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CrossMark
Abstract

We present a formalism to discern the effects of fluctuations of the spacetime
metric on electromagnetic radiation. The formalism works via the measure-
ment of electromagnetic field correlations, while allowing a clear assessment
of the assumptions involved. As an application of the formalism, we present
a model of spacetime fluctuations that appear as random fluctuations of the
refractive index of the vacuum in single, and two co-located Michelson inter-
ferometers. We compare an interferometric signal predicted using this model
to experimental data from the Holometer and alLIGO. We show that if the
signal manifests at a frequency at which the interferometers are sensitive, the
strength and scale of possible spacetime fluctuations can be constrained. The
bounds, thus obtained, on the strength and scale of the spacetime fluctuations,
are also shown to be more stringent than the bounds obtained previously using
astronomical observation at optical frequencies. The formalism enables us
to evaluate proposed experiments such as QUEST for constraining quantum
spacetime fluctuations and to design new ones.
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1. Introduction

The theoretical outcome of combining quantum mechanics and general relativity remains one
of the open problems of physics. In 1957, Wheeler hypothesised a fluctuating spacetime met-
ric [1] while Wigner and Salecker noted the existence of fundamental limits on the measure-
ment of spacetime distances [2—4]. Conceptual aspects of such fluctuations and the measur-
ability of the gravitational field were also discussed at the 1957 Chapel Hill Conference [5].
However, it was not until 1999 that an experimental route to observe such fluctuations using
laser-interferometric gravitational wave detectors was suggested [6]. Complementary to ter-
restrial detectors, astronomical observations were also suggested for similar purposes [7].

The general strategy has since been to constrain hypothesised theoretical models using data
from these detectors and observations [8, table 1]. The former motivated the derivation of a
device-independent limit on the minimum length that can be measured [9]. The latter includes
a variety of sources whose emissions have been exploited to constrain proposed models [10,
11]. The increasing sensitivity of laser-interferometric gravitational wave detectors has also
placed constraints on some of these models. Indeed, the data from dedicated co-located and
co-aligned Michelson interferometers have also been used to rule out certain hypothesised
non-commutative and holographic models of spacetime [12, 13].

Models based on the hypothesised holographic principle of quantum gravity have, in par-
ticular, received some recent attention. While certain ways of invoking this holographic prin-
ciple have seemingly been ruled out by astronomical observations [11], others have been stud-
ied for their signatures in Michelson interferometers [14—16]. These single-parameter models
seek to provide a microscopic mechanism for spacetime fluctuations, and their validity is to
be probed in forthcoming experiments with Michelson interferometers such as QUEST and
GQuEST [17-19].

In this paper, we present a formalism that describes how fluctuations in the spacetime
metric manifest as measurable signatures in electromagnetic radiation propagating through
it. The fluctuations in the elements of the metric tensor are modelled using their strengths and
scales. Signatures of such fluctuations are identified in general electromagnetic field correla-
tion tensors after propagation. We illustrate the strength of our formalism by constraining mod-
els of spacetime fluctuations, in two-dimensional exclusion plots, using the experimental data
from a single as well as two co-located Michelson interferometers such as the Holometer [20,
21] and aLIGO [22]. The experimental data from these interferometric setups typically capture
the fluctuations in the output beam power from its average value. In our approach, we obtain
these output power fluctuations using the above-mentioned electromagnetic field correlation
tensors, and a subsequent comparison with the experimental data helps in constraining the
spacetime fluctuations. We also apply our methods to the proposed QUEST [18] experiment
at the Cardiff University [17], and relate our constraints to those obtained using some previous
single-parameter models.

In principle, a generic random process could require infinitely many parameters to com-
pletely describe its infinitely many moments. However, our two-parameter model is motivated
by the empirical observation that physical phenomena may typically be characterised solely
by their strength and scale. These are the two parameters captured in our model. A single-
parameter model [10, 11, 16] elides these two distinct physical aspects. In fact, the single-
parameter models assume the spacetime fluctuations to be white noise, thereby implicitly
assuming the scale to be zero [14] or Planck length [10, 11]. Evidently, the single-parameter
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models lose a degree of freedom by assuming the scale of the fluctuation to be a fixed value.
Foregoing these implicit assumptions with our two-parameter model can thus become less
restrictive and lead to a more faithful reflection of the physical Universe. Using both the
strength and the scale to model the metric fluctuations, in contrast to prior single-parameter
models, enables stricter constraints from the cross-correlation between the outputs of the two
co-located Michelson interferometers.

We list the mathematical assumptions invoked for analytical tractability, and discuss their
consequences. Indeed, invoking a subset of these assumptions even allows these fluctuations
to be interpreted as spatial and temporal fluctuations in the refractive index of the medium.

Our work complements prior ones [11, 16, 23] by taking a phenomenological approach
to relate spacetime fluctuations to their electromagnetic signatures. Our model is not derived
from a fundamental quantum theory of gravity and is agnostic of the underlying mechanism of
spacetime fluctuations. It rather captures the scenario where any residual fluctuations in space-
time measurements, after identifying known sources, may be ascribed to possible quantum
origins. Operationally, it allows the strength and scale of spacetime fluctuations to be con-
strained by experimental data. This in turn helps our formalism provide an unambiguous way
of judging the performance of experiments designed to constrain spacetime fluctuations and in
formulating new experiments. Finally, it should also enable a unified treatment for constraining
spacetime fluctuations from terrestrial experiments and astronomical observations.

More generally, our work should enable unification with explorations of other consequences
on spacetime fluctuations, particularly on massive [24] and charged objects [25]. The former
is hypothesised to lead to spatial decoherence, and has already been constrained using inter-
ferometric gravitational wave detectors [26] and parts thereof [27]. The latter suggests the
emission of radiation due to fluctuating accelerations, and has also been constrained using ter-
restrial experiments and astronomical observations [28]. These efforts are part of a larger body
of work studying the coupling of quantum matter with gravity [29].

The paper is structured as follows. Section 2 lists the attributes of our model of space-
time fluctuations. Section 3 uses these attributes to simplify the relativistic wave equation
for the propagation of light in curved spacetime. Their solution, subject to certain assump-
tions, provides analytical expressions for the relevant correlation tensors of the electric field.
Section 4 specialises the correlation functions to interferometric setups to obtain the spec-
tral densities of the relevant observable in a single, and two co-located interferometers. These
expressions are compared with the experimental data in section 5 to obtain two-dimensional
exclusion plots constraining the scale and strength of the fluctuations. We use the experimental
data from the Holometer experiment and alLIGO, as well as the proposed QUEST experiment.
Section 6 relates our results to prior constraints obtained using single-parameter models of
spacetime fluctuations. We conclude in section 7.

2. A model of spacetime fluctuations

We propose a phenomenological model to capture fluctuations in the spacetime metric tensor
gM¥. We begin by listing the attributes of these fluctuations. Of the ten independent coefficients
g"" that can fluctuate subject to symmetry, we focus on one (g?) to illustrate our formalism.
Some of these attributes are invoked to capture empirical insights while others to enable a
tractable analysis. Each of these can be modified or revoked to further the understanding of
possible spacetime fluctuations.

We consider metric fluctuations that are
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(1) of the form,
g¥=-n’(r), §'=5; g"=g"=0, M

fori,j =1,2,3 where* n(r),r = (x,y,z,t)is areal function of its arguments’. The quadratic
form of g% is not essential, but enables an appealing interpretation in section 3.

(2) such that n(x,y,z,t) = ns(x,y,z)n(r), where ns(x,y,z),nr(t) are real functions of their
arguments. This attribute is crucial for variable separation assumed in section 3.

(3) small, thatis, ns(x,y,z) = 1 + ws(x,y,2), n1(f) = 1 + wr(¢), and ws, wr < 1 are real func-
tions of their arguments. This captures the empirical fact that any fluctuations of spacetime
are yet to be detected in the most sensitive of experiments. It is invoked towards the end
of section 3.

(4) zero mean, stationary random processes, that is,

WX=0 (X=SsT), @)
ws (x7y7Z)WS (.X+ 5X7y+ 6y7z+ (;Z) = Fsp(6x76y762) ) (3)

and
wt (t) wt (t+5t) = FTQ((St)a 4)

where O denotes the average of any quantity O over realisations of the random process.
(5) uncorrelated in space and time, that is, the average

ws (x,y,2) wr (1) = ws (x,y,2) wr (1) )

Attributes (4) and (5) enable analytic computation of the relevant observables in section 5.
(6) Gaussian in space, that is,

5?
by o) =exp| = > o5 | ©)

i

i=Xx,y,2

with correlation lengths ¢;,i = x,y,z. This attribute allows analytical closed-form expres-
sions of relevant observables such as the power spectral and cross-spectral densities in
section 5. We leave the form of o(d,) unspecified, noting that it may have a characteristic
time scale 7.

Our model is thus parameterised only by the strength I's and scale N; = 2¢;/¢p of the fluctu-
ations, where the Planck length /p is introduced to enable a fully dimensionless parameterisa-
tion. The factor of 2 in the parametrisation of N; is chosen in anticipation of section 5 where
light propagates along the two arms of a Michelson interferometer oriented along the x and z
axes, and the relevant observables become proportional to (£, + ¢;). The observables will then
be proportional to the chosen scale, especially in an isotropic model where Ny = N, = N, = N,.

In what follows, we first describe how the spacetime fluctuations affect the propagation of
electromagnetic fields. Using data from optical experiments, we then set upper bounds on the
strength and scale of the spacetime fluctuations.

4 We shall often label the components of 3-vectors by x, y, and z instead of the tensor labels 1, 2, and 3 respectively.

5 Metric fluctuations with g% = —1, g/ = 50, or 8% = —n(x,y,z,1), g/ = —1

1 . .
ICREN] Gy 90 are equivalent.

4
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3. Electromagnetic signatures

The relativistic wave equation governing the propagation of light in curved spacetime
is [30, 31]

«a )

OF o + 2Rayp5F7° — RanFly + Ry F, =0 (7)

where Fz is the electromagnetic field tensor, [] denotes the d” Alembertian operator with the
covariant derivative, R, g+s is the Riemann tensor, and R, is the Ricci curvature tensor defined

in terms of the spacetime metric g"”. Equation (7) is obtained from Maxwell’s equations writ-
ten in terms of the covariant derivative without further assumptions of gauge or form of the
4-potential [31].

In principle, all observable signatures of the propagation of electromagnetic fields through
the fluctuating spacetime, can be extracted by solving equation (7) for a general tensor g"”. In
practice, this seems intractable, even when the metric fluctuations are restricted to possess the
six attributes listed in section 2. Further assumptions must thus be made to solve equation (7).

The Christoffel symbols contained in equation (7) involve derivatives of the metric tensor
g"". In particular, it contains derivatives of g% = —n?(r), as per Attribute (1) of our model in
section 2. The corresponding wave equation, provided in appendix A, eluded our attempts at
a closed-form analytical solution. To advance we thus assume that for a field tensor Fzg,

2y . O(0,Fap)
O (9un*) < OF,.) (8a)
2)  O10OFas)
0 (9,n°) < O(9,F ) (8b)
0 (0,0,n%) < O (0x0qFap) (8¢)

O(Fgy)

where O (-) denotes an order-of-magnitude of the tensor quantity within the parentheses. These
conditions suppose that any variation in n> across spacetime occurs at a rate much slower than
the variation of the electromagnetic field. Therefore, in subsequent analysis, the wavelength
and time period of the wave, that set the natural scales of the electromagnetic field variations,
should be much smaller than the corresponding scales for variations® in n?.

The inequalities in (8a) imply that the terms in equation (7) comprising either the Christoffel
symbols or any derivative thereof are negligible compared to g’Y‘S(‘)g&YFa@. This simplifies

equation (7) to
872050, Fop =0, ©)
which reduces to

n? (x,y,z,t) O°E

VZEZTW fora=0,8=iora=i =0, (10a)
2(x,y,z,t) O°B
VZB:%W fora=i,8=j#i(i,j =1,2,3), (10b)

6 In section 5, when assuming random fluctuations with the scale N, 1B this condition translates to N, Il > \/fp, where
A is the wavelength of the light.
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where E and B denote 3-vector electric and magnetic fields. Using the Attribute (1) and the
inequalities (8a), the fluctuating metric tensor thus appears as an effective refractive index for
the electromagnetic wave equation in free, flat space. It is also evident from equation (10a)
that the choice of the metric in Attribute (1) is crucial for interpreting n(r) as a refractive
index fluctuating randomly in space and time. Propagation of light through a medium with
homogeneous isotropic fluctuations of the refractive index was studied in [32]. The stochastic
nature of the random medium is shown to manifest itself in the average of the fourth-order
correlation of the radiation field over an ensemble of possible fluctuations of the refractive
index.

Motivated by [32], we examine general electric field correlation tensors for observable sig-
natures of the underlying spacetime fluctuations. Electric field correlation tensors can be of
the form [33, 34]

Mff;"f' ({r}s{r'}) = Ec, (r) Ec, (r2) -+ Ee,, (r) E; (r ) Egy (r'2) -+ Egy (r'0) (1D

where ¢;,¢/ € {x,y,z} for i =1,2,...,m, j =1,2,...,m’, with m not necessarily equal to
m’ and {r} ={ry,- -1}, ¢ ={c1, - cm}. The primed variables are denoted similarly. Here
(m,m") denote the order of the electric field correlation tensor. We choose to focus on the
electric field for the rest of this paper. From equation (10a), it follows that the magnetic field
will carry equivalent signatures.

The correlation tensors are crucial in studying the different orders of optical coherence of
the light beam. The theory of partial coherence becomes relevant specifically when invest-
igating the unknown stochastic nature of the intervening medium. In this paper, we study
intensity—intensity correlations captured in an interferometer with classical sources of light. If
and when captured, the higher-order correlation tensors could potentially reveal more about
the nature of the spacetime fluctuations and may lead to stricter bounds. Another strength of
these correlation tensors lies in their natural extendability to quantum sources of light [35, 36]
such as entangled and squeezed states. These could also lead to newer and stricter bounds from
future experiments using such quantum states [37-39].

Solving equation (10a) for any n(r) to obtain the above field correlations in closed form
analytically seems intractable, although numerical solutions may be possible. Seeking a closed
form solution of equation (10a), we employ the following assumptions motivated by an elec-
tromagnetic wave propagating along a certain direction, say z.

(i) Separation of variables for the electric field. This relies on Attribute (2) of our model in
section 2.
(ii) Paraxial and slowly varying envelope approximation (SVEA) [40].

Using both the ansatz, E,(x,y,z,7) = S(x,y,2)T () (i =x,y,z) and the Attribute (2), we
invoke Assumption (i). This separation of variables splits equation (10a) into the Helmholtz-
type equations,

VS = —i’n3S, (12)
827- k26‘2
Far-a 13

with k =27 /A = Q/c,. where ) is the wavelength of light and €2 the corresponding frequency.
The spatial part of the field S(x,y,z) (respectively, the temporal part, 7 (¢)) is any function that
satisfies equation (12) (respectively, equation (13)).

6
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Subsequently using S(x,y,z) = Es(x,y,z)e""* and T (t) = Er(t)e’*¥, and applying (ii),
that is,

OEs _ O%Es OEr _ 0°Er
k—=> d Q— . 14
0. = oz M Yo 7 o .
Equation (10a) simplifies to
DEs i (PEs O%Es\ ik
T (8x2 )2 (n§—1) Es, (15a)
E 19) K22
Obr _ 19y ik g (15b)

o 2 T 2md

Now invoking Attribute (3) and neglecting terms of order wg( (X = S,T) and above, the corres-
ponding solutions are

Es (x,,z) = // dkxdkye_i(k"x'*'k’y)gs (kx,ky,Z) , (16)
- t
Et (I) =Er (0) exp —iQ) /dt/WT (t/) R (17)
0

where
Z
Es (kv kys2) = Es (ki,ky, 0) €5 H) Zrexp [ ik / d'ws (x,y,2) |, (18)
0

and k., k, are the Fourier-conjugate variables corresponding to x and y respectively.

We note that the spatial component of the propagating field captures the cumulative fluctu-
ations along the direction of traversal via [§dz’ ws(x,y,z’) in the phase factor of equation (16).
This remains unchanged even on implementing the inverse Fourier transform (equation (18)).
This effective phase fluctuation with the x,y dependence modifies the shape of the wavefront
at each point as the light traverses along the z-axis. The temporal component also has effect-
ive phase fluctuation as in equation (17). As the fluctuations appear in the phase, it follows
from equation (17) that some correlation tensors given by equation (11) do not contain their
signatures, such as Mc.." ({r};{r}) which is an instantaneous intensity correlation function.

Others, such as the second-order correlation function

My (risr'y) = Ey (r) Ey (r'y) (19)

do contain signatures of spacetime fluctuations. Indeed, any measurement that records some
aspect of the wavefront or reconstructs it entirely should reveal observable signatures of the
underlying spacetime fluctuations.

A typical measurement can involve measuring the second-order correlation function
M;}l (ry;r’1) over a cross-section of a beam at z = zqe and time ¢ = #4¢, such that ry =
(X1,Y15Zdet, faet) @nd 1’ = (x2,¥2, Zdet, faet)- In this case, the temporal part of the correlation
function, Et(f4et) E (f4et), does not contain any signatures of spacetime fluctuations. Only the
spatial part reveals signatures of interest. This is why it was not necessary to specify o(d;) in
Attribute (6). This argument is applicable even when considering the appropriate correlation
tensor in the context of interferometric setups in subsequent sections.

7
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There is a great variety of possible configurations of the field correlation tensors in
equation (11) whose measurements can reveal signatures of spacetime fluctuations. We leave
a fuller exploration for the future. In the rest of this paper, we focus on how interferometric
measurements can identify signatures of spacetime fluctuations [6].

4. Interferometric signatures

Given their extremely high sensitivities, laser interferometers have been proposed and used to
probe spacetime fluctuations [6, 16, 17, 20]. As shown in figure 1(a), the power of the light
at the output port B of such an interferometer, with the beam cross-section in the y-z plane, is
measured by the photodetector. The electric field at the output is given by

1 .
Eou (ro) = ﬁ [E§C) (ro) — E)(,D) (ro)e—Zl‘Poff , (20)

where the superscripts (C) and (D) denote the y-component of the electric field along the
respective arms of the interferometer, ro = {0,y,z,70}, and 7¢ is the time taken to complete
a round trip in either of the arms. We note that . is the phase difference due to the offset
in the interferometer arm lengths between the two arms of each interferometer. As the arms
are almost of equal length £ with @ /k < L, 79 = 2L /c. This deliberate small phase offset is
present in interferometers that use the so-called DC-readout scheme (including all interfero-
meters considered here), which makes the destructive interference at the output imperfect [41].

For brevity, we define the correlation function Mf)”u’f"l ({r};{r’}) for the output field of
an interferometer in line with M’Z;"}/ ({r};{r’}), except with E,y replacing the field com-
ponents E. and E./ in equation (11)7. In particular, the fourth-order correlation function
MZ2(R:R) R = {r,r,} withr; = (0,y,,z1,7) and r, = (&, y2,22,72) will be of interest both
for a single interferometer as in figure 1(a) as well as two co-located interferometers [17, 20]
as in figure 1(b).

The time-averaged output power of a single interferometer measured at time 7 is then

T+AT
€oC
Pou (7) = ALT / dTl/dsM(l)l’]l[ (ro;ro), 21)
A

T

where MY\ (ro;r0) = |Eow(ro)|?, ds = dydz, Ay is integration time of the detector, and IR
denotes a surface integral over the beam cross-section. Similarly, the time-averaged power

correlation is

T+Ar T+ +Ar
dr dny // ds; ds; M%: (RR), (22)
A

2
Péut (T) P{)ul (T+57) = <?A0j>

7,74+,

where i,j = LII denote the interferometers which determine the different E,, fields appearing
in Mﬁ;,% (R;R). An explicit expression is given in appendix B, equation (B2).

7 Similarly, when different combinations of ESX) (X = C,D) replace the field components E. and E,./ in equation (11),

a correlation function M'g)’gf{x " ({r};{r’}) is defined. This is used in appendix B.
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(a)

C (b) Cu

A

Figure 1. A schematic diagram of the interferometric setup. (a) Michelson interfero-
meter with a laser source at the input port A and a detector at the output port B with the
two perpendicular arms denoted by C and D. The 50/50 lossless beamsplitter is denoted
by BS and is taken as the origin of the reference frame in our computation. We can
effectively assume the detector to be at the origin as any change suffered by the light
after interference at the BS is common to output field contributions from both the arms
and therefore cannot be detected. (b) Two co-located Michelson interferometers with
input ports A; and output port B; with the two perpendicular arms denoted by C; and D;
each with arm length £' (i =I, II). The origin is at BS;.

In interferometric setups such as the Holometer, the control systems carrying out measure-
ments monitor fluctuations in the output light and feed back the differential signals to actuated
end mirror mounts aimed to hold the average output power constant [20]. The measurement
of relevance is thus a time-series of the deviation from the average output power accumulated
over periods of Ty = 1.8/700 s = 2.6 ms [20]. Within each T, the average output power
itself is obtained by averaging over Ny, = Tyec /A7 time measurements.

Equations (21) and (22) capture the experimental scenario where n(x,y,z,t) (equivalently,
ws and wr) is sampled as the light propagates in space. However, our theoretical formalism
requires assuming specific characteristics of the distribution of n(x,y,z,) to obtain analytical
expressions. While the former can be used to obtain the necessary temporal averages, the latter
can only be used to obtain ensemble averages. We thus use the stationarity of the time-series of
the deviation from the average output power, to replace time averages with ensemble averages.
This can be justified by the tests establishing the stationarity of the Holometer/aLIGO data
which is necessary for the ergodicity of a process.

As the recorded data from experiments such as the Holometer are the power spectral dens-
ity (PSD) from a single interferometer’s output or the cross-spectral density (CSD) from the
outputs of two co-located interferometers [17, 20, 22], we invoke ergodicity for the correlation
functions of the fourth-order in the electric fields, leading to

Pl (7) Pht (T4 07) = (eoc)’ // ds; dsy My; (RiR), (23)
A
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and the covariance

Covij (Pout) = Pl (T) Py (T4 07) — Phy (T) Pl (T+67). (24)

Note that Cov; ;(Poy) 7 Cov;i(Pou), in general®, for i j. Extending ergodicity to higher-
order moments will require commensurate tests of stationarity on corresponding data.
The PSD is thus

S(f) = l/ dé, Cov (Ax) cos2mf6, . (25)
T Jo
and the CSD is
1 [ i i
CS(f) =5- / ds, {efsza, Coviy (Ax) + ¥ /37 Covyy (Ax)} , (26)
T Jo
where’
A\ 2
COV,‘J (AX) = <44T(p()fff)()) COViJ (Pout) . @n

For brevity, Cov(Ax) = Cov; ;(Ax).

In practice, the PSD and the CSD are obtained using discrete Fourier transforms of time
series of the measured path difference. This corresponds to using discretized transforms in
place of equations (25) and (26). In the next section, we compare the PSDs and CSDs obtained
analytically by evaluating these discretized versions of equations (25) and (26) with the corres-
ponding measured spectral densities. These analytical evaluations use Attributes (4), (5), and
(6) to provide constraints on the strength (I's) and scale (N))) of the spacetime fluctuations.

5. Constraint from spectral densities

In the Holometer and QUEST experiments, the setup is a simple Michelson interferometer as
represented in figure 1(b).

We show how constraints on the strength and scale of the spacetime fluctuations could
be established from the PSD and then the CSD, both from completed and proposed exper-
iments such as the Holometer [21], aLIGO [22], and QUEST [17]. These results rely on
Attributes (4), (5), and (6), and assume the spacetime fluctuations to be isotropic in space with
the scale Ny =N, = N, = N,. We present the constraints as two-dimensional I's-N; exclu-
sion plots. Importantly, these constraints only apply when spectral density produced by the
spacetime fluctuations is present at a frequency at which the interferometer is sensitive. As
explained below, this is not the case for our model from section 2 and presently operational
interferometers.

8 In the case £y = L, it is seen that Cov; j(Pout) = CoVj,i(Pou) in appendix B.
9 The average output power Poy(7) is scaled by (2kqoPo) ! to get the corresponding path difference, where Py
is the power of the input laser beam. This scaling factor is obtained using the following argument. Given that there
is an effective phase difference ¢, between the two arms of an interferometer, the average output power can also be
written as Poy (7) = Py sinz(gox + cpoff). Expanding this to first order in ¢, and @, and denoting the corresponding
path difference by § L, the effective phase difference is

Pout (T)

s =kdL~ ———=.
2poftPo



Class. Quantum Grav. 41 (2024) 075003 B Sharmila et al

5.1. Constraint from PSD

Constraints based on the Holometer and the QUEST experiments are presented in the first
two subsections. The former is based on experimental data [21, figure 2], and the latter on
proposed experimental parameters [17]. The third subsection reports similar constraints from
aLLIGO data, which is a Michelson interferometer with cavities in each arm which requires
some additional analysis.

5.11 Holometer.  Using equation (B17) from appendix B in the expression for Cov; ;(Ax)
in equation (27), and setting d; = 0 in the discretized version of equation (25), the PSD is

S(f) = A[1+ B*cosdpos — 2Bcos* 2] (28)
where
1 A\
A= () e, 29)
B =exp (—2x/27r/€£), (30)
K =k pTsN|, @31

and the step function O(f) (in units of time) is

) (32)
0s, otherwise,

Is, if O0<f < ftep,
@ ( f) — { S 1 f fstep
where f.p, denotes the frequency resolution of the discrete Fourier transform, i.e. the width of

the frequency bins. Thus the signal has all its power in the zero frequency (DC) bin.
To first-order in Planck length, i.e. B =1 —2v/27w/CL, the PSD becomes

2
S(f)~ (;ﬂ) ;f/%@(f). (33)

Here we have used the fact that @ << 1, as in the setups considered e ~ 107 rad (see
table 1).

In our drastically simplified spacetime fluctuations model, the use of Attribute (2) and
Assumption (i) results in an M=y (R;R) independent of time due to equation (17). This in
turn leads to a covariance that is independent of .- and thereby, a PSD with a Dirac delta
function of the frequency centred on f = 0. For a discrete cosine transform, 6(f) is replaced by
O(f). This predicted frequency dependence is very different from spectra theorised in other
models for quantum spacetime fluctuations [23, 42].

Interferometers have limited or no sensitivity to signals at zero frequency. Therefore, a dir-
ect comparison between our predicted signal and interferometric observations is not possible,
and our model in section 2 cannot be constrained by existing observations. Nevertheless, to
illustrate the principle, we proceed to constrain our model by comparing the order of magnitude
of the predicted signal spectral density and the noise of the interferometers, anticipating the
possibility of the signal having a different frequency dependence but a similar magnitude.

1
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Table 1. Values of the system parameters as measured in the Holometer [21] and
aLIGO [22]. Values of A7 and @ are up to an order-of-magnitude. System parameter
values used in the simulation of the QUEST experiment [17] are also quoted.

Parameter Holometer [21] QUEST [17] aLLIGO [22]
Py (kW) 2 10 750

L (m) 40 3 4% 10°

A7 (s) 1073 107 1073

©orr (rad) 5% 1073 5%1073 2.5% 1073
A (x107% m) 1.064 1.064 1.064

PSD (m*Hz™!) 6.3 %107 32x107%8 2.3 %1074

The sensitive band of the Holometer data (i.e. at frequencies above fiens = 1 MHz is limited
by photon shot noise [21]—a white noise spectrum in principle [43], which is given by [17]
heA

Smeas (f> 1 MHz) = S (34)

We now consider spacetime fluctuations described by our model to produce a displacement
spectral density at frequencies within this band but with a magnitude smaller than that of the
shot noise. The model can thus be constrained at a signal-to-noise ratio of one!® by setting
Smeas (frens > 0) = S(f = 0), which gives

PNy < 6 A
SUIS S 2t PoL

We use equation (35) and the parameter values listed in table 1 in the case of the Holometer,
to obtain the allowed parameter space as shown in figure 3(a).

Furthermore, (35) and the subsequent inequalities are valid only between the limits N <
2L/lp and N > \/fp. We note that the latter limit arises from equation (8a) as mentioned in
section 3. We consider the case N = 2L//p in appendix C for the Holometer. While a con-
straint on I's is obtained in this case too, the product I's N, | < 10!, This is a weaker constraint
than sV <5 X 103 obtained using equation (35) at N < 2L /lp. On the other hand, the
constraint from CSD becomes stronger than the corresponding constraint for N < 2L //p.

(35)

5.12. QUEST  The simulation for QUEST considered a shot-noise limited sensitivity above
Jsens = 1 MHz, and the use of squeezed vacuum states of light, aiming to attain 6 dB of squeez-
ing in the output [17]. This leads to a measured PSD Squest(f), which is written in terms of
Smeas (f) as,

Squest (f> 1 MHz) = 10708100 (f> 1 MHz). (36)

As before, the model can thus be constrained at a signal-to-noise ratio of one by setting
Smeas (‘f‘sens > O) 2 S(f = 0)

he A
LNy < 10706 —— . (37)
I 22l PoL
10 We choose to set constraints at SNR = 1 because it is conventional in the field of laser interferometry to define the

sensitivity of an experiment as the magnitude of a potential signal equal to the instrument’s noise. Though the choice
is arbitrary, it could straightforwardly be converted to any desired confidence level.

12
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(a)

Figure 2. (a) Michelson interferometer with arm cavities and dp — dc = @ort/k, and (b)
arm D of the interferometer.

Using parameters listed in table 1, equation (37) yields the maximum limit on the product
['sN) which is plotted in figure 3(a) as a line, indicating that an experimental run of the QUEST
experiment could rule out the parameter space above this line. This constraint from the sim-
ulation is stricter than that from the Holometer when 6 dB of squeezing is used to achieve
sub-shot-noise performance.

5.1.3. aLIGO. aLIGO is a Michelson interferometer with cavities in each arm [22] as shown
in figure 2. These arm cavities are formed by introducing a mirror in each arm. The electric
field at the detector B is

N (T)
1 / _ -
Eou (0,y,2,7) = \ﬁ Z TMRqM 1 {E;C) (dc,y,z,7) —E)(}D) (dp,y,2,7) e~ 2o | (38)
g=1

Here Ny(7) = |57 and Ty = 1 — Ry is the transmission coefficient of the mirrors intro-
duced to render arm cavities. The analogous expression without arm cavities corresponds to
equation (20).



Class. Quantum Grav. 41 (2024) 075003 B Sharmila et al

______________________
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Figure 3. (a) The shaded area demarcates the allowed parameter space for I's and N as
predicted from the measured PSD in the Holometer (red+blue) and in the aLIGO setup
(blue). Comparing S(f) to the simulation of the QUEST experiment gives an upper
bound on I's N in the case of 6 dB of squeezing (black solid line). (b) The shaded area
demarcates the allowed parameter space for I's and N| as predicted from the measured
CSD in the Holometer (red). The solid black line gives an upper bound on the allowed
parameter values of I's and N using the condition |CS(f = 0)| < |CSmeas(f > fiens)| =
10~*' m? Hz~! with Jsens = 1 MHz in the case of the QUEST experiment with 6 dB
of squeezing. In both (a) and (b), the horizontal lines correspond to Ny = 2L //p in the
Holometer (dashed, red), aLLIGO (dot-dot-dashed, blue), and the QUEST (dot-dashed,
black) experiments respectively. The dark green horizontal dotted line corresponds to
N = \/0lp. The light green dashed rectangle marks the parameter space in which we
see a significant increase in information from CSD measurement.

The PSD to first-order in Planck length is

) _ 280\ 4
S(f)zJj%(AZZM) (1 1(\/5% )@(f) (39)

The derivation is in appendix D. We use Ny (7) = 280 based on Ty; = 0.014, whereby R&° ~
0.019 < 0.02, i.e. less than 2% of the input light remains after 280 round-trips of the light
beam in each arm.

Again, we compare S(f) in equation (39) with the experimentally measured PSD at the
frequency of maximum sensitivity (fiens = 235 Hz, attained at the LIGO Hanford site [44]),
and we constrain the product I'sV)| as in figure 3(a).

5.2. Constraint from CSD

The cross-correlation between the output power from the two co-located interferometers is
captured using the cross-spectral density CS(f) in equation (26).

We first compute the CS(f) in the case of the Holometer, where the beamsplitters of the
two co-located interferometers are separated by 0.91 m diagonally in 3 dimensions with §; =
0.91/+/3 m being the separation along each axis. We consider the two interferometers to have
equal arm lengths £; = Ly = L. Defining

45?2
D =exp (m) , (40)

and using equations (26), (27) and (B17), we obtain the cross-spectral density, as
CS(f) = A[B'"P + B cosdpog — 2B.cos® 2o - 41)

14
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As D — 0,CS(f) — 0, and as D — 1, CS(f) — S(f) in equation (28). For intermediate values
of D, the CSD thus provides additional information beyond the PSD. It adds to the constraint
on ['sNV) such as in equation (35) or (37) which appears as a straight line of the log-log plot in
figure 3(a). This shows the additional strength of our two-parameter model as compared to a
single-parameter one capturing only I'sV,.

As with the PSD, we use the measured cross-spectral density in the frequency range
f > fiens, denoted by |CSmeas(f > fiens)|, to set the upper bound on |CS(f)| at f=0. For
the Holometer with |CSpeas(f> fiens)| = 107%° m? Hz~! [21] , the constraint is shown in
figure 3(b). Comparing figures 3 (a) and (b), it is evident that considering the cross-correlations
has improved the bound on I's and N||. We see that the constraint is improved only where £pN),
is comparable to &,. It is thus evident that stricter constraints can be obtained by reducing the
separation between the co-located interferometers.

In the proposed QUEST experiment, the beamsplitters are to be separated by 0.3 m along
the diagonal in the plane of the interferometer [17]. Using equation (41) with §; =0.3/2 m
and an estimated |CSpeas(f> fiens)| = 10 m? Hz~! for 6 dB of squeezing we obtain the
improved bound on I's and N|| displayed in figure 3(b). The choice of J; = 0.3/2 m in place of
8! =0.3/y/2 m is explained in appendix B using equation (B14), while |CSmeas(f > fiens)| =
10~ m? Hz~! is obtained by combining (A) shot-noise-limited PSD Squest(f) ~ 1073 m?
Hz~! for 6 dB of squeezing (evaluating equation (36)), (B) an assumed total measurement
time of Tio = 10° s, and (C) CSpeas(f) is of the order-of-magnitude of Syeas (f)/v/Tiot-

In the case of alLIGO, the two interferometers are located d; ~ 3030.13 km apart. The

corresponding decay factor D decreases exponentially and vanishes as EP%H > 1 given that

Nj < L/tp. Therefore the limits are set only by the PSD measurements.

6. Comparison with alternative models

Our model of spacetime fluctuations and the constraints placed upon it by experimental data
can be translated to some prior models of spacetime fluctuations. One such class is captured
by [45]

Ax EP e
> (=
ﬁ/(£> ; (42)

where Ax is the standard deviation of the path difference in an interferometric setup due
to spacetime fluctuations. From equations (33) and (39), it is evident that the PSD is dir-
ectly proportional to K and hence, to the product I'sN in all three interferometric setups
considered. Therefore, we introduce the combined parameter 1I = I'sN) to relate our two-
parameter approach to the single-parameter o model. Comparing (Ax)? with the correspond-

ing measured (Ax)2,,. due to noise, given by

(Ax)rzneas =4m /df [S(f)|Hmabeound(H)] ’ (43)
0

provides a lower bound on «. Here, bound(II) denotes the value of IT such that it gives the
strictest bound I's V)| < I, from IT computed at the boundary of any allowed parameter
space. For instance, in the context of PSD measurements, 11, is the value of II corresponding
to the straight-line boundary of the allowed parameter space in figure 3(a). As these allowed

15
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Table 2. Comparison of IImax and aumin. For completeness, we also quote the aumin values
obtained from the astronomical observations [11, table 1].

Setup Constraint from ITinax Omin

Holometer PSD 5x107° 0.53

CSD 1x107° 0.58

Interferometric PSD 3x1073 0.53
EST

QUES CSD 1x107° 0.58

aLIGO PSD 4x1071 0.60

Optical [11] — 0.53

. X-ray [11] — 0.58

Astronomical GeV ~-ray [11] — 0.67

TeV v-ray [11] — 0.72

parameter spaces are themselves bounded using the measured data, equation (43) is valid and
along with equation (42), it provides the link between II,,x and «.
For the Holometer, equation (33) gives

(Ax)2 . = \/j Mo lp L. (44)

Combining this with equation (42) gives

| log (« e /2Hmax)
a>:— : 45)
2 2log (L/tp)

Similarly, using equation (39) for aLIGO,

1
az =

4
1— m 280
log <\/7r/211an§4 (%) )

21og (£/tp) o

[\

Lower bounds on the value of « can thus be obtained from our constraints on I's V| < TTjyax
obtained for different interferometric setups, such as in equation (35) or (37). We present the
numerical estimates in table 2.

Stronger lower bounds can be placed on « from CSD measurements. This is done by tak-
ing the maximum value of N allowed for different allowed values of I's to compute a set of
values I'sN)|; the constraint is then set at [1y,x, which is the minimum value in that set. The
corresponding oy, 1S computed using equation (45) and reported in table 2. We have also
presented the ap, values obtained from the astronomical observations [10, 11]. For instance,
in [10], spacetime fluctuations are shown to inhibit astronomical observations at sufficiently
short wavelengths. This allows using x-ray and ~y-ray observations to place stricter constraints
as evident from the larger cy;,. It is interesting to note that the oy, obtained using the CSD
measurements in our approach place stricter bounds than that obtained from optical astronom-
ical observations.

Our model is not directly comparable to that by Zurek and coworkers [14—16]. This is
because of the different assumptions in the two models of fluctuations. For instance, in [16], the
metric itself is identified with a scalar field satisfying the massless free scalar wave equation.

16
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This leads to correlations, particularly angular ones, in the spectral densities that are absent in
our model. Our Attribute (5) removes possible correlations in the spatial and temporal fluc-
tuations, enables the separation of variables in Assumption (i), and thereby leads to spectral
densities that are delta functions.

7. Conclusion

We have presented a theoretical formalism for evaluating electromagnetic signatures of space-
time fluctuations. It is based on measuring field correlation tensors at different spacetime loca-
tions, and enables to bound the strength and the scale of spacetime fluctuations by comparison
with experimental data. To that end, we compare the predicted signal to the power and the
cross-spectral densities of some of the most sensitive optical Michelson interferometers.

Crucially, our predicted spectral densities cannot be compared to the experimental data
directly, as the predicted signal manifests at zero frequency and where interferometers are not
sensitive. We thus illustrate the principle of constraining models of spacetime fluctuations by
assuming that the model spectral density is present at a frequency at which the interferometer
is sensitive. We also provide a correspondence between our bounds and prior single-parameter
models of quantum spacetime fluctuations.

Our two-parameter model, capturing the strength and the scale of spacetime fluctuations
is able to extract stricter constraints from the cross-correlation between the experimental data
recorded in the two co-located interferometers, subject to the above caveat. This is evident
not only from our two-dimensional exclusion plots in figure 3(b) but also from the stronger
bounds on the « of single-parameter models in table 2. In fact, it is important to note that the
bound on « obtained using the CSD measurements is more stringent than that obtained from
optical astronomical observations. Subject to the aforementioned caveat, our bound matches
that obtained from the shorter wavelength x-ray observations.

The two-dimensional exclusion plots that we introduce should facilitate an unambiguous
comparison of various theoretical models of quantum spacetime fluctuations as well as the
experiments being designed to detect them. These could include different laboratory-based
interferometer configurations [13, 17, 23, 39] and detection schemes such as counting single
photons [19] or detecting higher-order field correlations involving both electric and magnetic
fields [34] as well as astronomical observations [11]. Finally, our approach is naturally suited to
incorporate novel configurations of coupled interferometers using quantum light for quantum
gravity tests [37-39]. These could provide new constraints on the structure and nature of
spacetime.

Our formalism has already provided insights into experimental routes for detecting quantum
spacetime fluctuations. These include the role of the separation between two interferometers
as well as their arm lengths in constraining the fluctuations based on their CSD. The former
determines the area of the two-dimensional parameter space that is additionally ruled out by the
CSD. As to the latter, if the arm lengths of the co-located interferometers are not equal to each
other, the spacetime fluctuations can manifest as a complex CSD. Complex CSDs at positive
frequencies are typical in interferometric experiments which are limited by uncorrelated noise.

On the theoretical side, future work could identify the specific physical phenomenon that is
ignored, due to each assumption or attribute considered when building our model of spacetime
fluctuations. Further, our approach can be extended to identify the components of metric fluc-
tuations that can accumulate over a distance vis-a-vis those that cannot. We could also exam-
ine the role played by the specific autocorrelation function of the spacetime fluctuations [46].
Further investigations with other motivated functional dependences of spacetime fluctuations

17
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can potentially yield better insight into the frequency dependence and angular correlations of
quantum spacetime fluctuations. For instance, appendix E shows how changing Attribute (1)
can alter the wave equations in our formalism, moving beyond the interpretation as a fluctuat-
ing refractive index.
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Appendix A. Relativistic wave equation in curved spacetime

We recall the relativistic wave equation in terms of the electromagnetic field tensor Fg [31]

OF o + 2Rayp5F7° — Ran F7 5 + Ry F7, =0, (A1)
where

UFap = gV‘SV,YV(;Fag =g (85Xaﬁv — I Xnsy — Fgéxam - F:’yéxaﬁn) ) (A2)

with
Xagy =0,Fap — FZVFQ,,7 =0 Fns, (A3)
Ropys = 8aw |04 55 — 051 5 + Ff’ml“gﬂ — anI‘zﬁ , (A4)

and
Rap =Rg.p, (A5)

with the Christoffel symbol

I3, =8 (088~ + 0~8pu — Ou8pv) /2- (A6)
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Using the Attribute (1) of our model in section 2 in equation (Al) and defining
Go = (555 0,n%), we find

g”‘sc'),y&sFo; — n280 [G()F(),‘} — 2]’12 G() a()F(),‘ - 2n2 G(Z) F(),'

3
1 1
2 2 2
+j§ : |:—7’l o) |:nz G]F],:| +8,[GJF01] —Gjaoni— >3 (8]n )F()i

— 2G;GoFji + [9,G)] F0j+4GJ?F01} =0, (i=1,2,3) (A7a)

g”‘sayﬁgF,»j — }12 (’)0 [GjFio] — n2 80 [GiFoj] — I’l2Gi a()Foj
— HZG]‘ 80Fi0 — 2112 G()Gi Foj — 2712 G()G]'F,'() — n2G0 80F,:/'
3
- [{aqGi}Fq/' + {aqu}Fiq + Gy aquj] =0, (ivj = 13233) (A7b)

g=1

with a,y,0 =0,1,2,3.
Assuming the inequalities in (8a), all terms comprising G, any derivative of G, or 5‘1.2n2
in equation (A7a) are neglected. This reduces the wave equation to

§7°050,Fup = 0. (A8)
As an aside, for better illustration of the different terms in equation (A7a), we consider the

dimensions to reduce to just (ct,x) in place of (ct,x,y,z), with 9, and 9, denoting the partial
derivatives with respect to x and ¢ respectively. This simplifies equation (A7a) to

2
— nZa,zE)r + czafEx — % (Bfnz) E,—n? [8, (18,n2>] E,
n

2n?
2 o (g2 2 (Lo
+2c¢” |0y 5,20 E.+c 5,20 OEx
2 2
L3t (o) 08, — 20 (Lo E +4c? o) E =0 (A9)
2]12 15 t=x 2}’12 15 X 2}‘12 X x — Y-

Here E, (x, ) is the electric field along the only spatial dimension x. We note that equation (A7b)
has no equivalent equation when considering only one spatial dimension as there can be no
magnetic field in such a Universe. In order to better illustrate the terms involved, we simplify
equation (A9) assuming n(x,#) = 1 + w(x, ) with w(x, #) < 1 and neglecting w? for ¢ > 2. This
reduces equation (A9) to

O’E, — P OPE + 2 wIE, +3 (1 —w) (Ow) (9,Ey)
— 2 (1=3w) (0w) (.E,) — ¢ (1 —3w) (Q%w) E,
— 2 (1—12w) (3w)? Ec+ (1 — w) (9?w) Ex + (1 — 6w) (w)* E, = 0. (A10)

A detailed analysis of the effects of each of these terms involved could potentially reveal inter-
esting signatures of spacetime fluctuation.
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Appendix B. Computing the fourth-order moment of the output field and
power covariance in Holometer

In this section, we find M2 (R;R) with R = {(0,y,2,7), (8:,y + 8,,2+ 6,7 + 6,) }, where the
electric field corresponding to the output of the p-interferometer (p = LII) is

1
V2
B (803 + 6,2+ 0,74 6,) 0] B1)

Eﬁut (6X7y+6)'7z+5177—+57') = |:E3(’CP) (§X7y+5y72+ 6Z7T+5‘r>

We note that we have invoked Attribute (4) and O denotes the average of any quantity O
over realisations of the underlying random process. The fourth-order correlation M=y (R;R)
is written explicitly in terms of M’ {X YIX Y} (R;R) as

Mo (RiR) = 411 > 2 Mmoo ®R = 3 M R

xe{C,.0,} Ye{C,.D, } xe{c,.0,}
Z MZ{)Z(D Lxc,} (R; )672:%“ N E M2{(2: x}:{p, x} (R;R)em%ﬁ
xe{c,.0, } xe{c,.b,}
Z Mz{’é,,,x};{c",x} (R;R)e_zl%" +M{c,, C,}{D,.D, } (R;R) e Hew

xe{C,.D,}

R:R)e _4l%.f+M{DpC}{C D}( R) + M?é“Dq};{Dqu} (R;R) | .

(B2)

22
(0,0} {crcy)

Here p,q =1, II. Further, in the case p=g¢, §, = 0, = 6, = 0. We discuss the salient steps
involved in computing Mﬁ;ﬁ (R;R) by listing the steps in computing one of the terms in this
moment, such as,

2,2
M5, p,3:00,.c,) (RiR)

:/ / dk., / / dkzz/ dky, / dk., | dky, / dk.,

D C,)* D, T(Cy)*
XE( p)(kZUkylaO)E( ) (0 ky27k")E( )(kzwkygadz)Eg q) ( y4a )

x EPY (1) EP) (7 + ) B (1) B (1 + 6,)
—i (kyy ke, 2=y, y—key2) ~ (k}.3 0y ey (48:) —ky, (7+6,) — ks, (2462)) _ (B3)

X e

We note here that we have used the Attribute (5) in obtaining the above expression. It is evident
from equation (17) that EX) (7)EP? (7 + 6 ) ES* (1) ES* (7 + 6,) = |Er(0) 4.
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We also find using equations (16) and (18),

~(D, ~(Cp)* ~(D, ~(Cy)*
EP (ke 0V ESD) (0, k) B (ke 80 ES) (61 )

1 - - -
= 5 ®:(0,0,0)®: (3:,0,,6) @7 (0,0,0) B3 (8,61, 82) Eim (ke kv, ,0) B (0, kv, ) Ein (ks s, 0)

Tk l[» ZE
5 By (0,ky, k) exp [7 (kﬁ] - kﬁz)] exp [7 (k_%a Ty - k;)] . (B4
where
T2
o, (6Xa5y75z) = €Xp 7ik/dZ/WS (Z+5xay+5yaz/+6z) s (B5a)
L 0
o
P, (y,0y,0,) = exp —ik/dx’ws (x"+ 6, y+0y,240,) | . (B5b)
L0

Here we have considered the case £; = Ly = L, i.e. the co-located interferometers are, in
principle, completely identical. This is the reason why the LHS of equation (B4) depends on
P, q while the RHS shows no such dependence.

Further, E;, is the Fourier transformed field factor corresponding to the input beam at BS,

(»p =1, 1), while Egc”) and EéD”) correspond to the output measured at B,,. For instance, in the
Holometer, we know that §; = 0.52 m and £ = 40 m with §; < 0.1 L (i = x,y,z). We also note
that in the above expressions, arguments such as z + J, feature in the definition of ®,, in the
context of field contributions due to the light traversing along z-axis in the D, arm. This unusual
argument is because of the following reason. We know that the light in D, suffers a reflection
at BS,, before interference with the light from C, arm. Specifically, the beam cross-section on
the x — y plane in D, arm on reflection becomes the y — z plane at the detector, especially with
x—+zand y —y in terms arising due to light propagation in the D, arm.

Denoting the input electric field coming in from port A, by Ei,(x,y,0), the electric field
Ein(x,y,0) on reflection at BS, into arm C, becomes E;,(0,y,z). We emphasize here that in
equation (B4), the factors Ei (k, ,ky,,0) and Eiy (k., , k,,,0) are Fourier transforms of Eiy (x, y,0)
in x and y, while E., (0,ky,,k,) and E., (0,ky,,k,,) are Fourier transforms of Ei,(0,y,z) iny
and z.

We then use the Attribute (4) to simplify @,(0,0,0)®,(dy,dy,d,)P:(0,0,0)®s(dy,dy,d;) as
follows. We first define

| 2L C+
O'Z(éxa(s)'):i/dC"r /dC—P(5x7f5y,C—), (B6a)
0 —C+
| 2L X+
7000 =5 [dve [ depleei8id). (B6b)
0 —X+
2L 2L

& (2) Z/dx’/dz’p(x’—z,o,z—z'), (B6¢)
0

0
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26 2L

gzx(C(),Cl,Cz,Cg) :/dx/dzp(x+6x*C0,627C1,C3*Z), (B6d)
0 0
26 2L

& (coyc1,02,¢3) :/dx/dzp(xfco,czfcl,q71751), (B6e)
0 0

where the o’s arise from spatial correlations in the spacetime metric fluctuations within an arm
of the interferometer, and the £’s correspond to spatial correlations of the metric fluctuations
between the two arms.

Using equations (B5a) and (B6a), we find

®.(0,0,0) P (0, y,:) 5 (0,0,0) D (s, 6y, 6:)

= exp [ — KT {,c [20,(0,0) + 20, (3,,6,)] — 2¢1 (2)

+L [ZUX (O»O) + 20, (§y7§z)] — & (ZJF 5x>y+ 5y,y,z) — &y (Z,y,y+ §yvz+ 62) } .

B7)

We recall here from Attribute (6) that p(d,dy,0;) = exp(—>
can be simplified using Attribute (6), to

2 2
0.(0,0) = l\/ﬂﬁzerf <\?£> +% {exp (—iﬁ) - 1}] : (B8)

where erf(z) is the error function. We recall that the fluctuation scale N; = 2¢;/0p (i = x,y,2).
We consider an isotropic fluctuation scale Ny = N, = N, = N.. Using Ny < 2L/(p,

0.(0,0) ~ \/jzpzvl. (B9)

Similar simplifications can be carried out to find

O'X(O,O) ~ \/jEPNl (BIO)

Further, all £&-type correlations are negligible in comparison to the o-type correlations in the
limit Ny < 2£/¢p. This can be seen even from the qualitative argument that the correlation
across two different arms should be significantly smaller than the correlations within an arm
when the correlation scale Ny < 2L //p.

5} .
imxy.z ﬁ) For instance, o,
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We also consider the input beam to be a perfect Gaussian beam at BS with the input electric
field Ein(x,y,0) coming in from port A, (p =1, 1), given by,

2 ZR lkZ()W%‘i’zZIzg 2 2
Ein ('x7y50) = ; 5 Zexp [<_2W2 (ZZ +Z2) ('x +y )
VT Wor/B+ 2 0 (% + 2k

Here W is the beam waist, zj is the position of the beam waist, and zg = 7 W(z) /A
Using equations (B4), (B7), (B9), (B10) and (B11) in equation (B3), we find

(B11)

Mg, byetcpeyy RiR) = |1 (£.3,2) i (£,y+ 6,2+ 6,) P exp [-2v27KL {14 D}

(B12)
Here,
" )_\/E kZRWO\/leeTZ(%
w1 (ks y,2) = T (W3k (2% +23) — 2i £ (22 + ikWiz))
) . 2 2 2
o k(zzthzkwo.zo) (y2+z.) |, ®1B
2[Wek (22 +2) — 2iL (22 + ikWazo)]

1 2(62462) 2(82+02)

We recall that K = k*I's(pN). When &, = 0, = &, = 6, we find D = exp(— ZQNZ

I
0y =0,=4¢, and 6, =0, we find D = exp(— z Nz) However, we use the definition D =
I

exp(— ZZ NZ ) (recall equation (40)), and in the case when ¢, = 0, = ¢, and 0, = 0, we consider

5x:6x/\f.

Using arguments similar to those used in obtaining M?;p,[)q}- (Co.C} (R;R), we can compute

) In the case

the other terms in equation (B2) to obtain M, Om (R R). Therefore,
Mt (R;R) = |1 (L,y,2)” |1 (L,y+ 65,24 ) (1 —2exp [’ v ZWKL] COS 2o

lexp { 2\/71C£} {exp [ZVEICED} ~+exp [—2\/%IC£D} cos 4<p0ff} ) .
(B15)

The corresponding two-point correlation of power is obtained using

Pl () Phy (T + 87) = (€0c)? / dyi dz; / dy»dz, My (R;R), (B16)
A A

where [, denotes a surface integral over the beam cross-section. We also note that the
co-located interferometers in the Holometer or the QUEST experiment are built such that
5, > +/A. For instance, §; = 0.91 / V3im,VA=5 /T x 1072 m in the case of the Holometer.
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Therefore, we see that y, — y; ~ d; and z, — z; &~ J; in the integrals considered above. Using
this in addition to equations (B15), (B16) and (24), we find

cos 4<poff}

p2 [ o—V2rKL B - B
COViJ(Pout):ZO (2 {e VarKL(1 D) 4o V2rKL(142D)

_ e VKL (2 2¢0ff> . (B17)

Using equation (27) and carrying out the cosine transform in equation (25), we obtain the
PSD taking D = 1 (as §; = 0) in the above expression. The CS (with &, #~ 0) corresponding to
equation (B17) is obtained easily using equations (27) and (26) when £; = Ly = L. We note
here that when £; = Ly = £, Covi(Ax) = Covyr(Ax) in equation (26).

Appendix C. PSD and CSD in the limit of long correlation lengths

Considering N = 2L /¢p in the case of the Holometer and the QUEST experiment, we find
that equations (B6a)-(B6e) give

0. (05,05) = 04 (8,,6,) = LDFy, 1
& (z) = LT, )
&0 (2,7, Y+ 05,24+ &) =

&: (24 0,,y +0,,3,2) = L2F2VD, (©3)
With]:lZ\/ZTTerf(\@)—i—e_z—l, (C4)
and F, = g (erf (\6))2 (C5)

Using the steps illustrated in appendix B, the PSD in this limit N|| = 2L //p is
S(f) = A[14 e ?FF7IKE cosdgy — 2~ PFI7 7KL cos? 20 ], (C6)

and the cross-spectral density is

CS(f)=A o~ QFI-F)KL KLVD(2FIVD-F) + e—(zfl—fz)/CLe—)CLﬁ(zf]ﬁ—fz)COS4%ff
— 2e~ CFI=FIKL (2 2%ff} : (C7)
To first-order in Planck length,
A\ QF - FR)KL
SH~|—) —/——="7§ C8
0= (5) B . (e
vD

cs(f) ~ *5- (2VDF - ) Ts£% (). (C9)

Comparing S(f) with the measured PSD Syea5(f), we get
T < e (C10)

S 2(2F — F) L2Py’
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Therefore, I's <2 x 1073 in the Holometer, while T's < 2 x 10737 in the QUEST experi-
ment with 6 dB of squeezing. Comparing |CS(f)| with Cinax, we find that I's < 10~ in the
Holometer, while I's < 10~ in the QUEST experiment. It is clear that the cross-spectral
density improves the bound on I's for the given N);.

Appendix D. Computing PSD in aLIGO

In this section, we find M= (Ro; Ro) with Ry = {(0,y,z,7),(0,y,z,7)}, where

Nr(T)

Eou (0,y,2,7) Z V TuRY ‘[E“ (de,y,z,7) — EP) (dD,y,z,T)e*”%“] (D1)

We note that we have invoked Attribute (4) and O denotes the average of any quantity O over
realisations of the underlying random process. As mentioned in section 5.1, we take Ny (7) =
280 using the fact that less than 2% of the input light remains after 280 round-trips of the light
beam in each arm. The fourth-order correlation MOut (Ro;Ry) is written explicitly in terms of

2,2
M{x,y};{xgyl} (RX,Y;RX',Y’) as

280
1 /p\ 41+ +astaa—4 2,2
out (ROaRO) 4 Z le\/[( RM)1 : T Z Z M{XY} {X,Y} (RX,Y;RX,Y)
3573371 Xe{C,D}Ye{C,D}
2,2 s 2,2 . iy
Y. Mxcyxoy RxciRxp) ™" — 3 © Mgy oy RxpiRxc)e "
Xe{C,D} Xe{c,D}
2,2 2 o 2,2 . —2i ot
D Mgy mxy RexiRox) ™ = 3 0 Mip oy (RoxiRex)e
Xe{C,D} Xe{C,D}

+M§g’c};{D’D} (RC,C;RD,D)eMWD" +M%1§,D};{C,C} (RD,D§RC,C) e—4i<pon

+ M%i%,C};{C,D} (RD,C;RC,D) + M%[éD};{D,C} (RC,D;RD,C) . (Dz)

Here Rxy = {(dx,y,z,7),(dy,y,2,7)} (X,Y € {C,D}). We discuss the salient steps involved
in computing Mi[,zl (R;R) by listing the steps in computing one of the terms in this moment,
such as,

280

qitqrtastai—4 —5
Z < V ) M{D,D};{C,C} (RD,D;RC,C)

q1,92,93,94=1

= / dky, / dk., / dky, / dk., / dky, / dk., / dky, / dks,
—o0 J —oo J —o0 — o0 J —o0 — o0

280 Q1 +q+q3+qs—4 D (C)* (D) C)*
3 \/ ) E® (ke ey, , OVES) (0, Ky, ke )ESP (ks ey, 0)ESS)* 0,y Ky )

91,92,93,94= l

< [EP (] [E0" (0] et lonrthnehurbadgienr i), (D3)

We note here that we have used the Attribute (5) in obtaining the above expression. It is evident
from equation (17) that [E\™ (1) 2 [E9” (7)]2 = |Ez(0)[*.
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We also find using equations (16) and (18),

280
I —4 = * T *
Z ( RM)111+‘12+‘13+‘14 EéD) (k71 ak,V1 50) E<C) (0 ky27k 7)EéD) (kZ.wk,V.HO) EéC> (07k}’47k14)
q1,92,93,94=1
1 280

=1 > (VR 0 (0,0,0) 0% 0,0,0) [£( (0,0,0) 0% (0,0,0)]

q1,92,93,94=1
X Ein (k21 ’k}'] 70) El* (0 kaakzz) Ein (kak,VwO) E:; (kaymkm)
il (2 2 2 2 il (2 2 2 2
xexp[k (8, +# k5, & )] exp {7 (ky3+kz3—ky4—kz4)}, (D4)
where

r 2qL
37 (0,0,0) = exp —ik/dz’ws (zy,2)] (D5a)

Zq[,
3 (0,0,0) = exp fzk/dx ws (x/,y,2) | - (D5b)

As pointed out in appendix B, E;, is the Fourier transformed field factor corresponding to
the input beam at BS, while I~Z§C) and EéD) correspond to the output measured at B. As
before, denoting the input electric field coming in from port A by Ej,(x,y,0), the electric
field Ei (x,y,0) on reflection at BS into arm C becomes E;; (0,y,z). We emphasize here that in
equation (D4), the factors Ei, (k;, , k,, ,0) and Ei, (k, , ky,,0) are Fourier transforms of E, (x, y,0)
in x and y, while Ei (0, ky,,k;,) and Ein(0, ky,,k.,) are Fourier transforms of Ei,(0,y,z) in y
and z.

We then use the Attribute (4) to simplify ®(0,0,0)®{(0,0,0)[®{"’(0,0,0)

31 (0,0,0)]* as follows. We first define

2pL 2qL
1
o0 = / az, / d22p(0,0,2—21), (D6a)
0 0
2pL 2qL
1
o = L /dx /dep( —%1,0,0), (D6b)
0 0
2pL 2qL
fl(”’q) (2) = /dx’ /dz'p(x’—z,O,z—z’), (D6¢)
0 0

where p,q € Z. We also note that the o’s arise from spatial correlations in the spacetime
metric fluctuations within an arm of the interferometer, and the &’s correspond to spatial cor-
relations of the metric fluctuations between the two arms.
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Using equations (D5a) and (D6a), we find

2 (0,0,0) 8% 0,0,0) [£*” (0,0,0) &{* (0,0,0)]

=exp l — KT {E |:0§41741) + U§qz7qz) 420l m)}

= (61 @+ @)+ £ )+ (1)
+L [015%‘13) + oo 4 20)543:44)} }] . (D7)

We recall here from Attribute (6) that p(dx,dy,d;) =exp(—>_;_, . %)

fluctuation scale N; = 2¢;/¢p (i = x,y,z) with an isotropic fluctuation scale N, | =ENx=N, =

N,. This helps in simplifying equation (D6a) as follows. For instance, ogp D can be simplified

using Attribute (6), to
(pN 2V/2pL 2v/2qL 2V2(p—q)L
(rq) — z PV £ P of q _ _ £ q
- \fz 2 [per ( Ny ) e Ty ) 0 (pN)

(3N 8pL? 8¢ L? 8(p—q)° L2
Il 4q (P—q)

1 + .
8L { xp ( Nﬁ 2 P Nﬁﬁf, =P Nﬁ G

Using £pNH/2£ <1,

. We also use the

™ .
o) & \/; min (p,g) LpNj, o

where min(p, ¢) chooses the minimum of the two, namely, p and ¢. Similar simplifications can
be carried out to find

U)Ep,q) ~ \/Zmin (P,q) tpN). (D10)

Asin appendix B, all ¢£-type correlations are negligible in comparison to the o-type correlations
in the limit Ny < 2L //p.

As before, we consider the input beam to be a perfect Gaussian beam at BS with the input
electric field Ei, (x,y,0) coming in from port A, given by (recalling equation (B11)),

(D11)

2 7R ikzoW3 + 225
Ein (x,y,0) =4/ T, 5o K—M (o +7)
Wor /22 + 22 0 (% + 2k

Here we recall that W) is the beam waist, zg is the position of the beam waist, and zzg = 7 W(z) /A
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Using equations (D4), (D7), (D9), (D10), and (D11) in equation (D3), we find

280
Fartar+qi—4
> (VR MIS ) oy (RopiRec)

q1,92,93,94=1
230

_4 .
_ Z (m)41+q2+43+q4 ‘,Ufl (ﬁ,y,z) |4€,4, Pot

q1,92,93,94=1

4
xexp | —v/7/2KL qu+2min(q1,qz)+2min(q3,q4) . (D12)

j=1
— | (L,y,2) [*e 4% exp (—2\/27TIC£) R2, (D13)
where
1— (\/Iﬂe* w/21€£)280
Ri=

(1= VRyeVPREY (1 = Rye2V//2RE)
(Ve w/zm)m [1 - me_s\/mm)%‘)}
(1= VReVPREY (1= Rye 2V /2RE )
[1 _ (RMgmn)”‘j

(1 _ RME_Zm’C£>

_’_\/Ee— T /2KL

1 e~ V21 KL
(1—\/RT\4@_ ﬂz;ca) a (1—\/RiMe_3 ﬂz;ca)

(D14)

We also recall that the definition of 11(L,y,z) is given in equation (B13) and K = kZFSEPNH.
Using arguments similar to those used in obtaining equation (D13), we can compute the

other terms in equation (D2) to obtain M= (Ro; Ro). Defining

1— ( RMeﬂ/w/zicz:)zgo

= (1 - \/Iﬂe_\/r/z’CE) (1 — \/ITMe\/r/z’Cﬁ)
) (\/Iﬂe_\/m’“)m [1 - (\/me\/mm:)zso}
(lfme— W/ZICE) (1—\/ITMe w/zzcc)
1—(RM)280 e~V /2KL e\/r/zzcz:
+m[ (1—Ru) } {(l_memm) - (1_\/RT4eWM)} , (DI5)

28



Class. Quantum Grav. 41 (2024) 075003 B Sharmila et al

280
1—(+/R
m:ﬂ, and (D16)
1—+/Rm

1— (\/Iﬂe’ w/zicc)zgo

Ry ) (D17)
1— \/me_ w/2KL
we find
Mt (Ro;Ro) = | (L,y,2)* Ty <R§ —2exp [_ ' 27#64 R3R €08 200t
1
+ 5 €Xp [—2\/ 27TIC£] {exp {2\/ ZW’C,C} R3
+ exp [—2\/2WIC£} R cos 4%ff} ) . (D18)
Using equations (D18), (23) and (24), we find
p2 —2V27KL
Cov,j(Pout) = ZO Ty (6 7 {62\/27}“ RS+ e 2VAKL R3 cos 4apoff}
— o WVITKL RS coszz%ff) . (D19)

Using equation (27) and carrying out the cosine transform, we obtain the PSD from the above
expression as,

S(f) = ATy [R3 + B*R3 cosdposr — 2BRY cos” 2] - (D20)
Here,
1 A\
A= () e, (D21)
B=exp (—2x/27r/€£). (D22)

To first-order in Planck length, i.e. B =1 —2v/27/KL, the PSD becomes

2 _ 280\ 4
=5 () (5507 e,

Here we have used the fact that @ << 1, as in the setups considered e ~ 107 rad (see
table 1). To first-order in Planck length, we have taken R, R,, and R to be approximately
equal to R3.
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Appendix E. Effects of the chosen spacetime metric

Attribute (1) is an important choice made on how the spacetime metric fluctuates. If we choose
another metric, for instance,

gO():_l, §11:n2(xayvzat>a
==, (ED)

with all off-diagonal elements set to zero. Here n(x,y,z,t) is a random field in the 4-
dimensional spacetime with n(x,y,z,7) = no(y,z,t)n(x). The inequalities listed in (8a) are
used in what follows. The Assumptions (i) and (ii) are suitably modified according to the
chosen form of n(x,y,z,) and E;(x,y,z,t) in a straightforward manner. Now the SDEs are
listed below for three different possible directions of light propagation.

Case X: If light propagates along x-axis and if the electric field is of the form E;(x,y,z,t) =
E\(x)Eo(y,z,1)e =) the SDEs are

1 OE, i (0*Ey OBy ik, ,
- e (2= )+ = (- 1)E E2
c Ot 2k ( oyr 072 *3 (5 —1) Eo, E2)
OE, ik ik
ox EEI B Zn%El' =

In this case, we clearly see that there is a phase accumulated as light propagates in time z.
However, due to the similarity in the structure of the SDEs to those discussed in section 3, we
can see that the phase difference becomes independent of metric fluctuations along x.

Case Y: If light propagates along y-axis and if the electric field is of the form E;(x,y,z,t) =
E)(x)Eo(y,z,0)e~ =) the SDEs are

OEy 10E, i OBy ik ,

e U R E4
dy ¢ Ot 2% 92 T 200 E4)
O’E; k>
- T E. (ES)
Ox? n?

Equation (E4) points to a phase fluctuation along y and in time ¢. In addition to this, k*/n?
in equation (E5) suggests a fluctuating wavelength. This agrees with the earlier work (see, for
instance, [11]) that point to both fluctuations in phase difference between the arms of the inter-
ferometer and fluctuations in the wavelength of the light. However, the SDEs corresponding
to this case are not readily solvable analytically, in contrast to those considered in section 3.
So, in this preliminary investigation, we confine our computations to the metric assumed in
Attribute (1).
Case Z: If light propagates along z-axis, the results are identical to that obtained in Case Y.
As expected, the choice of the metric is crucial on how the spacetime fluctuations affect the
observables of interest. So, this investigation reveals the need to further examine the precise
effects of the different metric fluctuations in detail.
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