TOTE ] @u)dR2

Fy(x13;2) Tx (2.106)

= ]lZz;én(w Xi=z2]
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where the first indicator function comes from the fact that 75*[(i, i")] commutes with
the momentum operator (see Lemma 2.14) and that the kernel of ¢, ® ¢, at (k1, k2) is
1j,=j, Lg,=j,, This expression is of the correct form (2.104), with P, = —4/(2n)d/2,
Q=11 = J)lr,-,x./’ so that (i), (ii) and (iii’) are clearly satisfied. As for the induction
step, we assume the validity of the statement for a given @ > 1 and take p € l'[gi)l!m
and g € %z[p]. Write ypg[g] = Tg"’[gaﬂ]?flf,[g/] for some p’ € Hgfzn_am and

g € %Z[p’]. Consider first the case o4+ = + and let i, i’ be such that g,+1 = (i, ).
Recalling the definition of 75 *[(i, i’)] and (2.103), we have

(TG, D fo) Kiamet )

__ M b L

Q)% K1t |
-+ k)T,

X
I+ K+ e iin 2

Fy (ski + ek, ekiman\gi,ivy; €J)

= 20D FE (e ), (2.107)
with
R L —4
Fg(X1;m+1;Z) = — X
Xt | (277)%
1 - (xi +xi1) 1

& .
ﬂxi,xi/ Fg’(xi + Xits Xm+1\(i,i')> 7).

\/|Xi + i 12 + [ X1men\gi,in )
(2.108)

By induction, F has the form in (2.104), and therefore so does F, once we set

Pe(V1:M X1\ {z(@+D)}) = — —(to - (x; +x;1)) Py
2

27)
O (yi:ms Xtme1) = (X +xir |2 + [Ximan\giin |9 Qg!
TIe(V1:M5 XU\ (@+1)}) = J,lﬁ.,x’_, Iy
(2.109)

where now the arguments of Py and I, are (y1:p; Xi + X7, X1m+1\(i,i’, 7 (a+1)}) (and the
lack of dependence on x (4+1) follows from the fact that, by construction, 7 (a+1) # i, i)
while the arguments of Q, are (Y1:ar; Xi + Xi7, X1ma1\(ii'})-

If 0,41 = —, then there exists g such that g,.1 = ¢. By (2.86),

4 %71(1‘0 ky)

(27[)% [k1m—1l
&

) Z Jy’z 2 2 2
y.2€Z4 : y+z=k, \/|)’| +1z|* + lkim—1\(¢}]

d
=e 2"V (eky: k),

(T gl fg) kizm—1:§) =

d
£ Fy ey, €2, ekim—1\(q): €))
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where in this case
4t

d
)2 Xtm-1l
d
x Y e ociy—ylas

o) IR g = ¥+ i g

[Vleo =1

F;(xl:m; z) = (o 'xq)]10<\xq\oo51

Fo(y,Xg =y, X1zm—1\{q)} 2)

(2.110)

Again, as F ; is of the form (2.104) by the induction hypothesis, the same holds for FZ,
where this time we need to set

4
Pe(V1:M X1:m—\(r(at 1)) = — (0 - x4) Py,
(2m)2
Qg()’l:M; Xlm—1) = (|)’M|2 + |xq - yM|2 + |x1:m7]\{q}|2)Qg’
Le(V1:m5 Xt:m—1\{(@+1)}) = Lo<|xyleo<1,0<lyy—x, <11 » (2.111)

where the omitted arguments of the functions P, and Iy are (y1:m—15 yM, Xg — YM»
X1um—1\{g,7(a+1)}), While those for Q¢ are (Yi:.m—1; YM»>Xq — YM» X1:m—1\{q})- Once
again, the lack of dependence of P, and I, on Xx;(4+1) is due to the fact that, by con-
struction, ¢ # m(a).

Now, for both 041 = =, (2.109) and (2.111) clearly ensure that if Py, Qg and I,/
satisfy conditions (i) — (ii) so do Py, Q, and I,. The first part of (iii’) is obvious since
the variable corresponding x4 is simply turned in xz(,+1) and is not affected by the
operators Sﬂg’i[ga.H] in the definition of Tg’i[gaﬂ]. For the second part of (iii"), note
that the first factor in the expression for Qg in (2.109) and (2.111) is different from
| i sn(asny %il*s [Xrasn)|* or their sum. While this is clear for (2.111) because of the
non-trivial yy; dependence, for (2.109) this follows by the fact that m + 1 > 4. Indeed,
in the base induction step (see (2.106)) correspondingtoa = 1,m+1 = p, +1 = 3.
Now, for @ > 1 and o, = +, by definition of p € Hgf,),,, pa = m > 2, which implies
that the first factor in (2.109) has at least three summands. It remains to show that Q,
evaluated at its new arguments, does not contain a term of the aforementioned form.
But this can only happen if a similar term was there in the old variables and this is
ruled out by the induction hypothesis. As for property (iii), note that by (iii’), Q,
can be written as the product of quadratic polynomials Q", 1 < r < a — 1, and if Q"
depends on at least one of the y;, i < M, then necessarily Q" (y1:pr; 0) # 0 for almost
all y1.p7. The only potentially problematic case arises when one of the Q" is such that
Q" (y1:m:; x1:2) = |x1]?, |x2|? or their sum, but this is ruled out by (iii’) form = 1.

At last, to verify (2.105), we note that (2.103) and (2.104) give

(e_y. 7, lglej)ra
o J) 1 au Pg(yi:m: €j1)
Bl elil Q¢ (yi:ms €§)

yim €EZHM:
yil<li<m

=140t Ly ejt) . (2.112)

But, since m = 1, the left-most operator in the product 77 [g]is T* " [¢], g € {1, 2}, so
that ,Z;[q]ej = TE’_[q]?[f,[g/]ej and ,7;, [g']e € L%. Then, from (2.111) we see that

. 4 . .
Py(y1:m; €j1) = T (0 - (1) Py (Y1:M—1: YM» €J1 — YM)
2

2m)
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which, upon defining
-y . def 8 .
Pe(yi:m; &j1) = ——5 Po(Yim—15 ym, €1 — ym) »
(2m)2
reduces to (2.105) once plugged into (2.112). O

As a last result before turning to the proof of Proposition 2.13, in the next lemma we
show that (2.105) converges in the limit for ¢ — 0.

Lemma 2.20. In the setting and notation of the previous lemma, let a > 1 be even and
pE Hfln; Let g be an element of either €l [p] or ﬁz[p]. Then, there exists a constant
ce(p) € R independent of j such that for every j’

. (- j1)?
lim ey . T51816) = a0~z —co(P). 2.113)
Furthermore, ifg € €'[pland g, g € %z[p] are those in Lemma 2.18, then
cg(p) = cz(p) = cz(p). (2.114)

Proof. Since a is even, seta = 2b so that M = b. Our goal is to show that the Riemann-
sum in (2.105) converges and that the limit is independent of j. Formally, such limit
should be

15()’1:17;0)
2”‘1/ dyp) =222 1 (y1p: 0) =: R 2.115
n(dyip) 0,11 0) c(V1:p: 0) =: c[g] € ( )

where® y is the uniform probability measure on [—1, 11° and the integrand is well-
defined and finite (except possibly on a zero-measure set) thanks to the properties of O
stated in Lemma 2.19. Note that if c[g] is given by the expression above, then not only
it is independent of j but also (2.114) clearly holds. Hence, it remains to prove that the
sum indeed converges to the integral, and that the integral is finite.

At first, we want to write the Riemann-sum in (2.105) as an integral with respect to
the uniform probability measure on [—1, 1], This is quite standard as it suffices to take
a piece-wise constant extension of the polynomials 15g and Q,, but since the quotient
displays singularities, we provide the details below.

Recall that we assume 1/¢ € N+1/2. Then, the box [—1, 119 contains exactly (2/s)d
points of £Z¢ and it can be written as the union of cubes C (y*) of side ¢, centred at each
of the points y* € 74N [—1, l]d. Giveny € [—1, l]d, we let y*(y) denote the (unique,
up to Lebesgue-measure zero sets) y* such that y € C(y*). The sum in (2.105) is then

bd P (v 1) o) .
2 M(dylib)wlg i:bs €41), (2.116)
g W1 €)

where 1 is the uniform probability measure on [—1, 1]%¢, Péfs) is given by

P (y1p: €j1) = Po(y* ) - Y OBy g e 2. /210 i<ty »

6 Note that we added the volume factor 299 to pass from the Lebesgue measure to the uniform one. The
scope of this change of measure will soon become apparent.
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and similarly Q((;), I ég), and the indicator function has been added because in (2.105)

the sums are restricted to y; # 0. By construction, the integrand is piecewise constant.
At this point, existence, finiteness of the ¢ — 0 limit of (2.116) and its independence
w.r.t. j follow if we can prove uniform integrability of the integrand. For this, we will
exploit the operators T%%°[.] introduced in (2.88), and their composition 9; ’S[g]. The
same argument as in Lemma 2.19 together with the derivation of (2.116), shows that

(e_y. T [glej)
1+6

ﬁg(g) (V165 €J1)

19 (y16, £J1) -
: g Wb,
Qg) V165 €§)

- 12(148)
_ ap 1o - il
=142 W/M(dylzb)

(2.117)

Note that, the integral at the right hand side of (2.117) is the same as that in (2.116),
but in which the modulus of the integrand is raised to the power 1 + §. Now, for any
6 € [0, (d — 2)/2), the quantity at the left hand side is bounded uniformly in ¢ (but
the bound might depend on m and b, which is though irrelevant as they are fixed)
since %’S’S[g] is just a composition of 75%7[.] and, by (2.90), these operators are
uniformly bounded. Hence, the integral at the right hand side of (2.117) is also uniformly
bounded which then ensures uniform integrability of the integrand in (2.116). As a
consequence, (2.115) is well-defined and (2.113) holds. m|

Let us now collect all the results obtained so far and complete the proof of Proposi-
tion 2.13.

Proof of Proposition 2.13. Let us begin with (2.75). Let a, > 0, m, > 2 and p" €
I"[f{:?mr, r = 1, 2. By Cauchy-Schwarz, we have

— _1 _1 _1
Terej, (—L0) ' They) < 1(=L0) 2T 65l (=%0) 2 Toaejl

so that we can reduce to study the norm at the right hand side for a single p € H,(ff,)n.

We expand .7 ej as in (2.96), thus obtaining

1 1
I(=Lo) 2 Telplell S D (L) 2T%[gal... T [g1]ejl] .
ge%¥[p]

Since the sum above has finitely many terms whose number does not depend on ¢, it
suffices to show that each summand converges to 0, which in turn is a direct consequence
of (2.97).

We now turn to (2.74), for which we consider p" € H;’:?l, r = 1, 2. As above, we
expand the scalar product via (2.96)

lim (T, The) = D lim (T (g ey, Tnle’lei)sa, @.118)
grecg’;[frl
r=1,

where we used that Cy , = 1 and, to pass the limit inside the sum, that the sums above
have finitely many terms.
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First, we focus on the case j = ji, so that « = 1 = m. The limit in (2.118) is given
by

11m (ﬂ (g'lej,. 7 [82]611>

_ 1 . AP
= lim Z(e, it Ty lg e e ;. T8 les)
J1

- i1)2\ 14,
— lim (e—jl, %[gr]eﬂ) — 1_[ (M) #chr(pr)

2
=0, 21 =12 1l

_ (n(—Sfo)—%(—sz(;v)e il )z,. Lo 20
1l/v2

where the first equality follows by the fact that, by Lemma 2.20 the scalar products
are real, the second by the fact that, since for every ¢ > 0 fixed, at the right hand side
of (2.105) there is the indicator function 1 Ay (g =1 Ji=it the sum over j| only

g1 (pHeg2 (p?) (2.119)

1
consists of 1 term, the third comes from (2.113) and the last from the definition of &
and £ . Therefore, upon setting

c(p)E Y elp) (2.120)

g€%![p]

(2.74) follows at once.
For j = ji:2 (so that K = 2) assume first that the graph associated to g! (or, equiva-
lently, g2) is in €%[p']\ G2 p! p'1, Then, we apply Cauchy-Schwarz and obtain

(T8 ey, Tle?leg) < 17,118 legll| T8 leill < 17,118 e

which holds since, by Lemma 2.14, ﬂ > [g?] is a bounded operator and ej has bounded

L? norm. Now,
1 1
| 718 eill < 5175108 M ® ep)l + 517518 Mej, ® ey

and Lemma 2.17 implies that both summands at the right hand side converge to 0.
As a consequence, for j = jj.», we can replace €[ p”] with cgz[p ]in (2.118), the
latter being defined as in Lemma 2.18. Arguing as in (2.119), we have

(cjlfl Ej B Cj;z ej)

= D (Tals'ly Thletle
g €G(p']
r=1,2
= > Dl Thls e aley. Talstle)
g e ¥
r=1,2
=2 2 [l 7,

i s e‘@lz[p]r 1,2
r
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where ey is defined according to (2.102) and we used that, thanks to the indicator
function at the right hand side of (2.105), the sum over j’ has only finitely many terms
corresponding to j' = ji2 and j’ = j».1. Since by Lemma 2.18, to each g € €![p] there
exist exactly two elements of €%[p], denoted by g and g, whose associated graph turns
into that of g by removing the unique connected component consisting of a path, the
sum over the g"’s satisfies

Yo Iy Zpig e
g 6‘52[17 jr=12

r=1,2

- Z H( ey, T8 ej) + <_j’,<7,fr[§r]ej))

g efg[ rr=12
r=1,2

so that

T arE
3%“ leJ7Jp26j)

= > 2 hm( (e_j, Ty 18" ley) + (e_y, T, (8" ]ej)) (2.121)

geslpr] i r=12
r=1,2

To compute the inner limit, we expand ej and use Lemma 2.20, from which we deduce
lim (e
e—0

1q; A 1 q: ~
=3 Elg)%(e—j’a T8 e, ®ejp)) + 5 Eh_r)%<e_ju T8 ej, ® ejy))

i T8 leg) + lim (e_y, 77 (8"1ey)

1 ~ 1 - ~
+3 gir%)(e_j/, T8 lej; ®ejp)) +3 slgr%)(e_j,, TEE ey ®ej)
. \2 .2
_1 (o 1) )hr#o A ((m'Jz) )n”r#):l o
) [ﬂAm.jz);j’(é”)( jI2 + ]lAuQ,m:j/(g’) e cgr(p)

2 . \2
1 - (o - j1)“\ Larz0 5 (ro - j2) \ Larz0 o
* 7[]1"‘(.11,./2);1/(&")( i ) * ]lAuz,_fl):j’(g’)(-—) ]Cg’ (r")

lil? lil?
. \2 . \2

(o) (- o)\ Tarzo

- E( |j|2 + |j|2 ) cgr(pr)(]lj/zjlﬂ + ]lj,=j2:l)
1
1 (||(—30)_7(—5£(§“)€j||>1ar¢0 .

= ¢ (P (1= o+ 1y )

2]lejl |j|/«/§ 8 y=Jji2 y=Jj21

where, in the third step, we used (2.114) and that the only j’ which contribute to the sum
in (2.121)are j’ = ji.» and jp.1, so that exactly one of the indicator functions multiplying
(o - j)?/lj|* is 1. Hence, getting back to (2.121), we obtain

(=L Lel\ T Lo , .
=( /2 ) 2 (p>2( 2llejl )

g €6 [p]
r=1,2
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1
[(=Z0) ™2 (=ZL5")ejll \ X Lar20
= ()T T ehend,
lil/~2
using that [lej|| = 1 or = 1/\/5 according to whether j = jj or j = jj.2, so that (2.120)
is proven and the proof of Proposition 2.13 is complete. O

3. Convergence of Burgers to Renormalised SHE

Thanks to the results in the previous section, we have all the ingredients we need in order
to prove Theorem 1.3. To do so, we will first show that the sequence n° is tight and then
verify that every limit point solves the stationary stochastic heat equation (SHE)

I =3(A+Dsup(v - V))n+ (—A — Dsgp(v - V)26 (0, )=pn (3.1)

where p is a zero-average space white noise and Dsyg > 0 is the constant identified in
Theorem 2.11.

3.1. Tightness. The proof of tightness follows a by now standard route (see e.g. [GJ13,
GT20,CK23,CES21]) which exploits Mitoma’s criterion [Mit83], Kolmogorov’s conti-
nuity theorem and, more importantly, the so-called Itd trick, introduced in [GJ13] and
since then exploited in a variety of contexts, see [Gub19] for a pedagogical introduction.
For the reader’s convenience, we recall below the statement of the latter:

Lemma 3.1. (It6 trick) Let d > 2, n° be the stationary solution to (1.5) with A¢ given
as in (1.6). Forany p > 2, T > Qand F € LZ(Q) with finite chaos expansion, i.e.
F e 69;?:1%/ for some n € N, there exists a constant C = C(p, n) > 0 such that

t
E| sup / F(n)ds
ref0,711J0

For p =2, C can be taken independent of n.

I/p
p
} < CT'2|(=%o)"V?F) . 3.2)

We refer the reader to [CES21, Lemma 4.1] for a proof. The n-dependence of C for
p > 2 arises when estimating the L” norm in the right-hand side of [CES21, Eq. (4.7)]
with the L? norm, using Gaussian hypercontractivity.

‘We now move to the proof of tightness.

Proposition 3.2. The sequence {n} is tight in C ([0, T], 8’ (T%).

Proof. By Mitoma’s criterion [Mit83], the sequence {n°}, is tight in C([0, T, 8’(T%))
if and only if {n®(¢)}. is tight in C([0, T],R) for all ¢ € S(Td). Therefore, we fix
¢ € 8(T¢) and consider the process {n7 (¢)}:eq0,77- In view of (2.1), it suffices to show
that each of the terms at the right hand side is tight. This is clear for the last, as it
is independent of &, while for the first and second, Lemma 3.1 implies that, for every
0<t<Tandp > 2, we have

1
t Py
E[(fo n_f(Aw)ds)] SHP2I(=ZLo) a9 = 1 2ol i ey (3.3)
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and

1
t Py
E[(/O qu(nE)ds)] SH2(=2Lo) T Pl < PNl gt ey (3.4)

where in the last step we used that the kernel of N;(ng) is d5¢, and (2.10). Since
the process {17 (¢)}:cr0,77 is Markov, (3.3) and (3.4) together with Kolmogorov’s crite-
rion ensure that the sequence {n®(¢)}. is tight in C([0, T], R), so that the proof of the
statement is concluded. d

3.2. Convergence. In order to identify the limit equation, we will prove that any limit
point satisfies the martingale problem associated to (3.1) which we now recall.

Definition 3.3. Let 7 > 0, Q = C([0, T, 8'(T%)) and % the canonical Borel o -algebra
on C([0,T], S’ (Td)). Let 1 be a zero-average space white noise on T9. We say that a

probability measure P on (2, B) solves the martingale problem for £ EL+D =
%(A + Dsyg (1o - V)?) with initial distribution wu, if for all ¢ € S(Td), the canonical
process n under P is such that

t
M (F}) = F;(n) — Fj(w) — /O FNE(npds,  j=1,2 (3.5)

def def

is a local martingale, where Fi (1) = () and F2(n) = n(9)* — ll¢|3, Ty

In the next theorem, we state well-posedness for the previous martingale problem.

Theorem 3.4. The martingale problem for £ with initial distribution p in Defini-
tion 3.3 has a unique solution and uniquely characterises the law of the solution to (3.1)
on C([0, T1, 8'(T9)).

Proof. Translating the results of [MW17, Appendix D] to our setting, we have that
Theorem D.1 therein ensures that the martingale problem is well-posed provided that

condition (3.5) holds for j = 1 and, in addition, (M, (F{))2 — 2]l (=22 |2 is a local
martingale. On the other hand, for j = 2, (3.5) gives

t
1
M, (F>) = 1:(9)* — 1(9)* — 2 /0 15 (@05 (ZM)ds — 2] (LM 292
because, for F3(1) = 1(9)” — 911724, =: 1(¥)* :, one has

1
LB M) =2 n@n(@Z o) = 2n(@)n(@E M) +2||(-£N 20| .
As a consequence,
1
(M, (F1))? = 2t (=22 ||

! ' ]
— M,(F2) — 2u(@)M, (F1) + /0 ds /0 05 0y (L) s (L)

t
-2 fo (1:(9) — 15 (@)1s (LM p)ds



89  Page 52 of 60 G. Cannizzaro, M. Gubinelli, F. Toninelli

t t
— M,(F) — 2u(@)M, (F1) — 2 /0 1y (L) ( f dME(Fo) ds

t K
= M, (F>) — 2u(@)M,(F) — 2 /0 ( fo m(Sfeffgo)ds) dM;(F).

Now, all terms at the right hand side are local martingales, which implies that so is the
left hand side. Hence, the proof of the statement is complete. O

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. By Proposition 3.2, we know that the sequence {1}, is tight in
C([0, T1, 8'(T%)), hence it converges along subsequences. If we prove that any limit
point is a solution of the martingale problem in Definition 3.3 then the statement follows
by Theorem 3.4.

Let n € C([0, T, 8'(T%)) be a limit point. To verify that ; satisfies the martingale
problem, we need to show that for every given ¢ € § (T9) the processes M(F;_1),
i = 2,3, defined according to (3.5) with Fi = n(¢) and F» = n(g)> — ||(p||i2(w),
are local martingales, for which it suffices to prove that for every s € [0, T] and
G: C([0, 1], S’(']Td)) — IR bounded continuous we have

E[8;,M.(Fi-1)G(n]j0,sP] =0, (3.6)

where we introduced a convenient notation for the time increment, i.e. & ; f = f@) —

f(s). Now, by the definition of M(F;_1), we deduce that
E[(M;(Fi—1) — M (Fi—1)G(nljo 5]

= E[ (1)~ Frany) - / SE L (0)dr) GOl )]

t
= lim B[ (F10) = o)~ [ 2T Eobar)6a o] G)

N

where we used that n° converges in law to n in C([0, T'], &’ (T4y) together with [CETar,
Eq. (5.11)] to approximate the first factor in the expectation with bounded continuous
functionals. To analyse this latter term, let us write the equation for n° in such a way
that we can identify the elements which are relevant to the limit.

By Dynkin’s formula and the weak formulation of (1.5) in (2.1), we have

t t
Fio1(1f) — Fimi(nf) — / Lo Fi—1 (nf)dr — / A° F_y (nf)dr = 8, M*(Fi_y)
S S
(3.8)

where M?(F;_) is the martingale whose quadratic variation is
t
e Fih = [ Y PIDLE - 1) Pas (3.9)
0
k

and Dy is the Malliavin derivative in (1.21).

The term which is responsible for creating the new noise and the new Laplacian, is
that containing 4 F; 1. In order to describe it, notice that the kernel of F; in r'L?is
f1 = @, while that of F> is ¢ ® ¢. Then, we consider the random variable ¢" € L?(P),
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forn € N, whose kernel is w®", which is the solution of the truncated generator equation
v®" in (2.39) if d > 3 or v*" given by (2.40) if d = 2. By Dynkin’s formula applied to
We", we have

t
W)~ W) — [ LW = S MEWE) (10
S

where M®(W*®"™) is the martingale whose quadratic variation is the same as (3.9) with
F;_1 replaced by W ". We now go back to (3.8) which we rewrite as

t

Fio1(n)) — F-(ns) — / i”eﬁFifl(nf)dr =85 (M?(Fi—1) + ME(W*®™)) + 85, R™"
N

@3.11)

def R
where R®" = Zj‘:l R%" and the R"’s are defined as

RY™ (1) = W () = W (7).
t
Rg”(t)“:“/ (gswgv"+miF,~_1 —&<ls_°ﬂff’”>(n§)ds,
0
_ t
RS (1) & /0 (1 W5 )~ DFi 1 1) ) s

X t
R (1) & / o8 Fi_y (f)ds
0
We now get back to (3.7), which, in view of (3.10) equals

lim lim E[(ax,,(MF(F,-_l) + ME(WE™)) + SX,IRS’")G(nE ho,s])] :

n—00 g¢—0

Now, since M¢(F;_1) and Mé(W*®") are martingales, for every n and every & we have
E[ 80, (M (Fi-1) + ME (W) G p0,0)] = 0. (3.12)

For the other term instead, we apply Cauchy-Schwarz and exploit the boundedness of
G, from which we obtain

1 4 1
E[80, R G T | = IG B 18, R ]* < 1Glloe Y B[ 18RS
j=l1
so that we are left to show that each of the summands at the right hand side converges
to 0. Let us begin with the first, which can be controlled as

1

E[ I8, R} 2] = E[ 1w o) — e () 2]

1
2

1 1
< E[[we o) ] +E[ 1w P ] = 20w

and the right hand side converges to 0 as ¢ goes to 0 by (2.58). For the others, we apply
the It6 trick, Lemma 3.1, which gives

1

E[ 6o R ] < COl=20) 3 (— 25wt — ol fiy + 2wl (B13)
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1
2 1
E[ (6o RS"?] = Corl (=20~ P " = fi ], (3.14)

1
b 1
E[ 6o R ]T < Cor (=07 2 fiall, (3.15)
with C independent of n. Now, (3.13) and (3.14) converge to O in the double limit as

e — 0 first and n — oo then, by (2.41) and (2.57). Concerning (3.15), for i = 2,
oA® fi =0, while for i = 3 we leverage the smoothness of f;. Indeed,

st i < Y 2R 5 g fem)’
k

|k|2 CL+m=k
< (32 lel W)Z(w +ImP)| face, m)P

- (A?Z T 20 4l

for @ > 1. The last norm is finite and it is not hard to see that the quantity in parenthesis
is converging to 0, thus implying that the &¢ — 0 limit of (3.15) is 0.

Collecting the results above together with (3.7) and (3.12), (3.6) follows at once so
that the proof of the theorem is complete. O

Acknowledgements. The authors would like to thank L. Haunschmid-Sibitz for many discussions in an early
stage of this project, C. Landim for explaining some of the ideas in [KLO12], and R. Bauerschmidt for useful
discussions about RG. A special thank goes to L. Grifner, who presented us the strategy in [GP] which allowed
us to perform the steps in (2.79) and lead to the proof of the main theorem in the super-critical case, and to H.
Giles, who pointed out a mistake in an earlier version of the manuscript. The authors acknowledge TU Wien
Bibliothek for financial support through its Open Access Funding Programme. G. C. gratefully acknowledges
financial support via the UKRI FL fellowship “Large-scale universal behaviour of Random Interfaces and
Stochastic Operators” MR/W008246/1. F. T. was supported by the Austrian Science Fund (FWF): P35428-N.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Appendix A Some Technical Results

In this appendix, we show the technical part of the Replacement Lemma 2.5.

Proposition A.1. Fore > 0, n € Nand k., € 72n, define P¢ as in (2.30), i.e.

A2 I3
P k n iLf % A.l
(k) = 2 H;kl [+ FvG(LA(D) A

for
D3P +ImP+ ko), T 2 300+ (w-m)* + (0 -k)3,,)
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and G is as in (2.19). Then, there exists a constant C > 0 independent of €, n such that

sup | P® (ki) — G(L’f(akl;nﬁ))\ <Ci}. (A.2)

neN ki, eZ3"

Proof. Note first of all that we can assume that |k1| < 1/(2¢). Indeed, in the comple-
mentary case both P®(k;.,) and G(Ls(%|k1;n 12)) would be o(kg) (uniformly in n and
ki.). For G(Lg(%|k1;n|2)), this easily follows from the definition of G and L. As for
P¢(ky.), if |k1] > 1/(2¢), then either |£| or |m| are larger than 1/(4¢). Assume, for
instance, that the former is the case. Then,

1
2 2
PE (k1) S A2 | > e < A2 (A3)
76 <IEl=<%
For |k1| < 1/(2¢), we rewrite (A.1) as
Pe (k1) = A > ! (A.4)
1in) = —~ = = = .
72 oy, THTPGLAI)
e, |m|<e !
Note that, when £ + m = kq,
d de l
F=T—t k. L= 102+ Skl

o 1
FY=T"— (o k-0, T"E 007+ (w0 ki,

For future reference, we point out that I' and " are comparable in that, by the triangle
inequality, we have

r<r<r (A.5)

uniformly in ¢, m = ki — £ and k1., € Z3".
The proof of Proposition A.1 follows from a sequence of technical steps in which the
summand in the definition of P¢ is progressively simplified and the Riemann sum is
replaced by an integral. More precisely, we will first replace P = P? with P} and then
P’ with Pf, |, i =1,...,4,insuch away thatforalli =0,...,5,

sup | Pf (ki) — Piyy (ki) | S 47 (A.6)

neN,ky., eZ%"

At last, we will compute PS5 and show that it equals G (L?).

Step 1 First of all, we define P} (ki.,) as P®(ky.,) in (A.4), except that [ and ' are
replaced by I and ', respectively. The absolute value of the difference is upper bounded
by a constant times

A+ B
22 —_—
¢ Z (€12 + k1 |?)?

L+m=ky
|€],|m|<1/e
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where in the denominator we used I' A T z [€2 + |k1|> and T* A T¥ > 0, while in the
numerator A and B are defined as
AZ Lk + (- £)(w - k)GLA (D)),
def

def £ /T 5 2 1 2
B |G () = 6L O)I(1eP + lkial?)

Now, A < |£||ky| so that

A
A2 — <2
‘ Z (€17 + kg B> ~F

C+m=kq
[€],Im|<1/e

as can be immediately seen by splitting the sum according to whether [£| < |k{| or the
converse. The term containing B is dealt with similarly. Indeed, since |[I' — I'| < |£||k1],
one has

L G@won| . Ikl
lTogel y(ey+1) | ™ 1£]2 + Llkyn |2

|G(LA () — GLEM)] S 1Ll sup.
yell,I]

where we further used that the derivative of G is bounded and (A.5) holds. Hence,
B < |£||k1| and one concludes as above. Inequality (A.6) for i = 0 is then proven.

Step 2 Secondly, we define Py (k1.,) as P{ (k1.,), except that ' is replaced by (v - 0)2,
that is,

c A2 1
3 def Mg
Pz(kl:")_nZ Z [+ (- 02GLET))
L+m=k

e, |m|<e!
The difference between P} and P; is bounded by a constant times
132 2
D B e T D D e A
o (P TP o P+ Tk )
1], lm|<s! le],Im|<e™!
where we used that G(L?(T")) < 1.
Step 3 As a third step, we replace P; (ki.;) with

o A !
Py (ki) = =) Z T+ (- 0O)2GLAT))

[e|<e~

With respect to P;, we have only removed the indicator function of |m| = |k; —£| < el
Hence, the difference between P; and P5 only involves the sum over those values of ¢
such that |k; — £| > 1/¢ while |£| < 1/e. But, since |k1| < 1/(2¢), this corresponds to
1/(2e) < |€] < 1/e and the resulting sum can be bounded as in (A.3).

Step 4 Next, we turn the sum into an integral. Setting o, = %|5k1;,, |2, we define Pf as

o A2 d
Pi (ki) = =5 / * (A7)
|

72 Jixj<1 X2 + o + (x - 10)2G (L (e 2(x? + ap)))
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To obtain (A.6) for i = 3, we argue as in [CET23, Lemma C.7]. Denoting by I the
integrand in (A.7) and by Qj the square of side-length & centred at £ € Z(z), the difference
between P and P; is bounded above by

Y |1(s€) — I(x)|dx

1<je)<e—1 7

<re Y sup |VI(y)|dx
1<lf|<e~! QZ YGQE

<ige’ Y sup VIO
1=jejze1 V€90

Now, a simple computation yields

sup [VI(y)| S

ye gt M et e

so that (A.6) follows at once.
Before moving to the next step, note that, by passing to polar coordinates, i.e. setting
x = rvy for vg = (cos @, sin ), we have

Pa(k ) B _8/271' de/ rdr
4 K1:n) = ) 0 0 r2 +a, +r2(t'0 . UQ)ZG(L5(8—2(r2+Ols)))

2 dr
- 2712 ] F e + (0 - 09)2GLE(e2(r + p)))
_ 2” dr
o 2712 o r+ag+7w|2cos2(0 —0,)GLE(e2(r +ay)))

de
e /
7% Jo 0 r+oae+riw2cos?(0)GLE(e72(r + ag)))
where we set v = [w]|vy,, and used periodicity of the integrand in 6.

Step 5 In this step, we insert two elements at the denominator of the integrand of Pf,
that will allow us to make a simple change of variables. More precisely, we replace Py
with PZ, the latter being defined as

PE d_ﬂxzf / dodr
5 (k1) 0 (r+a)(r+ae+ D1+ |w]2cos?(0)G(LF (e2(r +ae)))]

Now, (A.6) for i = 4 can be easily seen to hold by arguing as in the proof of [CETar,
Eq. (A9)].
At this point, it remains to analyse the last integral. With the change of variables

1

y =L 2(r + o)) = A2 log (1 + )
7+ ag

dr

—A_Zdy,
(r+a)(1+r+ag)
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one finds

1 (7 L (3 ki) d
Pt =7 [ oo [ »
w2 Jo Le =24 Lk, ) 1+ [10]2 cos2(0)G ()

It is then immediate to verify that, again at the price of an error of order Ag, we can
replace the lower integration index by 0, and obtain

1 LGl /n de
dy
0 0

72 1+ |2 cos2(8)G(y)
1 LGP d 1
=1 2~ G Gkl (AS)
7 Jo J1+ 012G (y)

where the last step is a consequence of our choice of G (actually, we have chosen G in
such a way that it holds). Hence, (A.2) follows at once and the proof of the proposition
is concluded. O
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