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ABSTRACT

This article considers the propagation of a high-frequency time har-
monic, elastic wave in a spatially heterogeneous, randomly layered
material. The material is locally anisotropic, and the material prop-
erties change from one layer to the next by a random rotation
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of the associated slowness surface in the plane of wave propa-
gation. The layer thicknesses and this rotation follow a stochastic
(Markovian) process. This situation is found in ultrasonic wave prop-
agation in polycrystalline materials; for example, in the ultrasonic
non-destructive testing of welds and additively manufactured metal-
lic components. This work focuses on monochromatic shear waves
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propagating in a two-dimensional plane. Using the differences in
length scales between the ultrasound wavelength, the mean layer
size, and the wave propagation distance, a small parameter is identi-
fied in the stochastic differential equation that emerges. Its infinites-
imal generator leads to a Fokker-Planck equation via limit theorems
involving this small parameter. A weak form of the Fokker—Planck
equation is derived and then solved via a finite element package.
The numerical solution to the Fokker-Planck equation is used to
compute statistical moments of the power transmission coefficient.
Finally, a parametric study on the effect of the degree of anisotropy
(asphericity of the slowness surface) of the material on the transmit-
ted energy is performed.

1. Introduction

This paper focuses on the propagation of ultrasound waves in elastic media which has a
heterogeneous microstructure (that is, the material properties vary on a length scale com-
mensurate with the wavelength, see Figure 1) and this microstructure varies randomly from
one realization to another. This property is present in a plethora of engineering materials,
and in particular welds and additively manufactured metals [1,2]. It is common practise
when performing NDE (non-destructive evaluation) on an unknown material to assume
homogeneous material properties. However, this is a physically unrealistic assumption
in many materials of interest [3-5]. Wavelength-size grain-like structures exist in many
industry relevant materials and waves propagating through such heterogeneous media

CONTACT Alistair S. Ferguson @ alistair@bosonmail.com

© 2024 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group.

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/
by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. The terms
on which this article has been published allow the posting of the Accepted Manuscript in a repository by the author(s) or with their consent.


http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/17455030.2024.2341283&domain=pdf&date_stamp=2024-04-16
mailto:alistair@bosonmail.com
http://creativecommons.org/licenses/by/4.0/

2 (&) A.S.FERGUSONETAL.

Figure 1. Elastic shear wavefront depiction moving in the (xq,x3) plane with displacement vector
u = (0,uz(x1,x3),0)7. The arrows depict the orientation of the slowness surface associated with the
underlying crystalline material.

experience scattering that converts the coherent input wave into small incoherent fluctu-
ations which distort and attenuate the wave (studied extensively in [6] where the material
is considered to be deterministic) which exits the material. There is interest within the non-
destructive testing community to better understand ultrasonic wave propagation through
such random media. There are many examples of components in which a heterogeneous
microstructure exists and interacts with the propagating wave [7] to such an extent that
the received wave has a significant incoherent component and bears little resemblance to
the input waveform. This means that the medium cannot be characterized using homoge-
nization. The received wave will vary from one sample/weld-site to the next and so it makes
sense to describe the wave properties as a probability distribution and to use a probabilistic
framework to model this phenomenon. Only via computationally prohibitive Monte Carlo
simulations [8-10] can deterministic models [11] of wave propagation provide a similar
characterization of wave propagation in such materials.

Additive Manufacturing (AM) is an emerging key technology for the manufacturing
of high value and safety critical metallic components, such as those found in the air-
craft engines, enabling automation in manufacturing, and tailored and bespoke customer
designs. However, to achieve industry uptake, outstanding challenges associated with
in situ quality control and inspection of the AM components need to be addressed [12]; the



WAVES IN RANDOM AND COMPLEX MEDIA e 3

full benefits of AM have yet to be realized due to the lack of inspection methods [13,14].
Laser-based ultrasound arrays offer a potential way forward due to the non-contact and
broadband nature of such sensors [15]. They could be used to tomographically reconstruct
the internal grain structure of these components and thus allow the component quality
assurance to be performed. It is necessary however for the frequency of the input wave
to be carefully chosen to ensure that the wave undergoes a complex interaction (multiple
scattering events) with the material microstructure. In this way the time domain waveforms
that emerge have encoded within them details of the inner structure of the component
and importantly a codification of the presence of flaws. As each component has a distinct
and random microstructure then, in order to reconstruct this microstructure, each compo-
nent must give rise to a distinct transmitted wave. In other words we need to operate in
a regime where we maximize the sensitivity of the wave to the microstructure and hence
in a regime where the variation in the statistics of the received from one component to
another is maximized. The model created in this paper could be used to optimize the choice
of the frequency of the input ultrasound wave by maximizing the variation in the transmis-
sion coefficient in a population of components with a stochastic microstructure. Hence this
paper can contribute to the current efforts to create a viable quality assurance inspection
method for AM metallic components.

This paper considers a layered random media (x3 € [0,L]) embedded between two
homogeneous half-spaces (x3 € (—o0,0) U (L, 00)). A time harmonic (monochromatic)
source plane wave is located in the left-hand half-space x3 € (—oo, 0). The media consists of
a single material with a constant density p but a spatially dependent elastic tensor ¢jj; this
is a common situation in NDE relevant materials such as polycrystalline welds or additively
manufactured metals. The layer by layer generation of the material in the x3 direction, and
its solidification as it cools, leads to a layered structure of grains [16] where the temperature
gradients lead to random variations in crystal orientation in each layer (see Figure 1) and a
distribution of layer sizes which follow a Poisson distribution (see the experimental results
in [17]). Guided by physical observations, the spatial variations in the material properties
primarily depend on the depth x3 into the material. This paper will consider a monochro-
matic plane wave traveling in the (x1, x3) plane whose displacement is in the x; direction
only, as described by the displacement vector u = (0, u>(x1, x3), 0). The plane wave propa-
gates in the x3 direction and the wave particles vibrate in the x; direction perpendicular to
the (xq, x3) plane with the amplitude of oscillation varying across this plane. A key param-
eter which will emerge is v = k1 /k3, the ratio of wavenumbers in the x; and x3 directions,
which captures the degree of anisotropy of the elastic medium.

The form of the elastic tensor stems from [1] where the authors investigated the
propagation of elastic shear waves in a class of anisotropic materials motivated by non-
destructive testing and geophysics problems. The deterministic model outlined in [1]
describes elastic waves propagating in heterogeneous locally anisotropic media. In particu-
lar, the material is transversely isotropic, the zonal axis of symmetry lies in the (x1, x3) plane,
and all cross-sections perpendicular to the x; axis are identical.  is defined to be the angle
that the zonal axis makes with the x5 axis at any particular position in the material. Hence,
the material is rotated about the x; axis by different amounts depending on the particular
location in the (xq, x3) plane. This rotation of the stiffness tensor can be interpreted as a
rotation of an associated slowness surface (or slowness curve in this planar case) where the
rotation 6(x3) is a piecewise-constant function.
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Figure 2. Fanned grain structure of a heterogeneous weld structure. This image shows a simplified rep-
resentation of the material properties as measured destructively using electron backscatter diffraction
(EBSD) which shows clusters of grains of wavelength size. The colors correspond to different crystal
orientations (@) inside the weld. Image generated from data obtained in [42,43].

This paper adopts this formulation of the constitutive law for a specific material
(austenitic steel) and the associated rotation of the slowness surface 8 about the x, axis,
which is linked to the directionality of the cooling process [18]. As the metal cools in the
weld, the crystalline structures elongate and align with the direction of the thermal gra-
dients (see Figure 2). In this paper however, a stochastic spatial variation of the slowness
surface is assumed to capture the random fluctuations in the crystalline alignment in the
material.

The deterministic modeling of ultrasound waves in layered, locally anisotropic media has
been studied for many years in applications such as geophysics [19,20] and non-destructive
testing [21]. The incident traveling wave enters the layered media at a given angle and
the change in wave mode between layers is given by the Christoffel equation to create
upward and downward traveling waves [22] where mode conversion is accounted for.
A transfer matrix between each layer is calculated which relates the displacements and
stresses in adjacent layers through the continuity of stress and displacement at each layer
interface [23]. In this recursive manner a transfer matrix for the entire structure can be deter-
mined. Based on this recursive principal there are a number of closely related methods such
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as the stiffness matrix approach [24] (where the stresses are first linked to the displace-
ments in a given layer via a stiffness matrix), the mixed variable method [25] (which links
the displacement vector at one layer interface to the stress vector at the other layer inter-
face), and the surface impedance matrix approach [26] (where the velocity field is linked
to the stress field at each interface). The approach can be developed to utilize analyti-
cal solutions obtained via a Fourier spectral method where each layer has infinite lateral
extent [27]. In the case where the layer thickness is much smaller than the wavelength then
it is possible to use homogenization to derive an equivalent homogeneous medium [28].
This can be used to develop ultrasonic array imaging algorithms that can correct for the
layered structure [29]. In the context of soil dynamics [30] a Green’s function approach
has been used to describe the displacement and stress at any point in layered, locally
anisotropic media [31]. By applying a Fourier-Bessel transform to convert the elastodynamic
equations of motion into a wavenumber domain, the precise integration method (PIM) is
then used to obtain the Green’s function and the inverse Fourier-Bessel transform applied.
The resulting integral equation is solved numerically. This approach can address some of
the instabilities that can arise in recursive methods such as the transfer matrix approach.
Alternatively a Fourier transform approach can be deployed [32]. Legendre polynomial
methods have been used when the layered structure forms a plate and the study then
looks at coupled Lamb waves [33]. Modeling of ultrasonic wave propagation in anisotropic
media, with embedded scatterers, can be conducted using numerical integration of the
time domain elastodynamic equations via finite elements [34]. However, to improve on the
computational efficiency from a scattering object within a multi-layered, locally anisotropic,
elastic media then Gaussian beams (to model the ultrasonic transducer source wave) and
a localized equivalent homogenized media surrounding the scatterer (to obtain an ana-
lytic expression for the angular scattering coefficient), combined with a recursive stiffness
matrix method has been developed [35]. As the application is focused on manufactured
composites then each layer has the same thickness and this thickness is commensurate with
the wavelength of the incident wave. The transfer matrix approach can include the effects
of random fluctuations in the layer sizes using random matrices, coupled with Fursten-
berg’s theorem and Monte Carlo simulation, to comment on the frequency dependency
of the mean transmission coefficient [36]. It can also be extended to include piezoelec-
tric layers [37] and, via a plane wave expansion approach, fractal piezoelectric structures
in ultrasonic array design [38]. Furthermore, elastic wave scattering at grain boundaries has
been investigated in order to determine material microstructure properties [39] by study-
ing the grain width distribution; many metals have a log normal distribution of grain widths
which will affect wave transmission.

One of the deficiencies of a deterministic approach is that one needs to perform com-
putationally expensive Monte Carlo simulations in order to establish the statistical variance
in transmitted waves across a population of components with distinct interior microstruc-
tures. This paper pursues the alternative approach of adopting a probabilistic framework
that automatically produces such information. An appropriate framework that was initially
developed for high frequency waves in randomly layered fluids [40] has very recently been
extended to solids [6]. Propagation of monochromatic shear waves in a randomly layered
transversely isotropic elastic media was studied where the wave vibrates perpendicular to
the direction of wave propagation (x3) and the wave amplitude was only dependent on
x3. This paper extends this work to consider the AM inspection relevant case where the
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displacement also depends on the lateral direction (x;). In addition, the rotation of the slow-
ness surface was around the x3 axis in [6,41]; the associated slowness surface led to a set
of wave-mode equations which had a conjugate symmetry which resulted in a simplified
set of governing equations. In this paper however we study the AM relevant case where
the crystal rotation is in the plane of propagation (x;, x2). These changes lead to a richer
and more complex model as illustrated by the intractable Fokker-Planck equation which
emerges. This paper considers the case where the material consists of a series of layers in
the x3 direction with a random rotation ¢; in the jth layer of the material (see Figure 1).

Section 2 introduces the governing elastic wave equation, the wave-mode equations
and the physical geometry of the problem. Section 3.1 introduces a stochastic (Marko-
vian) process to model the variations in the local orientation of the slowness surface. In the
weakly heterogeneous scaling regime a small parameter emerges in the governing ran-
dom wave-mode evolution equations. A diffusion approximation is then used to derive
stochastic differential equations in order to study the probability distribution of the trans-
mitted energy. A Fokker—Planck equation is derived for the probability density function for
the transmitted energy which then is solved numerically via a finite element solver using
Python [44]. Section 4 contains a discussion of the power transmission coefficient and a
parametric study on an austenitic steel weld.

2. Governing elastic wave equations

In this Section we will derive the equations of motion of a horizontally polarized shear wave
in a layered locally anisotropic elastic medium. The elastodynamic equation of wave motion
is [1]

P Ujtt = Tjkks (1

where p is the density of the medium, u is the displacement, and z is the stress. The general
stress-strain law is of the form

tjj = Cijk1 (0 (x3)) ek, (2)
with
1
€ =5 (Ui + Uik, 3)
where ¢y is the stiffness tensor, and ey is the direct strain. Define
Cpgrs = dip Ajq Ay Ajs Eijklr (4)

where g;; describes a rotation ¢ about the x; axis, where 8 is dependent on x3 and the locally
transversely isotropic matrix ¢jjq is of the form

&1 G2 &3 0 0 0 ]
G2 ¢ 3 0 0 O
- - Ci3 €3 ¢33 0 0 0
Cijkl = Cmn = (1) (1) 0 544 0 0 (5)
0 0 0 0 ca O
| 0 0 0 0 0 e
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Austenitic steel welds are a commonly used material in the engineering world, exhibiting
material properties that align with Equation (5). Considering a horizontally polarized shear
wave, uj can be expressed as

uj = (0, uz(x7,x3),0). 6)
Therefore, Equations (2) and (3) give

721 = Ce6(X3)U2,1 + Ca6(X3)U23, )
723 = Cap(X3)U2,1 + Caa(X3)U23, (®)

where (noting that cga(x3) = cs6(x3))

Ce6(X3) = COs? 0(x3)C6 + Sin? O(x3)Cas 9)
Cea(X3) = — cosf(x3) sin 9(X3)(:_'66 + sin6(x3) cos 9(X3)(:_'44 (10)
Casa(x3) = sin? 6()(3)266 + cos? Q(X3)E44. (11)

Defining the velocity ¢ = uy,, then Equation (1) becomes
pEr=1211+ 1233, (12)
and differentiating (7) and (8) with respect to t gives

721t = Co6(X3) &1 + Ca6(X3) &3, (13)
23t = Ca6(X3) &1 + Caa(x3) C3. (14)

Define the Fourier transforms with respect to time as

E(w,x) = / &(tx, xs) et dt, (15)

and with respect to x; as

E(w,x1,x3) = / E(w,x1,x3) €% dxy, (16)

where 7 is the wavenumber in the x; direction. Applying these transformations to Equa-
tions (12), (13) and (14) leads to

233 = y(w K1,%3)E + ¢ (1,x3) 723, (17)

where w (w,x1,x3) = —iw(p — K12C66(X3)/CU2 + K-|2C64(X3)2/(C()2C44(X3))) = —ia)l/A/(w, K1,X3)
and ¢ (k1,Xx3) = ix1Cea(X3)/Caa(x3) = i (k1,x3) and so

&3 = ¢ (1, %3)E — (@, X3) %23, (18)

where 77(60,X3) = ia)/C44(X3) = iﬁ(a),X3), with g(a), K1,X3), f(co,x1,X3) :R3 > R and the
boundary conditions are the radiation conditions whereby & — 0asx3 — +ooand 7 — 0
asx3 — too,andawaveisinitiated by imposing an initial stress 7o and velocity Eyatxs = 0.
Equations (17) and (18) form the basis of the system of evolution equations that will be
derived in Section 3.
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3. Probability density function for the power transmission coefficient

The aim of this Section is to derive a Fokker-Planck equation that describes the evolution
of a probability density function for the power transmission coefficient as the wavefront
moves through this randomly layered structure. In Section 3.1 we introduce Taylor expan-
sions in the slowness surface angle (9) to make analytical headway. Within Section 3.2 we
non-dimensionalize the problem and choose appropriate length scales to study the weakly
heterogeneous regime; this allows us to obtain a set of stress-strain evolution equations.
In Section 3.3 we apply a diffusion approximation theorem to obtain a system of evolu-
tion equations that describe the behavior of the wave via the propagator functions (from
Equation (66)).

3.1. Randomly layered anisotropic medium

For simplicity, assume that the local orientation of the slowness surface 6(x3) varies ran-
domly over the interval x3 € [0, L] according to the additive noise formulation

0(x3) =0 +om(x3/l), x3€l0,L], (19)

where § ~ 1 is the mean orientation, m(x3 /) is a stationary stochastic process (an ergodic
Markov process on a compact state space) with mean zero and unit variance,and 0 < ¢ <«
1 is a small parameter. From Equation (4) the stress tensor components can be rewritten

ces = sin? (@ + om(x3/N))F + cos? (@ + am(xz /)N, (20)

Cas = sin? (@ + om(x3 /)N + cos® (0 + o m(x3/I))F, (21)
and

Cea = sin (@ + om(x3/l)) cos (0 + om(x3 /1)) (F — N), (22)

where N = g and F = ¢aq when § = 0. Taking a Taylor series in o gives
Ce6 = Coo(1 + o66m(x3/1)), (23)
where Cgg = N cos? 0 + F sin? A, and oes = o sin 20(F — N)/Ces. Next
a4 = Caa(1 + o2am(x3/1)), (24)
where ¢44 = Nsin? 0 + F cos? 0 and 044 = o sin 20 (N — F) /Cas, and
C64(x3) = Coa(1 + o6am(x3/1)), (25)

where g4 = (F — N) sin 26/2 and 664 = 20 cot 20. From Equation (17) ¢ becomes

¢ (1, X3) = Coa (1) (1 + Geam(x3 /1)), (26)
where
Foq = 1104 (27)

Caq
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and Gg4 = 064 — 044 = o (2 Cot 20 + sin 29_(F —N)/Cas) =0T ,and T, = 2 cot 20 + sin 29_(/: -
N)/C4a. From Equation (18) to O(o)

1(w,x3) = Caa(@)(1 + Ga4(@)m(x3/1)), (28)
where
Cag = _iﬁ, (29)
Caq

and 644 = —o44 = ocIl'gand I’y = sin 20(F — N)/C44. From Equation (17) to O(c)
y(w,51,%3) = y(o,61)(1 + 6, (0,K)M(x3/1)), (30)

where

.—=2 - = 2 . 2=
—i(C54 — Co6Caa)Kcy — ipw=Caq
E44w

v (w,x1) = , (31)

oy(w,x1) =0T, and

_ K3 (€2, (4 cot 20 + sin 20(F — N) /Cas) — Caa sin 20(F — N))

y — p— -
(€24 — Caalo6)K? + p2Cas

3.2. Weakly heterogeneous scaling regime

In this section, the governing equations will be non-dimensionalized by introducing appro-
priate length scales. The wave modes, both left- and right-going, will be analyzed and the
propagator matrix will be derived. This will enable the transformation of the problem from
a boundary value problem to an initial value problem.

Denote the wavelength by 13, the wave propagation distance by L3 and the mean layer
size in the media by /. In what follows L3 > 13 ~ [ and the amplitude of the fluctuations
in the spatially varying material properties satisfies 0 < o < 1; this is the so-called weakly
heterogeneous regime [40]. This setting causes fluctuations to build up behind the trans-
mitted wave, producing an incoherent coda wave containing the bulk of the wave energy.
Now non-dimensionalize the governing equations via the transformations

B X . L -
X3 = —3, w = 3_60[ and K1 = K1 L3, (33)
L3 a3

where c3 is the mean shear wave speed in the x3 direction. X3 can be interpreted as a ratio of
distances in the propagation direction, @ as a ratio of the propagation distance to the typ-
ical wavelength in the propagation direction and x7 as a ratio of propagation distance per
wavelength in the x; direction. Define two dimensionless parameters ¢ and @ to capture
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the length scale differences via

L 1 L
D<ex1, -—=_, s (34)
/ g2 C3 I3

The ratio w /¢ is the propagation distance measured in units of wavelength. These relations

can be combined to write
/ -
e=_[|—, and w = — /I3 =c¢. (35)
1_3 3

The non-dimensional velocity and stress fields take the form

C3a) 603K1

1
(@1, %3) = _5 ( L3)~(3), T(@,K1,X3) = — (C3w @skr

pc% L3 ¢3

Lg)?g) . (36)

L3 ¢

The non-dimensional stress and velocity equations are then (from Equations (17), (18), (28)

and (30))
= )?3 ~ )~(3 ~
L3Cea (1 + Geam (8 )) & — pC3L3c44 (1 + 04a4m (3_2)) T, (37)
L3 = X X
Fi=—y (1 +6,m (X )) & 4 1386 (1 + 6gam (X—;)) 7. (38)
pPC &

These equations have three non-dimensional lumped parameters. From Equation (27)

KA
w

K1 /-3C64 .. Co4
Cas Caq

L3C64 =i
where g4 = Coa/(pc3) and Eas = Casa/(pc3). Also, from Equations (29) and (33)
i ,pcg wls i

peslatas = peslz— = i——>— = —. (40)
C44 Caq C3 C44

L3 = ~2 C§4 -
pTl//——’w 1+E C__C66 , (41)
3 44

where Cgg = 666/(pc§). Equations (37) and (38) then become

- ¢ . X3 1 . X .
$3 =i o (1 + 06am ( )) S+ lw( ) (1 + 044m (—z)) T, (42)
Caq &2 Cag &
~2 ~2 ~ ~
C 5 . L3 . Cea X -
T3 = —i® 1+’f—1 ~6—4—C65 1—|—a(,,m —3X3 f—l—llﬁi 1+ ggam s T,
' @? C44 / Ca4 g2

(43)

From Equation (31)

where Ca4, Csa, Cos ~ 1. The prefactor in Equation (43) is

K1 x1l3 K1
—=——""=— =y, say, (44)

o (Lw/) &3
where k3 is the mean wavenumber in the x3 direction, and hence v is the ratio of wavenum-
bersinthe (x7, x3) directions. Fora monochromatic wave the ratio of wavenumbers is equal
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to the ratio of slowness (the inverse of the phase velocity) values which in turn (for con-
stant density materials) is the degree of anisotropy of the medium as governed by the
stiffness tensor Equation (5). As the crystal orientation € changes, the phase velocities in
the x7 and x3 direction change and hence, the wavenumbers in these directions change
commensurately. Using Equations (42), (43), (34) and (44) gives

0 [5(5), 151,)?3)} _z [&(1 +olam(s/e) fO+ UF/fm(f@/sz))] [5(@,;61,)(3)}

oxs3 [#(@,/,%)] & [FO+oT,ms/e?) a(l +olam(xs/e?) ] |7 (@, %1, %3)
(45)
where the new non-dimensional variables are defined as
¢
i=v22, (46)
Caq
f= 1 (47)
© Ca

where Equation (32) now becomes

_ v2(sin 20(F — N)(&3, — §,) — 4CaaC, cOL20)

= — — - - (49)
’ Caa(v2 (Co6Can — C2y) — CaapcC?)

and where @, § and 7 are O(1). Temporarily setting m(x3 /¢2) = 0 in Equation (45) gives

e HEH! (50)
ox3 | T e |y allr T
The eigenvalues of M are A* = iw/e(a & / f7) and the eigenvectors are [,/ 47, 717 and

/A7, 717 Let

Cas

=2
1402 (Eﬁ — 666)

p=py =

= (51)
Caq

To ease notation, now drop the bars on the prefactors. Now consider the following ansatz
for the generated right-moving modes a° (w, 1, x3) and left-moving modes b (w, 1, x3)

[3(60,1€1.X3)} _ [VC/? VI ]| b (0,51, %3) (52)
7 (w, %1, X3) rIC Y E @ (wrxs) |
where ¢ = ,/ay and

~ ~ =)
a{,‘(w’ K11X3) = Ga(a),K1,X3) eA X3r (53)

b (@, 1, x3) = bF (e, k1, x3) e (54)
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This produces a new system whose coefficients are zero centered random variables
. 1 . 2\ A
a£=§(vé/yf—\/y/éé)e AT, (55)
A 1 A 2\ Al
b£=§(\/é/yf+\/y/g“§)e AP, (56)

Taking partial derivatives in x3 gives

g - IZEE (A1(X3/82)ag + A2()(3/'92)[)8)' °7
and
where A1 =am(x3/e2)d1, Ay = am(x3/e?)d, €2TP3/%, A3y = —om(x3/e?)d, e 2T Px3/e

and As =om(x3/e?)ds. Also, & =2al, —¢p(Tp+T,), & =¢(@, —Tp) and & =
20Ty + ¢ (', + I'p). Note here that a, f and y are given by Equations (46), (47) and (48)
and so are independent of x3. The wave-mode amplitude evolution equations are therefore

d aé wo X3 & 5 el2imxs/e a¢
d_X3 [BF:| = Iz—gm (8_2) |:_52 e—i2iw¢X3/£ 54 BF . (59)

Here L3 >> A3 and so from Equations (33) and (34)

L L 0
1228 _ 2 _ 2 (60)
A3 2mes 27 2 e
Here 13 ~ [ and so from Equation (35)
/ / Ly |
1~_=L:£_=£gz' 61)
/13 2mc3 2mcs L3 2rwe
Hence, Equation (61) implies (with 0 < ¢ <« 1) that
1

&

and so Equation (60) holds. Since 0 < 0 <« 1 then set ¢ = ¢. This gives the evolution
Equation (59) in the form

d |a¢ 1 X3 X3 at

B L LT (_,m(_)) T 63

dxs |:b8:| e g2 g2 b? (63)
where

. i 2
(B m(B)) =L 2 g 5, 293/
H (gz,m(gz))_zmm/e>[_52e_2,¢x3/£2 S P

a¢(w,x1,x3) : RT x RT x R — Rand [)g(w, x1,x3) : RT x Rt x R = R. The initial condi-
tions are such that a® and b? are prescribed at x3 = 0 and the radiation conditions demand
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that &° and b° tend to zero as X3 tends to +0o. The random fluctuations are assumed to
have the form m(x3) = g(Y(x3)), where Y is a homogeneous in x3 Markov process with
values in a compact space [40], and that this process is strongly ergodic and satisfies the
Fredholm alternative [6], and the real bounded function g satisfies the centering condition
Elg(Y(0))] = 0. Equation (63) can be recast into an initial value problem using

@) | .o [a o

[68 <X3)} =Pe) [b (OJ ’ (¢
where the propagator matrix

¢ X7 (x3) Xf(xs)}

P(X)_[ f06) 740)) (00)

is formed from eigensolutions of Equation (63), and P?(x3 = 0) = I. It follows that

oP?

= HP?. (67)
0X3

3.3. Diffusion approximation theorem

We now apply a diffusion-approximation result of [40] to obtain a set of matrix-valued
stochastic differential equations. From the definitions of J; then H* can be expanded as

W (G (5)) = ﬁm () [“5”‘ )

e z—3>¢ e (R
Hence, Equation (66) can be written as
di)gps(xg - %F (P ), m (;(—;) , ’g(—z) (69)
= -m (55) aTalP* () (70)
- i ( )¢(r/3 +T,) 03P (x3)
+ 21—8m (:—2) $(T'y —T,)sin (Mf ) o 1P% (x3), 71
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and a1, 0,03 are the Pauli spin matrices

0 1 0 —i 1 0
U1=[1 O]’ 02=[i OI] 03=[0 _1] (72)

The matrix F can be written as

4
F=> gp(m1)hyP, (73)
p=1
where 7 = x3/¢2,
ial,l m
iy m
h= 2 and g(m,7) = . (74)
T oM ) = cos(2e0)
w‘” msin(2¢7)

From Equations (44), (47), (48) and (51) ¢ does not depend on frequency, and is instead a
function of p, c3, A,Nand F. Equation (71) is also independent of frequency due to the scal-
ing requirement that w ~ £~2 in the weakly heterogeneous regime. The correlation matrix
C = (Cpg)p,g=1,234 is computed using the covariance of the random process m. The correla-

tion integrals can be assembled in a matrix, together with symmetric (S) and antisymmetric
(AS) elements

CY(0) Y(0) 0 0
T Y0 0 0
“Tlo o It W) i
L 0 0 =3r®(p) T
Y©O) O 0 0
s _| 0 Y0 0 0
= 0 0 IY@) 0 ’ (76)
|0 0 0 1T ($)
and
0 7T(0) 0 0
@s) | TO 0 0 0
=1 o 0 0 3T (@) | 77
0 0 —IrA(y) 0
where the correlation integrals are defined as
T($) =2 / E [m(0)m(xs)] cos(2x3) ds, 78)
0
and
Y49 ($) = 2 / E [m(0)m(x)] Sin(24xs) dxa. (79)
0

The quantity Y'(¢) is a non-negative real number, as it is proportional to the power spectral
density of the stationary random process m. Details of how to compute the correlation inte-
grals numerically for a given material are in [17]. Now the diffusion approximation theorem
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([40], page 161) can be used to show that P?(x3) converges in distribution to P(x3) where
P(x3) is the solution of the Stratonovich stochastic differential equation

dP =i/ (0) (aFaP o dWi (x3) — %(rﬂ +T,)03Po sz(X3))

¢

5758~ TVT @) (@2P o dWs ) +01P o dWa(xs))
AS
+ %(T(O)arm(rﬂ +1,)+ iTT((m¢2(Fﬁ - ry)z)osp dxs.  (80)

Using Equations (66) and (72) this can be written

d [)“ XZ} — iA; [)“ XZ} o dW; + iA; [ asx ] o dW, + i3 [_’“ _“} o dws

X3 X4 X3 X4 —X3 — X4 X1 X2
+ As [“ X“} o dWs + (A + iAs) [ ao } dxs, 81)
X1 X2 —X3 —X4

where Ay = al,/T(0),A2 = —(¢(Ts + T',)/2)VT(0), A3 = (¢/(2v/2))(T5 — [,)/T@),
Ay = (1/2)aT4¢(Tg +T,)Y(0) and As = (1/8)¢2(Ts — T, )215(¢).

Introducing the polar coordinate parameterization for the elements of the propagator
matrix via y1(x3) = a(x3) €3, y5(x3) = g(x3) e, y3(x3) = j(x3) e**?) and y4(x3) =
p(x3) €4%3), the equations for the radial and phase parts of the propagator functions can
be written in matrix form as

a [0 0 Asjsin (k — b) Asjcos (k — b)
b A1 Ay —As(j/a)cos(k —b) As(j/a)sin(k —b)
g 0 0 Azpsin (g — h) Aspcos (g — h) xWi
dlfl—|A A2 —Aslp/gicos(g—h) Aslp/g)sin(@—h) | | W>
Ji 0 0 —Aszasin (b — k) Aszacos (b — k) W3
k A1 —Ay As(a/j)cos(b—k) As(a/j) sin (b — k) Wa
p 0 0 —Asgsin(h—q) Aszgcos(h—q)
g [A1 —A2 As(g/p)cos(h—q) As(g/p)sin(h—q) |
" aua ]
As
Asg
+ % | de. (82)
—Aq4j
_AS
—Asp
[ —As

Using Jacobi’s formula and Equation (67) gives

ddet{P’}

s Tr(H?) det{P®}, (83)
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which together with Equation (64) gives Tr(H?) = 2iaT',m(x3/&?). Solving this differential

equation yields
X3/82
det{P°} = exp 2iaFa/ m(s)ds |, (84)
0

and hence |det{P?(x3)}| = 1, and so Equation (66) implies

lxixa— x2x3l=1. (85)
This conservation of energy relationship can be written as
aZPZ + 92j2 -1

cos(b+q—h—k):Tpgj:m(a,g,j,p), (86)

andsoq — h = cos™" (D) + (k — b),which gives cos (g — h) = Dy cos (k — b) — /1 — D3 sin (k — b)

andsin(h—q) =,/1— Df cos (k — b) + Dy sin (k — b).Equation (82) contains the Stratonovich
subsystem

g 0 0 Aspsin(g—h) Aspcos(q—h) 72 Asg
A1 Ay —AsBcos(g—h) A3Bsin(g—h
dh | A 2 3g ¢ (@—h) Asgsin(g—h) od | W2 n As dxs,
p 0 0  Asgsin(g—h) Asgcos(qg—h) W3 —Asp
q Al —A; A3% cos (g — h) —A3% sin(qg — h) Wy —As
(87)
which in 1t6 form reads
g 0 0 Aspsin (g — h) Aspcos (g — h) W,
d hl_ A A —Asg cos (g —h) A3§ sin(g — h) 4|2
p 0 0 Aszgsin (g — h) Aszgcos (g — h) W3
q Al —A; A3%COS (q—h) —A3%Sin (g—h) Wy
A2 [ p?
Aag+ 3 (& +29)
A
=+ A A% 5 5 92 dX3. (88)
—Awp + 3 ( p+ ;)
—As

Now introduce the orthogonal Ité transform to separate this system
= 155 o[l
= d , (89)
[WZ o =D Dy Wa
and using Equation (86) gives

D5 = —/1 — D?cos (k — b) — Dy sin (k — b) = sin(q — h), (90)

and

DS = Dy cos (k — b) — /1 — D?sin (k — b) = cos (q — h). 91)
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Note that
(D5)* +(D5)*> =1, and [D3,DS].[-DS,D5] =0, (92)

which ensures the transform is orthogonal. Furthermore, one can show that the transform
is justified [45] by showing that the correlation is zero, and the variance of D5, and D is zero.
So the system of 1t6 SDE’s (88) can be rewritten as

A2 2
g 0 0 Ap O 4 Ag+ 3 (% + 29)
P
gl A A0 AR | As dxs.  (93)
p 0 0 Asg 0 w3 —Asp + % (ZP + %)
_ Sy A
q A1 A2 0 A3p 4 _AS

3.4. Moments of the power transmission coefficient

There is an incident unit pulse impinging the slab of layered random media from the left
atx3 = 0 with a radiation condition in the homogeneous half-space x3 € (0, o). The mode
amplitudes governed by Equations (55) and (56) satisfy the boundary conditions

a0) =1, b°(L)=0. (94)

The linear system (65) then gives

WU:xm)ﬁm}g
[ 0 } [ng(L) yAO) |:b‘“‘(0):|' (95)

and the reflection and transmission coefficients can then be written as
RE(L) = b%(w,0), and T; (L) =a°(), (96)

and so
X§(L), T (L) = 21O xs L) = x5L)xs (L)
2x5(L) x4 (L)

The transmission coefficient T? (L) converges in distribution (as ¢ — 0) to T, (L) and the
power transmission coefficient (z,, (L) say) is then given by

RE(L) = — (97)

1
(L) = TV = |xaL)| ™ = ot (98)

where the conservation of energy relation (85) has been used. Note that the initial condition
of the power transmission coefficient z,,(L = 0) = 1 follows from that fact that P(x3 = 0) =
I. The moments of the power transmission coefficient can then be calculated via

Poo Joo
El(z,(L))"] = / / P(L g”’) dg dp, (99)

where P(L,g,p) is the probability density function associated with p at x3 = L. From
Equation (93) it is clear that (dg, dp) and (dh, dq) decouple into two independent sub-
systems. Studying the statistics of the power transmission coefficient requires solving the
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(dg, dp) system

Asp O] [ws: Aag +% (pz + 29)
d [9} - [ 3P }d[ i} + A | 9. (100)
pl lAsg o] WGl | _ap s B (2p +2)

The infinitesimal generator Ly, is then
1 02 02 02 AZ (p? 0
Lop = = (A2p* — + 2A2pg—— + A2g* — A 2= 2)—
gp 2(3P 8gz+ 3pgagap+ 39 op? + 49+2 g+ g 29
Al g* 0
— {2 —)-A —. 101
+( 5 ( p + p) 4p p (101)

Using the substitution

G=¢" (102)
gives
2
Lgp = 2A%p? g o + (2A3p? + G(2A4 + 2A )) g 3pgaga
Ag o2 (A g o
2gﬁ+( (2p+p) Asp P (103)

The adjoint of Equation (103) is

o Al g o
Gp = 2A5P gaQZ (ZAgpz_ng“)ag (3p__(2p+p)+A4p)%

02 A2 92 AZG
242 36— 3A2 +3A4 )1 104
+ gpaga 2g6p +( 20 + 3A3 + 3A4 ) a. (104)

The Fokker-Planck equation for the pair of processes (G, p) is then

P
SLG.p) = L5 PGP, PL=0,G,p)=5G)5(p 1. (105)

By defining the following

. [2A3p%°G AZgp . [ 2A2p? — 2GA4 } [a/ag]
a = 2 A b 2 2 V= '
AlGp 3¢ 2A3p — A3(2p+ G/p)/2 + Aap o/op
(106)

and Q = A2G/(2p?) + 3A% + 3As4, the Fokker-Planck Equation (105) can be rewritten as

P
2 LG, = @V +BY) - VL G,p) + QPLG.p). (107)
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Equation (107) can be rewritten by using the identity (@*V +b*) - V=V . (@*V) +c¢* - V,
where

_A2G —
¢ =b'-Via= [A%p - A§é2g+ gz/i?fz T A4P} ' (108
The Fokker-Planck equation may then be written as
Z—'Z(L, G,p) =V -a*VP(L,G,p)+c - VPG, p)+ QP(L, G,p), (109)
with Dirac delta initial condition
P(L=0,G,p) =3(G)o(p —1). (110)

The Fokker—Planck Equation (109) is then expressed in its weak form to obtain a numeri-
cal solution for the probability density function P(L, G, p). A numerical solution is obtained
using the FeniCS package [44] in Python. With Neumann boundary conditions and test
function v(x) (x = (G, p), Q = [0, 1] x [1, co]) the weak form of the problem is

a(P,v) = L(v), (111)
where
a(P,v) =/ (v(X)P + ALS(P)) dx, (112)
Q
L(v) =/ v(Xx)P dx, (113)
Q

with S(P) = Vv(x) -a*VP — v(x)c* - VP — v(x)QP. A rectangular mesh is used for the
domain Q and a convergence study for optimal mesh discretization suggests a coarse mesh
in the G direction and a very fine mesh in the p direction is required.

4. Numerical results

The properties of austenitic steel (see Table 1) were used to obtain the diffusion coefficients
(given below Equation (81)) which appear in the Fokker—Planck Equation (111). Austenitic
steel was chosen as it is an anisotropic heterogeneous layered engineering material. of a
The numerical solution of this equation provides the probability density function P(L, G, p)
which is then used to compute the statistical moments of the power transmission coeffi-
cients in Equation (99). A frequency (@ ~ £72) and a mean wave speed of c3 = 4500 ms~!
were used together with the stiffness tensor constants in Table 1. The correlation integral
Y (¢) in Equation (78) is set to 1 for the following simulations, however this can be calculated
for a specific material as outlined in [17].

In Figure 3 the mean power transmission coefficient versus the depth into the random
medium L is plotted. The power transmission coefficient gives the amount of energy that is
sent through the medium, decreasing as a function of the length L of the medium. As the
degree of anisotropy v is increased, an increased decay in the amplitude of the coherent
wave is observed.

Figure 3 also shows the variance in the power transmission coefficient.
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Table 1. Table of material constants for austenitic steel [18].

Elastic material constants and density

fh] (33 Cag Ces a3 p

Austenitic steel 217.1 GPa 263.2 GPa 82.4GPa 128.4 GPa 144.4 GPa 8100 kgm~3

E[z], Var[r]

Figure 3. Plots of the mean transmission coefficient (see Equation (99)) (black) with the associated vari-
ance (red) for the degree of anisotropy v = (1.1, 1.25) versus L; the non-dimensionalized penetration
depth. The material parameters are given in Tables 1 and 2. Eventually the variance will asymptote to
zero, and at that stage the process has self averaged. This means that very thick materials will have a
narrow probability density function and so the mean can be used to characterize the material. There-
fore, homogenization could be applied in such cases, however, in intermediate material thicknesses, a
stochastic approach such as that contained in this paper is needed. See the appendix for constants used
in the simulation.

For an infinitesimally thin material (characterized by L =0) the energy of the wave is
fully transmitted (E[z] = 1) with no uncertainty and therefore the red curve in Figure 3
starts at the origin. As the thickness increases, then the mean transmission coefficient
decreases. This is more marked for materials with a higher degree of anisotropy. At the
same time the uncertainty increases and peaks at a depth of material that varies with the
degree of anisotropy. It can be seen that this high uncertainty persists for a large range of
lengths L forv = 1.1.Solving for the power transmission through the finite element method
necessitates investigating element sizes for convergence whilst minimizing computational
complexity and the associated computational expense. By conducting a methodical search
across this hyper-parameter space (element and domain size), we identified the most effi-
cient solver settings that struck a balance between accuracy and computational time. We
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Table 2. Material constants used in numerical simulations.

Parameter Value Units
G 4500 7!

p 8100 ML3
Ce6 8914 x 10'° ML~'T2
Cas 1.217 x 10" ML~'T2
N —1.626 x 10'° ML™TT2
a —1.671 x 107! -]

Vi —1.348 [

7 —1.716 x 107" -]
I, —2.267 [
Ty —2.674 x 107" -]
T, 1.291 [-]

A 8.472 x 107! [
Ay —5.503 x 107" [
As —5.924 x 107" [-]
As 4662 x 107" [-]
As 3510 x 107! -]

L 1.425 -]

employed the initial condition (110) in our hyperparameter search, ensuring the conser-
vation of probability as we increased the length of the medium (L). Our findings revealed
that utilizing a box mesh with spatial dimensions (X, y, 2)initial = (1 x 107%,1 x 107%,1) to
(X, ¥, 2)final = (4,4,4) and a density of 1000 elements in each axis yielded promising results
without incurring significant computational costs. The mesh resolution is governed by the
number of cells in each direction (ny, Ny, Nz).

5. Concluding remarks

A probabilistic model of a monochromatic, horizontally polarized shear wave propagat-
ing in a randomly layered heterogeneous medium constructed of locally anisotropic layers
has been constructed and studied. The spatial scaling regime is such that the internal
microstructure of the medium interacts with the probing wave to produce an incoherent
coda wave. The orientation of the anisotropic material varies randomly from layer to layer
according to a Markov process. Using elastodynamic equations, expressions for the for-
ward and backward wave-modes, which describe the reflected and transmitted energy for
the input wave were derived. Via a series of transformations, a system of stochastic differ-
ential equations was then derived for a propagator formulation of this wave-mode prob-
lem. Utilizing a limit theorem from stochastic analysis a linear partial differential equation
(Fokker—Planck equation) for the probability density function associated with the trans-
mitted power was derived which was solved via a finite element package in Python. Its
numerical solution enabled an investigation into the effect that the material parameters
have on the decay of energy in the coherent part of the transmitted probing wave.

In particular the mean and variance of the transmitted energy through a class of
austenitic steel welds was calculated without the need for expensive Monte Carlo sim-
ulations. Varying the degree of anisotropy parameter v had a significant impact on the
attenuation of the coherent energy. It also shows when a homogenization approach would
be valid (small higher moments in the probability density function) for a given material,
mean layer size and wavelength. By capturing the randomness present in materials such
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as austenitic welds, this model could be used by experimental scientists in the NDT com-
munity; calculations of the correlation integrals can be obtained from experimental images
of the material microstructure [17]. For example, this model could estimate optimal fre-
guency ranges for a probing ultrasonic wave in order to image (with good resolution) to a
certain depthin a given random media. It could also be used in finite element simulations of
ultrasonic wave propagation, to generate attenuation factors (and uncertainty quantifica-
tion) for elastic wave propagation in such layered materials without the need for explicitly
including the layer geometry in the simulation.

The probabilistic model presented in this paper could be used by experimentalists who
are interested in developing techniques for the quality assurance of layered metallic com-
ponents such as those found in additively manufactured or welded components. The model
can assist in the choice of frequency content in the (source) laser generated ultrasound
waves to ensure the maximum information on the underlying material microstructure is
then contained in the transmitted wave; that is, when there is the maximum variance in
the population of transmission coefficients (see Figure 3). This would provide the optimal
environment for the tomographic reconstruction of the microstructure in the component’s
interior to be reconstructed.

Future work could include some experimental testing of the work in this paper. Metallic
components (that are polycrystalline and anisotropic such as the Titanium alloy Ti-64 [16])
could be additively manufactured and a short pulsed laser then used to generate a time-
domain, broadband ultrasonic wavefield that propagates through the material. A spatial
array of detection lasers, distributed across the component’s rear surface, could then record
these transmitted ultrasonic waves using laser interferometry. Each of these transmitted
waves will have a slightly different form and the variation in the transmission coefficient
could be calculated for example. By then reducing the thickness of the component, by
say milling, and repeating these measurements the effect of the component thickness (L)
on the variation in the transmission coefficient could be calculated; this could create an
experimental means of testing the results in Figure 3. This paper does not consider the
full elastodynamic equations and longitudinal waves and the associated mode conversion
or non-layered materials. Introducing these phenomena would introduce significant com-
plexity and make analytical headway extremely difficult, therefore we consider this as a
future extension of our work.
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