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Abstract

A Numerical and Analytical Study of Kinetic Models for

Particle-Wave Interaction in Plasmas

Kun Huang, PhD
The University of Texas at Austin, 2023

SUPERVISOR: Irene M. Gamba

This dissertation presents a study of particle-wave interaction in plasmas. It
focuses on a kinetic model called quasilinear theory, which is a reduction of Vlasov-
Maxwell (or Vlasov-Poisson) system in the weak turbulence regime. The quantized
waves in plasmas, known as plasmons, are absorbed or emitted by charged particles.
Meanwhile, the particles change their states due to such emission/absorption pro-
cess, therefore resulting in a nonlinear kinetic system for the pdf (probability density
function) of particles and plasmons. The research presented here unfolds in two main

topics: structure-preserving numerical solvers, and solvability of the kinetic model.

On the first topic, we are interested in numerical simulation of non-uniform
magnetized plasmas, which involves two processes: particle-wave interaction and wave

propagation (plasmon advection).

For particle-wave interaction in homogeneous magnetized plasmas, we propose
a finite element scheme that preserves all the conservation laws. Firstly, an uncon-
ditionally conservative weak form is constructed. By “unconditional” we mean that
conservation is independent of the transition probabilities. Then we design a dis-
cretization that preserves such unconditional conservation property, and discuss the

conditions for positivity and stability. We present numerical examples with a “bump
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on tail” initial configuration, showing that the particle-wave interaction results in a
strong anisotropic diffusion of the particles. We generalize the strategy to obtain a

conservative DG (discontinuous Galerkin) scheme.

The evolution of plasmon pdf is governed by a Liouville equation with addi-
tional reaction term caused by particle-wave interaction, where the dominant Poisson
bracket term necessitates trajectorial average. Hence, we propose a Galerkin approach
for trajectorial average in dynamical systems. The weak form of averaged equation
is derived, and the concept of trajectory bundle is introduced. To compute and store
the trajectory bundles, we propose a novel algorithm, named connection-proportion
algorithm, which transforms a continuous topological problem into a discrete graph

theory problem.

The conservative DG scheme, combined with our trajectorial average method,
renders a structure-preserving solver for particle-wave interaction in non-uniform
magnetized plasmas. We demonstrate that discrete weak form with/without aver-
age differs only in the choice of test/trial spaces. The complexity of each procedure
is analyzed. Finally, a numerical example for a non-uniform magnetized plasma in
an infinitely long symmetric cylinder is presented. It is verified that the connection-
proportion algorithm allows to distinguish different trajectory bundles, and the pro-

posed DG scheme rigorously preserves all the conservation laws.

On the second topic, the existence of global weak solution to quasilinear theory
for electrostatic plasmas is proved. In the one-dimensional case, both the particle
pdf and the plasmon pdf can be expressed with the same auxiliary function. The
auxiliary function itself, is the solution of a porous medium equation with nonlinear
source terms, defined on an unbounded domain. The solvability is then proved in
two steps: Firstly, the equation on finite cut-off domain with Dirichlet’s boundary
condition is solved. Next, the solution, extended by zero outside the cut-off domain,

turns out to be a solution to the same equation on the unbounded domain.



Table of Contents

[List of Figures| . . . . . . . . . ... 11
[Chapter 1: Introduction| . . . . . . . . .. .. ... ... ... ... ... 12
[Chapter 2:  Preliminaries| . . . . . . .. ... ... ... ... ... ...... 17
[2.1 Generalized Hamiltonian dynamics . . . . . ... ... ... ... .. 17
[2.1.1 Hamiltonian system| . . . . . .. .. ... ... ... ...... 17

[2.1.2 Nambu system| . . . . . . . .. .. ... ... ... 18

2.2 Waves in plasmas| . . . . .. ... ... ... 19
[2.2.1 Waves in unmagnetized plasmas| . . . . . ... ... ... ... 20

[2.2.2  Waves in magnetized plasmas| . . . . . . . .. ... 20

223 Plasmonl . .. ... ... . ... 21

[2.3  Quasilinear theory from a probablistic perspectivel . . . . . . . . . .. 22
[2.3.1 Master equation for unmagnetized plasmas| . . . . . .. .. .. 23

[2.3.2  Master equation for magnetized plasmas/ . . . . . . . .. . . .. 24

[2.3.3  Singular transition rates and properties| . . . . .. .. ... .. 26

[2.4  Kinetic model for electron runaway in tokamaks| . . . . . . .. .. .. 28
2.4.1 Geometryl. . . . . . . . .. ... 28

2.4.2 Kineticmodell . .. . ... ... oo 29
Chapter 3:  Conservative schemes for particle-wave interaction in homogeneous |
magnetized plasmas| . . . . .. ... ..o 31

3.1 Introductionl . . . . . . . . . . ... 31
[3.2  Electron energy and plasmon energy|. . . . . . . . .. ... ... ... 33
[3.3 Equations reformulated| . . . . . . ..o 000000 39
[3.3.1 Conditionally conservative weak torm| . . . . .. .. ... ... 39

[3.3.2 Numerical integration on the resonance manifold| . . . . . . .. 43

[3.3.3  Unconditionally conservative weak form| . . . . . . . ... . .. 45

3.4 The conservative discretization| . . . . . . . . . . . . .. ... ... .. 49
[3.4.1 The finite element discretizationl . . . . . . .. ... ... ... 49

(3.4.2 The conservative semi-discrete forml . . . . . . .. .. ... .. 52

[3.5 Sparse interaction tensors|. . . . . . . .. ... 55
[3.6 Stability and positivity| . . . . . .. ..o o 58
[3.6.1 Stability of the semi-discrete form| . . . . . . .. ... ... .. 58

[3.6.2 Time discretizationl . . . . ... ... ... ... ... 59



[3.6.3 Positivity-preserving technique for the wave SED| . . . . . . .. 61

B.7 Numerical resultd . . . . ... .. ... .. 66
[3.7.1 Problem Settingl . . . ... ... ... ... ... ... ... 66
[3.7.2 Temporal evolution| . . . . . .. .. ... ... ... ... 67
[3.7.3 Verification of conservationl . . . . ... ... ... ... .. .. 67
[3.7.4  Comparison of different dispersion relations| . . . . . . . .. .. 69

[3.8 Generalization of the strategy: a conservative LDG scheme| . . . . . . 70
[3.8.1 Bilinear form of local DG methodl . . . . . .. ... ... ... 71
[3.8.2 Conservative DG discretizationl . . . . . . . . . . ... ... .. 73
3.8.3 Time discretizationl . . . . .. .. ... ... ... ... 75
[3.8.4  Implementation and numerical results| . . . . . .. .. ... .. 76
Chapter 4: A Galerkin approach for trajectorial average in maximally superin- |
tegrable systems| . . . . . .. ... Lo 7

M1 Tntroductionl . . . . . . . . ... 7
4.2 Weak form and its discretizationl . . . . . . .. ... ... 0. 79
[4.3  The connection-proportion algorithm| . . . . . ... ... ... ... . 82
[4.4 Properties| . . . . . . . . . 89
Chapter 5: A structure-preserving solver for particle-wave interaction in non- |
uniform magnetized plasmas| . . . . .. ... 90

[>.1 Electron-plasmon kinetic system| . . . . . . .. ... ... ... .. 90
[>.2  Averaged system and properties| . . . . . .. ... ... 91
[>.3 Partition of the plasmon phase space| . . . . . . ... ... ... ... 93
[>.3.1 Interpolated Hamiltonian| . . . . . . ... ... ... ... ... 93
h.3.2 Cut-off domains . . . . . . . ... ... oo 94

b4 DG formulation| . . . . ..o 96
h.4.1 Cut-off domainsl . . . . . . . ... ... 96
[5.4.2 Discrete test spaces| . . . . . . . .. .. 97
[5.4.3  Unconditionally conservative semi-discrete form|. . . . . . . .. 97

[0.0 Sparse interaction tensors|. . . . . . . . .. ... 98
[.6 Complexity analysis| . . . . . . ... ... ... ... ... 100
b7 Numerical resultd . . . . .. . . .. . 102



Chapter 6: Existence of global weak solutions to quasilinear theory tfor electro- |

static plasmas| . . . . ... ..o L 108

6.1 Introduction| . . . . . . . .. .. 108
[6.2  From kinetic system to porous medium equation| . . . . . . . . . . .. 109
[6.3 Lifted extension of approximate solutions| . . . . . . . ... ... ... 115
[6.4 Regularity estimates on approximate solutions| . . . . . . . .. .. .. 119
[6.5 Convergence results| . . . . . . . .. ... Lo 126
[6.6 Existence of global weak solution| . . . . . ... ... ... ... ... 134
6.7 Appendixl . . . . ... 138
[Chapter 7:  Summary| . . . . . . . . .. . ... 141
[Appendix A: Generalized inverse inequality|. . . . . . . ... ... ... ... 143
[Appendix B: Quasilinear theory: a weak turbulence model] . . . . . . . . .. 144
[B.1 Weak turbulence model in fluid dynamics| . . . . . . . ... ... ... 144
[B.2 Weak turbulence model in plasma physics. . . . . .. ... ... ... 145
Works Citedl. . . . . o o o 146
Vital . . . . . 151

10



List of Figures

(1.1 Hierarchy of mathematical models . . . . . . ... .. ... ... ... 12
(1.2 Magnetized plasmas| . . . . . ... .. ... ... .. 14
[2.1 A trajectory in a 3-dimensional Nambu system is the intersection of |

two level sets) . . . . . . . o 19
[2.2  Bump-on-tail velocity distribution excites waves.|. . . . . . . . . . .. 22
2.3 Feynman diagrams.| . . . . . ... ... oL 23
[2.4  Magnetic field configurations|. . . . . . . .. ... ... 29
2.5 Local framel . . . . . . . .. 30
8.1 wavemodes|. . . . ... ... 38
[3.2  Temporal evolution of the electron pdf and wave sed.| . . . . . . . .. 68
13.3  The characteristics of directional differential operator £ given (k, k) = |

(0.2,0.3)]. . o o 69
[3.4 Comparison between Wexact a0d Wapprox| - - « -« -« oo oL 70
4.1 A nice box has no saddle point on the boundary of its inverse image.| 81
4.2 Examples of complicated topologies| . . . . . . .. ... ... .. ... 83
4.3 'The minimal triangle covers replicate the topological relation between |

the corresponding trajectory bundles| . . . . . . .. ... ... ... 87
[>.1 Trajectory bundles in the plasmon phase space.| . . . . . .. ... .. 95
[5.2  Complete and incomplete trajectory bundles in a cut-off domain.|. . . 95
[>.3  Trajectory bundles and their minimal triangle covers| . . . . . . . .. 104
5.4 Spatial distribution at t =3 x 10°5-— . . .. ... ... ... ... 105
5.5 Temporal evolution at r = 3Wmas | = 00000000 106
[b.6  Conservation lawsl . . . . . . . . ... .. ... . 107
6.1 The lifted extensionl . . . . . . . . . . ... Lo 136

11



Chapter 1: Introduction

Plasma, as the most abundant form of ordinary matter in the universe, has

been studied because of its intriguing properties and vast range of applications.

N-particle Hamiltonian dynamics Boltzmann collision operator

— collisional effect lgrazingcollisionlimit

v Landau collision operator
kinetic models —

Vlasov-Maxwell system

near Maxwellian distribution . -
— mean-field effect weak turbulence limit

v

fluid models quasilinear theory

Figure 1.1: Hierarchy of mathematical models

As shown in Figure [I.1] there is a hierarchy of mathematical models for a
plasma. The most detailed description, N-particle Hamiltonian dynamics, tracks
the position and momentum of every particle at all times. The kinetic description
is concerned about the particle probability density function in phase space. The
fluid model describes the plasma based on macroscopic quantities, such as density
and mean velocity. Although the fluid model is the easiest one to solve, it has a very
limited scope of application because the velocity distributions are assumed to be close
to the Maxwellian distribution, which is not true when collision is not dominant. In
other words, a lot of information is lost after taking the moments of a distribution

function. In this dissertation, we focus on the kinetic description.
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Apart from the external electromagnetic field which might be generated by
coils or other objects outside the plasma, the motion of a particle is influenced by
other particles in within the plasma. Such influence can be categorized into two
effects in kinetic model: collisional and mean-field(collective) effect. The former
one can be regarded as particle-particle interaction, while the latter one can be re-
garded as particle-wave interaction. In general, the collisional effect is more significant
in low-temperature plasma, while in high-temperature plasma, the mean-field effect

dominates.

Binary collisions due to Coulomb potential is described with the Fokker-
Planck-Landau operator(Landaul, 1936), which is the grazing limit of a Boltzmann

collision operator.

The Vlasov-Maxwell system and the Vlasov-Poisson system are widely used
to describe the mean-field effect. Although a lot of work has been done in numerical
methods for these systems(Heath et al., 2012} |Cheng et al., 2014), in practice a re-
duced model is often preferred when the problem is in high dimension and some loss
of details is justified from physics consideration. For example, in weak turbulence
regime, the Vlasov-Maxwell(Poisson) system is asymptotic to the quasilinear theory.
The quasilinear theory for unmagnetized plasmas was proposed by [Vedenov et al.
(1961) and Drummond and Pines (1962). It was later generalized by [Shapiro and
Shevchenko| (1962)) to model the magnetized plasma. The same idea has been used
extensively in the following years, for example in the work of [Kennel and Engelmann
(1966)), [Lerche (1968)), and |Kaufman| (1971)), etc. The validity of such a model reduc-
tion was studied numerically by Besse et al. (2011), and analytically by |Bardos and
Besse| (2021) for Vlasov-Poisson system. The quasilinear theory describes particle-
wave interaction by treating waves as quasi-particles, named plasmons. A particle
changes its momentum by absorbing or emitting plasmons, instead of “feeling” the
Lorentz force. The absorption/emission process is governed by a resonant transition

probability, which means particles and plasmons do not interact unless their momenta
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satisfy certain resonance condition. Due to such singular transition probability, the

well-posedness of quasilinear theory remains an open problem.

In application aspect, we are most interested in magnetized plasmas. A mag-
netized plasma is one in which the ambient magnetic field B is strong enough to alter
fluid behavior(Hazeltine and Waelbroeck,, [2018]). The most significant consequence of
a strong background magnetic field is that electrons will gyrate around magnetic field
lines with high frequency and small radius due to the strong Lorentz force. Therefore
one can expect that magnetized plasmas will display totally different characteristics

from unmagnetized ones.

Imagine a single electron in a magnetized plasma. It is continuously pushed
by the background electromagnetic field, sometimes collides with other electrons or
ions. Meanwhile, it “surfs” the waves in plasma, or in other words, emits/absorbs
plasmons. Note that the plasmons are moving as well. Their motion is governed
by Hamiltonian dynamics, thus can be described with Liouville equation. All these

effects and behaviors intertwine with each other, rendering interesting phenomena.

Outer poloidal field coils
(for plasma positioning and shaping)

(a) Solar wind (sol) (b) Tokamak (tok)

Figure 1.2: Magnetized plasmas

People have been studying the magnetized plasma behavior in various fields,
for instance astrophysics (Figure , magnetic confinement fusion (Figure [1.2b)),
etc. Among which, simulating runaway electrons in tokamaks(Breizman et al., |2019)

is the main motivation of my work. Runaway electrons are a group of extremely fast
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electrons generated inside the tokamak, the release of which will damage the wall
of the nuclear fusion reactors like ITER(International Thermonuclear Experimental
Reactor). Thus it is important to have an answer for the questions like how are they

generated and how to mitigate them.

Electron runaway occurs when the background electric field in a tokamak is
strong enough to overcome the friction force caused by collision. In such situation,
electrons are accelerated to high velocity, where relativity effect must be taken into
consideration. Meanwhile, since this small group of electrons are far away from equi-
librium, fluid model based on near Meaxwellian distribution assumption is no longer

sufficient to describe their behavior, thus kinetic theory becomes necessary.

The study on collisional and mean-field transport of electrons in plasmas poses

interesting problems in both analytical and numerical aspects.

On the analytical side, the following questions are of great concern: In what
sense is the Vlasov-Maxwell system asymptotic to the quasilinear theory? Is the
kinetic system given by quasilinear theory solvable? If it is solvable, what is the
condition for uniqueness of solution? Does the solution change a lot when the initial
value is perturbed? Those questions are not only out of mathematicians’ interest,

but also the foundation of rigorous error analysis for numerical schemes.

On the numerical side, in general people pursue two goals at the same time:
accuracy and efficiency, and try to maintain a perfect balance between them. That
is extremely challenging in solving kinetic models due to the following facts. First
of all, the unknown probability density functions reside in high dimensional phase
spaces, therefore it requires huge amount of resource and time to store and compute.
Secondly, the kinetic equations are usually nonlinear and in integro-differential form,
causing extra troubles in discretization. Thirdly, the singular transition probabilities
as a result of resonance often requires carefully designed numerical integration ap-
proaches. Moreover, the multi-scale feature of kinetic models necessitates appropriate

averaging methods.
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However, besides accuracy and efficiency, an important factor has not gained
enough attention: the delicate structure in kinetic equations originating from the
underlying basic physics principles. For example, the conservation law for N-particle
Hamiltonian system is inherited by kinetic models, embedded in the specific form of
transition probabilities and divergence-free advection fields. Numerical schemes fail

to capture physics if those structures are ruined due to discretization.
The rest of this dissertation is organized as follows.

Chapter [2| provides basic background knowledge about kinetic model of plas-
mas by giving a brief introduction on three topics: how waves propagate in plasmas,
how waves interact with particles in plasmas and how particles interact with particles

in plasmas.

Chapter |3] is devoted to the spatially homogeneous particle-wave kinetic sys-
tem. In this chapter we introduce the concept of unconditional conservation. And
based on that, a continuous Galerkin scheme is formulated, which preserves all the
conservation laws rigorously. The strategy will then be generalized, rendering a con-

servative discontinuous Galerkin scheme.

Chapter [4| concerns trajectorial average. The weak form of the averaged equa-
tion with special trial/test spaces will be presented. An algorithm based on graph

theory will be proposed in order to discretize that equation.

Chapter [f] tackles a problem closely related to real-world applications: particle-
wave interaction in non-uniform magnetized plasmas. Combining the numerical meth-
ods introduced in Chapter [3] and Chapter 4] we formulate a structure-preserving

solver.

A proof of the existence of global weak solution to quasilinear theory for one-

dimensional electrostatic plasmas will be given in Chapter [6]

Finally, in Chapter [7, we summarize this dissertation and discuss future re-

search plans.
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Chapter 2: Preliminaries

2.1 Generalized Hamiltonian dynamics

2.1.1 Hamiltonian system

Consider a Hamiltonian dynamical system with canonical coordinates x; €
R? and conjugate momenta k; € R}. Given Hamiltonian H(k,x), its evolution is

governed by Hamilton’s equations,

dx oH
dt ~ 0k’
i on (2.1)
dt  0x’

For an ensemble of independent identical Hamiltonian systems, the probability density

function p(x,k,t) must satisfy Liouville equation:
op+{p,H} =0, (2.2)

where the Poisson bracket takes the form

%

An invariant of the Hamiltonian system refers to a function 7 : R} x R? — R
such that
{I,H} =0.
The value of an invariant remains constant along any trajectory in phase space R} x
R”:
I(k(t),x(t)) = I (k(0),x(0)),
which is equivalent to say any trajectory lies in a certain level set of invariant I.

Obviously, any Hamiltonian system has at least one invariant: the Hamiltonian per

se. And there can be at most 2n — 1 independent invariants in total, because it only
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needs 2n — 1 hypersurfaces to determine a 1-dimensional curve in 2n-dimensional
phase space. A Hamiltonian system with 2n — 1 invariants is called maximally super-

integrable.

2.1.2 Nambu system

Note that the dimensionality of phase space in a Hamiltonian system is always
even, but in fact, that is not necessary. The concept of maximally superintegrable
Hamiltonian system was generalized by Nambul (1973)), who no longer makes a dis-

tinction between momentum and position. The generalized Hamilton’s equation reads

% — Z EiliZ"'infl <8H1 . aHnl) 7 (23)

dt 8(]21 ‘ aql-n_l

irigin_1€m (-, j—1,j+1,)
where €172 is the Levi-Civita tensor and 7 represents the collection of all permu-

tations. The generalized Poisson bracket, i.e. Nambu bracket, is defined as

, s (OHy,  OH,_\\ 0p
(p,Hy, Hy, - Hy_} = ;@271) gz (a% s ) . (2.4)
The invariants {H;(q),j = 1,--- ,n — 1} generate an incompressible flow in n-dimensional
phase space:
op(qi, -+ ,qn,t) ={p,H1,Ho,- -+ ,Hp_1}. (2.5)

Remark 2.1. The Nambu bracket can be even further generalized when the Levi-
Civita tensor is replaced by other fully antisymmetric forms (Bialynicki-Birula and
Morrison, 1991).

In what follows we provide two examples of Nambu bracket:

For n = 2,

note that letting ¢; = k and ¢ = x, we recover the Poisson bracket.

For n = 3,
{p, HI,HQ} = Vp : (VHl X VHQ) .
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Figure 2.1: A trajectory in a 3-dimensional Nambu system is the intersection of two
level sets.

Although it is still a divergence-free advection operator acting on probability density
function p, the Nambu bracket cannot be equivalent to any Poisson bracket because
the dimensionality of phase space is odd. As shown in Figure[2.T] the level sets of two
invariants, {q € R*: H;(q) = c¢1} and {q € R? : Hy(q) = ¢2}, determine a trajectory

in 3-dimensional phase space.

The following property of Nambu bracket will be useful in Chapter

Theorem 2.1. If a function g(q) = {(H1(q), -, Hn-1(q)), then it must be an

inwvariant of the Nambu system, i.e.

{gvH1>H27 T aHn—l} = 0.

2.2 Waves in plasmas

The dispersion relation of waves in plasmas can be derived by analyzing the

Vlasov-Maxwell(Poisson) system with small perturbations. In what follows, only the
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results will be presented. For details, we refer the readers to (Stix, [1992; Thorne and

Blandford, 2017} Hazeltine and Waelbroeck, [2018)).

2.2.1 Waves in unmagnetized plasmas

If the thermal motion of electrons in an unmagnetized plasma is negligible,

then the charge density oscillates at the electron plasma frequency:

(2.6)

For homogeneous warm plasmas, the linearized Vlasov-Poisson system renders

the Bohm-Gross dispersion relation,
w(k) = (1+3732k%) 2w,

where \p = ,/60:6—‘;;[’5 is the Debye length, a parameter proportional to the electron
thermal speed. In particular, for cold plasmas where T, = 0, we recover Equation [2.6]).

2.2.2 Waves in magnetized plasmas

Suppose a plasma is embedded in background magnetic field B = Bye,, then
electrons gyrate around magnetic field lines at the following gyrofrequency:

B
Weo = 20, (2.7)

Me

For homogeneous cold magnetized plasmas, the Vlasov-Maxwell system, after
linearization, yields the following equation for 5/15, the Fourier spectrum of a small

electric field perturbation:
(N®N = (N-N)J +e(w))dE = 0, (2.8)

where N = <€ is the refractive index, and J is the identity map. Define b = B/ [B],

the dielectric tensor £(w) takes the form

Eap(W) = €dap + i1g€ap by + (1 — €)babg,
20



where

w
e=cfl=1 R
w Wee
w2
_ H _ Wee pe (29)
9=9 =—"""5_ 2> ’
w w?—w?
2
w
_ L H pe
n=n"=1-— 5
w

Equation([2.8)) gives nontrivial solution only if
detM(w, k) =det ( N®@ N — (N -N)J + ¢(w)) = 0. (2.10)

The above equation renders the graph of implicit function w(k), which is known as

the dispersion relation.

Remark 2.2. For non-uniform plasmas, the dielectric tensor € containing information
on the medium property varies in space, hence the wave frequency will also depend

on spatial coordinates, i.e. w = w(k,x).

2.2.3 Plasmon

Just like photons are quantizations of electromagnetic oscillations and phonons
are quantizations of mechanical vibrations, a plasmon is a quantum of plasma os-
cillation. Each plasmon in state k carries momentum hk and energy fw(k). By
WEKB(Wentzel-Kramers—Brillouin) approximation, the motion of plasmons is gov-

erned by Hamiltonian dynamics:

d

d_}t{ - ka(k, X)
dk

a = —wa(k, X).

Consequently, the evolution of plasmon probability density function N (k,x,t) can be

described with the following Liouville equation:

N + {N,wk,x)} = 0. (2.11)
21



2.3 Quasilinear theory from a probablistic perspective

In the last section we omitted an important fact that the wave frequency
is actually complex, containing a real part and also an imaginary part. The real
part accounts for advection in the phase space, while the imaginary part accounts
for damping/growing. The damping effect was discovered by Landau (1946)), now
known as Landau damping. For some configurations such as bump-on-tail, as shown
in Figure , the waves can also grow. The damping/growing of waves in a plasma
implies a process of energy transfer. The study of quasilinear theory is motivated by
a simple but fundamental principle: if waves are affected by the particles, there must

exist a back-reaction of the waves on particles.

fip)

p

Figure 2.2: Bump-on-tail velocity distribution excites waves.

The electron-plasmon kinetic system must be derived from Vlasov-Maxwell(Poisson)
system in weak turbulence limit, but it can also be interpreted from a probablistic
perspective using quantum mechanical language. In this section we follow the probab-
listic approach as that will be sufficient for understanding the rest of this dissertation.

For detailed derivation, see |Vedenov et al.| (1961)); |[Shapiro and Shevchenko (1962);
Stix| (1992); Thorne and Blandford| (2017). We will also present a brief introduction
in Appendix [B]
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2.3.1 Master equation for unmagnetized plasmas

p — Ik hk

hk p — hk

(a) absorption (b) emission

Figure 2.3: Feynman diagrams.

Consider a particle in a plasma, as shown in Figure 2.3 as it encounters a
plasmon, by some probability it will absorb it and gain energy, or induced by the
oscillating electromagnetic field, it emits another identical plasmon and loses energy.
The transition probability is only relevant to the state of the particle and the plasmon.
Therefore the emission/absoprtion processs, as a continuous-time Markov process, can

be described with a master equation.

Remark 2.3. Spontaneous emission is usually negligible, therefore not discussed in this

dissertation. For more discussion on this issue, see Thorne and Blandford| (2017)).

Suppose the corresponding probability of electrons in state p + hk emitting a
plasmon in state k is Q(p + 1k, k) f(p + hk)N (k), then for electrons in state p — hk
absorbing a plasmon in state k, the probability should be Q(p,k)f(p — k)N (k).

Consequently, the master equations read:

0f(p.1) p7 /Q 41k, K) [f(p + ik, N (K, ) — f(p. )N (k, 1)] dk,
/ QP k) [F(p, )N (k. t) — f(p — ik, )N (k, )] dk (2.12)
onter) ~ [ Q.19 (b N (. 0) ~ f(p — OV (k. 1) dp.

Observe that Equation(2.12)) is in finite difference form and |hk| < |p|, hence the
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first order terms in Taylor expansion yield

O =V { [/ A, BN (e 2 Rk dk} -vpf}, (2.13)

8W:[/MnmmkVJM4N-

In Equation(2.13)), the particle probability density function f(p,t) satisfies a
diffusion equation with diffusion coefficients depending on plasmon probability density
function N (k,1):

D(p,t) = /Q(p,k)N(hk ® hk) dk. (2.14)
Meanwhile, the plasmon probability density function N (k, t) satisfies a reaction equa-

tion with growth/damping rate depending on particle probability density function
f(p,t):
P(k.t) = [ QoK) (hk- Y, f)dp. (2.15)

2.3.2 Master equation for magnetized plasmas

Given magnetic field B, any vector u can be decomposed in the following

sense:
B
UH = @ - u,
J B ® B u
u| = —_ —_— ] - .
. B~ [B]

For homogeneous plasmas embedded in uniform magnetic field B, there are
master equations for electron-plasmon interaction analogously. But note that the
electrons are gyrating around magnetic field lines, hence it only needs two coordinates
instead of three to describe the state of an electron: momentum parallel to magnetic
field p; and gyro-motion quantum number n. The relation between quantum number

n and classical perpendicular momentum p is
2
p

nhw,e = —=.

2m,
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Suppose the corresponding probability of electrons in state (p” + hky,n + l)
emitting a plasmon in state k, and jumping into state (p”,n) is Q(p) + hky,n +
I,1,k)f(py + hkj,n + )N (k), then for electrons in state (pj — fikj,n — 1) absorb-

ing a plasmon in state k and jumping into state (p”, n), the probability should be
Q(py, . 1 k) f(py — ey, n — DN (k).

Consequently the master equations take the form

0 ,n,t
% = ;/ {Q(p” + th, n—+11, k) [f(pH + h/{?H,TL + [, t)N(k, t) — f(p”, n, t)N(k, t)} } dk
-y / Q(pys 1.1, k) [f(p, n, )N (k, t) = f(p) — hky,n — 1L )N (k, )] dk,
1
ON (k,t
% = Zn: Z/Q(p,n, LK) [f(p.n )N (k. t) — f(p) — hky,n — 1, #)N(k, t)] dp).
Since !hku‘ < }pH‘ and |l| < |n|, the first order terms in Taylor expansion yield
B 0 of . ,9f
Qtf = zl: / % {hk”Q(p”,n, l, k) (ﬁk% + la—n)} Ndk
%) of  of
+;/% [lQ(pH,n,l,k) (hk”% +la—n)] Ndk, . (2.16)

0 0
8tN:Zn:zl:/Q(p”,n,l,k)N {hkafn+l£} dp”

2
Recall that nhw,., = 2%6, hence for any probability distribution g we have the
following relation between quantum states and the classical momentum,

2

p
Z/g(pm)dpn = /g(pna Si ) 2T dpdp).
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Replace hw aa with %ai in Equatlon to obtain

0 ehevee O
hf = Z/apl { k@ p||,€—,l,k)N (hka_f ;m afﬂdk

D pL 0Opy
mehwe 0 pi ( af mehwce of )1
n l 7 L RN (ke ST dx,
;/ pr OpL [Q(p 2mehwee ) 'opy (929\\ pr Opy
2
pL af mehwce af
N = ——, L, k) | hk == —— | dp| N.
O, ;/Q(Pn, o )( I (9p|| o o) P
(2.17)

Same as in unmagnetized plasmas, electron probability density function f

satisfies a diffusion equation with coefficients:

2
Dyy(p,t Z/N (k, t) (Pky) Q(Paﬁ,l,k),
ehw p2
DHJ_ p,t Z/N k t hk” (l >Q (p”am:lak)? (218)

me ce pi
Dy (p,t Z th Q p||7m,lak :

Meanwhile plasmon probability density function /N satisfies a reaction equation with

growth/damping rate:

I'(k,1) Z/Q(p, _r ,l,k) (hkg—f mmﬁ) (2.19)

D| pL Opi

2.3.3 Singular transition rates and properties

The quantum mechanical approach is just a way of interpretation, not deriva-
tion. In the previous sections we mentioned the transition rates () but did not give
their explicit forms. The explicit forms can only be obtained by analyzing the origi-
nal Vlasov-Maxwell(Poisson) system. The derivations are too long and not necessary,

therefore only only the results are listed below.
Define Lorentz factor

v(p) = 1+ p?/m2c2.
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The kinetic energy € of an electron with momentum p is

p2

E(p) = { 2me’

Y(P)mec® = y/m2ct + p2c2, relativistic

Denote electron velocity as v(p) = V,E(p), then the transition rates take the fol-

non-relativistic

lowing form:

7T€2 w

o hlK|?

Q(p.k) = d(w—k-v), Vedenov et al. (1961)

2 2
Qpy, ﬁ, l,k) = %Ul(p, k)6(w — kjvy — lwee/7), |Shapiro and Shevchenko, (1962)

where the coefficients take the form(Breizman et al., [2019)

{lwcel]l + E5cos0J; + iFy sin QJ’}
(1— E3) L2 (we) + 2By 2L (w2g) + B3 L 2 (w?n)

Ui(p, k) = 8r%e? (2.20)

In the above formula, the dielectric tensor components €, g, n are given in Equa-

tion(2.9). The wave polarization vector components E; are defined as follows:

Ei (k) =1,
Ba(k) =i—%—
N (2.21)
NNy
Es3(k) = —
s(k) —

where vector N = 5 is the refractive index. In addition, the argument of Bessel

functions J; is k1 p) /Mewee,

Note that both transition rates include a Dirac delta term, which suggests
the resonance nature of electron-plasmon interaction: electrons and plasmons do not
interact unless their momenta satisfy certain condition.

Define the resonance indicator functions as follows

s(p,k) =wk) —k-v, (unmagnetized plasmas)
s1(p, k) = w(k) = kjv) — lwee/7, (magnetized plasmas)
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then the resonance condition take the form s (p, k) = 0, which determines a resonance

manifold embedded in the joint momentum space R} x Rj:

8 ={(p,k) e R} xR} : s(p,k) =0}, (unmagnetized plasmas)
(2.22)
S = {<p7 k) € Rf, x R} @ s(p, k) = 0} , (magnetized plasmas)
Now we can say that electrons with momentum p emit or absorb plasmons with wave

vector k only when (p, k) belongs to a resonance manifold.

As can be verified easily, quasilinear theory for unmagnetized plasmas con-
serves total mass, total momentum and total energy as follows
OMor = 0y ((f, 1), + (N,0)) =0,
OPitor = O ((f,pi)p + (N, hk;)x) =0, i =1,2,3,
ot = O ((f, €)p + (N, hw)y) = 0.

For magnetized plasmas, the second line above has to be replaced with
Py ot = O¢ ((f,0))p + (N, hky)y) = 0.

Just like binary collision process between particles, the emission/absorption

process is also entropy-dissipative:

0y(f,1og f)p < 0.

2.4 Kinetic model for electron runaway in tokamaks
2.4.1 Geometry

Tokamak, as the most promising candidate for a practical fusion reactor, is
known for its complex geometry. The complexity and cost for kinetic model in realistic
geometry is beyond capability. As a consequence, simplification and compromise is

necessary.

As shown in Figure(2.4al), the red line represents the magnetic field line in a

tokamak. The magnetic field has both poloidal and toroidal components. A simplified
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configuration, the infinitely long symmetric cylinder, is shown in Figure. By
symmetric we mean the magnetic field and the plasma density do not depend on
azimuthal angle ¢, nor axial coordinate z. It can be regarded as a limit case of
Figure, when torus radius goes to infinity. In the rest of this dissertation, we
will constrain our scope on a further simplified configuration, shown in Figure,

assuming axial magnetic field.

(a) Tokamak (b) Cylinder (c) Cylinder(By = 0)
Figure 2.4: Magnetic field configurations
It is natural to use cylindrical coordinates inside a cylinder. As shown in
Figure(2.5). At position (r, ¢, z), any vector u can be decomposed in two ways.
1. u=ue, +ugey +ue,.
2. u= uj€e| + uio€io + UL1€1].

Wave vector k is usually decomposed in the first way, while electron momentum p

is decomposed in the second way. In particular, when By, = 0, we have e| = e..

Consequently vy = u, and u; =, /u? + ui

2.4.2 Kinetic model

Combining Equation(2.11) and (2.17), we obtain a kinetic model for non-

uniform plasma embedded in background magnetic field B = By(x)e,. The electron
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B(r) = B4(1)és + B,(r) &,

o €z
€¢ )

(a) Cylinder Cross Section (b) Magnetic field

Figure 2.5: Local frame

probability density function f(p,x,t) and the plasmon probability density function
N(k,x,t) satisfy

O f +v.0.f = vp' (D[N] .fo)7
ON +{N,w} =T[fIN,
where D[N] and I'[f] are given in Equation(2.18) and ([2.19)).

Electron runaway is determined by multiple factors competing with each other.

(2.23)

According to Breizman et al.| (2019), the complete kinetic model for electron runaway

takes the following form:

V.. (DIN]- o
hf +v.0.f =V, (DIN]-V,f) + eEzapz +Cf, (2.24)

N +{N,w} =T[fIN,

where F, is the parallel component of external electric field, and operator C represents

collision.
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Chapter 3: Conservative schemes for particle-wave
interaction in homogeneous magnetized plasmas

3.1 Introduction

In this chapter, we consider particle-wave interaction in homogeneous magne-
tized plasmas(Huang et al. 2023a)ﬂ. The word “homogeneous” here refers to the case
where the plasma, as a medium for wave propagation, is homogeneous when inspected
on a scale much greater than the characteristic wave length. Since the quasilinear
theory studies the spectrum of waves(density of plasmons) and the averaged particle
distribution function, it does not require a small time step to characterize the high
wave frequency numerically. However, the numerical computation of the particle-wave
resonance system is still challenging, due to the resonance condition described with
the Dirac delta function, the complicated dispersion relation, high dimension, nonlin-
earity, and conservation laws consisting of integrals in two different spaces. Therefore,
although the theory has been widely used in physics(Pokol et al., [2008; Liu et al.|
2018; Jeong et al.,|2020), there is no preceding work focusing on the numerical method

for quasilinear theory in magnetized plasmas.

Despite being a paradigm approach in the analysis and discretization of other
kinetic equations, the weak formulation of the quasilinear model has not gained
enough attention, partly because the equation for particles was usually written in
a nonlinear diffusion form, and the equation for waves was treated as independent
first-order ODEs with parameters. There are infinitely many equivalent forms to the
same equation because of the resonance condition. Among all the equivalent forms,

some are superior to the others, the reason is as follows.

'Huang, K., Abdelmalik, M., Breizman, B. and Gamba, I.M., 2023. A conservative Galerkin
solver for the quasilinear diffusion model in magnetized plasmas. Journal of Computational Physics,
488, p.112220. The dissertator’s contribution includes proposing and implementing the scheme,
analyzing the data and writing the article.
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The quasilinear theory inherits the conservation laws from the original Vlasov-
Maxwell system. However, generally the conservation is conditional, which means
the gain and loss parts only offset each other on the resonance manifold. When the
resonance manifold is broadened or approximated, conservation laws are no longer
guaranteed. In this chapter, we propose a novel integro-differential form and the

corresponding unconditionally conservative weak form.

It is desired that the discrete weak form will preserve the unconditional con-
servation property above, unfortunately, naive standard finite element discretizations
turn out to fail. We located the cause of discretization errors by analyzing the weak
form, and managed to construct a perfect discretization by replacing some quantities

with their projection in the discrete finite element spaces.

Apart from that, for numerical integration on resonance manifold, we adopt
the marching simplex algorithm(Doi and Koide, 1991; Min and Gibou, [2007)), which

enables us to deal with arbitrary wave modes.

This chapter is organized as follows. Section focuses on the energy of a
single electron and a single plasmon, which play the key role in calculation of tran-
sition rates. Section introduces the unconditionally conservative weak form. The
conservative semi-discrete system, as the main result of this chapter, will be presented
in Section In Section (3.5, we derive the nonlinear ODE system associated with
our conservative semi-discrete form, and the relation between two interaction tensors
is proved. Stability and positivity will be discussed in Section 3.6, The numerical re-
sults are presented in Section 3.7, Finally in Section [3.8 we adopt the same strategy

to construct a conservative discontinuous Galerkin scheme.

32



3.2 Electron energy and plasmon energy

As mentioned in Chapter [2] the equations for quasilinear particle-wave inter-

action share the following structure,

O f(p,t) = V- (DIN|(p,t) - Vo f (P, 1)),

(3.1)
9N (k,t) = D[f](k, t)N (k, 1).

Both relations, D: L'(R}) — (L>(R?))**® and I': H'(R}) — L®(R}), as given
in Equation(2.14), (2.15)), (2.18) and (2.19), are determined by transition probabili-

ties of the stochastic emission/absorption process. The transition probabilities per se,
depend solely on pre-interaction and post-interaction kinetic variables: particle mo-
mentum p, particle energy €(p), plasmon momentum ik and plasmon energy hw(k).
Hence the particle energy relation £(p) and plasmon dispersion relation w(k) must

be specified before numerical simulation.

The kinetic energy € of an electron with momentum p takes the following

form: )
p

E(p) = { 2me’

Vm2et + p2c?, relativistic

As for plasmons, the wave dispersion relation w(k) depends on the medium,

non-relativistic

i.e. the plasma itself, which is evolving. Since the computational cost for an accurate
dispersion relation w := w(k) can be quite high, there is, in practice, a tendency to
use low-order approximations based on appropriate assumptions, for example, the
cold plasma assumption. Nevertheless, even for a cold magnetized plasma, there can
be multiple wave modes, i.e. multiple “species” of plasmons, each having a distinct

dispersion relation w(k).

Recall Equation(2.10) which renders the graph of implicit function w(k) for

cold magnetized plasmas:
detM(w, k) =det  N® N — (N -N)J + ¢(w)) = 0.
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According to textbooks(Thorne and Blandford, 2017} [Stix, [1992)), the function
w(k) implicitly given by the above equation is multi-valued, with four branches. But
we would like to know, for a specific branch, whether w(k) is well-defined for any
k € R}. Such issue is important for numerical implementation, but textbooks never

elaborate on that, therefore we provide an answer here.
Define kj :=k-B/|B|, ki =, /k* — k, k == |k|, and £ := &y /k. We find that
Det[M(w, k)] =0 < F(w/wpe, kc/wpe, & wee /wpe) = 0.

Scaling w and wg with wy., scaling k with wy/c, we take the numerator of

F(w,k, & wee) and get the following algebraic equation:
k(w2 (& — w?) + w? (w® = 1)) — Kw® (w2, (£ — 2w + 1))

(3.2)
+w® (W =1) (= (w2 +2)w” +w' +1) =0.
Let x = k2, ¢ = w?, we obtain a second order algebraic equation for k:
A@)X* + B(s)x + C(s) =0, (3.3)

with
A(e) =" = (L +wi)s + weet,
B() = —¢ (W2 (€2 =2+ 1) +2(s — 1)), (3.4)
Cle)=c(c=1) (" = (wee +2)s+1).
Consider the discriminant of quadratic equation, for € € (0,1) and ¢ €
(0, 4+00),

(B(s))? = 4A(5)C(s) = wis(wie(1 = £2)? +4€%(c — 1)%) > 0, (3.5)

thus there are always two real roots for each ¢ € (0,400). Define these two implicit

functions as

—B+vB?—-4AC

xi(s) = 94 (3.6)
—B— VB2 —4AC '
XQ(C) = 94 .
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Meanwhile, equation(3.2)) can also be written as a fourth order algebraic equa-

tion for <.

A(x)s* + B(x)s® + C(x)s* + D(x)s + &(x) = 0. (3.7)

Fundamental theorem of algebra states that equation(3.7)) has four complex
roots, however, what really matters is the number of positive roots, for w = /< has

to be a positive real number.

Proposition 3.1. V (k, k1) € (0,400) x (0,400), 30 < wy < wy < wy < wy < 00
s.t.
Det[M(wi,k”,kL)] = 0, 1= 1,2,3,4

i.e. the equation admits exactly 4 positive single-value implicit functions w;(ky, k),
i=1,2,3,4, on domain (0, +00)x (0, +00), moreover, w;(k, &) = wi(ky(k,&), k1 (k,&))
satisfy that %wi(/{,é’) >0, VEe(0,1).

Proof. Note that (kj, k1) € (0,+00) x (0,400) < (k,§) € (0,+00) x (0,1), thus it

suffices to show that the equation
AG)X*+B(s)x+C(s) =0

admits 4 distinct roots 0 < ¢ < ¢ < ¢3 < ¢4 < oo for any given y > 0, and

S0 = 0.

Consider y; () = =240 from 1) first:
Recall from (3.4) that
A(e) =" = (14 wi)s + wit™.

It can be verified by substituting ¢ with 0,1, w?,w? + 1 that

ce’

A(S) = (s —s)(s — sr),
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and

0 < <min{l,w?} <max{l,w2} < g < w2 + 1. (3.8)

Meanwhile, from (|3.4)),
B(s) = —¢ (Wi (€ =20+ 1) +2(¢ = 1)°) = —c(A(s) + (¢ —wi — 2)(< — 1)),

thus by the inequalities in (3.8])
B(sp) = —splon — w2 = 2)(s. — 1) <0,
B(sr) = —sr(sr — wl —2)(sg — 1) > 0.

Now we claim that although A(s) has two positive roots ¢, and <g, x1(s) =

—BivB 440 ij_‘mc is only singular at ¢ = ¢z, while continuous at ¢ = ¢g. The reason is as

follows.

Notice that Equation(3.6|) can also be written as

()_—B+\/BQ—4AC_ 2C (3.9)
e = 24 "~ "B VB _1AC '
Since B(sz) < 0, use the first expression at ¢ = ¢z, then
. B(s 1
thl(g): | (L)| . ’
S—Sr (§L - GR) S —SL
therefore
lim x1(¢) = +o0, (3.10)
Sy,
and
lim x:1(s) = —o0. (3.11)
s
At ¢ = gg, use Equation(3.9) to obtain that
. C(sr)
1 = i
lim xa(¢) = — Blon)
Additionally, it can be verified that
lim xi(s) =0, (3.12)

s—0t
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and

lim x;(s) = +oo. (3.13)

§—+00

Conbining (3.12) and (3.10]), since x1(s) is continuous on (0, ), by interme-

diate value theorem, for any given x > 0, there must be a ¢11(k) € (0,¢z) such that

X1(s11(k)) = k. Conbining (3.13]) and (3.11)), since x;(s) is continuous on (sz,, +00),

by intermediate value theorem, for any given x > 0, there must be a ¢12(k) € (51, +00)

such that y1(s12(k)) = k.

Similar conclusion can be proved for x»(¢): For any given x > 0, there must
be a ¢ (k) € (0,¢g) such that x2(s21(k)) = k. Also, for any given £ > 0, there must

be a ¢x2(k) € (sr, +00) such that ya(se(k)) = k.

Now we have 4 solutions <11, S12, $21, S22, sort them in an increasing order, and
we refer them as 0 < ¢; < ¢ < 63 < ¢4 < 00. For example, as shown in Figure(3.1a)),

the blue curves represent ¢i1, <12, and the yellow curves represent ¢y, Goo.

Next, we prove that ¢;(x)’s are distinct and monotonic increasing in y by

contradiction:

Suppose 3 k > 0 such that (k) = ¢;(k) = w > 0, then x;(w) = x2(w), i.e.
B(w)?* — 4A(w)C(w) = 0,

contradictory to (3.5]), thus four solutions ¢; are distinct.

Recall that A(s)x? + B(s)x + C(s) = 0 can also be rewritten as
AQ0s" +B0)s” + €(x)s” + D(y)s + E(x) =0,

thus there can only be exactly 4 solutions g;.

Suppose 3w € (0,¢z) such that y;(w) = k > 0 and d%xl(w) < 0, then through
intermediate value theorem for continuous function y;(s) on (0,sz), there will be at

least 3 distinct solutions in (0,¢z) for equation A(k)s* + B(k)s® + €(k)s? + D(k)s +
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E(k) = 0, in addition with 3 solutions on other branches of the graph, there will be

6 solutions in total, contradictory to the fundamental theorem of algebra.

As a consequence, for any w € (0,z) such that xi(w) = & > 0, £x1(w) > 0,
equivalently, %gn(x) > 0. Similar conclusions can be proved for ¢12(x), s21(x) and

a2(X)- ]

We plot x1(w?) and yo(w?) as functions of w given & = 0.9,w., = —2 in
Figure(3.1a)). The figure shows exactly what we have proved, given a point (k,&) (or
equivalently (kj,kyr)), there are 4 values of w which satisfy Equation(?2.10)), i.e. 4

formulas for w(k, k).

waves in cold magnetized plasma (§ = 0.9, w,=-2)

0 )
N3(w, £=0.9, we=-2)
10

—— exact relation
300 )
8 approx whistler

approx plasma oscillation
20f

1OJ
0

Figure 3.1: wave modes.

Remark 3.1. In the paper of |Aleynikov and Breizman (2015)), the authors gave two
approximated dispersion relations as Equation (8) and (9). They are nearly accurate
only in two limit conditions & — 0 and k — oo. To illustrate, we plot N? = f}—z as
a function of w, see Figure(3.1b).(But for |wee| < wpe, the plasma oscillation is not

asymptotic to any branch.)

Remark 3.2. In our numerical experiment, we use the dispersion relation of whistler
waves in a cold magnetized plasma. Nevertheless, our numerical method is compatible
with any dispersion relation, and can be used to simulate multiple wave modes at the

same time.
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3.3 Equations reformulated

In principle, with w(k) given, the formulas and combined with
Equation are sufficient to perform a trivial numerical simulation: treat Equa-
tion(3.1]) as a normal diffusion equation and a normal reaction equation with time-
varying coefficients. The challenging part, however, is to preserve conservation, es-
pecially when there are integrals containing the Dirac delta function. Numerical
integrals are always performed by quadrature rules, however, the quadrature points
usually do not reside exactly on the resonance manifold. In this chapter, we propose
an unconditionally conservative approach by employing a novel equivalent form of
the original equation. By “unconditional” we mean that the scheme is conservative

no matter how the resonance manifold is discretized or broadened.

3.3.1 Conditionally conservative weak form

Recall the kinetic system(2.17) for magnetized plasmas:

0 2 0 hwee O
e B e

ap|| pL Opy
mehwce 8 pi 0 f mehwce af
——— [.k)N _— k
* Z / pL |:C2(p7 2mehwee ’ l’ ) (hk” apH pL apJ_ d 7

N =

pj_ af mehwcea_f
;/Q(pIthehw lk) (hk”ap” pL Opi dp| N

To rephrase it into a new form, let us first introduce two important concepts,

the emission/absorption kernel and the directional differential operator, along with

some necessary notations.

Emission/absorption kernel and directional differential operator

Analogous to the definition of collisional kernels in Boltzmann equations and
Fokker-Planck-Landau equations, we define the emission/absorption kernel which

characterizes the probability for a particle with momentum p to absorb or emit a
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plasmon with wave vector k,

2

o w PL _ _ _
Sl(p, k) = (p/'yme)QQ (p”, 2mehwce’l7 k) = Ul(p,k)5 (w kHU” lwce/’y) . (314)

As we have mentioned above, interaction happens only if the resonance con-
dition is satisfied, so the emission/absorption kernel contains a Dirac delta function.
The coefficients U;(p, k) are given in Equation(2.20). They take finite non-negative

values for any coordinates (p,k) € ]R;; X R3.

Interaction with a plasmon results in diffusion of particle pdf f(p,t) along a

particular direction ((p, k), thus we define the directional differential operator

Rig = kv p 99 +lwce/7 p 99
w pOp| w pLOp)’

(3.15)

Further, define the L? inner product in particle momentum space (u(p), v(p)), =

Jgs wvd?p, and the L? inner product in wave spectral space (U (k), V(k))r = [ps UV k.
P k

Denote the adjoint operator of R; by Rj, then by definition, we have

(Rju,v), = (u, Rjv),.

Bilinear integro-differential operators

Now all the ingredients are prepared, we claim that the diffusion term and

reaction term can be rewritten as bilinear integro-differential operators.

Theorem 3.2. The particle-wave interaction system in Equatz'on 1S equivalent

to

Oif =B(N, f) = Z/BRZ (SINTw®R, f) dk
. (3.16)
O.N = H(f, N Z 91N (Ruf) (RiE) dp.
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Remark 3.3. Both the particle diffusion operator B and the wave reaction opera-
tor H mix particle momentum p and plasmon wave vector k through the absorp-

tion/emission kernel R;(p, k).

Remark 3.4. One might have noticed that R,E(p) = v(p). The reason we write
R,E(p) rather than v is to induce our conservative semi-discrete form and to save

preprocessing time. The details will be addressed later.

Conditionally conservative weak form

Now test Equation(3.16)) with ¢(p) and n(k) to obtain its weak form:

:/Rg dk/R3 dp [ (R€) (Ruf) NG| _/R3 dp/R3 dk [Tw (Rip) (Rif) NG .

R

Note that the order of integration here is different for the terms on the right-

hand side. In what follows, assume that
[ ddplt (Rep) (Rif) NS
R3 xR3

and

/ dkdp|n (R,€) (R f) NG|,
R3 xR3

are finite, therefore by Fubini’s theorem, the order of integration does not matter:

/3 ( T (Ri) (Ref) Ngzdk> dp = /3 < i hw (Rip) (Ref) N9ldp) dk

— //R3 . dkdp [hw (Rip) (Rif) NG,

n(RE) (R, f) NWP) dk = /Rs </[RS

— //R?)XR; dkdp [n (R,€) (R f) NG| .

n(R&) (Rif) N9zdk> dp

3
P

[
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It follows that
/ o0 + / BN =3 / / GINRLf (nRE — hRigp) (3.17)
p k 1 pk

Then the conservation laws can be easily verified as we substitute the test

functions with conserved quantities. For mass conservation, we have
atjv[tot = at <(f7 1)p + (N7 O)k)
= (O:f, 1)p + (0N, O>k

= . — CR
;//pkglmzlf(o Ri€& — hw - Ry1)

= 0.
For momentum conservation along magnetic field line, we have

0Py o = (Ocf,py), + (0N, Biky ),

_ R RE — - R
;//pk&]\f of (B - Ri€ — hw - Rypy)

=0.
And analogously for energy conservation,
0ot = (O1f, €), + (0N, hw),,

=Y [[ svrif (- ®ie - o %)
l Pk
=0.
Nevertheless, if one observe in detail, the total mass and energy are conserved
unconditionally, because the identities 0 - R;E — hw - ;1 = 0 and hw - R;E — hw - R;E
are true for any point (p, k) in the joint momentum space Rg x R}. While the total

momentum is conserved conditionally, because

w

k: ce
hk” - R€ — hw - Rlpu = hk”v (ﬂ + lw—/,y — 1) ,
w
while % +1 WCTM — 1 =0 is not true unless the states (p, k) reside on the resonance
manifold
8 = {(p.k) € R} x R} : 5i(p, k) = w(k) — kjv — lwee/y =0} .
Therefore we refer to Equation(3.17) as the conditionally conservative weak form.
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3.3.2 Numerical integration on the resonance manifold

From the analytical point of view, the distinction between conditional conser-
vation and unconditional conservation does not matter, since the emission/absorption

kernel
9l(p7 k) = Ul(p7 k)(s ((.U - kHUH - lwce/ﬁ)/)

is always zero outside the resonance manifold. However, for the purpose of either
modeling or numerical implementation, the absorption/emission kernel is usually re-
placed with its approximation Gf(p, k), which implies distortion of the resonance

manifold.

In what follows we present two examples for such approximation that enables

numerical integration on resonance manifold.

Approximation to the identity

In this approach, the emission/absorption kernel is approximated with

5" (p,k;e) = Uz(p,k)lw <M> , (3.18)

£ £

where the compactly supported and positive function ¥ (z) has unit mass, i.e.

/Rw(z)dz =1.

Recall the definition of resonance manifold in Equation(2.22)), it is a hyper-
surface implicitly determined by the resonance condition. The above approximation
is equivalent to a broadening of the resonance manifold, as the approximated hyper-

surface has finite “widt” proportional to €.

Now the singular Dirac delta has been “mollified”, the integrals in the weak
form (3.17) can be obtained with Gaussian quadrature over the joint momentum

3 3
space Ry X Ry.
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Marching cube/simplex algorithm

As opposed to the method introduced above, which aims at modifying the

Dirac delta, in what follows we pursue an alternative resonance condition.

By the coarea formula from geometric measure theory, the following identity

holds:

9 (%)
(%) 8 (s(x)) dx = [ 1o ().
where 8 := {x € R" : s(x) = 0} is an (n — 1)-dimensional hypersurface and o repre-
sents its measure. This identity, however, cannot be applied to our problem straight-

forwardly, since & is not flat in our problem.

Note that the level set of a linear function must be a (n — 1)-dimensional
hyperplane. Therefore, the level set of a piecewise linear function must be a dis-
joint union of (n — 1)-dimensional simplexes. That observation inspires the famous
marching cube/simplex algorithm in computational graphics(Doi and Koide} [1991)),

to discretize a surface.

Suppose that inside an n-dimensional simplex V', the linear interpolation of a

function s(x) is Ls(x) = ap + >, a;x;, then by Min and Gibou (2007),

/Vg(x)a(Ls (X))dx:/s‘gvtiz’da(x):/S\/%da(x),

where 8 is a (n — 1)-dimensional polytope, which can be decomposed into several

(n — 1)-dimensional simplexes. Such integral can easily be calculated with Gaussian

quadrature rule.

Now let us go back to our specific problem. The marching simplex algorithm

implies the following approximation of the emission/absorption kernel:
;nsa(p7 ka 5) = Ul(p7 k)6 (LESl (p7 k)) ) (319)

where L.s; represents the piecewise linear interpolation of s;, and € indicates the mesh

size.
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Remark 3.5. The piecewise linear interpolation L. is not necessarily for every dimen-

sion. For instance, it can act only on R}, taking the form

L.si (p. k) = ao (p) + Z a; (p) ki

inside each simplex mesh. In that case, the quadrature rule is in hybrid-type:

[ ap10s L) = [ ( [ a0.K)6 (Lot (p.10) dk) dp

~ / o ( /S 06 (Lest (p.) da(k)) dp.

3
P

where “MSA” represents marching simplex algorithm.

3.3.3 Unconditionally conservative weak form

Once the emission/absorption kernel is replaced, even the continuous sys-

tem((3.17)) no longer conserves momentum, needless to say about any discrete form.

However, observe that, due to resonance, there are infinitely many equivalent

forms for the same equation(3.17)), for example,

kv 0 Wee 0
) (Sl(p7k)) Rig=19 (w — k‘H’U” — lwce/’)/) (%pﬁllazqn +1 w/7£%%> (3.20)

is always equal to

ko +lwe/y\" ko p 99 wee/y p Oy
— kv —1 27 4 LI
) (w 1Y ch/’}/) (( w W P 8]3“ + W DL apj_

for any constant a > 0.

We claim that among all the equivalent forms, there exists a special form which

unconditionally preserves momentum. And it can be derived as follows.

Note that
-

wce

(w = Kyvy)
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on the resonance manifold §;. Substitute the above equation into the formula(3.20)),
it follows that

5 (s1(p, K)) Reg = 6 (1w — ko) — lee/7) (Mﬁ@ O (w = tyey) M£ﬁ>

w pop|  Wee w pLOpy
kv p dg kv » Og
=0 (w — Ky — lwee/7) (Tp_”%—i_ == ) ol )

Now we define a new directional differential operator

Lgo= M0 P 09 (1_M) » 9
w p|Op| w ) pLopL’

as opposed to R; in Equation(3.15)), the new operator £ does not depend on [. In

addition, define a new emission/absorption kernel as follows:
B(p, k) ==Y Gi(p. k) =Y Ui(p,k)d (w— kv —lwee/7) -
! 1

Note that B is also independent of [.

It can be verified that the weak form(3.17)) is equivalent to

/pgp@tf + /knﬁtN - //pkBNLf (L& — hwl ). (3.21)

In the following theorem, we prove the superiority of the proposed form, i.e.

the unconditional conservation property of Equation(3.21)).

Theorem 3.3 (unconditional conservation). If f(p,t) and N (k,t) solve Equation(3.21)
with emission/absorption kernel being replaced by B, then for any B. we have the

following conservation laws

Moo = 0, ((f, 1), + (N, O)k> — 0,
0P 1o = O, ((fapn)p + (N, h’fuh) =0,
0,000 = O, <(f, &), + (N, hw)k> ~0.
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Proof. 1t is sufficient to prove the second row, i.e. unconditional momentum conser-

vation, as the other two can be easily verified. Indeed, the following identity

kopp
w p|

hk‘”Lg - thp” = hk‘HU — hw 0

is true for any (p,k) € Rg x R?. Hence for any approximated emission/absorption

kernel B, we have

/p”atf + /hk&t]\f = // 3€N£f (hk”[;(g — thpH) =0.
p k pk
[l

Remark 3.6. If one considers Equation(2.13), the quasilinear theory for non-relativistic

unmagnetized plasmas, it is not hard to find out that its weak form

(Ouf,0),+ (O:N,m) = //ka (p, k) %’“21\1 (E : vpf) (nﬁ - V,& — huwk - Vpgo> (3.22)

also conserves total momentum in each direction conditionally.

One might wonder whether it is possible to derive an unconditionally conser-
vative form, analogous to that in the magnetized plasma case. It turns out that it
does exist, but only for equations with cylindrical symmetry. In fact, for f(p),p., @)

independent of «, if the emission/absorption kernel is defined as

1 27 2 2
.Bunmag(p7 k) — / Kw_é(w — kHUH — kJ_UJ_ Ccos Oé)da,
0

2T €0 k2v?

then Equation(3.22]) can be rewritten in the following form

/(patf+/778tN = // BUmENL f (nLE — hwlp),
D k pk

which is exactly the same as Equation(3.21]) for magnetized plasmas. Moreover, they

even share the same directional differential operator:

Lgo= M0 P 09 (1_M) » 9
w p|Op w ) pLopL’
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although the v(p) here is defined as

v(p) = Vp( P ) -2

2me

instead of

v(p) =V, (V2 + i) = — L

Y(P)me

Remark 3.7. Since the conservation laws solely depend on the fact that nLE€ —hwLp =
0 for any (p,k) € Rf; x R?, the unconditional conservative form and the scheme we
are going to propose can be generalized for time-dependent dispersion relation w(k;t)
with no extra effort. An important example is the self-consistent dispersion relation
w = w(k; f(t)). The only obstacle is the extra computational cost of updating the
interaction tensors in each step. As will be shown in Section 3.5 that calculation can

be expensive.

To simplify the notation, we can define trilinear forms B and H as follows:

BUN.g) = [[ | ddp (otiot N,

HN, fn) = / /R  dkdp (yLELINB).

As a result, the unconditionally conservative weak form(3.21)) can be written as,
{ (atfﬁa)p = _B(faNa@)7
(atNan)k = H(N7f777)

With this form it is convenient to verify the dissipation of entropy. Recall the

definition of emission/absorption kernel B,

B(p,k) = > Ui(p;k)d(su(p; k).

l=—00
Test the equation for particle pdf with ¢ = log f, since U; and N are non-negative,
the right-hand side will be non-positive:

@uf Jog f), = - / / dkdp%(L F)2NRwB < 0.
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The H-theorem for the particle pdf follows from the above inequality, as

at (f7 lng)p = (atf7 10gf>p + (atf7 1)p < 0.

3.4 The conservative discretization

In this section, we pursue a semi-discrete problem that consistently approxi-
mates the original system, and at the same time preserves discrete conservation laws.
In the following subsections, we will first introduce our finite element discretization,

the necessary projection operators, and then elaborate on the conservation technique.

Before continuing, note that is also possible to use wave spectral energy density
W(k,t) = N(k,t)hw(k) instead of N(k,t) as the unknown. The weak form for
particle probability density function f and wave spectral energy density W reads:

/pmf + /knatw _ //pkBWLf (nCE — L) (3.23)

The above form is also unconditionally conservative.

Equation(3.21]) for plasmon probability density N and (3.23) for wave spec-

tral energy density W are equally suitable for conservative discretization. In the rest
of this section, we show the discretization of Equation, while the conservative
discretization of Equation will be given Section with DG schemes. Nev-
ertheless, the readers should be aware that all of the four types of combinations are

feasible.

3.4.1 The finite element discretization

Cut-off domains and boundary conditions

Analogous to existing work on kinetic equations, for example, [Zhang and
Gambal (2017, 2018)), we assume that given any 0 < ¢, < 1 and 0 < ¢ < 1,
there exists finite cylindrical domains Q) C R? and Qy C R} such that for any ¢ > 0,

Jo [P, D)dp
" ey F 0. 0P
49
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and

Jor Wk, t)d’k
o 3
fRi Wik, t)d3k

1 S €.

The particle momentum cut-off domain QIE is supposed to be adaptive, while
in our numerical experiments it turns out that, as a result of anisotropic diffusion,

there is no need to extend it.

Then it is reasonable to solve the equations in cut-off domains Q) and Q. For
the wave sed W (k), there is no need for a boundary condition since there is no flux
in wave vector space. For the particle pdf, we have the following choices, and when

the domain Q]f is large enough, they are actually equivalent.

On the boundary 99 of cut-off domain Q, |f| and |V f| are nearly zero,

two types of boundary conditions can be applied,

1. The zero-value boundary condition

L
f=0, Vp € a0k

2. The zero-flux boundary condition

(DW]Vpf) -n=0, Vp € 0Q.

Suppose we test the diffusion equation with ¢, € V},. With Neumann’s bound-

ary condition, i.e. in the zero-flux case, the semi-discrete weak form reads:

0
(O ) + (DI, Tpin) =0

For Dirichlet’s boundary conditions given by to zero-value on the discretized
boundary, i.e. fin; |aQ£E 0, Nitsche’s method (Nitsche, [1971) applies, hence the weak

the semi-discrete form reads

(%7 on)+(DIWVp fa, Vpon) = ((DIW]Vp fa) 0, 08) a0z +((DIW] Vpn) iy, fa)aar = 0.
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The only difference between them is the boundary integral, which can be be-
low machine epsilon for large enough Qﬁ, because D and ¢, are finite, while | f;,| and
|V fn| goes to zero as we enlarge the domain. Stability can be proved for both for-
mulations, in the rest of the article, for simplicity, we will use the zero-flux boundary

condition.

Discrete test/trial function spaces

Since we have assumed cylindrical symmetry, the 3P-3K problem actually
becomes 2P-2K.
pP= (p17p2ap3> S ng A (p||7pj_> € QI[; C R xR*
k = (ki, ko, k3) € QF & (K, k1) € QOF C R x RT

Let 7 = {R,}, T¥ = {R}} be rectangular partitions of Q% and QF respectively.
We define the meshsize for momentum space as h, = maxRpegzdiam(Rp) and the

meshsize for wave vector space as hy, = makaegﬁdiam(Rk).

The test space for particle pdf consists of continuous piecewise polynomials

with degree ayq,
Get = {f(p1,pr) € CO) : flr, € Q1(R,),Y R, € T4}, (3.24)

The test space for wave sed consists of discontinuous piecewise polynomials

with degree ao,
W2 = {W(ky, k1) : W|g, € Q**(Ry),Y Ry € T}}. (3.25)

To ensure positivity of W, it is required that as = 0 or ay = 1, the reason will be

addressed later.

As will be shown in the next section, one of the key points to conservation is

replacing vy, v, and kj/w with %f“p), %ip) and N, where &, = II, ,€(p) is the

discrete particle kinetic energy, and N, = II;;/V| is the discrete refraction index.
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The projection operators can be arbitrarily chosen as long as they satisfy the following

conditions:

1. The projection I, into test space G;' must satisfy that

lim [T, ,9(p) = 9(P)ll2(0p) = 0, Vg € L*(%),
and
lim I, nE(P) — EP) || 102y = 0.

2. The projection Il into test space W;* must satisfy that
lim ([T 06) — £09) | 2qap) = 0. € € LA(QF). (3.26)

There is no need to specify particular projections until we implement them in

the numerical examples, our method works with any of them.

3.4.2 The conservative semi-discrete form

Adopting the zero-flux boundary condition, testing the system on the cut-off

domain with ¢, € G;' and 7, € W;?, we write the following semi-discrete weak form,

0
(St ony = =Bt Wion) == [ [ dkip(epnt i iB),
QF xQk

ow)
(gt = Hi W, fum) = [ [ dkdp{meELHWiB)
QF xQk

where the subscript L means integral on cut-off domain, the superscript u means
unconservative. We will first analyze the source of conservation errors and then

present our conservative semi-discrete trilinear forms By and Hp.

52



Source of conservation errors

Suppose different quadrature rules R; and R, are used for different equations,

, )
(ﬁ,%)p:Rl —/ dP/ dk{LopL [, W, B}
ot | Jor  Jor

I

oW, |
(Whﬂ?h)k = Ry / dk/ dp{mLEL f, W, B}
|/ f ok

The error of conservation laws can be decomposed into three terms,

0
&((fhv H;D,h(p)p + (Wh7 Hk,hn)k>

:Rl —/ dp/ dk{(LHp’h(p)thWhB} + RQ / dk/ dp{(Hk,hnﬁE) thWh'B}
Q;l;“ Qﬁ Qﬁ QZQ

=A; + Ay + As,

where

Al = (Rl - I) / dk/ dp{(—LthgO) thWhB} s
@ Q5

A2 = ([ — RQ) / dk/ dp{(—LHpJLgO) thWhB} R
Q Q5

Ag = R2 /L dk/L dp {(Hk,hnLE — LHp,hSD) thWhB} .
Q Qy

The error terms A; and A, are caused by inconsistent numerical integration
on the resonance manifold. Suppose that R; — I is of the same order as O(h?), and
quadrature rule Ry has error O(h?), then the sum will be roughly O(h™™{@}). The
last error term Ajs is a result of projection error, whose order depends on the degree

of test spaces, a; and as.

Note that A; and Ay cancel out when we use the same quadrature rules, i.e.
Ry = R,. In what follows, we will introduce a conservative semi-discrete form such

that Aj disappears.
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Conservative semi-discrete form

Recall the definition of directional differential operator L,

kyvp p 9g ko, p g o p 0Og o p Oy
=12 22 41— Z — N T2 (1 Ny 22
w pOp| ( w >m Op. o, po Jp| ( ”(91?“)1& op1

We propose a discretized operator £, defined as follows,

0&, p Og 0&n, p g
Zh BT (1= Ny =y 2 3.27
dp1 pi1 Op| ( I dp| )m Op. (3:27)

where the discretized kinetic energy is defined as &), =11, ,E(p), and the discretized

th = N||,h

wave refractive index is defined as N, = Il , V) = Hk,h%.

The main result of this chapter is stated in the following theorem.

Theorem 3.4. If fi(p,t) and Wy(k,t) are solutions of the following semi-discrete

weak form,

0
(St ony = —Bull Wison) == [ didp{Lagnnfulia}.
QL xQk

oWy,

(3.28)
(W’nh)k = Hy(Wh, fr.mn) = //QL o dkdp{nnLrEnLn Wi Bh},

then the following discrete conservation laws hold,

0 0

EMtot,h = a((fha Hp,hl)p + (wa O)k> - O?
0 0

afpluom = o ((Fns T npy)p + (Wi, T N i) = 0,
0 0

Eﬁm,h = a((fh, I, ,E(P))p + (Wi, Ix 1 1)x) = 0.

Proof. Substitute the discrete conservation pairs {II,;1,0}, {IL,xp, Ik V)} and
{11, ,€(p), g 1} into semi-discrete form (3.28) and use the definition of £y, O

Corollary 3.5. If in addition to the assumptions of Theorem, the projections

are L? orthogonal projections, i.e.

(v —Hppu,v), =0,Vv € G
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and

(U -1L,U, V), =0,VV € W2,

then the exact conservation laws are preserved, i.e.

O M = (i )y + (Wi 0)) = 0.
%fplt'ot,h = % ((fnopy)p + (Wi, Nj)i) = 0,
O = (D)) + (W 1)) = 0.
Proof. Use the fact that f, € G, and W), € W}, O

Remark 3.8. Same as stated in Theorem(3.3)), our semi-discrete weak form is also
unconditionally conservative, i.e. the conservation does not depend on a particular

discrete emission/absorption kernel By,.

3.5 Sparse interaction tensors

Suppose that the test spaces are spanned by basis functions, ie. G)' =
span{p;} and W;? = span{n;}. Then we can express the discrete particle pdf f;,
and wave sed W), as a linear combination of basis functions.

Ny

fu(p,t) = Zai(t)soi(p),

Wik, t) =Y w;(t)n;(k).
j=1
By definition, &, = II,,€ € G;', therefore it is also a linear combination of
basis functions, &, = 22\21 Eqq-

Substitute the above expressions into Equation(3.28)), then the semi-discrete

system becomes a first-order finite dimension ODE system:
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s Ny Ny
da;
;m/s@w p ;;awk/%p/% {LremLnenmB(p; k)}
Ny 82,0 N, Ny
j 3, '
]le/nﬂ?qd k= ;;wkan /% dk/% dp{naLn&nlnenmnB(p;k)}.

Denote the mass matrix for particle pdf as A;n = (i, ©m)p, and denote the

mass matrix for wave sed as Gjq = (1;,74)k-

Analogously, define the interaction tensors B and H corresponding to the

trilinear forms.
Bnkm = B(Spna Nk, SOm)y
Hknq = H(nka Pns nq)'

As a result, we obtain the nonlinear ODE system corresponding to semi-discrete weak

form [3.28)):

Azm = _ankanka
ot
o (3.29)
_at G]q == wkanH;mq

The interaction tensors B and H are both sparse tensors for two reasons:
compactly supported basis and the resonant feature of trilinear forms. Taking particle

interaction tensor B as an example, B, = 0 when

1. ¢, and ¢, are not in neighboring elements.

2. ¢, and 1y do not “resonate”, i.e. supp(p,,) X supp(nx) does not intersect with

the resonant manifold.

Suppose in each dimension we have O(n) meshes, then the shape of particle

interaction tensor B is roughly O(n?) x O(n?) x O(n?), while the number of nonzero
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elements will be only O(n?), i.e. the sparsity of tensor B is about 1 — ﬁ. A similar

analysis can also be applied to the wave interaction tensor H.

We observed that the trilinear forms B and H defined in Equation have
similar structures. Therefore one might wonder if there is any relation between the
interaction tensors B and H. It turns out that when ay = 0, i.e piecewise constant
basis functions are used for wave sed W), we can infer any nonzero element of wave
interaction tensor H from particle interaction tensor B. In practice, the interaction
tensors are precomputed and saved for later use. Taking advantage of this relation,

we can save half the time of preprocessing. The derivation is as follows.

When ay = 0, W;? = span{n;,} are piecewise constant functions, we have

ni(k)n; (k) = dini(k).

Then the mass matrix for wave sed is diagonal,

Giq = MMk = /Rj 8;4d°k = diag(uu(R})),

k

where u(R]) = fRi 1d3k is the measure of j-th element in QF.

Moreover, note that if we define a 4-th order tensor

Qr Qf

N

T €404, and substitute it into the definition of wave

Recall the expansion &, = > 7,

interaction tensor H, we obtain the relation between Hy,, and ﬁmknq,
Ny
Hknq = H(nka Pns nq) = Z 8m[—[mknq
m=1

It can be observed that the form of ﬁmknq is almost identical to the definition
of particle tensor Bi,,i, except for the extra n,. Replace n;(k)n,(k) with dxmk(k),

we obtain the relation between F[mknq and Bk,
f{mknq = (Skq /L dk/ dp{thmeh(pnnkB(pa k)} = 6qumnk
Q Q
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Therefore B, and &,, is all we need to calculate Hy,,,

Hknq = Z EmHmknq - Z gm(;qumnk = 6k;q Z Smank — { ? Nf 1 8 B ) k i q
m=1 m=1 m=1 m= m2mn
(3.30)

3.6 Stability and positivity

In this section, we investigate the stability of the fully discretized nonlinear
system. With semi-implicit time discretization, there is no constraint on time step
size from the CFL condition. However, the stability will rely on the positivity of W,
which results in a condition for the time step size, relevant to the gradient of particle
pdf fn. The condition will not cause any trouble for implementation, because we can

always adapt the step size a posteriori.

3.6.1 Stability of the semi-discrete form

Consider the equation for particle pdf only, it has the form of a diffusion
equation, thus its stability relies on the fact that the diffusion coefficient is positive

semi-definite, which further relies on the positivity of wave sed W},.
Lemma 3.6 (L? stability of f,(p) and L' bound of Wj,(k)). Suppose fn(p,t) and
Wi (k,t) are the solution of equatz’on with the following initial condition:
fh(pao) - ff?(p)7
If Wy, always takes non-negative values, i.e. Wy(k,t) > 0,V k € QF vVt > 0,
then fy, has L?* stability
1 fnll 2y < IRz 0p)s

and W, has bounded L' norm.

HWhHLl(Qg) < ggot,h + Hf;?HL?(Q,e) | Hp n€ll 20ty
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Proof. Since f;, belongs to the test space ", we test the equation for particles with
fn, we obtain that

0
Gt == [ [ aot(easwis).

The right hand side is non-positive as long as W) always take non-negative

values, therefore the L? norm of f, always decreases,

10

2at”thL? QL) < 0= || fallz2 oLy < ”fh”L2 QL)

Now consider W},, by definition,
Whllrry = (Wh,sgn(Wa))k = (Wh, 1)
Recall the energy conservation property in Theorem [3.4}

HWhHLl(Qg) + (fh7 Hp,hs) 8toth
Use Holder’s inequality
Whllzrepy = Etn — (frr T n€)y
< 8?0th + |(fh7Hp,h8>p|
< &+ 1 fnll 20y - 1T p€llz2ar)-

By the L%-stability of f;, we obtain the upper bound of W},’s L' norm,

IWallpiary < Eton + 1 fallz@p - 1Bl 2z < e + I fallzcan) - 1Tpn€ll2p)-

3.6.2 Time discretization

Recall our conservative semi-discrete weak form,
o,
ot’

oW,
(8—;7%% = Hi,(Wh, fr.mn) = //QL o dkdp{nnLrEnLn Wi B},

= —Br(fn, Wh, on) = —// dkdp{LnpnLn fWiBh},
QLng
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The time step size of the explicit scheme for diffusion equations is restricted

by the CFL condition. Two reasons urge us to avoid explicit schemes,

1. The CFL bound of step size may be too restrictive, and we might lose efficiency.

2. The upper bound depends on the eigenvalues of time-varying diffusion coef-
ficients. However, in the proposed scheme, we never calculate the diffusion
coefficient explicitly, instead, we compute the interaction tensor B associated

with the trilinear form B.

On the other hand, due to nonlinearity, a fully implicit scheme requires fixed-
point iteration involving both particle pdf f, and wave sed W}, which can be time-
consuming. Therefore, the objective is to find a scheme that is only implicit for f;,,

and at the same time preserves discrete conservation laws.

We propose the following semi-implicit scheme,

s+1 fs
(i )+ Bulfi™ Wikin) = .
Wi-‘rl - W}f . <33]_)
(Tﬂ?h)k — Hy (W, f7 my) = 0.

The scheme is implicit for particle pdf f;, if we focus on the first line, meanwhile
it is explicit for wave sed W)}, considering the second line. For implementation, we
solve the first row and then substitute the next step particle pdf f;™' into the second
row. It can be easily verified that the discrete conservation laws still hold, i.e. we

have

( ierl: Spc,h)p + (Wif+1> 770,h)k = (f}su ‘PC,h)p + (Wff7 776,h>k‘

The following theorem is the fully discrete version of Lemma [3.6 giving the

unconditional L2-stability of f; when W} is non-negative.

Theorem 3.7. Suppose f;(p) and Wi (k) are the solution of Equatz’on.
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If Wi always takes non-negative values, i.e. Wi(k) > 0,V k € QF Vs > 0,
then fi has L* stability
1 £ill 2 zy < Ifallzzar)-

and W§ has bounded L' norm,

Willry < Eoen + 10l 2p) - ITpn€llzzon)-

Proof. Given that Wi (k) > 0,Vk € QF we have By (f:t, W, fi™) > 0. Therefore,
/i has unconditional L?-stability.

Since the scheme(3.31]) preserves energy conservation, the L' bound of W}, can

be proved in the same approach as we have done in Lemma |3.0 O

Note that the stability depends on our assumption that W, is non-negative.

Therefore, in what follows, we will discuss the positivity-preserving technique of W

3.6.3 Positivity-preserving technique for the wave SED

To ensure positivity of wave sed W}, we draw the strategy from Zhang and

Shul (2010):

1. Use a small enough time step to ensure positive cell-average of a temporary
wave sed W,f“’*, given that we have pointwise positivity of last step wave sed
Wy

2. Apply a slope limiter on W,f“’* which preserves cell-average at the same time,
then we obtain a pointwise positive W,f“ as our solution of the next step wave

sed. (Obviously, if we use piecewise constant basis functions, this step is not

necessary ).
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Firstly we will derive the constraint on time step size. After that, we explain

why the slope limiter will not break discrete conservation laws.

Suppose 7; is the characteristic function of the j-th element Ri C QF ie.

njo = lic R which belongs to the test space W;?. According to the time discretiza-

tion in Equation(3.31),

Ws—i—l,* i WS Ws—i—l,* i Ws
= [ e = [k [ dp{es@nla i WinaBa),
! of A o Jo
which is equivalent to
/ W;+1’*d3k = W}f(l + At/ dp{ththf;-H‘Bh})dk
Rj, Rj, of

S

To ensure positive cell-average, i.e. f Ri Wh+1’*dk > 0, we require that there
k

exists a constant € > 0 such that

1+ At/ dp{LhEhﬁhf,fHBh} > €, vk € Ri: (332)
Qp

As long as the time step size At satisfy condition(3.32)), we have ij W,f“”‘dk >
k
e/ R Wydk > 0.

The following theorem guarantees that our bound for At will not shrink over

time.

Theorem 3.8. For any € > 0, given a regular enough discrete emission/absorption
kernel By, there exists a constant Aty determined by e, f°, QL Qf and h, such that

any At < Aty satisfies condition .

Proof. By Hélder’s inequality, the “growth rate” is bounded as follows,

/L dp{ththf}erlBh}
QP

< / 0p | £4EnLn 1By
o

S ‘

b1
_thiJrl
p

. ‘ Pp.c,.e,
L (Qk) bL

(3.33)
L1(@f)

: </thLh8hdpLdp) :
L=(Qf)

=27

b1 s
_thh+1
p
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Firstly, consider the L*-norm factor from inequality (3.33]). Recall the defini-

tion of L,

0L OfiT | 08 N

pL
=L 5t = Ny, —2 — -t .
p ntn 5, Oy ( I,k 0p||) o

Both of the coefficients N||7hgp% and (1 — N”’hg%ﬁ) are bounded by some con-

stant C' dependent on Q) and Qf, hence it follows that,

Pl o petd &R Of5H! Oy Of !
Yy - dl 1— Ny, ==t
‘p Wi Lo (QF) H " op, o " ”’hapn) 1 |l o)
8fs+1 afs+1
< C(QF,0F) ' h +C(Q, Q) ‘ .
Opy | oy 1 |l pe(ar)
< G ) - [[Vadli ™ | oy -
(3.34)

We claim that va f,fHH L @L) is bounded uniformly in time. Indeed, since

the domain Q[f is finite, all L" norms are equivalent, therefore,

”foinHLoo(Qg) < 02(915) vaffszHHL?(Qg) '

Moreover, the inverse inequality for finite element spaces,

G

195 i <

s+1
Hfh+ HLQ(QIE) d (3'35)
and the L? stability estimate from Theorem

1 gy < 18

leads to the following estimate for V, f;*,
C
va 5+1HL°°(Q£) < OQ(Qﬁ)h_g Hfi?HLZ(Q]g)' (3.36)
P

Therefore, the L*>-norm factor from inequality (3.33)) is bounded as follows,

Cs

&th;—’—l h Hf}?HL2(Q£’)
P

E

< 01(95795)02(915)

L>(Qf)
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Next, consider the L'-norm factor from inequality (3.33)), and write it as fol-

lows,

pE)S

dp.d

/ VB LnEndp.dp) — / {p%(p;k)ah(w(k)—k”v” ~ twa/2(p) -

where d;, represents an approximation of Dirac delta, see Equation (|3.18|) and [3.19]

We discuss the following two cases,

e When [ # 0, since

2 o (i) ;_

lim Ul(p,k)p = lim 8r%¢?

pL—0F pL pi—0t (1— FE2) %%(WQ&“) + QiEQ%%(wzg) + Eg%a%(‘*ﬁn) E

the integral is bounded as follows,
o€y,
pBrLrEndpidp) = Uz(p;k)p—L ap, nw (k) = kv — loee/v(p)) | dp.dp)

< sup <Ul(p’k> )gﬁﬁ / [0n(w(k) — kyvy — lwee/7(P))] dpdp)
< Cy(, ).
(3.37)

e When [ = 0, the above trick does not work, because lim,, _,o+ Uy(p; k) > 0. For

this special case, as an alternative to the original operator

0En p Og 0En, p Og
L = N _— 1 1 - N a_ ) Ao
" W o, o Ip| ( I Ip| )m Op.
we adopt a new discrete operator,
o0&, p 89 0&,. p Og
L% = N, 1— N,
ng = V|, hé?p Sh‘%h @pH ( I,k ap| )8ha€h oL

The operator is still a consistent discretization since E' = , /1 + pﬁ + p%. Tt can
also be easily verified that the L™ bound in inequality (3.34]) is still true with

: 0
this new operator £} .
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In addition, the L'-norm factor becomes,
/ pBrLyErdpLdp) = / {pUz(p; k)on(w(k) — kyvy — lwce/v(p))a% dpdpj.
Therefore inequality (3.37)) still holds.

Combine inequalities (3.34)), (3.36)), and (3.37]) to obtain

Cy-Cy-Cs-C
§27T ! th E 4Hf]?HLQ(Q£/)’

/L dp{Ln€nlnfi™ B}
Qp

which enables us to define the uniform-in-time upper bound,

(1—e)hy
AtM = 0 .
27T . Cl . 02 . 03 . C4 HthLz(Qé‘)
It can be easily verified that any At < At,, satisfies condition (3.32)). O

The condition does not need to be calculated explicitly, because we can adapt
time step size a posteriori in the code: monitor the cell averages, if any cell average
of the temporary solution W}fﬂ’* is non-positive, replace At with 0.5At and calculate

s+1,% .
wy again.

Now let us discuss the effect of slope limiters on conservation laws. If ay = 0,
there is no need for any slope limiter. If ap, = 1, we apply the slope limiter 6 and obtain
Wit = 9(W,f+1’*). According to|[Zhang and Shul (2010), the cell average is preserved,
iLe. fRi Wit dk = fRi Wettdk. In other words, (W™ n), = (Wit n),, for
any piecewise constant test function, i.e. Vn € WY. Therefore, to preserve discrete
conservation laws, in the definition of the discrete directional differential operator
L, we need to pick a projection Il ;, such that II; ,U belongs to W2 C W;? for any

function U.
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3.7 Numerical results
3.7.1 Problem Setting

Although the emission/absorption kernel contains a summation from [ = —oo
to | = 4oo, it is not practical to perform that numerically. In practice, we keep
the dominant part of those terms. In the following example, we will only consider
one term with [ = 1, associated with the anomalous Doppler resonance. We used
the dispersion relation w(k) of the whistler wave in cold magnetized plasma, with

electron gyro-frequency wee = —2wpe.
Set the cut-off computational domain as follows,
sz = {(p,pL) : p € (=Bmec,25mc), py € (0,15me)},

Of = {(ky, k1) + by € (00557, 065°2%), &y € (0,0.6°2)).

C

Take piecewise linear quadrilateral basis G = {f(p,pL) € C°(Q) : flr, €
QY(R,),Y R, € T}} and piecewise constant basis W = {W(kj,k.) : W|g, €
Q°(Rk),V Ry € TF} as our test spaces. Choose the L? orthogonal projections IT,
and II; , as stated in Corollary [3.5]

The numerical experiment is performed with 75 x 75 elements in Qg, and

40 x 40 elements in QF. The initial time step size is set as At = 1.0 x 10 ——

2TwWpe
The integration on resonance manifold is performed with Gauss-Legendre

quadrature on sz and the marching simplex method on QF.

Consider the following initial conditions, which is the so-called "bump on tail

instability’ configuration.

5 1 2 2
f(pH>pJ_)|t:0: |:10 5ﬁexp (_ <%_20> . (%) ):| %’
-5 n0m02

(Wpe/c)*

Remark 3.9. The bump on tail configuration actually refers to the sum of a bulk and

a bump, i.e. f(p,t) = f.(p)+ fo(p,t), where the cold bulk f.(p) ~ 25(p), and the

m3¢3

W (ky, ky)|t=o = 10
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bump fi,(p, ) is a peak with a much smaller population, centered far from the origin.

However, as shown in the following equation,

w =B(W, f) =B(W, f — f.) + BW, f.) =B(W, f — f.),

%_Vf —H(f,W) = H(f — fo. W) + H(f., W) = H(f — f., W),

we do not have to really compute the contribution from f..

3.7.2 Temporal evolution

In analogy to the analysis done by [Kennel and Engelmann| (1966)), for a given
wave vector k, the characteristics associated with directional differential operator £

18

w w
ky ky

which is the isoenergy contour in the reference frame moving at the wave’s phase

z(p,p1) = —p — &Py, pL) = TP — \/m2c4 +pic? +pAc® = const,  (3.38)

velocity.

When the wave sed W (k,t) is concentrated around the given k, the contours

as illustrated in Figure(3.3)) indicates the principal diffusion direction. For the specific

w
il

In Figure(3.2) we show the evolution of electron pdf f(p|,p.,t) and wave sed

problem setting, = is small, hence the contour lines are almost concentric circles.

W (kj, ki, t). It can be observed that the bump on tail results in the excitation of
the approximate waves in a narrow region of spectral space QF, and as predicted by
Equation, the whistler waves in turn cause anisotropic diffusion of electron pdf
almost along the contour lines in Figure.

3.7.3 Verification of conservation

To verify the discrete conservation property of the proposed scheme, we define

the relative error for conserved quantity as follows,

19tot,h — Lot ll L0, Trmae)
€rel (Qtot,h) = 2 (N;(())t’ )
tot,h
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Figure 3.2: Temporal evolution of the electron pdf and wave sed.
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Figure 3.3: The characteristics of directional differential operator £ given (k, k.) =
(0.2,0.3).

where Q is the conserved quantities defined in Theorem

Then with T}, = 8.0 x 107 ﬁ we have

ret(Mior ) = 4.96 x 1071,
eret (P otn) = 4.58 x 1071,
erel(Erorn) = 4.69 x 10714,

For the evolution of the electron-plasmon system momentum and energy, see
solid lines in Figure(3.4)).

3.7.4 Comparison of different dispersion relations

The above results were obtained with the exact whistler wave dispersion re-
lation wimp(k) for cold magnetized plasma, given implicitly by Equation(2.10). One
might wonder what if we replace it with a simpler explicit approximate relation, for

instance,

|k |k
w2\/1 + k22w /

wexp (k) = |



which is asymptotic to the implicit relation wiyp(k) when k is small, i.e.

lim (Wexp (k) — Wimp(k)) = 0.

k—0

Momentum: 7y /nemc Energy: &nomc?
0.0007
~
0.0006 0.0006 “*--._.__.
0.0005 4 0.0005 4
—— electron_imp —— electron_imp
0.0004 4 —— wave_imp 0.0004 1 —— wave_imp
—— total_imp — total_imp
——- electron_exp ——- electron_exp
0.0003 —-—- wave_exp 0.0003 ——- wave_exp
——- total_exp ——- total_exp
0.0002 4 0.0002 4
0.0001 4 0.0001 +
”f-‘
0.0000 T 0.0000
o 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
2mwgt le7 2mpt le7
(a) Momentum evolution. (b) Energy evolution.

Figure 3.4: Comparison between wexact and Wapprox

As shown in Figure(3.4), for both cases, energy and momentum are trans-
ferred from particles to waves. Meanwhile, we do observe a different transfer rate

for the approximate whistler dispersion relation when compared to the exact implicit

dispersion relation derived from Equation(2.10)).

3.8 Generalization of the strategy: a conservative LDG scheme

For the electron pdf, induced emission and absorption process yields a pure

diffusion equation, given by the first line of Equation(3.1)):

o f(p,t) = V- (D[N](p,t) - fo(Pa t).

However, as shown in Equation(2.24)), electron runaway is determined by multiple

factors competing with each other. Both collision and external electric field causes
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electron advection in momentum space R;’,. As is well-known, standard finite ele-
ment scheme is not applicable for advection equations due to numerical instability.
Therefore, the other terms have to be solved with stabilized methods, for example,
upwind FD, DG and SUPG. If one uses different method for different terms, then
accuracy will be affected due to operator splitting. Moreover, the projection back
and forth between different function spaces takes more time. Among those methods,
SUPG does not require projection onto different trial function spaces. However, its

stabilized formulation interferes with conservation of total momentum.

In what follows, a conservative scheme based on the bilinear form of local DG
method will be proposed. Since it is in the same framework as the conservative finite

element scheme, this section will only focus on issues that are specific to DG.

3.8.1 Bilinear form of local DG method

Consider the following diffusion equation in bounded domain €2,
of =V -(D-Vf), (3.39)
with Neumann’s boundary condition on 0f).

D-Vf=o.

Suppose the domain (2 is partitioned into elements {R}. The standard local

discontinuous Galerkin method uses the following weak form,

YOS )p==> (Z.Ve)p+ > (Z,o ™0 )opyr,

R

2 (Z’WR:%:(D'Zv)R’ (3.40)
S(ZV) ==V Vit SV m o

R

Choosing an appropriate reference vector u, we use alternating flux as follows:

(3.41)

s [z nuso0
| Z*, otherwise
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and

3.42
fT, otherwise (342)

i {f, n~-u<0or ORC 09

Definition 3.1 (discrete gradient operator(Di Pietro and Ern| 2011)). We define
(Ve), as the function in V such that,

3 (VR V)= =S (Ve V) + S o0, Do, WV €V, (343)
R R R

Analogously, define (Vy), as the function in V such that

Z (Ve)y, V)gp=- Z (0, V- V)p+ Z(Sa V7 n")er, VYV € V. (3.44)

R R
Proposition 3.9. If the flux terms are as defined in FEquation and Equa-

tion, then
(Ve), = (Vg (3.45)

Proof. Integrate by parts on the right hand side of Equation(3.44)), we have

D @V V)t BV n)or=Y (Vo V)g+ > (B—¢ V™ -0 )onr.

Summing Equation(3.43]) and Equation(3.44]) to obtain,

D (V)= (Vo) V) =D (B¢ V n orr+ Y (o0, V)grr. (3.46)
R R R

Since

Z(@a V7 onTorr + Z(@fnfa Vorr = Z(Sff, V™ n")arr,
R

R R
the right hand side of Equation(3.46)) must be zero.
0

As have been discussed in Arnold et al.| (2002)), the LDG weak form can also

be written in bilinear form.
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Theorem 3.10. The weak form 15 equivalent to
Ocfs0)g + (Vg D (Vp)g)g = 0.

Proof. By Definition [3.1], the weak form (3.40) is equivalent to

Y Ofi0)n=—_ ((V9),, Z)p,

;(ZV)R:%:(D-ZT/)R,
Z:(Vf)w

Therefore, the corresponding bilinear form can be derived as follows,

Y 00 =—)_ (Vo) D)

R R

==Y (D 2.(vo),),

where Proposition [3.9|is used in the last row.

3.8.2 Comnservative DG discretization

The cut-off domains and boundary conditions have been discussed in Section

[3.4] thus that is not repeated here.

As opposed to the standard finite element method, the new test space for

electron pdf consists of discontinuous piecewise polynomials as follows:

Spt ={f(p,pe) : flr, € QV(Ry),¥V Ry € T}, a1 =0,1,---.

Analogous to Section , the projection I, ;, onto test space G, must satisfy

that
}Lii% I, 59(P) — 9(P)ll2(z) = 0, Vg € LA(),
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and
llzii% vaﬁ (Hp,h8<p)) - vpg(p)”L?(Qg) =0,
where the discrete gradient operator V,,;, is defined in Definition [3.1}

Combining the above projection operator and a projection Il 5, onto test space

W, satisfying Equation(3.26)), we propose the following discretized operator:

1
Lngn = — |kyn (OLn€n) - a (O,n9n) + (wn — Eyp (9),1€1)) 2 (OLngn)| . (3.47)
w pL pL

where
Ky =y pky,
wp, = I pw,

Sh = th(g,

B
Ongn = B Voo hGh

B B
OL i = ’ (f ik @) Vo

The operator £, also guarantees unconditional conservation, as proved below.

This theorem is the DG version of Theorem [3.4]

Theorem 3.11. If f,(t) € G, and Ni(t) € W), satisfies that
/@hatfh + /nhatNh = // NuBe (mnLnn — hwpLnen) Lifn, (3.48)
p k pk

for any vn(t) € G, and n(t) € Wy, with Ly, defined by Equation, then
My = 0y ((fns V) + (N, 0)1) = 0,
Pl 1or = O ((fa: W) + (N, il ki )i)) = 0,
0y = 0y ((fa, Ly &)y + (N, Al pw)x) = 0.
Remark 3.10. By 0 we mean zero or a value below machine epsilon when the cut-off

domain is large enough, depending on the specific projection operator I1,, 5, the details

will be given in the following proof.
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Proof. Mass conservation and energy conservation can be easily verified. For momen-
tum conservation, note that

(I k1) £ — R, (L)

heon
= (Al nky) ﬂﬁ ((9L n€n) = ki (OLnn) o O

—h kH h (8¢ hgh) oL [1 - (all hp, h)]

When a; > 1 and 11, 5p| = pj, the error term 1 — (8||7hp||,h) is equal to zero on

any element.

When a; = 0, i.e. with piecewise constant basis function, we have 1 —
(8||,hp||,h) = 0, except on some elements near boundary 895 . That can be observed
from the explicit formula of discrete gradient operator in Equation. Since V1, fn
on the boundary can be arbitrarily small for large enough cut-off domain, we conclude

that
// NhB h k”h(@LhS )p [1— (8“ hp” h)} thhzé.
pk

3.8.3 Time discretization

There are four types of first order conservative time discretizations,

/ fs+1_fh / Ns+1 N;

ffpk NyBe (mnLn€n — hWthSDh) nSh fully-explicit
ffpk NB. (mnLnén — hwnlnpn) Lnfi, semi-implicit
ffpk NYB. (qp Ly — hwnlinen) Lufi, semi-implicit
ffpk NSHfB (MrLnEn — hwnLpen) Ly, 5“, fully-implicit

The first and third row are explicit for particle pdf fy,(t), therefore the time stepsize
At has to satisfy the CFL condition for diffusion equations in order to preserve the L2-

stability. The second and the fourth row are implicit for particle pdf f(t), therefore
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unconditionally L2-stable. Nevertheless, all of them relies on the positivity of plasmon
pdf Ny.

In Theorem it has been proved that INj remains positive as long as the
time stepsize At is small enough. The only difference here is that V,f; has been

replaced with the discrete gradient V,, ;5. To complete the proof, one need a bound
similar to Equation(3.35)) in the proof of Theorem

Cs

anhfi?““m(gg) < T, Hflf+1HL2(QIE)'

Obviously, one can no longer resort to the inverse inequality, since V,; # V,. But it

is indeed provable, the detailed proof is provided in Appendix [A]

3.8.4 Implementation and numerical results

Details on implementation and the numerical results of the DG method will

be provided in Chapter [5] as a part of a larger problem.

76



Chapter 4: A Galerkin approach for trajectorial
average in maximally superintegrable systems

4.1 Introduction
The method proposed in this chapter was initially designed for solving the
second line of Equation(2.23)):
N + {N,w} =T[f]N.
But it turns out to be applicable for more general problems. Therefore we discuss
the general problems first and elaborate on specific ones in the next chapter.

Recall the Liouville equation(2.5)) for Nambu systems:

atp(Qla" : aqnat) = {p7 HlaHQa e 7Hn—1} .

In what follows we denote the Nambu bracket as advection operator TJ. Suppose a
small perturbation is applied to the Liouville equation, for example, a reaction term
as follows,

Dup + é‘ffp =p. (4.1)
Note that we use a dimensionless parameter ¢ < 1 to indicate the scale.

In practice, the time scale of interest is often much greater than 7,4,, the
characteristic time scale of advection. Therefore, averaging over the flow is necessary.
For Equation where operator T represents a divergence-free advection field, there
is already a standard tool for multiscale analysis: the Hilbert expansion. Assume that

p has the following Hilbert expansion,

Substitute Equation(4.2)) into Equation(4.1)) and collect the terms according to the
power of £. The ™! term being zero yields that,
7



And the £° term being zero yields that,

Oypo + Tp1 = ypo. (4.4)

Suppose P is the orthogonal projection operator onto kerJ. Apply it on both sides of

the above equation to obtain
Apo =P (vpo) - (4.5)

The first term on the left hand side of Equation remains the same because pg €
kerJ as shown in Equation. The second term on the left hand side vanishes
because operator T is skew-symmetric. The right hand side P (7ypo) is called the
average of function ypy over the flow, as it can be verified that on any advection field
line, Pg is always equal to the average of function g along this line. For details, we

refer the readers to Bostan| (2010).

The above technique has been successful in tackling problems with simple ad-
vection field lines. For example, the gyro-average of Vlasov equations, where the
average operator is simply integration along circles. For more complicated problems,
there is the ray-tracing method(Aleynikov and Breizman| 2015), where sample tra-
jectories are calculated with the Hamilton’s equation, and numerical averaging
is performed on these trajectories. However, such approach is expensive, not conser-
vative, and not compatible with finite element or finite difference solvers for kinetic

equations.

In this chapter we propose a new method from a completely different per-
spective: instead of approximating the operator P, we focus on the discretization of

function spaces.

The rest of this chapter is organized as follows. Section concerns the weak
form of averaged equation and its discretization. In Section we introduce the
connection-proportion algorithm to construct discrete test/trial spaces. Finally in
Section the property of the proposed Galerkin approach is discussed. Numerical
examples will be provided in Chapter [ as a part of a larger problem.
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4.2 Weak form and its discretization

Existing methods are all about solving the strong form of Equation(4.5)) straight-
forwardly. Indeed, it does have a corresponding weak form, although the test/trial

space is special.

Define function space U := L?(R") NkerT and the orthogonal projection oper-
ator P : L*(R™) — U. Test Equation(4.5) with n € U, it becomes

(Deposm) = (P (vpo) ,m) -

Note that the orthogonal projection operator P is symmetric, therefore

(P (vpo) sm) = (vpo, Pn) = (vpo,m),

where the second identity comes from the fact that n € U.

To conclude, the corresponding weak formulation of Equation (4.5 is as follows:
find a py € U such that for any n € U,

(Oepo,m) = (vpo,m) - (4.6)

Note that the trajectorial averaging operator P does not even appear in the
weak form, hence there is no need to approximate it with some discrete operator Py,.
Instead, we follow the Galerkin approach and seek for a series of subspaces U;, dense

in the test/trial space U.

Constructing a finite dimensional space U, means constructing all the basis

functions that span it. In order to do that, we first introduce the concept of trajectory

bundles.

Consider a particle moving in phase space, denote the trajectory generated by

initial state qo as S(qo):
S(qo) ={qeR":q=q(t;qp) for some t € R},
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where q (t;qp) represents the solution of generalized Hamilton’s equation(2.3) with
initial state qo. By the property of Nambu system introduced in Section [2.1] the

generalized Hamiltonians must be invariant along the trajectory:

Define the trajectory bundle generated by connected open set A as S(A) =
UgoeaS(do). The set S(A) is the union of all the trajectories generated by initial

states inside A, therefore they share the same range of Hamiltonians,

We present the above definition just to give the readers some physics intuition.
The following approach is more convenient for numerical implementation. Without

loss of generality, we consider a finite domain €2, C R™ such that
Hi(q) = Const, Yq € 0.
Such condition ensures no flux across the boundary.
Definition 4.1 (Trajectory Bundles). Given a nice box in the R"~! space:

I = (H{,H]) x (H), H)) x - x (H]

n—1»

H) ) CR*,
there exists a family F of subsets S of ), with finite cardinality such that
1. The union of these subsets is the inverse image of the box I,
UserS = H (1) = {a € O (Hi(a), -+ Hoa(@) €1} (A7)
2. Any subset S € JF is connected.

3. IfSlef_f, SQE?and Sl#SQ,thens_lﬁS_QI(Z).
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Then each subset S € F is called a trajectory bundle. And F is called the family of
trajectory bundles generated by the interval (H,, Hy).

Remark 4.1. By “nice box” we mean a box [ such that gradient vectors {VH;(q)}
are well defined and linearly independent for any q € (9ﬁ_1 (I) in Equation.
This condition enables us to avoid the discussion of singular scenarios such as saddle

points, shown in Figure

A42 A 42

(a) Bad box (b) Nice box

Figure 4.1: A nice box has no saddle point on the boundary of its inverse image.

The basis function induced by a trajectory bundle S is defined as

Is(q) = {1’ aes

0, otherwise

By Theorem [2.1], we have
{]-Sa Hlv e 7Hn—1} = 0.
In other words, 1g € U := kerT N L?(£2,).

Given a rectangular segmentation {I,} of the space R""! each box I, gen-
erates a family of trajectory bundles F,. Denote the basis functions induced by all

these trajectory bundles as n;, i = 1,--- , M. They have the following properties:
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1. Partition of unity,

U imi(q) =1, Vq € (4.8)
2. Orthogonality
(i m3) = 05 (i, mi)
where 9;; is the Kronecker delta.
It can be verified that Uy := span {n;} is dense in U := L?(£) NkerT. There-

fore, the discrete weak form can be stated as follows: find a pp(-,t) € U, such that

for any ny, € Uy,
(Orpns ) = (VP 1) - (4.9)

Suppose that pp(q,t) = > . 0;(t)n;(q). Define two matrices: M;; = (n;,n;)
and I';; = (9;,7m;). Then {o;(t)} satisfy the following ODE:

Ml-j(?tozl- = FijOéi. (410)

Now it remains to construct all the basis functions and evaluate those two

matrices numerically, which is going to be discussed in the next section.

4.3 The connection-proportion algorithm

In what follows, we assume that the domain €2, C R"™ is partitioned into
simplex meshes {V;}, and the generalized Hamiltonians {H;(q)} are continuous and
piecewise linear on the mesh. Under such assumption, the trajectory bundles are
areas between polytopes: the level sets of generalized Hamiltonians. The challenge

here is twofold:

1. How to distinguish disconnected trajectory bundles in the same family?

2. How to store all the necessary information associated to the trajectory bundles?
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Taking the two-dimensional problem as an example: as shown in Figure [4.2] storing

all the nodes of polygons does not solve the problem.

We propose the connection-proportion algorithm to construct the family F of
trajectory bundles generated by a box I. The key is to turn a continuous topological

problem into a discrete graph theory problem.
To begin with, let us introduce some preliminary concepts.

Definition 4.2 (minimal simplex cover). A simplex cover R of trajectory bundle S

is a set of simplex meshes such that
S C Uviegzvi.
Now define
Rinin(S) =4{V; : ViNnS #£0}.

It can be easily verified that for any simplex cover R of S we have R,,;,(S) C R.

Hence we call R,,;,(S) the minimal simplex cover of S.

As shown in the following proposition, the minimal simplex cover replicates

the topological relation between the corresponding trajectory bundles.
Proposition 4.1. If S;,S; € F and S; # S;, then

Corollary 4.2. If a point q belongs to Uyex,,..(s)Vi and (H1(q), Ha(q), - -+, H,—1(q)) €
1, then
qes.

Corollary actually points out the data structure to be used in storing the
necessary information of a basis function. As shown in Algorithm [I, once the minimal
simplex cover R,,;,(.S) is known, it only takes two steps to evaluate the basis function

1s. Note that the evaluation process has nothing to do with the nodes of polygons.
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Algorithm 1 Evaluation of basis function 1g.
input: coordinates q, minimal simplex cover R,,;,(S), box ()

calculate ﬁ(q)
find the simplex V s.t. q e V
if H(q) € I(S) then
if V€ Rin(S) then
output 1
else
output 0
end if
output 0
end if

Next, we propose the algorithm to construct the minimal simplex covers. As
mentioned before, the goal is to obtain a graph theory problem. Therefore we intro-

duce the following connection matrix.

Definition 4.3 (connection matrix). For a given box I C R"! the connection

matrix associated with [ is defined as

AMUZ?’ﬁOWﬂﬁAm#Q

_ (4.11)
0, otherwise,

where the inverse image ﬁ_l(f ) is defined in Equation 1)

Remark 4.2. The connection matrix is easy to evaluate because
Vmijﬁ—l(]) #@@ﬁ (VinV;) NI #90.

The set ﬁ (Vz N V]) C R"™! can be easily obtained due to the following fact: Linear
functions only attain their extrema on the boundary of convex sets, in this case, the

vertices.

The connection matrix A;;(I) renders a finite family of connected components
{R,}. The following theorem shows that each of them corresponds to a trajectory

bundle.
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Theorem 4.3. Suppose that F(I) is the family of trajectory bundles generated by box

I and {R,} is the set of connected components determined by the connection matriz

A;;(I) as defined in Equation , then
{R,} ={Rnin(S) : S € F(I)}.
Proof. 1t takes two steps to prove the theorem.

1. Prove that {R,} C {R.in(S) : S € F(I)}.

By definition, any connected component R, contains at least two elements, say

V., and V,,.

Since H~(I) is open, V,, NV, N H*(I) # 0 implies that
Vin N HY(I) # 0.
Considering that

Vi NHYI) =V, N (UzS) = Us (V;n N S),

there must exist a trajectory bundle Sy € F such that

Vi NSy # 0.

It remains to show that R, = R (50).

(a) Prove that R, C Rpin(So)-
Recall that V,, NSy # 0, then for any V; € R, there must be a continuous
path inside H~'(I) from q; € VN H*(I) to q2 € V,,, N H'(I). Since
q2 € Sp implies that q; € Sy, it follows that V; NSy # 0. Therefore
Ry C Rinin(So)-
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Figure 4.3: The minimal triangle covers replicate the topological relation between the
corresponding trajectory bundles.

(b) Prove that R, D Ryin(So).

Consider a simplex Vj € R,,;,(S0), by definition V; NSy # (. Suppose that
Vi ¢ R, then q; € VNS is not connected to any point gz € SpN Uiegzyvi,
hence Sj is not a connected set, which is contradictory to its definition.

Therefore, V; must belong to R,.

2. Prove that {R,} D {Rnin(S) : S € F(I)}.

By definition U,R, = UsR,,;n(S), hence for any Sj there exists an R, such
that R, N Rpin(So) # 0. In the same way as above, it can be proved that
fRV - Rmzn(SO)

]

In principle, once the minimal simplex covers are constructed, any integral can
be performed by quadrature. However, the mass matrix M;; = (n;,n;) plays the key

role here, so we expect to know the precise values. That is possible thanks to the fact
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that
(Mism5) = 055 (Wi, M) = 035 (M3, 1) = 045 - 11 (S5)

where S; = supp (7;) is a trajectory bundle and p(.S;) represents its measure.

Theorem 4.4. For a n-dimensional simplex V' with vertices q;, ¢« = 1,--- ,n +
1, the proportion % only depends on the box I = (H{,Hf) X (Hé,Hg) X

X (HL_y, H_y) and the node values ﬁ(ql) = (Hy(q;), Ha(qi), -+, Hpo1(qp)) , i =
1o m+1.

Proof. For any simplex V' there exists an affine transformation ¢ such that ¢ (V) is

a standard simplex. The ratio
u(evyne (H10))
(e (V)

only depends on the box I and node values ﬁ(q,) = (Hi(q;), Ho(qi), -, Hp1(@i)) , i =
1, n+1.

By the property of affine transformations,

uvnd -y _r(p000e (H70))

wvy piep (V)
Therefore the original proportion % only depends on the box I and the node
values ﬁ(qi), i=1,---,n+1 ]

Define the proportion vector as

 uVun (D)
" N(Vm)

Then for any given trajectory bundle S € F([I), its measure can be calculated with

the following formula:

w(S) = Y rme (Vo).

Vin E:Rmin (S)
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The whole process introduced above includes the evaluation of connection
matrix and the proportion vector, therefore we name the proposed algorithm as the

connection-proportion algorithm.

Remark 4.3. All divergence-free advection equation can be averaged, but only Nambu

systems allow connection-proportion algorihm.

4.4 Properties

The Galerkin method for trajectorial average perserves two important prop-

erties of the unaveraged equation(4.1]):

1. The growth rate of invariants. The solution p to the unaveraged equation (4.1
does not necessarily belong to kerJ, however, if tested with some invariant

n € ker7, it follows that
(@ep,n) = (vp,m) -

The solution py, of discrete averaged weak equation(|4.9)) preserves this identity.
Indeed, denote the interpolation operator as II, : U — U, the discrete weak

form renders

(Oeon, 1Iun) = (vpn, 1un) .

In particular, thanks to the partition of unity shown in Equation(4.8)), we have

IT,1 = 1, hence the mass growth rate is exact.

2. Positivity. The solution p to the unaveraged equation(4.1)) remains postive if
p(q,0) > 0. The solution p, of discrete averaged weak equation(4.9) preserves
positivity as well, because the mass matrix M;; and the reaction matrix I';; in

Equation(4.10)) are both diagonal matrices.

As will be seen in the next chapter, the above properties are the key of a

structure-preserving solver for Equation(2.23)).
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Chapter 5: A structure-preserving solver for
particle-wave interaction in non-uniform
magnetized plasmas

5.1 Electron-plasmon kinetic system

Consider an infinitely long cylinder ©, = (0, R) x (0,27) x R,. At any given

location (r, ¢, z) € €, there is a set of local orthonormal basis (e, e,, ey).

Suppose a plasma is confined in the cylinder, embedded in a magnetic field
along the z-axis, B(x) = B(r)e,. For simplicity, we focus on the z, ¢-symmetric case,

which means any function g(x) depends only on r.

For highly magnetized plasma, the electron probability density function f(p,x,t) =
f(py;p1,r,t), where momentum vector p is decomposed into a parallel component pj

and a perpendicular component p, relative to the magnetic field line.

The momentum k of a plasmon (the wave vector of a wave packet) can also be
decomposed as k = k.e, + k,e, + kye, € Rz. Define angular momentum ¢, = kg - 7,
then (k., gy, k.) and (r, ¢, z) are a set of canonical coordinates. Given z, ¢-symmetry,

the plasmon probability density function N(k,x,t) = N(k,, g, k2,7, 1).

The following system governs the evolution of particle pdf f(p,x,t) and plas-
mon pdf N(k,x,t),

{atfwzazf =V, (D[N]- V,f), (5.1)

N +{w,N} =T[f]N.
The advection term v.0, f comes from the gyro-averaged Vlasov equation, it vanishes

since f does not depend on z. The Poisson bracket

8_]\7 Ow B 8_w ON
or 0k,  Or Ok,

{va}:
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is a result of WKB approximation. Denote it as TN, then obviously the operator T
is skew-symmetric. The quasilinear diffusion term and the reaction term account for
particle-plasmon interaction. Test the equations with ¢(p,x) and 7(k,x) to obtain

the following weak form,

//msoatf+//kxnatjv= kmN‘InJr///pkaNLf(nw—hwzgp).

Due to nonlinearity, high-dimensionality, multi-scale, and resonant transition
rates, the problem is so hard that there is no numerical solver for it yet. In this
chapter, a structure-preserving solver will be presented(Huang et al., 2023b)E|, putting
together the scheme for the homogeneous system in Chapter (3| and the algorithm for
trajectorial average in Chapter

This chapter is organized as follows. Section [5.2] introduces the weak form of
the averaged kinetic system. Section [5.3| concerns the trajectory bundle partition of
the plasmon phase space. In Section [5.4 we discuss the LDG discretization. Section
focuses on the details of implementation. The complexity analysis will be provided
in Section Numerical results are presented in Section [3.7]

5.2 Averaged system and properties

As can be observed in Equation, there are three different time scales
associated with the model, 74, Taqv and Treae. According to [Kiramov and Breizman
(2021); |Aleynikov and Breizman| (2015]), the advection process is much faster than the
other two: Taqv ~ ETaif ~ ETreac, Where € < 1. In practice, particle-wave interaction
is of interest, rather than plasmon advection. Hence it is reasonable to eliminate the

Poisson bracket term through trajectorial average.

'Kun Huang, Irene M Gamba, and Chi-Wang Shu. Structure-preserving solvers for particle-wave
interaction in non-uniform magnetized plasmas. in preparation, 2023. The dissertator’s contribution
includes proposing and implementing the scheme, analyzing the data and writing the article.
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Assume that N(k,x,t) has the following Hilbert expansion:
N:N0+€N1+€2N2+"'
Then the diffusion equation for particle pdf in (5.1)) can be approximated with

atf = vp ’ (D[NO] ’ vpf)'
Meanwhile the advection-reaction equation for plasmon pdf renders

0Ny = P (T[] No) .

Define test/trial spaces as follows

§:=H'R)® L*(),
(5.2)
W = kerT N L*(R} x Q).

The averaged system, tested with ¢(p,x) € G and n(k,x) € W, yields

// gpatf+//mnatN ///kIBNLf nLE — hwle), (5.3)

where we have used N in place of Ny since the higher order terms in the Hilbert

expansion (4.2) will be ignored in the rest of this chapter.

Remark 5.1. Note that Equation(5.3) has the same structure as Equation(3.21)) in
Chapter [3| for homogeneous plasmas. They only differ in the choice of test/trial
spaces. Therefore the techniques used in Chapter |3| can be translated here without

extra effort.

In Chapter[3] it has been proved that our choice of directional differential oper-
ator £ guarantees unconditional conservation. In the following theorem, we show that

the unconditional conservation property is preserved even after trajectorial average.

Theorem 5.1 (unconditional conservation). If f(p,x,t) and N(k,x,t) solve Equa-
tion with emission/absorption kernel replaced by B., then for any B. we have

the following conservation laws,

atjvttot - at ((fa 1)px + <N7 O)kx) = 07
atg)z,tot - 8t ((f) pz)pm + <N7 hkz)km) - 07
atgtot = at ((fa S)pz + (Na hw)k:z:) = 0.
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Proof. We consider the conservation laws one by one. Mass conservation is trivial.

The energy conservation law can also be verified easily, since w € ker7.

For momentum conservation, note that k, € ker7, hence

8tsz’tOt == /// (hszcg — hwﬁpz) /CfNBE
pkx

Recall the definition

gg= M1 O p 09 (1 _ Wi) » 99
w Op1 pi Op) w Op) pLOpL

Since B || e., k. = kj and p, = pj, therefore

0€& 0€&
kL€ —wlp, =k, L= =L
pL 8m OpLpL
It follows that 0;P, 1ot = 0 regardless of B.. O

5.3 Partition of the plasmon phase space

To discretize the test/trial space W = kerT N L?(R} x €2,), the only possible
approach is the connection-proportion algorithm proposed in Chapter [ However,
that algorithm is designed only for Nambu systems. The Poisson bracket {w, N},
indeed, is not a Nambu bracket defined in Equation. Fortunately, thanks to the
symmetry along ¢ and z direction, for fixed g, and k., it can be regarded as a Nambu

bracket in 2-dimensional phase space.

5.3.1 Interpolated Hamiltonian

Recall the formulation of Poisson bracket

ON 0w OwON
or 8k,  Or ok,

TN = {w, N} = —

The operator T determines a flow on R%. However, the Hamiltonian w for

plasmons is a function of four variables, w = w(k;, ¢y, k-, ), which means we have to
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construct the corresponding trajectory bundles for infinitely many (g4, k.). To avoid
that, for implementation, we propose the following interpolation of the dispersion

relation.

To begin with, partition the space {2, = R,, X Ry, into rectangular meshes

{R}, and partition the domain €, = Ry, X (0, R;4,) into triangular meshes {T'}.

Next, define the following space of piecewise polynomials.

H = {H(kr, 7,05, k:) € CO(N) : H|pxr € Q°(R) x PY(T),Y R C Q,, T C U}

Project the function w = w(k,, gy, k.,r) onto H to obtain the interpolated
Hamiltonian @ = @W(k,, ¢y, k-, ). Obviously, for any given (g4, k.), @ is a continuous
piecewise linear function on €2, while for any given (k,,r), @ is a piecewise constant

function on €2,.
The purpose of such interpolation is as follows.
Theorem 5.2. If w € H, and S C §y is a trajectory bundle for w(-,-,qs, k,) with

(go, k.) € R C Q,, then
{wa 1S><R} =0.

In other words, S=SxRisa tragectory bundle w.r.t. the operator TN = {w, N}.
Theorem guarantees that it is sufficient to construct only a finite number

of trajectory bundles, as long as there is a representative (g4, k,) sample for each

rectangular mesh R C Q, = Ry, x Ry_, see Figure 5.1}

5.3.2 Cut-off domains

Another concern is the unboundedness of domain 24, = 2, x Q, = Ry X
(0, Riaz) X Ry, x Ry_. As introduced in Chapter {4 the connection-proportion algo-

rithm is designed for bounded domains.
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Figure 5.1: Trajectory bundles in the plasmon phase space.
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Figure 5.2: Complete and incomplete trajectory bundles in a cut-off domain.
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To resolve that, we consider the following cut-off domain:

QF x QL = (=L, L) x (0, Ryax)] x [ (b, ) x (KL ED)],

z2) 7z

then the connection-proportion algorithm is feasible. Denote the trajectory bundles

generated by the algorithm as {S%}.

If a trajectory bundle ST does not intersect with the k. boundary el =
{—L, L} X (0, Rppaz) x QE, then it is also a complete trajectory bundle for the original
domain, otherwise it is just part of an original trajectory bundle. As shown in Figure

[5.2] the red region contains incomplete trajectory bundles.

There are two choices for implementation:

1. “Peel off” the incomplete trajectory bundles and define the cut-off domain as

is complete

2. Keep all the incomplete trajectory bundles and define cut-off domain as QF =

USE = QF x QL. which is actually a box.

For both choices we have limy_,o, QF = Q.

5.4 DG formulation

As can be observed, Equation(5.3) shares the same form as Equation(3.21)).
The only difference lies in the test/trial spaces. So this section focuses mainly on the

discretization of function spaces.

5.4.1 Cut-off domains

Analogous to the discussion in Chapter [3], it is assumed that given any 0 <
€, < 1 and 0 < ¢, < 1, there exists bounded domains Qﬁm = Q}f x Q. C Rf? x ., and
Qb C R} x Q, such that for any ¢ > 0,

Jor f(p,x,1)
1-— o
ngme f(p,x,1)
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and

fQL N(k,x,t)
T, N0 1)

The cut-off domain Q}fx for particles is supposed to be adaptive to ensure that | f| and

€L

|V, f| are nearly zero on the boundary, while in our numerical experiments it turns
out that, as a result of anisotropic diffusion, there is no need to extend it. The cut-off
domain QF for plasmons consists of trajectory bundles, as have been discussed in the

last section.

5.4.2 Discrete test spaces

Note that the particle pdf is symmetric, i.e. f(p,x,t) = f(p|,pL,7 t), we have

p = (p1,p2.p3) € QL & (p,pL) € QW CR x RY.
Let {R,} be the rectangular partition of QZL,, let {R,} be the partition of

interval (0, Ryngz), and let {S} be the trajectory bundle partition of QF .

The test space for particle pdf consists of discontinuous piecewise polynomials,

Sp = {f(p\bpbr) : f|Rp><Rz € Qal(Rp) X QQQ(Rx)av Ry, Rx}' (5'4)

The test space for plasmon pdf consists of indicator functions of trajectory
bundles,

Wy = Nk,x): N=> nglg,. (5.5)

5.4.3 Unconditionally conservative semi-discrete form

Define the projection operator I, , onto W), as follows:

S

oGk, x) = > ( sup G(k, x)) g (5.6)

(k,x)ES
Discretize w and k| as wy, = I, pw and k) j, == gy k.
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The discrete directional differential operator takes the form as follows:
1
Lhgn = — {kn,h (OLn€n) - L (O1.n9n) + (wn — Kyn (O4n€n)) L (OL.n9n)
w pL pL

Using the operator £; above, the semi-discrete DG form preserves uncondi-

tional conservation laws, as shown in the following theorem.

Theorem 5.3. If f,(-,t) € G, and Ny(-,t) € Wy, solves the following equation

// On0 fr + // MO Ny, = /// (M LnEn — hwpLppn) L frnNLBe,
kx kx

for any ¢ € G, and n, € Wy,. Then the conservation laws hold regardless of emis-

sion/absorption kernel B..

5.5 Sparse interaction tensors

Recall the semi-discrete weak form

// OnO fn + // MO Ny, = /// (MLnEn — hwnLnpn) L frNyBe,
px kx pkx

Suppose that the test space G, consists of basis functions {¢;} and the test

space W), consists of basis functions {7}, and let
fh(pa X, t) = Z a(t)gpl<p7 X>7
ZN n;(k,x)

The weak form is then equivalent to the following system,

Zata’i // PiPm = — Z Zzaanth ///k NgMs (’Ch@m) (thpn) B.,
i px n q s bkx

> N, //k s =Y > Y N ///]c Ns (Lnom) (Lngn) Be.
j T n g m pkx

Denote the mass matrix for particle pdf as M;,, = f fpx ©iPm, and denote the

(5.7)

mass matrix for plasmon pdf as G5 = [, w2 iMs- Define the sparse interaction tensor

B = || / i (Ead) (C40) B



Following the same procedure as in Chapter , Equation(5.7)) can be written as follows,

Z Mimatai = - Z Z Z aanwséquqmn = - Z Z aanha-)qumnv
A n q s n q

> GiON; =Y 3 anNyEmbysBomn = No D >~ an€mBan.
J n q m n m

(5.8)

Recall the definition of test space for particle pdf,
G = LD pir) ¢ Flrpcr, € Q7 (Ry) X Q(R.),Y Ry, Ru}.

Here we present the explicit formulation of interaction tensors for the simplest
case: when a; = ap = 0, i.e. the basis functions are piecewise constant functions on

the rectangular meshes.

It can be verified that the discrete gradient operators read,

9i+1,5 — Gij
(91.n9),; = Aj —
(Apy)
ijr1/2 (5.9)
(aj_ hg) o J_ 'gi,j-‘rl - gz,j
W T gy

By 4,j we mean the ¢th mesh in p; axis and the jth mesh in p, axis. For elements

on the upper-right boundary, we define

gi+1,5 = 91,5,

9i,g+1 = Gi,J-
Suppose that

m (P pL,1) = Ae(r)u(py, p1),
On(p)spLsT) = A1) o Py L)
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Then by definition

Bamn = ///m Mg (Lnpm) (Lnipn) Be
=3 [ (J] wexs @)

~ 3 (@) @k 2 [ e (@) (€n2) B
R;; kx

PP

“M

Ah“ AhL) 27"191 [(vh@t)ij ) Dij[nm >‘£] ) (Vh@’)ij] )

where the piecewise constant diffusion coefficient is defined as follows

Dy, Ae| = (// 77q/\£ ) Ba)
kx

Bl = [ Fin (DLnBn)” ﬁ» (wh — kjjn (a”,hEh)ij) % } :

)
PP

with

The advantage of storing D [n,, \¢] instead of the tensor By, is that, in this
way, the CFL condition can be explicitly calculated.

5.6 Complexity analysis

Suppose that the r-domain (0, R,,,.) is partitioned into n, ~ O(n) grids, the

cut-off p-domain (P”, Br) x (0, P{*) is partitioned into n, ~ O(n?) grids.

In addition, suppose that n,4 ~ O(n?) is the number of grids in cut-off (k,, q4)-
domain (K%, K7) x (0,Q%), and na ~ O(n?) is the number of triangular meshes for
interpolation of the Hamiltonian H (r, k,.). For each discrete Hamiltonian, we stratify

it into n, ~ O(n) layers, then n, ~ O(n?) trajectory bundles are generated in total.

data

The degree of freedom for discrete particle pdf fy, is n, X n, ~ O(n?®), and for
discrete plasmon pdf N, it is ny ~ O(n?).
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solving

The linear map from plasmon pdf to element-wise diffusion coefficient is a
[n, x n,] X [ny] sparse matrix with approximately n, x n, X n,s ~ O(n’) non-zero

elements.

In each time step, the most expensive part is to obtain element-wise diffusion
coefficients by matrix-vector product, taking O(n°) flops. Note that since the dif-
fusion process happens only in momentum space, the solving procedure is naturally

parallelizable along the r-axis.

preparing

For each grid in (k., g5)-domain, we interpolate the Hamiltonian H (r, k,; k¢, ¢5)
with piecewise linear basis on triangular meshes, which requires evaluating w on na
nodes. For each interval (H,, Hy), constructing the connection matrix as defined in
takes na flops, distinguishing all its connected components takes O(n) flops.
Based on the above analysis, the time complexity for constructing all the trajectory
bundles is O(n,4 x ns X na) ~ O(n®). However, since the procedure is independent
along k.-axis and gg-axis, the time complexity can be reduced in practice through

parallel computing.

For each of these trajectory bundles we have to store its minimal triangle cover,

thus the space complexity is O(n?).

Constructing the diffusion coefficients takes [n, X n,] X [n.4 X na] ~ O(n)
flops, the procedure is also naturally parallelizable since all the evaluations are inde-

pendent.
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5.7 Numerical results

Problem setting

Analogous to Chapter 3| only anomalous Doppler resonance with [ = 1 is

considered. For dispersion relation w(k,x) we take the lowest branch given by Equa-
tion(2.10)).

Set the cut-off computational domains as follows:
Qﬁx = {(r,p”,pL) 17 € (0, Rpnaz) , Py € (10mec,25mec), pi € (0, 15mec)} ,

L __ . _ﬂ ﬂ WORma$ ﬂ
Qkx_{(Tva7Q¢akz>'T€<07Rmax);kre( C, C),q¢€(070-5 >,kz€(0’c>}.

C

The domain Q{;w is partitioned into rectangular meshes, with 75 meshes in pj

axis, 75 meshes in p,; axis, and 20 meshes in r axis.

The domain QF is partitioned as follows. First of all, partition the ¢z-domain
into 20 x40 rectangular meshes. In each ¢z-mesh interpolate w(-, -, g4, k,) on 20x20x2
triangular meshes, as illustrated in Figure . For each Hamiltonian w(, -, g4, k), we
construct trajectory bundles generated by 10 boxes with the connection-proportion

algorithm.

Choose piecewise constant functions as the test/trial spaces:

Sn={o(rp,pL) : @lr,xr. € Q°(Ry) x Q°(R,),Y Ry, R, },

Wy, = U(T,kr,Q¢,kz) 77:2”515
S

The projection operators Iy, j is already given in Equation(5.6). Meanwhile,

we define projection II, ; as
i—1/2  j—1/2 i
Hp,hG(pHapJ_) =G <pH / 7pi / ) ) v(pHapJ_) € de
Consider a magnetized plasma with non-uniform electron density:

i (2)]
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embedded in a uniform external magnetic field

B(T’) = Boez.

Analogous to Chapter [3] we only compute the “bump” part of electron pdf
f(p,x,t), which takes the following initial configuration:

1 D| 2 b1 2 No
o 5
Foppem)|,p = [10 NG eXP <_ <m€c B 20) — \mec mic3

Meanwhile, the plasmon pdf N(k,x,t) is initialized as follows:

s ngmc?® 1

10 (wo/)? m.

N (Ta kra qé, kz)

|t:0 =

Trajectory bundles

As shown in Figure the triangular partition of the (r, k,)-domain is done
by dividing every rectangular mesh into two. The connection-proportion algorithm
successfully distinguishes different trajectory bundles in the inverse image of the same

box(in this case, interval).

Probability density functions

Figure shows the evolution of electron pdf f(py,py,7,t) at r = 3”2%.
Similar to the result of homogeneous plasmas, the particles are scattered due to

interaction with plasmons.

In Figure we present the electron pdf at the same time point ¢t = 3 x 1051

2mwo
in different positions.
Conservation verification

For the evolution of the electron-plasmon system momentum and energy, see

Figure(5.6)).
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(a) w(r, kT;gtb’kZ)/wO at (Q¢akz) =
(9& 9W0Rmaz)
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(c) The minimal triangle cover of Sis (d) The minimal triangle cover of Si3

Figure 5.3: Trajectory bundles and their minimal triangle covers. The x-axis repre-
sents 17/ Ryqz, and the y-axis represents k,c/wy. Since the Hamiltonian is symmetric
for +k,, we only plot half of the domain. Note that S;; and Si5 are two trajectory
bundles generated by the same Hamiltonian range interval. And Sj3 is not a single
strip because it contains a saddle point.
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Figure 5.4: Spatial distribution at ¢t = 3 x 1O6ﬁ
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With T},0: = 3.86 X 106ﬁ, we have the following relative errors:

erel(Mtoth) =4.6 X 10_16,
erel(iPH,tot,h) = 1.8 x 107147
eret(Etorn) = 5.5 x 10716,

Momentum: 7y /ngmcR2,,, Energy: &nemc?R2,,
0.0025 0.0025
—_—
0.0020 0.0020 4
0.0015 0.0015 4
—— electron —— electron
plasmon plasmon
—— total — total
0.0010 - 0.0010
0.0005 - 0.0005 +
0.0000 -| 0.0000 -
00 05 1.0 15 20 25 30 35 40 0.0 05 1.0 15 20 25 30 35 40
2wyt leb 2mwpt le6
(a) Momentum evolution. (b) Energy evolution.

Figure 5.6: Conservation laws
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Chapter 6: Existence of global weak solutions to
quasilinear theory for electrostatic plasmas

6.1 Introduction

The quasilinear theory is a model reduction of the Vlasov-Maxwell(or Vlasov-
Poisson) system in weak turbulence regime. Since first proposed by Vedenov et al.
(1961) and Drummond and Pines| (1962)), it has found extensive use in plasma physics
to describe the interaction between particles and waves(plasmons). Despite that, not
much work from analysis point of view can be found. A recent paper by Bardos and
Besse, (2021]) discussed the diffusion limit of the Vlasov-Poisson system, and showed
that they can retreive formally the diffusion matrix of the quasilinear theory when
the typical autocorrelation time of particles goes to infinity. The well-posedness of
quasilinear systems remains an open problem. This chapter is devoted to proving
the existence of weak solutions to the one dimensional problem(Huang and Gamba,

20231

Our strategy can be summarized as follows. Firstly, we generalize the trick
of Ivanov and Rudakov]| (1967) to show that, in one dimensional case, the system is
equivalent to a porous medium equation with nonlinear source terms. This allows us
to use existing techniques from that field. In particular, the proposed proof is inspired
by the book of [Vazquez (2007). The basic idea is to analyze a series of approximate
problems with parameter n and try to establish regularity estimates uniform in n.

Then it is possible to pass the limit to infinity.

In order to pass the limit, the strong convergence of the gradient term is

necessary. And that is the most challenging part. Similar problems has been tackled

'Huang, K. and Gamba, .M., 2023. Existence of global weak solutions to quasilinear theory
for electrostatic plasmas. arXiv preprint arXiv:2304.12430. The dissertator’s contribution includes
proposing the proof and writing the article.
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by |Abdellaoui et al.| (2015)), where the nonlinear source contains a gradient term to
some power. A significant difference is that they require positive source, while in our
problem, the gradient square term has a minus sign. Nevertheless, their proof for
a.e. convergence can still be adopted if we can find an alternative way to prove the

prerequisites.

The chapter is organized as follows. In Section [6.2] we derive the equivalent
porous medium equation and state the main result. In Section [6.3] we resort to
the book of Ladyzhenskaya et al.| (1968)) for the maximum principle and the well-
posedness of the strictly coercive approximate problems with parameter n. Section
[6.4] aims at proving the regularity estimates uniform in parameter n, which paves the
way to convergence results. In Section [6.5] the a.e. convergence of gradient term is
proved, using the technique from Abdellaoui et al.[(2015). The proof of main theorem

is contained in Section [6.6l

6.2 From kinetic system to porous medium equation

The quasilinear system for particle-wave interaction contains two equations, as
there are two unknown functions: the particle probability density function f(p,t) :
R? x Rt — [0,+00) and the wave spectral energy density W(k,t) : R{ x Rt —

[0,400). In general they are in the following form,

O f(p,t) =V, - ( W(k,t)®(p,k)dk| - fo(p,t)> : (Vedenov et al., [1961))
oW (k.0) = | [ (V,50.0) - 2(0.1) - (7,5(p) dp] Wk, ), (Landar, [1946)
Ry
(6.1)
In electrostatic case,
2(p.k) = " (k@ k) d(wlk /) ~ V,E(p) k) (6.2)
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where E(p) = 2”5 the kinetic energy of a single particle, and w(k) is the dispersion

2Me

relation of plasma waves, which depends on the medium, i.e. the particle pdf.

Remark 6.1. For magnetized plasma, we have

¢(p,k) = (8 ® B) B(p, k),
see Huang et al.| (2023a).

In this chapter we pursue a weak solution in the following sense,
T T T
- [ (00, - (), = [ (90 0 WO+ [ (@ WY,V
0 0 0

T T T
- / (W, 008), dt — (Wo, &), = — / (V, - ®, fIVEV, Bt — / (B, fWEV,V, E) udt.
’ " ’ (6.3)

For scenarios of interest in physics, the Bohm-Gross dispersion relation is

widely used to model warm plasmas,
2 2)1/2
wk; f) = (1+3X5(N)K?) " wpe,

where the Debye length \p is proportional to the thermal speed, i.e. the variance of

particle pdf, and the constant wy, is the plasma frequency.

Assuming that the diffusion process rarely affects the particles’ temperature,

it is reasonable to write the following approximation,

w(k) = (14375 (f)k*) " wye.

The most important feature of the system lies in the fact that particles and
waves interact through the absorption/emission kernel, which contains a Dirac delta.
In physics this is called “resonance”, since particles with certain momentum only
interact with waves with some particular wave vectors. The one dimensional plasma
is special, because in this case each momentum p corresponds to only one wave vector

k, and vice versa. This is the reason that the following trick is feasible.
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Normalize all the quantities with time unit wi, mass unit m, and length unit
pe

_c
Woo
pe

The equation in one dimensional case reads,

@fzw%({ékww(m.%Vk%”2—p@yml@f),

(6.4)
W = [/ (0,f) po ((1 + A%2) Y2 —pk:) dp] W,
RP
where \ = @
We define the distributions in (6.3)) as follows,
5 ((1+222)* = pk) L y(p)=(k ;:/ Pl o, (800 4
< <( ) i ) y(p)2(E))e (—00,~A)U(A,+00) p? —/\Zy( ) p2 — \2

2, \1/2 B _ p|  sen(p)
(G (5 ((1 +X°) pk)) Y (P)z(R))p = /( e y(p)0y <p2 — 24 m)) dp

(6.5)

Note that the resonance condition

12

(1+ A7) pk =0,

is equivalent to
1/2

p=sgn(k) (k2 +X*)"",

and
~1/2

= sgn(p) (5 — X

As a generalization of the trick in Ivanov and Rudakov]| (1967), we introduce

the following auxiliary function u(p) : (—oo, —A) U (A, 00) — RT U {0},
u(p,t) = (p2 — )\2)_3/2 W (sgn(p) (p2 — )\2)_1/2 ,t) ) (6.6)

Without loss of generality, consider the positive half domain, i.e. p € (A, +00).

The kinetic system (|6.4]) is formally equivalent to
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/2
of =0, (p(p*— Y200 b f
=0, 1 2) ) (6.7)
ou=p(p* = X)" (O,f)u
Denote u(p,0) as ¢o(p), note that
dgf = 8p(8tu) = f = (9p(u — QOO) + fo.

Substitute the above identity into the second row of (6.7)), it follows that

O =p (0 = N%)'" 0, (Ou — Do + fo) ulp,t) = yudiu+gou,  (6.8)

where go(p) == p (p? — >\2)1/ 9, (fo — Oppo) and v(p) == p\/p? — 2.

The above equation can also be written in the following divergence form,

Oy
Ou = 0, (%apu2> — v (Dpu)? — —8 u? + gou. (6.9)

Note that once we have a solution u to the above equation, both particle pdf
f and wave sed W are formally determined. Inspired by the above formal derivation,

we present a rigorous statement in the following theorem.

Theorem 6.1. Given initial condition,

{ f<p70>:f0<p)7 peR}%
W(k,0) =Wy(k), k€ Ry,
where fo € C*(R,) and Wy € C®(Rg).

Define the domain for auxiliary function as follows,
0 = (A, +00),
Q= Q" x (0,7).
In addition, define o : 2 — [0, +00) and gy : 0 — R,

eo(p) = (p° — /\2)_% Wo (ﬁ) ,
) =V p? = A20, (fo(p) — Oppo(p)) .
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Suppose there is a solution u € L*(0,T; Wy (0)) such that, for anyn €V =
{ne CY Q) NL>(Q%) : n(-,T) =0}, the following identity holds,

0
- (U, aﬂ?)@; + (%@,uQ, ap77>Q* = (_V(apu){ TI)Q;} + (_ <%/y) 8pu2777>
T Qh
+ (901, M)z, + (0, 7(p; 0)) e

Define

()
= —>t ) ke 07
Wi(k,t) = { F “( ‘ ) (0+e)
0, otherwise (6.11)

Fp,t) = folp) + {317“(107 t) — 3ppo(p), P € (A, +00)

0, otherwise

If there exists a positive constant e such that supp (W (-,t)) C (e,) for any
t € (0,7), then f(p,t) and W (k,t) satisfy Equation for any

Ce {C(pt) € C= (BRy x [0,T]) : (1) € C (R,) Wt € 0.T] and ((-,T) = 0},
and
e {&(k,t) € O (R x [0,T]) : &(+,t) € CF (Ry) YVt €[0,T] and £(-,T) =0} .
Proof. By definition of f(p,t) in (B-11),
-/ (.00, dt— (o),

/ JC (O — 0y00) 0]

- / / +°° [(u — o) 8,8, dpdt — /O ' [(u = o) Dp¢] dt

/ / +OO — o) 0,0,C] dpdt.

(1, 01 (35C)) gz, + (00, Fpo) -

g} Oy
= (§8pu ,3§C> o + (7(8pu)2,3pC)Q} + ((%) 8pu278pC)Q - (gouaapOQ;

.
T T

—+00

A
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Meanwhile, by definition of the distributions in (6.5)),

T

T
/ (Vp- @ fva<>pkdt+/ (D, fWVpV ) prdt

// [ ( )\2W<\/ﬁvt)apC>]dpdt.

Note that W(\/pzlf/\g t)=(p* — )\2)% u(p,t) on (A, +00), hence

T

/ T<V P, fW V) prdt + / (@, fWV,V,C) prdt
/ / pQ—AQU(p,t)apg)]dpdt
= [ [ 3ttt e

Then it can be verified that since 9,((p,t) € V,
T

T T
- / (f,0), dt — (for Co), = / (V, -, FWV,C) et + / (@, fIVV,,C) et
0 0

0

Next, consider the equation for W (k,t). By definition of W (k,t) in (6.11)),

T ptoo T oo [ 212
[ wagaa= [ [ (L) ] v
0 —00 0 0

= /OT /:OO -u (p,t) O, <p§ (\/ﬁ,t))] dpdt.

Meanwhile, by definition of the distributions in (6.5)),

T

T
- / (Vp - @, fWEV,E)prdl — / (®, fWEV,V,E)ppdt
0

0

T oo [ P 1 1
[ e (“ A2w<m’t>5<m’t>>]dpdt

LT e ) ) o
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Analogous to the procedure for f(p,t), since p-§ (ﬁ, t) € 'V, it can be
o
verified that

_ /OT (W, 0,8), dt—=(Wo, &), = _/0

T T
(V@ fWEV, E) i~ / (@, FWEV,V, E) .
0

[]

Remark 6.2. It takes no extra effort to extend the above conclusion to the negative
half domain p € (—oo,—A) by concatenating solutions. In that case, instead of
requiring supp (W (-,t)) C (e, %), we need supp (W (-, 1)) C (=1, —) U (¢, 3).

Now it remains to show the existence of u. The main result of the chapter can

be stated as follows.
Note that in the rest of the chapter, to keep it consistent with existing literature

in mathematics, we will use x instead of p.

Theorem 6.2. If go(x) € C®°(Q*) N L®(Q*), po(z) € C(*), then there exists a
non-negative weak solution to Equation, u(x,t) € LI0,T; Wyl () with q €
[1,+00) such that, for any n(x,t) € V = {n € CY Q%) N L>(Q%) : n(-,T) =0}, the
following identity holds,

Oy
Qr

T

+ (gou, m)g:. + (@0, n(x,0))g- -

6.3 Lifted extension of approximate solutions

The equation is difficult to tackle due to its degeneracy. Therefore we
consider a series of approximate problems on a cut-off domain first. They are arbi-
trarily close to the original problem, but each one of them is strictly coercive, which
ensures the existence of classical solutions. Furthermore, these approximate solu-
tions have enough regularity, allowing us to test with various functions and to obtain

bounds that are uniform in the parameter n.
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Given initial condition ¢y € C5°(€2*), we choose a cut-off domain Q = (a,b)

where

1
a = — inf (su >\,
5 inf (suppypo) (6.13)
b = 2sup (suppyg) < +00,
apparently ¢o € C5°(9).

Consider the following approximate problem of Equation on the cut-
off domain Q = (a,b),

Oy, = ’y?n(un)&iun + golp, in Q
up(z,t) =0, on OS2 (8n)
un(2,0) = po(x), in

where P,, € C*°(R) is a family of functions with the following properties,
L Pu(y) > 5=, Vy € R
2. Poly) =y+ 1 Vy e RF.

3. Pl(y) > 0.

The following maximum principle can be found in Theorem 2.1, Chapter I of
Ladyzhenskaya et al.| (1968). Note that the bounds are independent of the parameter

n.

Theorem 6.3. (mazimum principle) If u, is a classical solution to the approximate

problem , then u,(z,t) satisfies the mazimum principle on Qr:
{ (x,t) >0
up(2,t) < maz(po) exp(max(|go|)t)

For the existence of classical solution to the approximate problems (S,)), we

refer the readers to Theorem 6.1, Chapter V of Ladyzhenskaya et al.| (1968)).
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Theorem 6.4 (classical solution). For any T > 0, the problem admits an

unique classical solution u,(x,t) on Qr. Moreover, u,(x,t) belongs to Hélder space

F2HBCHA/2(Qr) N H3HABHB/2(Qp).

Remark 6.3. The Holder space F*T%(C+0/2(Qr) consists of all the functions that
are $-Holder continuous in Qr, together with all derivatives of the form DI D? for

2r + s < 2. Same for H3+AGCHH2(Qr).
Proof. To begin with, write the equation in divergence form.
'Cnu Eatun - /yipn(un)agun — golUn
=0t — Oy (YPr () Optin) + VP! (1) (Opti)* 4 (DY) Pru(thn) Dty — Gt
Define
p(x,t) = po(x) + [YP,(20) Do 0 + gowo] t.

Since ¢y € C§°(£2), the initial-boundary condition can be written as

Unlry = @lry
where I'r = 0Q x [0,T] U {(z,t) : x € Q,t = 0}.
In accordance with the notation of Ladyzenskaja, define

ar(w,t,u,p) = y(x)Pn(u)p,
= v(2)P, (u)p® + 0y (x) P, (u)p — go(z)u,

Az, t,u,p) = —go(z)u.

a’("'v7t7 u’p) :

Note that the p variable here is just a notation from Ladyzenskaja representing
J,u, not particle momentum. The conditions in Ladyzenskaja’s theorem can be easily

verified. See Section [6.7].
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By Theorem [6.3] u,, is always non-negative, therefore by the second property
of function P, the problem in divergence form is as follows,

1
atun - aac (’V(un + E)aacun) -7 (8mun)2 - 8;78x(un + %)2 + GoUn, in
up(z) =0, on 0f)
un(z,0) = po(x), in
(6.14)

Define the following continuous lifted extension of u, on * = (A, +00):

L z € (\a)

Un(7,t) = Quy, + =, z€Q=(a,b) (6.15)
%h(m), x € (b, +00)

with the tail h(x) s.t. h(b) = 1 decaying fast enough. In particular,
h(z) = e (@Y (6.16)

is a suitable choice, in which case the derivative of lifted extension ,, is:

0, € (A\a)
Oplin(x,t) = < Oy, r € Q= (a,b) (6.17)
—%h(fb), YIS (b7 —|—OO)

Note that u, is strictly positive, and it solves the following problem on the

cut-off domain Q = (a, b),

( ~ ~ ~ ~ \2 ax7 ~2 ~ 1 .
atun = aw (’yunaa:un) -7 (aarun) - 9 aa:un + go|\Un — — |, in
n
1
Up(z,t) = —, on9Q  (6.18)
n
1
Un(2,0) = po(x) + —, in Q
\ n

Obviously, @, and 0., converge to zero uniformly on 2* — €). In the next
section, we are going to prove the existence of a limit function v on 2 = (a, b) through

regularity estimates uniform in n.
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6.4 Regularity estimates on approximate solutions

In order to prove a.e. convergence of the gradient term in the next section,
several regularity estimates are of necessity. In the work of |Abdellaoui et al.| (2015)),
the authors used existing results for an elliptic-parabolic problem with measure data.
However for the problem we are dealing with, the nonlinear source term is not “mea-

sure data”, thus it calls for a different approach.

To begin with, we introduce the following estimate on the spatial derivative

of lifted extension u,,.

According to Ladyzhenskaya et al.| (1968), our assumption on the smoothness
of data yields enough smoothness of solutions, even the third order derivative is Holder
continuous. And that allows us to study a parabolic equation for the first derivative

0, Uy, which renders the following regularity estimates.

Proposition 6.5 (Uniform W!4(Q*) estimate of the lifted extension). If i, are
the lifted extension of classical solutions u, as defined in , then thewr gradient

in space are uniformly bounded in L1(2*),

sup ||aacan||Lq(Q*) S 01(90079071—" Q>7 Vq € [17+OO)
te[0,7

Consequently,
|| Lo 0, ms10(00)) < Calo, 90, T, q), Vq € [1, +00). (6.19)
Proof. To begin with, consider the non-divergence form in ,
Oty — 7y (un + %) 0%, — goty, = 0, (6.20)

Note that 0,1, = 0,u, in cut-off domain 2 = (a, b) as given in Equation(6.17)).

Let z, = 0,u,,, then by Theorem , 2 € HHBUB2(Qr)NHZHBCHB2(Qr).
Taking first derivative on both sides of Equation(6.20]), every term is still continuous.

Therefore z,, satisfies the following linear parabolic equation, if we regard u,, as data.

1
ath - az (’7 (un + E) azzn) — gocn — unaxgo = 0.
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In addition, from Equation(6.20)) and the boundary condition for w,, it can be derived

that
Otin — golln _ (1 56

7 (un +3)

To summarize, z, satisfies the following equations,

2
Op2n, = Oy =

1
Oz — Oy (’y (un + ﬁ) &Ezn> — §0%n — Up0rgo = 0, in €2

Opzn =0, on 02
2n(2,0) = Oppo(z)

Test the equation with zfll“ and perform integration by parts to obtain

1
(atzn’ zil+1)Q+ (/y (un + E) aa:Zny (2l + 1)22181,2”)9 = (gozn’ Z?zl—’_l)g—f_(unaa:gm 2727,“_1)9 )
(6.21)

Since the second term on the left hand side is non-negative, the following inequality

holds,
1 d 2142 / 2042 / 21
— < + 2O +
20+ 2dt (/Q K - Ja g0%n Q a0

Again, use the maximum principle for u,, in Theorem and by the assumption on

the data g,

d
>, /Zil+2 S Cl(QDOaQOaT)\/Z2l+2+02(900;gOaT)/ |zn|2l+1°
dt \Jq Q Q

Let I = fQ 2242 by Holder’s inequality, the above is equivalent to
%1 < )1 + Cyl oz,

Apply Young’s inequality on the second term to obtain

d

Therefore by Gronwall’s lemma we have

I < (]0 + 05) exXp (C4t) — C5 < ([0 + 05) exXp (C4T) — C5.
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Consequently,

sSup ||8xun||L21(Q) S 06(5007907117[)’ [ = 17 2a e
te[0,7

Note that the cut-off domain 2 = (a,b) defined in Equation(|6.13]) is bounded,

therefore

sup ||a$unHL‘1(Q) S CG<¢07907T7 Q)J vq € [17+OO)
t€[0,T)

By definition we have,

|’azﬂn<',t)||%q(g*) - /g;*|azﬂ'fl(.’t)|qu

a oo 1
:/ 0-dx+/|axun(-,t)|qu+/ ‘—th
0 Q b T

<11
— q

q
dx

q
dx,

hence

S[llp]llaxﬂnlqum*) < Cr(¢o, 90, T, q), Vq € [1,+00).
te[0,T

In addition, it can be easily verified that
sup ||ﬂn“Lq(Q*) S C8<¢0)907T7 Q)u vq € [17 +OO)

te[0,T

The above two bounds lead to the following uniform estimate,
|t | o= (0,75 10(02)) < Colo, 90, T, q), Vg € [1,+00).

[]

Corollary 6.6. If u, is the lifted extension of classical solution w, as defined in

, then the following inequality holds,
10x2 || 222y < Cp0, 90, T),

where the constant C' is independent of n.

121



Proof. The conclusion is a straight forward consequence of the maximum principle in

Theorem combined with Proposition [6.5] ]

Proposition 6.7 (Uniform W'%(Q4) estimate of u2). The sequence 4> is umni-

formly bounded in W2(Q%).

Proof. To begin with, we estimate the L?(Q%) norm of the temporal derivative.

Take Equation(6.18]) and test it with d;u2. Integrate by parts in x, and the

trace integral vanishes because d;a2 = 0 on 05, hence

1
(&fbn, at’ai) + (_’7 (856'&71)2 - aﬂévaxai + 90 (an - E) 761511721) 0 :

o =" (gaxa;i, ataxag)

Qr

Applying the fundamental theorem of calculus with respect to ¢ € (0,7) on
the first term of the right hand side,

(Ovitn, 04ii2) ,, = — (% (axai(T)f)Q + (% (8:1:@%(0))2)

0z o - _ _
Qr

The goal is to bound (9;a2, 9,u?) > however the left hand side is (0, i, Oyu?) Or-
Note that by maximum principle, there exists some constant C; such that

Uy € (5, %), therefore,
(0,2)* = 402 (Byin)* < Ch - 2@, (Dyiin)? = Cy (Dyian) (8,2) .

Integrate both sides on Qr,

10tz 172y <C1 (Oettn, Ortiy)
o (- (L @am)?)+ (2 @20 )
+ O (—’y (Dlin)” — a;”arﬁi + 90 (u - %) ﬁtﬁi)
<cy (- (L@@ + (L ea0)))

_ Oz o ~ _ 1 _
+Cill=r @)~ 510, 4 g0 (10— 1l 102 oy

Qr
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in which we used Holder’s inequality. Then use Young’s inequality to bound the last

term in the inequality above,

0y 1
~ \2 T ~ ~ ~
=9 @) = %200+ 0 (10— 1 )2 1022y

Cy 2 OxY 4 ~ LY 2 1 ~2 112
§7||—7(3xun) ~ 3 Oz, + go tn = — ||L2(QT)+2—Cl||8tun||L2(QT)-

It follows that

~ - Y ~ 2 Y - 2
190213 05) = 1032 32y <2C1 (= (. (@2(T)°) + (3. (0.22(0))%) )
_ Oy . - 1P

L2(Qr)

+ C?

By Theorem|[6.3]and Proposition [6.5, the right hand side is uniformly bounded,

hence ||0ya2 || 12(g,) is uniformly bounded.

Meanwhile by Corollary the spatial derivative [|0,@ | 12(gz) is also uni-
formly bounded, thus the result follows. m

The following lemma shows that convergence a.e. combined with uniform

boundedness implies strong convergence.

Lemma 6.8 (strong convergence from a.e. convergence). For a sequence v,
that is uniformly bounded in L*(Qr), if v, converges tov € L*(Qr) almost everywhere

in Qr, then v, converges to v strongly in L*(Qr).

Proof. By Egorov’s theorem, for any e > 0, there exists a measurable set S. C Qr

such that |S¢| < € and v, — v uniformly in Qr\S.. Therefore,

- Se Qr\Se
Y Py S
T T
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Apply Hélder’s inequality on both terms,

/ v = v* <|lJon — V[l 220 - l|Xs.

T

£2(Qr) T ( sup  |v, —U\2> NIxomsllzi@r

(J:,t)EQT\SE

<vn = v[[340 - €+ Ch sup  |v, —v* ] .
@) (2.)€QT\S.

Since v, — v uniformly in Q7\S., taking the limit on both sides,

lim sup/ vy, — U|2 < lon — U"%4(QT) "6

n—o0 T

As € is arbitrary and |[v, — v||14(,) is uniformly bounded, we conclude that v,

converges to v strongly in L?(Q7).

]

Corollary 6.9. For any given q € NT, there exists a function u € L9(0, T; Wy (Q¥))

such that up to a subsequence,

1. 4, converge to u strongly in LY(Qr), for any q € NT;
2 ~ : q . l,q * +.
. Uy, converge to u weakly in L1(0,T; Wy (Q*)), for any ¢ € N¥;

3. Oty converge to O,u weakly in L*(Qr).

Proof. By compactness, Proposition implies that, for any ¢ < co, up to a subse-

2

quence, U,

converge to some function y strongly in LY(Q7). Up to a subsequence of
that subsequence, 1, converge to \/y almost everywhere in Q7, Therefore by Lemma
, i, converge to u = /y strongly in L(Qr), for any ¢ < oo.

With inequality([6.19)), use Banach-Alaoglu Theorem, there exists a function
w € LU0, T; W, 9(Q*)) such that up to a subsequence, @, converge to u weakly in

L2(0, T; Wy ().

Since 9,1, is uniformly bounded in L*(Qr), by Banach-Alaoglu Theorem,

there exists a function z € L?*(Qr) such that up to a subsequence, 9,1, converges to
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z weakly in L?(Q7). Since @, — u a.e. in Qr, it follows that z = d,u in the sense of

distributions.

By taking subsequence of a subsequence, there must be a function u satisfying

all the above conditions simultaneously. O

Now it remains to show that such a function u is indeed a weak solution to
the problem. That requires 0,1, converging to d,u almost everywhere in Q7, which
will be elaborated in Theorem of the next section. The proof of Theorem

will need a control of 0, (ﬁi_(’), therefore we present an auxiliary estimate as follows.

Proposition 6.10 (Uniform weighted L' bound of 9, (@.,?)). Let ¢ € Cg°(Qr)
be s.t. 1 >0 in Qr, then the sequence ya, % |0y, | is uniformly bounded in L*(Qr)
for any 6 € (0,1/2).

Proof. Let 1 € C°(Qr) be s.t. ¢ > 0 in Qp. Test Equation(6.18)) with 1@ °, where
d € (0,1). Since ¢ = 0 on Q7, integrating by parts on z, the trace integral vanishes,
it follows that,

(Orttn, V11, ) o, + (VDo 0, (08°)) .

= (Ot 1)+ (YD, 1" (000)) o+ (VitaDutin, ¥ (D0 %) ),

_ __ OV w9 e 1 __
= <_’Y (axun)Q ’¢un6)QT T (_ 78$un7 wun(S) + (90 (un - _) 7wun6) .
2 Qr n Qr

Thus, simplifying and rearranging each inner product term in the equation

above to obtain
(@, Ohtin, &) o, + (T 0ulin, 10,0) , + (=6) (@, (Dpin)* s 79)
= = (@, (0sn)” 1) o, = (i Doin, ¥07) o, + (a? (u - %) ,wgo> .
Next, collecting the third term on the left hand side and the first term on the

right hand side, we have
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(1- ) (v, @,° (O )QT
1 1 L L 1

- 1— 5 (atu%l 5’¢)QT - . 5 (81‘ (fyqﬁ) 7aa:ui 6)QT + (/wg(),ui 5) (1/}907 —U 5)@ .

T

(6.22)

The first three terms on the right hand side are apparently bounded. Indeed 1,

satisfies maximum principle and,

(Ot °,9) g, = — (@ %, 0) o, -
(0% (70) , Byii2 %T — (02 (), 4%, -

In addition, since u,, = u, + % > %, in the last term

1~—5<n = 1 < 1.
n nl&—

Therefore, the left hand side of (6.22)) is uniformly bounded,

(0, 8, (921)?) o, < C00, 90, T, 0, 0). (6.23)

Finally, by Holder’s inequality, the L' norm of the sequence )i, o/ ?|8, 1| can

be bounded as follows,

(02, (o @:,)) ")

()2 2am - | (00107 (D0in)®) "N i2am)
)l ) (78, 8 (B2in)?) -

H’W)ﬂrjéﬂ |a$ﬂn| || LY(Qr)

IA

And so, by inequality (6.23)), the sequence i, ?|0,1,| is uniformly bounded
in L'(Qr) for any 0 = $ € (0,1).

6.5 Convergence results

The aim of this section is to prove that the sequence 0,u, converge to 0,u a.e.
in @7, where we have adopted the techniques in the work of |Abdellaoui et al.| (2015)).

The roadmap is as follows:
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1. Using Proposition [6.5] and Proposition to prove Lemma [6.11}

2. Theorem [6.12] is a simple corollary of Lemma [6.11]
3. Combining Theorem and Proposition to prove Theorem [6.13]
Lemma 6.11. If u,, is the solution to Equation, then for any s € (0,1)

lim [Viin (0, (i — u))*]" = 0.

n—oo
Qr

Proof. Recall that u € L* (0, T; W&’Q(Q)), introduce the time-regularization of u(z, t)

by [Landes and Mustonen| (1994),

uy(x,t) = exp(—vt)po(z) + 1//0 exp(—v(t — s))u(z, s)ds.

It is known that

1. u,(z,t) converge to u(x,t) strongly in L? (0, T W, *(Q)).

2. u, is the solution of the following problem,
! Oru,, +
—Owu, +u, =u
v (6.24)

uy(‘ra O) - 900<‘T)

Define a cut-off function 7, as

Y, y € (—¢¢)
To(y) =1 . ‘ (6.25)
sign(y)e,  otherwise
And define a non-negative function J.(y), such that J.(y) = T.(y),
r 1
—ey— 5% yE(-00,—¢)
1
Je(y) = §y2, y € (—¢,¢) (6.26)
1,
-1 yeles)

It takes two steps to prove that |, Or [V (0, (i, — u))Q]S converge to zero:
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1. prove that fQT [Vt (0 (i, — u))Q]S x{|un — u,| < e} converge to zero

2. prove that fQT (Y (0, (i, — u))Q]S x{|u, — u,| > e} converge to zero

For the first step, do the following decomposition

[’Yﬁn (On (U, — u))Z} x{lun —u,| < e}

:/ Vi (O (U — u))2
{lun—us|<e}

:/ Vg (Optiy) O (U, — u) — / Yy, (Opt) O (U, — w)
{lun—uy|<e} {lun—uv|<e}

;0\

_ / it (Byiiy) Do (il — 1)
{lun—uy|<e}

- / Iy (i {ttm — 0] < £} — ux{u — ] < £}) (D) Oy (it — 1)

T

- / el — ] < €} (Dste) B (g — )]

T

=A; + Ay + As.

Start first from A, and Az, as their estimates are relatively simple and straight-

forward.

Indeed, by Holder’s inequality and Corollary [6.9] it follows that,

Ay = — / [y ({fun =] < €} = ux{lu— | < 2}) (@) D, (it — )]
Qr

<Ci(Q, T)[anx{lun —uy| < e} —ux{lu = w| < e}llz2@n) 1(0e) Oe (n — )l L2(Qr)

<Cs(¢0; 9o, 0, T) | unx{[un — w| <€} —ux{lu — w| < e}llr20r),
(6.27)

also, the following term will converge to zero,

Az = —/ yu (Opu) (Optly, — Opur) X{|u — u,| < e} (6.28)

T

It remains to bound A4; = f{‘uFUV'Q} Vg, (Optiy,) Op (U, — ).
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This estimate is performed by first testing Equation(6.18) with 7. (u, — w,),
where T} is defined in Equation(6.25]), to obtain,

(atﬁm Te(un - uu))QT + (’Vanaxam az (Te(un - uzz)))Q

Oy o - . 1
— (—fy (8xﬁn)2 Te(uy — u,,))QT - (—%azui,n(un — u,,)) + (go (un — —) T (uy, — u,,)) )
QT n QT

(6.29)

T

Since |T.(un, — u,)| < €, the right hand side of the above equation can be

bounded as follows,

027 1
~ \2 €T ~ ~
RHS < ¢ (\|7(5xun) 21 @r) + |l 5 Oxti2 || L1 (@ry + ll90 (Un - 5) ||L1(QT)) =

with the first term uniformly bounded by Proposition [6.5] the second one uniformly
bounded by Corollary [6.6] and the last term by maximum principle. Consequently,

(7ﬂnamﬂn7 a:r (Ts(un - uu)))QT S 01(9007 9o, Q, T)€ - (8tan7 Tz—:(un - Uu))QT .

Since w, is a solution of Equation(|6.24)), d;u, can be replaced with v(u — u,),

(a%ﬂm Ta(un - uy))Q - at Uy, — uu) 7Ta(un - ul/))QT + (atuua Te(“n - uy))Q

T T

(@ (
= (0 (up, — uy) , Te(uy — u,,))QT +v((u—u,), Te(u, — UV))QT
= (1,0 Je(un —w)) g, + v ((u—w), Te(un — w)) g,
= (1, Je(un(T) = (1)) = (1, J=(un(0) — ., (0)))g
o (=) el — w,))g,
in which J, is defined in Equation as the anti-derivative of 1.
Each term on the right hand side is bounded from below. Indeed, by definition

of J.,
(L, Je(un(T) — un(T)))g = 0. (6.30)

Since u,, and u, share the same initial condition, the second term is actually zero.

(1, J=(un(0) = 1, (0))g = (1, Je(po = ¢0))q = 0. (6.31)
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By the sign-keeping property of T,

v((u—u), To(un —w))g, =v((u—u), Te(u—u, —u+u,))g,

= ((u—u), To(u—w,)) o, +v((u—1u),T-(u, —u)),

>v((u—uy), To(u, — u))

T

Qr
(6.32)

Therefore, combining inequalities (6.30]), (6.31) and (6.32)),
(Vﬂnaxfhn ax (Ta(un - UV)))QT Scl((POa 9o, Q, T)5 - (atana Ta(un - UV))QT
SCI(SOW 40, Q7 T)€ -V ((U - uu) 7T€(un - u))QT :

Consequently,
A = / it (Dyiin) Do (11 — 1)
{lun—uy|<e}

= / Vg, (Oply,) Op (U, — uy) + / Vg, (Oply,) O (1, — u)
{lun—uy|<e}

{lun—uy|<e}

_ / it (Bsiin) s (T: (uy — ) + / it (D) By (g — )

T {lun—uy|<e}

S 01(9007 90, Q, T)&T -V ((u — uu) 7Te(un - u))QT + / Vﬂ/n (azan) aac (uu - ’U,) .
{lun—uy|<e}

(6.33)

Putting together the inequalities (6.33)), (6.27]) and (6.28)),
| D @ (= )] il — ) < 2}

T

=A; + Ay + As

<1000, 0, T)e v {(w =) T =g + [ 97 (0 0 =)
+ Ca(o, 9o, S0, T)||tn x{|un — w,| < e} —ux{lu — u,| < e}z
_ / t (Du1t) (D, — Dyt) x {1t — | < £}

=Bi(n,v,e).
(6.34)
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Since 0,1, converge to d,u weakly in L?(Qr), the last term of B; converges
to zero as n goes to infinity, therefore,

lim limsup limsup By (n,v,e) = 0.
e—=0t Lo n—00

For the second step, consider fQT [Vt (0, (@, — u))z] “x{|tn —uy| > €}, using
Holder’s inequality,

/ [in (B (@ — 0))%]° X{ 1t — 0] > £}

<CUQ D) |(Osttn, — 0ut)** || 1 (0 (6.35)

(Ix{lun — | > e} = x{lu —w| > e}lo@r + lIx{lu —w| > e}lrr@n)
=By (n,v,¢).

Taking the limit,

lim lim sup limsup By(n, v, ) = 0.
e=0T oo n—r00

To summarize,

0< / (Y, (0, (i, — u))2]s < Bi(n,v,e) + Bay(n,v,¢),

T

where By and B, are on the right hand side of Equation (6.34) and (6.35). Conse-
quently,

lim [Vitn (0; (@i, — w))?]” = 0.

n—o0 QT
[l

Theorem 6.12. The sequence 0,1% = O.(u, + +)* converge to O,u? strongly in

Lo(Qr) for all o € (0,2).
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Proof. Note that
0,12 — Opu?|*
Qr

=22 [ |, 0400y — uOpu|®
QT

=92 / |, O Uy — Ty Optt + Uiy Optt — uOpu|*
T

Qr
<C [ (|tn0stin, — @nOpul* + [Opu (@, — u)[*) .
Qr
By Lemma and Corollary , both terms converge to zero if s € (0,1). Let
o = 2s, then o € (0,2). O

Theorem 6.13. The sequence O,u,, converge to O,u a.e. in Q.

Proof. Let ¢ € C5°(Qr) bes.t. ¥ > 0in Qr. To prove convergence a.e., it is sufficient
to show that for some « € (0, 1),

lim |0y, — Opu|*th = 0.
Qr

n—oo

Decompose the domain Qr,

/ |Optty, — Opu|*th =

T {u=0}

:/ Ouunl™ ¥ / |Oxttn — Ogul*) + / Oty — Dyl
{u=0} {o<u<l} {u>1}
:Al —|— A2 + Ag.

|0z tty, — Oput|*tp + / |Optty, — Opur|*9

{u>0}

(6.36)

Using Holder’s inequality to get the bound of A,,

AQ = / ‘azun - a’ru‘sw
{o<u<l}

< [0t = 8x“’5¢HL2/S(QT)‘|X{0<u§$}”L%(QT)

< C||X{0<US%}“L2%S(QT)'
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Note that HX{O@S%}HL%( can be arbitrarily small.

Qr)
Next, by Theorem [6.12] it is known that 0,42 — 9,u* strongly in L7(Q7) for
all 0 < 2, therefore Az converges to zero, in fact,

1
Ay = / — |udpuy, — udpul*t
{

u>%} |U’S

— / 1 (u — Tiy,) Oy, + % (0p02 — Opu?) "
{

u>%} |u|S

1
<m® | |(u=— ) dyin + 3 (0,22 — 8,u%) |y,
Qr

and the limit follows from

1
limsup Az(n) < m’limsup [ |(u— @y,) Opty, + 3 (0,02 — D,u?) [Py = 0.

n—oo n—o0 Qr

Considering A; of Equation|6.36] since u,, — u strongly in L?(Qr), by Egorov’s
Lemma, for every € > 0, there exists a measurable set E. such that |E.| < € and

u, — u uniformly in Qr\E..

/ |Oaun| ) = O] + / O | 4.
{u=0} {u=0}NE-. {u=0}NQr\Ee

The first term is bounded through Holder’s inequality,

/ |axun|aw = |a:vun|(X¢X{u=0}ﬁE6
{UIO}QEC QT

< / Ostunldx, < ClBstunl w0 08 2/t
T

<Cete,

The second one uses the fact that for any p > 0, there exists N such that |u, —u| =
|un| < p for all n > N and for all x € {u = 0} N Qr\FE.. In other words, for n > N,

133



{u =0} NQr\E. is a subset of {u, < u} NQr\F,, hence the integral

/ "
{UZO}QQT\ES
</ Byt
{UHSN}QQT\EE
(e «
1 Oz,
S(u+—> / <—| 1|9) 0
(e «
1 |0, |
< + = _ el )
_('u n) /T ((un""l)e) v

n

The boundedness of fQT ((fﬁﬁlW)aw is secured by Proposition [6.10f The

result follows from taking p — 0.

6.6 Existence of global weak solution

Using Equation(6.21)) in another direction, we have the following lemma which
is essential for the proof of Theorem

Lemma 6.14. If u, are classical solutions to the problem fort € [0,T], then
the integral of O,u, on (0,T) is bounded as follows,

T
‘ / Optin (-, t)dt
0

Yn(2) = /OT zn (2, t)dt = /OT Optiy (2, )dt.

The goal is to bound ||y, ()| o (q)-

< C(o, 90, T)V/n.

Loo(9Q)

Proof. Let

Note that by definition

/ab yn(z)dr = /OT /ab Optiy (z, t)dzdt = /OT (un(b,t) — un(a,t)) dt =0,
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hence it is possible to use tl}e Poincare’s inequality if we can derive a bound for
b 2 2
0etmlzz@) = [ S (D) da]

By Holder’s inequality,

2 2

|0,y ()] =

/OT Opzn(z, t)dt| < (/OT ‘8xzn(x,t)|dt)

T
<T- (/ \zen(:n,t)|2dt> :
0
Integrate on €2, the above inequality yields,

b b T
10yl 720 :/ 0pyn(z)|2dx < T - </ /O |8Izn(x,t)|2dtdm) =T - |02zall22(0)-
’ ’ (6.37)

To bound the right hand side, recall Equation(6.21]) with [ = 0,

1
('y(un + E)axzn, 81,2”) = — (O12n, 2n) g + (902n, 2n)q + (Un0s90, 2n)q - (6.38)
Q

Since wu, > 0 and y(x) > v, on £, it follows that

1 1
Ym— (axzfu 890271)9 S (P)/(un + _)azzna arzn>
n n Q

Integrate on (0,7") to obtain,

1

n 1
(02n, axzn)QT < T {_5 (2n(T), 2a(T))g + ) (2n(0), 2(0)) g + (gozn, zn)QT + (1n 0z 90, zn)QT

By Proposition [6.5) and the maximum principle, the above inequality yields,
(0r2n, 0x2n) g, < Ci(go, go, T)n.
Combining the inequality above with inequality , we have
10yl 72y < Ci(0, 90, T)T'n,
Since y,, has zero mean, the Poincare’s inequality renders
HynH%ﬂ(Q) < Ca(w0, 9o, T)n.

Thus by Sobolev’s inequality we have

”yn”Loo(Q) S 0(9007 9o, T)\/ﬁ
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Figure 6.1: The lifted extension

We are now ready to prove the main result of the chapter, i.e. Theorem [6.2

Proof. Note that any integral on 2* is a summation of three pieces,

T a 1 1 T +o0 1
(Un, Oim) s = / / — (Oyn) dzdt + (un + —, 8m) + / / —h (Oyn) dzdt,
r o Jo M n Or o Jp T

T +o00
(VUnOrTin, Ou1) s, = 0+ (v(un + l)6’Iun, &m) + / / gl (lh) (laxh) (0zm) dudt,
T n Or o Jb n n

T p+too 1 2
(7 (0n)* 1) g, = 0+ (7 (Beun)* 1) o, +/ /b [w (Eaxh) n] dxdt,
0

Y oy - B 1 /T /+°° Oy (1,5
(2 axun,n)%—m((aﬂ><un+n>axun,n)%+ % (o) asa

B T a /1 1 T 400 1
(9otn, 1) g:, = / / —gon | dzdt + ( go (un+—),n | + / / go—hn | dxdt,
g o Jo \M n or Jo Jb n

(9007 77(% 0))9* =0+ (4,00, T](I’7 0))Q + 0.

Consequently,

_ oo _ O o -
— (i, 8,577)% + (YU Oy, axn)% + (v (D) ) o T (TW&UU%, 77)

T

i 6.39
= (9otin; 1)y, = (00, 0(,0)) gy (0:39)
=T + 1y + 1,

where we collect the terms according to our partition of the domain, as illustrated in
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Figure

T al
// (Om) dxdt—l—O—i—O—f—O—/ / < gon)dxdt—()
o Jo T

1 1 2
(un o 31577)QTJr (Wun )0: “”’a“”n) + (0 @) 1),

Qr

+ ( 8 un,n> <go ( + %) ﬂ?)QT — (00, m(z,0))q
/ /%o Ly (8n) dxdt+/ /+OO ( > (%c‘%h) (0xn) ddt
AP G

+/O /;oo [ ;7 (%aﬁ) n} dxdt—/OT /;OO (gO%hn> dzrdt — 0,

We claim that up to a subsequence,

. { = (it 0e1) gy, + (Vi Dstin; Do) gy, + (v (D) 1) . }
+ (%5003, 1) o, — (907 Mg, — (20, 7(2,0))g-

— (u,0m) ;. + (yudort, )y, + (v (00)” 1) 5.

+ (%52000%,1) . — (9ot Mg — (20, 7(2,0))g. -

dxdt

n—oo

(6.40)

The only non-trivial part is to prove that the third term on the left hand

side converges to (—v(9,u)?, 1), for which we take the difference and use Hélder’s

inequality,

Since 0,1, converge to J,u a.e. in QQr and 0,4, is uniformly bounded in

LYQr), by Lemma

T}ggollaxun - aIUHLQ(QT) = 0.
Now it remains to prove that
lim T1+T2+T3 = 0.

n—-+o0o
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It can be easily verified that 77 and T3 goes to zero, given the definition of
lifted extension w, in (6.15)). For the second row, test Equation(/6.14]) with n and
integrate by parts, it follows that

T, = — (%’(ML A (b) /0 L (0t (0,1)) (b, 1)t —(a) /0 L (Ouunla, 1)), )t (g0, ), -

By Lemma |6.14] the second and third term are in the order of O(\/Lﬁ), and the

other two terms are in the order of O(2), therefore T3 goes to zero.
To conclude, the limit function u satisfies the following weak form of the

equation,

— (u, atTI)Q*T + (%axu27 aaﬂ?) X

T

= (@ )y, + <_ (‘9;7> 8xu2,77>Q + (g0t 1)y, + (0. 0(,0))

*
T

6.7 Appendix

According to Theorem 6.1 in Chapter V of Ladyzhenskaya et al.| (1968), the
following conditions (a) to (f) are sufficient for Theorem

Recall that
ai (l‘, ta u,p) = "nyn(u)p
a(x,t,u,p) =P, (u)p* + (8:7) Pu(u)p — go(x)u
A(ﬂj‘7 t7 U,p) = —gO(QZ)U
and

o(z,t) = po(x) + [¥P,(¢0)0200 + goo] t (6.41)

We will verify the conditions one by one.
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1. For (z,t) € Q7 and arbitrary u, the diffusion term is strictly coercive,

0@1 Ym
Nt — 7P, (u) > 1™ >0,
T towp) =P > 1>

and the reaction term has the following lower bound,

Az, t,u,0)u = —gg(x)u2 > —max(|g0|)u2.

2. For (x,t) € Qr, when |u| < M, for arbitrary p, the operators are bounded in

the following sense.

St p) = 9Puu) < max(7) (M + 1),

and

(et 1521) 4 1oh + 152+ 1
= (4 Pu(wlpl + APl 1+ l) + (023) Pululp] + 7P, )0 + (027) Py — gofau
< (4P wlpl + AP @Ipl) (1 + o)+ (02) P, w)lp] + AP ) + (09) Pul)lpl + o)

<pu(M, b, max(|go])) (1 + [p])*.

3. For (x,t) € Qr, |u| < M and |p| < My, the functions a4, @, %1, %, and % are

arbitrarily smooth in x, ¢, u and p, therefore they satisfy any Holder continuity

condition.
4. Note that
8@1
- _
o P, (u)p,
B = 2T+ (0.0) P
aa /! 2 /

For (x,t) € Qr, |u| < M and |p| < M, all the above terms are bounded by a
constant C(M, My, Py, go,€2).

In addition, neither @ nor a; depend on t, therefore condition (d) is satisfied.
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5. By definition of ¢ in Equation(6.41]), ¢ is arbitrarily smooth in Q7. In addition,
for € 902 and t = 0, the following identity holds,

Orp(z,t) = P (00) 0200 + gowo = VP, (0)0%p + gow.

6. It is trivial that the boundary 02 satisfies any Holder continuity condition.
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Chapter 7: Summary

The quasilinear theory for particle-wave interaction in plasmas, as a weak
turbulence limit of the Vlasov-Maxwell (Vlasov-Poisson) system, has been extensively
studied and used in physics since it was proposed half a century ago. Nevertheless,
there is barely any research from the numerical and analytical point of view. The
work presented here overviewed the challenging problems in this field and attempted

to contribute novel ideas for each of them.

The wellposedness of the quasilinear kinetic system has not gained attention
until recent years. We presented the first result on solvability of the model. By
invoking an observation proposed in the early days, we transformed the system into

a single porous medium equation, and proved the existence of global weak solutions.

Motivated by the electron runaway problem in magnetic confinement fusion,
we proposed a numerical solver for particle-wave interaction in non-uniform magne-
tized plasmas and presented numerical results. In tackling this example problem, we

encountered and resolved a lot of difficulties, which are listed below.

The system is well-known for its high dimensionality. Even with axial symme-
try, there are seven dimensions to be considered: one dimension for radial position,
two dimensions for electron momentum, three dimensions for plasmon momentum,
and one more dimension for time. By analyzing the structure of trilinear operators
in the weak form, we proposed a novel approach to construct the sparse interaction

tensors with double efficiency. Furthermore, our code is parallelized to accelerate.

Another challenge is the nonlinearity, for which we used Euler schemes for

time discretization and discussed the conditions for positivity and stability in detail.

Concerning singular transition rates modeled by Dirac delta in the integro-
differential formulations, we adopted the marching simplex algorithm and performed

numerical integration on the discretized resonance manifold.
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The multi-scale problem caused by rapid periodic advection of plasmons is
resolved by trajectorial average, for which we proposed the connection-proportion
algorithm to discretize the kernel (null space) of Nambu brackets. The trajectorial-

averaged equation can thus be solved in a Galerkin approach.

Lastly and most importantly, the delicate structure of the kinetic system will
in general be distorted after trajectorial average and discretization. To avoid that,
we proposed three novel ideas, and combined them to obtain a structure-preserving
solver. We proposed the unconditional conservative weak form, ensuring conserva-
tion regardless of the emission/absorption kernel. Then we demonstrate that our
Galerkin approach for trajectorial average is structure-preserving. Based on that, we
designed a special discrete directional differential operator which guarantees discrete

conservation laws.

In the future, we will include the relativistic Landau collision operator and
external electric field, to ultimately develop a solver for real-world application: kinetic

simulation of electron runaway.

Error estimates for the proposed schemes will also be investigated.
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Appendix A: Generalized inverse inequality

Theorem A.1. ]fZ € Vy, satisfies that

S(ZV) = =D (V- V)p+ DAV 0 on

R R R
for any V€ Vy, then

~ ~ 1

Proof. Note that

(2.VF), = (VEVD R+ (T~ £ (V)7 0 bomyr

(2.2), = (V+.2) +(F =27 0 )onp

Sum up the above two lines and use Young’s inequality twice to obtain

(2.2) = (VEVH e+ (F= (V)7 0 )onp + (F = £7.(2)7 -0 )omyr

(VL Dat UV 0 (V1) n o
ST = T = o + @) 07 (Z) 0o

Note that Z is a polynomial in R, hence

Z«Z)_ ', (Z)” -n7)orr < % (Z Z)

R

Let C' = é—}f, it follows that

(2.2) <30RVN 4 g S =17 = P+ 5 (27)

Finally, inverse inequality and trace inequality gives

(7.2) <55 (5.5).
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Appendix B: Quasilinear theory: a weak
turbulence model

Quasilinear theory in plasma physics is a model reduction of Vlasov-Maxwell
(Poisson) system in weak turbulence regime. Weak turbulence is a concept originating

in fluid dynamics, therefore we present a brief introduction of both models.

B.1 Weak turbulence model in fluid dynamics

Consider the Navier-Stokes equation for incompressible flow,

aa—Z—FV'(V@V):—%VP-FVAV,

V-v=0.
Split the fields into steady parts and fluctuating parts,
vV =V + v,
P=P+4P,
where 6v = 0 and 6P = 0.

The equations for the steady parts are the so-called RANS(Reynolds-averaged

Navier—Stokes) equations,
V- (Vev)+V -Tg= —%VF+uAv,
V.-v =0,
where Tx == 6v ® v is called the Reynolds stress tensor. Meanwhile, the fluctuating

parts satisfy:

o) S 1
a—tVJrv-(V®5v)+v-(5v®v)+v-(5v®5v)—v-(5v®5v) :—;V(SP—i—pVA(SV,

V-op=0.
It requires additional modeling of the nonlinear Reynolds stress term Ty to
close the RANS equation, and has led to the creation of many different turbulence

models.
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B.2 Weak turbulence model in plasma physics

The same idea can be applied to the following Vlasov-Poisson system:

% +V,E(p) - Vaof —E(x,t)-V,f =0,

Vz-Ezl—/de,
Split the particle pdf and the electric field,

fx,p,t) = f(p,t) +6f(x,p, 1),
E(x,t) = E(t) + 6E(x, ),

where g = ﬁ th g(x)dx.

The equation for the slowly varying part is

of of

— —0E-V,0f =— — - (0Edf) =
0=1-— / fdp.
The equation for the rapidly varying part reads,
a6 f — -
— +V,E&(p) - Viof —6E-V,f — (6E-V,6f —6E-V,0f) =0
ot (B.2)

Vx-(SEzl—/(Sfdp

Note that dEJ f in Equation 1) plays the same role as the Reynolds stress
tensor in RANS. The model for it can be derived from Equation(B.2)). Ultimately we
will obtain a system for averaged pdf f(p,t) and the spectral energy density of waves
Wik, t) E SE:

at? = B<W7 7)7
Drop the bar over f and define N(k,t) = Wi(k,t)/hw(k), it is then identical to
Equation(2.13)).
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