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ABsTrRACT. In the present work, we study the two-dimensional anisotropic KPZ
equation (AKPZ), which is formally given by

dch = AR+ M((91h)*) = (92h)*) + €,
where £ denotes a space-time white noise and A > 0 is the so-called coupling
constant. The AKPZ equation is a critical SPDE, meaning that not only it is

analytically ill-posed but also the breakthrough path-wise techniques for singular
SPDEs [M. Hairer, Invent. Math. 2014] and [M. Gubinelli, P. Imkeller and

N. Perkowski, Forum of Math., Pi, 2015] are not applicable. As shown in [G.

Cannizzaro, D. Erhard, F. Toninelli, arXiv, 2020], the equation regularised at scale
N has a diffusion coefficient that diverges logarithmically as the regularisation
is removed in the limit N — oo. Here, we study the weak coupling limit
where A = Ay = A /+/log N: this is the correct scaling that guarantees that the
nonlinearity has a still non-trivial but non-divergent effect. In fact, as N — oo
the sequence of equations converges to the linear stochastic heat equation

Oih = S Ah + \/Uer€

where veg > 1 is explicit and depends non-trivially on A. This is the first
full renormalization-type result for a critical, singular SPDE which cannot be
linearised via Cole-Hopf or any other transformation.
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1. INTRODUCTION

The goal of this work is to develop a novel approach to analyse singular stochastic
partial differential equations (SPDE) at the dimension which is critical in a renormal-
isation group sense. This is precisely the dimension at which the pathwise theories
of Regularity Structures [Hai14] and paracontrolled calculus [|GIP15]] break down.

We focus on an anisotropic version of the two-dimensional KPZ equation. The
KPZ equation is an SPDE of evolution type which models the time-growth of a
random surface h. Its (formal) expression in d-dimensions reads

(1.1) Oh = $Ah+ X(Vh,QVh) + &,

where h = h(t, ) fort > 0, x € T (the d-dimensional unit torus), £ is a space-time
white noise on R x T¢, i.e. a centred Gaussian process whose covariance is formally
given by E(¢(z,t){(y, s)) = d(xz — y)d(t — s), @ is a d x d symmetric matrix
encoding how the growth mechanism depends on the slope and A > 0 is the so-called
coupling constant, tuning the strength of such dependence.

Introduced in the seminal work [KPZ86], owes its importance to the fact that
a wide variety of dynamical surface growth phenomena such as growth of combustion
fronts or bacterial colonies, crystal growth on thin films, growth of vicinal surfaces
and many others [BSgs|l, are conjectured to share the same large-scale fluctuations
as those of its solution.

From a mathematical viewpoint, the first problem one faces when dealing
with is that it is analytically ill-posed in any dimension d > 1 as the space-time
white noise £ is way too rough for the nonlinearity to be canonically defined.
Nevertheless, in the last years significant progress has been made in the study
of its large-scale properties and behaviour, at least in the sub- and super-critical
regimes, corresponding to dimensions d = 1 and d > 3 respectively. The case
d = 1 is the only one for which a full (local) solution theory is expected and can be
obtained via either the aforementioned theories of regularity structures [[Hai14] and
paracontrolled calculus [|[GP17]] (inspired by rough paths [Hai13]]), or via the energy
solutions approach based on martingale arguments [[GJ13},|GP18a]. Concerning the
large-scale behaviour, it was shown that the solution A is superdiffusive, meaning
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that its fluctuations evolve non-trivially on time scales shorter than those of the
stochastic heat equation (SHE), given by with A = 0. This can be quantified,
e.g. by means of the bulk diffusion coefficient Dy, which measures how the
correlations of a process spread in space as a function of time and formally is
such that the correlation length behaves like £(t) ~ \/t X Dbulk(t):l For the
1-dimensional KPZ equation, Dy () grows like t1/3 for t large (see [BQS11]),
as opposed to SHE whose bulk diffusion coefficient is constant. On a quantitative
level, these fluctuations have been fully characterised and the scaling limit of
determined [[QS20, [Vir20].

In the supercritical regime instead, a recent series of works [MU18| |(GRZ18|
CCM19| [LZ20, [CNN20]| has confirmed, at least under the assumption that @ is the
identity matrix (but the result should hold for any @), the prediction first implicitly
made in [KPZ86], that for A small enough the solution i of is diffusive and
its scaling limit is the solution of a stochastic heat equation with renormalised
coefficients.

Yet, the critical case d = 2 remains poorly understood. Formally, in 2 dimen-
sions is scale invariant under diffusive scaling and therefore it is expected that
finer features of the equation, and in particular the nature of the slope dependence
determined by the matrix (), might qualitatively influence its properties. Via
non-rigorous one-loop Renormalisation Group computations, Wolf conjectured
in [Wolg1] that its large scale behaviour will depend on the sign of det @) - in
the Isotropic case, corresponding to det @ > 0, Dy, (t) ~ t? for some universal
£ > 0 (known only numerically), while in the Anisotropic case, corresponding to
det Q < 0, Dbulk(t) ~ t’B for 5 = 0.

The present paper focuses on the latter, and more specifically on the case of
@ = Qakpz = Diag(1, —1). We will refer to with Q Akpy as the Anisotropic
KPZ (AKPZ) equation, which reads

(1.2) Oh = 1Ak + \((01h)* — (02h)?) + €.

Let us stress that is critical as d = 2 is the dimension at which Hairer’s theory
of Regularity Structures [Hai14]| and the other pathwise approaches break down
for and a local solution theory is not even expected to hold. One is therefore
naturally led to first regularise the equation and consequently (try to) determine the
large-scale properties of its solution as the regularisation is removed. Contrary to
the folklore belief [BCT16], in [CET20] we showed that is not diffusive but
logarithmically superdiffusive. Translating the result therein to the torus T?, we
proved that there exists 6 € (0, 1/2], bounded away from zero as A — 0, such that
the bulk diffusion coefficient D{Y . of the solution h'¥ of regularised at level
N € N (see for the precise form of the regularisation) satisfies

(1.3) (log N)° < DN (1) < (logN)P9, for N large and ¢ fixed

and we conjectured the exact value of § to be 1/2. See [CET20, Appendix B]
for a heuristic and [[CHST21]] for another system in the same universality class for

Isee below, for the definition we will be using and [CET20| Appendix A] for a heuristic
connecting the latter and £(t)
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which such conjecture was recently established up to lower order corrections. We
emphasise that the limit N — oo corresponds to removing the regularisation.

As the linear part of is clearly diffusive, the origin of the observed loga-
rithmically superdiffusive behaviour must lie in the slope dependence. In order to
find a regime in which the nonlinearity has a non-trivial but not divergent effect,
it is therefore natural to tune the coupling constant A\ = A\, which modulates the
strength of the nonlinearity, together with the regularisation parameter N. In other
words, the present paper is devoted to the study the AKPZ equation under the
weak coupling scaling, i.e.

(1.4) ah™N = LARN + ANJVN[hNJ +¢,
where NV is a regularisation of the nonlinearity in ( at level N and the coupling

constant A\ has been chosen, in light of (together with the conjecture 6 = 1/2),
as

(1.5) v E A
Viog N

for A > 0. Our specific goal is twofold.

e In Theorem we will prove that, as N — oo, the solution 'V of is
asymptotically diffusive for any value of . To do so, we will determine the large
N limit of the bulk diffusion coefficient and show that it converges to an explicit
constant veg = Veﬁ(j\) (see (1.13)). Let us point out that, for every A > 0, the
resulting vqg is strictly bigger than 1, which in turn is the bulk diffusion coefficient
of the SHE obtained by simply setting A = 0, and therefore the choice
of is meaningful in that it does not wash away the nonlinearity &V but only
“cures” its divergence.

e In Theorem [1.4] we will derive the full scaling limit of and show that, as
N — oo, hV converges in law to the solution of the stochastic heat equation with
renormalised coefficients given by

(1.6) Och = YL AR + Ve

where v is the S\—dependent constant determined above. This is saying that even
though the nonlinearity is tuned down by a logarithmic factor, not only it does
not vanish but actually it produces a new noise (and a new Laplacian) in the limit
where the regularisation is removed.

The scaling regime in and the phenomenon observed above have already
appeared for the Isotropic case in [CD20, I(CSZ20| |Gu20]. In all of these works,
the matrix () is chosen to be the identity matrix so that the nonlinearity in (1.1)
becomes |V h|?. We will refer to such equation as the Isotropic KPZ (IKPZ) equation.
The work [CSZ20] shows, under a different regularisation, that the weak coupling
limit of IKPZ is given again by a SHE with renormalised coefficients but that this
holds true only for \ smaller than a critical threshold /\ and the coefficients of
the limiting SHE explode as A — Ae. The absence of such phase transition in
the AKPZ case is already implied by [CES21] (and it is further strengthened by
the results in the present paper), thus providing a clear indication of the different
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nature of the Isotropic and Anisotropic settings and therefore supporting Wolf’s
prediction [Wolg1]].

Let us emphasise that there is a major difference between our work and [CD20),
CSZ20, |Gu20] together with all those available in the supercritical regime. As
mentioned above, the equation considered therein is IKPZ, i.e. with @) given by
the identity matrix. Such an equation can be linearised via a nonlinear transformation,
the so-called Cole-Hopf transform, which turns IKPZ into the linear stochastic
heat equation with multiplicative noise. Once in possession of a linear SPDE, it
is then possible to obtain an explicit representation of its solution thanks to the
Feynman-Kac formula and therefore reduce the analysis of IKPZ to a problem
of directed polymers in random environment. For the AKPZ equation there
exists neither a transformation that linearises the equation nor (up to the authors’
knowledge) an explicit representation of its solution, so that we need to resort to a
completely alternative set of tools. What we can and will exploit is that, as shown
in [[CES21]], admits an invariant measure which is a Gaussian Free Field y.
Our approach, partly inspired by [GP20l] (which though focuses on the subcritical
KPZ equation), is based on a thorough analysis of the action of the generator 2% of
the solution of on the (infinite dimensional) space L?() of square integrable
functions with respect to . The idea is that the distribution of the solution of
is fully determined by a number of observables which is a (very small!) subset S of
L?(x). Loosely speaking, our goal is therefore to identify a (IN-dependent) subset
S of L?(x) big enough to be able to characterise the fluctuations of 2" and such
that for each b € S there exists b € SV for which both b is well-approximated by
b and the action of the generator of on b is well-approximated by VbV, As
we will see, while S admits an easy description, the choice of S* is rather subtle
and SV N S = (! In other words, the structure of the bV ’s needs to be sufficiently
rich to be able to capture the roughness of the nonlinearity which is encoded in
2N (see Section for a more detailed and precise explanation of the idea and its
subtleties).

Before delving into the proofs, in the next section we will rigorously introduce
the quantities under study and state the main results.

1.1. The equation and the main result. For NV € N, let us begin by recalling the
AKPZ equation regularised at level IV that is the object of the present work,

1
(1.7) O = SARY L AN PN+ E, RY(0,) = X

Above hN = hN(t,x), fort > 0, x € T?, the two-dimensional torus of size 27,  is
the initial condition, A\ is as in and the nonlinearity &V is defined according
to

(1.8) NNTRN] & 11y ((HNath)2 - (HNath)2>

where II is the cut-off operator acting in Fourier space by removing the modes
larger than IV, i.e., for any function w: T2 — R,
ef

(1.9) Myw(k) < (k) 1<
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and w(k) is the k-th Fourier mode of w.
Let us introduce the notion of solution for we will be working with throughout
the rest the paper.

Definition 1.1. We say that hY is an almost-stationary solution to with
coupling constant \y if Y solves with initial condition h(0, ) x and x is

d e . .

such that n =4 (—A)l/ 2x is distributed according to a spatial white noise on T?
(see below for the definition of (—A)'/?), i.e. it is a mean zero Gaussian
distribution on T? such that

(1.10) Eln(@)n()] = (¢, d) 22y, forall g, ¢ € L{(T?)
where L3(T?) is the space of zero-average square integrable functions on T>.

Remark 1.2. The reason why we call such solution “almost-stationary” (following
the nomenclature of [GJ14])) is that, as we will see (cf. Lemma [2.2)), the law
of KV with such initial condition is indeed stationary, except for the zero-mode
% Jr2 RN (t, 2z)dz, whose law is time-dependent. Note also that the condition that
(— A)l/ 2y is a space white-noise does not impose any restriction on the zero-mode

x(0) dﬁf 1 fT2 x(z)dx of the initial condition, that can be either deterministic or
random. The fact that the almost-stationary solution exists and is unique (for fixed
N) follows from soft arguments, see [CES21].

At first, we will show that the almost-stationary solution A" of is asymp-
totically diffusive for large V. To precisely formulate the corresponding statement,
we need to introduce the bulk diffusion coefficient of h"Y. Similar to [CET20), eq.
(1.6)], let Dyy1ic be defined as

(1.11) DY () €1+ 2/ / /11‘2 JVN[hN](r )N VRN (0, O)}dmdrds

where NV is given by (1.8) and E is the expectation with respect to the law P of
the process h'Y. For future reference, we will instead denote by [E the expectation
taken with respect to the law P of its stationary measure.

The expression for the bulk diffusion coefficient is the analog of that adopted
in [BQS11| for the 1-dimensional KPZ equation and in [Spo12| for interacting
particle systems (see [[CET20l Appendix A] for a discussion).

As mentioned above, recall that for the usual stochastic heat equation, correspond-
ing to A = 0 in (1.1)), the bulk diffusion coefficient is identically equal to 1. In the
next theorem, we prove instead that Dbulk in converges to a time-independent

constant, which is however strictly bigger than 1 for all A > 0.

Theorem 1.3. For N € N and A > 0, let hY be the unique almost-stationary
solution (see Definitionl|1. 7) with coupling constant A given by (1.5). For
any X > 0 the bulk dlﬁuswn coeﬁiczent DN of B, defined as in (1.12), is such
that forallt > 0

(1.12) lim DY (1) = veg
N—o0
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where vog is the effective diffusion coefficient

(1.13) Vet & 2¢(N\) +1 and ¢ =¢(\)

&
3%

for any A > 0.

The proof of the previous theorem, provided in Section [3]and Appendix [A] is
based on a significant refinement of the iterative scheme introduced in [[Yauo4] and
further developed in [CET20|]. Up to the authors’ knowledge, this iterative procedure
has so far only been used to derive upper and lower bounds on the diffusivity or on
any quantity that can be similarly analysed. In turn, this is the first time in which it
is exploited to derive a full convergence statement.

Heuristically, such a scheme identifies a sequence of operators which are expressed
as nonlinear functions of the generator &£, of the stochastic heat equation and are
sufficiently close to the generator 2%V of A" (for N large). As we will see, an
interesting point is that the operators in the sequence do not converge per se to
Vet Lo, generator of (1.6), but they do so only when applied to suitable observables
(see Proposition 3.3).

The previous theorem strongly suggests that in the large NV limit, the solution
hN converges to a stochastic heat equation and explicitly identifies its expected
renormalised limiting coefficients. The next is the main result of the present paper
and establishes the scaling limit of under the weak coupling regime.

Theorem 1.4. Let T > 0. Then, the almost-stationary solution h™¥ of under
the weak coupling scaling converges in distribution in C([0,T], D' (T?)) to h which
solves

(1.14) Oth = L Ah + \/veg€, ho=x.

Remark 1.5 (Extensions). With little extra effort and the same techniques developed
below, the previous results can be translated to the full R?.

Further, exploiting the estimates in [[GP18bl |(GP20], it would be possible to
weaken the (almost) stationarity assumption and request instead the initial condition
to be absolutely continuous with respect to x in Definition|[1.1]

Let us conclude this introduction by pointing out that the present paper (and
especially the previous Theorem) represents the first instance of a critical equation,
out of the scope of the theory of Regularity Structures [[Hai14]] and with no Cole-
Hopf transformation, for which a sharp renormalisation-type result is obtained.
Further, the techniques we develop, based on the analysis of the generator and
martingale arguments, are bound to be directly applicable to other SPDEs at
criticality, e.g. the viscous stochastic Navier-Stokes equation in [[CK20] (see [GT20]
for the hyperviscous version), or to statistical mechanics models, e.g. ASEP in two
dimensions with weak asymmetry (similarly to the AKPZ equation, 2-dimensional
ASEP is logarithmically super-diffusive if the asymmetry is of order 1 [Yauo4]),
weak coupling version of diffusions in the curl of GFF considered in [CHST21], and
many others.
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Beyond those mentioned above, another classical example of singular SPDE is
the dynamical <I>f‘l—equation. While the subcritical case @f‘l_e, e € (0,4], is by now
very well-understood (see in particular the recent developments [CMW1q]), the
critical case corresponding to € = 0 is currently our of reach. In a remarkable recent
work [ADC21]], it has been shown that at large scales the (formal) invariant measure
of the SPDE is Gaussian (as it is for the AKPZ equation). We believe our approach
can be a first step in the understanding of the dynamical model.

Organization of the article The rest of this work is organised as follows. Below
we introduce the notations and conventions which will be used throughout. In
Section |2} we recall some results from previous works, introduce the Burger’s
version of our equation, and prove some preliminary estimates. Section [3]is devoted
to the proof of Theorem 1.3} and, along the way, we derive a replacement lemma,
which basically allows one to replace the generator of by the appropriately
modulated (in Fourier space) generator of the stochastic heat equation. In Sections|4]
and |5}, we prove Theorem First, we introduce the martingale problem and
provide an outline of the proof. Then, we carry out a thorough analysis of the
generator £V of A and identify the class of observables needed to establish the
statement, whose proof is completed at the beginning Section || In the rest of the
section, we show that the martingales associated to the observables determined
in the Section 4| have quadratic variation which is asymptotically deterministic.
At last, in the appendix we obtain some technical results needed for the proof of
the replacement lemma (Appendix [A), control of the quadratic variation (Appen-
dix[B) and provide an example of the estimates to perform in Section 5| (Appendix [C).

Notations and Function Spaces We let T2 be the two-dimensional torus of side
length 27r. We denote by {ey }1.c72 the Fourier basis defined via e (z) o %eik'm
which, for all j, k € Z2, satisfies (ex, e_j) r2(r2) = Lp—;-

The Fourier transform of a given function ¢ € L?(T?) will be represented as
F (i) or by $ and, for k € Z2 is given by the formula

(1.15) F)b) = o0) 2 [ p@e-n(opia.

so that in particular

(1.16) p(z) = Z o(k)er(x), for all 2 € T2
kez?

Let 9(T?) be the space of smooth functions on T? and @’(T?) the space of real-
valued distributions given by the dual of & (T?). For any n € 9'(T?) and k € Z2,
we will denote its Fourier transform by

~ def

(1.17) (k) = nle_) .

Note that (k) = 7(—k). Moreover, we recall that the Laplacian A on T? has
eigenfunctions {ey } cz2 with eigenvalues {—|k|? : k € Z?}, so that, for @ > 0, we
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can define the operator (—A)? by its action on the basis elements

def
(1.18) (=A)er = |k[¥er,,  keZ?.

In particular, (—A)? is an invertible linear bijection on distributions with null 0-th
Fourier mode. This allows us to make the following observation: given ¥ € 9 (T?),
set

def 2

(119) Yo EB(0),  U(x) E U(x)—toeo(z), (o) = (—A)" V2T (x)

for all z € T2. Since ¢ € D(T?), in particular ¢ € HJ (T?), the space of mean
zero functions such that

191302y E D kPR (k)] < o0,
keZ2

and the following equality holds

(1.20) 191172072y = [0l + 191572 (2 -
Now, if h € 9/(T?) and u & (—A)Y/2h € D'(T?), then
(1.21) h(P) = u() + $oh(0)

which ensures that / is fully characterised by w and its spatial average given by iL(O)

Throughout the paper, we will write a < b if there exists a constant C' > 0 such
thata < Cband a ~ bif a < band b < a. We will adopt the previous notations
only in case in which the hidden constants do not depend on any quantity which is
relevant for the result. When we write <7 for some quantity 7', it means that the
constant C' implicit in the bound depends on 7.

2. PRELIMINARIES

As in [CES21l], it turns out to be convenient to work with the stationary Stochastic
Burgers equation, which can be derived from the almost-stationary AKPZ

started from x (see Deﬁnition by setting u™ o (—A)%hN so that u”¥ solves
1) o = LAuN + AtV ] + (—A)%f, WN0)=nE (—A)%X
where uV = uN(t,x),t > 0,2 € T?, Ay is as in and the nonlinearity J(" is
(22) MV [uN] (—A)%HN<(HN31(—A)—%UN)2 - (HNaQ(—A)—%uN)Q) .

Before proceeding further, in the next section we recall basic properties of the zero-
average spatial white noise 77 on T2 which will be crucial in our subsequent analysis
(for more on it, we refer to [Nuao6, Chapter 1], or [[GP15, [GP20] and [CES21l,
Section 2]).
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2.1. Elements of Wiener space analysis. Let (2, %, [P) be a complete probability
space and 7 be a mean-zero spatial white noise on the two dimensional torus T2, i.e.
7, defined in 2, is a centred isonormal Gaussian process (see [Nuao6l, Definition

f . . .
1.1.1])on H = = L(Q) (T?), the space of square-integrable functions with 0 total mass,
whose covariance function is given by

(2.3) Eln(e)n()] = (@, ¥) r2(r2)

where ¢, € H and (-, ) .2(72) is the usual scalar product in L?(T?). Forn € N,
let 77;, be the n-th homogeneous Wiener chaos, i.e. the closed linear subspace of

L*(n) = o L?(€)) generated by the random variables H,,(n(h)), where H,, is the
n-th Hermite polynomial, and h € H has norm 1. By [Nuao6, Theorem 1.1.1],
), and J#, are orthogonal whenever m # n and L?(n) = @D,, 7. Moreover,
there exists a canonical contraction I : €,,~ L*(T?") — L?(n), which restricts to
an isomorphism I : TL? — L?(n) on the Fock space I'L? := @,,-, L2, where
I'L? denotes the space L2, (T?") of functions in L3(T?") which are symmetric
with respect to permutation of variables. The restriction I, of I to I'L2, called n-th
(iterated) Wiener-Ito integral with respect to 7, is itself an isomorphism from I'L2
to .7, so that by [Nuao6, Theorem 1.1.2], for every I’ € L?(n) there exists a family
of kernels (fy,)neny € TL? such that F =", o, I,(f,) and

sym (

def
(2.4) E[F? S |F|? = > nll fall 2 pen

n>0
and we take the right hand side as the definition of the scalar product on I'L?, i.e
def
(2.5) <f7g> = Z<fnagn> :tzn!<fnagn>L2(T2”)'
n>0 n>0

Remark 2.1. In view of the isometry (2.4), we will abuse notations throughout the
rest of the paper and implicitly identify a random variable in .7, with its kernel f,,
inTL2.

We conclude this paragraph by mentioning that we will mainly work with the

Fourier representation {7)(k)}, of n, which is a family of complex valued, centred
Gaussian random variables such that

2.6)  7(0)=0,  qk)=n0(=k) and  E[}E)7()] = Lrsj=o-

Given a random variable f = f(n) in 7%, whose kernel f,, has a Fourier transform
fn, we write

F =Y a1, ipa) ip1) () :

where : - - - : denotes the Wick product. A few basic properties of Wick polynomials
(in the specific case where 7 is a white noise) are collected at the beginning of
Section (see [Jang7] for additional details).
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2.2. Stochastic Burgers equation and its Generator. In the present section, we
summarise the main results, properties and notations concerning the solutions h”
and u® of and respectively, proven in [CES21].

As can be directly checked, in Fourier variables, corresponds to an infinite
system of (complex-valued) SDEs whose k-th component, k € Z?2 \ {0}, reads

IR OR (= 4IR2aN () + Awlt [ ) dt + K| By (k)
2.7
ig (k) = (k)

where 7 is as in (2.6), the B(k)’s are complex valued Brownian motions de-
fined via By(k) = [T (s, k) ds, £(-, k) = £(- e_y), so that B(k) = B(—k) and
d(B(k), B(£)): = Ly 14—0y dt, and My is the k-th Fourier component of the
nonlinearity in (2.2). More explicitly, the latter is given by

@8) M [N E N [N ep) = k] D HaN (@i (m),
l+m=k

the sum running over £, m € Z? \ {0}, and, for x,y, z,w € R? \ {0}

e 1 c(z,y) def
N e T s elwy) S e —

(2.9)
N def
(2.10) Tow = L1N<)zi<1,1/N<|w|<1,|24w|<1 -

Since eventually we are interested in A’V rather than u”, we note that by
we can recover all the non-zero Fourier components of ¥ while the zero-mode
RN (0) satisfies

(2.11) dhN (0) = AN N [u?]dE + dB:(0), Y (0) = %(0)
where x is as in Definition[1.1]and

(2.12) N N =7 e (0N (m),
{+m=0

so that also AV (0) is a function of " (and of an independent Brownian motion
B.(0)).

By [CES21l Proposition 3.4], for any N € N, there exists a unique global in
time solution t ~ oV (t) = {aV (¢, k) }rezz\(oy to (and consequently the
same holds for (1.7)), and such a solution is a strong Markov process, whose
law is translation invariant and whose generator will be denoted by £%. Let
F be a cylinder function on @’'(T?), i.e. F is such that such that there exists a
polynomial f = f((@x)rez2\(0}) (depending only on finitely many variables), for

which F'(n) = f((1(k))rez2\{o})- Then, writing N & 2, + oV, the action of
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%o and o4 on F is

def

@13) (L)) S Y LM (~o(~k)Di + DD F(v)

keZ?
iy @R =y Ym0 6(m)o() D F(v).
m,0eZ2\{0}
Here, for k € Z2, D, F is defined a
(2.15) DiF = (00, £)((1() ez (0}) -

Lemma 2.2. [[CES21, Lemma 3.1] For every N € N, the spatial white noise n on
T? defined in is an invariant measure for the solution i of and, with
respect to n, Lo and A™ are respectively the symmetric and anti-symmetric part of
£V,

Our goal is to determine the limit of 2" as N — oo. A first result in this direction
was obtained in [[CES21]], and it ensures that the sequence {hN } v is tight.

Theorem 2.3. [CES21, Theorem 1.1] For every A > 0, the sequence {h™N}y is
tight in C ([0, T], D' (T?)).

Remark 2.4. Theorem [[CES21, Theorem 1.1] actually shows more, namely that
for the choice of Ay in (1.3, {A™V}x is tight in C([0, T], 6*(T?)) for any o < 0,
where 6 is the Besov-Holder space of distribution defined in [[CES21), eq. (1.11)].
This is the optimal regularity one can expect for the solution to (1.7). We will not
need this fact here.

2.3. Theaction of Burgers’ generator on L?(7). In this section, we want to deepen
our knowledge of the generator £% and understand how it acts on random variables
in L2(n). To lighten the exposition, we will use the following convention throughout
the rest of the paper. In line with Remark we will identify linear operators
acting on L?(n) with the corresponding linear operators acting on €0, Lz,ym(TQ"),
and we will denote them using the same symbol.

Lemma 2.5. [CES21] Lemma 3.5] For N € N, let £y and AN be defined according
to and (2.14) respectively. For all n € N the operator ¥y is such that
Po(H,) C s, and on T L? it satisfies Lo = %A, i.e. for v, € F;, we have
(2-16) 9’(5509011)(76171) = _%‘k1:n|2¢n(k1:n)-

The operator dA” instead can be written as the sum of two operators sﬂﬁ\_f and AV
which, for every n € N, map ¢, respectively into 7,1 and F;,_1 and are such
that —Qﬁf is the adjoint of A% . Further, for @,, € 4, &ﬂf and AN are given by

(2.17) F(AY o) (k1nt1) = nAn k1 + k2|3{]£;\1[7k2¢n(k31 + k2, k3:n41)

2.18) F(tVop) (k1) =2n(n = DAx Y |m|EY _n(l,m, kan1),
l+m=ky

2For more on the actual definition of cylinder function and Malliavin derivative, see [CES21}
Section 2 and Lemma 2.1]
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where all the variables belong to 72 \ {0} and we adopted the short-hand notations
fein & (k1,ka, ... kn) and |k1.,|? 4 |k1|2 4 - -+ + |kn|?. Strictly speaking the
functions on the right hand side of and need to be symmetrised with

respect to all permutations of their arguments.

Before proceeding, we recall one of the main tools in the proof of Theorem 2.3
which is going to be useful also in our analysis, namely the so-called It6 trick. First
devised in [GJ13] and since then exploited in a number of references, we provide its
statement below in the form that will be used later on.

Lemma 2.6. For N € N, let u be the stationary solution to @-1). Then, for any
p>2,T >0and F € L*(n) with finite chaos expansion, the following estimate
holds

! Nyl 1P 1/2 1/2
| s | 5, 1R )
0
Proof. In view of Lemma [2.5] . &PO is strictly positive and invertible on I'L?,
hence, for F' as in the statement, GY (—Sﬁo) 1 is well-defined. Applying [CES21}
Lemma 4.1, eq. (4.7)] to G with Z/N =1, we get
1
/ LoG(u)ds } v

/ F(u ds
1
g} P <, T/2R [%N(G)}
where the energy functional €% is defined as
(2.21) eV(G) = ) [k’IDkGP?

kez?
with Dy, as in ( , and in the last inequality we used Gaussian hypercontractiv-
ity [Nuao6, Theorem 1.4.1] which holds as F', and therefore (G, has a finite chaos
expansion. Now, in order to simplify the right hand side of (2.20), we apply the
integration by parts formula [CES21} eq. (2.11)], so that we obtain

E[6Y(G)| = Y [KPE[( — D_xDxG(n) + (k) DeG(n) G(o)]

kez?

(2.19) E[ sup
t€[0,T]

sup
te [0,7]

= sup
te [0,7]

(2.20)

N

< T1/2E[|%N<G>

(2.22) = QEK Z %|/~c]2(( —D_;D,G(n) + ﬁ(—k)DkG(U))> G(U)}

kez?
= 2B Gn)(~%0) ()| = 2/(~0)" G

where we used also the definition of &y in (2.13). Since we chose G =
(%)~ LF, follows at once. O

According to Lemma [2.5| %y is a diagonal operator - for every n, it maps /¢,
into itself and it acts in Fourier space as multiplication by a Fourier multiplier. In
the following statement, § will denote a generic diagonal operator with multiplier o,
o corresponding to the collection (o, )y, 0, being the multiplier on .77;,.
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Lemma 2.7. [CET20, Section 3.1.1] Let § be a diagonal operator with Fourier
multiplier o. Then, for every p1, pa € &, the following decomposition holds

2
(SstY o1, Y po) = (St o1, AY 02) Ding + D _(SAY o1, Y 0o)or,
i=1

where the first summand will be referred to as the “diagonal part” and is given by
def
<85ﬁ_]¥¢1 7945%02)1)1% = nln2)3% x

(223) < S ki1 (ki) BalFim) S onrr(bom, k) (K2
kl:n Z+m:k1

while the other two terms will be referred to as the “off-diagonal part of type 1 and

27 and are respectively given by

de
(St o1, 0o)oft, Z il cofr, (1) Ay X

(2.24) X onga(krnga) |k + Kl FY g, [k + Es|HR 4, %

k1:n+1

x O1(k1 + k2, ks, kan+1)@2 (k1 + ks, k2, kaint1) 5
(St 01,51y p2)om, © 1! oty () Ny x
(2.25) X Z Ont1(K1nt1)| k1 + kz\%ﬁ,kzlk:’) + k4|‘%l£:\g,k4 X

kl:n+1

X Q1(k1 + ko, k3, ka, ksni1)2(ks + ka, k1, k2, ksint1)

where, for i = 1, 2, com,(n) is an explicit positive constant only depending on n
and such that cog,(n) = O(n").

Proof. See [CET20), eq.’s (3.28) and (3.34)] for (2.23), [CET20, eq.’s (3.29)-(3.30)]
for (2.24)-(2.25) and [CET20, eq. (3.31)] for the magnitude of cog, (n),7 =1, 2. O

Before stating the next lemma, let us introduce the so-called number operator.

Definition 2.8. We define the number operator N: IT'L?> — T'L? as the linear

diagonal operator acting on ¢ € T'L? as (N ), gmpn.

In force of the results and notations above, we are ready to derive the first bounds
on the operators o f and o1V when the operator S in Lemmais Zo.

Lemma 2.9. Let N be the number operator of Definition2.8 Then, for every i > 0
and ¢ € T'L? one has

(2.26) (1 — o) "2t o)) S NV (=) 2],
(2.27) (1 — Lo) 2N || S IV (—%£0) %]l
while

_ 1
(2.28) (= %0) st || S [Nell -

Viog N
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Proof. Let ¢ = (y,), € D'L2. The square of the left hand side of is

1(n—0) 2 o|1> = ((n—%0) 't op, st Y o) = > " ((u=%0) st 0, Y p) .
n

Thanks to Lemma [2.7] for each n, we can decompose the scalar product at the right

hand side into diagonal and off-diagonal terms, defined according to (2.23)—(2.23)).

For our purposes, we will just upper bound the off-diagonal terms by the diagonal

ones, using the Cauchy-Schwarz inequality and the bounds cog, (n) < n? i =1, 2.

Therefore we get

<(M - gO)ilﬂfSOna mf@n) 5 n2<(,u - 30)71915(»0717 dfson)Diag

232 (H)°
o 2 S 2 ) m .
logNg e H;kl g+ 5 (102 + [m)? + [k2.n )

Now, the inner sum can be controlled via
(H,)°
(2.29) : S
2 i+ 512 + [mf? + |kaim]?) 2

L+m=k1 0<|l|<N

<log N

€%

. N .
since, by (2.9) |3{é7m| S Li<jg<N,1<m|<N,|e+m|<N- Therefore, we obtain

(i — %0) 2ol S ntn® Y 2k |?|@n (ki)

k1:n

=D nln® Y glkial*@n ki)l = W (=L0) Zel?
n kl:n

where in the passage from the first to the second line we used that ¢ is symmetric in
its arguments.

The bound follows similarly by noting that if the denominator in is
squared, then the corresponding sum in is bounded uniformly in N.

As for (2.27)), arguing as above we can focus on the case ¢ € I'L? forn € N. If
¢ € T'L3 then [CET20, Lemma 3.10] gives the desired estimate: just choose G = 1
in that statement, so that g(-) < log N, and replace A% by A% in (1.5). If instead
@ € T2, n > 2 note first that, by symmetrizing one has

(2.30)
j\ n—1
N N ~
F(AZon)(k1n—1) = 2”@ Z Z Im| K, —en (€, m, k(1n—1y\(j})
]:1 E—i—m:kj
so that, using the Cauchy-Schwarz inequality, the square of the left hand side of
is upper bounded by
(231)
ol dnd 3 ;( ST mIHY _a(lem, ko 1))2
: —0Fn\ty by V2in—
log N P 4 %|k1:n_1‘2 k1,—¢

l+m=kq

(the factorial comes from the conventions in (2.5)). As in the proof of [CET20)
Lemma 3.10], the sum within the parenthesis is upper bounded by an absolute
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constant times

’kl, Z |§5n(€7 m, kQ:n—l)‘ .
l+m=k1
0<|4],|m|<N

Plugging this into one obtains an upper bound proportional to

n!n?) )‘2 ( Z ’m|2+ |£’2|¢n(£a m, k2:n—l)|>2
logN k'l:'n—l €+m=k‘1 |m‘2 + ‘€|2
0<|e],|m|<N
<nlnP A2 ([al? + [l @ (Fra)? S ntn®A2 Y [kl @n (kin)
kl:n kl:n
where in the first step we used Cauchy-Schwarz and (2.29), while in the second the
symmetry of . The bound (2.27)) is then proven. O

3. THE EFFECTIVE DIFFUSION COEFFICIENT

The aim of this section is to determine the limit as N — oo of the bulk diffusion
coefficient DY, in and consequently deduce that 2 is asymptotically
diffusive as stated in Theorem As a first step, we will derive an alternative
representation for D{Xﬂk, thanks to which we will be able to connect its Laplace
transform to the inverse of the generator £V of v in (2.1).

Lemma 3.1. For N € N, let uN be the stationary solution of with coupling
constant A\ in and LV its generator. Then, for all t > 0, one has

(3.1) t D) = ¢ + E{(/Ot )‘NNON[uiV]dS) 2}

where ./VON is the 0-th Fourier mode of the nonlinearity of hN and is given
by (.12).

Moreover, for all i > 0, the Laplace transform Qbé\{llk oft — tD{Xllk(t) is given
by

df [ _ 1 2 _
(32)  Diu(p) = /0 e " ¢ Dy (t) dt = el EWéva (n—2™)"ng)
where név is the unique kernel in FL% such that
(3-3) ANNGY ] = Ta(ng)) -

Its explicit Fourier transform can be read off (2.12].

Proof. Despite the different scaling, the proof of follows the same steps as
that of [[CET20, Lemma 4.1]. On the other hand, is a consequence of the
representation and [CES21, Lemma 35.1]. O

For the previous Lemma to be of any use, we need to control the large N behaviour
of the scalar product at the right hand side of (3.2). This, in turn, seems to require
us to determine (sufficiently explicitly!) the solution b of the generator equation

(3-4) (n—2M)pY =n.
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Despite being linear, (3.4) is extremely hard to study as £% is non-diagonal, in its
chaos decomposition and in Fourier space, so that even though név lives in 7%, HN
will have non-trivial components in arbitrarily high chaoses. As noted in [[CET20,
Section 3], a way around it is to consider instead the truncated generator equation, an
equation involving only finitely many chaoses and obtained by replacing the operator

2% in (3.4) with ¥ def I, &N I, where, for n € N, I<,, is the projection onto
FLén &t Di_o FL%. More explicitly, we are led to study the solution EN ™ of

(3-5) (=LY )pN" = g

which, by Lemma- 2.5l is equivalent to the hierarchical system
(1 ffo)hnN" — by =0,

(n— gﬂ)bnfl - ‘Qq—lj\-[ban - ngﬁg’n =
(3.6) ...
(M _ go)”Nn . .SZQNGNH _ SﬂNf]:]))V’n _ né\[’
(1~ o))" — a5} 0.

Lemma 3.2. For any N,n € N, the solution hN" of (3.6) is such that FN)len =0
and

G {030 (Tt ey
b, "= (= Lo+ Ny j) lsﬂNhJ 1, forj=3,...,n

where, for j > 2 the %jN ’s are positive definite operators such that, for alln € N,
KN () C A, and are recursively defined via

(2.8) %, =0,
3 W = —tN[(u— Lo) +HN ] Ay, forj > 3.

Proof. As shown in [CET20, Section 3] the expression @ can be obtained by
solving (3.6) recursively expressing b " in terms of b i | starting from j = n.
Concerning the first chaos component of h™'", (2.12) and (2.9 (2.9) state that the Fourier
transform of n(])V is concentrated on those ¢ and m € 72 such that £ +m = 0, and
the same holds for fN)N’" In fact, one readily sees from Lemma that if ¢, is
VY (ki € 220 Y, ks = 0} then F (st ) are
concentrated on As a consequence, J(%N ©n) is concentrated on A(”)

because %’JN is defined through 0¥, sV and the diagonal operator (—%;). But then,
by (-18), 4" = 0 which in turn implies that h" solves (1 — Lo)hY" = 0
and hence F)]lvn = 0. At last, for the properties of the operators %JN ’s we refer
to [CET20, Lemma 3.2]. O

concentrated on the set A
(n:l:l)
Ay

In order to be able to exploit the previous Lemma, we need to analyse the operators
%jN ’s. In the next section, we will show that, for each j, %JN can be replaced with
diagonal operators at a cost which is negligible in the N — oo limit. The advantage
of dealing with (positive) diagonal operators is that their inverse is explicit so that
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the terms at the right hand side of (3.7) (and in particular Eév ") can be more easily
controlled.

3.1. The replacement argument. Before stating the main result of this section, we
need to introduce some notation. For N € N, let LV be the non-negative function
defined on [1/2, c0) as

N2
. LY def _° 1 14+ —
(3.9) (z) g n2 8\ 1t )
where < is the constant in ((1.13).
In the following proposition, we derive an approximation of the operators %JN in
terms of diagonal operators given by a nonlinear transformation of &.

Proposition 3.3. Let > 0, n € Nand 1, pa € T'L? be such that (—SBO)UQQD,- €
I'L? i =1,2. Then, for every j € N, j > 2, there exists a constant C = C(n, j)
such that

(o1, [76Y+G (LN (1 — £0)) %0 2)

(3.10)
< Cen||(=%0) o1l (—%0) 2|

where ey — 0 as N — oo uniformly in n and j, %jN is defined in (3.8) and the
functions G’s on [0, 00) are such that for all j and all x

(i) G;(0) = 0and Gj(x) > 0,

(ii) |Gj(2)] <z, |G(z)| < 1and |G (2)] < 1,

and are recursively defined via the relation

0 =
def J )
(3.11) Gj(z) = { z 1 :

J fo 1+Gj71(y)dy 7=>3.

The proof of the previous statement relies on the following Replacement Lemma
which represents one of the main technical tools of the present paper. Its formulation,
more general than what needed for the Proposition [3.3] is chosen to be able to
approximate a broader class of operators and it will play a crucial role also in the
upcoming sections.

Lemma 3.4 (Replacement Lemma). Let H and H™ be real-valued differentiable
functions on [0, c0) such that

(1) for every compact subset & of [0, 00) there exists a finite constant K > 0
for which

(3.12) Slelg{lH(y)l, \H' (y)|, [H ()], ((H) ()|} < K
Yy
(2) forally >0, H(y) > 1 and H*(y) > 0.
Let ;1 >0, N € Nand §V be the operator defined by

(313) IV Y (u— HT (LN (u — 20)%0) x (1 — HLN (u — 20))%0)
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where LN is as in (3.9). Let n € N and 1, pa € T'L2 be such that (—%o)"/?¢; €
L2 i= 1,2. Then, there exists a constant C = C(n), possibly depending on K,
for which

(=t gVt ¥+H (LY (1 — £0))%0)p1, 02)]

(3.14)
< Cen || (=%0) 1 1(=0) 22|

where ey — 0 as N — oo uniformly inn and K, and Hisa non-negative bounded
differentiable function on [0, 00) with first derivative bounded on compact sets,
defined by

* H*(y)

(3-15)

Proof. In order to estimate the left hand side of (3.14)), we first decompose it in
diagonal and off-diagonal terms as in Lemma [2.7]and obtain

(AN gV + H(LN (1 — %0))%0) 1, 02)]

(3.16) §‘<;Nggf¢1’ Y 02) Diag + (H(LN (1 — %0))Lo1, 2)r12
(3.17) + > WEF Yo, Y oo)om, |
1=1,2

We will separately bound and (3.17)), starting with the former. By (3.13)), one
sees that 7V is a diagonal operator whose Fourier multiplier on .7, is J'¥, given by

o 1+ L PHY LN (14 3 k12
(3.18) TN (1, k) & 2 21| 1: !2 (N (w 1zl 1: 2| ))2
[/“L+§|k1:n‘ H(L (M+§|k1:n‘ ))]

Hence, thanks to and the definition of PV in (A1), equals

il 37 31k 261 (ki )20 (v (PN (1) = HLN (1 + 3ol |
kl:n

<ennlny glkiP1er (ki) l[@2(kin) | = Ennt Y~ §lkaal?| @1 (ki) l|@2(Kin)|
kl:n kl:n

Sn Enll(=L0) o1l [[(—0) 0l

where € is given by

~  def 5
(3.19) ENE sup PN (pokig) — HLY (u+ %|k1:n|2))‘
k1., €Z2"\{0}
n>0
and in the last two steps we respectively exploited the symmetry of ¢;, @2, and the
Cauchy-Schwarz inequality. At this point, we only need to show that £y converges
to 0 as NV — oo, which in turn is a direct consequence of Proposition[A.1] In view
of we further deduce the shape of H in (3:15). so that the estimate in (3.14)

on ( follows.
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We now treat the off-diagonal terms for which we proceed similarly to what done
in the proof of [CET20, Lemma 3.9]. We start with the off-diagonal terms of the
first type defined in (2.24). Relabelling the variables, we need to control

~

)\2
log N

Z TN (1, jrs ks g1 + ol HD 5,151 + Jal KRy ¥

J1:3,Kk3:n

n'COffl( )

X @1(J1 + J2 33, kain) P2(J1 + J3, J2, k) -
where J is as in (3.18)). Defining

(k1) = i(k1n) H |k, 1=1,2

applying Cauchy-Schwarz and estimating | &
expression above can be bounded by

N ol |ER 5| by 1, we see that the

JN(M? j1:37 k3:n)

|P1(j1 + J2, 73, k3:n) || P2(J1 + J3, J2, k3en) |
nlcor, (n Z

logN |73]72] szz |52

J1:3,k3:n

~

| 1

2 . . .

|®;(j1 + j2. J3, ksn)? o, 3
< | J 1. 7]{ . )
S log N 11 (n Cofty (M) Z |73l| 72| H;‘ng ’kj‘g (145 j1:3, k3en)

J1:3,k3:n
(3-20)

logNH(nCofh n) Y @ik P 1k PlRal Y UZ’JN(M,jM,ka))

k1:n J1+j2=k1

Note that the argument of H ™ in (3.18)) is at most < + 1, so that H* < K since it
is bounded on compact sets. Also, H > 1and (u+ Kz)/(n+ ) < K V1, s0 we
have

D=

Kv1
pot g2l + k2nl?)

Using further that [ji:2? + [kom|? > T([j2]? + [k1:m|?) (Whenever jy + jo = ki),
we obtain an upper bound for the inner sum in of the form

TN (1, j1:2, ko) <

2 Tial Gt K2 P S N S Tl NP+ o)~ Tl

where, in the last two steps, we passed to polar coordinates and computed the
remaining integral. Hence, we conclude
5 2

)\2 1

N 4N N 2

|<(5 d+ 901a91+ 802>offl| 5 logN 1_11: (n Coﬂl kz |§01 kl n | “ﬁ’ )
1= 1:n

1
<—||(-= —
< oWl CF -0

where the constant hidden into < depends on n and K.
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For the off-diagonal terms of the second type we proceed similarly. With the
same notations as above, by we have

|<(5N5&N9017 ‘gﬁ-ij\-[(ao2>0ff2 |

A2 Z |P1 (51 + Jo, J3:a, k3:n)||P2(d3 + Ja, J1:2, ka:n)|
log N ld1lldalldslldal [Ty K512

< nleog, (n) JN

j1:4,k4:n

< e, () (> D1 + 2, Gt o) JN>1/2_

.12
log N' 25\ & | |al 7317l TTj—a Il

where we omitted the arguments of J”. The inner sum can then be controlled as

. JN
S or (i) Pl Plhalhs] ST AT

k1:n J1+ge=k1 “71H‘72|
. |JN k1| k2| ks3]
S Z |21 (k1) [? [ |2 | Fes] Z |7 Z ’2T
kton Jitja=k1 k. Lin

from which we can argue as for the off-diagonal terms of the first type (see the proof
of [CET20, Lemma 3.9] for more details). U

We are now ready to prove Proposition [3.3]

Proof of Proposition[3.3] The proof goes via induction. If j = 2, then %jN =G =
0 and there is nothing to prove. Assume that the result is true for some j > 2. We
write

([0 + G (LN (1 = 20)) Lo 1, p2) = (1) + (ID)
where (I) is
(1= Lo+ 9™ = (= [1+ G (LN (1 — Lo))|%0) st o1, 1 p)
and (II) is
([=sa™ (1 = [1+ GHLY (1 = L0))|%0) Y + G (LN (1 = Z0))Zo)pr, ).
We first treat (I). To thatend let A = (u — £y + 64) and B = (u — Lo + 6p)
where 6,4 &£ %]N while €5 & —G,(LN (u — £y)) %o, and use the relation
(3.21) At Bl =AY B - AB™!
to deduce that
(M| = [{(=G; (LN (n — Lo))Lo — 7, ) B st 1, A7 Y o)
0 iAo

the last passage being a consequence of the induction hypothesis which holds as
‘64, 6p are diagonal in the chaos, so that A_lgdfgpg, B_lsﬁfgol € J,+1 and
C = C(n+1, 7). Note that both the operators 6 4 and 6 are non-negative definite,
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and this is the only property we will need in order to bound the two terms at the right
hand side. Hence, let € be either ‘64 or €5 and ¢ = 1 or 2. Since p > 0, we have

1(=%£0)"/2 (11 — 0 + 6) st Y ooy |?
= ((=Z0) (1 — Lo+ B) "t i, (1 — Lo +6) st py)
(3-23) < (e —Lo+6)(n— %o+ B) A pi, (u— Lo +6) A i)
= (¥ i, (u— Lo+ 6) et ;)
< (st ops, (1 — Lo) st o) S N1(=£0)" 20|

where in the last step we applied Lemma|2.9] Hence, we have the desired estimate
for (I). We turn to (II), for which we will apply Lemma In the notations
therein, set H = H = 1 + G, and note that, since by the induction hypothesis G
satisfies (i)-(ii), H ™ and H satisfy assumptions 1. and 2., from which follows
at once with G4 defined according to (3.11). Finally, as (i)-(ii) hold for G, it is
straightforward to verify that they also hold for G . (]

3.2. The diffusivity. The aim of this section is to prove Theorem[1.3] First, we
will determine the large N limit of when the operator £% is replaced by £,V
and n is fixed.

Proposition 3.5. Letn € N, p > 0 and, for N € N, b be the solution of the
truncated generator equation (3.5). Then, the following holds

~ 1
(3.24) lim (ng’, (=) 'ng’) = lim (g, 5%") = SGhia(e)
N—o0 N—o0 2
where the functions G,,’s are defined in and < is as in (1.13).

Proof. By orthogonality of Wiener chaoses and the definition of V" in (3.9), we
have

(', (=) ') = (nf 537" = (o (0 — Lo+ %)) " nd)
(325) = (ng, [(n— Lo+ %) = (= Lo[l + Gu(LY (1 — Z0))]) " g
+ (9", (1= Lo[L + Gu(LY (= Z0)))) " 'ng)) -
As in the proof of Proposition[3.3] set A = (u— %y +64) and B = (u— %o+ 6p)
where 64 &t %N while €5 &t —Go (LN (u — 20))%o. Exploiting we see
that absolute value of the first summand at the right hand side of equals
(-Gn(EN (a — L))o — ) B w4~ )|
Sn €NH(—3’0)1/2371“6VH 1(=£0) 2 A~ ||

where the bound is a consequence of (3.10). Denoting by 6 either €4 or 6, and
arguing as in we get

_ _ 1 1
1(520) 2t €)™ - %0) ™20 S o (g S 1.
040
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Therefore, the first summand in (3.25) goes to 0 as N — oo and we only need to
focus on the second. Note that

(g, (1 — Zo[L + Gn(LY (1 — 20)))) " 'ng))

2 1
_ %N 2
log N D (He) A 021+ G (LN (u + [£]2))]

040
2)2 Hon—an)’
) G
log N Jgz v + [22[1 + G (LY (N?(un + [z]?)))]
2\2 (%;IJCVN,—Z‘N)Q

dz + o(1)

T log N Jpe (v + [2P)(uw + 2P+ DL+ Gu(LV (V2 (y + [2]2)))]

where piv < 1/N? and o(1) goes to 0 as N — oco. The second step follows by
Riemann-sum approximation: by defining 2z = ¢/N and recalling the definition
of X l{Ym’ we replace the sum by an integral which grows like log IV (see below), plus
a O(1) error that gives o(1) once divided by log N. The third step is a consequence
of (with H =1+ Gy, k1.n, = 0) and (A) (with H™ = H =1+ G,,). For
the last integral, we proceed similarly to the proof of Proposition i.e. we pass
to polar coordinates and get that it equals

N [ eosoras [ dg 1)
_ cos +o
log N2 272 J, unt oz 0(0 + D1+ G LV (NZ))]

puN+1 d
> d +o(1),

- 2log N2 /e oo+ D1+ Gu(LY (N?0))]
where we used the definition of ¢ in (1.13). By (3.11), the last expression becomes
1

LY (u+1) d 1
Yy N
= ——— 1 0(1) = =G 1 (LN (4 1)) + 0(1).

Summarising, all the estimates above give

(326) (), (1~ LoL+ (L (u—Lo))]) ™ 1) = 5 G2 (L (o4 1))+ 0(1)

from which, by definition of L and the continuity of G,, 1 (see Proposition @ii)),

lim (nd, 5V = lim 1G (Llo (1 + Al )) = 1G (¢)
Noeo 0 T NEee 2 T \fog N2 OB U T ) T gbeite)
and (3.24) follows at once. (]

Thanks to the previous proposition, we are ready to complete the proof of

Theorem

Proof of Theorem|[1.3] At first, we will determine the limit as N — oo of E%é\fﬂk,
the Laplace transform of ¢ — tD{)\{ﬂk(t). As mentioned in Section |3} this amounts
to characterise the behaviour of the scalar product at the right hand side of (3.2). To
do so, we will exploit [CET20, Lemma 3.1] which holds mutatis mutandis in the
present context as the operators we are considering are the same apart from the fact



24 WEAK COUPLING LIMIT OF THE ANISOTROPIC KPZ EQUATION

that A therein is replaced by A\ . It states that, forevery 4 > 0,n € Nand N € N
the following holds

(3.27) <né\77 GN,2n+1> < <n0 (- ng) 1 N> < <n[z)\/7 6N,2n>_

As a consequence, we deduce that for alln € Nand 1 > 0

~ 1
limsup(nd’, (u — LY) ")) < limsup(n))’, H7:2") = §G2n+1(o)

N—o0 N—o0
and
liminf (nd’, (1 — 2N)"nd’) > liminf (n)’, p20+1) = 7G2n+2( )
N—r00 N—oo

so that it suffices to argue that the sequence G, (<) converges as n — co. Notice
that, in view of Proposition [3.3|(ii), the functions G,,’s are uniformly bounded (in
n) on [0, ¢] and have uniformly bounded first and second derivative. Hence, by
Arzela-Ascoli’s theorem, the sequence {G), },, is relatively compact in €1 ([0, K], R)
for any K < oo, the space of real-valued bounded continuously differentiable
functions, and therefore converges along subsequences in 6*([0, K]). Thanks to
Proposition [3.3] (i), any limit point must be non-negative, 0 at 0 and, in view of the
recursive relation in (3.11)), it must satisfy the following Cauchy-value problem

, 1
1+ G
which has a unique solution given by

(3.28) Gx)EV2r+1-1.

In conclusion, the sequence {G, },, converges in €1([0, K]) to G for any K < oo,
which in particular means that

(3.29) lim Gj(¢) =G(¢) =V2c+1—-1=v—1
j—00

and consequently by (3.2), we obtain

vV2¢+1 Ve
. lim 9 —_— = .
(3.30) N b (1) = 2 2
In order to translate the result from Laplace to real time (the only point to be justified
is the interchange between the inverse Laplace transform and the N — oo limit)
and conclude the proof of Theorem we argue as follows. For N € N, let ¥ be

the map on [0, o) defined by the right hand side of (3.1)), i.e.

N DY) =t + B[QV(1)?], where QV(1)¥ /O AN [ )ds

In the proof of [CES21} Theorem 4.8] it was shown that there exists ¢ > 0 such that
forall N € N

(3.31) 2N (t) < et forall t > 0.
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By stationarity, we also deduce that
V() — 2N ()| < [t - 5] + [BRY (1) - QV(5)?)

= |t = |+ [BIQY (1) - Q¥ ()@Y (1) + Q" (s))]]

< |t = |+ EIQV (1) — @V ()22 (BIQY (17 + BIQ" (5)%)/2)

St —s| 4 |t — 5|2t v s)2.

Thanks to and (3.32)), the assumptions of [[Drio3} Corollary 10.12] are satisfied.
Hence, the sequence {z"V } v is relatively compact with respect to the uniform on
compacts topology on C (R, R). Let x € C'(R4, R) be a limit point and, slightly
abusing notations, let {2V} be the subsequence converging to it uniformly on
compacts (and therefore pointwise). Note that, since the constant c in is
independent of IV then also x satisfies the same bound. Therefore, by the Dominated
Convergence Theorem and , we obtain that, for all . > 0,

V2e+1
112
which, by uniqueness of the Laplace transform, implies that the sequence x
converges to a unique limit. Therefore, for all ¢ > 0, we have

(3:32)

oo e}
= lim D) (1) = lim e_“t:EN(t)dt:/O e M (t)dt

N—o0 N—oo Jg
N

N
t
lim DY, (1) = lim z”(®) =V2c+1=reg
N—oo N—o00
and the proof is concluded. ([

4. THE TRUNCATED GENERATOR EQUATION

4.1. The martingale problem. The goal of the present and the next sections is to
prove the main result of the paper, namely Theorem Since by Theorem
we already know that, for every T > 0, the sequence {h'"} v is tight in the space
C([0,T),9'(T?)), it remains to verify that any limit point h equals in law the
solution to the almost-stationary stochastic heat equation that we here recall

Ve
(4.1) Oth = ZF AW+ ver€,  ho=x

where v, is defined according to (1.12), £ is a space-time white noise on R x T?
and, as in Deﬁnition X is such that ( —A)l/ 2y = n, for n a spatial white noise
on T2

Heuristically, in order to show convergence in law of ™V to the solution & of (4.1)),
it suffices to prove that limy f(h") is distributed as f(h) for a sufficiently rich
family of observables §’s. The family of functionals identified by the following
martingale problem associated to (4.1) is made of those of the form f(h) = h(V)
for U € D (T?).

Definition 4.1. Let T > 0, Q = C([0, T}, 2’ (T?)) and € = B(C([0, T}, D'(T?)))
the canonical Borel o-algebra on it. Let x be such that (—A)1/2X =nforna
zero-average space white noise on T2. We say that a probability measure P on
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(Q,6) solves the martingale problem for E£§ff < Vet Lo with initial distribution ,
if for all U € D (T?), the canonical process h under P is such that

t

(42) A () - x() - "5 [ h(aws
0

(4.3) Y < (g )? — t Vet |91 222

are local martingales.

In the next theorem (see e.g. [MW 17]) it is shown that the family of observables
mentioned above is wide enough in that the martingale problem is well-posed (i.e.
it has a unique solution) and its unique solution is the law of (4.1).

Theorem 4.2. [MW17, Theorem D.1] The martingale problem for 285 with initial
distribution x in Definitionl4.1|is well-posed and uniquely characterises the law of
the solution to (g.1) on C([0,T],D'(T?)).

In view of the previous statement, the proof of Theorem|1.4]boils down to verify
that any limit point / of the sequence {h" } v is such that for all ¥ € 9(T?), the
processes (4.2)) and (4.3) are (local) martingales. In the next section, we give an
overview of the strategy we will follow and introduce the necessary notations. The
actual technical work starts in Section

4.2. Theorem[1.4; strategy of proof. As argued in Section[2] we can fully recover
RY from u” and so that we can (and will) directly work with %V, and we
will come back to A only in Section

Translated in terms of u, Theorem [4.2]tells us that we need to show that, for any
limit point u = (u;);>0 of the sequence {u™}y = {(u});>0}n (known to exist
by [CES21} Theorem 4.5]), and for every test function 1) € H}(T?), the stochastic
processes

(4.4)
M () — ol / gt 0 O

are martingales. What we know for free, as u'Y is a Markov process with generator

£, is that, for any reasonable functional b = bV (1), allowed to explicitly depend
on N,

45) MY (BY) B () — b () / LV (u)ds

and (M} (bV))2 — (M™N (b)), are martingales. Therefore, if we were able to show
that for all ¢ there exists b such that the difference
(4.6)

(¥ (o)~ /sgeffN as) (6 ()0 () )/OtsszN(ugV)ds)

is small for NV large in, say, mean square, then by standard martingale convergence
theorems and tightness of " we could conclude that the sequence {M™ (b™)} v
converges (at least along subsequences) and that the limit, M ¥, is indeed a martingale
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(for arigorous proof see Section. Proving that 'yzp is also a martingale additionally

requires the quadratic variation of M % (b"V) to be asymptotically non-random: this
is a very challenging technical step, deferred to Sections and 5.4}

Hence, the goal is to determine b in such a way that is small in mean
square, which in turn requires b to be such that

N—oo
47 In() =™l =50,
thus ensuring that u/¥ (1)) — ™ (u") vanishes, and

43) (~20)2 (2" (w) - 2 )|l "5 0

which, by the Itd trick (see (2.19)), guarantees that the difference of integral terms
in (4.6) also goes to 0.

As a first attempt (motivated by the observables needed in Definition [4.1), one
might be led to take b = b independent of N and of the form b(n) o n(v), so
that (4.7) is trivially satisfied. That said, as it can be readily checked by the definition

of ¥ and " in (2.13)-(2:14) and respectively, and the orthogonality of
different Wiener chaoses, with this choice of b, the left hand side of (4.8]) reduces to

1(~£0)2 (vt = 1)Lon () — At [n] )|

1 1
= (ver — D)I|(=%0)20() | + An||(=0) 2™ [1)]|

and the right hand side, even though bounded, certainly does not vanish as N — oc!
The problem is that functionals of the form f(n) = 1(v) live only in the first chaos
and consequently are not able to capture the fluctuations coming from higher chaoses
which are induced by the nonlinearity.

Ideally, one would like to take instead b = b explicitly depending on N in such
a way that the left hand side of (4.8)) is 0, i.e. so that

(4.9) — NN (n) = %ﬂn(—&ﬂ) = —=5Tn(v),

and subsequently prove that such b" also satisfies (4.7). Asnoted in SectionB[, it
is very difficult to analyse the generator equation directly since its solution
will have non-trivial components in every chaos. To overcome this issue, we resort
instead to introduce a truncation parameter n and consider the truncated generator
equation where £% is replaced by £ (defined in Section . More precisely, for
N € Nand n € N we analyse

(4.10) — ) 0N = —5 (g,
and, to control the zero-mode of A%,

(4.11)

where név is defined in (3.3)). In view of the the results in Sectionwe can (and will)
even do better. As Proposition @hints at, we can approximate observables as pNm
and hV" by (almost) explicit functionals, b™¥>" and h™¥>", whose definition involves
perturbations of the operator £ (see fo ™ in below, with a = 1, 2) which are

N{iNn _ N
-, b =ng,
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converging to ngff in the large n limit (see the proof of Theoremin Section .
The observables b’ are those for which we will establish (4.7)) and (4.8)), though
as a result of two limits, first take the limit N — oo and then let n tend to infinity.

Let us describe more in detail the implementation of this program, rigorously
introduce the observables mentioned above and state the main results of this section.
To do so let us begin by looking at the solutions 6™, hN- of and (4.11). As
can be seen by arguing as in the proof of Lemma 6™ and ™" have a similar
structure and we will therefore treat them likewise. Let

e e 1%
(412) @ = -F@) = ZFn(-Av) €TIE  and gy =nf €TL

N, N, .
and fo " = (f,")j=a,....n be the solution to fora =1 Emd to fora =2
(in the latter case, Lemma. 2|ensures that the component of fN’" in the first Wiener
chaos is 0). Writing down (4.10)) in each chaos component analogously to what was
done in (3.6) and recalling the definition of %]N in (3.9, 2 can be equivalently
written as

(4.13) i%&n = (ot o) 8
faf =(-Lo+ %, ha 1&4Nfaj 1, forj=a+1,....n
In light of Proposition [3.3] we now define the observables we aim at analysing,
fév’”, a = 1,2, (in the above discussion fév’” = bV for a = 1 and thn for
a = 2)asin but with the operators %jN replaced by diagonal (and therefore
explicitly invertible) operators expressed as perturbations of —%(. More precisely,
fora = 1,2, we set 3" = (fivjn)]:an as
(4.14)
ai’ = (L[l + Gryoa(LN (=%0))]) ' ga
Fai" & (=ZLo[l + ooy (LN (=L)) ' fy", forj=a+1,...,n
where the functions G;’s are those in (3.11).
We have now all the elements we need in order to state the main result of this
section which rigorously establishes and for the observables b™'"". We
will also obtain analogous estimates for h™", which, even though has vanishing

norm (see (4.17)), will be useful in the description of the 0-mode of N (see
Corollary [5.4).

Theorem 4.3. For ¢y € H}(T2), N, n € Nand a = 1,2, let {3 be given in
and bN" = fﬁv’", hiVm = fév’". Then, we have

(4.15) lim ngnopoN’"(n)—n(w)H =0,
1
(416)  lim lim [[(=%0) "2 (5 Tn(w) — £V6N () )| = 0,



WEAK COUPLING LIMIT OF THE ANISOTROPIC KPZ EQUATION 29

and
. . Nn _
(4.17) Jim i {577 (n)]| = 0,
N(\ _ cpNpNn _
@8 Tm dim (%) 2 () — 26 () | = 0.

So far we have only briefly alluded to the process 4¥ in (4.4). As we already
mentioned, proving that it is indeed a martingale boils down to show (see Theo-
rem that the quadratic variation of MY in is deterministic, and given
by tve||¥ |51 (12)- The proof that the quadratic variation is non-random is based
on entirely different ideas than the ones of the present section and will be given
in Section [5.3] As far as the expectation of the quadratic variation is concerned,
it turns out (see Section to be proportional to 2¢ times the N,n — oo limit
of ||(=%)Y/26™'"||2. As the computation of this limit exploits the techniques
introduced in this section, we give below the following proposition.

Proposition 4.4. For ¢ € H}(T?), N,n € Nand a = 1,2, let fév’n be given
in and BN = fiv’n, hVm = fév’n Then, we have

n Ve
(4-19) Jim T |(=520) 20N = R G ey
-1
' lim i 1/2p N2 _ Veff
(4.20) Jim L [[(=0) 0™ 5
(4.21) ]\}gréo«_ggo)lﬂbN,n,(_30)1/2[)N,n> —-0.

Let us briefly comment on the structure of the rest of the paper. In Section[4.3] we
derive suitable recursive estimates on the functions ffzvj" in (4.14)), which will be used

to prove both that fév’” is indeed a good approximation to %V "™ (Proposition ,
Theorems [4.3] and Proposition [4.4] (Section[4.4). In Section[s} we will focus on the
martingale v¥ and show how to exploit the previous statements in order to conclude
the proof of Theorem|1.4]

4.3. Recursive estimates. Given the recursive definition of f, ", @ = 1, 2, in (4.14)),

we first determine a general bound on functionals with a similar structure.

Lemma 4.5. Let j,n € Nwithn > jand g € FL?. Define tVV ¢ I‘LJZ 1 according
to

(4.22) N (~2o[1 + Gryo (LY (%)) Lt g,

where the functions G;’s are given as in (3.11). Then, there exists a constant
C = C(j) > 0 such that the following estimates hold

(4.23) 1V < Cenllgll
(4.24) 1(—=%0) 2V || < Ol (—<0) 24

and e — 0 as N — oo uniformly over j and n.
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Proof. By Proposition the functions G;’s are non-negative, therefore (4.23) is a
direct consequence of (2.28). For (4.24)), we exploit the argument in (3.23), which

gives
1(=£0) > | = [1(=£0) "> (=ZLo[1 + Grya i (LY (=L0))) "t g
< [[(=o) st gl < [1(—0)* gl
where the last bound follows by Lemma [2.g| with 1 = 0. O
As a consequence, we deduce the main estimates on the different components of
fan — (fé\f’")j:a,m,n, which will be crucial in the proof of (4.15]) and (4.17).
Proposition 4.6. Let n € N. There exists a constant C = C(n) > 0 such that

167" < CeR ey s 1(=0)"/265"" | < Ol (r2)

(425) n | — n
163" < cel ! I(—=%0)/26)"| < C,

where in the first row j = 1,...,n while in the second j = 2,...,n and in both
cases e goes to 0 as N — oo uniformly over n.

Proof. Notice first that, by definition of bjy’n and hé-v’", we can recursively apply

estimates and and obtain
N, i—1 .V, N, N,
o011 S 03,1 (~F0) 2600 | 5 (~F0) 267"
1b; S en Iy ||(—3/’0)1/2[]j < (~ZLo) 20

Hence, we are left to estimate the right hand sides of the above for which we will
repeatedly use the fact that, for all j, G; > 0.

Let us begin with ||b"| and ||(—%)"/262""||, for which we have

162" 1% S 11(=20) " n(=A%) 1> = 2l|4]1 72z

where the last equality follows by Lemma2.5] Arguing as in (3.23)), it is not hard to
see that

1(=%0) 202" 1> S 1(=Zo[l + Graa (LY (=Z0)))) ™ 2n(=2) |1
< (=%0)™Pn(=2)|7 = {(=%0) " 'n(=A¢), n(~Av))
= 2((v), n(=A)) = 2/[¥ | F1 (g2 -

For |[h5""|| and [|(—0)"/2h5"

, we proceed similarly and, for a € {0,1/2}, we

get
(L) b3 2 < (= 20) o 2 S —— > = S :
2 - 0 ~log N |()4—4 ~ (log N)1—2
0<|¢|<N
from which the required estimates follow at once. (]

In order to prove (4.16), and especially Proposition [4.4] we need first to
introduce suitable functions. Let n € N and, for A > 0, ¢ be given as in (1.13). For
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j=1,...,nandt=0,...,7 — 1, let Gj’””_j be the function on [0, co) defined
as
(4.26)

1, ifi=0
1 o .
fN 1HZ 0 (TG ]+e(xe)]2dx01 1, ifi=1,...,57—1,

Gjhn+27j (ﬁl?) def {

where the functions G; are those in and A1 is the i-th dimensional simplex,
. i def d f i
ie. AL E {201 = (20, ,2-1) €[0,7) : 0< 29 < -+ <w_y <2} In

the following lemma, we derive the main properties of the functions G;L’”H*j .

Lemma 4.7. Letn € Nand, for A > 0, < be given as in (1.13) For] =1,.
andi=0,...,j —1, let G;r 25 be the functions defined in (4.26).
Then, for all n, j, i as above and x > 0,
(i) GF"2 7 (2) > 0 and G (0) = Limo,
(ii) fori # 0, the following identity holds

G+,n+2—j( )

(4.27) G+ e j(x) [1+ Gry1—jri(®)]?

(iii) we have the bounds

i—1
+ 2 ' :
(4.28) G (x) < (-1 fori>1
, i-2
(4.29) G2 ()| < L fori > 2
(1—2)
j—2 i—3
+,n42—35/_\V x T .
(4.30) G; @) 2255+ =gy fori >3
and the first and second derivative of G;r’nJrQ*j and the second derivative

of G; 2T gre uniformly bounded by 1.

Proof. Parts ((i)| and are direct consequences of the definition of Gj’"”fj
in and the non-negativity of the functions G';’s determined in Proposition[3.3}
For [(iii)] we exploit once more the latter facts to see that

i—1

1 T
GJF"JF2 I( / 5d@yi— 1</ dzi.-1 < .
APl H [1+ Gryo—jre(ze)]? APl (i —1)!

The estimate (4.29)) can be easily derived by (4.27) and (4.28)) while (4.30) can be
easily seen to hold thanks to Leibniz differentiation rule, (4.28) 1 i 4.28)) and (4.29). O

The next lemma establishes the main recursive bound needed in the identification
of the N — oo limit of the norms H(—&Pg)l/zfiv}" S,
whose proof is given in the subsequent Proposition

Lemma 4.8. Letn, j € N, 1 < j < nand G;’s be the functions given as in (3.11).
Forgy, go € L% let t) ) € T'L3,, be defined as in with Gy 12— replaced



32 WEAK COUPLING LIMIT OF THE ANISOTROPIC KPZ EQUATION

by G 4i+2—; and g replaced by g1 and gz respectively. Then, there exists a constant
C =C(n,j) > 0suchthat foralli =0,...,j — 1

(=G (LN (=) 2ot 8) — (=G (LY (—<0))%0)a1, 92)
(4.31) < Cenll(=%0) o[l (—=0)*as
where Gj’nJrZ*j is defined in and ey goes to 0 as N — oo uniformly over
n,Jj, .
Proof. To prove the statement, set H+ = G;“"H_j and H =1+ G494 and
define ¥V as in with © = 0. By Proposition@ and Lemma 4.7, both H and

H™ satisfy the assumptions of Lemma Now, by the definition of t)Y, a = 1,2,
we have

(—HT (LY (=2)) 2ot 6) = (FV st g1, ot g2) = (A gVt g1, 02) .
By (3-13), H is given by

~ €T + . z +7n+2_.7 A
H(z) = H™ (i) ’ :/ G; () _da;
(4.32) o H(xi) o [1+Gnyo—jri(zi)]
_ G;:lTlL‘f‘Q_] (%‘)/dx, G;:_?J’_Q J (.’13)

where the passage from the first to the second line follows by (4.27). Hence,
Lemma [3.4]implies that (4.31) can be bounded above by

(N gVl — G2 LN (~20))%0) g1, 82 S enll (=F0) a1 || (—0) Y ?g2]| -
]

Proposition 4.9. For any n € N, we have
G-ﬁvn—i—Z—j (¢) 12

. li _ 1/2 N,n 2 _ Veff 9
(4 33) Ngnoo H( go) bj ‘ (1 + Gn+1(0))2 2 ”w”Hl('Hﬂ) 9
i n 1 2
(34)  lim [(=%0) P07 = 56T ()
(4.35) J\}ij}noo<(_g0)l/25;}/,n’ (—if’o)l/thy’”> 0

where ([4.33) and ({4.35) hold for all j = 1, ...,n and ([4.34 -forj =2,...,n, the
functions G’s and G ’s are respectively deﬁned in (3.11) and (4.26).

Proof. To prove (4.33) (4.34) and (4.35), we apply Lemma |4.8| inductively on ¢
starting from ¢ = (. Recall that in this latter case, by definition (4.26) G+ m+2-j —

so that H(—%O)l/%?{’”HQ = <—G8L’"+2_j(LN(—SPO))&PO[J;\[’”, b;vn) and the same
holds for ||(—S£0)1/2f)§y’"|]2. Therefore, for j > 2, one gets
1(=%0) 26317 = (=G ™7 (LY (=%0)) %0) /0,21 1” + o(1)
1(=%0) 203" 1> = (=G 77 (LN (=%0))%0) /20,21 1” + (1)
(=20)b5 ", 05" = (=G (LN (= 20))%0)b577,557) + 0(1)




WEAK COUPLING LIMIT OF THE ANISOTROPIC KPZ EQUATION 33

where o(1) goes to 0 as N — oo (the error terms comes from the right hand side of
(4.31), with the norms being bounded via Lemmal4.6). Applying again Lemma4.§]

fori=1,...,5—1andi=1,...,5 — 2 respectively, one arrives at
4.36)  [[(=0)"?67"" 1> = I (— Gf TN (=£0))%0) 202 + o(1)
@37 [(=20) 207" 1P = (=G5 (LN (=%0)) %0) 203" 1P + o(1)

(4.38) ((—=0)b]"", 5"y = (G577 (LN (=) %0)by ™, 53" + (1)

where, as above, o(1) goes to 0 as N — oo (the error terms accumulate along the
recursion, but the number of steps does not grow with N). Here, is also valid
for j = 1 since in that case G;ﬁ”ﬂ =1.

Since bjlv’" is defined by the first line of (4.14) with a = 1, the first summand at
the right hand side of equals

(=G 27 (LN (— ) L0) 207" |
V2 o GNP
:Lﬁ‘ k2 2 J— 1
2 2 K e N R

kez2\{0}

and, since the quotient is uniformly bounded in N and 1) € H}(T?), we can apply
the dominated convergence theorem to pass the limit inside the sum. Both G+ "H —J

and Gy, 1 are continuous and, for fixed k, LV (3]k|?) converges to < as N — 00,
so that (4.33)) follows at once.

For the right hand side of instead we observe that h)" is defined by the
first line of (4.14) with a = 2 so that we have

(=G5 ﬂ(LN< Z0))%0)" 205" |12
MG* PRI (Je2)
2

e ; VI + Gt ()

|
)
A n+2—j
o G )
log N Jpz' " N7 2 2[1 + G (LN (N2[2]2))]2

| /LNm G (y)

2 Juvvey 14 Ga(y))?

where in the steps from the second to the fourth line we adopted the very same
strategy as in the proof of Theorem|1.3]to determine (3.26), and, as therein, o(1) goes
to0as N — oo. In the last equality we used also the identity (4.32). Therefore (4.34)

follows by recalling the definition of LV and taking the limit as N — oo.
At last, we have

(~GIP I (LY (~%0))%0) 5" 557) = 0

dz + o(1)

dy + o(1) = %Gjﬁ“—j(LN(n) + o(1)

as the Fourier support of bév "™ has empty intersection with that of f)év ™. Indeed,
while by Lemma 9*'(bév’”)(€,m) = 0 for all /,m such that / + m = 0,
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GJ([];V’”)(& m) # 0 only for £, m such that £ + m = 0. Given that the operator

G j_’2+2_j (LN (—<0))Z, is non-negative and diagonal in Fourier space, and there-

fore does not alter the support of the functions to which it is applied, the conclusion
follows at once. ]

We now turn our attention to the difference between fév ™ and %V . First, in
the next lemma we show that the cost at which we replace %]N with the operator

(—Z0)G (LN (—=%y)), vanishes in the large N limit.
Lemma 4.10. Letn, j € Nsuchthat1 < j < n. Let %JN be the operators defined
in (3.8) and G;’s be the functions given as in (3-11). Fors, 5 € FL?, let pN and
o™ be respectively defined as
de, _

o L (L[l + G (LY (~%0))) s

~ def 1~

PVE (Lo + H ) s
Then, there exists a constant C = C(n, j) > 0 such that
(4.40) | (=0)2(3" —p™)|| < C(I(~FL0) 2 = 5) | + | (=0) s

where ey — 0as N — oo uniformly inn and j. Further, ifs = sﬁfg ands = Qﬁfﬁ

for some g, g € FL??I, then, under the same conditions as above,

(a1 (=202 = ™) < C(1I(=0)"/2(6 — )l + el (~£0) 2all)

Proof. Notice first that follows immediately by and in Lemma[2.9]
so that we only need to focus on (4.40).
Similarly to the proof of Proposition , let Aj = =%y + %711\;27 jand Bj =

~%o — Gpya—j (LN (=%y))Zo. We add and subtract (—SL’O)_I/QAJ-_ls to the left

hand side of (4.40), use the definition of p?¥ and p* in and apply triangular
inequality, thus obtaining

1(==0)" 2N = p™M) | <Il(=0)*[A;" = B} Js|| + (=)' * 4715 — 9)]
=(I) + (II) .
For (I), we exploit and get
(1) = [1(=20)"2 451 [B; — Aj]B; sl < |I(=%0)~"/*[B; — A;1B; sl

(4.39)

where we used also the non-negativity of %yﬁ% jo Now, by Proposition and in
particular (3.10), we have
I(=%0)~"/*[B; — A;1B; 's|®
= ([~ %o — Gnya—j (LN (=%0))%0] B} 's, (—=%0) "' [B; — Aj]B; 's)

< enll(=%0) 2 B; ts|l[|(—<£0) /2By — A B; 4|
EN _ B eN B
< 5 I(=%0)7"%1B; = A11B;"s|* + -1 (~%0)' 2B s
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For N large enough, we can bring the first summand to the left hand side and
conclude that

(=50)~ 218 — A5]B; 81| S V/ENI (=) /2 B} sl < VAN (— o)~ 2s]

where the last inequality follows from the fact that —G,1a—; (LY (—%0)) %y is a
non-negative operator.
For (II), similar arguments provide the following bound:

(IT) = [[(=%0)* (=0 + H,Yo ) ' G —9)|| < [[(=%0)"/*(E — 9)]
so that follows by putting these two bounds together. O

We conclude this subsection by showing that, for n fixed and large N, bV = fjlv m
and BN = §)°" are indeed good approximations of 6™ = f*" and hNm = 2,
respectively.

Proposition 4.11. Let n € N be fixed. Then, for a = 1, 2, the following limit holds

(4.42) (=) 2Gm — s = 0.

lim ||
N—o0
Proof. Notice that it suffices to show that forall j = a,...,n

443) Jim (=)~ I = 0.

a,j a,j

We prove the statement for a = 1 (i.e. ffzv’" = bV'"), the other case being analogous.
By iteratively applying (4.41) in Lemmal4.10| we obtain

7—1
1(=£0) (62" — b ™) | S [I(—L0) /207" — b7 +en Y [[(—0)/26N"|.

J ~

r=1

Atthis point, recall that b and b)"" are defined by the first lines of (4.13) and (4-14)
respectively, with @ = 1. We can therefore apply (@.40) with p = b2 p = p'"
and s = § = g; given in (4.12) and altogether we get

(4.44)

j—1
1(=0) (6" — 6™ S en (|r<—szo>—1/2m|| +y H(—szo)l/%i“”n) :

r=1

By Proposition 1(=%0) /262" || < 1 (the constant hidden into “<” depends
on [|4)]| zr1(72) but this is irrelevant for our purposes) while ||(—%£o)~'/%g,||* =
21/63H¢H%11(T2). Altogether (4.43) and consequently the statement follow. O

4.4. Proof of Theorem and Proposition The goal of this section is to
prove Theorem [4.3] and Proposition We begin with the former.

Proof of Theorem[4.3] We focus first on (4.15) and Notice that, since each
of the b;v’"’s lives in the j-th homogeneous chaos, 7(1)) lives in the first and the
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different chaoses are orthogonal, we have
n
N, N,
0% () = n(@) 1> = 116" (m) = (@) 1> + Y (16"
=2

Thanks to Proposition [4.6] the sum goes to 0 as N — oo (and therefore the same
holds if we afterwards take the limit in n) so that we only need to focus on the first
term. By definition,

2

Veft

—1
1+ Gyt (LY (5]512))

163" () —n@)IIP = D (k)

kez2\ {0}

and we want to take first the limit as N — oo. Since the term in the second
line is bounded uniformly in N and moreover we have that ¢» € H'(T?) hence
Y € L?(T?), we can apply the dominated convergence theorem to pass the limit
inside the sum. For fixed k, LV ($|k|?) converges to ¢ as N — oo and by the
continuity of Gp4+1, we get

2

Veft _1

. N,n _ 2 _ 2 5 N
im0y ) = I = 19 | 75—

Hence, follows by taking the limit n — oo and applying (3.29)). On the other
hand, by Proposition for every fixed n, limy_,o0 ||[h™V™|| = 0 so that (@.17)
clearly holds.

We now turn to (4.16) and Let 2" be as in [@.14), i.e. fjlv’" = bV and

. Vi ge s . .
fé\]’" = hV'. By construction, f,"" lives in the n-th inhomogeneous Wiener-chaos
so that
N¢Nmn _ cpNgNn Ne¢Nmn _ cpNiNmn Ni¢gNn _ TNmn N¢Nn
£ fa _gna +&g+a,n_gna +S£n[a _fa ]+‘Qg+a,n

= —0a + £ [fa " —Ta ")+ A

where %V "™ is the solution of (4.10)) for a = 1 and (4.11)) for a = 2. Hence, by the
above and the triangular inequality we have

I(=0) 2 (VT ga ) | < (—520) 2N =T+ N~ 20) Y

We will separately deal with the two summands above, starting from the first. Now,
by the very definition of £ and the properties of £y, sﬂf and 1V determined in
Lemma 2.5} the following equality holds

n—1 n
s s N N N N
L[ =" = Lolfa " =TT+ ) o —Tag 1+ Y AN —Fa)]
j=1 i=2

where we used that #V¢ = 0 if ¢ is in the first chaos. The previous, together

with and in Lemma [2.9| implies that

1(=20) ™ 2L [ = 5a I S N (=0) 2152 = T lI?
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n—1
+ ) (=) T2 [ - H2+ZH o)~ 2A N — 5|12

S I1(=0) 2 [i2 = 52112

and the right hand side goes to 0 as N — oo by Proposition
We are left with the second summand. Applying once more (2:26]), we have

I(=20) "2t fa ”H St (=20) 250501
By Proposition [4.9and the bound (4.28) in Lemma [4.7] we have

G“ (o >||w|| o
1; _p\1/2p N2 HY(T?) ~ 2
fim_|(~20)! 252" = IG“ () % -
Novoo 10700 On il = 50 m =100 = o)
Since the right hand sides go to 0 as n — oo, both and follow at
once. U

We now turn to the proof of Proposition

Proof of Proposition|4.4] As an immediate consequence of Proposition and
orthogonality of different chaoses, we have the limits

n +,n+2—3
1/2p N2 _ ngf 2 ijl Gj—l ()

1i . 1/2¢ Nn 2 +,n+2— J
i |(—<£0) /2972 = ZG

lim ||(—<
N—oo

lim <(_$0)1/2BN,n’ (_go)l/QbN7n> _ 0’

N—o0

the last of which directly implies (4.21). Hence, it remains to argue the validity
of (4.19) and (4.20), for which we proceed as follows. For n € N, consider the

functlon Sn(z) = def Z LG 27T(1), Thanks to the definition of G;"*?77
and Lemmal4 . andm (iiD)} for every n and x > 0
(1) Sy (0 )—landSn( )>0
(ii) we have the bounds

x]2

< 1+ Z e and ‘Sn(m’ﬂ V ‘Sn(l’)”| S e’

(iii) the followmg relation holds

R a= e 10 B DA e ) Sp ()
510 = 2 T G T 0+ Gra@F 5 Gon @I

where we used that G(T mA3= =,
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Arguing as in the proof of Theorem [1.3]and using the fact, showed therein, that G
converges uniformly to G given in (3.28), we see that S,, and .S}, converge uniformly
on every compact set to S and S’, for S the unique solution to the Cauchy-value
problem

, S

=irgr  SO=1.

S is explicit and given by

S(z) = exp [jﬁx[1_+j§1y”2} ~ exp [jgx W)~ aar

Therefore,

lim S,(¢) = lim ZG+H+2 J =V2¢c +1=ry.

n—00 n—oo

Now, since G(¢) = v/2¢ + 1 — 1, we immediately deduce that

Sn(c) o Veft
1+ Gnri(e)? 2

lim hm 1(=<0) /262 =
n—o00 N—

so that (4.19)) holds, and

@wmwwm(

S, -1 -1
lim lim |[(=%)Y26""||? = lim n(e) _ eft
n—o00 N —o00 n—00 2 2

which concludes the proof. U

5. THE CONVERGENCE

The goal of this section is to prove the main result of the present paper, namely
Theorem 1.4} but first we need to recall some preliminary facts.

For N € N, let A"V be defined as in (1.7). Recall that u™¥ € (—A)/2pN and
AN (0) respectively solve (2.1)) and (2.11). Ito’s formula ensures that for 7’ > 0 and
all t € [0, T the following equahty holds for any smooth function f, say with a finite
chaos expansion,

(5.1) u /3N Nyds = AL,(f)

where Jl(f) is the martingale given by

(5:2) A S [k Difud ) dBy (k)

kez2\{0}

whose quadratic variation is

(5-3) t—/ Z k| | Dif(ul \ds

kez2\{0}

We will apply these formulas especially in the case | = fév ", a = 1,2, where the

latter is defined according to (4.14). We start by studying the behaviour of the
martingale in and its quadratic variation in (5.3)) in these cases.



WEAK COUPLING LIMIT OF THE ANISOTROPIC KPZ EQUATION 39

5.1. The martingales. In this section, we focus on the martingale (5.2)). Our goal
is to prove the following theorem which on the one hand shows that, as N — oo, its
quadratic variation in converges in mean square to a deterministic function of
time, while on the other determines the limit as first V and then n — oo of such a
function.

Theorem 5.1. Let ¥ € 6€°°(T?) and define 1y and v according to (1.19). Let
N Y pNn 4 gohVom = f{v’n + 1/J0fév’n and M (FN") be the martingale defined
according to with quadratic variation (M.(F¥™)); given in (5.3). Then, for all
t > 0 the following holds

(54) Jim Var(((5%"))1) = 0
and
(5:5) T lim BILGY))] = 0 x (v 90 — 0F).

Remark 5.2. Note that, because of v > 1, the r.h.s. of (5.5) is indeed positive.
The reason why the quadratic variation has the extra factor —t¢8 with respect to that
of MY (see (4-3)) is, roughly speaking, that the latter also contains a term v By (0),
which is the independent standard Brownian motion appearing in the equation (2.1 1))
of the zero mode of hY. This issue is further expanded in Section below.

We begin by proving (5.5), which is direct consequence of Proposition The
proof of (5.4) is much more involved and is deferred to Section 5.3}

Proof of (5.5). Notice that by (5.3) and the definition of the energy €%, we
have

B[(4L. (7)) = /0 E[ Y [ (D" ()]s = tE[8Y ()

keZ?

= 21| (=%0) /21"

where in the last step we applied (2.22)). Notice that
1(=£0) "2 (0™ 4o ™) |12 =1 (—=L0) /2072 + 4 | (—Lo) 2™ "2
+ 21/}0((_30)1/26N,n’ (_go)l/QhN7n> )
The double limit of each of the summands at the right hand side was determined

in (4.19), (4.20) and (4.21) in Propositionand gives exactly 3 (verr || ¥[|2, (T2) —)
(see (1.20)), so that (5.5)) follows at once. O

5.2. Proof of Theorem Before turning to the proof of Theorem|[1.4] let us give
two statements which are immediate consequences of Theorem [4.3]and the It6 trick,
Lemma

Proposition 5.3. For N € N, let u™ be the unique stationary solution to (2.1)). Let
n € Nand f)"", a = 1,2 be defined according to {@-14). Let g € {g1, g2}, where
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) . N .
the g.’s, a = 1,2, be those in [@.12). Then, the process R, " (u'") given by

t
(5.6) " (uN) 2 / NN (N ds + / ga(uN)ds

is such that for allp > 2 and all T > 0

1
(5.7) lim hmsupE[ sup ‘gﬁa (u )mp —0.
O N—oo  Ltel0,T]

Proof. Notice that by the It6 trick, in particular (2.19)), we have

N,n P 1
E[ sup |2l @) S 1(-20) 2 (2NN + 00 ) |
te[0,T
which, by (4.16)) and in Theorem[4.3] converges to 0 in the limit N' — oo first
and n — oo after. U

The following immediate corollary shows how to rewrite the O-th Fourier mode
of A" in terms of u"V and the observable hV:".

Corollary 5.4. For N, n € N, let YN be defined according to with go = ni.
Then, with R given by (5-6) and (V') the martingale defined in (5.1)),

(5:8) Y (0) = (0) = 0" () = 0" () +- ™" (u) + o) 4 By (0)
Proof. By (2.11)), we have

t
A (0) — / N [ulN]ds + By (0) —/ nY (ul¥)ds + B4 (0).
0
Applying to f2 " = pN:" and exploiting (5.6) we obtain

t N,n
/0 ng (ul)ds = 6™ (n) = pN () + R) (u) 4t (57
from which the statement follows at once. |
We are now ready for the proof of Theorem

Proof of Theorem[i.4} Let T > 0 and h a limit point for AV in C([0, T], 2/(T?)),
which exists in view of Theorem [2.3] To establish the theorem, we will prove that
h satisfies the Martingale Problem in Definition for which we need to verify
that the processes (¥ and I'Y defined in and respectively, are (local)
martingales. The latter in turn follows, once we show that forall0 < s <t < 7T, all
U € 8°°(T?) and all bounded continuous function G: C([0, s], 2'(T?)) — R we
have

(590 E[(0.0)Glhlp,g)] = 0=E[(6.17)GlhI)]

where from here onwards, to compactify the notations, we will denote the time
) . . def ) . .
increment of a generic function f by d, . = f, — f, and its restriction to an interval
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[0, s] by f1}g,)- Let us begin with the first equality, which holds if

(5.10) B[ (8,0 )G(hlg)]

— lim lim E [((gﬂu. (6V) 4 g8 ML (6) + 190, B. (0)) G(hY r[ojs])} :

n—o0 N—oc0

where bV'", hV" are the observables defined according to with @ = 1 and
a = 2 respectively. Indeed, since B(0) is a Brownian motion and both .t (6™V7)
and 0 (h™™) are martingales, the expectation at the right hand side equals 0 for all
n, N € N,

Set as usual u = (—A)'/2h and, with the notations introduced in (i.1g),
gives

t
Sy gl = 8 1h. (T) — 2 / he(AT)dr

= 8, qu. (1 / LT, (P)dr 4 1 .41 (0) .

We now want to replace « and h in the expectation with «¥ and A"V. To do so we
proceed as in the proof of [GP20, Theorem 4.6]. Note that if Fy, F, € L?(n) and
F5 is a bounded cylinder function, then

li]{[nsup ‘E[F1(UT)G(hf[o,s})] —E[F (u))G(hN 4] ‘

< E[|Fi(ur) — Fa(uy)|] + limsup E[|Fy (u)\) — Fo(ul)]]

N—oo

(5.11) + limsup [E[Fa(u) G(R1j0.9)] — B[Ba(ul)G (" .9 |

N—oo

1 1
S Bl (ur) = Falu) ] + limsup E[| Ay (u) = Fa(u)*]* = 2]y = P
—00

where 7 is either s or ¢, in the first step we used that G is bounded and, in the passage
from the second to the third inequality, that 2"¥ converges in law to h to conclude
that the third summand converges to 0. We also employed the fact that the law of u”
for fixed r is independent of r, V. Since we can approximate arbitrarily well general
elements in L?(n) with bounded cylinder functions, it follows that the right hand
side of is arbitrarily small and therefore the left hand side is zero. Hence, the
left hand side of (5.10) equals

lim E[ Ssqul¥ /geﬁ N >G(th[o,s])}

N—oo

(5-12)
o ngnooE[(ss,thN )G Ij0.)]

and we will separately consider the two summands. For the first, we need to substitute
u™ () with bV and L§Tu? (1) with 2V 6" (u). To do so, Cauchy-Schwarz
inequality and boundedness of G give for r € {s,t}

(513 [} @) - oM @) G0N 1) | S () - eV ).
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and by (4.15) in Theorem[4.3] the right hand side converges to 0 as N — oo first
and n — oo after. On the other hand, (5.6) applied to b™'" implies

t t
/ 2Tl ( — / a1 (uN)dr = / NN (W) dr — 5., R (uN)
S S
where g1 is defined in and, arguing as in (5.13)), we have for all r € [0, ¢]

aa B[R @) G0Ny SE Les‘é%] ™ N)ﬁ g

and, by (5.7), the right hand side converges to 0 if we let N — oo and then n — oc.
Hence, the first summand of equals

lim E[<557th’”(u,]V ) — / t NN (N )dr)G(hN r[o,sl)]

N—oo s

up to an error term which is controlled by the right hand sides of and (5.14)).
Since further the first summand of is independent of n, we can take the limit
for n — oo and, by 1t6’s formula applied to b™'", we obtain

lim E Stu / LUl (4 )G(th[O,s]):|

N—o0

= lim lim E[(ds,t/ﬂ.(bN’”))G(hNr[o,s])} ~0.

n—o00 N—o0o

It remains to treat the second summand in (5.12)). Setting ¢y aside, thanks to
Corollary it equals

lim Jim B[ (= 800" (@) + 8,20 (u)

n—o0 N—oc0

+ 5571‘/1/”4/([)]\[7”) + 5s,tB(0)>G(hN r[O,s}):| .

N,n .
Now, the term containing the increment of RO (uN) can be treated as in (5.14)
and therefore does not contribute. The same holds for the first summand, since we

can argue as in but using (4.17) in Theorem[4.3] Hence, follows and
so does the first equality in (5.9).

We now turn to I'Y, for which, using arguments similar to those exploited above,
we obtain

E [(55,tF?>G(hf[0,s])}

(5.15) = lim Tim B[ (0,02 = v (t = 5) 192202, ) G0V 0 )|

n—00 N—o00

= lim lim E[<5st</“Nn> — Vef (t — )H‘I’HLQ T2 )G(th[QS])}

n—00 N—o00

where we have set

A () 4 o (6 ) + By(0)) = Ma(6™ + b ™) + 0 B(0)
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and, in the last step, used that, by definition of quadratlc variation, (J™"™)2— (™™,
is a martingale. Notice that by construction both {u” (k)};o and {B(k)}x. are
independent of B.(0) so that the quadratic variation of (""" is given by

(5.16) (MY = (M (6N 4 1poh™N ")) + 43 ¢, forall ¢t > 0.

By (5.4)) in Theorem [5.1] we can replace the quadratic variation by its expectation,
so that the limit in equals

E|G(hlp)| Jim tim (B[N} = ()] = v (t = )] ) =0

—00 N—o0
and the last equality follows by (s5.5)) and (5.16). Hence, both equalities in (5.9)) hold
and the proof in concluded. U

5.3. The variance of the quadratic variation. Notice at first that, using (5.3), we
can write the variance of the quadratic variation as

(5:17)

t 9 1/2
Var(at ()0 = B| ([ 5% as)’| g o2 g

0

where the last inequality follows by (2.19)), 3" is the cylinder function given by

n def ,n n
(5.18) VM D RPN )P = E[|Dg" () ?])
kez?

and the Malliavin derivative Dy, was defined in (2-15). Since f¥" = PR ij o,
FV"(n) can be written as

519§ = > TR Y Y W

J1,52=1 J1,Jj2=1 keZ?

n
def N N N N
SN S P (e D" () — B[ DA ) D" (n)] )
J1.j2=1 keZ?
where we used the fact that (Dy f(n))* = D_xf(n), if f is real-valued. In view
of (5.17), (5.4) follows once we prove that lim y_, ||(—%o)~*/2FV"|| = 0 at fixed
n. Hence, it is sufficient to show

. N,n
(520 Jim =) = 0

separately for every ji, jo < n.

Up to this point, we have not used the definition of fj-v’" and it is time to do so.
Recall that fV'" = fjlv’n + @bofév’n with fiv ™ defined as in (4.14), with a = 1, 2. As
a consequence, to prove it is enough to show

: 1/2~N, N 2~N,
(5:21) J\}gnoon( %o)” ! 3(11731 jaz J2|| =0, a17]l17a2 g2 Z’ | SmZLaz,Jz,

for every ai, ag € {1, 2} where Sal Jiiass @ and Scjx 21 s ]2 . are defined similarly

to F P 3" s i i (5:19), with the only difference that V- oy ,fg "™ are replaced by
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fﬁ’?l : fa2 "+ Recall from (4.14) that f " is zero unless a < j < n, so that
has to be checked only for a; < 57 < n az < jo < n.

Before proceeding, we need to recall a couple of useful properties about Wick
polynomials : 7j(p1) . .. 7(py) : in the specific case where 7 is a white noise, so that
holds (see [Jang7, Chap. 3]). Let us begin with the following definition.
Definition 5.5. For n, m € N, we will denote by 6[n, m| the set of collections
G of disjoint edges connecting a point in V" & {(1,4):i=1,...,n} to one in
Vi ¥ L(2,0): 5 =1,....,m}and by V[G] the subset of vertices in V” MUV,
which are not endpoints of any edge in G.

If a random variable f € .7Z;,,n > 1 is written as

= Z fn(plsn) : ﬁ(pl) . ﬁ(pn) :

Plin

with a symmetric kernel f and Dy, is the Malliavin derivative (2.15), then

(5-22) Dif(m)=n Y falprn-1,k) :0(p1) - A(pn-1) : -

Plin—1

Further, with the conventions of Definition|s.5] the product of two Wick’s polynomials
is given by [Jang7, Th. 3.15]

523) [ A= [T aw):= Do I Tem—m: IT fipo):

veV" veVym Geg[n,m| (a,b)eG veV[G]

Since Wick products are centered, the expectation of the left hand side of
consists of the sum of the terms such that V[G] = 0, which is possible only if
n=m.

We now get back to

def SN
a1,j1;02,j2;k

GO

in (5.21) where we dropped the indices n, j1, j2, a1, as of SCJX”}I.QQ ok since these
arguments are fixed, and we will keep only the dependence on k, which is summed
over, and N over which we take the limit.

Using the properties of Wick products introduced above, one can write

3 (n) = juj Z Src)

Geg[jjfl,jgfl]:

V[G)£0
ef . . “N.n
524) =12 Y [ Tewm—of20 (Chvi, ol (Clva —k): T (€
Gy (a,b)EG veV[G]

where in the second line the sum runs over G € €[j; — 1, jo — 1] such that VIG] # 0
and ¢, € Z*\ {0}, v € V19, and we adopted the notation /|y, o (Ly)vev; and
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we set V] = Vljl_l,Vg = V2j2_1,V172 = V1];12_1’j2_1. Since the cardinality of
€[j1 — 1, j2 — 1] does not depend on N, to prove it is enough to prove

(525)  lim (-2 EI =0, FEE YT KPS
kez?
for every G € 6[j1 — 1,jo — 1], V[G] # 0.

In order to see that (5.25)) holds true, we need to exploit the specific form of the
fN '™ and are therefore forced to distinguish two cases: either both j,,x = 1,2 are
strictly larger than a,, or at least one of them equals a,. We will start with the
former, which requires the most work.

5.3.1. The case j1 > a1, j2 > az. Fixa=1,2and a +1 < j < n. Then, with S;
the set of permutations of j elements,

P (—o[L 4 Gy (LN (~%0))]) Y100

A 2

a,j—1

(5.26) =
VIEN 22 o) TP G O (P2
J
! Z o(1)s fa@) o) +ls 2)|faj 1(lo(1) T o), lo@)ya(y)):] | 106
o€S; i=1

and the coefficient of : HZ 177( i) deﬁnesf "(ly), e

51 J Z fa o (41:5) g
o€S;
o N
(5.27) e 12 Kb 1ty o)) T lo()]
F'VIog N |15 21 + Gro—j (LN (161:5]%/2))]

sNon
X faj-1Uo() + Lo(2)s lo@)0(i)-

G’GS]'

This whole expression should be plugged into the definition of SG, both for fal i
and for fa i, Since the cardinality of .S; does not depend on IV, to obtain it
is sufficient to show that, for every o(!) € S;,,0(?) € S, one has

(5-28) m 1(=%0) 728 sy | = 0

where

3G0<1>a<2>d—ef§:\/€!2 > I te-——

£,€22\{0} (a,b)eG
”UEV1 2

§Non SN
x fal»jhd(l) (Clva k)fasz,a(?) (€lvas — H
eviG
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To continue, we observe that

(~%0) " i(a1) .. ﬁ(q@zzzijwzva(ql)...ﬁ(qn):.

Altogether, this implies that

(5-29)
II(—Sfo)‘”QSgU<1> ol

=23 kPP S (T =g ) TT ) TT a6
veVIG)

k' 6,0, (ab)eG L=b" T uevig)
v€V1 2
sN.n sN,n sNn
fahh o) (6’\/17 2l a2 J2,02) (E‘V27 _k)fahﬁ ol (avl k/) az J2, 0(2) (€H/2’ _kl)

ZUGV[G} ‘EU‘

In order to express the expectation above, let [G] be the set of bijections of V[G]
to itself which we think of as a set of edges whose first endpoint is in V[G] and the

second in an identical copy of V'[G]. Then, by the observation just after (5.23), we
have

E[ I #t): IT ace) } > I e,

veVIG] veVIG] PeP[G] (vyw)eEP

Once more, note that the cardinality of %[G] is bounded independently of N so that
it is sufficient to show that, for every P € P[G],

(5-30)
SSEE S TT tig IT te-
kK 0,0, (ap)eG ta=Y% (vw)ep
veEV] 2
N, SN, :N, 2N,
fa13170(1> (v, k)fazynjza(?) (€lvz, _k)falzl,a(l) (€| ) G,QT_;Q o(2) (EK/Z’ _k/)
ZveV[G] |€v‘2

tends to zero as N — oo.

Since in we will take absolute values and we want to take the limit N — oo
for the j;’s ﬁxed in the definition (5.27)) of fa i » we can drop the factor 2X/j!, we
can bound %V with the indicator functlon of its arguments being smaller than N
and neglect the functions G,42—;’s, as they are positive. Therefore, we need to show
that for every j1 > a1, j2 > a2, G € 6[j1 — 1,72 — 2] with V]G] # 0, P € P[]
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and permutations ¢(1), ¢(2), the quantity
(5:31)

CRPIEP
logN2Z Z 5 H o=, H  —

k' 0y, 0, —VEVIC] 16 (ab)ea ta==b (vuw)epP
v€V12

tay o (Uvis B) by, sy o (Clvay —k) by, 1 o (Ll B to, 5, o (€l —K)
(€lva* + &) (lvel* + P (L1, 12+ R P (L, 12+ TR2)
tends to zero as N — oo, where
(5-32)
tajio(@1:5) Z 0o(1) + do) | 1Fa 1 (Go(1) + Go(2) 45(3):0(1)) L1y g (2) <N -
To make formula more readable, let us introduce the following conventions.

Let G be the graph given by an identical copy of G whose vertex setis V3 4 o VauVy
def

where V3 < {(3,4) :i=1,...,j1—1}and V; = {(4,4) :i=1,...,jo—1},and
whose edges are such that ((3,a), (4,b)) € G iff ((1,a), (2,b)) € G. Accordingly,
we view P as a bijection from V[G] to V[G], i.e. as the set of edges connecting a
variable p(,, ;) for u € {1, 2} with another variable p, ;) with v € {3,4}. Then, we
set

(5.33) yEGUGUPU{((1,0),(2,0)), ((3,0),(4,0)},

which is the edge set of a graph whose vertices are those in V' o VipUVzaU
{(u,0):u=1,..., = 2(j1 + j2) and which has j; + jo edges. We redefine
the momentum variables ¢, ¢’ by introducing P(uyi)s W= 1,...,4 where p( ; &« Ly,

D(3.4) € forv=(1,i)andi < j; — 1, and D(2,4) = P(4,3) £ forv = (2,i)

. . def def
andi < jo — 1, and D(1,0) = —PE20) = k and D(3,0) = —P4,0) = k'. Then (5.31)
reads

1
(logN p(zu;) Z (u,0)EV[G] |p(ua |2
(u,0)eV

(5-34)

[P0y |1 (P(w))|
X H P(u,i)="P(v,5) H 0 )

(<u,z'>,(v,j>>@ o bwP
and in Figure[i|we provide graphical representation to which we will refer throughout.
Here, for each (u, i) € V, p(,;) takes values in 72\ {0} with the additional constraint
that | P(uyi) | < Nif D(ui) 18 one of the eight variables inside one of the blue rectangles

(this comes from the indicator in (5.32))). Also, we introduced the shorthand notations

D(u) = (P(u,0)s - - - > P(u,ju—1)) and

def
(535) tu ; tau,ju,o'(“)
where

(5.36) g =jiforu € {1,3} and j* = jo foru € {2,4}
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P(1,0) Pay Pa.2) P@ji-1)

1
. » t'(p))
A ’
v ’
N ’
\‘ .
/
P2.1) P2.2) P(2,52-1) N y
A 5
o e Y t*(p)
. I
A ! ’ A
\ 1 ’ v
\ 4 A \
\ 4 ’ N
P(3,0) YZERVIRY ,/ ’ ‘\ P(3,1-1) 5
' ’
! . t (p(g))
1
: .
P(4,0) Py 0 P(4,52-1) .
. . t4(pay)

FIGURE 1. A graphical representation of formula for j; =
6,72 = 4. Each of the four horizontal strings of dots represent
the vertices in V7, ..., V4 and to each line we associate the corre-
sponding factor t“. An edge connecting two dots means that the
variables labelled by the two endpoints coincide modulo a sign
change. Thick edges correspond to edges in G, G (note that they
are repeated identically in the first and second pair of rows) while
dashed edges correspond to edges in P. There is necessarily at
least one dashed line, as V' [G] is non-empty. In fact, the collection
of endpoints of dashed lines in the first two rows is exactly V[G].
The two dotted edges are present in every Feynman diagram -y
and encode the conditions p(1,9) = —p(2,0) and p(30) = —P(4,0)-
Finally, the positions of the rectangles depend on the permuta-
tion o and correspond to the variables which are added up in £(0)
(see (5.32)) - for instance, in the first line they represent p(; o) +p(1,1)
in t1) (P(1)) = t4, j, o (P(1))- Rectangles can either contain one
of the variables p(, ), v = 1,...,4 (as in row 1) or not (as in
row 2). Note that the two vertices contained in a rectangle are in
the same row but need not be adjacent, although for clarity of the
pictures we will always draw cases where they are.

and an analogous definition holds for o(*) a®.

We call I'[j1, jo] the set of all allowed Feynman diagrams (this includes the
constraint that P is non-empty), whose graph + is necessarily of the form (5.33).
Altogether, up to now we have proved the following proposition.

Proposition 5.6. If (5.34) converges to zero as N — oo for every v € I'[j1, j2],
then (and hence (5.21))) holds with j1 > a1, j2 > as.

It is important for what follows to note that, when applying the definition
of tq,0(q1:;) for instance to t, ;. ) (p(1)), it may happen that the two summed
variables ¢,(1) + ¢,(2) (i.e. the variables in the rectangle of row 1) are two of
the variables p(; ;),¢ > 1, or that it is the sum of p(; o) plus one of the variables

P(1,i),¢ = 1. This depends on the chosen permutation o) In fact, we are going to
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estimate the Feynman diagrams differently according to the number < € {0,...,4}
of indices u = 1, ..., 4 such that the variable p(, () is contained in the rectangle
of row u. We denote by I';[j1, j2] C I'[j1, o] the set of Feynman diagrams such
that the quantity of u € {1,2, 3,4} with the property that p, ¢y is contained in a
rectangle equals . Actually, since the positions of the rectangles in rows 1, 2 is the
same as in rows 3, 4, only the values k = 0, 2,4 can occur. The crucial estimate is
the content of the following proposition.

Proposition 5.7. Let j; > a1, jo > ao. Forevery diagramy € T';[j1,j2], K = 0,2,
(5.34) is upper bounded by an N -independent constant times

1 /2N 12§V 2
(5:37) WH(— (1) I P RICED fagjo—1ll-
If instead k. = 4, then (5.34)) is upper bounded by the supremum of 1/(log N)? times
N, N,
(5:38) 1(=0) 2505, 1 P (=£0) 250,75, o 2

and the product (5.38) where, in at least one of the four norms ||(—%o)*/ 25

the operator (—go)% is replaced by 8, which in turn is the diagonal operator whose
Fourier multipliers o = (o), act as

a; .71_1H

ef ‘kﬂ' ‘2 n
(5:39)  onl(kin) o Z I ((1))| , ks € 22"\ {0}, forall n>2
TESR (2

while 0, = 0,n < 1.

The proof of these estimates is a based on a very elaborate and iterative procedure,
and it is deferred to Section

Remark 5.8. The most challenging case is k = 4. We will see that in this case, the
denominator Z(u Q)eV[a] P(u,a) |2 - due to the existence of at least one dashed line
- is crucial in the estimate Recall also that this denominator originates from the

operator (—%y) ! in
We need the following estimate concerning the action of the operator §, whose
proof is deferred to Appendix
Proposition 5.9. Foranya =1,2, n € N,a < j < n one has
. 1 . Nn
| Szf | = 0.
Jim (S 30

In Section[5.3.3] we will show how the previous estimates imply (5.25). Before
doing that, we need to consider the case where j; = a; and/or jo = ag, that we have
left aside for the moment.

5.3.2. The case where j1 = aj and/or jo = as. In this section we consider the
case where either j; = aj or jo = ag, or both. Recall that we need to prove (5.21).
Note that the case j; = a3 = 1 = ao = j2 is trivial: since fjlv’ln belongs to the first
Wiener chaos, Dkfjlv’ln is a constant and one sees immediately from its definition

that §; 1, 1 1,1 vanishes identically. Note also that if a; = j; then the function fal i
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that appears in the definition of 3a1 i11a.ap 1S given by the first line in so that
(recall the definition of g1, go) its kernels are

N,n 77;( )
. 1 (k) = ve
(540 i) =G N )
and
A~ %N —
(540 Pk k) = Awli—g, i

k1 2(1+ Gn (LY ([k1]2))) 7

respectively. One can first of all deal with the case where both a; = j; and as = ja.

... N
Proposition 5.10. One has §5 54 ;1 =0,

1/2 2 <
||( ) / 32 2,1,1” ~ ] gNHQ/’HHl (T2)
and
o
(log N)*
These bounds follow from a direct computation, using GG, > 0 and the explicit

expressions of the kernels (5.40) and (5.41)); we omit the details.
The last two cases that can occur are

1(=%0) " *Faizz2l* S

e j1 =ay = 1landjo > az (orjo =az =1, j1 > a1);

e j1 =a; = 2and j2 > as (or jo = az = 2 and j; > ay).
ar
of %lem is given by (5.40), while faz’jQ is given as in (5.26). Proceeding as
in Section|5.3.1} one can derive a bound for || (—&PO)_%Sﬂ?aQ’j,Z |? as a sum over
diagrams y € I'[1, jo], whose terms are similar to (5.34)). The diagrams v € I'[1, ja]
(see Figureleft for an example) have a simpler geometry than those in I'[j1, jo]
with 71 > a1,j2 > a9, introduced in the previous section. Note first that the
graph G € G[j1 — 1, jo — 1] (see (5.24)) in each v € T'[1, jo] is empty, because
J1 —1 = 0. As a consequence, in the left drawing of Figure[2] there are no thick
lines between the first and second (or between third and fourth) rows. This implies
that V|G| = Vo = {(2,4),i = 1,...,j2 — 1}. For the same reason, the first and
third row contain a single vertex, which are p(; ) and p(3 ), and there are rectangles
only in the second and fourth rows. The analog of is then the following upper

We start with the former. In this case, the function f that appears in the definition

bound on the contribution from v € I'[1, jo] to || (—Sbf’o)_%&ff’l?amz II?

logN Z

Pu,i) Z(ua Q%) |p(ua |
(u,i)eV

f
X H Ly iy==pw. H M H |f

((u,),(v,5))€y u=2,4 u=1,3

(5-42)
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P(10) P(10) Py

P@.1) P2,jo-1) 22—1)

Pa,0) P,y P.jp—-1) Pa,0) Pa,1) P,j-1)

Ficure 2. Left: A Feynman diagram in the case j; = a; = 1
and jo = 4. In this example, the rectangles do not contain the
vertices (2,0), (4,0), that is, x = 0. Right: a diagram in the case
j1 = a1 = 2 and jo = 3. The horizontal dashed lines in the
first/third rows indicate that, because of the form of the kernel of
fé\f 3" (see (5.41)), the two variables at the endpoints take opposite
values.

Note that the prefactor (log V)2 of (5.34) is replaced here by (log N)~!, because
the functions levl have no logarlthrmc factor in front. The direct analog of
Proposition [5.6]is the following.

Proposition 5.11. If (5.42) converges to zero as N — oo for every v € T'[1, ja]
with jo > ao, then (and hence (5.21))) holds with j1 = 1, jo > as.

In order to bound the sum in (5.42), again one has to distinguish diagrams -y
according to the number x € {0, 2} of rows with index u € {2,4} such that the
rectangle includes the vertex (u,0). As a result, we have the next proposition.

Proposition 5.12. If j; = a1 = 1 and jo > ag, for diagrams v with k = 0, (5.42)
is upper bounded by

1 n
(5.43) 120 250, Pl ey

If instead k = 2, then (5.42)) is bounded by

1 Nn
190y > e | = (=500 2007, 2 IS0,

Finally, we consider the case where j; = a; = 2 and j2 > ag. In this case,

the function fév 5" that appears in the definition of 39[ énp a, 18 given (5.41) and

fi\;’zé is as in (5.26). Once more, we bound ||(— &/’0)*532 Sen g2 |2 as a sum over

diagrams 7y € T'[2, jo|, an example of which can be seen in the right drawing of Fig.
The first and third lines contain just two vertices, p(1,0), P(1,1) and p(3 0, P(3,1)
respectively. Because of the indicator function in (5.41), one has p(; o) = —p(1,1)
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and p(30) = —Pp(3,1)- The analogue of (5.34) and (5.42) is then the following

1 1
(5-44)
IOgN P(u,i) Z(u,a)EVQ ‘p(u,a)‘Q
(u,p)eV
|pu0 Hf p(u)
< II  Ywo=—sen II =5 52— 11 125" s D(u1))]
((uri)’(vvj)) vy u= 24 u= 13

and the direct analog of Proposition[5.6]and holds.

Proposition 5.13. If (5.44) converges to zero as N — oo for every v € I'[2, jo]
with jo > as, then (and hence (5.21))) holds with j1 = 2, jo > as.

Finally, the sum in (5.44)) admits the following bounds.
Proposition 5.14. For eacy v € T'[2, j2], jo > ag the sum in (5.44) is bounded by

N
H( 1/2 (127‘;2 1”2 .

log N

The proof of Propositions[s.12]and [5.14]is very similar (but simpler, because the
Feynman graphs involved are simpler) to that of Proposition|5.7] so that in Section
we will only focus on the latter.

5.3.3. Proof of (5.4). As argued at the beginning of Section [5.3] it is enough to
prove (5.21)) for every aj,as € {1,2} and a1 < j; < n, as < jo < n. The cases
J1 = ag and j2 = ag are covered by Proposmonn o|since ¢y € H 1(11“2) When
instead j1 > a1, j2 > ag, by Proposition [s.6] it suffices to show that (5.34) tends
to zero as N — oo for every v € I'[j1, jo|, which in turn is a consequence of the
estimates in Proposition [5.7] In fact, if 7 € T'xlj1,j2], & = 0,2 we note that the
two norms at the right hand side of (5.37) are bounded uniformly in N in view of
Proposition ﬂ 6| (recall that fiv is elther bV or V", according to the value of
a) while the prefactor tends to zero. As for the case K = 4, we use the additional
information provided by Proposition 5.9

At last, for j1 = a1 = 1 (resp. j1 = a1 = 2) and j2 > ag, by Proposition|5.11]
(resp. Proposition[5.13), one has to prove that (resp. (5.44)) tends to zero as
N — oo forevery v € I'[1, jo] (resp. v € T'[2, j2]). This time we apply the bounds
in Proposition (resp. Proposition and argue as above.

This concludes the proof of (5.4)), assuming Proposition Proposition [5.12]
and Proposition|[s.14] the first of which is proven in the next section.

5.4. Proof of Proposition The main source of difficulty in bounding is
represented by the factors |p(, )|, u = 1,...,4, and the summed variables in the
expression of t* in (5.32), which need to be counterbalanced by the denominators
in (5.:34). Foru =1,...,4let (u,il), (u,i2) be the vertices in the rectangle of row
u and define the triplet of variables x(, as

def

(5-45) T(u) = (p(u,o) 1y Pluyil)> p(u,z‘g)) .
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At first, we bound |p(,,) 2> | () |2 so that (5.34)) is bounded from above by

1 1
(5-46) 3 E 2 | | Lpny=—p(.s
(log V) ~ > ’

vevia) [Pyl ((usi),(v,5)) €y

u + uz u7, + ’LLZ u
XH|P(0HP D 2H5 (p( 1y T+ Pui2), P ()\%)’

ENE 1P, if) bP G, i2) SV

u=1

where (see (532) and (533)) s* = fo."h_; and T, = {(u,iL), (u,i2)}.
At this point we look at the edges of 7 (see (5.33)) and split them into three
disjoint families:
o the “undirected edges” U with vertices V7, whose endpoints do not contain

variables from any of the triplets z(,), u =1,...,4,
e the two “special edges” S with vertices Vg that connect variables p(,, o) and
P(v,0)> U # v,

e the “directed edges” D with vertices Vp, that are all the others.

In order to control (5.46), we will bound the sum over each of the variables p(, ;)
first those that are endpoints in U, then D and finally S. We will separately treat
the cases x = 0, 2,4 and we proceed in increasing order of difficulty, starting with
x = 0. We refer to Appendix [C|for an illustrative example of the estimates to come.

The case kK = 0

In this case, the ratio (3_, ey [Pv |2)~1 and the indicator functions play no role:
since all the variables involved are different from 0, we simply bound them by 1,

thus reducing - ) to

1Og (log N)? Z H Lptuy==pe.
v (i), (0.9)) €
(5-47)

4
H (u,0) |p(u al) +p (u,a2) H5 ( L) +p(u,z%)¢p(u)\°Vu>’
i} | () \2
Now, the variables p(,, ;) and p, j), u # v, whose indices are vertices of an edge in

U, appear only in s“, sV so that we can bound the corresponding sum simply using
Cauchy Schwarz, i.e.

4
DR [ [ Fr— ] e COr I O]

Iy () (w)eu sl
(5.48) A 1
2\ 2
H( D 15 Pty + Py Py ) :
u=1 P(u,i)
(u,i)eVy

Notice that the functions at the right hand side still depend on all the variables
whose index is not in Viy and not anymore on those whose index is in V7, and the
number of remaining variables is bounded uniformly in j;, jo. It is important to
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. L4

- ;

FiGURE 3. Two examples of graphs in T'g[j1, j2],71 = 7,72 = 5:
the two special edges (dotted) have no endpoints in the rectangles.
Non-special edges not interesecting the rectangles are undirected
edges U, while those intersecting the rectangles are the directed
edges D. Connected components of directed edges can be either
closed loops (left drawing) or open paths (right drawing). For a
graph -, it can happen that both loops and open paths exist.

keep in mind that, in order to control what is left, we will perform the sums over
the remaining indices one by one and at each step we will lose the dependence on
a single variable. The dependence on the remaining ones will be clear from the
context and we will leave it implicit hereafter.

We now continue with the variables whose index is in V. Let us first endow
the edges in D with both a direction and a colour - both of which will determine
the order of summation, i.e. which sum is treated first, and the type of estimate
we apply. We will regard two edges in D as “connected” if they intersect the same
rectangle. In this way, the edges in D can be split into (at most four) connected
components, each of which is either a closed loop or an open path. For an open
path, choose arbitrarily one of the two endpoints and orient the path from there to
the other endpoint. We assign to the first edge along the path the colour blue, to the
last the colour green and the colour red to all the others (see Figure 3] right graph).
For closed loops instead, choose (arbitrarily) one of the two possible orientations;
as for the colours, choose arbitrarily two connected edges, painting the first purple,
the second orange and the others red (see Figure [3] left graph). At last, relabel the
vertices of the graph (and relabel the variables in (5.47)) in such a way that, for
u=1,...4, (u,il) is always the tip of an edge, while (u, i2) the base point.

Now, let us see how to control the sums over the variables whose indices are in
an open path. First, we upper bound by removing from the denominator all
the variables p(, ;1) and those whose index is the base point of the blue edge or
the tip of the green one. Then, we first bound the sum over the variables whose
indices are those of the blue edge and then the sum over the variables whose indices
are those of the edge connected to that (which could be either red or green) and so
on. The last sum we perform is that on the variables whose indices are those of
the green edge. We write f, and f, to denote two functions, which at each step
represent what is left of the kernel s* and s after performing the bounds over all
the variables considered before, so that they do not depend on any variable which
was already summed but might depend on all the variables whose sum was not yet
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considered. In the sequel when we write something like f,(p), then it does not
necessarily mean that f,, only depends on p but might depend on other variables
(those that were not summed over yet). For ease of readability however we suppress
these additional variables from the notation. Then, the estimates we exploit for the
generic edge ((u,1), (v, 7)), oriented in such a way that (u, 7) is the base and (v, j)
is the tip, depend on the colour as follows

- blue directed edge: we apply Cauchy-Schwarz on

Z ]lp(u )= "P(y,ily fu( (u,i) )‘pvz +p(v712)’fv( 1)+ P, 12)>

P(u,i)>P(y,id)
< (Z fu(p(u,z))2> ( Z |p(v,i%)|2fv(p(v,i})))2> :
P(u,i) P(o,il)

Note that the right hand side does not depend on the other variable in the original
sum, i.e. p(y, 2), anymore.
- red directed edge: we apply Cauchy-Schwarz on

Z ’p(v,i},) +p(v i2) ‘fv(p(vz +p(v12))

Pru.i2y="Pry i1 2
p(u,i%)7p(v,i11,) o () ’p(uﬂ/%)‘ + ‘p U:O)‘

(5:50 S<Z<|p ) (X bl k)’

p(u i5) p(v z,U)

( 3 oy P o))

u,0 P(v,4)

and once again note that the right hand side does does not depend on p(, ;2)
anymore.
- green directed edge: we apply Cauchy-Schwarz but on

Z 1 fv(p(v,j))
Py,i2)=P(v.5) ‘p(uvi%)‘Q + |p(u,0)|2

P(y,i2)> P(v,5)

(5-51) (¥ (P(uns |2i|p< 0] ) (3 lres) )é

P(u,i2) P(v,j)
1 5\ 3

’ > folpwy)?)
w0 b

where, in both and (5.51)), we exploited the following estimate:
(5.52)

Z 1 < /‘X’ rdr < /Oo dr 1
7 (1€]* + |10(u,0)|2)2 ~Jo (rP+ |p(u,0)’2)2 ~ 1P(u,0) |2 r? |p(u,0)|'

The reason why the first term at the left hand sides of and do not
display f, is that both red and green edges always comes after either a blue or a red
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edge whose tip (u, 1. ) is the unique other vertex in the same rectangle as the base
(u,i2). This means that the dependence on P(u,iz) of the only function which would
have it as a variable (in a sum) has already been removed by either the bound (5.49)
or (5.50). Also note that the denominator in and come from the fact
that a red and green edge are always preceded by a red or blue edge.

Next, we sum over variables corresponding to oriented closed loops (if there
are any). First, we upper bound by removing from the denominator all the
variables whose index is either a vertex on the orange edge or at the tip of a red edge,
not those whose index is a vertex of the purple edge. We proceed by summing over
the variables whose indices are those of the orange edge, and then with the next edge
anti-clockwise, until the last of the loop, which is purple. As before, the generic
edge ((u,1), (v, 7)) is oriented in such a way that (u, 7) is the base and (v, j) is the
tip. The type of bound we use will depend on the colour of the edge as follows (we
do not specify what to do with red edges, as this has already been explained above)

- orange directed edge: we apply Cauchy-Schwarz on

Z ]1P<u7i%)zfp<u,i%) |p(u,z}l) er u,i2) |fu( +p(u 12))
Puig) Po.id)
(5-53) |p(v,zv +p 12)‘fv(p(vzl)+p(v12))
1
(Z‘puﬂ‘fu u,i2) ) (Z’pvz‘fv ))2
Pluig) Peo,ib)

and the right hand side depends neither on p(, ;1) nor on p(, ;2).
- purple directed edge: we apply Cauchy- Schwarz as follows:

1 1
[
Pm%@z T b P+ P el + o

550 <( ¥ (1D, |2i|19(u,0)|2)2>2(pZ ( : 2

|pvz |+|pv0|)

(u, 'L'u, (v, ZU)

v
™ Pwol1Pwo)]
where in the last step we used (5.52).

At this point we have summed over all the variables whose labels belong to
directed edges in D and it is not hard to check that we obtained the following

e the factors [p(, ) |~ provided by the bounds on red, green and purple edges
altogether give a contribution

o
Hizl ‘p(u,O) ‘

This is because and give such factor for the sum over variables whose
index is the base of a red and green edge respectively, and (5.54) give it for the
sum over variables whose index is both the base and the tip of a purple edge. On

(5.55)
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the other hand, in each Feynman diagram, for each row there is exactly either the
base of a green/red/purple edge, or the tip of a purple edge.
e the factors depending on s altogether take the form

4
I Y bl @ a)?)
u=1

P(u,i)
(uvi)EVUUVD\{(uvig)}

N|=

and each of the factors only depends on p(, o). To see this, recall that s* (p(u,ii )yt
Plu,iz)s Pw)\7,) in depends symmetrically on its 7% — 1 arguments (Where
j" is defined in (5.36))) and one of the components of P(w)\%, 1S P(u,0), Whose sum
has not been performed yet. The appearance of | P(u,il) |2 is due to the outcome
of the bounds on blue, red and orange edges. Indeed, one such factor appears
on rows corresponding to tips of red/blue/orange edges or to the base of orange
edges. On the other hand, in every Feynman diagram there is exactly one such
Vertex per row.

It remains to sum (5.47) over p(, 0y, u = 1,..., 4, that are the vertices of special
edges. The factor (5.55]) cancels exactly the same factor in the numerator of (5.47).
Then, (5.47) is upper bounded by a constant times

1
(log N )2 Z Lp.0==P@0) Pe.0="Pu0)
& =1,...,4
P(u,0),U=1;--,

4
XUl( S P e wan )P

P(u,i)
(uvi) EVUUVD\{(uvii)}

(5.56)

N

Recall that s* = fi\;’f;u_l and relabel the variables p(,\ ((u,i2)} = (P(u,0)s {1:52-1)-

Now, we apply Cauchy-Schwarz once more to the sums with respect to p, o), u =
1,...,4, so that the previous expression is upper bounded by

1
W Z [ ’ |f‘l1 $J1—= 1(p 10)761;j1—2)‘2

P(1,0),41:51 -2

(5-57) % Z wl’ |fa2 J2— 1(p Pz, 0)761;j2—2)‘2
P(2,0)-41:55—2
1 N,n N,n
< (IOgiN)QH(i )1/2 a1,]1 1|| ||( )1/2 a27]2 1”2

where we used the symmetry of §¥>" in the last step. Since the right hand side
corresponds to (5.37) for £ = 0, this case is concluded.

The case k = 2

Like for & = 0, also for & = 2 the ratio (3 cy(g) [pv[*) ™" plays no role so that we
will bound it by 1. In this case though, we will need to keep track of the indicator
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function. More precisely, we need to control

1
(log N)2 Z ]l|P(1,o)\,|P(3,o)\§N H ]lp(u,i)=—p<v,j)
EA ((u,1),(v,9)) €7
(5:58) .
1P 0) 1Pty + Plui) 18 (Pruit) + Pruiz) Pzl
X H EINE
u=1 (u)

where (u,i2),u = 1,...,4, is such that 2 = 0, either foru = 1, 3 oru = 2, 4 and,
without loss of generality, we assume that the first holds, i.e.
(5-59) if=i=0, B=i#0.

Getting back to (5.58)), we first bound all the sums over variables whose indices
are vertices in Vi by removing such variables from the denominator and applying
Cauchy-Schwarz as in (5.48). Next, we turn to the sums whose indices are vertices
of edgesin D and S.

According to the conventions introduced for the previous case, we note that the
edges in .S are all connected to those in D. Therefore, D U S can be split into (at
most four) connected components and each of the two edges in S must be contained
in exactly one of them (which could be the same). First we bound the sums over
the variables whose index is a vertex of an edge in the connected components
fully contained in D (i.e. which do not contain any special edge), which are at
most 2 (and there could be none). We endow the edges with the same colours

and directions defined above and apply the bounds in (5.49), (5.50).(5.51), (5.53)
and accordingly.

Therefore, we are left with one or two connected components, each containing at
least one special edge. In both cases, we will first provide direction and colour to
those edges in the connected components which also lie in D, then we will bound
the sums over the variables whose indices are vertices of these edges and at last we
will estimate the sums over the variables indexed by vertices of edges in S.

Assume the edges s1, so € S lie in different connected components and denote
them by C7, C5 respectively. The first edge e € D N C; is the farthest from s; and
it is assigned the colour blue. Those in between e and s; (if any) are directed in
successive order starting at e and are all assigned the colour red. All edges in C}
are directed towards s; (see Figure |4} left graph). If instead s;, s2 belong to the
same connected component C', then we start from the edge e € D N C connected to,
say, s1. We impose its base point lies in the same rectangle to which a vertex of s;
belongs (and its tip to a different rectangle) and assign to e the colour orange. Once
again, all the other edges in D N C are ordered starting from e directed towards so
and painted in red (see Figure[4] right graph).

We now upper bound (5.58) by removing from the denominator all the variables
whose index is either a vertex on an orange or a blue edge, or at the tip of a red edge.
Let us stress that in this way we get a prefactor of the form

1
|P(1,0) |2 |P(3,0) \2

(5.60)
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Ficure 4. The two possible types of connectivities of special edges
in Feynman diagrams occurring when £ = 2, as described in the
text. For clarity, only directed and special edges (s1, s2) are drawn.
In the left figure there are two connected components C'y, C5 that
we orient towards si, s3. In the right drawing there is a single
component, that we orient from s; to so. Special edges are not
oriented. In some Feynman diagrams, also closed loops of oriented
edges (and therefore purple/orange edges) can be present.

since the rectangles in which (1, 0) and (3, 0) lie can only contain the tip of a blue
or red edge, or the base point of an orange one. This prefactor cancels exactly the
factor [T,—; [pu0)| in (5:58). because [p(1,0)| = [P0, [P3.0)| = |P(4,0)]- Then,
we perform the sums over the variables indexed by the vertices of directed edges in
C1, Cs (or just C in the second case), according to the order just introduced. We
bound the sum of variables indexed by vertices of a blue edge via (5.49), those
indexed by vertices of a red edge via and those indexed by vertices of an

orange edge via (5.53).
At this point we have estimated the sums over all the variables whose labels belong
to directed edges in D, it can be directly checked that we obtained the following

e the factors [p(,, o) | =1 provided by the bounds on red edges in C' (or Cy, C3) and on
the red, green and purple edges on the open or closed connected components of
D disconnected from the special edges, altogether give a contribution of the form

1 1
\p(zo)”p(z;,o)\ a \p(Lo)Hp(s,o)\ '

(5.61)

This is a consequence of (5.59), which imposes z% = z% = 0, and the bounds (5.50),
and (5.54). Indeed, as noted above, (5.54) gives a factor |p, ¢)| " both for
u the row containing base and the row containing the tip of a purple edge but,
if in our graph there is a purple edge then this necessarily belongs to a closed
connected component of D, disconnected from the special edges, and by (5.59)
it will involve vertices on the rows 2 and 4. Instead, and give a
factor |p(y,0) |~ for u whose row contains the base of a red/green edge and, by
construction, in the rectangles containing the vertices of special edges there is
either a tip of a (red or blue) edge or the base of an orange edge. On the other
hand, in each such Feynman diagram, each of the rows 2 and 4 will have precisely



60 WEAK COUPLING LIMIT OF THE ANISOTROPIC KPZ EQUATION

one base point of a green/red edge, or one the base point and one the tip of a
purple edge.
e the factors depending on s altogether take the form

1
P10 IP(3,0) [ SN H ( Z |P(uit )\ 5" (p( \{(u22)}))|2)

\p(l,o) ‘ ’p(:).,o) ’ u=2.4 Plant)
(u,)) eV UVD\{(u,a2)}

X Z |£ | |fa1,j1 1( 10)361;]'1*2”2

P(1,0),41:57 —2

Lip oyl Ipga.o)|<N
1,05 [p3,0)1<
< IT ( > o

P(1,0)l P30 u=2.4 Plat)
(u,)EVrUVD\{(u,i7,)}

N,
||( )1/2 alzl 1H2

=

N

218" (P f(wa2)})) !2>

Note that the product in the first line (corresponding to rows 2 and 4 of the graph)
has still to be summed over p( o) and p(4,9). On the other hand, in rows 1, 3 all
variables have already been summed over and no dependency on p(y ) and p(3 )
is left. This is a consequence of the fact that the bounds (5.49), (5.50), (5.53)
obtained when summing over red/blue/orange edges do not depend on the second
variable contained in the same rectangle whose index is the vertex at the tip of
the blue/red edge, or at the base of the orange edge. Such variables are exactly
P,0), P(3,0)-

We now perform the sums over p(,, o), u = 1,...,4 and conclude the proof of

the case ~ = 2. We have that (5.58)) is bounded by

1 Z ]l|p(1,0)|7 |p(3,0)|§1\7]1
P(1,0)0=—P(2,0):P(3,0)=—P(4,
(log N)? e Ipo)llp@el 0T TEOIEOTTRGO

<TI (X paalPl Cowan)l)

u=2,4 P(u,i)
(u,3) eV UVD\{(u,a2)}

1 1 1 1 2 ”
< ol 2 y()|2)( > o )T[H SREA

P10
1,0 SN [p(3,0) <N (3,0 i=

12N 2
N lOgN H H / CLZ,;LZ—IH

where we used that
1 N
(5.62) Z s/
S

Consequently, (5.37) for £ = 2 follows at once.

[NIES

I(=0) 252,75, 17

ai,ji—1

—_

e

The case kK = 4
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Ficure 5. The two different possible situations in the case kK = 4
and D U S has a single connected components. The thick dashed
edge is the edge e = ((@,4l), (7,il)) that we treat separately. We
don’t need to assign it a direction and a color.

When x = 4, all the vertices (u,0), uw = 1,...,4 belong to a rectangle so that
(5.63) iZ =0, forallu=1,...4.

Before performing any bound let us look at the edges in D U S. Adopting the same
conventions as above, there are two scenarios we need to consider - either D U S
has only one connected component or two. Let us begin with the first.

Note that the unique connected component of D U .S can only be an open path
or a cycle. If it is an open path then D has exactly two edges with one vertex in a
rectangle and one outside (and one edge connecting two rectangles). We endow the
former two with a direction by imposing their tip lies in the rectangle and paint them
blue. If instead the connected component of D U S is a cycle then D has cardinality
2. We pick one of its two edges, assign it a direction (no matter which one) and
paint it orange. In both cases, we have left aside an edge e = ((u,i.), (v,ii)) € D
(the dashed line in Figure [s) which is necessarily such that either € {1,2} and
ve{3,4},orv e {1,2,} and u € {3,4}. Without loss of generality we assume
that

(5.64) ue{1,2} and v e {3,4}.

We now get back to the sums in (5-46). Thanks to (5.64), (u,4%) € V[G], hence
we can estimate
1 1

< .
Zvev[G} pv]? |P(a,¢3i)\2

(5.65)

We only keep the indicator function imposing |p(;1, [P(5,1)| < IV and bound the
sums over all variables whose indices are vertices of edges in U as in (5.48). For
the sums over the variables whose indices are vertices of the two blue or the orange
edge, we remove these variables from the denominator and exploit or (5.53),
respectively.

Before summing over py ;1) and p(; ;1), we focus on the sum over the variables
whose indices are vertices of the special edges. Let Z be either @ or v and {x} be
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{1,2} \{u} if z = wand {3,4} \ {v} if £ = v. Then, we need to control
(5.00) .
S s P |[P@0)|[P@,0) + Pz, |57 (Pz,0) + Pai1))
o e P(2,0)*(IP@,0)* + 1Pzi1)*)

P(x,0): P(z,0)

where

D=

T def T
(561 5°(pz,0) + P(z,1)) = < Z 5" (p(z,0) +p(j,i%),p(z)\°sz)!2)
P(z,i)
(z,0)eVy
To see how (5.66) arises, it suffices to note that the sums we have bounded up to
now involving variables whose index is a vertex in the Z-th row never considered
Vp or Vg-indexed variables, while the dependence of the kernel s* on p(, o) was

lost because of or (5.53).
Now, (5.66) equals

1€+ p(z,1) 57 (€ + P(z41))

Z,i3)
Z 0% + ‘p(iz,i%)‘g

l
(5.68) S(Z(WH; )%(Zm“up ;))é
N|p“ (= EEE fn

where in the last step we used (5.52), the definition of § in and the symmetry
of 5.
By collecting what we obtained so far, we see that is upper bounded by

1(=%0)" 210, 1P (= 0) 250, P

a1»]1 1 a2»]2 1

1 —
1 Pa,ily="Pz,l
(5.60) " (log N)2 2. @if%@if]
. D<|p(ﬂ77j1,)|7 \P(mlﬂgN (uﬂ»ﬁ) (Uﬂ»{;)

1 N,n N,n
SWH(— s At 7Y IS A

the last inequality being a consequence of the fact that 3, /| 4 < 0.

We now turn to the scenario in which D U S has two connected components, for
which the factor (3, ¢y g Ipv|?) ! will be crucial in controlling (5.46). Recall
that this factor contains the sum over vertices of edges in P # () which connect
VI[G] to V[G].

We first consider the case P N D = (), which implies that P C U as, clearly,
PN S = 0. Pick arbitrarily some e = ((u, 1), (v,7)) € P so that (,4) € V[G] and
brutally bound

1 1

(5.70) < .
ZVGV[G’} Ipv|? |p(ﬁ,i) |
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FiGure 6. The case k = 4, when D U S has two components and
PN D = (). The thick dashed edge is the selected edge in P. In the
left (resp. right) drawing the case where |D| = 4 (resp. |D| = 2).

Then, we estimate the sums over all variables whose indices are vertices of edges in
U\ {e}asin while for the sum over p(g ;), P(s,j) We use the bound

Lpaiy=—pe,;
> “PEDTROD £ (pi o) fo (D)

P(a,i)P(v.5) P
Lpo—
(5:71) = > . |fu< a) fo(p )
P(a,i)P(z,5) u'L p ,g
fa(p@p)?\ 3 fo(pw)?\ 3
< (3 Bl (- Sl
p(ﬁ,i) ‘p(ﬂ,z)| p(’t_),j) ‘p(v,] |

Remark 5.15. Note that necessarily 7%, 7V > 2, otherwise the edge e € P could not
connect rows i, U, since by definition it is has no endpoint in the rectangles of those
rows.

We now turn to the sums over the variables whose indices are vertices of edges in
D. Adopting the same conventions as above, we endow each of these edges with a
direction and a colour. Given the structure of the Feynman graphs  in (5.33)), either
| D| = 4 and therefore all of its edges have one vertex in a rectangle and one outside,
or | D| = 2 so that both edges have both vertices lying in two different rectangles. In
the first case, we direct the edges in such a way that the tip is in the rectangle (and
the base outside) and assign them the colour blue, in the other we arbitrarily choose
a direction and paint it orange. See Figure[6]

As usual, we upper bound by removing from the denominator all the
variables whose index is either a vertex of an orange or blue edge. As a consequence,
the denominators become

(5.72) H |p .

Then, we estimate the sums over variables whose indices are vertices of blue edges
by (5.49), while those over variables whose indices are vertices of orange edges

by (5.53).
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Before summing over the remaining variables (that are those with labels on the
two special edges) we consider the case in which P N D # (). As was done in all
other cases apart from the previous one, we upper bound by removing from
the denominator all the variables indexed by vertices in V; and applying (5.48).
Next, let us pick one edge e = ((u, 1), (v,4})) € P N D which is necessarily such
that one between @ and v belongs to {1, 2} and the other is in {3, 4}, and without
loss of generality we assume that u € {1,2}.

Remark 5.16. Note that necessarily % > 2, otherwise e would have both endpoints
in a rectangle and D U S would have a single connected component.

We bound the sum over p(g ;) and p(, ;1. by removing the second variable from
the denominators and brutally estimating

1 1

2
2vevia) vl fip|

so that, recalling (5.67), we are left to control

]lp(a,i)=*p v,id 5
Y = fap@n) o) + P 15 (o) + Paat)

(5 73) P(a,i)>P(v,il) |p(ﬁ %)
' Ja(p@i)™\ 3 3

where f; is given by the u-th term at the right hand side of and above, we
only highlighted the dependence on the summed variable pg ;).

We now turn to the sums over the variables whose indices are vertices of edges in
D\ {e}. Adopting the same conventions as above, we endow each of these edges
with a direction and a colour. If an edge has only one vertex in a rectangle then we
orient it in such a way that its tip belongs to the rectangle and assign it the colour
blue. If instead both of its vertices lie in different rectangles then we choose one of
the two possible directions and paint it orange. We then bound the remaining sums
by removing from the denominators all variables whose indices are vertices of a
blue/orange edge (thus obtaining the same factor as in (5.72))) and exploiting
and (5.53).

In conclusion, in the case £ = 4, D U S having two components and P N D being
empty or not, we have summed over all variables except to the ones (p(y,0), v < 4)
corresponding to special edges and it is easily checked that:

e the factors containing the variables p(, gy, u = 1, ..., 4 overall give a contribution
of the form

H‘puo

which is the combined effect of (5.72]) and of the factor Hi:l P(u,0)] in (5.46).
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e the expression is upper bounded by

TS s (T e R )
ue{l,...,4}\{a,0}

(5.74) X Z 11)(1 0)=="P(2,0) H

Doy | <N PEO="P4,0) u=1
u=1,...4

|p(u 0) ‘

if DN P = () (recall that in this case @, v are the rows containing the endpoints
of the dashed line in Figure[s)) and by

st (0 TT M2l
we{l,... 4N\ {a}

(5-75) X Z ]110(1 0)=="P(2,0) H

Ip(u,0)| SN PEOTTP4,0) u=1 \p (u 0)\
u=1,...4

(log N)?

ifinstead DN P # () (in this case, @ is the same index that appears in (5.73))). Here,
§ is the operator defined in (5.39). Its origin is in the denominators [pz 4|, [P(s,5)|
in (5.71), (5.73) and the blue/orange edge estimate that is applied afterwards.

Note also, recalling Remarks|s5.15] [5.16]that j — 1, % — 1 in (5.74) and j* —
in (5.75) are all strictly larger than 1, so indeed we can use definition (5.39).

It remains to estimate the sum over p(, o), u = 1,...,4 in ( , which equals

3 |j,2)2 < (log N)?.

0<|e|<N

Altogether, the bounds (5.69)), (5.74) and (5.75)), which apply to the three subcases
into which we have split the case x = 4, immediately imply the statement of
Proposition [5.7]in the case x = 4.

APPENDIX A. SOME TECHNICAL RESULTS ON THE REPLACEMENT ARGUMENT

The present appendix is devoted to the proof of the following proposition that
allows us to replace the complicated sums appearing in the expression for the
diagonal terms of the operators we consider with simpler integrals.

In the whole section, < is given by (1.13) and H and H ™ satisfy the assumptions
of Lemma3.4} Since the argument of H H is always L () for some = > 1/2
and LY (z) € [0, 2¢] for z > 1/2 (see (3.9)), we can assume that H, H are defined
just on [0, 2¢] and that holds for some constant K depending only on <.
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Proposition A.1. For N € N, > 0, n € N and ky., € Z*" \ {0}, define PV as

PN (1 k) 2 2
(,U,, 1: 1 gN Z
(A1 tm=k1

+ 5 (17 + [ + ko) HH (LN (i + 5167 + [ + k2 *)))
[ + (117 + [m? + e | H (LN (1 + 51212 + [m[2 + [k2n[2)))]?

where KN and LY are given as in and (3.9), respectively. Then, there exists a
constant C' = C(n, ¢) such that

LY pt5 k10| H+
(A.2) sup ‘PN(/L, k1) —/ ( ) dy‘ < Cen
k1. €22\ {0} 0 H(y
pn=>0

where € goes to 0 as N — oo uniformly over n, < and K as in Lemma 3.4}

In order to lighten the exposition, let us introduce some notations. Set

(A3) N Zp/N?, By Elka/NP,  an E pn + S|k /NP
and, for z € R? such that |z| < 1,
(A.4)

I(z) @ def 1(\x|2—|—|k:1/N z)?+6y), Ti(x) défuzv—l—F(a:), [a(x) &ef |lz|?+a .

For future reference, we point out that I'; and I'y are comparable in that, by the
triangular inequality, we have

(A.5) [o(z) STi(x) S Ta(z)

forall z € R? and ky.,, € Z*". The bulk of the proof of Proposition is contained
in the following technical lemma, which allows us to substitute the Riemann-sum
approximation of PV with a more tractable integral.

Lemma A.2. Under the assumptions of Proposition the quantity
o iy + D(@) H (LY (N?T1(2)))
) dz ( %xN k1 —aN) N2 2
R2 [un + D(2)H (LN (N?T (2)))]
HH(LN(N?T
B R N 2 T
R? ’ Ly (2)(Ta(z) + 1) H (LY (N?T2(2)))
is bounded uniformly over N, y and k1., € Z*" \ {0}.

(A.6)

Proof. In order to prove the lemma, we will add and subtract a number of terms
and show that the resulting integrals are bounded uniformly over IV, p and ky.,, €
72"\ {0}. More precisely, we will subsequently replace each factor in the first
integral of (A.6), with the corresponding term of the second and we will do so in
the following order. We begin by turning every I" into a I';

(A7)

/ dax (3{ ) MN—FF(w)H‘F(LN(NQFI(w))) - H+(LN(N2F1(x)))
R2 zN,k1—zN [MN+F(HE)H(LN(N2F1($)))]2

[y () H(LN (N2 ()))?
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then every I'; into I'y

(A.8)

[ e (i HOYNT @) BT
o ke G (LN (N2 (2)))2  Ta(a) H(LN(N2Ta()))?

we insert a factor which will be needed to apply a change of variables (see (A.17))

(A.9)
H+ (LN (NTy(z))) 1
/R2 dz (%a]:VN,krwN)QFQ(x)H(LN(NQFQ(x)))Q ‘ B Do(x) +1 ‘

and at last we modify the arguments of K

(A.10)
(LY (V*Ty(a)
ot [t~ Ol o 5w 5 AN TG

The proof consists of showing that each of (A.7)-(A.10) are bounded uniformly over
N, ppand k1., € Z2™\ {0}. Throughout, in order to lighten the notation we will omit
the arguments of the functions involved unless needed. Moreover, for (A.7), (A.8)
and (A-g), ™ won’t play any role, therefore we directly bound it by 1.

Let us begin with (A.7). We add and subtract a term from the integrand so that
we obtain
(A.11)
pn+THY  uy+THY uy+THY  HT
/R2 ‘[,uN+FH}2 [ H)? [Ty H]? rH?

[CuH? ~ [y + THP| 1
oy + CHRTHE [T HP

g/ dz (uy +THT) luny +THT =T HT|.
RQ

Notice that, for the first summand, since I'y = pnx + I' and H is bounded, the
numerator can be controlled as

[T H)? — [un +TH]? = py[H = [un (H +1) +2TH] S T
for the second instead, we use that also H1 is bounded, so that
luy +THT =T\ HY| = uy|HT = 1| < pwv

As further H > 1, (A.11) can be bounded above by
(A.12)

I'y(z)? 1 / dz /oo dr
+ < < T <,
N/Rar1<x>4 Tu(@)? ~ MV | (un + 222 ~ N Jo o ot pn)?

which completes the argument for (A.7).

We turn to (A.8)). Similarly to (A.11]), we add and subtract a term whose numerator
is that of the first summand while the denominator is that of the second, so that, by
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the triangular inequality we need to bound

(A.13)
Do (2) H (LN (N?Ta(x)))* — Ty () H(LY (N?Ty (2)))?]

N 2
/]R2 dz HY (LY (N*T1(z))) Ty (2) H(LN (N2T1 (2)))2Ca(z) H (LN (N2Ts ()2

1
+ eaEEIEyE U VTi@) - B (LY (V@)

For the first summand, we introduce the function G(z) = zH (L~ (N?22))? and note
that its derivative is such that for z € R

¢ 2H(LN(N22))H'(LN(N2%2))
log N2 z+1

IG@H=PHUWN%D”— <1,

thanks to the definition of L in and the assumptions on H. Now, in terms of
G, the numerator equals

|G(T2(2)) = G(T2(2))] S [T2(2) — T ()|

and the bound follows by mean value theorem. For the second summand in (A.13)),
we note that

Y(LN(N2%2))| _ 1
H+ LN N2 <
vy = oy [ EL SR <
which, arguing as above, implies
r-r
[HH(LN(N?Ty)) — HH(LY (N?Ty))| < <sup )Ty =T = Iy~ Il
't AT

where the supremum is over the interval [’y A T'g, T'; V I'y]. Now, by (A.4) we have

[Ta(x) = Ty(@)] = |[2f? + 3kt /NP2 = Haf2 = Lk /N — 2P

(A.14)
= [(k1/N,z)| < [k1/N||x].

Since further H* is bounded, H > 1 and I'; and I'; are comparable by (A3)),
is bounded above by

[Da(x) — Ty (x) / |z|dx
ki/N| | ————
/]1%2 FQ(.ZL‘) N| 1/ | ’HJP-FO&N 2
dr ‘kl/N|

S |k/N
which concludes the proof of (A.8).

<1,

The analysis of (A.g) is immediate and therefore we omit it. Hence we are left
with (A-10). At first, we upper bound the ratio H*/H? by K. To treat what is
left, we split the integral over two regions corresponding to [k /N — z| < [k /N|
and |k; /N — z| > 1|k1/N| and begin by the former. Using the definition of X"

n (2.9), we bound the difference by 1, exploit the fact that I'y () > |z|? and note
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that since |k1 /N — x| < $|k1/N|, |z| € [5|k1/N|, 2|k1/N|]. Then, the integral is
bounded above by

[P -2
el /N1, 3 k) 1]

Instead, for x such that |k /N — x| > |k1/N|/2, we use the bilinearity of ¢ in
to get

c(z, k1 /N — 2)? = c(x, —x)* + c(z, k1 /N)e(z, ky /N — 2z)

so that
c(z,k1/N —2)?  c(z,—x)?
o2k /N =22zt ‘
c(z, —x)? 1 1 le(z, k1 /N)e(x, k1 /N — 2x)|
= P |lk/N =z 2 |z[?|k1 /N — ]

[ki/N =z~ |ki/N -z

Here, we used that c(z, —z) < |z|2. Therefore, we obtain

/ c(z,k1/N —2)?  c(z,2)?] 1
x J—
o /N—af> S/ | 2P R /N — 2 lz[* |T1(z)
dx
S k1 /N| T B S L
ot /N—a|> 3 /| R /N — zf?
and the proof is concluded. O
Remark A.3. Arguing as in the proof of (A.7), one can also show
(A.15)
1 1

N 2
e 4 oo S TG AN (N @) D) BN (V2T )

is uniformly bounded which will be used in the proof of Proposition 3.5}

We are now ready to prove Proposition |A.1

Proof of Proposition As a first step, we note that, performing a Riemann sum
approximation, the sum in (A.1]) can be written as
(A.16)

1
> N2 (TN (1), (my )
l+m=k1

py + 352+ B2+ B H (LN (N (uw + 3512 + 1B+ Bx))))
(

v + 3152+ 12 + B3 H LN (N2 (i + 5 (1512 + 1R+ Bv))]?
+ I(z)H (LY (N?T (2)))
— [ dw(xY 2 N +o(1
o s G (v G
where we adopted the conventions in (A.3)) and (A.4)), and the o(1) vanishes for N
large as a consequence of the Riemann summation. Thanks to the previous and
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Lemma we have

g HT (LN (N?Ty(z)))
PN(Na kin) = log N dx (‘%%x’*Nm)ZFQ(JJ)(FQ(l‘) + 1) H(LN(N2T'y(2)))?

+o(1)

where o(1) converges to 0 as (log N) ! uniformly over 1 > 0 and k1., € Z*"\ {0}.
For the latter integral, we pass to polar coordinates and exploit the fact that
c(z,—x)? = r* cos(26)?, which gives

4% 1 c(z, —)? HH (LN (N?Ty(x)))
log N2 (2)2 /|ac|€[1/N ozt Ta(z)(Te(z) + 1) H (LY (N2T2(x)))?
N2 5 [1 HHY(LN(N?(r? 4+ ay))) rdr
i [, O | an DA W
° rev HT(LN(N?g))de
A PR ol
where ¢ is defined in ( and the last step follows by
(A‘II/Z\?Q—F N (a2 1/N?
/ N HY(LM(N?9))de / rende (1 —— )
an olo+ D)H(LN(N20))2 ™~ /o 0 1+ Skt

and the latter is uniformly bounded by 1 as |ky.,| > 1. By the definition of LY
in (3.9), we see that

14+an HJr LN d LN(N204N) HJF
log N o(e+1)H(L (N 0)) 0 H(y)
since
LY (N?(an+1)) HH(
y) < N 2 _ © 1 < 1
/0 H(y)QdyNL (N (aN+1))_logN2 log <1+aN+1> ~ log N2’

where we bounded the ratio of H* and H by K, and the proof is concluded. [

APPENDIX B. THE OPERATOR &

Lemma B.1. Let S be the diagonal operator on L?(n) whose Fourier multiplier is
defined as in (5.39). Let j € Nand g € FLJQ-_I. Define tN ¢ FL? according to

(B.1) Y (—e) ety
Then, there exists a constant C' = C(j) > 0 such that

1N 1 1 1
B2 sV < O(I8F0l e + IS Hl?)

Proof. First, we decompose the square of the left hand side of in diagonal
and off-diagonal parts as in Lemma and bound, via Cauchy-Schwarz, the off-
diagonals with the diagonal up to a constant that only depends on j. Therefore, we
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are left to bound
<S(_g0)_1d-{]\-[gv ( ) +g>Diag

k‘ |]€1 + k‘z| N
5 )‘?V Z Z k L T .. 4 (%ﬁ,k2)2|g(k51 + k2, k3:j)|2
(B3) e ol |

2 1 |k + kaof? 9
SAN Z Z ’kb| |k1 |2 ’ (kl + k2vk3:j)’ ]1|k1|,\k2|§N-
a#£be{l,....j} k1;

We need to distinguish a few cases. If {a,b} N {1,2} = 0,0ra € {1,2} and b > 2
(which is possible only if j > 2), then the inner sum in (B.3)) is bounded above by

k| 1 | 1
52 L k. 2 < l18tal

k7k3J

as the quantity in parenthesis is bounded above by a constant and g is symmetric by
definition. If instead either b € {1,2} and a > 2, or [{a, b} N {1,2}| = 2, then we

control (B.3)) as

1 1
A D RPlak ks P ) S A (=%0) 29
Nkk | ’ |g( 30)‘ . 3 |k‘b|(|k1|2+|]€2|2) ~ NH( 0) 9”
s V315 1+k2—k’

as the inner sum can be easily checked to be bounded. Since )\?\, ~ 1/log N, the
result follows at once. U

Proof of Proposition[s.g] We can assume j > 2 since otherwise the norm we want
to estimate is just 0. If j > 2 then we recall that f - is defined by the second line in

(4.14) and in the computation of the norm ||S 2fy, j || we can replace G,42—; (Which
is positive) by zero. We have then

1 N,n 1 n 1
1S3 < 183 (—so) stV | < O >(|82 PP + 11\2)

where the last inequality follows from Lemma The norm ||(—S£0) 2f, ] 1l is
bounded as N' — oo by Proposition [4.6]so that, by iteratively applying Lemma[B.1]
over j it is enough to show

. 1.Nn
B. 7| = 0.
(B.4) {825 | =0

Recall (@.14). If a = 1 (so that f2"" = b™") then 3" is defined by the second
line of (4.14) and follows again by Lemma E} If instead @ = 2 (so that
N,n _ ¢ Nn N,n . : : N

fa =b™")thenf, 5 is defined by the first line of (4.14) with g2 = ny’ (see (3.3)).
Then,

LeNn 2 i 2 < 1 1 |1 N 2
S2f,2 <||82(—-<£ E K
|| f2,2 || — || ( 0) ‘ ~ 1 gN vl (‘kl‘Q + |k2|2)2 |k,2| ( k17k2)

S logN Z ]k1|3 S logN
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Pa0) P Pa2)

L] |n I

: P@23)
. |o |

P2,0) Py P22)

P3,0) P31 P3,2)

L[] o

. |o |

P(4,0) Py P(4,2) P@3)

FiGURE 7. An example of a diagram involved in the estimation of

the variance in (5.4).

from which the result follows at once. |

ArPENDIX C. THE VARIANCE OF THE QUADRATIC VARIATION: A CONCRETE EXAMPLE

In this section we provide a concrete example to illustrate how to apply the
estimates associated to the various colours outlined in Section We focus on the
simplest case, namely x = 0. The graph we consider is given in Figure[7} and our
starting point is (5.47). We first note that, with the notation introduced in Section|[s.4}
the only edge in U is ((2,3), (4,3)). We therefore first sum over p(3 3y and p(4 3).
Hence, we estimate

Z Ly sy=—pas \52(17(2,2) + p(2,1)7P(270)7P(2,3))|’54(17(4,2) + P(4,1)> P(4,0)5 P(4,3))]
P(2,3):P(4,3)

1/2
< ( > 15 (pee) +p(2,1)7P(270),P(2,3))|2> ( > ls* (P +p(4,1)7p(4,0)ap(473))\2>

P2,3) P(4,3)

1/2

It remains to sum over the remaining vertices. Observe that the remaining edges
in D form two closed loops, and we colour the edges purple and orange as in
Figure [71 Since in our graphical notation there are no other edges between the
first two rows and the last two rows, we see that the remaining sum can be
factorised and we can independently sum over {p(, ;) : u € {1,2},i > 1} and
{Peui) + w € {3,4}, i > 1}. Since these two sums can be treated in the exact same
way we only sum over {p(, ;) : v € {1,2}, i > 1}. Note that in that case (1, 1) and
(2, 1) are the vertices on the orange edge, so that by removing [p(; 1) |2 and IP(2,1) |2
from the denominator we are left to estimate

(C.)

Z ]lp(lvo)zfp(lo) ﬂp(lal):fp(ll) ﬂp(lﬂ):*p@ﬂ) X
P(u,i)

y s (pa1y + P12y P02 (P21 + P2)s P0y) Toet 1P| [Pw1) + Pruz)|
(P> + Ipa2) P (peo > + Ipe2)l?)

)
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where v = 1,2 and ¢ = 1, 2, 3 and we defined

1/2
f2(p21) +Pe2)P2,0) (Z |s%( D(2,1) T P2,2):P (2,0),p(2,3))|2) .

D(2,3)

We first perform the sum with respect to the vertices of the orange edge, i.e., over
P(1,1) and p(2.1). We bound, using (5.53),

2

Y Lon=ren L Pen) +pua)ls' (001 + pag, Pl f2(pen +pe2)peo)
P(1,1):P(2,1) u=1

( Z ’P(l 1) ’ ‘5 10) )1/2( Z ’P(Q,l)’2f2(17(2,1)7p(2,0))2>1/2

P(1,1) P(2,1)
1/2 1/2
( Z !P 1,1) ’ \5 10))\2> ( Z \P(2,1)\2’52(2?(2,1)7p(2,0)7P(2,3))\2)
P@,1) P(2,1)5P(2,3)

The next sum we perform is over the purple edge, i.e. over p(1 2) and p(3 2). To that
end, note that the right hand side above does not depend on those two summation
variables. Hence, the sum over p(; 5y and p(s 2) is given by

(C.2)
> | S
P(1,2)=7P(2,2) 2 2 2 2) ~ ’
PP (Ipa,0)? + lpaz2) P (peol? + Pe2?) ~ pPaollPeol

where we made use of (5.54). Combining the above estimates, we are left with

Z ( Z ’p(ll | ‘5 p(11 )‘2>1/2

P(1,0):P(2,0)  P(1,1)
p(l 0)="—P(2,0)

1/2
><< Z |P(2,1)|2|52(P(2,1)’p(2,0)»p(2,3))|2) .

P(2,1):P(2,3)

Here, we used that the factor on the right hand side of cancels the term
[T.—12 [P0l in (C.1). The above however equals the expression in (5.56) and can
be bounded in the same way as in (5.57).

ACKNOWLEDGEMENTS

The authors would like to thank Massimiliano Gubinelli for helpful discussions
and suggestions. G. C. gratefully acknowledges financial support via the EPSRC
grant EP/So12524/1 and UKRI FL fellowship MR/Wo008246/1. D. E. gratefully
acknowledges financial support from the National Council for Scientific and Tech-
nological Development - CNPq via a Universal grant 409259/2018-7, and a Bolsa
de Produtividade 303520/2019-1. F. T. gratefully acknowledges financial support of
Agence Nationale de la Recherche via the ANR-15-CE40-0020-03 Grant LSD.



74

[ADC21]
[BCT16]

[BQS11]

[BS9s]
[CCM20]
[CD2o0]
[CES21]

[CETar]

[CHSTar]

[CK]

[CMW19]

[CNN20]

[CSZ20]

[Drio3]
[GIP15]

[GJ13]
[GI14]

[GP15]

[GP17]
[GP18a]

[GP18b]

[GP20]

[GRZ18]

WEAK COUPLING LIMIT OF THE ANISOTROPIC KPZ EQUATION

REFERENCES

M. Aizenman and H. DuminiL-Copin. Marginal triviality of the scaling limits of critical
4D Ising and ¢} models. Ann. of Math. (2) 194, no. 1, (2021), 163-235.

A. Borobin, I. Corwin, and F. L. ToNINELLL Stochastic heat equation limit of a (2 + 1)d
growth model. Communications in Mathematical Physics 350(2016).

M. BaLAzs, J. QuasTeL, and T. SEPPALAINEN. Fluctuation exponent of the KPZ/stochastic
Burgers equation. Journal of the American Mathematical Society 24, no. 3, (2011),
683—708.

A.-L. BaraBAst and H. E. STaANLEY. Fractal concepts in surface growth. Cambridge
university press, 1995.

F. Comets, C. Cosco, and C. MUKHERIEE. Renormalizing the Kardar-Parisi-Zhang
equation in d > 3 in weak disorder. Journal of Statistical Physics 179, (2020), 713-728.
S. Cuarreriee and A. DunLap. Constructing a solution of the (2 4 1)-dimensional KPZ
equation. The Annals of Probability 48, no. 2, (2020), 1014 — 1055.

G. CannNi1zzARrO, D. ERHARD, and P. SCHONBAUER. 2D anisotropic KPZ at stationarity:
scaling, tightness and nontriviality. Ann. Probab. 49, no. 1, (2021), 122-156.

G. Cannizzaro, D. ERHARD, and F. ToNINELLI. The stationary AKPZ equation: logarithmic
superdiffusivity. Communications in Pure and Applied Mathematics (to appear). arXiv
2007.12203.

G. Cannizzaro, L. HAunscHmID-S1BITZ, and F. ToNINELLI. +/log t-superdiffusivity for a
Brownian particle in the curl of the 2d GFF. Ann. Prob. (to appear).|larXiv:2106.06264.
G. Cannizzaro and J. Kieprowski. Stationary stochastic Navier-Stokes on the plane
at and above criticality. Stochastics and Partial Differential Equations: Analysis and
Computations (to appear) arXiv:2110.03959.

A. CHANDRA, A. MomNar, and H. WEBER. A priori bounds for the ®* equation in the full
sub-critical regime (2019). arXiv:1910.13854,

C. Cosco, S. Nakaima, and M. NakasHiMA. Law of large numbers and fluctuations in
the sub-critical and L? regions for SHE and KPZ equation in dimension d > 3. arXiv
e-prints (2020)./arXiv:2005.12689.

F. CArRAVENNA, R. Sun, and N. Zycouras. The two-dimensional KPZ equation in the
entire subcritical regime. Ann. Probab. 48, no. 3, (2020), 1086—1127.

B. K. Driver. Analysis Tools with Applications. Springer, 2003.

M. GuBINELLI, P. IMKELLER, and N. PErkowski1. Paracontrolled distributions and singular
PDEs. Forum Math. Pi 3, (2015), €6, 75./doi:10.1017/fmp.2015. 2|

M. GusiNeLLI and M. Jara. Regularization by noise and stochastic Burgers equations.
Stoch. Partial Differ. Equ. Anal. Comput. 1, no. 2, (2013), 325-350.

P. GoncaLves and M. Jara. Nonlinear fluctuations of weakly asymmetric interacting
particle systems. Arch. Ration. Mech. Anal. 212, no. 2, (2014), 597-644.

M. GuBiNeLLI and N. PERKOWSKI. Lectures on singular stochastic PDEs, vol. 29 of Ensaios
Matemdticos [Mathematical Surveys]. Sociedade Brasileira de Matemadtica, Rio de Janeiro,
2015.

M. GusiNELLI and N. PErkowsk1. KPZ reloaded. Comm. Math. Phys. 349, no. 1, (2017),
165—269.

M. GusineLLI and N. PErkowskI. Energy solutions of KPZ are unique. J. Amer. Math.
Soc. 31, no. 2, (2018), 427-471.

M. GusineLLI and N. PErkowsKI. Probabilistic approach to the stochastic Burgers equation.
In Stochastic partial differential equations and related fields, vol. 229 of Springer Proc.
Math. Stat., 515—527. Springer, Cham, 2018.

M. GusineLLI and N. PErkowskI. The infinitesimal generator of the stochastic Burgers
equation. Probability Theory and Related Fields 178, (2020), 1067-1124.

Y. Gu, L. RyzHik, and O. Zeitount. The Edwards-Wilkinson limit of the random heat
equation in dimensions three and higher. Comm. Math. Phys. 363, no. 2, (2018), 351-388.


http://arxiv.org/abs/2007.12203
http://arxiv.org/abs/2007.12203
http://arxiv.org/abs/2106.06264
http://arxiv.org/abs/2110.03959
http://arxiv.org/abs/1910.13854
http://arxiv.org/abs/2005.12689
http://dx.doi.org/10.1017/fmp.2015.2

[GT20]
[Guz20]
[Hai13]
[Hai14]
[Jang7]
[KPZ86]

[LZ22]

[MU18]
MW17]
[Nuao6]
[QSar]

[Spo12]

[Vir20]
[Wolg1]

[Yauo4]

WEAK COUPLING LIMIT OF THE ANISOTROPIC KPZ EQUATION 75

M. GusineELLI and M. Turra. Hyperviscous stochastic Navier—Stokes equations with
white noise invariant measure. Stochastics and Dynamics 20, no. 6, (2020), 2040005.

Y. Gu. Gaussian fluctuations from the 2D KPZ equation. Stoch. Partial Differ. Equ. Anal.
Comput. 8, no. 1, (2020), 150-185.

M. Hairer. Solving the KPZ equation. Ann. of Math. (2) 178, no. 2, (2013), 559—664.
M. HAIRER. A theory of regularity structures. Invent. Math. 198, no. 2, (2014), 269—504.
S. JansoN. Gaussian Hilbert spaces. Cambridge university press, 1997.

M. KARDAR, G. Parist, and Y. ZHANG. Dynamic scaling of growing interfaces. Physical
Review Letters §6, no. 9, (1986), 889—892.

D. Lyckonis and N. Zycouras. Edwards-Wilkinson fluctuations for the directed polymer
in the full LQ—regime for dimensions d > 3. Ann. Inst. H. Poincaré (B): Prob. Stat. §8(1),
(2022), 65-104.

J. MacNeN and J. UNTERBERGER. The scaling limit of the KPZ equation in space dimension
3 and higher. J. Stat. Phys. 171, no. 4, (2018), 543-598.

J.-C. Mourrart and H. WEBER. Convergence of the two-dimensional dynamic Ising-Kac
model to ®3. Comm. Pure Appl. Math. 70, no. 4, (2017), 717-812.

D. NuaLART. The Malliavin Calculus and Related Topics. Springer, 2000.

J. QuastEL and S. SArkAR. Convergence of exclusion processes and KPZ equation
to the KPZ fixed point. Journal of the American Mathematical Society (to appear).
arXiv:2008.06584.

H. Spoun. Large scale dynamics of interacting particles. Springer Science & Business
Media, 2012.

B. Virac. The heat and the landscape I (2020). arXiv:2008.07241,

E. WoLF, DieTrIcH. Kinetic roughening of vicinal surfaces. Phys. Rev. Lett. 67, (1991),
1783-1786.

H.-T. Yau. (log t)2/ 3 law of the two dimensional asymmetric simple exclusion process.
Ann. of Math. (2) 159, no. 1, (2004), 377—405.


http://arxiv.org/abs/2008.06584
http://arxiv.org/abs/2008.07241

	1. Introduction
	1.1. The equation and the main result

	2. Preliminaries
	2.1. Elements of Wiener space analysis
	2.2. Stochastic Burgers equation and its Generator
	2.3. The action of Burgers' generator on L2()

	3. The effective diffusion coefficient
	3.1. The replacement argument
	3.2. The diffusivity

	4. The truncated generator equation
	4.1. The martingale problem
	4.2. Theorem 1.4: strategy of proof
	4.3. Recursive estimates
	4.4. Proof of Theorem 4.3 and Proposition 4.4

	5. The convergence
	5.1. The martingales
	5.2. Proof of Theorem 1.4
	5.3. The variance of the quadratic variation
	5.4. Proof of Proposition 5.7

	Appendix A. Some technical results on the replacement argument
	Appendix B. The operator S
	Appendix C. The variance of the quadratic variation: a concrete example
	Acknowledgements
	References

