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ABSTRACT 

A conceptual hydrogeologic model of the Palo ou!o Basin, Texas Panhandle, subdivides 

the basin into three hydrogeologic units: the snallow Ogallala and Dockum aquifers, the 

Permian .evaporite aquitard, and the deep confined, underpressured Permian and Pennsylvanian 

brine aquifer. The first permeable units beneath the thick Permian evaporite section are 

·Wolfcamp strata composed of carbonates, snales, and arkosic sand and gravels (granite wash) 

with average effective permeability values of 8.9, 0.0001, and 8.6 md, respectively. Ground 

waters in the Wolf camp aquifer flow to the northeast toward the semi-impermeable, granitic 

Amarillo Uplift. This anomalous hydrologic condition (flow toward a low-transmissi vity barrier) 

may result. from the _presence of highly permeable granite-wash deposits that flank the uplift 

and function as "hydrologic sinks." 

A two-dimensional, vertical-averaging finite-element model, incorporating the different 

lithologies and their different permeabilities as well as leakage through the overlying evaporite 

aquitard, has been used to simulate the observed potentiometric surface of the Wolfcamp 

aquifer. The conditions that best simulate the observed WoJfcamp potentiometric surface are a 

combination of specified head and no-flow conditions along the uplift, permeability values 

greater than 260 md for the granite-wash deposits that flank the uplift (in contrast to the 

average value of 8.6 md), and an increased permeability value of 50 md for the highly porous 

carbonate zone. The best estimate of the vertical permeability of the evaporite aquitard is' 

0.00008 md. 

Treating the whole deep-brine aquifer as a single permeable unit beneath the evaporite 

aquitard, ground-water flow is to the northeast toward the uplift with a slightly larger west-to­

east component than that found when considering only flow in Wolfcamp strata. The conditions 

that best simulate the averaged potentiomer-r:i~1.s'tliH.ace are those from the best simulation of 

Wolfcamp strata, with,)ncreas1::d ,per~eability 1<alues_ ot 260 md for the Pennsylvanian granite-
1 ;·-1_;, j'•~)•~:r: r -::'//''':-.'. .,,_. ..... ·,.·:_;: c.·t 1• ·] 1~ !--· •• ;···1,-'-'''1.>1t.~~~.5 (j tl1,~ 
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The Palo 

GENERAL GEOLOGIC AND HYDROGEOLIOGIC' SETTINGS 

Duro Basin is a Paleozoic depositional subb~sin of the larger Permian Basin of 

southwest Texas and southeastern New Mexico. The basin is bounded on the north by the 

Amarillo Uplift and Bravo Dome, on the south by the Matador Arch, and on the west by the 

Tucumcari Basin and the Sierra Grande Uplift and on the east by the Hardeman Basin (fig. l ). 

The transition between the Palo Dura and the Tucumcari and the Hardeman is poorly defined. 

The detailed stratigraphy and depositional systems of the basin have been discussed in several 

research reports (Gustavson and others, 1981; Handford, 1980; Dutton and others, 1982). A 

simplified stratigraphic column consisting of different hydrogeologic elements and hydrogeo­

logic units is defined for the study of regional ground-water movement and mass transport in 

the present work. 

Major Hydrogeologic Units 

Table l summarizes the stratigraphic and hydrogeologic divisions of the Palo Dura Basin. 

The hydrogeologic elements were designated according to1 their relative water-conducting or 
! 

water-retarding character. The hydrogeologic units are composed of one or more of the 

hydrogeologic elements, and represent assemblages of vertically contiguous strata that have 

different primary. lithologies, but have the same general hydraulic properties (Bassett and 

Bentley, 1983). Some of the hydrogeologic elements are cpmposed of a sequence of telati vely 

high and low permeability lithologies, reflecting the he~erogeneity and complexity of the 

system. Nevertheless, there are three major hydrogeologic units overlying the impermeable 

crystalline basement: the Deep-Basin Brine Aquifer; the Permian evapori te a qui tard; and the 

shallow Ogallala-Dockum Aquifer. 

Deep-Basin Brine Aquifer 

The Deep-Basin Brine Aquifer is composed of the prr-Pennsylvanian, Pennsylvanian, and 

Wolfcampian (Lower Permian) strata extending from the top of the Precambrian crystalline 
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rock up to the top of the Wolfcampian dolomite. The aquiferr is generally composed of shelf and 

shelf-margin carbonates and fluvial-deltaic arkosic/nonar~osic sandstones interbedded with 

basinal shale (mudstone). 

The pre-Pennsylvanian strata contain three depositional units: a basal elastic unit; a 

Lower Ordovician, predominantly dolomitic unit; and a relatively thick sequence of Mississip­

pian carbonates (predominantly limestones). These units are not continuous, but occur in 

various combinations throughout the basin (Dutton and others, 1982). The crystalline basement 

deepens toward the southern center of the basin with the deepest part occurring just north of 

the Matador Arch in Floyd and Motley Counties (fig. 2). The same trend is observed for the 

structure contours of the top of the. Mississippian system (fig. 3), but with a smaller slope, 

indicating that the pre-Pennsylvanian strata thicken toward Floyd and Motley Counties. The 

thickest pre-Pennsylvanian sequence is, however, encountered in the faulted, northeastern part 

of the basin. ·The thickness of the pre-Pennsylvanian strata can be determined from the 

structure contour maps of figures 2 and 3. 

The Pennsylvanian and Wolfcampian strata are the most laterally and vertically extensive 

elements of the Deep-Basin Brine Aquifer with four genetic stratigraphic units of (l) shelf and 

shelf-margin carbonates, (2) fan-delta, coarse arkosic deposits (granite wash), (3) deltaic­

nonarkosic sandstones, and (4-) basinal shale. The depositional patterns and total thickness of 

the Pennsylvanian strata were strongly influenced by regional subsidence which was actively 

shaping the basin geometry. The northwest-trending area of thickest Pennsylvanian strata_ 

occurs in the basin center and thins onto the bounding Precambrian basement highlands and 

western edge of the basin (fig. 4-). • Thick, coarse-grained elastics were deposited adjacent to the 

sources, the Amarillo Uplift to the north and east, and the $ravo Dome to the northwest, and 

' 
prograded away from the source area forming the "granite-wash" deposits (fig. 5_). Deltaic-

nonarkosic sandstones in the southeastern Palo Duro Basin extend westward into the basin 
I 

(fig. 6), probably originating in the Wichita Mountains in Oklahoma (Dutton and others, 1982). 

Basinward from these peripheral terrigenous elastics are interbedded shelf carbonates which 
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grade basin ward into thicker, more vertically persistent, helf-margin carbonate buildups. The 

interbedded. shelf carbonates in the lower Pennsylvania strata are relatively thin (fig. 7), 

whereas thick, well-defined shelf-margin carbonates are common in the upper Pennsylvanian 

strata (fig. 8). High-porosity trends in the Pennsylvanian carbonates follow the shelf margins 

(fig. 9) and excellent correlation exists between high-porosity zones and dolomite occurrence· 

(Dutton and others, 1982). 

There is no major lithic change from the Pennsylvanian rocks to the Wolfcampian rocks; 

therefore, it is difficult to place the system boundary. The operational marker fer the boundary 

is a thin, widespread limestone unit which was deposited near the end of the Pennsylvanian. 

Where the limestone was not deposited, the boundary is conventionally placed at the top of a 

widespread shale (Out.ton and others, 1982). A typical cross section in figure 10 illustrates 

thick, widespread sequences of fine-grained sediments of silty shales and dark micritic 

limestones which filled the deeper portions of the basin during late Pennsylvanian and early 

Wolfcampian time. Depositional environments during the Wolfcampian are the same as those 

existing in the Pennsylvanian, although the basin was transforming from a relatively deep basin 

to a restricted carbonate platform. Wolfcampian strata thin onto and over the Precambrian 

basem·ent uplifts with the thickest parts trending nortn-northwest (fig. 11). Granite-wash 

deposition was confined primarily to the flanks of the uplifts due to reduction in the supply of 

elastic sediment during the Wolfcamp. Some deltaic-nonarkosic sandstones extend westward 

into the basin through the southeastern boundary in. ~imilar patterns as those of the 

Pennsylvanian system (fig. 12). The thickness of Wolfcamp carbonate varies fro;n 120 to 580 m 
I 

(400 to 1,900 ft), with the thickest part lying approximately along the shelf margins (figs. 11 

and 13). High-porosity trends in the Wolfcamp carbonates also follow the shelf margins (fig. 14) 

and correlate witt/z'ones of dofomit\:~:.i9D· CAUT!DN 
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Permian Evaporite Aquitard 

The term, "Permian Evaporite Aquitard, 11 in this sjdy refers to the relatively low-

permeability, Permian evaporite-bearing strata extending from the top of the Wolfcampian 

strata (fig. i5) to the top of the Alibates Formation (fig. 16). Ground-surface elevation (fig. 17) 

was used as an approximation of the strata's upper boundary east of the Caprock Escarpment 

where the Alibates does not exist. The Permian evaporite-bearing strata consist almost 

entirely of four major lithofacies: halite, anhydrite, dolomite, and fine-grained siliciclastic red 

beds (Handford, 1980). A core study of the Permian section in the DOE-Gruy Federal No. 1 

Grabbe test well in Swisher County (fig. 18) indicates that the section consists of 58 percent 

salt and anhydrite, 32 percent red beds, and 10 percent dolomite. Another rough estimation 

from the sample log of Castro County No. l well shows a combination of 67 percent salt and 

anhydrite, 30 percent red beds, and 3 percent dolomite (A. Dutton, personal communication, 

1983). Total thickness of the evaporite aquitard estimated from figures 15 and 16 varies from 

650 to 1,550 m (2,100 to 5,100 ft), and the aquitard thickens toward _the southwestern part of 

the basin. 

Ogallala-Dockum Aquifer 

Overlying the Permian evaporite aquitard in the central and western parts of the Palo 

Duro Basin are the fluvial, deltaic, and lacustrine deposits of the Triassic Dockum Group and 

the alluvial deposits of the Tertiary Ogallala Formation. The Dockum Group is composed 

dominantly of terrigenous elastic red beds, mudstones, siltstbnes, sandstones, conglomerates, 

and minor facies of dolomite and chert (McGowen and others, 1979). The Ogallala Formation is 

made up of large alluvial fans of sand, gravel, and clay resulting from the eastward fluvial 

transport of eroded elastics from the Rocky Mountains (Seni, _1980). In contrast to the Dockum 

sandstones, which have lo·w specific capacities and produce wafers that range widely in sali~i~y, 

the Ogallala aquifer has supplied most of the water used in I the High Plains for agricultural, 

industrial, and domestic purposes. In the Palo Duro Basin, the aquifer is about 120 m (4-00 ft) 
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thick along a northwest-southeast trend and thins in le southwest direction to about 30 m 

(loo ft) and in the east and northeast directions to zerol(Seni, 1980, fig. 5). The percentage of 

sand and gravel decreases from 70 percent to 20 perce1t in the same patterns as those of the 

aquifer's thickness (Seni, 1980, fig. 10). 

A Conceptual Ground-Water Flow Model 

Figure 19 depicts the conceptualized regional ground-water flow patterns in the Texas 

Panhandle (after Bassett and Bentley, 1983). The flow system is characterized by the geometry 

of the region, its hydraulic conditions, the relative average permeabilities of major hydro­

geologic units, and the permeability distribution within each major hydrogeologic unit. The 

preliminary values of the relative ayer age permeabilities given in figure 19 are intended only 

for illustrating their effects cin the conceptual flow patterns. The distribution of the actual 

permeability values is far more complicated in the real system. The flow regime is bounded 

vertically by the land surface with a water table that essentially follows the topography, and by 

the basement aquiclude. The flow system is assumed to be currently under steady-state 

conditions. 

The low-permeability evaporite aquitard separates the flow regime into two distinctly 

I different flow systems: the upper unconfined aquifer (q)gallala-Oockum) and the Deep-Basin 

Brine Aquifer. Considering the ratio of average thickness to average areal extent of the 

I 
I 
I 
I 
I 
I 
I 

aquifer in the Palo Duro Basin, which is about l to 4-00 for the upper unconfined and l to 190 for 

the deep brine, both aquifers can be treated as extensive ones in which losses of head due to the 

vertical velocity components may be neglected. Thus, flow in both systems is essentially 

horizontal. The results of pressure-depth analysis of the deep-basin fluids indicates vertical 

uniformity of heads (Bentley, 1981; E. Orr, personal co~munication, 1982), suggesting that: 

(l) the whole deep-brine aquifer is interconnected, probably by depositional thinning of the 

shale aquitards that are interbedded with the carbonates and sandstones and/or by faults and 

fractures and (2) the assumption of predominantly horizontal flow in the aquifer is valid. The 
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same pressure-depth results also indicate that the deep-b ine aquifer is underpressured in most 

parts of the-basin, especially beneath the High Plains, an that it is artesian. In other words, 

the piezometric heads in the deep basin are below the land surface, but are well above the top 

of th~ deep-basin aquifer and are within the salt section. 

Recharge to the deep aquifer probably takes place in the updip areas to the west in New 

Mexico where the aquifer crops out (fig. 19) and along the upper boundary where vertical 

leakage from the upper aquifer moves through the evaporite aquitard. The amount of local 

recharge from leakage depends on the potentiometric-head difference between the upper and 

the deep-brine aquifers and the thickness and vertical permeability of the evaporite aquitard. 

Although average vertical-permeability of the evaporite section may be very small, vertical 

leakage across the aquitard may be significant due to the large contact area between 

formations. Locating areas where leakage is relatively high is also difficult because of the low 

density and unreliability of data. 

Flow in the Ogallala-Dockum Aquifer is essentially horizontal and the flow system is 

effectively separated from the deep-brine system. Although flow patterns in the aquifer are not 

the subject of this study, long-term, equilibrium, potentiametric head contours of the aquifer 

I are necessary for the evaluation of flow patterns in the deep aquifer because the upper aquifer 

I is a factor controlling the vertical leakage. across the evaporite aquitard. The Ogallala and 

I 
I 
I 
I 

I 

Dockum Formations may not constitute a unified and interconnected aquifer, but may represent 

two separate aquifers. Available data are not sufficient to separate the two formations into 

two separate aquifers. A conservative approach is maintained by assuming the potentiometric 

surface of the Ogallala is representative for both formations. 

The Wolf camp is the first permeable strata beneath the proposed repository site and is a 

po~sible pathway for contaminant transport ~!9-f'PJ}htjr-Jeposi tory to the biosphere. The whole 

Deep-Basin Brine Aqui~-~~ can a~s~ ·be .~reated a~ a maj~r l~a.thway,. for contamin
1
ant transport, 

owing to the hydr)c;~ft~'.::r~\~r~6'.~ .. n~~-tlp_~;1.;?.{:'tf~:-~·~9:wffi_bY,l1t/?~s~/9~f~f_Ifp.~j;:1A1:f~ Additional 
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pathways may exist in continuously permeable dolomites (e.g., San Andres dolomites, Dutton, in 

press) in the evaporite section. 

HYDROGEOLOGIC PROPERTIES OF THE FLOW SYSTEM 

Fluid Properties 

Procedures for computing salinity values of the deep-basin fluids from geophysical logs 

and from chemical analyses of fluid samples were described in Bassett and Bentley (1983). The 

average salinity in terms of total dissolved solids (TDS) of brines in the Wolfcamp-carbonate 

section of the Palo Duro Basin is 130,000 mg/L, determined from 110 data points (Bassett and 

Bentley, 1983, fig. 10). Similarly, the average salinity of brines in the deep-basin granite wash 

of the Palo Dura Basin was estimated, from 87 data points, to be 123,000 mg/L (Bassett and 

Bentley, 1983, fig. 11). In this study, an average salinity value ?f 127,000 mg/L was used for 

the deep-basin brines. Using the average geothermal gradient of 0.6°C/ 100 ft for the region, 

the average temperatures of brines in !he Wolfcamp carbonates and in the granite wash were 

computed to be 41°C (105°F) and 52°C (l25°F), respectively. It is expected that a small 

temperature gradient will have a negligible effect on regional ground-water flow patterns and, 

therefore, an average temperature of 46°C (l 15°F) was used to represent the fluid temperature. 

Using these average fluid properties (salinity and temperature) to convert units of permeability 

to hydraulic conductivity for the flow system. 1 md equal$ 0.00115 m/day. 

Permeability and Hydraulic Conductivity 

In order to do numerical simulations of ground-water flow patterns and calculate travel 

times in the deep brine aquifer of the Palo Duro Basin, tnowledge of the permeability of the 

various hydrogeologic units is necessary. It is also necrsary to recognize that when two­

dimensional flow takes place in a stationary and isotropic 117edium under a uniform gradient, the 
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effective permeability of the medium is given by the geo etric mean of permeability values at 

data points (Neuman, 1982). For problems of two-dime sional areal flow, each horizontally 

distributed_point quantity must represent the vertically a ,eraged permeability of the aquifer at 

that point which can be determined, for example, from puJping test data. The geometric mean 

of these point quantities is then used as an effective permeability value for the aquifer. The 

following is a discussion about the availability of permeability data for the deep-basin aquifer 

system and the use of ·the data in the numerical simulations. 

Permeability data are available for Wolfcamp carbonates, Pennsylvanian carbonates, 

granite wash, and pre-Pennsylvanian rocks (Table 2). Much of the permeability data is from 

petroleum exploration testing in basins adjacent to the Palo Duro Basin and is included in the 

data base. Permeability data for Wolfcamp carbonates are available from 25 DSTs (drill-stem 

tests), described by Bassett and Bentley (1983), from six pumping tests and 70 core sample 

tests. The six pumping tests are multiple tests of a single Wolfcamp interval in the DOE-Stone 

and Webster No. 1 Sawyer test well in Donley County, Texas. The 70 core sample permeability 

values are from oil fields in the Anadarko, Midland, and Dalhart Basins (Texas Water 

Development Board, 1972). Pennsylvanian permeability data are available from 25 DSTs and 

118 analyses of core samples. Upper and lower Pennsylvanian samples are not differentiated in 

the core data. Granite-wash permeability data are availabie from 10 DSTs, 10 pumping tests in 
! 

a single granite-wash interval in the No. l Sawyer test well, and f./.26 laboratory core analyses. 

Of the core sample analyses, 415 are from six wells in the Mobeetie Field in the Anadarko 

Basin. Pre-Pennsylvanian permeability data are very limited and consist of values from 4- DSTs 

of the Ellenburger Group, 6 DSTs of Mississippian carbonat~s, l pumping test of the Ellenburger 
' 

Group, and lf./. pumping tests in a single Mississippian carbonate interval in the No. l Sawyer 

test well. From this data base, Smith (1983) summarized the permeability values of each 

hydrogeologic unit and computed the geometric mean, a~ithmetic mean, and variance of the 

permeability for each type of data. Additional permeability data from five pumping tests in the 

Pennsylvanian granite-wash at DOE's SWEC-J. Friemel No~ 1 well indicate a permeability range 

9 



of 10 to 400 md with the average of 140 md. Laboratory tests on a granite-wash core sample 

from the same well indicate a permeability range of 97 to 

It should be noted that none of the above perm ability data represent a vertically 

averaged permeability of the hydrogeologic unit at a given location which is the desirable nodal 

point value in two-dimensional areal flow simulations. Although each permeability value from 

pumping tests represents the average fluid-conducting property of a relatively large volume of 

the medium compared with that of a core sample, the tested zone of the medium is still a small 

portion of the whole section of the hydrogeologic unit. No attempt was made to compute the 

vertically averaged permeability at data points where there are more than one permeability 

value because of the insufficiency of information and the variety of testing techniques used to 

obtain the permeability data. Instead, all the permeability data for each hydrogeologic unit 

(including those·of the neighboring basins) were used in the computation of the unit's geometric 

mean and variance. 

Table 2 summarizes the effective permeability values and the variances for each 

hydrogeologic unit of the Palo Dure Basin. The variances1 given in the table are those of DST 

permeability data which, for all strata, are the highest. The range of variance from 5.08 

to 5.70 for the carbo.nates seems high compared with the typical range of 1.12 to 1.49 from 

24,222 core samples of limestone (Bennion and Griffiths, 1966). The variance of 7.13 for the 

granite wash is also high compared with the range of .21 to 5.30 from more than 60,000 core 
. ! 

samples of conglomerate and sandstone (Bennion and Gritfiths, 1966; Law; 1944). The large 

values of variance indicate that there is a large natural variation in the permeability of each 

hydrogeologic unit and also suggest a lack of sufficient data. T.he effective-average 

permeability value is slightly increased with the inclusion of permeability data from neighboring 

basins for the Wolfcamp and Pennsylvanian carbonates, b t slightly decreased for the granite 

wash. A conservative approach is maintained by using the arger value in each case. 

The vertical permeability of 0.00028 md for the eva orite aquitard was derived from the 

\,_ harmonic means of permeabilities of two typical cross sections of the evaporite strata using 
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typical or measured values of permeability for each subst ata. A typical cross section of the 

evaporite strata is illustrated in figure 19. The typical or measured values of permeability of 

the evaporite's substrata are: 0.0001 md for red-bed shale (Davis and DeWiest, 1966), 0.0073 to 

0.012 md for salt and anhydrite (Davis and De Wiest, 19616; Peterson and others, ·1981), and 

0.1 md for dolomite (DST results, A. Dutton, personal communication, 1983). Table 2 includes 

the typical values of permeability of carbonates, shale, and granite wash taken from the 

literature. 

Porosity 

There are no direct measurements of porosity available for the deep-brine aquifer of the 

Palo Duro Basin. An indirect method using neutron-density logs was employed to make 

quantitative determinations of porosity of the Wolfcamp and Pennsylvanian strata (R. Conti, 

personal communication, 1983). From two neutron-density logs which penetrate the Pennsyl­

vanian strata at the DOE-No. l Sawyer test well in Donley County and the DOE-No. l Mansfield 

test well in Oldham County, porosity values of the Wolf camp and Pennsylvanian carbonates and 

the granite wash were estimated at 50 ft intervals according to the procedure described in 

Schlumberger (1979). Results of the analyses are given along with some typical values in 

table 3. Conti (1983, personal communication) has determined the porosity distributions of the 

Wolfcampian carbonates using 20 neutron-density logs in the Palo Duro Basin (fig. 20). 

HYDRAULIC AND BOUNDARY CONDITIONS 

Head Map of the Ogallala-Dockum Aquifer 

Potentiometric heads in the Dockum Group indicate hydraulic conditions on the upper 

boundary of the underlying evaporite aquitard. Availa,le head data are insufficient for 

constructing a reliable potentiometric head map of the Dockum unit. Published information on . 

the characteristics of the Ogallala Formation is readily av~ilable. Using these data, combined 
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with Dockum head data, Bassett, Bentley, and Simpkins (19 l) constructed a head map of the 

unconfined Upper Aquifer that overlies the evaporite aquitar in the Palo Dura Basin (fig. 21). 

Head Map .of the Deep-Basin Brine Aquifer 

' 
The whole deep-brine aquifer can be treated as a single permeable unit beneath the salt 

section provided that there is adequate vertical communication of flowing fluid between units 

comprising the aquifer. Based on the available geologic information and the results of pressure­

depth analysis (which indicate general vertical uniformity of heads in the deep basin), this 

simplification seems to be justified for the evaluation of ground-water flow patterns on a 

regional scale. Therefore, it can be assumed that heads in the Wolfcamp and the Pennsylvanian 

strata are similar and that regional flow patterns in the deep basin may be characterized by ah 

average potentiometric head surface. 

Almost all of the head data from the Deep-Basin Brine Aquifer used in this study were 

derived from the results of drill-stem tests (DST) conducted in petroleum wildcat wells and 

from bottomhole pressures measured in oil fields (data available from the Petroleum Informa­

tion Corporation (PI) commercial file). There are about 1,4-60 sets of data for the Palo Duro 

Basin and the northern part of the \ilidland Basin, just sout~ of the '.viatador Arch. Sixty-six 

more sets of data with pressure/time charts were obtained directly from operators in the Palo 

Dura Basin in the form of DST technical reports. This type ot data, classified as "class H" data, 

is considered to be the best since the pressure/time charts are available for analysis (Matthews 

and Russell, 1967; Bassett and Bentley, 1983). The Petroleum Information Corporation data are 

ranked according to number and quality of shut-in period data. With decreasing reliability, data 

are classified as: "class A" data if there are two shut-in pressures and both agree within 

10 percent, "class B" if both shut.-in pressures do not agree within 10 percent, and "class C" if 

there is only one shut-in pressure. Note that, in fact, class C group may include some good data 

such as those of class A, although good data could not be diffierentiated from bad with a single 
i 
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shut-in pressure. The higher pressure of the two shu -in pressures was chosen and then 

converted to equivalent fresh-water head. 

An average head surface for the deep-brine aquife was constructed by averaging head 

values at data points where there are multiple values. By doing this and by_ choosing not to use 

class B and class C data, because of their lesser reliability, the data base of measured heads 

was reduced to 42 class H heads and 305 class A heads. 

For a better understanding of the characteristics of each class of head data, class H and 

• class A·. data were first separately investigated and then merged. Class H head data are 

·. sparsely distributed and are very rare in the middle-north and northeast of the basin (fig. 22) • 
./ 

The head contours indicate a decline of head from west to east • and from southwest to 

northeast. Class A head data are sparsely distributed within the Palo Dura Basin but densely 

packed in the northern parts of the Midland Basin, south of the Matador Arch (fig. 23). An 

average head map constructed from class A data (fig. 24) indicates that: (1) there is a general 

trend of head decline from west to- east and from southwest to northeast across the Palo Dure 

Basin but with variability of localized zones of. low and high head, and (2) there is no well­

defined direction of regional head decline southof the :'vtatador Arch due to the high density and 

variability of localized zones of low and high head. The zones of low head are probably created 

by depressurization of the aquifer from oil and gas production, especially south of the Matador 

Arch; or they may be due to measurement errors. The zones of high head could be due to local, 

high intensity recharge from the overlying evapori te aqu~ tard. Since we are interested in 

studying the ground-water flow patterns on a regional scale and the available information is 

neither sufficient nor accurate enough for a detailed investigation of the effects of locally high 

recharge or depressurization due to oil and gas production, the irregularities of the head 

contours are treated as noise in the head data due to simall-scale variations of head and 

measurement errors. I 

To obtain a smoother head map, a statistically rnovlnJ-average technique called "kriging". 

was employed to filter out the noises. The programs for the kriging technique employed in this 

13 



---,t,:· 
t' 

11 

i 
f 
I 
I 
I 
I 
I 
I 
I 
I 
I 
( 
( 
( 

( 

i 
I 

study. (GAMM and UKRIG) were developed by Knudso and Kim (1978) based on Matheron's 

(1963) intrinsic hypothesis that the first order differenc (or increment) of observed values of 

the phenomenon (the head values in this case) forms a stationary process (has the same 
I 

• probability distribution at different locations). In other Words, the programs assume a constant 

drift of head values over the area from which data are selected to make an estimate. In 

general, the kriging technique pr_ovides unbiased estimates of values of a variable at the nodal 

points of a regular or irregular grid given measured values of the variable at arbitrary points in 

.. space. -The method differs from other spatial interpolation and averaging techniques in that it 

also provides estimates of the variance of the corresponding errors of estimation. 
/ 

. The first step in applying the kriging technique is to compute a representative variogram 

from a given set of observed data (using program GAMM). The variogram provides information 

about the form of relationship between two observations as a function of the intervening 

distance. Different functions can then be used to fit the computed variogram in order to 

describe it mathematically. The kriging program employed in this study (UK.RIG) uses a 

spherical function for describing a variogram which can be defined by parameters: c, a, and co, 

respectively called the sill, the range, and the nugget effect. The reader is referred to Clark 

(1979), David (1977), and Royle and others (1980) for comprehensive discussions of geostatistical 

theory and mathematical methods. The next step after obtaining a representative variogram is 

to specify a block system of either regular. or irregular sizes. Kriged estimates of the variable 

are then computed for each block by weighted averaging of the values of the surrounding data 

points (using program UKRIG). The weight of each surrounding data point in weighted 

averaging depends on the variogram structure and the location and orientation of the data 

relative to the kriged point. 

An extensive variogram study of class A head data resulted in an anomalous representa­

tive variogram. The variogram indicates, from its periodic-sine-function shape, that class A 

head data belong to a purely random process with highly irregular patterns of data points. This 

phenomenon is mainly due to the highly inaccurate and fl~ctuating head values in the densely-
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packed groups of data in the northern parts of the M • dland Basin which may be due to 

depressurization from oil and gas production. Since the hig y inaccurate head values are in the 

area outside the Palo Dura Basin, they are rejected and onlr those of class A data located above 

the 31'49' latitude used in this study. 

By combining the best classes of head data, the new data base consists of 118 selected 

class A and 42 class H head values (fig. 25). The representative variogram of these 160 head 

va·l~es (fig. 26) gives the following information: (1) The range, the distance at which the 

var_:iogram levels off, is 45,000 m, meaning that all the head data points within a distance of 

45,000 m from a given point are related to the head value at that point and thus are· used in the 
T., 

estimate of kriged hea.d at the point. (2) The nugget effect is 2,700. m2, indicating that the 

average standard error of the head data is about - 52 m which is relatively high compared to the 

head difference of about 500 m across the basin. (3) The average square difference of the head 

values (Gamma) increases from the nugget effect with distance until it levels off at a distance 

equal to the range and gamma equal to the sill, that is, head data nearby ha~e similar values, 

and data far away are· likely to have less similar values. (4) The average square difference of . 

the head values begins to increase approximately linearly at some distance after it levels off. 

This indicates that the mean trend (or drift) of head begins to exert its influence and that a 

regional trend of head distribution is expressed in these hea,d values. Note that drift, a large­

scale phenomenon, does not exert its influence on data points separated by a distance less than 

the range. • 

The study area (fig. 25) was divided into a system of regular blocks, 20,000 m on a side. 

Based on the 160 selected class A and class H head data and their variogram structure (fig. 25), 

head _values at the center of each block were computed using program UKRIG (Table A-1 in 

Appendix). A head map constructed from these computed h~ad values (fig. 27) clearly· shows a 
. I 

• • decline of head from southwest to northeast across the basi~ with a slightly larger decline from 

east to west along the basin's southern boundary. The kri*ng program not only provided the 

estimate of head value at a kriged point but also the e4timation variance (and hence the 
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standard error of estimate) at each point. The estimation v riance refers to the variance of the 

error between the true head value and the estimated head alue of a block. The standard error 

of estimate is the square root of the estimation variance and represents the magnitude of error 

associated with an estimated value. A contour map of the standard errors of estimate for the 

kriged heads in figure 28 shows that the error is very high in the middle-north and northeast 

, areas of the basin where there are almost no data. 

Head Map of the Wolfcamp Aquifer 

Due to the limited amount of Wolfcamp head data in the Palo Dui;o Basin, Smith (1983) ,,,. 

used all classes of head data in both the Palo Dure and Anadarko Basins to construct a 

Wolfcamp head map. His data base consists of 23 class H heads, 71 class A heads, 19 class B 

heads, and 167 class C heads. His variogram analysis resulted in a representative variogram 

having a range of 20,000 m~ a nugget effect of 5,340 m2 (57,500 ft2), and a sill of 9,530 m 2 

(102,500 ft2). The Wolfcamp nugget effect is larger than the nugget from the averaged heads 

variogram of the Deep-Basin Brine Aquifer, indicating that the Wolf camp head data have a 

higher standard random error which, in this case, is mainly due to measurement errors. The 

Wolfcamp head map (fig. 29) is based on kriged estimates of head at the center of blocks 

20,000 m on a side. The standard error of estimate associated with the kriged head is given in 

figure 30. 

Boundary Conditions 

There are generally two types of boundary conditions in any ground-water flow system: 

specified head and specified flow conditions. The eastern nd western boundaries of the Palo 

Dura Basin are treated as head boundaries along which va ues are specified according to the_ 

relevant head map, that is, from figure 27 for the Deep- asin Brine Aquifer simulations and 

from figure 29 for the Wolfcam.pian aquifer simulations. ThEl same head maps also indicate that 
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the southern boundary along the Matador Arch is a no-f~ow boundary since the equipotential 

lines of both aquifer systems are essentially perpendicular o the boundary. 

The conditions on the northern boundary along the marillo Uplift are more complicated 

due to the presence of the basement uplift that was exposed throughout the entire Pennsyl-

vanian and a major part of the Wolicampian and due to the presence of oil and gas fields. 

-Geologic information indicates that the eastern section o:f the northern boundary is a no-flow 

boundary. This is supported by· hydrologic information (the head maps). The massive block of 

. the Amarillo Uplift apparently acts as an impervious barrier, direc-;.ing most of the approaching 

fluid from the Palo Dura Basin eastward along the downthrown block of the uplift. There is a 

. ~-~ --

~✓ 

thin layer of Wolfcampian brown dolomite overlying the uplift (fig. 31; Handford, 1980, fig. 5; 

Dutton and others, 1982, figs. 12, 22, plate II) that may provide channels for fluid flowing over 

the uplift. However, this flu.id conducting unit has a relatively small transmissivity compared 

with those of the adjacent Wolfcamp aquifer and the whole deep-brine aquifer in the Palo Ouro 

Basin. Based on the average thickness of 60 m (200 ft) and the permeability of Wolfcamp 

carbonates, the permeable unit on the uplift has a transmissivity of 0.6 m2/day compared with 5 

to 50 m2/day for the adjacent Wolfcampian aquifer and 10 to 80 m2/day for the whole deep-

brine aquifer. Therefore, flow in this small transmissivity unit is not expected to have any 

significant effect on the regional flow field of the Palo Durio Basin. Moreover, the presence of _ 

oil and gas in the Wolfcampian brown-dolomite unit on the Amarillo Uplift (Pippin, 1968) may 

reduce the eff e<:ti ve permeability of water flow• and act as another impervious barrier 

preventing ground water from flowing over the uplift. The head map of the whole deep-brine 

aquifer (fig. 2~) clearly indicates that the northern bounda~y along the Amarillo Uplift can be 

treated as a no-flow boundary, although the Wolfcamp head map (fig. 29) and the Brown 

Dolomite isopach map (fig. 31) does not obviously reveal a 1no-flow condition along the uplift. 

Further discussion on th~- boundary conditions is given in the ~allowing section. 
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NUMERICAL SIMULA TI NS 

General Description of Numeric Modeling 

For detailed characterization and evaluation of regional ground-water flow in the deep­

brine aquifer, the conceptualized physical flow-system is represented by a steady-state, two-

. dimensional, vertical-averaging_ mathematical model of a confined aquifer with vertical 

I leakage. The mathematical model is then numerically solved using the computer program 
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I 
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. "TRAVEL." · Program TRAVEL is a general purpose program for two-dimensional steady-state 

ground-water flow analysis. It can be used to investigate two-dimensional, profile or areal, 
/ 

flow and mass transport problems. Program TRAVEL was written based on the Galerkin Finite-

Element technique and the use of quadratic-quadrilateral elements in discretizing a flow region. 

Background materials, as well as some examples of application, are available in a report by 

Charbeneau and Street (1978). Fl,111 descriptions of the program's use and capabilities, as well as 

an example of application, are available in the user's guide for the program (Wiroja0agud, 1983). 

The studied flow region of the Palo Dura Basin was discretized into a finite element mesh 

of 120 elements with l/.05 nodes (fig. 32). The· X and Y coordinates of the finite element mesh 

have their origin at 103.750/Y longitude and 33.387/Y latitude, respectively, the same as that of 

the well-control points mentioned earlier. The coordinate of each node point is given in meters 

from the origin. A data file called "PALOFL" was cr.eated to numerically represent the 

geometry of the flow region, thicknesses of the hydrogeologic units, and. some hydraulic 

conditions of regional flow within the Palo Dura Basin. As Table A-2 in the Appendix 

illustrates, the PALOFL file consists of the following data at each node point (all length units 

are in meters): 

(1) nodal point number; 

(2) X-coordinate of node point; 

Y -coordinate of· node point; (3) 

(4) 
• i . 

elevation of top of the crystalline basement in njieters from sea level (from fig. 2); 
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(5) thickness of pre-Pennsylvanian rock (from figs 2 and 3); 

(6) thickness of the Pennsylvanian carbonates (fro flgs. 7 and 8); 

(7} thickness of the Pennsylvanian granite wash (from figs. 5 and 12); 

(8) thickness of the Pennsylvanian shale in meters from fig. 4,, (6), and (7)); 

(9) thickness of the total Pennsylvanian rock (from fig. 4,); 

(10) thickness of the Wolfcamp carbonate (from figs. 11 and 13); 

(11) thickness of the Wolfcamp granite wash (from fig. 12); 

(12) thickness of the Wolfcamp shale (from fig. 11, (10), and (1 l)); 

(13) thickness of the total Wolfcampian rock (from fig. 11); 

(14-) thickness of the total granite wash (from fig. 5); 

(15) thickness of the evaporite aquitard (from figs. 15, 16, and 17); 

(16) potentiometric head in the upper unconfined aquifer (from fig. 21); 

(17) thickness of the high-porosity Wolfcamp carbonates (from fig. 14,); 

(18) thickness of the high-porosity Pennsylvanian carbonates (from fig. 9); and 

(19) NCODE, an integer identifying zones of granite-wash coarsening in the Pennsyl­

vanian strata; it has· the value of 2 for nodes in the coarsening zone, l for nodes at 

the b'oundary of the coarsening zone, and O for ordinary nodes. 

In Tabie A-2, the deep-brine aquifer was divided into three subunits: the Wolf camp, the 

Pennsylvanian, and the pre-Pennsylvanian strata. The Wolfcamp and the Pennsylvanian strata 
' 

were further subdivided into carbonates, granite wash, and shales. The nonarkosic sandstones in 

the southeastern parts of the basin that are interbedded with carbonates were combined with 

the carbonates because of the relatively small thickness of these sandstones. The numerical 

values of elevation, thickness, head, and NCODE for each node point were obtained by 

I supedmposing a work map of the finite element mesh onto '1f relevant work map (or maps} as 

I indicated _above. and either. reading the values directly or domputing them. Combined with 

information about the hydrogeologic properties (hydraulic condiuctivity and porosity) of the flow 

I 

I 19 



system, the data in Table A-2 were used in preparing partl, of the input data file for the two-
1 

dimensional areal flow simulations. 

Input data files for numerical simulations were preJared following the user's guide for 

TRAVEL (Wirojan_agud, 1983). Although the whole procedure for preparing an input data file 

wili not be described in this report, the computation of four parameters representing the 

hydrogeologic properties of the flow system will be briefly discussed. In an input data file, the 

aquifer's transmissivities in the X and Y directions (TRANSX and TRAN SY) must be specified at 

each node, whereas the vertically integrated porosity (PORTH) and the leakage coefficient 

(COEF) must be specified element by element. In the Wolfcamp aquifer simulation, for 
/ 

example, the nodal point transmissivity is simply the summation of the products of the 

hydraulic conductivity and thickness of each Wolfcamp subunit (the carbonate, granite wash, 

and shale). The contribution of the shale subunit to the overall transmissivity value is 

Practically negligible due to its very low permeability, but it is included in the computation for 

completeness. Nodal point values of the vertically integrated· porosity were computed in the 

same manner and then averaged for each element. The leakage coefficient (defined as the 

aquitard's hydraulic conductivity divided by its thickness) was computed node by node and then 

averaged for element-wise values. The computational procedure for the properties of the whole 

• deep-brine aquifer is similar. 

The physically complex system has been represented by a numerical model whose behavior 

is governed by the boundary conditions and the values of four model-para-meters: TRANSX, 

TRAN SY, PORTH, and COEF. The reliability of a numer1ical result is, therefore, directly 

related to the availability and accuracy of the basic information required in computing the 

input parameters. Owing to the lack of accurate data on the potentiometric head and 

permeability o~ all of the major hydrogeolo~
1
; tn\~!)r the Palo Dura Basin, no single numerical 

simulation result presented in this report· is intended to r~present the actual regional flow 
I 

pat t ems. Ins te ff.•, .. ~~~f\ 51 ~ (U a'.ti 6 ii_ 'res uit '. h~ul d' be Yi ew~d. ~f • a '. p".5,si~l e ref:'. ;:e nta tio n of the 

actual flow system; and; results. from the so-callee! "_best mo,~el" _re!?.r~se_~t .. t~.~ most probable 

;; ,';• ·; L '2'()_: ., .. 
: ... :;. •/ : ·•. • :"!" • :;_i,:h :·: :_.'·\ 
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flow patterns. Numerical simulation is undertaken in an e fort to better characterize the deep­

basin ground-water flow system based on the available in ormation and to evaluate changes in 

the flow patterns in response LO any expected variations in the flow parameters and boundary 

conditions. 

The Wolicamp Aquifer 

Regional ground-water flow patterns in the Wolfcamp aquifer are of concern because the 

Wolfcamp is the first permeable unit beneath the proposed repository level in the salt section. 

Major contributors to the transmissivity of the Wolfcamp aquifer are the carbonates and the 
/ 

granite wash. They would be the major pathways for any contaminant transport in the upper 

part of the deep-brine aquifer. The low permeability shale functions as an aquitard, underlying. 

and inter bedding with the carbonate aquifer. 

Table t+ summarizes numerical simulations of the Wolfcamp aquifer. The specified head 

values along the eastern and western boundaries were set according to the Wolfcamp head map 

(fig. 29). The head value declines from 860 m (2,820 ft) in the south to 550 m (1,800 ft) in the 

north along the western boundary, and from t+80 m (1,575 ft) to 380 m (1,250 ft) along the 

eastern boundary. The southern boundary along the .v\atador Arch is a no-flow boundary. The 

head map also indicates that the northern bound_ary along the uplift in Oldham and Potter 

Counties is a no-flow boundary, but this cannot be clearly seen along the eastern part of the 

boundary in Carson, Gray, Donley, and Collingsworth Coundes, probably due to the lack of head 

data in these areas. Owing to the physical complexity imposed by the uplift and lack of head 

data along the northern boundary, two configurations of boundary conditions have _been modeled 

(see figs. 3t+ and 35) . 

. Simulation A-L . __ . . . . j · · 
In Slmulation A-1, the known valu~s of permeability , nd porosity from Table 2 were used 

as input parameters for the numerical model (fig. 33) with ~he boundary conditions as shown in -
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figure 34. The ·resulting Wolfcamp transmissivity is fairly uniform throughout the basin 

(fig. 33). However, contours of computed head from \ the simulation results (fig·. 34) are 

completely different ii:i patterns from the contours of ~easured Wolfcamp head (fig. 29 and 

figure 4.18 in Stone &: Webster, 1983) indicating that the specified model parameters do not 

satisfactorily represent-the actual physical flow system. Therefore, the transmissivity values, 

the permeability of the evapori_t.e aquitard, and the boundary conditions are modified in the 

subsequent simulations, based on· geologic and hydrologic information, so that the simulated 

head surface is as much in agreement as possible with the measured·head surface. 

Simulation A-2 

The model par.a.meters for Simulation A-2 were the same as those of Simulation A-1 

except that the boundary conditions along the uplift were modified (fig. 35). The contours of 

computed head (fig. 35) are still not in good agreement with those of measured head. It should 

be noted that a more restricted model was tried with specified values of head throughout the 

northern boundary along the uplift, but that model was also unable to satisfactorily simulate the 

measured Wolfcamp head surface. 

Simulation A-3 

Simulation A-3 investigated the effects of varying the transmissivity distribution of the 

aquifer. It is reasonable to expect that there are zones of high transmissivity in the 

northeastern part of the basin because the Wolfcamp head map indicates that there is regional 

ground-water flow toward that direction. High transmissivity zones may be related to the 

Wolfcamp granite wash that was primarily deposited in the northeastern part of the basin 

(fig. 12). The relatively thin granite-wash deposit with an expected high permeability may 

function as a high transmissivity zone (or sink) at the northieastern comer of the basin (fig. 36), 

pulling the g~ou~c:! ~ater to\Va;d that direction. The grani~e-wash permeability was gradually 

increased to 260 md in Simulation A-3. Contours of computed head from Simulation A-3 

(fig. 37) are similar to the contours of measured head except in the northwestern parts of the 
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basin where they indicate some flow toward the no~th and northwest directions. These 
! 

unexpected flow directions may be caused by the specifie~ no-flow condition along the northern 
I 

boundary or by _the high vertical leakage specified for ~he evaporite aquitard, which allows a 

large amount of leakage into the Wolf camp aquifer, resulting in gr0Ln1d-water flow out of the 

basin through its western boundary. 

Based on the results of Simulations A-1, A-2, and A-3, it can be concluded that zones of 

high transmissivity must exist in the northeastern parts of the basin for the model to reasonably 

simulate the measured Wolfcamp head map. 

Simulations Band C 

The effects of. leakage on the simulation results were investigated in Simulation B by. 

assuming a no-leakage condition (permeability of the evaporite aquitard equals zero). An 

improvement in the simulated head contours (fig. 38) indicates that the specified value of 

0.00028 md for the vertical permeability of the evaporite aqultard in previous· simulations was 

too high. The contours of computed head in figure 38 are generally in good agreement with the 

• Wolfcamp head maps (fig. 29 and fig. 4-.18, Stone&: Websttr, 1983), although they are smoother 

and more north-south. Increasing the permeability of the evaporite aquitard to 0.00008- md in 

Simulation C slightly improves the head distribution (fig. 39) such that it shows a more 

southwest to northeast flow direction than the results of Simulation B. The change of flow 

patterns from their original southwest-northeast direction to west-east direction along the 

northern boundary shows the effect of the no-flow condition imposed on that boundary. While a 

no-flow condition may be justified in the eastern part of the northern boundary where the uplift 

was almost • completely exposed throughout Wolfcampian time, it may be an unrealistic 

restriction in the western part of the boundary where the brown dolomite over the uplift is up 

to 100 m (350 ft) thick (fig. 31). -This unrealistic no-flow a~sumption may also be the reason for 
'1 

the east-to-west flow direction in the northwest part of 'fhe basin (fig. 4-0), an unacceptable 

condition according to the measured Wolfcamp head maps.\ The streamlines and travel times in • 
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figure 40 were computed assuming a number of starting point along the western boundary. The 

spaces between streamlines do not constitute flow tubes as in a flow net and, therefore, there is 

not equal flow between streamlines. The travel-time interval between marks along streamlines 

is 400,000 years. 

Simulation 0-1 

The numerical model was :further refined in Simulation D-1 by imposing a specified head 

condition along the western part of the northern boundary, keeping all the other boundary 

conditions the same (fig. 41). This, in effect, allows a possibility of flow over the uplift. The 

resulting head distribution and streamlines (figs. 41 and 42) illustrate a.'Slgnificant improvement 

of the flow patterns. in the northwestern part of the basin with the head contours being ·more 

similar to the measured head maps than the previous simulation results. The streamlines are 

essentially parallel to the. uplift along the western part of the northern boundary in Oldham 

County but show some components of flow across the boundary (over the uplift) in Potter and 

Carson Counties where the overlying brown dolomite thickens to about 240 m (fig. 31). It 

should be noted that the northern boundary of the numerical model is on the downthrown 

(southern) side of the uplift. Therefore, the model does not recognize any physical configura­

tions on the uplift, such as the existence of brown dolomite, although the existenc~ of the uplift 

itself is recognized by the model in Carson, Gray, and Wheeler Counties through the assumption 

of the no-flow condition. The occurrence of larger flow components across the northern 

boundary through the zone of thick brown dolomite is considered to reflect a reasonable 

representation of the physical system by the model parameters and boundary conditions. 

Simulation 0-2 

The model was refined in Simulation 0-2 by using the a~eraged porosity distribution of the 

- • Wol:fcanip (fig. 20),- keeping all_ the other parameters the samf as those of Simulation D-1. As 

such, only the travel times differ from the results of Simulation D-1 (fig. 43). Owing to ~he 

smaller average Wolfcamp porosity from figure 20 (0.064) compared to the porosity values used 
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in Simulation D-1, the travel times ln figure 4-3 are less th$,n those in figure 4-2. The time it 

takes for ground water to flush through the modeled sectio of the basin within the Wolfcamp 

aquifer is computed to be about :.4- to 1.8 million years (fig. 4-3). Travel times across the entire 

Palo Dure Basin (biosphere to bio (115°F) was used to represent the fluid temperaturle unit 

beneath the salsphere) are larger. 

Simulation E . 

Simulation E is another alternative for refining the rnumerical model using a qualitative 

isopach map of highly porous carbonate in the Wo!fcamp aquifer (fig. 14-). • Porosity and 

permeability values of the highly porous carbonates were increased to 0:10 and 50 md from ·the 

average values of 0.08 and 8.9 md, respectively. The resulting transmissivity distribution 

(fig. 4-4) shows a significant increase in transmissivity along the shelf margins and a low trans­

missivity zone trending from south to northwest across the basin center. The boundary 

conditions in Simulation E are the same as those imposed in Simulations 0-1 and 0-2. As 

expected, the contours of computed head (fig. 4-5) indicate a high hydraulic gradient along the 

low-transmissivity zone, a phenomenon that can also be observed from the measured head map 

(fig. 29). The total travel time for ground-water to flow across the Ft1bdeled section of the 

basin varies from 1.2 to 2.0 million years (fig. 4-6), which is the same range as. the previous 

estimate from Simulation 0-2. Total discharges through the western part of the northern 

boundary and the eastern boundary are about 280,000 and 4-00,000 m3/year, respectively. 

Leakage Across the Evaporite Aquitard 

Using the results of Simulation E as the best representation of the flow system, the 

potential for leakage across the evaporite aquitard was computed at each point by taking the 

difference between the head in the unconfined Upper Aquifet (flg. 21) and the computed Wolf-
' 

camp head (fig. 4-5). The potential for leakage was then contoured (fig. 4-7). Contours of the 

leakage gradient (fig. 4-9), obtained by dividing each head difference by the corresponding 

thickness of the evaporite aquitard (fig. 4-8), indicate that the gradient for downward leakage is 
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high along the northern boundary of the basin and be omes smaller toward the south and 
I 

i 

southeast directions. The negative gradient in the southe~tern part of Cottle County indicates 

the potential for upward flow from the Wolfcamp aquifer to the ground surface. Note that the 

results in figures 47 and l.;.9 are based on the computed Wolicamp head from Simulation E which 

assumed a permeability value of 0.00008 md for the evaporite aquitard. Local variations in the 

amount of leakage depend directly on the. heterogeneity of the aquitard's permeability which 

needs to be further investigated on a local scale. The amount of. leakage through the evaporite 

aquitard was estimated for each element (Table 5) based on the numerical results (fig. 49 and an 

average value of 0.00008 md for the aquitard's permeability) using ,a numerical-integration 
.,f 

scheme. The total amount of leakage is es·timated to be 359,000 m3/year, about 52 percent of 

the total discharge from the Wolfcamp aquifer of the Palo Dura Basin. 

The Deep-Basin Brine Aquifer 

Because of the differences in the potentiometric surfaces arid geologic conditions between 

the Wolfcamp and the deeper strata (Stone and Webster, 1983; Dutton and others, 1982), flow 

patterns in the deeper strata may be different from those of the Wolfcamp aquifer. The limited 

information available, however, does not allow a three-dimensional study of flow in the deep­

brine aquifers with reasonable accuracy. A rnore appropriate approach is to treat the deep­

brine aquifers as a single permeable unit with perfect cross-formational communication. All 

model parameters representing the aquifer properties, as well as the head value at a given 

point~ are the vertically-averaged values throughout the deep basin. This approach is adequc3:te 

for the study of averaged flow-patterns and averaged flow-velocities of the deep brines as we!l 

as the total amounts and rates of basin discharge, especially when there are only limited 

amounts of information available for the flow system. j' · 
The numerical model of the whole deep-brine aquife is similar to the model of the Wolf­

camp aquifer. In fact, some studied results of the Wolfe mp model can be directly useful for 
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deep-brine aquifer simulations, such as the most probable v lues of the leakage coefficient and 

the permeability of ~olfcamp granite-wash, and the proper ypes of boundary conditions. 

Simulation· A 

Table 6 summarizes the deep-brine aquifer simulations. In Simulation A, the known values 

of permeability and porosity from Tables 2 and 3 were used, except that the permeability values 

of 260 -md and 0~00008 md we-re specified for the Wolfcamp granite wash and evaporite 

. aquitard, respectively, based on the best Wolfcamp model. . The boundary conditions and. head 
... -.... · 

values were specified according to figures 51 and 27, respectively. The head value declines 
/ 

from 900 m (2,950 ft) in the south to 620 m (2,030 ft) in the north along the western boundary 

and from l/-80 m (1;575 ft) to - 370 m (1,210 ft) along the eastern boundary .. The model 

transmissivities for this simulation are as given in figure 50. The contours of computed head 

. (fig. 51)-and streamlines (fig. 52) indicate the expected southwest to northeast flow direction ,. . . 

but with a slightly larger west-to-east flow component than the Wolfcampian flow, mainly due 

to the more west-to-east trend of heads specified along the western boundary (see figs. 27 and 

29). Flow in the northwestern: p~Lof the study area is parallel to the uplift in Oldham and 

Potter Counties and discharges through the northern boundary in eastern Potter and Carson 

Counties (fig. 52). The coincidence. of -the discharge boundary with the zone of thick brown 

dolomite over the uplift indicates proper functioning of the model parameters. 

Simulation B 

Although the simulated head contours in figure 51 generally have similar patterns to those 

of the measured neads (fig. 27), the 4-50 m contour extends further to the east than expected. 

Increasing transmissi vity values in the northeastern part of re study area will adjust the 4-50 m 

contour· line further to the west. The pe~meability of the Pernsylvanian granite wash in certain_ 

areas close to the uplift (fig. 53) was, therefore, increased in; Simulation B to 260 md to account 

for a possible granite-wash coarsening toward the source and/or high permeability in th'~ fault_ 

zone that flanks the uplift. (In Simulation A, only the permeability of the Wolfcamp granite 
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wash was increased to 260 md.) This, in effect, creates a high transmissivity zone extending 

along the uplift (fig. 54) and the 

previous ones (figs. 55 and 56). 

Simulation C 

simulation results are stghtly improved compared to the 

Finally, permeabilities of the more porous Wolfcamp and Pennsylvanian carbonates 

(figs. 14_ and 9) ~e~e increased to 50 md in Simulation C. The resulting transmlssivity contours 

are as given in figure 57 and the simulation results in figures 58 and 59 give an estimate of 

discharges of 60,000 and 1,020,000 m3/year across the northern and the eastern boundaries, 

respectively. The approximate travel time across the basin is in the rahge of 1.2 to 2.2 million 

years, which is in the same range as that of the Wolfcamp aquifer. 

HYDROGEOLOGIC IMPLICATIONS 

Ground water in the Wolfcamp aquifer flows mainly from southwest to .northeast across 

the basin and discharges through the eastern boundary and part of the northern boundary (in 

Potter and Carson Counties) where the Wolfcamp brown dolomite overlying the Amarillo Uplift 

is thick and acts as a conduit for fluid flow over the uplift. for the given boundary conditions, 

this flow direction can be maintained only when there is a high transmissivity: zone in the 

northeastern part of the basin that functions as a sink and "pulls'' the ground water toward the 

uplift. The expected high transmissivity zone can be related to the existence of• the Wolfcamp 

granite wash that was deposited primarily along the flanks of the uplift. The results of 

numerical simulations indicate that a permeability value of 250 md or higher for the granite 

wash is needed to cause the observed flow direction (fig. 45). Although there are no data to 

justify the expected permeability value of the Wolfcamp granite wash, five pumping tests in 

Pennsylvanian granite wash at DOE's SWEC-J. Friemel No. l well indicate a permeability range 
I 

of 10 to 400 md with an average of 140 md. Because ~f the similarity in depositional 

environments between the tested Pennsylvanian granite wash rnd the \Volfcainpian granite wash. 

I 
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(both are .dose to their sources, Bravo Dome and Amarillo pplift, respectively), a similar range 

of permeability values is expected. Bentley (1981) and ,Barsett and Bentley (1983) noted that 

the fluid pressures in th.e deep-basin aquifer were below hy4ostatic. Because the thick granite­

wash deposits cause a shift in direction of lateral around-water flow it is also expected that 
' 0 ' 

this hydrologic sink could cause the observed subhydrostat~c pressures. This numerical model, 

however, cannot confirm this relationship, because the prescribed heads used for part of the 
'· -

boundary condition force the simulation to be subnydrostatic .• • 

•. An alternate explanation as to why ground-water flow is toward the Amarillo Uplift may 

be the extensive hydrocarbon production from the Panhandle oil and gas field. Hydrocarbon 
./ 

production along the Matador Arch (southern boundary of the model) has caused an artificial 

depressuring in that area. The possibility of this occurrin.g in the Amarillo Uplift region ne~ds _ 

to be considered. Simulation E does show, however, that the high permeability zone of granite­

wash sediment can cause the northeastern flow. 

Toth (1978) suggested that elevated potentiometric surfaces beneath topographic highs 

can be translated through low permeability formations and affect potential distributions in 

deep-basin aquifers. In the Palo Duro Basin, the low-permeability evaporite aquitard separates 

. the flow regime into two different flow systems: the topographically high, upper, unconfined 

aquifer and the Deep-Basin Brine Aquifer. The translation of topographic effects from the 

elevated potentiometric surface of the Ogallala through the evaporite aquitard to the Deep­

Basin Brine Aquif.er, however, appears to be small compared to the effects of permeability 

distributions of the aquifer system. Comparing the results of numerical Wolfcamp Simulations 

B, C, and E demonstrates the relative importance of topographic effects and permeability 

distributions. In Simulation B where there was no leakage, the head distribution (fig. 38) was 

governed by the transmissivity distribution of the Wolfcamp aquifer and the boundary 

conditions. In Simulation C where topograpl,ic control waf allowed by assuming an average 

permeability value of 0.00008 md for the aquitard, the ~ead distribution (fig~ 39) remains 
' ' 

essentially the same without showing any topographic effects. On the other hand, when the 
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permeability of the highly-porous Wolfcamp carbonates af ong the shelf margins was increased 

to 50 md in Simulation E, a bunching of contours (fig. 45) tas observed, a phenomenon that can 

be also observed on the kriged head map (fig. 29). The How direction follows more along the 

shelf carbonates in Simulation E (fig. 46), and the average travel time across the basin 

decreases from 2.2 (fig .. 42) to 1.4 million years. 

Based on the results of Simulation E as the best representation of the Wolfcampian flow 

system, the travel time across the model area of the basin ranges from 1.2 to 2.2 million years 

(fig. 46). The flow velocities in Wolfcamp carbonates computed in the present work are roughly 

one order of magnitude higher than those of INTERA's model (INTERA, y82), mainly due to the 

differences in the permeability value~ used in each model. INTERA (1982) used an earlier 

.. compiled data set of permeability values which had low.er statis_tical means. Using this study's 

co_mputed travel times and assuming that the present flow system started in the late 

Creta:eous, about 30 to 55 pore volumes of the Wolfcamp aquifer have been flushed through the 

basin. The saline waters in the Wolfcamp and Deep-Basin Brine Aquifer are considered 
• 

hydrodynamic and of meteoric origin. Because of this multiple flushing, these aquifers do not 

represent a stagnant system containing original conate waters. 

In spite of the small average permeability value of the evaporite aquitard, leakage 

through the aquitard m~y be large because of the large contact areas between fonnations. The 

amount of leakage was estimated to be 359,000 m3/year, about 50 percent of the total flow 

through the Wolfcamp aquifer. An approximate average linear velocity (v = 9/8) for vertical 

flow through the salt section is 3.8 x 10-5m/day. A particle of water would travel 139 m in 

10,000 years or 1,390 m in one million years. These calculations are based on a vertical 

permeability of 0.00008 md, a hydraulic gradient as defined in figure l./.8, and an effective 

porosity of .001 (from Peterson and others, 1981). 

The most sensitive parameter in the calcula~ed ~al Jes for the amount of leak~ge and the 
I 

average linear velocity is the permeability. A change ;in permeability from 0.00008 md to 

0.000008 md decreases leakage volume and travel tirmes correspondingly by an order of 
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magnitude. The permeability value of 0.00008 md is considered conservative. In-situ 

permeability testing of salt at the WIPP Site (Carlsbad, N1w Mexico) indicates permeabilities of 

_0.018 to 0.021 md (Peterson and others, 1981). Laboratotjy permeability tests of salts from the 

DOE WIPP tests indicate permeabilities of approximately 0.001 md (C. Christiansen, personal 

communication). These results are one to two orders of magnitude higher than the value used in 

this study. The chosen permeability value of 0.00008 rnd also produces the best simulated 

potentiometric surface for the Wolf camp aquifer. 

Two additional factors affect calculated transit times through the ev~porite aquitard. -­

Calculations of hydraulic conductivity within the basin were based on,.,brines with a TDS of 
, 

127,000 mg/L. Brines moving through the evaporite section would have TDS values over 

300,000 mg/L. This increase in TDS would also change the viscosity and density of the fluid. 

To obtain the required leakage for Simulation E, the permeability of the ev~porite section 

would have to increase. The flow velocity would probably remain about the same because the 

inc~eised resistance to flow of th~ fluid would be balanced by the increased permeability of the 

evaporites needed to maintain the calculated leakage. 

The second factor in calculating transit times in the evaporite section is whether Darcian 

assumptions for flow are valid at these low permeabilities and low flow velocities. future 

research on water flow through the aquitard is critical. It is a significant parameter controlling 

flow patterns and chemical compositions of water in the deep-brine aquifer, as well as 

indicattng that there may be fluid movement through the evaporite section. 

Average ground-water flow in the Deep-Basin Brine Aquifer is similar to flow in the 

Wol~camp aquifer but, with more west-to-east flow components. Results of numerical deep­

basin Simulations B and C (figs. 55 and 58) indicate that the model is not as sensitive as the 

Wolfcamp model to the increases in pe~_meal~Hi.WTYei~lfes! of the Wolfcamp and Pennsylvanian 
. . ., ......... ~ . . 

high-porosity carbonates. This· is probably due to the pr sence of thick, widespread, Pennsyl-
;, t ~-·,.is ~•--·;;'.,\.< ,· 11.·::·:·, '~ ;·:·,:·,:.·····: j._ .-~·-~~'.Ti,; .. ~:; • .. ,:_ h>, ·.(_:):!· ·;-··•:·:•.'"·::'.-~ .. :·•.,·:·; :·:~f the 

vanian granite wc!S!} }h_c;t :hel_ps s.m.s,ot!'I. 9u:t.-. th.e:,:-tr;ans issivity --~c;,.ntra~t.: :,dt;i~_,y;o the shelf 

. -- •. :. ·, :·\ _'.. ' 

I i~i. •, ~ 1 rel,·! 
1

. :~, 1 1 ,: -.~ •• ~r" .~~ '.~, 1. i, 11 1;, ::1, ..,_. l 'd~-~'•:) , ): 1 ; , -i : 1~:,~L.~: ._; •. ! .. ~ ;_tc ... ~ .•-~t;~d ;~···O; .. the .. 
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carbonates. The thick and widely-spread Pennsylvanian ~ranite wash to the east (fig. 5) is also 

responsible for the higher west-to-east flow component of the whole deep-brine aquifer. 

This modeling study has implications for the problem of radionuclide transport to the 

biosphere from a potential repository in the evaporite aquitard. There may be a natural 

component of ground-water flow through the evaporite aquitard. Release scenarios need to 

consider this natural flow com~nent as well as potential flow through drilled and abandoned 

. wells. The potential for flow through the_ ·evaporite aquitard appears to be downward rather· 

than upward which is a favorable characteristic of this basin. 

If radionuclides reach deep~basin aquifers such as the Wolfcamp, transport time to the 
/ 

' ' ' 

• biosphere will be long. • Transit times across the modeled area of the basin range from J .2 to 

2~2 million years. Discharge zones to land surface or shallow ground waters cannot be 

determined from this study. The granite wash along the Amarillo Uplift should be considered as 

.. the discharge zone for calculating conservative transit times for two reasons. First, flow 

··velocities in granite-wash fades along the Amarillo Uplifll are significantly higher than in other 

facie·s within the basin and presumably, once water reached the granite wash, it could flow· 

• rapidly to a discharge point. Second, the hydrologic: impo.rtance of the Amarillo Uplift is not 

known. • Some ground water may flow across the uplift or it may all flow along its flanks in the 

granite wash. Until the detailed hydrology and geology of the uplift are understood, a 

conservative approach in determining transit time would assume the uplift as the point of 

discharge. 

The simulated flow lines and flow velocities have been constructed and computed from a 

very limited data base. More detailed hydrologic and geologic information is needed to 

accurately characterize flow directions and.flow velocities within the basin. The inclusion of 

permeable Wolfcamp sh_elf margins (Simulation E) sign~ficantly alters flow directions and 

velocities from previous simulations. The incorporation Jf this permeable zone into the model 

is based on geologic interpretation and not on actual hydrologic testing of the zone. Other 
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~quifer heterogeneities, such as faulting and fracturing of re evaporite aquitard and the deep­

basin aquifers, may have similar but unidentified effects on reep-basin flow. 

CONCLUSIONS 

The hydrologic information in the Palo Dura Basin in terms of hydraulic properties of the 

aquifer-:aquitard system and deep-::brine pressures is limited, but when used in conjunction with a 

U ·. • larger data base of geologic information, approximations of the aquifer-aquitard properties can 

~ ,.i .. be made. 

A potentiometric head map of the Wolfcamp aquifer derived from ,e measured head data 

u 
l 
J 
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indicates a regional flow direction from southwest to northeast across the basin and from west 
. . . 

to east. along _the· ~vlatador Arch. This flow pattern is _best simulated by the numerical model 

· using modified permeability values of 0.00008 md for the evaporite aquitard, 260 md for the 

granite wash, and 50 md for the high-porosity carbonate and a combination of specified head 

condition (in the western part) and no-flow condition (in the eastern part) along the. Amarillo 

Uplift. It takes about 1.2 to 2.0 million years for ground water to flow across the modeled area • 

of the basin. The amount of discharge through the western part of the northern boundary is 

probably 280,000 . m3/year, while • discharge through the eastern boundary is probably 

4-00,000 m3/year. 

· The average head map for the Deep-Basin Brine Aquifer also indicates flow from 

southwest to northeast across the basin with a slightly larger west-to-east flow component. 

Numerical simulations of the deep-brine aquifer show that the simulated flow patterns are not 

critically sensitive to variations in the permeability distribution of Pennsylvanian carbonate and 

granite wash as long as the Wolfcamp aquifer's properties and the leakage coefficient are • 

according to the best Wolf camp model. The best deep-brine aquifer model· was obtained with 

increased permeability values of 260 md for the Pennsylv,nian granite-wash coarsening zone 

and 50 md for the Pennsylvanian high-porosity carbonate.I The total travel time across the 
I 

modeled part of the basin is about 1.2 to 2.2 million years, the same range as travel times 
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through the Wolf camp aquifer. The amount of discharge through the northern boundary is 

60,000 m3/year, and discharge through the eastern boundary s 1,020,000 m3/year. 

Additional hydrogeologic information, especially fr m future exploratory drilling, is 

essential for improving and evaluating the numerical simulation results of this study. Informa­

tion such as local variations of the aquifer and aquitard properties as well as more accurate 

head data are necessary for local characterization of the groun-d-w~ter flow system in the _Palo 

Dura Basin .. 

, 
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FIGURE CAPTIONS 

Figure 1. Structural features of the Texas Panhandle 'and adjacent areas (modified from 

Handford, 1980). 

Figure 2. Structure contour map on top of the crystalline basement, Texas Panhandle (from 

Dutton and others, 1982). 

Figure 3. Structure contour map of the top of Mississippian System, Palo Dura Basin (from 

Dutton and others, 1982). 

Figure 4. Isopach map of Pennsylvanian System, Texas Panhandle. Sediment thins onto uplifts 

that were exposed during Pennsylvanian Period (Dutton and others, 1982). 

Figure 5. Isolith map of Pennsylvanian and Wolfcampian granite wash in the Texas Panhandle 

(Dutton and others, 1982). 

Figure 6. Net-sandstone map of upper part of the Pennsylvanian System, including both 

granite wash and nonarkosic sandstone (Dutton and others, 19 82). 

Figure 7. Net-carbonate map of lower part of Pennsylvanian System (Dutton and others, 

1982). 

Figure 8. Net-carbonate map of upper part of Pennsylvanian System. Position of older shelf 

margin is shown by dark hachured lines, and younger (rrtreated) position is shown by lighter 

• hachures (Dutton and others, 1982). 
i 
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Figure 9. Isopach map of porous carbonate strata in upper part of the Pennsylvanian System. 

Map is made on the basis of qualitative sample log descrip ions, so actual porosity values are 

unknown (Dutton and others, 1982). 

Figure 10. East-west cross section A-A'. Datur:n is the top of Wolfcampian Series; depths are 

in feet. See figure 1 for location (Dutton and others, 19 82). 

Figure 11. Isopach map of Wolfcampian Series, Palo Duro Basin (Handford, unpublished data). 

Figure 12. Sandstone isolith map of Lower Permian strata, Palo Duro Basin (Handford, 1980). 

Figure 13. Percent-carbonate map of Lower Permian strata in the Palo Duro Basin (Handford, 

1980 ). 

Figure 14-. Isopach map of porous carbonate strata in Wol:fcampian Series. Map is made on the 

basis of qualitative sample by descriptions, so actual porosity values are unknown (Handford 

and Dutton, 1980). 

Figure 15. Structure contour map of top of Wolfcampian Series, Texas Panhandle. See 

figure 14- for county locations. 

Figure 16. Structure contour map on top of Alibates, Texas Panhandle. (D. Johns, personal 

communication, 1983.) See figure 14- for county locations. 

Figure 17. Simplified topographic map of the Palo Dura B sin region. 

Figure 18. Swisher County core test well DOE-Gruy Federal, Grabbe No. 1: percent lithologic 

type per stratigraphic unit (McGowen, 1981). 

2 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I\ 

I 

Figure 19. Regional east-west section illustrating conceptual flow patterns based on hydraulic 

conditions and relative average permeabilities of ma'or hydrogeologic units (Bassett and 

Bentley, 19 83 ). 

Figure 20. Weighted-average porosity of the Wolfcamp strata estimated from neutron-density 

log data (R. Conti, personal communication, 1983). 

Figure 21. Head map (1979-1980) of the unconfined upper aquifer that overlies the Evaporite 

Aquitard in the Palo Dura Basin (Bassett and others, 1981). 

Figure 22. Average head map of the whole deep-brine aquifer constructed from class H data. 

Figure 23. Location of wells for class A head data of the whole deep-brine aquifer. See 

figure 22 for county locations. 

Figure 24-. Average head map of the whole deep-brine aquifer constructed from class A data. 

See figure 22 for county locations. 

Figure 25. Locations of selected class A and class H head data. See figure 22 for county 

locations. 

Figure 26. Representative variogram of the 118 selected class A and 4-2 class H average head 

data for the whole deep-brine aquifer. 

Figure 27. Potentiometric head map of the whole deep~brine aquifer of the Palo Dura Basin, 

constructed· from kriged estimates of head for regular ,locks of 

county locations. . 

3 

20,000 m2. See .figure. 22 for 



I 

I 
I 
I 
I 
I 
I 
I 
I 
,,. 

I 

Figure 28. Standard error of estimate of the kriged deep-brin head in figure 27. See figure 22 

for county locations. 

Figure 29. Potentiometric head map of the Wolfcamp aquifer of the Palo Duro Basin, 

constructed from kriged estimates of head for regular blocks of 20,000 m2 (Smith, 1983). See 

figure 22 for county locations. 

Figure 30. Standard error of estimate of the kriged Wolfcamp-head shown in figure 29. See 

figure 22 for county locations. 

Figure 31. Isopach map of the Wolfcamp brown dolomite, based on sample log information (M. 

Herron, personal communication, 1983). Location of Amarillo Uplift from figure 5. 

Figure 32. Discretized flow region of the Palo Dura Basin. See figure 22 for county locations. 

Figure 33. Contours of transmissi vity for Wolfcamp aquifer Simulations A-1 and A-2. See 

figure 22 for county locations. 

Figure 34. Contours of computed head, Wolfcamp aquifer Simulation A-1. See figure 22 for 

county locations. 

Figure 35. Contours of computed head, Wolfcamp aquifer Simulation A-2. See figure 22 for 

county locations. 

Figure 36. Contours of transmissivity for Wolfcamp aquif r ·simulations A-3, B, C, D-1, D-2. 

See figure 22 for county locations. 
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Figure 37. Contours of computed head, Wolfcamp aquifer Sirrulation A-3. See figure 22 for 

county locat1ons. 

Figure 38. Contours of computed head, Wolfcamp aquifer Simulation B. See figure 22 for 

county locations. 

Figure 39. Contours of computed head, Woifcamp aquifer Simulation C. See figure 22 for 

county locations. 

Figure 40 .. Streamlines and travel times, Wolfcamp aquifer Simulation C. See figure 22 for 

county locations. 

Figure 41. Contours of computed ·head, Wolfcamp aquifer Simulation D-1. See figure 22 for 

county locations. 

Figure 1+2. Streamlines and travel times, Wolfcamp aquifer Simulation D-1. See figure 22 for 

county locations. 

Figure 43. Streamlines and travel times, Wolfcamp aquifer Simulation D-2. See figure 22 for 

county locations. · 

Figure 1+4. Contours of transmissivity for Wolfcarnp aquifer Simulation E. See figure 22 for 

county locations. 

Figure 45. Contours of computed head, Wolfcamp 

county locations. 

5. 
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Figure 46. Streamlines and travel times, Wolfcamp aquifer Simulation E. See figure 22 for ~-
county locations. 

Figure 47. Contours of head difference between the Upper Ogallala-Dockum Aquifer and the 

Wolfcampian aquifer, computed from figure 21 and the computed head of Simulation E. See 

figure 22 for county locations. 

Figure 48. Contours of the evaporite strata's thickness. See figure 22 for county locations. 

Figure 49. Contours of leakage gradient through the evaporite strata. The leakage gradient is • 

obtained from dividing the head difference (fig~ 47) by the evaporite!s thickness (fig. 48). See 

figure 22 for county locations. 

Figure 50. Contours of transmissivity for the Deep-Basin Brine Aquifer Simulation A. See 

figure 22 for county locations. 

Figure 51. Contours of computed head, Deep-Basin Brine Aquifer Simulation A, See figure 22 

for county locations. 

Figure 52. Streamlines and travel times, Deep-Basin Brine Aquifer Simulation A. 

22 for county locations. 

See figure 

Figure 53. Deep-Basin Brine Aquifer Simulations B and C; zone of granite-wash coarsening in 

Pennsylvanian strata is assumed as indicated by the shadedi area. See figure 22 for county 

locations. 

i 

Figure 54. Contours of transmissivity for the Deep-Basin ~rine Aquifer Simulation B. See 
i • 

figure 22 for county locations. 
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Figure 55. Contours of computed head, Deep-Basin Brine Afuifer Simulation B. See figure 22 

for county locations. / 

Figure 56. Streamlines and travel times, Deep-Basin Brine Aquifer Simulation B. See figure 22 

for county locations. 

Figure 57. Contours of transmissivity for the Deep-Basin Brine Aquifer Simulation C. See 

figure 22 for county locations. 

Figure 58. Contours of computed head, Deep-Basin Brine Aquifer Simulation C. See figure 22, 

for county locations. 

Figure 59. Streamlines and travel times, Deep-Basin Brine Aquifer Simulation C. 

figure 22 for county locations. 
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- _,,_ - - - - - - .......... - - - - - - - - -Table 2. ;rmeability of hydrogeologic units of the Palo D B~sin. 

Geometric Number and source Typical 
Hydrogeologic unit y = ln(k) me~n of k of data value 

( ey), md md 
Averag~ Variance, s2 
value,y 

.00028 -- -- - --Evaporite strata (vertical 
oermeabil itv\ 

Wolfcampian 25 - DST data 
carbonate 2 .19 5.08 8.90 70 - TWDB core data 

6 - Sawyer #l 
pumping test data 

* 
- 1b , 

'Pennsylvanian .07- 300 
Deep carbonate 2.88 5.61 17. 90 25-: DST data 
brine 118 - TWDB core data 
aqui fe1 

.0001 * 
shale . 00001--. 08 -- --

·- 10-0ST data ... 
granite wash 1.27 7. 13 3.55 l 0-Saw_yer #1 

. 
pumping 

(2./5 wi.Jh~ ( 8, bO Wit-ho~ 
test .Ol-380 

415-Mobeetie field I ~ °:l r" 
Mobcdi~dG1h:i) Mabee -\-i e. clat0,,) core data l\, \ C, 

11- TWDB core data 
Pre-Pennsylvan l. 56 5. 70 4.76 .11- DST data ian rock --

14- Sawyer #1 pump-
inci test data 

,.. from t>a.vi5- 0V1J De\JJie~, (l'lbb), 'I>,:wi~ (1qeo ), fr-c:-eze (rq7q) 

Note (1) .. 1 'N\~- --=0- 0 O115 vn/0-0.'1 ·k sa.\ii\e wa-\-er ho.viV'lj • ..-60. . .U concen+rA.fio~ 

o{ 1-i:7,000 1\"\~/...f. ,it IIS 0 r 
('2) OST ... dvi\\ - s+eW\ test , 1V11D8 - Te'l<(l.)) 'Na-\-c.r Dc\le\opm<nt. B oarcl. 



Porosity froin neutron-density log analysis Typi ca 1 value** 
Hydrogeologic unit 

Standard flumber of Mean deviation data 

I 

less than . 0l Evaporite strata - -- -

Wolfcampian ,08 
carbonate • .055 

(,0b4) 
53 data points of 50 ft . .063 . 12 

Pennsylvanian interval at Sawyer.#1 
Deep carbonate .08 .055 and Mansfield #1 wells 
brine ,; 

aqui fet 

Shale .15 . 05 .25 - - --
' ! 

; 

Granite wash 
. 14 .23 . 12 18 data points of 50 ft . 11 .27 

--~--- interval 
------

I 

Pre-Pennsyl-
vaoian - -rock -- --

* Ave<o..~e vcxh.-1~ \-o---r Wol.fca""'piaV"\ /2f<o.-rv-- ~ R. Cor.h ( ~J ~mu'Ait:.o.iiOYIJ 1qe:.). 

** From Davis and Dewiest (1966), Davis (1980). 

I 
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. Tab1e 4 Summary of numerical simulations of Wolfe p 

Simulation Penneabi1ity and porosity values 

A-1 . ·Best estimated values (from Table 2): 

A-2 

B 

C 

tJ-1 

. kcarb. :r 8.9 md, q, care.=- .08,. 

kGW :r 8.6 md,. q,GW :r .l4, 

k 'lh . 2 • 0001 md,. q, sh .. 2 • as , 

ksalt :r .00028 md. 

The sam~ as A-1 

ee-st ~st1mci-fed values except 7 

kGW • Zoo md "(typica.l valu~ for- friable 
SaY"\cb+o.,.,es ) 

Best estimated values except, 
lcGW =- 260 md 

lcsalt s a (no leakage). 

Best estimated values except, 
lcGW :r 260 md 

ksalt :r .00008 md. 

in4!:. Sam~ as t>-"1. wi-+h ave-r~~e po,osi~ 

d,s-rri b""'+i o...., t -t4Ae w o\fc.a.""'pia"' s1ra.iu 
t,-oV"'l""I F,'3uv-~ ~-

30 

aquifer. 

Boundary conditions 

.-z .:'I -. -'...~ 

Figures 3Q.. and -35 

":C'1 ,. :..-

Figures 36 and¾ 

... , .. , 

Figures S-0- and ~ 

Figures JO· and 40 

·-· ~ --- - ,....:-., 

E 

The same as- 1'-1 with penneabi1 ity and 
porosity of so md and 0.1O,respec 
tively for the highly porous carbomte 

Figures .aG and 4'-

zone (fig. 1,) . ! ___ t__ __ _l.,. __ _:__.:,_.:;_ ______ .....;._ _ _!..,_ _____ _ 

,J 
I 
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Tab\e. 5. 

ELEMENT NO. 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
l '9 
20 
21 
2:2 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
3'9 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 

Arnou.nt o ~ \e.o.. \<.o.¥ ~~ ~ 

~ ¼..t_ ~ at s, nu.Jo.+, GT\ 

AMOUNT OF' LE.AKAOE, CU.11/YEAR ELEMENT 
6169.9 61 
6584.4 62 
6197.8 63 
6186.6 o4 
6192.9 65 
5467.2 6o 
4792 • .2 67 
3916.9 68 
3110. 9 69 
Z?:31.0 70 
6230.3 71 
6336.7 72 
5859.2 73 
5707.4 74 
5021.5 75 
4715.6 76 
4384.1 77 
3743.9 78 
2~0.1 7'9 
2109.l 80 
6890.9 81 
6638.3 82 
5727.0 83 
5391. 4 84 
4343.1 85 
4245.0 86 
4148.9 87 
3374.1 88. 
2:592.5 89 
2010.6 90 
6687.8 91 • 
61:27.1 92 
5411.9 93 
5580.9 .. 94 ,, 
3904.6 95 
3740.1 96 
3790.8 97 
3069.4 98 
2676.3 99 
2381.8 100 
5144.3 101 
4661.5 102 
4693.4 103 
4873.5 104 
3777.4 105 
31.23.8 106 
3289.8 107 
2'905.4 108 
2689.9 109 
2635.4 110 
4707.7 111 
4437.3 112 
4107.1 113 
3267.7 114 
3441.0 115 
2876.7 116 
3237. 1 117 
2961.5 118 
2~31.5 119 
2624.6 120 

I 

NO. AMOUNT OF l.EAKAGE , C:U.M /Y'EA R 
3780.6 
37:::6.9 
3590.7 
2462.7 
1807.2 
1758.0 
2455.3 
2428.0 
2755.1 
2568.8 
3:?52.4 
3286, l 
294~.3 
2189.1 
1295.4 
966.0 

1515.0 
1605.4 
1802.7 
1945.2 
3147.4 
:po5.o 
287:::.S 
2333.0 
1.255.3 
808.4 
993.5 
898.o 

tr20.4 
1448.3 
2'978.7 
2:590.9 
2385.8 
2084.6 
1216.7 

69:2.6 
764.S 
553.6 
685.9 

1019.9 
226:?.5 
2101.4 
2026.S 
1575. 7 
1010.0 
526.3 
582.1 
298.8 
382.4 
504.3 

1902.7 
1619.6 
1517.7 
1062.5 
598.3 
343.4 
434,4 
156.4 
175.9 
21.4 

::: ~59,ooc cu.m/yeay-
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Table 6. Surrnnary of ~umerica1 sirnclations 
of the whole deep-brine Qquifer 

Simulation Penneability and porosity values Boundary con di ti ans. 

A 

B 

C 

Wolfcampian aquifer: 

kcarb. = 8•9 mci, <Pcarb. = .OS, 

kGW = 260 md, ¢Gw = .14, 

• ksh = .0001 md, <Psh = .05. 

Pennsylvanian agui fer: 

kcarb. = 17.9 md, ·<Pcarb. = .08, 

ks h = • 00 0 1 md , • rps h = • 0 5 , 

kGW = ~-b rnd (no fault zone), 

~GW = • ll. 

Pre-Pennsylvanian rock: 

k = 4.8 md, qi= .08 

Salt section: k = 00008 md salt· • • 

The same as A with permeability in 
the coarsening zone of Pennsylvanian 
granite-wash of 260 md. 

Figures 2-8-and ~ 

... -. ,-"':l-

R~ ~ °""d. ¾ 

-7 .r;-..!., .. 

The same as B with permeability and F,~ ~ ~ ~-
porosity of 50 md and .10., respectively, 
for the highly porous carbonate zones 
(figs. 10 and 15) . 

4-0 
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APPENDIX 

Class H head da+a 

Lon~titude 

102.38510 
100. :341.:i:31 
101 . 61;, 1 :31 
102. 527:3:3 
1 <)2. 3942!:: 
102. 457:36 
102. c,5120 
102.23750 
102. 20:307 
102.34653 
102.37709 
1 01 . 6250:3 
101.24~:10 
102.32644 
102.48156 
102.02041 
101. 90129 
101.47254 
101 . 3:3';°102 
100.11923 
.100. 57423 
100.0947'? 
1 02. 11 ::::oo 
1 o 1 . s•_;,300 
101. 53:360 
101.24620 
101.31422 
100.0999() 
100.30670 
100.45560 
1 00. 1 :.::2::::0 
100.156:30 
1 00. ;33:320 
1(H). 13000 
1 c)(). 2204:2: 
100.10517 

1 00. :3::: 1 0:3 
1 (H). i:,59:::: 1 
1<)2. 61875 
100.09077 
101.225:34 

X, m 

19. :Z II 
125468. 
266:375. 
192002. 
11234:3. 

11:37:30. 
101007. 
13903,.s. 
142201. 
129014. 
126204. 
19f-i33:3. 
23()441;,. 
130:::,~o. 
116t,01. 
1513992. 
1.~··;1·7112. 
20'9355. 
221629. 
3061:30. 

' 2·;111 '7:32. 
:331:,004. 
150021. 
170704. 
20:3742. 
2:~:0161. 
22·3•:)c)·~·. 
3355:35. 
:31,C,.525. 
:302:3:37. 
327960. 
33(>:304. 
:31 13~,-2•?. 

:335050. 
. ., 1 •-•f .-..... 
._, 1,•:1<..:•4•=1. 

26:3725. 
2~ 4111. 
104155. 
3:::c:,374. 

22517/.:,. 
180141. 
123615. 

225127. 
242570. 

21'1024. 
221:300. 
2123t)2. 
224145. 
205414. 
171954. 
14l-.5'0:3. 
1376.30. 

11 '?894. 
105:;: 1.s. 
11):3:373. 
146856. 
132856. 

51 ''97''9. 
7,_;·;3:35_ 
59270. 
:37445. 

100648. 
55306. 

50409. 
60961. 
52(>23. 
52041. 
50517. 
,:,:.::413 . 

129:360. 
15'1009. 
137515. 
134920. 

Heo.d, m 

643.6 
426. :~ 
707~7 
671.5 
679.7 
6.46. :3 

696. :3 
6'?0. 9 
622.0 
711.2 
506.9 
4t,2. 4 
768.5 
792.0 
755. :3 
71 '?. 3 
67:3. 6 
720.5 
505 .. ~ 
475.5 

791. 1 
76:3.7 
71:::. 5 
702.:3 

517.1 
4·~4. :3 
57:3. 6 

5-30. 1 

516.8 
4'~6. 5 

566.9 
5:31. 5 i 

729.0 



T ~'ole A-i ( C.O'r"lt, ) 

1-
Seledea class A he t:id data 

I 10 La-h-h-lc:l~ Lo nj-ti-tude X 
) 

'("I'\ YJ 'I'(\ \4ead J I"\"\ 

I .... 34. c:,5315 10:3. c.t,020 :3255. 1:3902:3. 1095.5 -~' 
= :34.68036 103.29772 41576. 142011. '?43. 1 ·-' 

I 7 :34. 51071! 103. 558:37 17570. 12~!~!87. 776.6 
15 35. 511:30 102.52787 11.234-4. 2:3:324:3. 51.S(~. 3 
19 35. 5'?620 102.65120 101007. 2LJ257!). 575.2 

I 26, :35. :32()5:3 102.37708 126205. 212302. 485.9 
-~·-=· :35. 24:33() 1 02. c:,0463 1 ()52:3:::. 204371. 72,:,. 0 ·-·•-1 

37 ::;:5. 24871 101.86406 1733.::.5. 20441t.:,. 521. 5 

I :3·;, 35. 42:::~:•;J 1 () 1 .. ::,25()::: 1 •75;3~:3. 22~-145. 462.7 
47 :35. 2578(> 101.24309 230447. 205414. 450.5 
c,1 .-,c:-

:-=•.._J· 10790 101.78184 1!:!0923. 1 :38•;)55. 7c,6. o 

I 6:3 34.97224 102. 14690 1,47365. 174059. 610. :3 
l;,7 :31? . 7:=:-~.:3~: 100.7".777 275979. 15:;':t.41.:,. 51.:,7. 8 
68 34. :31)490 100.67699 2s243e .. 155-~,E:5. 449.6 

I 
7:~: 34.96623 100. 7:::t::,4::: 272421. 1733s-·r,. 398. 1 
-.c- ~:4. :3t~85,::a 1 l)C). ,9C)(J:?,7 27109:.?.. 162675. 502.0 / ._, 
79 34. 5175!l 102. 32c:.4:::: 130:361. 1241:3:3. 706.5 

I~--
83 34. 6:3043 102. 1547:3 146641). 1~:6.529. :37:3_ 9 
85 :34. 64046 102.0:2040 ~58'793. 137630. 662.3 
:36 34.63269 102.03013 158099. 136777. 625. 1 
•::)·? 
•' ._1 ~:4. 4 7:::•~3 101.47253 209356. · 119:394. 711. 7 

I 94 34.34615 101.3:3901 221630. 105:315. s:;::3. ::: 
';I(:. :34. 7~:2:32 101 . 45:::1! 5 210650. 11!7771. 402.3 
97 34. 33:302 100. 41921 3061:32. 1 ()~::=:7:;:. 4,~7. 9 

I 105 :34. 3,~.~;·~4 1 oo. c,9507 2 ::: () :::211- . 107:::17. 552.9 
107 :34. :37220 100.56361 292~)(1:3. 10:3175. 466.6 
1 c)::: :34. 31 ,:-~34 100. 399:::4 307963. 102096. 539.5 

I 
109 :34. 3:3119 100. 040:?,5 p4096:3. 10:3672. 412.4 
121 ;34. 5•;1(:,';°1:3 100.09477 ~::3/.-,(H)~ .• 1~:2!35t:,. 495·. 0 
1.,., :34. 36!312 1 00 . 35:31 0 :311:::00. 107727. 491.6 --1 ·-:,·-:, 34. 347c,1 1 (H). (><)261 :34447:3. 105475. 4:::4 . . ~ 

I 
~-I 

1:37 34. 0(H)40 102. 15720 14641 :?,. 67:351. 75;3_ 2 
147 :;::::; • ''iJ'~I 111.Q 102. 1:3149 1441:35. t,(--.::::f.-,3. 7:::s. ::: 
14::: 33. :3:37:-.:a) 102. 305:30 1:3275:::. 4944:3. '784. :3 

I 150 :E:~:. '::"1:3410 102. 1 :3:~:.=, 1? 14:::57';1 • 65562. 799.5 
1 =:'•") 34. 0:3920 1 (>2. 2:3:3t,<) 13:::•r,:35. 71612. 1924. :3 •.J..:... 

1 =-·-, ._1-.;. :;::3. 81.:,040 102. 11799 150022. 51 '?79. 786. 1 

I 154 34. 25:370 102. 577:::•;) 107746. 95164. 781).0 
155 33.86091) 102.24960 13792'1. 5.2C>~:4. 7'?:2. 5 
156 :33. :3:372<) 102. :315:?,(I 1318:39. 45,4~:2. 761.4 

I 15::: 3!3-. :E:'!7:~() 101 • :335351 176000. 505'?6. 70:.3 .. S 
1 r.:.O 38.83400 101 . 8561 ·;? 1740:3:3. 4•7(1;:: 1. 734.0 
161 3:::. 9•~161 (l 102.0r.:-S50 154572. c:.c,:::7·?. 781. 5 ,~ 165 :3:3. :39610 101 . 750::1•.;, 18:376:3. 558'::i•,;,. 39•7. O 

170 ~l:3. :::fl.:~!<)<) 102.0'!1:30 157072. 500i:,9. s:~:2. 1 

171 ;34. 11000 1 () 1 . :::·~:2·.~·? 170705. 79:385. 7::t4. 6 
' 

I 



Ta'ole A-l. ('-ont.) 

I 10 Lati-rud~ Lon~+i+ude X m '() rn Head JY"t'\ } 

I 
172 3;:;:. ;i 138<) 101. 93;:;;59 16697::::. 57:34;3. 694.6 
17:3 34. 1:34:30 10 1 . 23•_;,:::0 230750. :37544. 579.4 
17"? :33. SE: 1 ':°"0 1 () 1 . 2!:":235,1 22t.;:::35. 54340. 696.2 

I 
1:.::0 3:3. :3:31 (){) 101.30239 224996. 54241. 602.3 
181 ~:3. !35520 101. 1 :3•;>3•;1 235384. 5140:::. 721. 8 
1,::, . ., :33. '726:3{) 101.53359 20:3743. 59270. 6:34. 6 ,_,..:_ 

1 ·=··-=· :34. 12:320 101 . :31.-.2•.:;,9 219425. :3 1 ~: :E: J! . . 4 .-::,.-, . ., 

I 
. _ . .._, 

·-·---·"""' 
1:34 ·-=••':, 98:.340 101.32199 22:.3194. C,54:E:5 . 595.6 ._i._1. 

1:35 34. 1::::340 101. 2461 ';'.' 2:301.~2. 87445. 660.5 
1:36 34.24340 101.2471:3 230071. 94033. r;t 7'?. 1 

I 1:37 33. ';)0320 101.37740 21:3101. 56679. 609.6 
190 34. 30:365 101.31420 22:3910. 10064:3-. c,50. 1 
1,:"\•, 

·"~ .:3:3. 93250 100.55040 2'?4123. 5'~896. 1192. 6, 

I_ 
196 34. 09:3:3() 100.99029 253,.:i:?.t;,. 77552. 586.7 
19•=· 34. 15570 100.99600 25:3161. :34408. 586. 1 .. ,_, 

202 3:3. 87750 1.00. •.;)270::3 25'~496. 5:3857. 5:32. 8 

I 
215 :38. 90370 100. 7'7'200 271'?1/J.. 56734 .. 557.8 
216 33. :39610 1 00. 78'.;1 09 272181. 5.'5:399. 514.2 
21'7 34.23610 100. 91 :::1 ':I 2t.Q~; 14. 9:3231. l!-51. 7 

/: 224 33. :399(H) 100. 7:~829 ·-:•7•i--:,5=- 56218. 449.6 

I 
~ ...... ..J. 

22C, 33. ';)1190 1 0<). 78:3::!8 272200. 57c,34. 570.:3 
"°?'""":••:) :33. ~:827() 100. 1037:3 3:35178. 5442:=:. 521. 8 "'-..... 
. ..,.-:,-r :3:3. :38<)2(J 1 00. 37:339 3()9•?~:5. 54153 .. 561.4 ... _,, 

I 2·1-0 34.04620 100.30669 :3 1 6 .. 52 ,:S • 723:3<). 4,:-4. 8 
245 ~!3~ !3564=,C) 100. 11519 33412'?. 515{:,2. 5;:::2. 8 
24,::, 3:3. 89540 100.37419 310:321. C"'C:-,::,•~•-■, 

._1._1,_,""'-.;.. • 563. -~ 

I . .., ,1 ..:, ~;~:. :::9t,7<) 100. 2424:?, 32142:::. 55•~1f,5. 516.0 ... ,.i_l 

249 :33.96170 100. 05:3:39 • . . -. _,_ c,3102. ;344_ 4 J..;<. / ,;,4 . 
250 3:3. ·? 11!3(> 100.42239 305:390. 57C,23. 530.0 

I 254 :3:3. :3.3C,2<) 1 (H). 1 :335:?, 327:342. 4,::,--:,--:,.-, 5:31. 6 ... _,~ ... 
255 34. 05-?E:O 100. 1 09:3:::: :3~:4c . .-;.:~:. 73==:73 .. 41!7. 1 
256 3:3.97940 100. 10358 ::::3$19.~ .. t.:,5046. :3:=::3. 0 

I 
25~:; 34. 21 :::e:,O 100./J.5559 :3t)Z:3:;:s. 91310. 55<). :3 
2,::.c) 3:3. 94940 1 c,o. ~:64·?:=: 311167. (~1752. 319.4 
2~.2 :34. 050:30 100. 107~:·? 3;31?:346. 72t:~:5. 519. 4 
26:~: :3:3. l:1:36:3() 100. 1:322:3 ·3•..,t,:;i• • .., 4 •r1 :;: ::: :3 . 514.5 

I 
._..:.:, .. r:,.:... 

2.~.1~ ::;::3. :::4900 100. lt.:.4/.:.9 ~:2· 5.7';','. 50728. 491.9 
265 33.:31610 100. 1567:3 .-,.-,t·-•1), 5040·?. 501.4 . .,:,.,.: . ..::,. . I,:,. 

21.:,6 ·-=··-=· 90':i)70 100. 4:370•~ :;:c) 5:~:~J. 57:;:·?2. 520.9 ·-··-·. 
I 26:3 . -,-~ 96:~:3() 1 ()!). 4:3248 30 962. 6,3:327 . 552.0 ..:J....:,. 

26•~J :;:4. 00480 100. 3:::778 J(l ll)71. 67::::34. 4'?0. 1 
270 ~:4. :2555<) 100. 2612•.;, .-,.-,,p , ,;,.:, '?5:::.~, l . 3•7!). 4 ..:•.:. t;.: ~ • 

I 271 -~·-, 97~:2<) 100. :32:31:3 31fi010. c,4:365. 420. ·~ ._:i...:,. 

274 J4.20600 1 (H). 3543':i) . 31!·'141. 99•~:zc .. 507. :3 
275 ~::;:. :~.=,,):::() 100. 12•79•7 3::: .. •7 e. •:J. 52<)2:3. 504. l 

' 277 ~::3. :34 704 100.09645 .-, .-, .~ c:- '""' .50512. 4':-15. 0 

I 
·-=•~1 .. '•=··-'+· 

27::: :~:~:. 84 70:3 1 (l(l. 1051-:, 3:;: ,051. 50517. 4:::4. '? 
27',;) :~::~:. :::5·.'::12•.;, 100. 1:3209 •3·.,r•:;,7,:;i Sl:357. 4:::6. ::( . ... •' ,, . 

I 

I 
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I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I' 
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!D Latitude Lo-A~rude 
' 

X) '("I'\ '( ,-m Head, r,, 

2::::(> :33. ';'23:3(> 100. Jt,407 311251. 58E:8l,. 517.2 
281 :33. 84440 100. 1 •.) 141.:, 32711 :,3. 5<)22~:. 32::?. 8 
2:32 :34. 21551 100.29'!66 :31 71.::,31. '?0970. 44:3. 7 
284 3-1. 01007 100. 283:31 31862';?. 6:3413. 426.7 
369 :3::;:. :?, 12 4<) 102. 17?-19 144:396. '!6 709. 7::::~:. ~. 
370 ·?·? ._,._ .. 7:37(H) 102. 1 t?-E::3<) 1-17190. 43•~20. :324. 2 
:3:3·~ 3:3. 81600 102. 43'j:)60 12(>45!3. 47104. :387. ,:. 
452 :;:3. 7941 t:=. 102.35213 12849'3°1 • 4470t,. 11:36.3 
496 :3:3. :::232<) 101.86'?1'? 1728~1:3. 47:::·:?5. '?0:3.4 
-'500 .-,.-. . ,:,.;i. 7,:-,.500 101.94199 166201 . 41504. 81 '~ .. ::. 
52:=: 3:3.77720 101.55029 2<)22():::. 42:.344. 759.6 
C"'•-1•~ 
• ::J . .:,..=i 3:3. 77530 101. 09'?6:3 243630 . 426:35. 60:3.7 
-5:37 ......... 

..,; .. .:; . :30700 101. L}9759 :207052. .11,6116 . 477.0 
54:3 3:3. :32550 101.54599 1:0260:3. 4:3147. 717.5 
5:::4 ~::3. ::: 1 ft,'?<) 100. :31759 2 1~:~5.~1. fl.C,'~8~:. 51:3.3 
611 . -,.~ 

..;.i...:,. 76400 100.0!'5049 J:.1l()l)77. 41:395 . 499. 9 
705 :33. 8:~: 1 ()() 100. 19179 327<)::::::. '!E:751. 491.6 
707 3~:. 7:3~:E:O 100.017$3 34;3102. 4~:569. 45:3. 2 
710 33.76060 1 (H). 23918 :3227~:1. '11021. 441. 4 
7:39 33. 8:3420 100. 11100 331757. 49103. .'518.2 
748 33.801100 100.22169 82433';1. 45787. 4:::7.7 
749 :3:3. :31200 100.22459 e--:,4c)7·-:. 46<:.1.:-5. 515.7 ... ._,. 

757 3~:. :3:343~ 1 00. 20::171 ~255;32. 4911:::. r:.-)O .-, 
._l..:,.1_1 • ~ 

75'?' :3:;: . 822 7 4 1 00. 430,S2 ;~:051 :3:3. 47:344. C', /. ._,c~. '? 
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- - - - - - - - - - - - - - - .. 1111 

,~b\e. A-2 D~tc:A file ( PALO FL) -fu.c +he deep- brine. a~-H'.11. 3ivi':j into,M"i-10..,... at 4-05 .finite-element nod~I points. 

Node I Coordinates, m Elev. of Thickness. m llead in Thickness. m NCODE 
No. crys t. ' 

I 

upper 
X y basement, Pre- Penn. penn. Pen;1. Penn., Hol f. Wolf. l-lol f. Wolf., Gr,rn i te Rock aquifer, Wolf. Penn. m Penn carbo- granite shale Total carbo- granite .sha 1 e Total wash, salt porous m porous ' nate wash nate wash tota I carbo- ca[ho-

nate nae 

l 137122. 245523. . -2073. 0 46. 1 -,--., 
.c....:.. 777 . 945. 43·;-,_ 0 293. 732. 1 ·7-:-, 97t... 1036. 158. 0 0 

2 12947'1. 236866. -1646. 0 76. 122. 411. t,11). 319. I) 261. 57"). 122. 108:::. 1082. 229. 0 0 
3 121835. 228267. -792. 0 t.1. 1 .,.,., ,_,._ 0 183. 293. 0 73. '366. 122. 1082. 1128. 19i.::. (l 0 
4 114192. 219725. -671. 0 61. 91. 30. 1 :::3. 341. 0 146. 488. ~il. 10:37. 1180. 61. 0 0 

5 1(>6548. 211242. -975. 0 91. 1 . .., . .., ..:.. .L. 2121. 427. 137. 0 320 .. 457. 122. 1098. 11·;-,5_ 0 I) 0 
6 98904. 202817. -1006. 0 7.(:,. 91. :320. 4:j8. 107. 0 320. 427. 91. 1204. 1207. 0 0 I) 

7 91261. 194449. -1006. 0 76. 183. 168. 427. 119. (l 277. :396. 18;;:. 1250. 1219. (J 0 0 
8 83617. 186140. -1006. 0 7(:.. 244. 46. 36(;,. 140. 0 210. 351. 244. 1305. 1244. 0 0 0 
9 75973. 177888. -1006. 0 91. 91. I . ., .... ,__. ;;:(15. 1 tt,. ' (> 174. 290. 91. J:332. 12:::0. (> (I 0 

11) 80244. 166254. -1067. 0 137. 91. 137. 3c,6. 174. (I 116. 2')0 .. 91. 1348. 12t,5. I) (I 0 
l 1 84511. 154751. -1280. 30. 152. 91. I.,,::.~. 442. 207. 0 89. 29(:,. 91. 131:':4. 1219. (I I) (> 

12 88775. 143380. -1524. 55. 152. 9:3. 207. 457. 224. I) 96. 320. 98. 1466. 1204. (> I) (I 

13 93036. 132140. -1494. 4t,. 152. 79. lt,5. 3'i'(:.. 'j'",C' ,._.:,._la (> 101. 3J5. 79. I 48E:. 1189. (> 0 0 
14 97167. 121467. -1463. 61. 143. 61. 131. 335. 2:30. (I 5°'9. 329. 61. 1418. 1167. (> (> I) 

15 101263. 110712. -1463. 58. 128.- 3(>. 14(:., 305. 244. 0 61. :305. 30. 154t .. 1152. 0 (I (> 

16 105322. 99876. -1524. 58. 128. 21. 125. 274. '?·")0 
L.tt.., • 0 76. 305. 21. 1524, 1140. (> (I 0 

17 109345. 88958. -1570. 79. 168. 9. 82. 259. 244. (> t.,1. 305. 9. 1518. 1128. (I (I (I 

18 113332. 77959. -1615. 98. 168. 0 7t .. 244. 29:3. 0 73. 3t.c,. 0 1503. 111-:;,. 61. (I I) 

19 117284. 66878. -1676. 122. 171. 0 I .... ,_. 183. 329. 0 E:2. 41 t. (I 1524. 1097. 91. 3(1. 0 
2(1 121199. 55716. -1707. 122. 134. I) 79. 21;;:, 389 .. I) t.9. 457. 0 1509. 1067. 122. 0 0 
21 125078. 44472. -2256. 122. 107. 0 137. 244. 576. (I u. 640. (> 1524. 1 (lt.1. lt::3. (I (> 
22 146387. 243004. -2591. 0 61. 366. 1(13t .. 1463. 585. 0 146. 732. 366. 11)37. 1036. 61. (l 0 

- ----- -

23 131838: 225813. -ll-2. 0 • 152. 61. 91. 305. 
---

352. 0 2£:8. t.10. t,1. 118'9. 1146. 91. 30. 0 
24 I 17290. 208767. -1067. 0 91. 244. 107. 442. 258. (> 211. 4(:.9. 244. 1235. 1177. 61. I) 0 
25 102740. 191865. -1280. 0 91. 79. 378. 549. 201 .. 0 201. 402. 79. 1341. 1198. 0 (> 0 
26 881 ·;,I. 175109. -1067. 0 146. 183. 98. 427. 16:3. 0 168. :335. 1 g;3. 1357. 1219. 0 q (> 

27 97130. 152836. -1768. 67. 213. 122. 204. 539. 245. 0 91. 3::::5. 1 .-.,.-., 1457. I IE:9. (> 0 0 L~• 

28 106058. 131024~ -1753. 79. 177. 76. 15t::. 411. 256. (I 110. 366. 7t,. 1485. 1158. 0 0 0 
29 113224. 110046. -1524. 73. 149. l:-1. 125. 3:0:5. 245. 0 91. 3::::5 .. 61. 15H.l. 1134. 0 (J 0 
30 120264. 88782. -1615. 91. 189. 18. 73. 2E:O. 305. I) 7t. .. 381. 18. 1479. 11 t:3. (> 0 (> 
31 127179. 67233. -1768. 1 ,., . .., 

..:.,4,. lE:3. 3. h- 27,. 213. 389. 0 69. 457. 3. 1448. 1(>7(>. lE:3. 15 .. 0 
::::2 133967. . 45399. -1a2·;-,. 152. ro:1r. ·O 1244:- 244. 541. I) 135. 677. 0 1479. 1036. 183. I) 0 
33 155652. 240312. -2591. 0 91. ~•51. 1021. 14l:-3. 293. 15. 180. 4t::f:. ::.~66. 1189. 1036. 0 0 0 
34 1487:32. 231763. -1890. 0 122. 107. 381. 610. 683. (> J 71. 853. 107. 1189. t 1)E:2. 0 0 0 
35 141813. 223229. -1189. 0 137. 30. 168. 3~:s. 351. 0 351. 701. 30. 1189. 1128. (> 15. 0 
36 1348513. 214709. -975. I) 198. 30. 15. 244. 311. 0 207. 518. 3(>. 1244. 114(>. 0 3(>. 0 
37 12797_3. 206204. -1372. 0 1 C-•') 

...J..:.... 137. 198. 488. :,;43_ 0 114. 457. 137. 1280. 1158. 137. 9. 0 
38 J 21(>5:3. 197714. -1433. 0 J 52. 183. 1~8. 503. 325. 0 108. 433. 183. 1296. 1 J 67. 128. 0 0 
39 114134. 189238. -1494. 0 122. 116. 341. 579. 286. 0 123. 408. 1H-. 1372. 1180. 91. 0 (> 
40 107214. 180776. -1524. 0 168. 61. 381. 610. 273. 0 117. 390. 61. 1341. 1189. 61. (I 0 
41 100294. 172329. -1524. 0 213. 82. 253 .. 549. 256. 0 11 o. 3U .. 0-.. -.. Lo 1372. 11 :::9. 0 0 0 
42 104970. 161584. -171)7. t, t. 30~. t.1 . 244. 610. 274. 0 91. 3(:,t. .. 61. 1387. 11 70. 0 0 0 
43 l0':ic-45. 150938. -1707. 61. 274. t.7. 26E:. 610. 282. 0 84. 3t,6. t.7. 1448. 1158. 0 0 0 
44 11431t. .. 140391. -1707. 61. 244. 70. 235. 549. 27·r. I) '>13. :37.'2. 70. 1491. 1152. (I (I 0 
45 I 1898t. .. 129942. -1707. 94. 213. 61. 213. 488. 279. 0 93. 372. 61. 1479. 1 J 37. (I 0 0 
46 122057. 119704. -1676. 131. 213. :::io. 152. 3'i't-. 263. 0 102. 36t,, 30. 1479. 1128. (I (l 0 
47 125101. 109405. -167t. .. 125. 213. :::,o. 122. 3t.t .. 241. 0 124. 3U:,. 30. 14t-3. 1 J 13. t..1. (l 0 
48 128118. 99044. -164~. 137. ts·;,. 30 .. 1 1 t .. :335. ?77. (1 I IQ --=••::'1J.. ·:,,-, t A·J•::> • 1,-,·J ' . .-. ,·, 



- - - - - - .. - - - - - - .. ... ... 
llode Coordinates, m Elev. of Thickness, 111 llead in Thick11ess, m NCOOE 

No. cryst. upper --
X y basement, Pre- Penn. fenn _- • Penn. Penn., Wolf. wolf. ,fo If. Wolf .. Granite llock" aquifer, Wolf. Penn. I m Penn carbo- granite shale Tota 1 carbo- shal~ Total wash, sa 1t granite m porous porous 

' nate wash nate wash tot a I carbo- ca[bo-
nate na ·e 

--···- .. 
49 131108. f:81:..2:~:. -lt-7t .. 143. :.::'14. lt:. 43. 305. 317. (I 7""i'. 396. 1 E:. 1445. 1(197. t.1. 9. I) 

50 134070. 78140. -1753. 143. 223. 1 ~, 
Lo 40. 274. 363. (I 64. 427. 12. 1439. 107":i". 1 ::::3. 30. (I 

51 13700.! .. t-7596. -1859. 152. 183. 9. 52. 244. 439. (I 49. 4t:t:. •_;,_ 1433. 1 (J~it:. 244. ·;I (l 

52 139915. 56991. -1829. 1.-.,.-., 
.4....:... 91. 0 152. 244. 544. 0 9t-. 640. 0 143:3. 1 (13,~-- 1 ::--2. 1 f:. (l 

53 142797. 46325. -1 E:29. 122. ,_:~u 0 ':".,:,·(I .? ~tlfo 5t-1. 0 140. 701. 0 1479. 101f:;. t,I. (I (I 

54 164917. 237445. -1951. 0 107. 165. 338. 610. 341. 18. t.7. 427. l!:'::3. 1204. I Oc-7. 30. (I 0 
55 151758. 220515. -914. 0 1 c-8. 30. 168. 3t.c .. 347. 0 2:.::2. 579 .. 30. 1143. 1097. 0 (I 0 
56 138599. 203555. -1219. 0 183. 76. 107. 366. 3t-6. 0 91. 457. 76. 12251 • 1134. 76. 15. 0 
57 125440. 186567. -1433. t'l 152. 122. 335. t-l 0. 334. (I :34. 418. 1 --,.-> 

..:..L• 1 :348. 1158. 1'37. (I 0 
58 112280. 169550. -1676. 18. 274. 55. 280. 610. 28t .. (I 95. 3:31. 55. 13.::J. 1 158 .. 61. 0 0 
59 122054. 149057. -1737. 61. 287. 55. 2C;.8. 610. 310. 0 77. ;;:87. 5~1. 1442. 114(1. 1 .->.-> 

..:...L.. (I 0 
60 131819. 128393. -1768. 1 . ., . ., 

LLo 229. 55. 219. 503. 277. 0 I J 51 • 3-_~,t .. r:.;c ... .. _ .. 144:3. 1116. ~:(15. I) 0 
61 t3t.s·.n. 108789. -1829. 113. 213. 30. 152. 3·;,t .. 247. 0 lc,5. 411. 30. 1421. 1097. 305. 0 0 
62 141874. 88480. -17t,8. 128. 274. 21. 55. 351. 334. (1 84. 41 ::1. 21. 1413. 1082. :.:::O~i. 24. 0 
63 146767. 67968. -1890 .• 183. 213. 9. 98. 320. 415. (I 73. 4t:8. 9. 1457. 1042. 213. 30. 0 
64 151570; 47252. -1859. 152. i 0 0 0 0 46"?. 0 :?OJ. 671. 0 1524. IOOt .. 30. 0 I) 

65 174182. 234405. -1981. (I 122. 131. 47·,1. 732. 341. 21. t,4. 427. 152. 10:::2. 1052. 61. 0 2 
66 lc-7928. 226052. -1067. 0 122. 104. 140. 366. :3l:-6. 13. 7:3. 457. 122. 1021. JOc-7. t.1. (I 1 
t,7 H:,1674. 217670. -914. 0 101. 15. 98. 213. 3t-3. 15. 140. 518. 30. 1 (lf:2. 1082. 0 (I 0 

t-8 155421. 209259. -975. 0 91. 15. 259. 366. 368. 0 181. 549. 15. 1073. 1097. 0 0 0 
6',I 149167. 200819. -1006. 0 91. 55. 219. 36{: .. 329. 0 219. 549. ,:·c, 

...•....>- 1198. 1109. 0 (I 0 
70 142913. 192350. -1219. 0 1 ~,.? 58. 247. 427. 320. I) 137. 457. 5:3. 1296. 1128. 61. (I 0 
71 13U-59. 183852. -1341. (I 183. 71:.-. 259. 518. 320. 0 107. 427. 76. 1360. 1137. 12.:::. (I (I 

72 130405. 17532t .. -1463. 0 1 :i18. 91. 320. t-10. 296. 0 115. 411. 91. 1375. 1143. 137. (I (I 

73 124151. 166770. -It-le .. 30. 280. t.L 2l:-8. 610. 317. 0 7c, ::::96. 61. 1 ;;:f: I. 11 '19. 1 ')C• 
LUo (I 0 

74 129255. 156949. -1707. 61. 280. 49. 280. 610. 277. (I 119. :396. 49. 13t,'). 1131. 137. 0 0 
75 134358. 147193. -1707. 91. 268. 46. 296. 610. 269. 0 127. ;;:9t .. 4t .. 13:::4. 1128. 183. 0 (I 

76 139458. 137503. -1737. 122. 274. 46. 29(•. 610. 276. 0 136. 411. 4t,. 1387. 1109. 18:J. 0 (I 

77 144557. 127878. -1768. 122. 311. 4l:-. 192. 549. 258. 0 13·;;,. 396. 46. 1372. 1097. 122. 0 (I 

78 146586. 118058. -1798. 125. 311. 37. 140. 4i::8. "256. (I 171. 427. 37. 1372. lOf::3. 1.-,.., 
..:...:... 0 0 

n 148597. 108198. -1829. 128. 2t,8. 30. 143. 442. 283. 0 189. 472. 30. 1363. lOc-7. 274. (I 0 
80 150590. 98296. -1859. 140. 305. 30: 76. 411. 320. 0 137. 457. :30. 1372. 1067. 427. 1 ·:> (I 

81 152565. 88354~ -1859. 143. 314. 24. 58. 396. 320. 0 107. 427. 24. 1418. 1 Ot,1. 305. 30. 0 
82 154522. 78371. -1890. 143. 2';N). 18. 64. 372. 331. 0 110. 442. 18. 1433. 1052. 183. 30. (I 

83 1564t.l. t-8348. -1920. 213. 244. 12. 110. 36l:-. 341. 0 14l:,. 4E:8. I~- 1473. 1036. 61. :30. 0 
84 158382. 5328:..~. -1920. 183. I 'i'::J. 6. 131. 335. 393. 0 16:::. 561. t .. 1509. 1012. 30. 1 -:, o. 0 
85 ll:,0285. 48178. -1920. 183. 152. 0 0 152. 449. 0 221 .. t-71. (I l:"i40. 1024. (I ·O (I 

86 183447. 231191. -2073. 0 122. 162. 44B. 732. 299. 21. 107. 427. 18:~. 960. 1027. 91. I) 2 
87 171562. 214695. -610. 0 76. 15. 0 n .. 378. 15. 79. 472. 30. 1006. 1 Oc-1. I .-.,.-.. 

,e_..;.,. 0 0 
88 159677. 197996. -1067. 0 1 ·")•';, 5 ~, 

"-• 192. 3t-6. 401. 0 148. 549. 52. 1204. l (1:.::t:. (I (I 0 
89 147791. 181095. -1311. (I 213. 58. I E:t .. 457. 274. 0 lt:3. 457. 58. 1::::02. 111 9. {;. J. (I (1 

90 13590t .. 163991. -1524. 0 244. 61. 305. 610. 247. 0 165. 411. 61. 1360. 113 I. 61. (I I) 
91 14t-55t.. 145345. -1707. 91. 311. 37. 262. 610. 254. 0 143. 3•;1t,. 37. 1341. 11 (It .. 91. (I (I 
92 157201. 126896. -1753. 134. 360. :30. 219. 610. 256. 0 171. 427. 30. 1320. 107t,. t.1. 4::,:. () 
·;>3 H.0217. 107t-32. -1829. 143. :;:20. 37. 131. 488. 384. 0 16:'.:i. 54·:;,. 37. 12(::0. 1049. 39t .. (I (I 
94 163179. 88245. -1905. 152. 3J5. 24. 5·-;, 411. 30:3. ' 0 130. 4:33. 24. 1433. 103(: .. 122. 46. 0 
95 lc,6088. 68736. -1981. 213. 262 .. l ·:> 122. 396. ;:::4{; .. (I 20::3 .. 549. 1·:> 1509. I (1(1{; .• (I 15. (I 
96 168942. 49105. -1920. IA:~. ;:>1 :71. I) IS?. ~AA. 4"<•::) ,, ·:>47 )..H/.... r, 14,L.·:C, 97S .. , (I I) 



- - _, - - .. - .. 
I 06\e A-2 (cc.w<t.) 

Node Coordinates, m Elev. of Thickness, Ill llead fn Thickness, m NCODE 
No. cryst. I---- upper 

X y basement, Pre- Penn. Penn. Penn. Penn.,. Wal f. Wolf. Hulf. Wolf., Granite Rock aquifer, Wolf. Penn. ... m Penn carbo- gran f te shale Total carbo- grnn i te shal~ Total wash, salt m porous porous 
oate wash nate wash total carbo- ca[bo-

nate nae 

97 1.92712. 227804. -1981. (I 1"T-"1 
..:,,..1-. 98. 57::f. 7'12'. 299. 24. 104. 427. 1.-, . ..., 

..:.. ...... 945. · 997. 137. (I 2 
98 187066. 21973:). -1~90. 0 79. 165. (I 244. 343. 18. 96. 457. 79. 9-~-t .. 1015. 137. 0 1 
99 181420. 211590. -610. 0 46. 15. (l l-1. 378. 15. 79. 472. 30. 94~i .. 1 (l;;;:9. 244. 0 0 

JOO 175775. 203374. -t.10. 0 61. 0 0 c-l. 433. (I 48. 4 -::>·C• 
1...•.:.... 0 1052. J052 .. 122. 0 0 

10 I 170129. 19501::6. -1158. 0 91. 46. 320.1 457. 4 -,-. .:_4'., • 0 126. 549. 46. 1241. lOt,7. (I (I (l 

102 164483. 186726. -:- 1311. 0 183. 46. 274. 503. 384. (l 1 t.5. 54•_:;,_ 4t .. 1232. 1085. 0 (I (I 

103 158837. 178293. -1372. 0 244. 52. 207. 50;;;:. ~:27. (l 17t-. 503. 52. 1232. 10·:n. 0 J 5. 0 
104 1531-j>I. 169788. -1402. 0 290. 58. 21)1. 549. 274. I) 183. 457. 5:3 .. 1299. 1100. (l J5. 0 
105 147545. lt,1211. -1433. 0 351. 61. 198. 610. 25(; .. 0 171. 427. 61. 1326. 1119. (I 15. 0 
106 1531)98. 152346. -1463. 0 351. :3(1. 229 .. t-10. 25t .. (I 171. 427. :31). 1 :;: 1 I . 1103. t-1. 15. 0 
107 158650. 143514. -1494. 0 31:! 1. 30. 198. 610. 2t,5. (I 177. 442. 30. 1280. 1079. (I 15. (I 

108 1 t-4200. 134714. -1524. 0 396. 3(1. 183. 610. 25t,. 0 171. 427. 30. 12:::7. 1067. t.t. (:,1. 0 
109 lt-9750. 125948. -1768. 61. 381. 37. 192. 610. 25t .. 0 171. 427. '37. 1329. 1055. lE:3. t.1. 0 
110 170755. 116530. -1768. 137. 351. 43. 171. • 5t-4. ~:52. 0 151. 50:3. 43. 1299. 1 (l;;;:6. 152. 61. 0 
11 l 171752. 107091. -1829. 162. 3~:5. 37. 146. 518. 329. 0 219. 549. 37. 1:nt .. 10:Jo. 122. 61. 0 
112 172739. 97632. -1890. 183. 314. :3(1. 128. 472. 236. 0 23t .. 472. 30. 1387. 1021. 91. 61. 0 
l 13 173718. 88153. -1920. 192. 305. 24. 113. 442. 236. 0 236. 472. 24. 1448. 1006. t,1. :::o. 0 
1 14 174687. 78653. -1981. 180. 274. 18. 134. 427. 236. 0 23t .. 472. 18. 1479. l 006. I) J5. 0 
115 175647. t-9133. -2012. 244. 244. 12. 171. 427. 293. (l 195. 488. 1 -, ~- 1482. 1006. 0 0 0 
116 176599. 59592. -1981. 244. 235. 6. 125. 3t,6. 375. I) 250. 625. 6. 143t .. 975. (I I) 0 
11 7 177541, 50031. -1829. 91. 213. 0 152. :3t-t .. 439. 0 293. 732. 0 1454. 9U,. 61. (I I) 

118 201977; 224242. -1676. (I 122. 98. 604. 82:3. 299. 24. 104. 427. 1 ·")') ..;..,l,.. 884. 972. 61. (l 2 
119 19125(1. 208354. -7t,1. 0 110. 12. I) 122. 389. 12. 5t,. 457. 24. •;,1 s. 1012 .. 91. (I 1 
120 180523. 192091). -121'.?. 0 183; 40. 2t-5. 488. 378. 0 94. 472. 40. 1265. 10:36. (I 0 0 
121 11!-9796. 175449. -1433. 0 229, 41!-. 290. 564. 384. (l 165. 54•::;,. 46. 122·;,. 1076. 0 21. (I 

12~ 159068. 158432. -1433. 0 366. '41!-. 198. f!,10. 274. 0 18:J. 457. 4t,. 12t,5. 1103. 61. 30. (I 

123 170638. 141700. -1494. 6. 381. 3(1 .. 1518, t!-10. 213. 0 213. 4:?7. 30. 1244. 1061. 0 30. (I 

124 182205. 125033. -1737. 152. 305. 52. 25:3, t!,l O. 274. 0 18:::. 457. 5? 1::::38. 1024. I) l ti. 0 
125 183201. 106575. -1 E:90. 201. 305. 34. 180. 518. 274. 0 274. 549. 34. 1354. 1006. (I 37. (l 

126 184179 .. 88077. -1951. 213. 244. 21. 1,:)•") 
'"'' 457. 259. 0 259. 518. 21. 1439. n1. (J 15. 0 

127 1€:5140 .. 69538. -2012. 183. 229. 9. 189. 427. 259. (I 259. ~;1 E:. 9. 1418. 1024. (I (I 0 
128 1861)82. 50958. -1829. 152. 198. (I 168. 3t,6. 335. I) 274. 610. 0 1433. •;,51. t-1. I) I) 

129 211242 .. 220507. -14t-3. 0 91. 94, 1:,68. 853. 277. 27. 91. 3·;,t,. 122. E:84. s>t.o. (I (I ,., .. 
130 :206146. 212805. -1433. 0 152. 344. 479. 975. .'.313. 21. 83. 418. :::66. 9t.O. 969. 0 0 2 
131 201051. 204988. -762. 0 122. 4t,. 76. 244. 3'.34. 15. l:,:3. 418. 61. lOE•:2, •.;,88. 0 (I I 
132 195955. 197055. -762. (I 91. 0 30'. 122. 334. I) 84. 418. 0 115•;,. 1012. ::-, 1. I) (I 
133 lj085?'· 189006. -1067. 0 122. 34. 302. 457. 334. 0 84. 418. 34. 1220. 1021. I) (I 0 
134 105763. 180841. -1311. I) 168, 37. 3.t 4. 518. 30:3. I) 130. 43:3. 37. 1262. 10:Jt,. 61. J5. I) 

135 180668. l 72561. -1372. 0 :;:96. 40. 128. 564. 439. 0 1 IO. 5'19. 40. 121 I), 1(1(!.7. t.J. {:.I, (I 
136 175572. 164164. -1524. 21. 351. 43. :216. 610. 411. 0 123. 5'3.3. 43. 1189. 107:3. (I (:.1, 0 
137 170476. 155652. -1524. 15. 344. :::o. 235. t,10. 293. 0 195. 4E:8, 30. 1235. 1079. (I 61. 0 
139 176499. 147777. -1585. 27. 326. :3(1. 25:3. t-10. Z51. (I 206. 457. 30. 1235. 1055. 0 21. 0 
139 182521. 13;1902. -167t-. 61. 21!,5. 40. 305. 610. 229. (I 229. 457. 40. 1250. I o:3l .. (I (I 0 
140 188543. 1 '32027. -1737. 122. 213. 52. 375. 640. 229. (I 22•;,. 457. .,,., 

._,,;.;.. 129'."· 1015. I) 0 I) 

141 19451!,5. 124151. -1 n.e. 174. 213. t-1. 35,f .. t-71. 244. 0 244. 48E:. 61. 1317. 100t,. 0 (I (I 

l 42 194565. 115118. -1829. 1•;,s. 229. 55. :326. 610. 267. I) 267. 53:3. 55. 1 :;14 J. I 000. 0 0 I) 

143 194565. 1 Ot-085. -1859. 213. 229. 30. 259. 511:1. 280. (I 280. 5t-1. 30. 1 '.::48. 981. (I (I (I 

144 194565. 97051. -1890. 219. 213. 24. 235. 472. 277. 0 277. 555. 24. 1363. ~ 175. 0 I) 0 



- - - - - - - - - - - - - -
Node Coordinates, m Elev. of Thickness, m Head in Thickness, m NCODE 

No. cry st. I - upper 
X y basement, Pre- Penn. Penn. Penil, Penn., Wolf. rlo If. ifo l f. Wolf., Granite Rock aquifer, Wolf. Penn. 

-· m Penn carbo- granite shale Total carbo- granite shale Total wash, salt porous m porous 
nate wash nate wash total carbo- ca[bo-

nate nae 

' 

145 1945<':,5. ---8m:r1s. -f9:5T. 219. 213. 21. 207. 442·. :271f. 0 1"/4. 549 .. 21. 14 lt:. 975. (I 0 0 
146 194565. 78985. -2012. 21t,. l 98. 15. 213. 427. 274. 0 274. 549. 15. 143:3. 975. I) 0 I) 

147 1945t,5. 69951. -2042. 210. 183. 9. 204. 39t .. 2S"O. 0 290. 579. 9. t:387. •;t]~j. 0 0 0 
148 194565. • 60918. -1829. 168. 152. 0 213. 366. 366. 0 3t-t .. 7 ,:,,-, 

·-'""-• 0 1296. '?75. 0 I) 0 
149 194565. 51884. -1768. 91. 168. 0 151 183. 293. 0 195. 488. 0 1372. 945. t,1. 0 0 
150 218712. 216454. -1280. 0 76. 91. 686. 853. 2:38 .. 30. 128. :3·?6. 122. :384. ·;,54. 0 0 2 
151 209635. 201601. -853. 0 183. 76. 107. 366. 317. 15. t,4. 39t,. 91. 1113. 981. 0 (I 1 
152 200558. 186284. -1036. 0 122. 34. 241. 396. 317. 0 7 .;;) .•. 396. 34. 1189. 1006. 122. 0 0 
153 191482. 170505. -1311. 24. 274. 30. 229. 533. 3'il0. 0 98. 4::::8. :30. 1226. toot .. 1 ·-;>·:, 0 0 
154 182405. 154262. -1615. 49. 305. 30. 274. t,10. 363. 0 155. 518. 30. 122:3_ 1042. (I 15. 0 
155 193234. 1388<':,0. -1737. 122. 152. 4t .. 411. t,1 o. 244. 0 244. 4.::8. 46. 123E:. toot .. 30. (I (I 

15t. 204062. 123456. -1798. 18·il. 152. 61. 472. 68t .. 25•_:;,_ 0 259. 518. t-1. 1290. 97:3. 30. I) 0 
157 2040t.2. 105361. -1890. 219. 152. 61. 3 --.~ ...:,J. 549. 282. 0 282. 564. t-1. 1357. 975. 0 0 0 
158 204062. 87265. -1951. 223. 152. 46. 305. 503. 290. i) 290. 579. 46. 1396. 960. 0 0 0 
159 204062. • t,9169. -2042. 213. 122. 37. 344. 503. 305. 0 305. 610. 37. 1348. 951. (I 0 (I 

lt,O 204062. 51073. -1524. 91. 91. 0 30. 1 ,-;,.., _.._, 219. I) 146. 366. c) 129f:,. 924. 61. 0 0 
161 226298. 212632. -1067. 0 46. 46. 640. 7:::2. 219. 76. 70. 366. 122. 8:::8. 945. 0 (I 2 
162 222273. 205567. -975. 0 113. 198. 482. 7-,,2. 2:38. 46. s·-:- 36t .. 244. 915. 96:3. 0 I) 2 
163 218249. 198387. -914. 0 152. 347. 262. n2. 286. 18. 67. 372. 3t.t .• 1034. 975. 30. 0 I 
164 214224. 191091. -914. 0 244. 76. 107. 427. 297. 0 74. 372. 76. 1159. 98:3. 61. 0 0 
165 210200. 183679. -1067. 0 290. 34. 43. 366. 297. 0 74. 372. 34. 1159. 991. 61. (I 0 
166 206175. 176151. -1219. 0 244. 30. 18:3. 457. 317. 0 79. 39t .. :30. 1134. 975. 61. I) (I 

167 202151. 168507. -1280. 76. 152. 30. 335. 518. 3£,6. 0 91. 457. 30. 11 E19. 914. 122. (I 0 
168 l'i18126. 160748. -1372. 116. 152. 31). 3M •. 549. 439. 0 110. 54•;.> •. 30. 1204. -;:">45. 122. (I 0 
169 194102. 152873. -1585. 113. 152. 30. 411. 5•~4. 384. 0 H:,5. 549. 30. 1226. 100t .. 9L I) 0 
170 198'?66. 145345. -1646. 137. 183. 37. 390. c,1 o. 283. 0 1E:9. 472. 37. 1235. 1 (11):3. 91. 0 0 
171 203831. 137817. -1676. lc,8. 18:3. 52. 405. 640. 2t,O. 0 21;3. 472. 52. 1241. 985. 91. (l (I 

172 208695. 130290. -1737. 189. 183. 37. 451. c-71. 268. 0 219. 488. 37. 1250. 981. 91. 0 (I 

173 ·213559. I 227f:,2. -1768. 201. 11:13. 30. 503. 7H,. 277. 0 22~-- 503. 30. 1:::1)2. 975. 91. l) (I 

174 213559. J 13728. -1829. 21:3. 183. 61. 427. 671. 267. 0 267. 5:3:3. 61. 1360. 969. 46. I) (I 

175 213559. 104t,95. -1890. 219. 183. t,1. 305. 549. 2e:2. 0 282. 5U. 61. 13U,. ';157. (I (I (I 

176 213559. 
' 

95662. -1920. 232. 183. 61. 305. 549. 290. 0 290. 57·;>. 61. 1::166. -945_ 0 I) (I 

177 213:559. Bc-628. -1981. 232. 198. 6t'. 305. 564. 297. 0 297. 594. t,1. 1:;:78. 9115. (I 0 0 
178 213559. 77595. -2134. 232. 198. 49. :317. 564. 305. 0 305. 610. 49. 1369. 945. 0 0 (I 

179 213559. t.,8561. -2073. 213. 168. 37. 299. 503. 320. 0 320. 640. 37. 132f:,. 951. (I (I (I 

180 213559. 59528. ·-1829. 174. 122. t) 244. 3M. 343. 0, 34:3. 68t .. () 1311. 908. :.;:I). 0 0 
181 213559. 5049'1, -1372. 4{:,. 91. 0 30. 122. 43•;1. (I 293. 732. 0 12E:7. ·?02. t,1. (I (I 

182 234000. 209042. -457. 0 • 4t,. 0 76. 122. 216, 122, 22. 360. 12.2. E:6•;.i. 945. 0 0 2 
183 226892. 195347. -610. 0 82. 122. 162. 366. 270. {:,I. 29. :;:6(1, 18::::. 945. 945. 0 0 1 
184 219783. 181189. -853. 0 J 98. 76. t.1. :3:::s. 2E:I). 0 70. 351. 76. J 098. 975. 0 18. 0 
185 212675. 1U,5t,7. -1219. 91. 366. 30. 91. 4E:8. 293. 0 73. 3t,t .. ;;u). 1128. E:~r3. ~:(I. I .. ._,_ (I 

186 205567, 15J 483. -1524. 143. 274. :;:c). 25·.~- 564. 320. I) 107. 427. 30. 1204. •,;,9 1 . 13'7. 1 C' ....,. 0 
187 214312. I 3~-775. -167t,. 189. 351. 30. 22·;>. t,10. 247. (I 179. 427. 30. J250. 975. 137. 70. (I 

188 223055. 122067. -1768. 213. 305. 30. 396. 7:::12. 307. (I Jt.5. 472. :30. J :320. ';>45. 137. S) 1 . (I 

189 223055. 1041)87. -1890. 226. 2'14. :;:o. 3~:S~~- t,10. ;'::47. 0 lE:7. 533. 30. 13::i7. 5'3t .. t,.7. (I (I 

190 223055. 86107. -19:~1. 238. 213. 3(1. 366. t.1 o. 320. 0 3:21). 640. :;;O. 1 ;:;:1 7. 924. 30. (I 0 
191 223055. '. t,8127. -2134. 216.- 152. 18. :::'17. 518. 320. 0 32f). 6"1(1. 1 E:. 12·~6. ";:120. (I (I (I 

192 223t)55. 50147. -1219. 0 91. I) :30. 1 ·-;,·:, :?,C,6. (I 244. 611). I) 1280. 8E•"I. 61. 1) 0 



- - - - - - - - - - - - - - -
1 o..b\e A-2 

Node Coordinates, m Elev. of Thickness, m llead in Thickness, m NCOOE 
No. I cryst. -- upper 

X y basement, Pre- Penn. Penn. Pcm,. Penn., Wal f. wot f. Hol f. • WO 1 f. , Granite Rock aquifer, Wolf. Penn. - - m Penn carbo- granite shale T:>tal carbo- shah Total wash, salt porous granite m porous 
nate wash nate wash total carbo- ca[bo-

·. nate nae 

193 241817. 205683. 0 0 15. (I 15, 30. 201. fZ?. 17. 3":::;s. 12 .2. sr,:;,_ 930. (l 0 2 

194 238690. 199140. -152. 0 30. 0 30. 61. 218. 11 o. 8. 335. 110. ~:99. no. l) (I 2 
195 235563. 192480. -305. 0 52. 0 70. 122. 235. 94. t .. 335. 94. 936. 914. 0 (I 1 
196 232436. 185705. -396. 0 70. r) 52. 1 •")·~· ....... 268. 61. t .. :335. c,l. 1006. 9:.::0. (I 0 0 

197 229309, 178815. -t,10. 0 88. 15. 140. 244. 261. 15 .. 5(1. 326. 30. 1052. 945. 61. 0 (I 

198 226182. 171808. -914. 15. 213. 30. 122'. :3c-6. 26:::. (I 67. 335. 30. 11 t:3. 966. t.J. 1::<. 0 
1·n 223055. 164685, -1067. 61. 274. 30. 137. 442. 2t.e. (I 67. 335. 30. 11 :34. 914. 61. 30. 0 

200 219928. 157447. -1250. 101. 351. 30. 107. 488. 293. 0 7:'3. .366. 30 . 1174. 762. 76. 4:=:. (I 

201 216801. 150093. -1463. 134. 411. 30. 107. 549. 293. 0 73. 36(; .. 30. l 213. 945. 1 ~ .. -, ..C:....:... 61. (I 

202 220739. 142913. -1554. 171. 411. ;;;:O. 1.., . ., 
""-~- 5c,4. 297. 0 9·_;,_ 3'?6. 3(). 125() .. 945. 131. 61. () 

203 224(;,77. 135733. -1615. 195. 427. 30. 152. 610. 317. (I 79. 39c,. 30. 1.265. 914. 137. 91. (I 

204 228614. 128552. -1676. 207. 427. 30. 193. 655. 305. 0 76. 3:31. 30. 12'i'6. 914. 128 .. 1(17. (I 

205 232552. 121372. -1737. 216. 427. f:,1. 213. 701. 325. 0 71. 396. c,1. 1311. 930. 122. 128. (I 

206 232552. 112454. -1829. 219. 335. 46. 351. 7 ..... -, J..:.... 380. 0 114. 494. 4-~- 1305. 930. 1 . .,.-, ..:....:... 122. 0 
207 232552. 103537. -1890. 229. 198. 30. 411. 640. 373. 0 145. 518. 30. 1320. 914. 107. 15. 0 
208 232552. 94619. -1920. 235. 168. 30. 442. 64•). 330. I) 249. 579. :30. 1274. 890. 91. I) 0 
209 232552. 85702. -1981. 244. 122. 30. 503. 655. 335. (I 335. 671. 30. 1198. 899. 7c-. 0 (I 

210 232552. 76784. -2134. 244. 152. 30. 457. 640. 366. 0 366. 732. 30. 1241. 914. 61. 0 (I 

211 232552. 678c-6. -2134. 229. 122. 21. 421. 564. 366. 0 3c-6. 732. 21. 121::0. 914. (I (I 0 
212 232552. 58949. -1615. 201. 91. 9. 265. 3c-t .. 366. 0 366. 732. 9. J 280. 884. I) 0 0 
213 232552. 50031. -1524. 30. 91. 0 91. 183. 402. 0 zt.e. 671. 0 1271. 86t .. 61. J 5. (I 

214 249750. 202556. 0 0 ·15. 15. 0 30. 134. 168. 34. 335. 1E:3. 915. 914. 0 (I 2 
215 244263. 189788. -305. 0 49. 30. 43. 122.· 183. 152. 0 3:3!:i. 183. 951. 89:?,. (I I) 1 
216 238777. 176556. -610. 15. 85. 15. 143. 244: 244. 46. 15. 305. 61. ·~91. 884. 61. 0 (I 

217 2:33290. 162861. -1097. 61. 213. 30. 122. 3f:.l:,. 258. 0 65. 323. 30. 1128. 914. n. (I 0 
218 22,7803. 148703. -1433. 146. 3f:,6. 30. l 22. 518. 29:3. 0 7'3. ;;;:66. 30. J 189. 732. 122. 0 0 
219 23492c,. 134f:,90. -1585. 201. 3t,6. 46. 198. f:,10. 322. 0 44. 36f:.. 46. 1189. n:2. 122. J5. (I 

220 242049. 120677. -1737. 216. 381. 61. 229, 671. 311. I) 55. 366. 61. 1220. 82:3. 131. •,;, 1 . I) 

221 242049. 103045. -1890. 232. 244. 61. 366. 671. 363. 0 J55. 51E:. (;,1. 1250. 7':12. . 122. 107. (I 
2 .. ,,., .: ... 242049. 85412. -2(17:3. 244. 122. 61. 503. 686. 320. (I 320. 641). c,1. 1271. 872 . 76. 0 I) 

223 24204~'- f:,7780. -2286. 244. 91. 30. 488. 610. 366. 0 3M. 7:32. 30. 1265. 8t,3. :::o. (I (I 

224 242049. 50147. -1981. 152. 91. 6r 299. 39c,. 351. 0 351. 701. 6. 1265. 833. :::o. 0 (I 

225 257799. 199661. 0 0 15. 15. 30. t.1. 96. lc-8. 56. 320. 1:::3. 884. e·;:,o. (I 0 2 
226 255396. 193523. -305. 0 30. 15. 61. 107. 128. 168. 24. 320. 18:3. 909. 884. 0 I) 2 
227 252993. 187269. -457. 0 46. 30. 168. 244. 161). 152. 8. 320. 183. 930. 878. 0 (I 2 
228 250590. 180899. -914. 6 I. 61. 64. 24J. 366. 198. 11 :3. 1) 311. 177. 930. 853 . . 0 (I 1 
229 248186. 174414. -1097. 91. 82. 91. 268. 442. 213. t,1. (I 274. 152. •;, 15. 853. 0 (I 0 
230 245783. 167812. -1219. 122. J52. 113. 223. 488. 195. 15. 34. 244. 128. 1 (137. 792. :30. 0 0 
231 243380. 1t,1095. -1372. 174. 171. 98. 235. 503. 244. (I t.i. 305. S°'8. 11 13. 7'i•2. t-1. (I (I 

232 240977. 154262. -1433. 183. 213. 67. 238. 518. 2l,8. I) 67. 3J5. l-7. 1104. 7q·-;, --· 91. (I 0 
233 23E:574. 147314. -14t,3. 18t .. 274. 46. 229. 549. 293. 0 73. 3f:.l:,. 46. 1152. 732. 1 (11. (I 0 
234 241817. 140481. -1494. 1·~8. 274. 61. 244. 579. 329. 0 37. 3t.t .. 61. I l 13, t,95. 91. (I (I 

235 2450l,O. 133648. -1524. . ::--:10. 335. 61. 213. l:.J(I. :329. (I ;:£:7. 3c,t,. f:,l. 1,.1t:2. 671 . 91. (I (I 

236 218302. 126815. -I c,15. 244. 335. 46. 244. 625. 311. (I c.·•= 3(:.t .. 46. 11 :31 . f:,:::O. 1 ..,.-.. (I (I .... -·· ....... 
237 251545. 119982. -1737. 244. 335. t.,1. 244. t.,4(1. 305. I) 71:.,, 3:;:J. 61. 1149. 732. 122. (. I. (I 

238 251545. 111296. -1829. 21:3. 39t,. 76. 198. t.71. 33:3. I) I 19. 457. 7f:,. 11 74. 7:::2. 116. 1 t:i:2. 0 
239 251545. 102610. -1890. 213. 305. n. 320. 701. 342. 0 176. 511::. 76. 1 t::::9. 7,17. 107. 1::::1. (I 

240 251545. 93924. -1951. 219. 183. 67. 482. 732. 2"::.,c). (I 2•;,o. 57·;>. t.,7. 1221). 762. ·;:,1. 15. c) 



- - - - - - - - - - - - - - -
1ulole A-2 

Node Coordinates, m Elev. of Thickness, m I lead in Thickness, Ill NCOOE 
No. crys t. upper 

X y basement, Pre- Penn. Penn. Pem1. Penn., Wolf. ;Jo 1 f. Hol f. Wo 1 f., Granf te Rock aquifer, Wolf. Penn. 
• --- m Penn carbo- granite shale Total carbo- gran f te shale Total wash, salt porous porous m 

na te wash nate wash tota I carbo- ca[bo- ; 

nate nae 

... 
241 ;251545. 85°23\:J. -2073. 232. 152. 49. s;;:o .. 732. 328. 0 328. t.,55. 49. 1241. 792. 7t. .. (I 0 
242 251545. 76552. -2225. 244. 1 .-,,, ..:..,.~. t.-J. 54-_;,_ 7 .::,.-, 

.,;.,, .... 3U-. 0 3t.-6. 7 ·:,.-, 
·-•..:... . t.-1. 1229. 823. t-1. (I 0 

243 251545. 678U-. -2377. 244. 91. 30. 488. t.-10. 3t.-t. .. (I 3t.-t. .. 732. 30. 122t. .. ,::23. 30. (I (I 

244 251545. 59180. -22:36. 244. 91. 21. 436. 549. 3t.-6. 0 36t. .. 732. 21. 1256. 85:3. (I I) (l 

245 251545. 50494. -1920. 183. 137. 15. 33::,_ 4€::3. 335. 0 335. 671. 15. 12✓0 .. 823. (I (I (l 

246 265964. 196997. -61. 0 15. J 5. 61. 91. 91. 1 t.-8. 46. 305. 1 :33. 854. 878. 0 0 2 
247 261751. 184$•24. -488. 30. 4t.,. 0 198. 244. 122. 152. 30. 305. 152 .. 895°'. E:53. (I (I 2 
248 257538. 172387. -975. 152. 82. 76. 207. 36t.-. 171. 46. 27. 244. 1.-,.-, 

..;.....c... 915. 847. 0 I) I 
249 253325. 159387. -1067. 152. 152. 91. 244. 488. 195. 0 49. 244. 91. 1055. 762. 0 () () 
250 249113. 145924. -1280. 21 :3. 198. 61. 290. 549. 260. 0 :::9. 299. 61. 105:3. 701. t.-1. (I 0 
251 255077. 132605. -1524. 213. 244. 61. 305. 610. 299. 0 t.-1. 360. t.-1. 1043. l,40. 107. 0 (l 

252 261042. 119287. -1737. 213. 29.J. 73. 274. t.,4(1. 317. 0 n. 39t.. 73. 1037. t.-40. 107. 31). (I 

253 261042. 102234. -1890. 213. 366. 88. 247. 701. :::63. 0 155. 518. t:E:. 109t:. 701. 91. 137. (I 

254 261042. 85180. -2073. 229. 152. 64. 515. 732. 384. (I 256. 640. t..4. 1189. 716. 67. 0 0 
255 261042. 68127. -2347. 244. l E:3. 27. 521. 732. 43·;>. 0 293. 732. 27. 119.::. 732. 30. 0 0 
256 261042. 51073. -1585. 152. 122. 9. 357. 488. 384. 0 256. 640. 9. 1189. 7:32. 0 0 0 
257 274244. 194565. -183. 0 l-. 15. 85. 107. 49. 168. 27. 244. IE:3. B3S. 85:3. (I 0 2 
258 272391. 188716. -610. t.-1. 24. 30. 98. 152. O·".> •..1.:.... 152. 40. 274. 1 E;:;:. 854. 829. (l (I 2 
259 270538. 182752. -671. 91. 43. 76. 125. 244. 1 1 t_ •• 107. 67. 290. I 8:3. E:69. rn. (I () 2 
260 268685. 176672. -579. 91. 61. 0 18.3. 244. 130. 61. 69. 259. 61. 875. 7,:,--:, (I 0 2 
261 266832. 170476. -610. 122. 79. 46. 149. 274. 14t-. 15. E:2. 244. t.J. 902. t:0:3. (I (I 2 
262 264979. 1641t.-4. -914. 244. 113. 46. 177. 335. 192. 0 82 .. 274. 46. •;>24. 82.3. I) I) 1 
263 2t.-312t-. 157737. -792. 107. 146. 30. 189. 3t-6. 247. 0 27. 274. 30. 976. lt.-2. 0 (I (I 

264 261273. 151193. -914. 122. 165. 30. 293. 488. 232. 0 58. 290 .. 30. 1006. 716. 30. 0 0 
265 2594'.:'.0. 144534. -1128. 137. 183. 37. 299. 518. 251. 0 63. 314. 37. 1021. t.-71. 61. 0 0 
266 262200. 138049. -1280. 152. 198. 43. 308. 549. 2t.-8. 0 67. 335. 43. 1018. t-49. 98 .. I) (I 

267 264979. l 315t..3. -1341. lt.-8. 244. t.-1. 274. 57';>. 293. 0 7 "" --'• 3t.-t.-. t-1. 1043. 628. 122. 0 (l 

268 267759. 125078. -I 4t.,3. 183. 274. 76. 259. 610. 305. 0 76. 381. ?t.-. 1064. 610. 122. (I f) 

269 27053:3. 118592. -164t.-. 198. 335. 91. 19E:. 625. 2-:;,3_ 0 73. 3t..t. .. ·n. 1073. t.-10. 61. 15. 0 
270 270538. 110254. -1768. 2t:3. 366. 91. 198. 655. 329. 0 37. 3<'.-6. ?J. 109t1. 640. t-1. 98. 0 
271 270538. 101915. -1890. 213. 39t. .. 91. 19E:. t.-86. 390. 0 98. 48B. 91. 1131 . t.-52. ?c.,. 122. (I 

272 270538. 93577. -1920. 213. 335. 76. 305. 716. 347. 0 232. 579. 76. 1146. 646. 76. 15. (I 

273 270S38. 85238. -2042. 235. 183. t.-1. 488. 732. 402. 0 2t.-8. t-71. t.-1. 1171. 671. 61. (I () 
274 270538. 76900. -2195. 241. 168. 30. 533. 732. 439. 0 2 q-:, 

, --'• 732. :::«o. 1195. t.92. ;::t). (l (I 

275 270538. 685t.,1. -2134. 244. 158. 24. 549. 7 ,:.--, 
-..:.. .. 439. 0 293. 732. 24. 1204. 701. (I 0 (I 

276 270538. 60223. -1676. 244. 158. 18. 311. 483. 402. 0 268. t.-71. 18. 1183. 735. (I 15. (I 

277 270538. 51884. -1219. 91. 183. 12. 171. 366. 305. 0 305. t.10. 12. 1159. 732. (I 37. 0 
278 283046. 194044. -305; 0 0 1S. 107. 122. 37. lt.-3. 40. 244. 1:':;:3. 802. 844. 0 0 2 
279 279803. 182217. -701. 91. 4:3_ 91. 79. 213. bl. 91. 91. 244. 183. 8'l8. 7 -:,-, , .... 0 (I 2 
280 276560. 169984. -1036. 122. 79. 152. 1 -, .... 244. 9.:, . ..... 30. 116. 244. 1:33; 973 . 762. (l 0 2 
281 273318. 157346. -945. 30. I 16. 46. 143. 305. 152. 15. 137. 305. t-1. 954. 792. (I 15. I 
282 270075. 1438}7. -1128. 152. 152. 30. 183. 3t-6. 268. 0 t-7. 3:35. :;:1). 976. 671. 67. (I 0 
283 274939. 131129. -1341. 183. 244. 30. 244. 518. 229. 0 7/:; .• 305 .. 30. 991. t.-10. 122. 0 0 
284 27980'3. 118592. -1676. 213. 351. 61. 259. 671. 146. 0 37. 183. t.-1. 1006. 591. 61. (I (I 
285 279803. 102031. -1890. 244. 384. 91. 25t. .. 732. 299. 0 12f: .. 427. 91 .. 10f:i5. l,I O. t..'1. 137. 0 
286 279803. 85470. -2012. 244. 238. 61. 433. 732. 39:3_ I) 2t.::::. 655. 61. 10:::8. 610. 55. l -:, I) 

287 279803. 68908. -1890. 232. 171. 15. 546. 7~:2. 375. (I 250. 625. 15. I 0;::2. t.lJ·,,. 55. 1 ·:, (I 

238 279803. 52347. -1067. 30. 1 .-.,., 
.,,1...;..., I) 0 122. 267. 1) 267. 5:33,. 0 1037. 671. 30. 91. 0 



- - - - - - - - - - - - - - - - -
Node Coordinates, m Elev. of Thickness, m lledd in Thickness, m NCOOE 

No. cry st. - upper 
X y basement, Pre- Penn. Penn. Pern,. Penn., Wolf. Wolf. Hol f. Wolf., Granite Rock aqul fer, Wolf. Penn. 

--- m Penn carbo- granite shale Total carbo- gran f te shale Total wash, salt porous Ill porous 
nate wash nate wash total carbo- ca[bo-

nate nae 

289 291848. 193407. -3U,. 0 0 15. 107. 122. 24. 1~-8. -:;~-::. 244. 1 :::3. 75·-;,. t:ot:. (I 0 2 
2')0 290458. 187544. -640. :30. 0 30. 122. l c---. 

, . ..1-.:.. 37. 152. 55. 244. J::::3. 7t.:;.:. 792. (I 0 2 
291 2890(,8. 1815"14. -671. 91. 15. l,7. 1 OJ. 183. 44. Ile,. S4. 244. 1 ::::3. 784. 747. 0 (I 2 
292 287678. 175558. -884. 152. 30. 15. 1-::,,:, ,v. 244. 55. 1(17. 113. 274. 122. r:c.o. 732. (I C, 2 

293 286289. 1 t-9434. -1097. 183. 46. 55. 143., 244. 91. 98. 116. 305. 152. 921. 732. (I C, 2 
294 284899. 163224. -1219. 152. 8 . ., ..__ 61. 101. 244. ·122. .:-, 1. 91. 305. 152. 930. 753. 0 I 0 2 
295 283509. 156926. -1250. 274. 14t .. 91. 67. 305. 148. :::o. 117. 29/:... 122. 9'?5. 75t .. 30. 24. 2 

296 282119. 150542. -1219. 213. 183. 61. 0 244. 198. 0 :::5. 28:3 .. c-t. •_;,39_ 701. 61. 30. 2 

297 280730. 14337t,. -lOc.7. 152. 152. 30. ·;>t. 274. 219. 0 55. 274. :::1). 951. l-71. n. 24. 1 
298 282814. 137006. -125(1. lt,8. 207. 30. ·;,s. :335. 202. 0 57. 259. ::=:o. 930. t.10. 91. 21. (I 

299 284899. 130752. -1402. 183. 244. 30. 21 :j. 488. 185. 0 !:i';/. 24'?. 30. 915. 5":i4. ';'1. 15. 0 
:300 286983. 124614. -1554. 198. 290. 30. 290. 610. 1::w. (I t-3. 244. 30. 921. 579. 91. I) (I 

301 2890c:-8. 118592. -lt,15. 244. 335. l:.-1. 335. 732. 263. 0 102. 3U .. t.t. 9~::3. 579. 67. (I (I 

302 2890c:-8. 110369. -1829. 335. :::96. ·;>t. 259. 747. 277. 0 119. 39t .. 91. ·no. 579. 15 .. 30. 0 
303 2890t-8. 102147. -1890. 335. 427. 91. 25·;,. 777. 299. 0 128. 427. 91. 991. 579. 30. 122. 0 
304 28901:.-8. 93924. -1920. 244. 396. 79. :317. 792. 329. 0 219. 549. 79. 1006. 579. 15. 152. (I 

305 289(1t.8. 85701. -1981. 244. 3c.6. 70. 387. 823. 366. 0 244. 610. 70. 1027. 5::~8. 15. 61. 0 
306 289068. 77479. -1981. 244. 183. 61. 610. 853. 3t,6. 0 244. 610. 61. 1043. 610. 61. 9. (I 

307 289068. 69256. -1829. 152. 207. 24. 622. 853. 293. 0 195. 488. 24. 991. t.10. 1 ·.,? 15. 0 
308 289068. 61033. -975. 61. 213. 0 91. 305. 274. I) 183. 457. 0 915. 634. 1.-,.-,. 

.,;_4-., l-1. 0 
309 289068. 52811. -914. 0 244. 0 0 244. 320. 0 137. 457. (I ·;>30. U-4. 122. 91. 0 
310 300649. 192655. -610. 0 0 15. 107. 122. 24. 168. 52. 244. 183. 732. 774. 0 () 2 

• 311 298333. 180885. -945 . 152. 24. 46. 174. 244. 52. 137. 70. 259. 1 ;::3. 732. 732. (I (I 2 
312 296017. 168826. -1128. 305. 49. 76. 119. 244. 82. 107. 85. 274. 18:3. 823.. 707. 0 I) 2 
,313 293701. 156478. -1280. 213. l 4t,. 122. 37. 305. 174. 61. 55. 290. 1 E:3, ~75'. 671. (I 0 2 
314 291384. 142971. -1311. 274. 152. 46. 229. 427. 235. 15. 85. 335. 61. 854. 640. :.::o. J c.· _,. 2 
315 294859. 130434. -1402. 183. 213. 91. 183. 488. 21:.,7. (I 114. 381. 91. 8l,9. 564. l:.,1. 21. 1 
316 2983:33. 1 l 8592. -1737. 213. 305. 122. 305. 732. 341. 0 85. 427. 122. 915. 561. 46. (I 0 
317 298333. 102262. -1890. 366. 427. 91. 274. 792. 288. 0 123. 411. ·;> I. 945. 549. (I 122. (I 

318 29833.3. 85';>33. -1920. 244. 488. 61. 290. 838. 32·;>. (I 219. 549. t,1. ·~45. 549. 46. 107. (I 

319 298333. 69603. -1829. 0 305. 61. 488. e:53. 320. 0 137. 457. 61. 9(:,0, 573. 46. 15. 0 
320 2983:33. , 53274. -914. 0 335. Q -30. 305. 213. 0 91. :305. 0 829. 610. 122. .t,I. 0 
321 309451. 191786. -335. 0 0 76. 229. 305. 27. 168. 74. 268. 244. 7(17. 732. (I (I 2 
322 308525. 185966. -518. 0 0 15. 351. 366. 41. ll:.,8. 66. 274. J Et3. 695. 701. 0 0 2 
323 307598. 180089. -975. 152. 0 30. 351. 381. 56. 152. 72. 28L). 18:3. 71t,. l:.-68. 0 (l 2 
324 306672. 174154. -1067. 168. 24. 61. 341. 427. 7--, 1 .-,,-, .. ,. . 93. 287. 18:3. 726. 671. 0 I) 2 
325 305745. 1(:,8160. -1128. 183. 43. 76. 33i3. 457. 88. 107. 9E:. 2~13. 1 E:3. 777. 680. 0 (l 2 
326 304819'. 162109. -1219. 183. 61. 91. 305. 457. 136. 91. 75. 302. 183. 793. 671. I) I) 2 
327 303892. 15t,OOO. -1280. 183. 79. 122. 226. 427. 170. 61. 89. 32(1. 183. 793. t,40. (l (I 2 
328 302966. 14983::3. -1311. 213. 143. 152. 70. 3M. 205. 30. JI)(:,. 341. 18'3. :323. t,13. I) I) 2 
329 302039. 142681. -1433. 213. 14t .. 168. 235. 549. 252. J 5. J 20. 3E:7. 1 E:3. 854. 58€:. 0 (l 2 
:330 303429. 136311. -lt,76. 244. 14·~. 183. 399. 7:32, 284. (l l . ., . ., ,.;,.,.L.• 4(15. J 83. 854. 567. I) 0 2 
331 304819. 130173. -1737. 244. 168. 152. 411. 732. 299. 0 128. 427. 152. 8(:,0. 549. 0 0 1 

·332 306208. 124267. -1798. 274. 235. 113. 384. 732. 324. (I 139. 463. 1 l 3. at.t .. 51)t,. 0 (l 2 
333 307598. 118592. -1829. 3(15. 2•;,c,. 91. 351. 732. 317. 0 171. 488. 91. s~.-;,. 546. 15. (l (l 

334 307598. 110485. -1829. 305. 427. 122. :305. 85:.3. 299. 0 J 28. 427. 122. :384. 54•;,. 61. :37. 0 
335 307598. 102378. -1829. 305. 427. lt,. 3~51. f:53. 21::a. (I 1:23. 411. n .. E:E:4. ~i49. 30. 1 OJ. (I 

336 307598. 94271. -·1829. 305. 244. 61. 549. 853. 311. (l 207. 518. t.1. 884. 5.30. c,I. 15. 0 



Node Coordinates, m Elev. of Thickness, m !lead in Thickness, m NCODE 
No. I crys t. I 

upper 
X y basement, Pre- Penn. Penn. Penil. Penn., Wal f. wolf. Half. Wolf., Granite Rock aqul fer, Wal f. Penn. -- m Penn carbo- granite shale Total carbo- granite sha I e Total wash, salt Ill porous porous 

nate wash nate wash total carbo- ca[bo-
nate nae I 

337 3075">'8. 86H,5. -1829. 305. 457. 61. 335. E:53. 3'29. (I 219. 549. t.1. E:·;-,o, 53i). t-1. 37. (l 

338 3075';"18. 78058. -1829. 305. 396. t,1. 427. 884. 37.3. I) 124. 497. t-1. 909. 543. 61. 1-5. (l 

33';1 31)75';18. t-9951. -1829. 305. 259. 1:.,1. 53;:;:, t:53. 33.;(. (I 9'1. 427. 61. 915. 54c,. 1:;:-..2. 0 0 
340 307598. 61844. -1341. 152. 198. (I 229. 427. 3(15. (l 91. 39t. .. t) ~12:.::. 5t,4 .. 1:37. ',:i. (l 

341 3(17598. 53737. -1219. 0 290. 0 76. 366. 389. (I 130. 51E:. 0 7'?/3. 57'7. 1 ::::3. t.,I. (l 

342 318253. 190802. -457. I) 0 ";'1. 3t,1,. 457. 55. 152. 67. 274. 244. 701 . 671. (I (I :.::: 
343 311:.-863. 17920/:. .. -701. 152. 0 122. 427. 549. 87. 122. t: 1. 2510. 244. 701. t-40. 0 0 .-. 

-" 

344 315473. 167436. -I 128. 244. 30. 91. 488. 610. J ·c,--;, .,_ __ ·,;, l . ';I 1 • 305. 1:33. 738 .. 1:.,41). t) (I 2 
345 314084. 155493. -1280. 213. 61. 152. 3·;;,t .. 610. 181:.-. 30. 155. .372. 1:33. 747 . 597. t-1. (I 2 
346 312694. 142507. -1:341. 213. 85. 91. 189. '366. 2:33. I) 153. 4:36. 91. 799. 579. t.1. 0 2 

347 314778. 129971. -1615. 244. 158. 91. 238. 488. 324. (I 1 ::::·;;. 4t-3. 91. 817. 5:33. 0 (I 1 
348 31681:.,3. 11_8592. -1829. 2 -~-. ,.::.::;. 290. 107. 335. 732~ 293. 0 195. 48:3. 107. 825'. 5:30. c,J. 24. 0 
349 31H:b3. 102494. -1829. 213. 290. t-4. 500. i::5:3. 299. 0 128. 427. 1:,.11. 8 --,--:, 

LoJ, 518. 1:.,1. 30. 0 

350 311:.,863. 863·,n. -1829. 213. 335. 61. 457. 853. 415. I) 104. 518. 61. :?.23. 512. 46. (I (I 

:351 316E:t.3. 70298. -1829. 152. 122. 61. 671. 853 .. 3·;,o. 0 98. 4::::8. 61. 823. 527. 30. (I (I 

352 31t,86:3. 54200. -1585. i83. 213. 3. 424. 640. 428. (I 121. 549. J. 756. 5:3t.. 61. 0 (I 

353 327055. 189701. -549. 0 0 122. 488. 610. 58. 122. 11 o. 290. 244. 671. t-10. 0 (I 2 
354 321:.,591, 183983. -671. 0 t) 131. 479. 610. 74. 113. 109. 296. 244. c.55. 610. 0 (> 2 
355 326128. J 7823t,. -792. 0 0 143. 41:,,,!; .. 610. ·;:,i. 101. 111, 302. 244. 671. 610. (I (I 2 
356 325665. 172460. -884. 0 0 152. 457. t, 1 o. 11 o. 91. 113. 314. 244. 701. t-00. I) (I 2 
357 325202. 1U,l:.,55. -1219. 259. 0 299. 311. l,1 O. 138. t-7. 140. 3'14. ::::t,6. 7;:;:s. t,10. ::::o. (I 2 
358 324738. 160821. -1402. 21:.-8. 0 256. 354. 610. 160. 49. 163. 372. 3()5. 729. 619. 61. 0 2 
359 324275. 154958. -1433. 274. 30. 213. 3U .. 610. 186. 30. 1 E:O. 391:.,. 24'1. 732. 1:.,04. 61. 0 2 
360 323312. 149066. -1372. 293. 52. 244. 314. 61 o. 207. 0 207. 415. 244. 7:32. 549. 61. (I 2 
361 323349. 142449. -1341. 335. n. 244. 290. t-.10, 299. 0 128. 427. 244. 7:35 .. 5:::6. 61. C, 2 
3t,2 324043. 135964. -1341. 213. 91. 91. 61. 244, 30·?. 0 133. 442. 9 J. 777. 524. 4t,. 0 2 
363 324738. 129826. -1433. 244. 153. 91. 0 . 244. 341. 0 146. 4:::8 . 91. E:02. 512. 30. 0 1 
364 325433. 124035. -1676. 244. 232. 11 o. 2t.s. 6_10. 293. 0 195. 48:::. 110. 802. 501:.-. t.1. 21. 2 
31:,,5 321:.-128. • 118592. -1829. 232. 305, 122. 427. 853. 297. 0 160. 457 . 122. 796. 512. t-1. 55. (I 

366 326128. 110601. -1829. 2J3. 335. 143. 375. 853. 277. 0 14•_;>. 427. 143. 793. 512. t-1. 91. I) 

367 321:.,128. 102610. -1829. 207. 290. 91. 472. 853. 305. (I J:31. 431:.,. ·;,1. 793. 512. l,1. 18. (I 

368 326123. 94619. -1829. 207., 244. 91. 579. 914. 31t .. 0 135. 451. 91. 793. 488. 30. I) (J . 

369 326128. 86628. -1829. 201. 244. S5. 616. 945. 320. (l 137. 457. :::5. 799. 488. 61. (I (J 

370 326128. 78637. -1829. 189. 122. 76. 777. '775. 337. t) 144. 4:32. 76. 799. 503. 61. (I (J 

371 326128. 70646. -1829. 183. 122. 64. 789. 975. 3t,b. (I 1-,-, 
..._-&... 488. 1:.-4. 774. 5(13. 61. (I (I 

372 326128. 62655. -1829. 183. 122. 27. 704. 853. 390. I) 98. 488. 27. 7:.::9. 503. 61. 0 (I 

373 326128. 54664. -1615. 183. 122. 18. 59J. 732. 341. 0 14t .. 488. 18. 716. 4 ,:,c, 
•..:ov. 1:..1. (I (I 

374 335856. 188485. -640. 0 0 122. 488. 610. 59. 122. 112. 2·1a. 244. t.49. 594. 0 0 2 
375 335393. 177179. -884. 0 0 137. 472. t-1 (I. 94. 107. 113. 314. 244. t,t.5. 59'1. 1:..1. (I 2 
376 334930. 165815. -1036. 0 0 152. 457. 610. 139. 91. 1:35. 366. 244. 732. 51:.,4. 61. I) 2 
377 334467. 154393. -1615. 3 ,.,.,. _,-.,. 46. 244. 320. 611). 174. 61. 161. 39t .. 305. 747. 573. 61. (I 2 
378 334003. 142507. -158~;. 305. 91. 19fl. 320. 61 o. 212. 15. 197. 424. 21 :=>. 793. 524. 55 .. t) 2 
379 3341:.,98. 12973·;>. -1676. 213. 152. 116. 98. 36t,, 295. 0 223. 518. 1 11:.-. 79::::. 4f:8. l,1. 15. 1 
380 33535'3. I 18592. -1829. 244. 296. 18:3. 405. 884. 293. t) 195. 488. 183. 777. 5:;?7. 61. 7t.. 0 
381 335393. 102726. -1829. 244. 290. 1.., . ., 

L~• 564. 975. 293. 0 195. 488. 122. 777. 494. 55. 1 :;:: . (I 

382 335393. 86859. -1829. 198. 183. 9·:> 771. 1036. 29-3. (I J·~5 .. 488. 82. 777. 48:~. 61. 0 0 

383 335393. 70993. -1798. 181:.,. J 22. (:.I. 853. 1031.:,. 2'i>3. 0 I '?5. 48:::. t,. 1 . 698. 494. 61. 0 0 

384 335393. 55127. -1676. 183. 168. 15. 671. E:53. 293. 0 1·_;>5_ 488. 15. 1:,,:34. 472. 61. 0 0 
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Node Coordinates, m Elev. of Thickness, m Head in Thickness, m NCODE 
No. cryst. upper ·-

X V basement, Pre- Penn. Penn. Penn. Penn., Wolf. Wolf. Ho If. Wolf., Granl te Rock aquifer, Wolf. Penn. - -- m Penn carbo- gran lte shale Total carbo- shale Total wash, salt gran I te m porous porous 
nate wash nate wash total carbo- ca[bo- ; 

nate nae 

385 :.c:44658. 187153. -762. 0 tl 131. 783. 914. 60. 113. 12(:,. 299. :244. l-31. 579. (l 0 2 
386 344658. 181594. -914. (I 0 D4. 780. 914. 76. 11 0. 119. 305. 244. 640. 57·.:,_ 4t .. I) 2 
387 344t.58. 176035. -975. 0 0 1:37. 777. 914. 101. 107. 128. 335. 244. (;.t.2. 579. t,1. () 2 
388 344t,58. 170476. -1036. 0 0 140. 774. 914. 113. 104. 149. 3t-6. 244. 72t-. 564. 61. 0 2 
389 344t-58. 164917. -1097. 0 0 143. 771'. 914. 126. 101. 155. 381. 244. 726. 555. t-1. (I 2 
390 344658. 159358. -1128. 0 15. 14t .. 753. 914. J 39. 98~ 1 l,O. 39t .. 244. 732. 543. t-1. (I 2 
391 344t-58. 153799. -1707. 0 40. 210. 360. 610. 148. 94. 169. 411. 305. 7t-2. 527. 61. 0 2 
:392 344658. 148240. -1737. 335. 91. 152. 366. 610. 162. 9J. 173. 427. 244. 848. 50·,;>. 3(J. 0 2 
3·;,3 34'1658. 142681. -1768. 335. 98. 183. 329. t-1 (I. 178. 46. 233. 457. 229. 838. 497. 30. 0 2 
394 344t-58. 135964. -1798. 317. 98. 198. 314. t,10. 215. J 5. 258. 488. 21 ::::. 823. 488. (:. 1 . J 5 . .~ .,_ 

395 34'1t:-58. 129710. -1829. 213. 1 t-8. 183. 15. 3U,. 274. ~) 274. 549. IE::;:. 756. 4:_:,:~. 61. 30. 1 
396 344658. 123919. -1829. 244. 235. 183. 436. 85:3. 302. 0 247. 549. 183. 7c-5. 4;:::::. 61. 61. (I 

397 344t,58. 1 lE:592. -1829. 244. 299. 183. 41 G:. 899. 295. 0 223. 518. 183. 75·;1. 488. (:.J. 91. 0 
398 344658. 110717. -1829. 244. 335. 152. 488. 975. 253. 0 253 .. 506. 152. 75:3. 4.::8. t.t. 98. 0 
399 34'1t-58. 1(12842. -1829. 244. 366. 122. 518. toot .. 244. 0 244. 488. 122. 747. 48l;:. t.1. (:,1. 0 
400 344658. 94966. -1829. 244. 137. 88. 841. 1067. 341. 0 146. 488. 88. 741. 48:3. 61. 0 (J 

401 344658. 87091. -1829. 244. 122. 79. 89t.. 1097. 268. 0 219. 488. 79. 741. 472. t,l. 0 (I 

402 344658. 79216. -1829. 204. 122. 73. 902. 1097. 244. 0 244. 488. 73. 726. 488. 61. (I (J 

403 34'1658. 71341. -1768. 192. 122. 30. 945. 1097. 268. (I 219. 488. 30. t-t-2. 4E::3. t-1. (I 0 
404 344658. 63465. -1737. 18:3.· 1:22. 21. 832. 975. 268. 0 219. 4.::8. 21. 604. 472. t-1. 0 (I 

405 344658. 555·;>0. -1676. 183. 274. 1.-, .... 597. 884. 2t.8 . 0 219. 4.::8. 12. 573. 457. t,1. () (I 
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Section I: Program Identification 

1 .1 Program Title: Steady-State Flow Analysis 

1 .2 Program Code Name: TRAVEL 

1.3 Program Writer: The original version of this program is George 

Pinder 1 s ISOQUAO. Randall J. Charbeneau of the Civil Engineering 

Department,U.T. at Austin, has modified and incorporated the capa­

bilities of computing streamlines, travel times, and the analytical 

solution for heads around a pumping well (July 1978). Hunder Yeh and 

Prakob Wirojanagud modified the program for the University of Texas 

Cyber 750 computer and incorporated zeta plotting subroutines. 

Program Documentation: Prakob Wirojanagud 

l .4 Organization: Bureau of Economic Geology 

1.5 Date: 

The University of Texas at Austin 

Austin, Texas 78712-7508 

April 1983 

l .6 Source Language: Cyber 750 Computer Systems-FORTRAN IV Version 538. 

l .7 Abstract: 

Program TRAVEL is a general purpose program for two dimensional 

steady-state groundwater flow analysis. It can be used to inves­

tigate two dimensional, profile or areal, flow and mass transport 

problems. Two dimensional-profile problems with free surface can 

be handled provided that the free surface is specified. Two-di­

mensional-areal problems with leakage from an aquitard can also be 

hand1ed knowing heads in the aquitard. The flow region may have 

any complex shape and it may consist of different materials arranged 

in arbitrary patterns. External and internal boundary conditions 

that may be specified are: prescribed head; nodal source/sink dis­

charge; element source/sink discharge; and prescribed head in the 
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aquitard. Analytical solution for head around a pumping well is 

obtained if the well is specified as a source/sink element. Typi­

cal output consists of nodal point values of head and velocity, 

plots of head contours, streamlines and travel times. 

This program was written based on the Galerkin Finite-Element 

technique and the use of quadratic-quadrilateral elements in 

discretizing the flow region. Background material, as well as 

some examples Qf application, are available in a report entitled 

11 Finite Element Modeling of Groundwater Injection-Extraction Sys­

tems 11 by R. J. Charbeneau and R. L. Street, Technical Report No. 

231, Dept. of Civil Engineering, Stanford University, July 1978. 
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Section II: Program Usage 

2. 1 Computer Equipment: 

Program TRAVEL was written for a Cyber 750 computer. An input term­

inal, a line printer, a zeta-plotting library, and a plotter are 

necessary to run the program. 

2.2 Source Program: The source listing of Program TRAVEL and its bi­

nary version, BTRAVEL, are stored in permanent file 1057 of T.he 

University of Texas computer system. The source listing of the 

program is also given in Section IV of this manual. 

2.3 Control Commands: 

As run on the University of Texas Cyber 750 through the interactive 

job processor (TAURUS), the control commands are as fol1ows: 

MAXFL= 230000/ 

LDSET,LIB=ZETLIBF/ 

BTRAVEL, datafile 

2.4 Storage Requirements: 

The present version of Program TRAVEL requires 230000 (octal) words 

of central memory to execute. This required memory is adequate for 

problems of up to 740 nodes or 225 elements. The maximum half band­

width of the global matrix is 50. 

2.5 Construction of Finite Element Mesh: 

The following gives the procedure for constructing the finite ele­

ment mesh and the numbering convention which is part of the proce­

dure for preparing an input data file. One should first construct 

to scale a map or cross~section of th~ flow region and divide it 

into subregions according to the geometry of the f101t1 region and/or 

the material properties. 
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Each subregion is subdivided into a finite number of elements and 

then the node and element numbering conventions are specified. 

The construction of mesh as well as the numbering of node and ele­

ment can be performed manu~lly or by using an automatic mesh gen­

eration program. A general purpose program named "MESHG" is avail­

able for the job. Interested users can find detailed information 

from the user's guide of the program. 

Figure 1 shows a map of finite element mesh of 135 nodes and 36 

elements. First, the flow region is divided into 3 subregions 

as indicated by the thick-solid lines according to, for this ex­

ample, its geometry. In each subregion, if further discretization 

into elements is performed manually, the size of each element can 

vary arbitrarily although it is suggested that the dimensions of 

neigh~oring elements within a given isotropic material should not 

differ from each other by more a factor of 2 or 3. If Program 

MESHG is used, the size of each element can be varied gradually 

by a given ratio in each direction. 

The node and element numbering in Figure l starts in sequential 

order from 1 eft to right and from bottom to top. In this manner, 

the half bandwidth (NHBW) of the resulting global matrix, which 

is 20, is the minimum for this particular mesh system. Since the 

half bandwidth is a function of the maximum difference between 

nodal number occurring on the sama~eleifiefrt~one should start num­

bering along the direction with smaller number of element$ and_ 
'j-·:,~. r:.:~·_:c·,-,< ~--_.:.,· .• -;·, ._. .• •. :·.~ :•:_·.: __ :, :~.:···.<:.-d •~:.:·~ t.y ~/--/~ .--<~;·.~b~:~·-·: o.r the 

then s eque.nt5 a:lly-:,proceed a long :the ,dther.-: d,i rect'Jbn j n' onder\fo'.1:,; 
~--: · , . -> ·. ,/ • • ·-~··.·( ~ ;L1; .::,::·,; \ ·,-;:~:e_•;. ,··:,.:: J"t 0:':\ 1·' .•.:~-:~--- ,;~./~ 

have the ,rnJ~iJTILHn, -~~J/ p~~tjlt{i_9t,Q ! :I~t'~~-,.~t~-1Jhr~ft:, ,_9-r_r:ciy~d-: P,9:T~::d. 

meters cHar-acleri i1ns(tfrl'rfA¼'t'~ :if ~Hiiri'i sH11e'sK''s}i·fein• ·tH~~ :h~~c/- :;'c'· 
~·i~·: ,·;•,·::· ··.: .. •·. :- ,- ~: •. ~- "•i •. ·,'· ~ :~ 1~;:·_.~1:i:~~.d b·-~ LY.:/,_. .. '.-~:~·1:\r(:·,_;t::~:·1. d!~Ci Lt~-'Irifr 
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I'· need to be clarified: INC (I,J), IN (I,J), and INEL (K,J). 

I 
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The integer value of INC (I,J) is the global node number of the local Ith 

node of the Jth element. As an example, INC (I,J) of the mesh system in 

Figure 1 has the following integer value for J = 

I = l 2 3 4 ' 5 6 

INC (I,8) = 25 26 27 36 44 43 

8 (see Figure 2a): 

7 8 

42 35 

The counter-clockwise numbering order of INC (I,J) for I= l to 8 as shown 

in Figure 2a is, however, only for convenience in numbering a mesh system 

manually .. The program will convert the array INC (I,J) into array IN (I,J) 

and use it in the finite element computations. As shown in Figure 2a, the 

integer value of IN (I,J) for the previous example is: 

I = 2 3 4 5 6 7 8 

IN (I,8) = 25 27 44 42 26 36 43 35 

Array INEL (K,J) is used to indicate neighboring elements of an element J 

J· for use in streamline analysis. Figure 2b shows the counter-clochlise 

numbering order of INEL (K,J) and its integer value for J = 8. 
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2.6 Preparation of Data Deck: 

GROUP 

A 

B 

The data input has been arranged in groups. Data that do not apply 

should be left blank, unless otherwise specified. 

COLUMNS FORMAT VARIABLE DES CR I PTI ON 

1-80 20A4 TITLE Title of problem; information typed 
on this card is reproduced exactly 
as a heading on printout. 

1-5 IS NN Number of nodes. 
6-10 rs NE Number of elements. 

11-15 IS NON Number of Dirichlet boundary nodes. 
16-20 IS NHBW Number in half band width. 
21-25 IS NLE Number of leaky elements. 
26-30 rs NLN Number-of leaky nodes. 
31-35 IS NQE Number of source/sink discharge elements. 
36-40 IS NQN Number of source/sink discharge nodes. 
41-45 IS NPLOT Number of plots of head contours. 
46-50 IS NTPLOT Number of plots of transmissivity contours. 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

' 

I 
I 

GROUP 
C 

COLUMNS 
1-10 

11-20 
21-30 
31-40 
41-50 

FORMAT 
FlO .0 
FlO.O 
FlO.O 
FlO.O 
FlO.O 

VARIABLE 
ATRANX 
ATRANY 
AFQE 
FACTOR 
ALEAK 

8 

DESCRIPTION 
Multiplier for x-transmissivity. 
Multiplier for y-transmissivity. 
Multiplier for well discharge. 
Multiplier for node coordinates. 
Multiplier for leakage coefficient. 

These multipliers are useful when the input values have to be converted 
due to the inconsistency in units or other needs for transformation. 
Assign a value of 1.0 if no conversion is needed. 
D 1-5 15 KOOl Printout of element ftow matrices. 

6-10 IS K002 Printout of global flow matrix. 
11-15 15 K003 Printout of element nodal velocities. 
16-20 15 K004 Printout of right hand side vectors. 
21-25 15 KOOS Printout of continuous velocity field. 
26-30 I5 K006 Plot of hydraulic head contours. 
31-35 15 K007 Plot of transmissivity contours. 
36-40 IS KOOB Printout of time of travel along 

streamlines. 
41-45 15 KOD9 To flag analytic specification of 

boundary cond. within the program. 
46-50 15 KODlO Plot streamlines. 

For these control codes, a value of 1 initiates action, a value of zero 
suppresses action. For KODlO to be equal 1, KOOS, KOOB, and either KOD6 
or KOD7 must be equal 1. 
E 1-5 15 

6-15 FlO.O 
16-25 FlO.O 
26-35 FlO.O 
36-.,45 F 10 . 0 
46-55 FlO. 0 

J 
x(J) 
y(J) 
TRANSX(J) 
TRANSY(J) 
HZERO(J) 

There are NN cards in Group E. 

F 1-5 
6-15 

16-30 

15 
FlO.O 

F15.0 

J 
PORTH(J) 

COEF(J) 

There are NE cards in Group F. 

G 1-5 
6-10 

11-15 
16-20 
21-25 
26-30 
31-35 
36-40 
41-45 

IS 
IS 
I5 
IS 
I5 
IS 
IS 
IS 
IS 

LL 
INC(l) 
INC(2) 
INC(3) 
INC(4) 
INC(S) 
INC ( 6) 
I NC ( 7) 
INC(8) 

There are NE cards in Group G. 

Node number. 
x-coordinate of node J. 
y-coordinate of node J. 
x-transmissivity at node J. 
y-transmissivity at node J. 
Head in the leaking aquitard 

Element number. 

at node J. 

Product of aquifer porosity and 
its thickness at element J. 
Leakage coefficient, which is the 
aqui tard hydraulic conductivity • 
divided by its thickness, at 
element J. 

Element number 
Integer va1ue of INC(l) is the 
global node number of node 1 of 
element LL, and so on 
(see details in Section 2.5). 
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' GROUP COLUMNS FORMAT VARIABLE DES CR I PT ION 

H (If NQE > 0) 

1-5 
6-15 

16-25 

26-35 

36-45 
46-55 
56-65 

IS 
FlO.O 
FlO.O 

FlO .0 

FlO.O 
FlO.O 
FlO .0 

There are NQE cards in Group H. 

I (If NQN > 0) 

1-5 IS 
6-15 FlO.O 

There are NQN cards in Group I. 

J 1-80 2014 

Use as many cards as needed. 

K 1-80 10F8.0 

Use as many cards as needed. 

I 
FQE ( I) 
RQE(I) 

B82 ( I) 

XQE (I) 
YQE(I) 
TRAN( I) 

J 
FQ(J) 

LRT (ITT) 

source/sink element number. 
source/sink discharge at el~ment I. 
Radius of element I. A source/sink 
element must have a circular shape. 
Coefficient used in evaluating 
Bessel functions for source/sink 
element ( = square root of the 
characteristic transmissivity 
divided by the leakage coefficient. 
x - coordinate of Ith source/sink. 
y - coordinate of Ith source/sink. 
Characteristic transmissivity of 
source/sink element. 

source/sink node number. 
source/sink discharge at node J. 

Array used for input of 
boundary node numbers. 
1 to NON. There are 20 
one card. 

Dirichlet 
ITT is from 
va 1 ues in 

PHll (ITT) Array used for input of Dirichlet 
boundary head values. There are 
10 values in one card. 

Group LA-LE p'ro'vides information for plots of transmissivity (If KOD7 = l). 

LA 

LB 

• 1-5 
6-10 

11-15 
16-20 
21-25 

1-10 
11-20 
21-30 
31-40 

15 
IS 

IS 
rs 
rs 

FlO.O 
FlO.O 
FlO .0 
FlO.O 

NCON 
NPTS 

NFE 
NLT 
NCIR 

XMIN 
XMAX 
YMIN 
YMAX 

Number of contours for plots. 
Number of search points for contour 
plots (see example). 
First element searched for contour plots. 
Last element searched for contour plots. 
O for rectangular domain, 
1 for circular domain. 

Minimum x-coordinates for p1 ots. 
Maximum x-coordinates for plots. 
Minimum y-coordinates for plots: 
Maximum y-coordinates for plots. 
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GROUP COLUMNS FORMAT VARIABLE DESCRIPTION 

LC Information to specify size and position of a rectangular frame 
of p 1 ots. 

1-10 FlO.O 

11-20 FlO. 0 

21-30 FlO.O 

31-40 FlO.O 

LO 1-80 8Fl0 .0 

Use as many cards as needed. 

LE 1-.80 8Fl0.0 

Use as many cards as needed. 

XO 

YO 

XL 

YL 

CON(I) 

PTS (I) 

Origin of frame in inches from the 
paper edge in x-direction. 
Origin of frame in inches from the 
paper edge in y-direction. 
Length of the frame in x-direction, 
inches. 
Length of the frame in y-direction, 
inches. • 

Contour levels for plots. 
I= 1 to NCON. 

Contour plotting searched points 
in local coordinates (see _example). 
I= 1 to NPTS 

GroupsMA-ME provide information for plots of hydraulic heads (If KOD6 = .1). 
The input variables and formats are exactly the same as those in Group LA to LE. 

GroupsNA-NO provide information for streamline and travel time analysis 
(If KOOlO = 1, K005 = 1, KOOB= 1, and either K006 = 1 or KOO?= 1). 

NA 

NB 

1-5 
6-10 

11-15 
16-25 

26-35 

1-80 

Use as many cards 

NC 1-5 
6-10 

11-15 
16-20 
21-25 

There are NE cards 

as 

IS 
IS 

I5 
FlO.O 

FlO .0 

SFlO .0 

needed. 

IS 
15 
IS 
15 
IS 

in Group NC. 

NSL 
NSTPRT 

NTIME 
STEP 

TMAX 

TT (I) 

L 
lNEl(l,L) 
lNEL(2,L) 
lNEL(3,L) 
1NEL(4,L) 

Number of streamlines. 
Number of integration between each 
printout of streamline travel. 
Number of contours of travel time. 
Stepping length for integration 
long streamlines in local coorqinates. 
Maximum travel time along streamlines. 

Travel-time level to be plotted 
along streamlines. I= 1 to NTIME. 

Element number. 
Array of adjacent elerrents. 
(see details in Section 2.5). 
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GROUP COLUMNS FORMAT VARIABLE DES CR I PTI ON 

ND 1-5 IS NEL Element number in which starting 
points of streamlines are specified. 

6-15 FlO.O XII 

16-25 FlO.O ETAl 

Use as many cards as needed·. 

2.7 OUTPUT: 

Printed outp~t are in file OUTPUT. 

Plotted output are in file PLOT. 

~-n coordinates of a starting 
point of streamline in the NELth 
element. 

Tape 1 contains, in each line, node number, x and y coordinates of 
node, nodal values of head and x-y seepage veloc1ties with the format 
(IS, 3F10.2, 2El5.6). 
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SECTION III: SAMPLE PROBLEM 

Table 1 is a listing of data input of the sample problem shown in 

Figure 3. Figure 4 shows the node and element numbering convention. 

Figures 5 and 6 are plotted output in file PLOT. Different examples 

. of the program's application are available in the report by Carbeneau 

and Street (1978). 
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Table 1 Oa.to- 1-npu:t of +he S """'fle Prob \e \'Y\ 

TEST PROBLEM FOR PROGRAM TRAVEL 
40 9 14 14 0 

1 
1 
2 

4 

7 

10 
1 1 
12 
1 ·:, ·-· 
14 

20 
21 
2:.=.· 

24 
.-,,:­
..:.:_._1 

26 
-, -, 
..:.1 

34 

2 

4 

1. 00 
1 .1 

.00 
50.0(J 

100.00 
150.00 
2(JC). 00 

250.00 
:~:(Jc). ()(J 

.00 
100.00 
:200. t)O 
300. 

o. 
50. 

100. 
150. 
200. 
25<). 
300. 

0. 
100. 
200. 
3(H). · 

50. 
10('. 
150. 
200. 
25<). 
:2:00. 

o. 
1 (JC). 

200. 
300. 

o. 
5c). 

1 (JC). 

150. 
200. 
25(>. 
300. 

2. 5() 

2 .. 5(> 
2 .. Sc) 
2. 5<) 
2 .. 5() 

1. 00 
0 1 

• (JC) 

. 00 

.00 
• (H) 

. 00 

. 00 
• c)(l 

50. (1() 

50.00 
50. 
50. 

100. 
100. 
100. 
100. 
100. 
100. 
100. 
150. 
150. 
150. 
1-50. 
200. 
200. 
200. 
200. 
200. 
200. 
200. 
25(>. 
25(>. 
~25<). 
25<). 
300. 
300. 
300. 
300. 
300. 
::::oo. 
300. 

.oo 
• (11) 

. 00 

. 00 

. ()0 

0 (J 

1 . 00 
1 0 
50 . (H) 

50 . C)(l 
.so. 00 
50. 00 
50 . 00 
50. 00 
50 . (l(l 
)50. ()(J 

50. 00 
50. 
5(). 

.so. 
50. 

C" 
._1. 

. s. 
c:-
._1. 

50. 
50. 
50. 

r:: 
._1. 

5. 
.so. 
50: 
50. 

C" 

·-' ■ 
r:: ._,. 
c:-
._1. 

50. 
50. 
50. 
50. 
50. 
5(>. 
50. 
50. 
50. 
50. 
50. 
50. 
. so. 

(l 1 
1. 00 

1 0 
50.00 
50.00 
50.00 
50. (H) 

.so. 00 
50.00 
50.00 
50.00 
.5<). (J(l 

5(>. 

50. 
.so. 
50. 

c:-._, . 
c:-
·-'. 

50. 
.so. 
.so. 

C" ·-·. 
C" ._, . 

.so. 
:;i:r. 
50. 

C:' 
·-'. 
C" ·-·. 
c:-·-'. 

50. 
50. 
.so. 
.Sc). 
50. 
50. 
50. 
50. 
50. 
50. 

• 50. 
50. 
50 . 

(l 

1 . 00 
1 

• (l(J 

. 00 

.00 

. (l(J 

.oo 
• (H) 

. 00 

. (J(l 

.00 

.00 

.oo 
•. 00 
. 00 
.oo 
.00 
• (Ji) 

. 00 

. 00 

.oo 

. 00 

.00 

. 00 
• (H) 

.oo 

.00 

.00 

.00 

. OU 

.()() 

.00 

.00 
• (H) 

. (>O 

.00 

.oo 

.oo 

.oo 
• ()(I 

.00 
• (H) 

I ..J 
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Table 1 ( c.ont-,nV-e.) 

1 

7 

1 

. _, 
·-· 
4 
c:-
·-' 

7 

9 
.-, 
..::. 

1 

12 
14 . , 
.I. t.:• 

J(i. (H) 

20. (l(J 

9 c:-
·-' 

.00 
1. 50 

2'?. 00 
2 l. (Ii} 

15 .5 
:2()(). (H) 

1 0 
2 0 

4 

I. ,_, 

7 

1 
1 
1 
1 
1 
2 
2 
2 

2 

(l 

1 
2 

4 
c:-
·-' 

2. 5(> 
2. 5(} 

2.50 
2 .. 5() 

.-, 

..::. 

4 

13 
15 
17 
24 

7 

.00 
• (JI) 

.00 

.00 

10 
11 
20 
21 
22 
:31 

27 

40 

1 ·:, ·-· 
15 
17 
24 

12 
14 
U:, 

27 
:34 

3 4 
30.00 

5 6 
30. (H) 

20.00 

7. 34 
JO. 00 
20. (H) 

3().00 

1 
300.00 

2.75 
2::::. 00 

-.JO 

400.00 
2 4 

I) 
c:-
·-' 

I) 

9 
0 

-.70 

. 1 (J 

.50 

. ·_=-10 
-.70 
-.30 

. 1 (i 

. 50 

. 90 
-.70 
-. :3() 

. 1 () 

.50 

. ·.=--·o 

c:-
·-' 

7 

0 

. 00 
6. 00 

27. (H) 

3(i(J. (ll) 

t,. 00 
26. (H) 

. 00 . 30 
. 1 (J 1 (H)(l(J. (Jc) 

~.oo. oo • ::::oo. oo 
(I 

1 
.-, 
..::. 
() 

4 
c:-
·-' 
(J 

7 

-.99 
-.99 

,-, 
0 

10 
19 
20 
21 
30 
Ji 

37 
30. ()() 

25.00 

::::·_:-; 40 
30.00 20.00 

24. c)(J 

20.00 

23.0(l 

1000. 00 1200.00 14(H), (l() 

20.C 

22. C 

1600.C 
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SECTION IV: PROGRAM LISTING 



I 
I 1 

2 
3 

I a 
5 
/:, 

1 

I 8 
q 

11:l 
11 

I 12 
1 3 
1 <J 

I 
1 S 
1 o 
l 7 
18 

I 
1 q 
2~ 
21 
22 

I 23 
2(1 
25 
?o 

I 21 
28 
2q 

I 30 

1- 31 
32 
33 

I 
3a 
35 
3o 
37 

I 38 
30 
£10 
al 

I Ll2 
£13 
"a 
as 

I a" 
a1 

Ll8 

I 
a q 

Sll 
S 1 

52 

I 53 
sa 
55 
So 

I 57 
58 
5q 
otl 

I o 1 

I 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

PROGRAl'4 TJ.lAVl::l (Ir~PIJT,OUTPUT,TAPES:JN T,TAPEo:ourPUT ,T.APEl, 
1 T4PE2,PLOT) 

T R A V E L 
S T E A O Y S T A T E F L O ~ A N A L Y S I S 

THE ORlGINA~ VE~SION Q~ TH!S ?ROGRA~ rs PI~DER'S ISO~UAO, 
~HH)ALL J. C)-1.6~8€.NEAlJ OF l'iJE CldL E~GII-EERI~G OEPART~ENT,U,T, AT 
.&USTrs, ~AS ~acIF!EO ANO INCQQPQRATEO THE CAPABILITIES OF c~~PUTING 
STREA~LI~€S, T~AVEL TI~ES, AN~ TME ANALYTICAL SOLLJTION FO~ ~~ADS 
A~OUNC A PU~ 0 1~G WELL (10781, ~UNDER YEH ANO PRA~G8 ~!ROJA~AGUC 
MOnI,rEC T~E PPQGRAM FQQ u.r. CYBER 750 COM~UTER ANO TNCQPCRATED 
ZFTA PLCTTI~G su~QQUTINES~ THE PRCG~,~ ~,s DCCU~E~TEC FOR us~ lN 
THE ~EST TEiAS MASTE ISOLATinN PRQJ~CT BY PRA~O~ ~IHOJANAGUO c1qe]), 

O E F I N I T I O ~ 0 F V A R I A 3 L E S 

AFQ[ •••••••• ~VL1'1PLIER FOR ~ELL rrsc~A~GE 
ALEAK••-··--~CLTIPLIER roR LEAKAGE CCEFF!C!ENT 
ATRANX••··••MULTIPLIER FOR x-T~ANS~ISsIY!TY 
4T~A ► 1 Y••~•••~ULTIPL!F.'I' ~OR Y.TR.lNSMISSIVITY 
RESI0•••••••~0CIF!ED RESSEL FIJ~CTIO,., cF TME FIRST KI~K OF ORDER ZERO 
RESIJ••····•~QcIFIEO BESSEL FUNCTION QF TME FI~ST ~!NK OF QROER □ Ne 
8ES~~-••••••wnrrF!EO AESS~L FUNCT!GN rF THE SECONC ~IND OF Q~OF.R Z~~O 
'3ESl<l••·····"""l)IFIEO ~ESSEL F!!NCTI01'- r.F T"4~ s£co,-,o KIND r,F OFtl'.lE~ ONE:: 

• BESl!tl••••~AwRAY OF MQ[')!FTED BESSEL FU~CT!ONS n.F ORDER ONE 
E Y l. L I l A TE r, C ~ T M E S O ll .; C E. / S pH< E 1. E 1-1 f. N T B O U N O A R Y 

A~2(I'•··-•-COEFFicrENT usen r~ EYALUATJNG 8ESSEL FU~CTIONS FOR 
S n11PCE/S INK ELE"'EN Ts= 5 ra, ,HH: ::?OOT OF T ~I:: C Ht.lHC H.R IS TT C 
THANS~TSSIVITY orvirED 8Y THE LEAK~~E COEFFICI!NT,.,.,L 

coEFrrl-•-••LEL~AGE COEFFICIE~T (A~UITA~D PER~f-~!LITY OIVIOED 
~y ITS THIC~NESS)~•••••••:.11T 

c"N(J'•···••CO~TnUR LEVELS FOR FLOTS 
OETJ(!)•••••VALUE OF TME JACOBIAN CETEP~!NA~T AT EAC~ INTEGRATION 

POINT 
ox(I,J)•·•-•VALIJE nF TME x-DERIVATIVE OF T~E ITM 8ASIS FUNCTION AT 

T~f JTH INTEG~AT!QN POINT 
~YrI,J)•••••VALUE OF TME y.OERIVATIVE OF THE ITH BASIS FUNCTION AT 

THE JTH INTEGRATION PCINT 
ETAl •• ••••••5T~RT!NG LOCAL ETA COO~CI~ATE FOR INTEG~ATICN ALO~G 

ST~EAr-lL!NES 
F(I,J'••••••VALUE OF THE ITM ~ASIS FU~CT!ON AT Tr-lf JTM INTEGRATION 

POT >i T 
FOCI,•••••••NODAL SOURCE/SI~1<. D!SC~ANGE 
FnErr,•-·--•ElE~ENT SOU~CE/SINX OISCHARGE.~.~ ••••••••• L••3/T 
F~cl,•••••••STO~AGE VECTOR 
FACTQ~•····•~ULTTPLIER FOR ~ooE COO~OINATES 
~rr,J,-•-·••GLOAAL FLO~ ~,r~Il 
HK ( I 1•••••••51_l:~ OF TME MEAC TN A!JJACENT AQUIFE'P AT. Tl-'E IT'" 

I~TEGRATION PQTNT 
IN(I,Ll•••••INCinENCE O~LATTONS: IT~ ~~CE OF ELEMENT l 
INCrr,••···•~U~~v AR~AY FQR !~PUT OF IM IDE~CE RELATIONS 
fNELCI,Ll•••AR 0 AY QF ADJACENT ELEME~TS OF< STREA~LI~t ANALYSIS . 
JACO~f!l••••l FQA PARALLELQGRA~ SHAPE~ LE~ENTS, 2 FOR NOh•CONSTA~T 

JACOBIAN ELEMENTS (N~~•PA~A LELOGP.&M TYPE, 
~001 •• •---••! FOR PN!NTOUT OF ELE~E~T F 0~ ~AT~IrEs, ~ QTHtR~ISE 
KnD2-----•-•I FnA PRJNTCUT OF GLDA.6L FL~ MATPIX, ~ CTMER~!SE 
KOD3--••••••l FO~ PRJNTOUT ~F ELE~ENT N DAL VELGCITIES, g OT~ER~ISE 
KOCLl••••••-•1 FO~ P~IN'J'Q~T nF FI&HT HLN SIDE VECTO~S, ~ OTHERW!S~ 
KOn5---·-·••l F'OI. PRINTCLiT OF C.u'lT!NU0L1 VELt'.lCTTY F!ELf'l, d QTHER..rsE 



o2 C 
03 C 
b I.I C 
ttS C 
oe C 
b1 C 
bB C 
I,~ ,: 
70 C 
71 C 
72 C 
73 C 
7U C 
75 C 
11:, C 
77 C 
78 C 
1'1 C 
80 C 
81 C 
82 C 
83 C 
aa C 
SIS C: 
80 C . 
P, 1 C 
88 C 
8'1 C 
qg C 
q 1 C 
Q2 C q3 C 
91.1 C 
q15 C 
qo C 
Q7 C 
Q8 C 
qq C 

1 i'~ C 

1a1 C 
1 ~ C 
pn C 
H~t.1 C ,cs C 
1-00 C 
l ()7 C 
1~8 C 
1 r_1q C 
I I 0 C 
1 11 C 
1 12 C 
1 13 C 
! l LI C 
1 t S ~ 

t 1 b C 
117 C 
I 18 C 
1 1 q C 
\U C 
I 21 C 
, ?. 2 C 
t23 C 

l<noe-·•-··••1 FOR Pl.OT ('.'F ,M'f'('l~.4ULlC 1-4~AO CONTOURS", ~ OTHE!R,.ISE 
)(Q07•·····•-I FO~ PL~T OF T~ANS~ISSIVJTY cn~ruu~s, J OTMER~ISE 
l<OD8••••••••l FnR PRTNTCUT OF T!~E OF ~AVEL ALONG ST~EA~LlNES, 

~ OT"'EIH•!SE 
KOnq·---·-••1 TO FLAG A~ALYT!C SPECIF! ATtn~ OF 60UNOAR! CONDITIONS 

WIT~lN TME PROG~AM 
l<0010•q•••••PLOT ~TREAML!NES, CKOOS:1, 008:1,FCR ~0010:t) 
K~tI,·•···••NOnE NU~ij~R r, THf ?TH DIR D~LET 80UNOARV ~OOE 
L~Cil•••••••!~OfX ~M!C~ EQUALS 1 FOR O RICMLET 80UNOAQY ~OOES A~O 

~l OT~~Rw !SE 
L~C(I'•••-••~UN~IN~ SU~ OF OIRtCMLET AdU~OARY NOOES 
L~TC!'••-•••~UMMV ARRAY FOR ?~PUT OF ~I~ICHLET 80U~04~Y NOOES 
N•••••••••••NU~RE~ n.F ACTIVE ~ODES (NN•~ON) 
NCIR•-••••••J FOR R£CT4NGULA~ OOMAlN, l FOA CI~CULAR OO~Aih 
NCON••··--••NllM8ER OF ca~TO\JRS FOR PV'I TS 
NON•••••••••~UM~E~ OF OiqtC~LET BOUNO&AY ~ODES 
Nc••-.. •·--••NUMqER or ELEMfNTS 
NEL••• .. •••••STA~TING ELE~ENT FOR INTEGRATION ALO~G ST~EA~LINES 
NFE•••••-•••'IRST ELE~EST SE4RC~ED FO~ ~ONTOUR PLOTS 
N~8~-Q----••NUM9Eq !~ ~1L~ 8A~0~IDT~ ' 
NLE••••••• .. •NUHBF.R OF L~J~Y ELE~~NTS 
NLE• .. •••••••LAST ELE~ENT SE4RC~ED Fa~ CONTOUR PLOTS 
NL~•••••••••NUMSE~ OV LE4~Y ~OOES 
NN ....... ~ .. •••~UMAr~ OF ~O~ES 
NPLOT.- .... •••NU~AEq OF PLOTS OF ~VO~AUL!C ~EAO CONTOURS IN OUTPUT 
NPTS ... • .. ••••NU~AE~ OF SEAAC~ POINTS FOA CONTOU~ PLOTS 
N~£ ............ ~UMAER OF SOURCE/SI~~ DISCHARGE ELE~E~TS 
~q~ ............... ~UMPE~ OF SOURCE/SI~k OISCMAI. ~~ NODES 
NSL••···---.. ~uµBER a~ ST~EJ~LINES 
NSTP~T•• .. •••NUM8ER OF !NTEG~4TlO~S 8ETWE ~ PRINTOUT OF STREAMLINE 

TRAVEL I 
NT!~E••• .... ••NUµ~f~ OF CONTOURS OF TRAVEL Tt"E 
NTPLOT•-- .. ••NUµBE~ OF PLCTS OF T"ANs~rssivtTY CO~ITOURS IN OUTPUT 
P~trr, .. --~•-CALCULATEO MYQPAULIC HEJr.5 7 
PMIIty) .. -•••OIRICHLET ~OUN04Qy NOOE ~EAO 
P~Il~fl)••••r.UMl'Y 4~QJV FOQ y,:?UT OF OIRIC~LET B~UNDJRY ~~CE MEADS 
PQ~TMrI) ...... p~nOL'CT c' EL~~ENT PORCS!TV ANO AQUIFER THICKN€S~ ••• ,L 
PTS<r,•-- .. - .. caNTUUR PLOTTING SEJ~CH POINTJ 
Q(I'••• .. ••••VECTOR OF KINETIC EMEHGY TO ~E LOADED IN ELEMENT 

. FLOi. MATQIX 
~~E' r I' ••••••IUD It;S n, SQURCE/S l~K ELE1-4ENT ~:,. •, ~, • • •, ~ l.. 
RT(!,•••• .... •FORC!NG FU"lCTTQN (~IGl',T "1HIO' 5!0E' 
se:cI,.J) ...... Et.El-!ENT F'LQi. l'Aap 
sRcL ... - ... •-•UN~~OWN PART OF LEAKAGE FOR EiEME~T CLOAOEO INTO 

ELE"FNT FLO" ~ATR!X1 
SRCLTflJ• .. ••ijNKNONN PART OF Lf4~AGE AT INTEG~ATION PO!~T I 
SRC~(f) ...... )(~O~N ?AAT OF LEA~AG~ FQ~ NOO! I 
SRCRT(l)••••~NOwN PA~T OF L~A~AGE FQR INTEGRATION ?Ol~T I 
STEP• .. •• .. •••~TEPP!~:G LE~GTH FO~ I~TEG~ATtO~ ALONG STREAMLl~tS 
THAX ... - ... --.~AXIMU~ TRAVEL TywE ALONG STREA~LINES 
TRAN{I)•• .. ••CMARACTERISTIC T~A~S~ISSIVITY nF SOURCE/SINK ELEMENT,. 

.~·,L••2/T 
?R4~5x(Jl .. - .. x•T~ANSMISSIVITY OF ~OOE r.~.~~~.~ •••• L••2/T 
T~h~5yCj1 .. ••Y•T~~NS~!5SIV!TY OF NOOE r.~ •• :•••••••L•*2/T 
X(I) ............ X•COORDINAfE OF NOOE I, •• :.~.~~•••••••L 
XT1•••••• .... •STA~~1NG LnCAL XI COORDINATE FR INTEGRATION ALONG 

S TRE A.,.L I~~F.s 
x~,x .......... MAX!HU~ x-cnoROINAT~ FOR PLOTS 
x~r~ ........... HINI~U~ X•CO~RO!NATE FOR PLOTS. 
xaEcri•- .. ·••X•COOROtNAT( OF IT~ SOU~Cf/SIN~, •••••• L 
XV(I)·•··-·•MOOIFIED FE x-vELOCITY FO~ ~OU~CE/SI~~ ELf~E~TS 
Y(J) ........... v•COOROINATE OF ~OOE I•••••••• •••••••~ 

. . - . . - - - - - - ·- . - - ... - -

' 



--

I 1 2 (.I C 
125 C 

I ,20 C 
127 C 
12e C 
, 2 q C 

I 13~ C 
1 31 C 
132 

I 
133 C 
l 3 LI 
, 3 c; 
130 

II 1:37 
138 
t3° 
tu~ 

II 1 u t 
1 lie?. 
1 LI 3 
1 IHI C 

I 1u5 
1 £lb 
1 LI 7 

' 
1 '18 

1ao 

150 
ts t 

I 152 C 
153 C 
,su C 
155 

I tSc 
157 
158 C 

I 
-1 ~ q 

lb~ 
to I 
t l:i 2 C 

I 
,i,3 C 
\bU 
\b5 

1bc C 

I 1 i:i 7 
, t,/l, 

\ b q C 
\7'tl C 

I 1 7 t 
172 
1 73 

I 
1 7£1 

175 
t7o 
\71 

I 
178 
170 
t13i:, 

l 81 

I 
t82 
1 83 
t 8 (.I 
185 

I 
I 

'fMA:X••••••••r'AX!i-!li"' V•CQCtlDHHTE FOi' PL,TS 
VMy~ .•••••• u~!'J!MUW v-c~c~nI~ATE FOw ~L TS 
'fQEC!,••••••V•COO~~INATE OF !T~ SOURCE/ IN~ •••• ~,,L 
~vc1,•··-·••MOOtFIED FE Y•VELaC!TV FOR OUACE/SIN~ ELEME~TS 

COl-l~ON /SCA1,.!~/ 
t N~, ~E, N~e~, s~CL, ~ooa, ~oc1~, IoE 

CO~l'QN /VE:CTr~/ 
l X(7U~), vr7a~,, FM(7U~), P~I(7Ge), P~!I(7U~), XV(7u0,, 
2 RT(7U~1, T~ANSX(7uQ1, T~A~SY(7U0), COEFr22s,, PQ~TH(225), 
3 FaEC2e,, XGE(2~1, VOE(?~), RQE(20), 8A2C2~), 8ES1C2~), 
a s~c~T(lo), SQCLT(tb), Q(l~,, SRCR(~), OGX(8), DG'f(~), YV(7w0), 
r; Farse, 

CO"'MON ;,,uri:ip:; 
1 H(700,S~', !N(8,225', SE(8,8) 

OIMENSIUN 
t ,HZ ER r2 C7 Q Ir.! i , L C1 ( 1 a Cl ' , 1. RC ( ~ a~' , K J; (7 U O ) , TRANS (7 4 w:l ) , 
~ T!TLEC2il1, I~C(~), LRT(1~~,, P~I!M(1~~), H~(tbl, F(8,1ol, 
3 De:TJ(1b), OXC8,to), 0V(8,1b), TAaN(20), FF(A1 

oiTA AG/- 1 8ett3o3115Ques3, 
t •~33qqa1~u35~u8~0, ,33qqe1~u3511,a~5b, ,6b1t3b311Sques3/ 

r.,AT.A )(R(l)/..)/ 

R E A D l ~ 0 " I- ! T E O A T A 
READ r5,8J01 TITLE 
WPiiE Ct:,85.31 
~RITE Co,8oC, TITLE 

PEAn rs,q,~) N•i,NE,No~,~H~1o1,~LE,NLN,~QE,Na~,NPLOT,NTPLOT 
.iR!TE C&,qz,•1 
w i:. r r E c r, , q .3 .- , , i 'I , ,.. e: , '.J 11 ,., , " ~ E , J.l i,, i::l .. , N L c: , l,I L N , N PL a r , N r P L o r 

C1EAD (5,1GQ01 \TAANX,ATPANY,AFQE,FACTOR,lLEAK 
~RITE (~,1£15~, ATAAN~ 1 ATRANY,AFQE,FACTOA 1 ALEAK 

wAITE OUT C~CE !~TF,AP~:TAT!UN 
.,..i;qTF. U:,2S1 
p· (KQIJl,EQ,.~l 
TF (KOD1 ,NE,e1 
!F (KOO~.EQ,O' 
I F C K IJ O?. , ,~ E • ~ ' 
IF (KOO.S,EQ • .!1 
IF c~nD.3.NE,·,d) 
IF (Kr,Ou,EQ.·,n 
!F (KQO.J,NE,~1 
IF CKODS.E0,2' 
!J:' CKODS.NE,tn 
IF (KQOe,EQ,,n 
It:' (1(000,NE,<'l 

!F (KQD7.EQ,·~) 
IF (KQ07,NE.~1 

•RI TE 
WAITE' 
.. i. lTE 
wA!TE 
.. ~ I TE 
.. A!TE 
"IRlTE 
1o1A!TE: 
WATTE 
WRITE 
.. ~ITE 
.. inrF: 
wAITE 
·,1A I Tt 

( b , t i 
(I:,, 2' 
( o, 3) 

( o, b' 
( b, 11 
Cl,, Si 
( 0 ,11' 
(6,\2' 
(t,,131 
C6, 1u1 
(6,15) 
Co,101 



I 
I 
I 
I 
I 
I 
I 
I 
I 

• 
I 
I 
I 
I 
I 
I 
I 
I 
I 

tR6 ri::- (l<ooa.EG.IJ) lol~ITE U,,17) 

1~7 IF (l(Q0t,.NE.J1 lil~ITE (o,18, 
188 IF(~on1~.EQ.~, w~ITE Ce,tq1 
,~q fF(K001~,N€,a1 WRITE (~,2a1. 
1q3 C 
lql C i::'!LL DUMMY A~~AYS FO? NOOE ANO ELEME T NUMSE~S 
1n C 
! q3 C 
1qu C QEAO GENERAL I~PUT OATA FO~ CODE 
1QS C •••••o•••••a•••••••••••••••••••• 
,qc C 
t ~H C 
iqe C ~EAO NOJE CDC~DINATEs ANC ~·~•~ETERs: 
lqq C T~ANSMISSIV!TY ANO ~EAO I~ AOJACENT AQUifEP 
2~~ REAO (S,q80) (J,XCJ) 1 YCJ1,T~A~SX(Jl,T;ANSY(J),HZEROCJ),~:l,~~) 
?~1 D0 Qr J:t,NN 
2~2 ~(J1:r(Jl•FACTO~ 
2Cl yfJ1:vCJJ*FACTOR 
2~Q ao CONTINUE 
2~5 C 
2~0 C READ EL€~ENT PARA~ETE~S: POROSITY ANC LEAKAGE COEFFICIENT 
2~7 ~FAD ,s,qaS) (J,PORTM(J1,COfF(J),x:1,~E) 
21113 C 
2~q C ~EAO ELEMENT INCIDE~CES 
21~ C 
211 00 50 L:1,N€ 
?12 ;:IE'AO (5,111'3) LL,<P1c(ln,l<11l,8) 
?13 00 50 I:1,a 
2lij J:I+a 
215 I~(!,L>:INC<2•I•1' 
21b INCJ,L):INC(2*I) 
217 5P C~NTINUE 
21~ C 
21q C 
22~ C wRITE GENERAL INPUT nATA F~R CODE 
221 C ••••••••••••••••••••••••••••••••• 
222 C 
223 C ~RITE ~00E coc~~!NATES 
224 •QTTE Cb,qqe) 
225 .:RITE ro, lli:l~e, 
22b ~RITE Cb,1~10, (J,X(J,,v(Ji,J:1,~N) 
?27 C 
228 C ~RITE ELEMENT INCIDENCES 
22q i,.RJTE (o,tl'Hi, 
23~ -RITE <0,11se, 
231 oO ti~ L=t,NE 
~32 l~~ WRITE Co,11b0, L,CIN(l,L),r=1,8) 
233 C 
23U 
?35 
23b 
?,31 

cl 31' 
2H 
24~ 
'-" 1 
242 
243 
?"" 
?45 
2'1& 
247 

C 

C 

C 
C 

C 
C 
C 
C 

w~ITE ~OCAL T~ANS~ISS!VITJE~ AhO ~EAD I~ ADJACENT AQUIFER 
loiR!TE Cb,117t'1 
loi~IH (o,11qp) CJ,TRANSXC,Ti,TRANS'l'(J),l-jZf'Rr1(J),J:1,N"') 
~~ITE ~LE~~"'T FOROSITY TIME~ AQUIFC~ THICKNESS ANO ~EAK~GE 
cOEFnCIENT 

l<.l:!ITE (6,1U!~1 \ 
w~ITE (e,12~c, CJ,PnOTH(J),CQEFCJ,,J:1,Nt, 
on 120 J=t,NE 1

1 

coEFrJl:coEFcJ,•ALEA~ \ 

i;e,o ,.,,o 11,J;IITE 0/.TA FOR SOU~CUSINI< E1.EM~NTS, 



I 
I 
I 
I 
I 
I 
I 
I 
I 
t 
I 
I 
I 
I 
I 
I 
I 
I 
I 

e~8 C SOURCES ARE POSITIVE. FO? T~!S CODE TM SOURCE/SINK 
;,aq C IS AL~AVS ~OCATEO AT THE ELEYfNTS ORIGI 
250 C 
251 III=NE•1 
252 CO 15~ I=t,III 
253 ~QE(I)=u. 
25" ~~2cr,=0, 
2ss tGE<ri=€. 
;,56 YQE(I'=~. 
257 TRAN(!):0 0 

258 eEsl n,=0. 
25q 15~ F~E(Il=~. 
~e0 IF CNCE.EQ.Ol GO To 2ijt 
261 w~ITF. Ce,102~, 
2b2 00 2P9 JJ:1,~QE 
203 READ (5,70) lQE,FQEC!AE),RQE(ICEl,SB2rlQE),XPECIQE),YQECIQEl, 
2ca T~AN(IAE) 
2ti5 C 
2bb C E'VALUATE ),jOOIFIECl BESSEL FUtlCi'IO~S OF T>iE FIRST ANO SECOND J<1NOS 
;,67 C nF □ ROERS d ANO 1= I0, I1, ~~, ANn Kt 
2ce c 
ebq !F CCOf.F(IOE),EQ,~,) GO TO 170 
;,7~ xxx=RQE(IQEl/~82(I~£) 
?71 BES1CI~E):8ES~1(XXX,+8ESK0(XXxJ•eESI1(XXXl/8ESI0(XXi) 
272 170 CONTINUE 
;,73 C 
;,7" 
275 
27& 
277 
?78 
2H 
;,8 0 
281 
282 
?83 
284 
285 
?86 
?A7 
;;,88 
?8q 
2q'3 
~q, 
2q2 
2q 3 
;,qu 
2q5 
?'H, 
2q1 
2q8 
2qq 
300 
3 Cl\ 

302 
303 
3 ,J" 
,0s 
JAa 
:i~7 
308 
30q 

C 
C 
C 

C 
C 
C 

• 

cto 

~RITE C~,10u~1 IOE,FnECIOE),~QECIQE),XGECIQE),YQECIQEl,8B2CIGfl~ 
Tl:JAN(IQEi 

TRAN(ICE)zTRA~CIOE)•ATRANX 
F~E(IQE):FQECIQf)*AFQE 
COi~ TI NUE 

READ NODAL CISCHAR~E 

DO 210 I=t,NN 
PHII(I):0~ 
FQCO:ft~ 
I~C~QN.EQ~~, G~ TO 230 
00 220 I:t,Nr.N 
PEAD tS,tijba) J,FQCJ1 
COMTINl.!E 

?nENT!FY DIRICHLET BnU~DA~Y NQOES Fo~ FLO~ (INDICATED B~ LR=1) 

_.RITE (6,12301 
no 271" I=t,NN 
LR (I ,:r. 
IF <No~.Ea.~, Go TO 310 
N~T=~ 
READ cs,12a0, (LRTC!Til,ITT=t,20, 
T A:0 

on 2q~ I=t,2~ 
Ii=' (UlT(I),Ea •• n Go TO 3~0 
U=l 
J:LRT(Il 
"JST:N5T+1 
IF (J 0 L!,NN) Gn TU 2q~ 
WRITE Cc,125~1 J 

r;o To 1 &00 
LRCJ1:1 
w~ITE Cc,1260i CL~TCyiil,IIT:t,IAl 
tF CNST.GE.NO~l GO TO 310 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

310 
311 
'312 
313 
31 11 

::31 S 
J 1 b 

317 
'318 
31 q 
320 
::321 
:522 
323 
J ,2lJ 
'325 
'32b 
327 
328 
32q 
U'1 
3.31 
332 
::333 
~ 31.1 
335 
'336 
'3.37 
:oa 
uc; 
'3 4 0 
341 

3 "2 
~ lJ 3 
'3 I.I LI 
3 LIS 
iu 
3a7 
348 
3l.lq 
3S~ 
351 
352 

,353 
354 
]55 
'35c 
J57 
358 
:35q 
300 
3cl 
~c2 
3b3 
~b4 
365 
,oc 
3b?' 

C 
C 

C 

C 
C 
C: 

C 

C 

C 
C 
C 
C: 

C 

Jb8 C 
3bq C 
·n111 
371 

IF cr,.ec~2n, Go To 28Q 
I F ( NS T • N E • -•~ 0 "I ). WR I T F. U, , 1 2 7 0 ' NS T I NON 

310 CONTINUE 

315 

318 

::320 

325 

RE!O nIRICrlLfT NODE HEAOS 
r~ Cl<noc;.Ea.1, Go ro 325 
p:a 
?At:1 
IA c: 1" 
READ C5,S00l CPMII"CITT),!TT:IA1,IA21 
IF CIA2,GE.Nr.~, GO Ta 318 
IA1=H2•1 
p.2:u,+ 10 
r,o ro 315 
00 321? I:t,NN 
IF (L~'Il 1 NE 1 1) GO TO 320 
IA:I.\+1 
PHIIrr,:PMIIH(tA, 

GO To 340 

••••••••••••••••••••••••••••••••••••• 
ANALYTIC SPECIFICATinN' OF f;OUNDARV CONOITI0'-15 1 

SPECT~Y FOR PAPTICULAR 
CON'T pit.IF. 
on 330 J:1,NnE 
l"I) 3,28 l<:t,NE 

IF(F~F(K) 1 LE 1 ?,) GO TO 327 
DO 32t, I:t,NN 
IF CL~CI,~NE~1) GO To 321.1 
XN:IX(l ,•XQE(l<) 
xx111=xN•XN 
YN:Y(t)•YQE(l<) 
yYN:Y>-1* YN 
:io:xcrl-xQECK) 
XXD='l'O•XO 
yQ:Y(Tl•YQE(l<) 
yyr,:z:vo• vo 
su~~:11a.b•FQECK'•ALnG((XX~+yyNl/(XXO+YYD')ITRANSXCI) 
.PHII<t):PHlIC!)+SUMH 

3eC CCH-lT!NUE 
32b CONTINUE 
3;,1 CONT p!UE 
32.~ CO~T!NUE 
33r.i! CONTINUE 

·························••*•*·········· 
3U0 CONTINUE 

su~ nrRICHLET AOUNOAQY NOO(S 
LRCC1,=L~C1) 
DO 37~ J:;z,Ni,.: 

370 L~CCJ,:LRCCJ•1l+LR(Jl 
NR=U~C ( IIIN 1 

~•:NN•~R 
w~ITE Co,131P.) NN,NR,N 

CONSTA~T BOUNDARY ~ATRIX ROW !~DICES 
l(:~ 
00 3q0 J:t,N~ 



I 
I 
I 
I 
I 
I 
I 
I 
I 
i 

I 
I 
I 
I 
I 

I 
I 
I 

372 !F (LRCJl~LT.t1 GOT~ 3qe 
::;73 )(=K+t 
370 • ~R(~):J 
375 3Q0 cn~TI~UE 
370 C 
,77 C 
378 C PLOT CONTOURS OF T?AN~M!SS!V!TY 
371? IF ()(Q07, NE: .11 GO TO IJ02 
~a~ no ,qa r:1,NN 
,~t 3~a ~~(I):TRANSX(I) 
3~2 no ]Qe I=t,NTPLOT 
383 )Q6 CALL ?PLOT 
38a IJ0~ CONT!~UE 
38S C 
380 no u~~ J=t,NN 
J87 TRAN5~(J):TRANSX(J)*ATqANX 
388 IHH, TIHNSy(.!):TlHNSV(J)-,ATR4NY 
,sc; C 
3q0 C CONSTANTS 
-;q 1 C 
3q2 C CLEAR GLOBAL FLO~ ~ATRIX 
3q3 C 
3qa on ap1·r=1,N 
3q5 FM(I1=~. 
3q6 on a1~ J:t,N~ew 
~q7 a1~ H<I,Ji=~. 
Jq8 C: 
3qq C CLEAR Gl064L FORC!I-JG FUNCT!Oll (Rit;HT ~Oo1(1 SIDE VECTO~) 

!I=~ 
a~Hl C 
a '11 

a'42 
11 03 
ti ic' IJ 

!le5 
atlo 
u~1 
a<' e 
IJ I:) q 

!11 e 
a 1 l 
a12 
Ll13 
:nu 
a1S 
ato 
!117 
at8 
!11q 

a2U 
a21 
a22 
1J 2 3 
u2a 
Q 2s 

• a2o 
a27 
a2~ 
a2c; 
:J3~ 
0:31 
a32 
a33 

DO a 1 5 I : 1 , ~l ~ 
I~ (Lg(I)~Gr.~, GU ro ats 
II=II+l 
Rrnr,=0. 

ate; C:OtJTpJUE 
C: 
C 
C GF~E?4TE CU~FFICIENT MATRfX FOR FLOw 

~ ------------------------------------c 
r: 
C 

C 

CHAhGF FORCING FUNCT!O~ FO~ ~ODAL LOCA~IO~ OF WELLS 
IF (NDH,EQ,01 GO To a1q 
DO a t7 I=\ , 1-rn 

IF CF~cr,.EG.~,, Go TO U17 
_roJ=r-u1c c 1) 

RT(JDJ~:RTCJDJ).FQ(I) 
a 1 7 Cr, N T P• ll E 
a1q CONTpiue 

C START ~LEMENT LOOP FOR GENERATlNG FLO~ ~ATRICES ANO VECTORS 
C: 

C 
C 
C GENERAT~ AND EVALUATE AAS!~ FUNCTIO~S, TM~IR O~RIVATIVES ANO 
C TME JACOBIAN OETERM!~ANT AT EACM INTEG ATION POI~T 
C: T~TEGRATION ~y GAUSSIAN QUADRATURE· 
C uxu RULE FOR ALL ELE~ENTS 

O('I ""O I=t,1.1 
o a "a 2 .J = t , u 



II 

' ' I 

' I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

a3a 
a35 
LI 31'1 
u37 
a31' C 
a3Q 
1aa c 
au 1 
aa2 
IJLl3 

u a a 
aas 
aae 
1,11.17 C 
aaa • c 
aaq C 
aS0 C 
a51 
4S2 
a53 
45/J 
/JSS 
a So 
a57 
asa 
asci c 
a6e c 
ll i, 1 C 

ac2 
ao3 
ao'-' 
1105 

.llt.Jo 

ab1 
at-~ 
ab q 

a10 
u71 
a1'2 
IJ73 

a1a 
a 7 '5 
a1b C 
iJ 77 C 
a18 C 
a 1q 
a80 
£181 
£182 
IIA3 
118/J 

£1-~5 
080 
a81 
ae il 
a A q 
tJ<Hl 

aq t C 
a() 2 
uQ 3 C 

K::(l•I l•U+J 
::tT:AG(J) 
'f!:AG(I 1 
CC!NT p1UE 

······················•*••··· CALL SHA?E (L,X!,YT,FF,OET, 
••••••••••••••••••••••••••••• 
oo a3; J.J:1,e 
F (J J, )():FF CJ ,J) 

D:t (JJ, ><) :OGX (J,_n 
tH(JJ,l<):f'lGY(JJ) 
OEiJ(K):OET 
CONTTNUE 

SU~ MEAD IN AUJACENT AAU!FE~ FOR EAC~ ~OOE POINT AT EACM 
INTEG~ATION POINT 

!F CcnU(L),EQ,0,, (.;(1 TO (llJC) 

DO 4Ll5 K:t,16 
f·O<(l():.a, 

oo aaa J:1,a 
JDJ=TNCJ,L) 
MK(K):"K(K) ♦ F(J,K)+MzEPO(Jf'lJ) 
CONT!~UE 
cONT!NVE 

IF CFr.ECL1.F.G,r~, GO TO asu 
FQEE:FCE CL) 
IF 1cnEF(L),EQ~~., ~o T~ a~8 
FOEE:F0E(Ll•~OE(LJ•HESJ(L)/B82CL) 
CONT PJUE 

OCI £1'52 1:1,1:1 
J DJ= pi C I , Ll 
IR:JDJ•UlC (JC'Jl 
pT(IQ,=~T(IQi-e~0Q08aS•~GEE 
00 t1c;?. I :z5, 8 
JDJ:p,:CI,L) 
IP:Jo.l•U~C CJDJl 
~iCI~l:RT(IR)•J,15q15S•FCeE 
CONT p1UE 

GENE~ATE UPPER HALF oF FLO- coEFFICIE~T MATRIX 

r,o Lio~ I=t,8 
r,O '1~0 J:I,8 
r.,o usq l<:t, lo 
TRAN'i:O, 
TRHIY:0, 
i,n iisi:i JJ:1,8 
Jl)J:yN(JJ,1.l 
TQ4NJ:TRANX ♦ TRANSX(JOJ,•FCJJ 1 )() 

TRAN~:T~ANY+TQANSYCJnJ)•F(JJ,~) 
SRCLTCK):C0€FCLl•F(!,l<l•F(J 1 l<l•OETJ(~) 
Q(Kl:tT~A~X•OJ<!,l<)•DX(J,Kl+TRANY•OY(I,K)•OY(J,K,)•OETJ(K) 
CONT!NUi:: 
••••••••••••••••••• 
C~LL wATGEN CI,J) 

·••*••············· nQ~ ao~ sE<I,J):SECI,J)+SRCL 
ll q5 C 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

' 
' 

uQe 
aQ1 
£JO~ 
/Jqq 
c; "- ,3 

c; 0 t 
c:;a 
51J3 
c:; ,, a 

C:(15 

c; 1:' Cl ,,,, 
5~8 
s~c; 
510 
c; 1 1 
512 
513 
c; 1 LI 
51S 
51b 
C:17 
r; 1 8 
Slq 

52J 
521 
S?2 
523 
c;2 a 
525 
,20 
527 
c; 2 8 
,2q 
53~ 
531 
532 
13 3 3 
53/J 
S3S 
c; 3 b 
c:;37 
538 
53q 
SIJ:d 
sa, 
SJJ2 
s,n 
sa tJ 
SLl5 
Sllb 
c; IJ 7 
~ IJ 8 
CjLIQ 
SSI:! 
551 
5S2 
5 S] 
c; 5 LI 

i;ss 
5Sc 
5c; 7 

C 

C 
C 
C 
C 

C 

C 

C: 
C 

C 
C 
C 
C 
C 

C 

C 
C 
C 

C 

C 
C 

FILL L0wE~ HALF OF SE AR~AY 

nn uo2 t::<,s 
rt=I•t 
DO llo2 J:t,It 

lJ62 SECI,.f):SECJ,I) 

EVALUATE CONTRIBUTIONS TO FURCING FUNCTION FRGH ~E~O I~ 
A 1'.l J A C e ~~ T A ~ U I F E R 

IF ccoEFcU.F.r.,r., Go ro ae7 
no iloe I=t,a 
no u1,4 K:t,to 

a1,a 5Q.CRT(~):COEFCL'•HKC~)•FCI,K)•DETJCK) 

Ut,6 CALL ~ATGENA CI,1) 
************ .. * 
GO To IJcq 

IJ67 1")0 lJt,8 I=t,8 
Sl'CRrI):0 0 

IJe.13 CONT P,JUE 
4t,Q CONipJUE 

PP.INT ELEMENT MATRICES F~R FLOW 
TF (1<0Dt.Ne..1i GO TO U70 

II=' <L:GT,1) GO TQ a7v3 
... RITE Co,1.1q0i 
w,dTE Co,1.3?) L 
oo ao I::1,a 

~~ wRiiE Co,11J2, I,CSEf!,J),J:1,8) 
13~ FOQ~AT (////,tnY,7~ELEME~T,lJJ,SX,1b~ST!FFNESS MATQIX/) 
11.10 FO~~AT fIS,8EJS 0 c//i 
an~ C ('IN T p 1 u E 

471 

a1a 

LOAD GLOBAL COEFFICIENT ~!TRIX AND FnQ~ING FUNCTIOh 

-------------------·---~---·-··-------r---·-----~--
r,O 1.178 I=1,8 
JOI=INCI,L) 
IF (LRCJOI).GT.0) GO Tn a7Q 
ROW NLJMBE~ IN GLOBAL ~ATRIX 

I~=Jor•LRC(JOI) 

SUBTRACT INFLUENCE OF HEAn IN ADJACENT AQUIFER F~OM FOR~ING 
F'U1'1CT!O~ . 
RTflP,=PT{lR)•S~CR(I) 
00 472 J:t,8 
JDJ:tN(J,L) 
lF cu~(JCJ) .GT.~, GO Tn t.72 
COLUM~.NU~SER IN GLOBAL ~ATR!X {NU~8ER F~OM MA!~ CIAG~NAL) 
JC:JoJ•L~CCJOJ)•TR~l 
I~ (JC.LE~NH~~1 GO TO IJ71 
WRITE re,5b0) L,JC,N~e~ 
Gl'.l To 1.172 
IF (JC ■ LT~ll G~ TO 1.172 

LOAO ELEMENT FLQw ~ATR!X !NTO 
HCIR,JC1:HCI~,JC)•SECI,J, 
CONTINUE 
GO To Ll78 
CONT I NLJE 
no w11-i .J:t ,e 



1· 

I 
558 JDJ=IN(J,U 
55q IF CL~(JDJl 0 GT 0 ~) GO TO a1~ 
c; 6" C ~a .. NUl"!BER OF FORC HiG FtJNCT!ON 
561 JC:Jl')J•LJ.;C(JOJ' 

I 562 C 
563 C MC'VE !NFLUENCfi OF DIRICHLET BOU'-IOJ.~ 'I' ►•OOE HEAO TO FORCING FU~CT!ON 
Sci.I RT(JC):QT(JC)+SE<J,Ii•PHI!(JO!l 
5o5 IJ76 co1Hp1UE 

I r:;oc £11~ Ct'lNT!~llE 
567 'IA0 cc,~n z,.,1UE 
Sb~ ai:15 TF (L~LT 0 NE) Gn TO "2~ 

I 
5bq. C 
r:;n, C ENO ELEl"ENT LOO? FOR GE'-'E~• TI~~G FLC'i,. 14ATRICES !NO VECTORS 
571 C 
57Z !F ( l(OCl?. •NE• 1 i GO ro U8Q 

I 573 11HUTE (6,530' 
5111 .iRITf Ce,5"~' 
575 DO 'IS~ I= 1 , -" 
570 1:186 \.i R !'T.E r b, 5 7 ~ l l , o, ( I , J' , J:: 1 , t.WS •) 

I 577 \I/RITE Co,s<Hn 
~78 \IIRITE (e,,c,.!0) oncn,I=t,~1 
57q a-" q coNTfNl,IE 
c; a 0 C 

I s.a 1 C 
SS2 C 
583 C O'ECO,..OOSE 
s ,A" C •••••••••••••••••• 

I 585 CALL OBANO o~,IE~l 
c:;Ao C ****••··••******** 
587 C IF 0BANO FAILS, GO TO T),IE E•l(I 

I 588 C 
saq I,:- CIEX,EQ,1) GO TO 1 S 0P. 
c:;crn C 
c:;q 1 C CO"'PurE VECTOR OF )(NQ~N.YALlJES 

I 5q2 C -------------------------~----5q3 C 
5q Q C CHANGE S ! G114 OF FQQCING Fl.'NCTIC~ 
5q5 00 cH I= t, N 

I 5qb b7~ F'l-1 (Ii :•IH (I) 
.5q1 TF (,<r,D" ·NE .1, GO TO. o.,~ 
5q8 1o1RITE Cc,135~) 

I 
c;q q ,.;Qpf Cb,t01;ei 

g'-"e ,._QITE (.',,10q~, CI,F"'rI,,I:1,,.,, 
~t C 

b02 C P. AC)( SU8ST ITUT~ 

I 
6~3 C **'*••········ 
60" b(H.I CALL ss.u.:o ( N l 

o0S C •••••••••••••• 
I,~ b C 

I oi:l7 C 
608 C ADJUST FC~ CORRECT Nr!OAL S E0UE '•CE -us, 

FM FQQ TE"4PORHi'I' STOIHGE 
~ ,1 q !P:0 
& 1 ti oo 770 t:t,tl!N 

I b 11 Ii:- (LQ(I) 0 GT 1 0) GO To 7t:i I ,, 
b12 yP:IP•l 
bl3 F,_. ( I l :P 1-1 I r I Fl i 

I 
& 1 I.I GO To 77t(l 
&15 7M1 F"'C!):PHI(I) 
~16 77r, CO~!T PJUE 
&17 C END C AL CU l. J.T I O ~i S FOR HE.AC 

I bl 8 C 
& 1 q C 

- . - ... - . . 

I 



,. 
II 

020 

e2t 

:~J 
I e2" 

025 
6,? t, 

I 
ec7 
b2 e, 
6 2'1 
e 3 ?-

I 
e3 l 
e32 
033 
e,34 

I ~35 
e!e 
e37 
e3! 

I 6 3 q 
e,00 

6 4 1 

I 
~42 
e,43 
e,44 

eaS 

I 
e4o 
t,/A 7 
64 ! 
ea q 

I: e,50 
&51 
~52 
eS3 

I 054 
&55 
i1iSo 

I 
eS7 
~'58 
!, sq 
ee~ 

I 
001 
eo2 
003 
004 

I 005 
ooo 
1,0-7 

eo8 

I olJa Q 

07-1 
e,71 
I, 72 

I 673 
6 7 IJ 

1, 75 

I 
e7o 
;,77 
t,H 

' "7q 

1·•. ~8~! 
e,81 

I 

C 
C O U T P U T 

·c ---·--··-···· C 
C •1:q T~ VALUES OF I-IYOPAIJL IC HEACI 

w"ITE' Cti,J372) 
1o1Q ITF. c e, uia1n 
~~ITE Cti,10'1~, CI,FMfI),I:t,~N) 

C 
C W~ITE ELE~fNT NOO-'L VELOCITIES 

IF O<oC3,Ew.1) C.ALL VCJ.L 
C 
C 
C ~~ITE co~TINurus GLOP-'L VELOCITY FIELD 

IF ,~cos.Ea.r> GO TO 50P 

C 

DO 7o~ II:l,1>.N 
PI-IICJih2~ 
,,.,,. II rr Il :0. 

7qil ~TCI1nr0. 
CALL VGLOB2 

eei CONTpiUE 

C PLOT cO~TOURS OF I-IYORAULIC ~E.AO 
IF (~"oe.~E.J) GO TO 820 
00 8t2 I=t,NPLCT 

8t3 CALI.. ?PLOT 
e2~ co~rt'-'UE 

C 
C 
C 
C •RITE TI~~ OF TRAVEL ALONG ST~EAMLINES 

IF ,~ooe.~E.tl GO TO 828 

e 

CALL sa1-12 
e2~ co~Tr~uE 

C0114TJ-.J!JE 
C'1.,TyN0E 

END QUTPUT 

F O R ,_. A T S 
1 FQ~~AT (11X,•SUPP~ES5 ~~tNTOUT OF ELEMENT-FLO~ MAT~ICES•) 
~ FOQHAT C11X, •PR!NT ELEMF.~T FLOW ~ATRtCES•) 
3 FOFP"H ClP,•SIIPP~ESS i:,RINTOUT OF GLOBAL FLO;. MATRIX*) 

a FoR~AT c11x,.PQINT GLO~AL FLO~ MATRIX•) 
~ ~OQMAT c11i,eSUPPRESS PRINTOUT OF NODAL VELOCITIES•> 
e FOQMArC11x,•PqINT NnOAL V~LOC!TIES•) 
7 FryRw&T~llX, •SUDPRESS P~!NTOUT ~F R!GMT HANO SJOE VECTORS•) 
~ FORWAT(11X, ePQ!NT ~IGMT HANO SIDE vEr.TORS•l • 

11 FOPwAT C11X,•SUPP~E5S PRINTOLIT OF CONTINUOUS VELOCITY FIELO11) 
12 FORMAT (llX,ePP!~T CONTI~UQUS VELOCJTV FIELD•) 
13 FO~"'AT r11i,.~UPPRESR PLOT OF HVORAuLiC HE40 CONTOUHS•> 
!I.! FORMAT (tl.X,•PLOT H'l'Qi-lAUL!C HEAP CO~!l~URS*) 

!5 FMIMU (tlX,•SIJPPRESS P!.,,T OF TRANSi-I~SJVITY C0"4TOIJRSs} 
16 FOR~AT (11X,•PLOT TRAN~1-1rs~IV!TY CO~TdURS•) 
17 FO~MAT (11J,•SUPPMESS PRINTOUT OF TI~~ OF T~AVEL ALONG ST~EA"'LINES 

I * 1 ; 
18 FOR"'AT r11x,.PPINT Tr~E OF TRAVEL ~LO~G STR~AML!NES•l 
?q FORMAT~l1X,•SUPPREsS PLnT oF STREAHLl~ES•l 
2~ FO~~AT(11~,•PLOT ST~E-'~LINE5~1 
?5 FOR~AT (/////11J,•canE OPTI0NS•/11X,1~(1H~)//) 



I 
I 1:,82 

t,83 
e,8LI 

I 
t,85 
&Bb 
t,81 

1:,S8 

I b B q 
oqH 
I, q 1 

I 
"'q2 
oq3 
6 q" 
6 q5 

I 
1:,q6 

1:,<n 
1:,q8 
bqq 

I 7.-10 
7\.:!1 

702 
703 

I 
?CHI 

705 
7!11:, 
7~7 

I 7~8 

7~Q 

71~ 

1· 
71 1 
712 
713 
71 LI 

I 715 
7tb 
717 
718 

I 71Q 
7 21~ 
?'21 
722 

I 7;.?1 
72LI 

725 

I 
726 

727 
,2s· 
72Q 

I 730 
731 
732 
73:::5 

I na 
ns 
136 
737 

I 738 
73q 
71H' 

I 
74\ 
71.12 
7 LI 3 

I 

70 FORMAT 
Svl~.FORMAT 
LIC;l0 FORMAT 
53~ FOR"4A'I' 

1 ' , 

CIS,bFHi',3) 
(ti?F8,i.l1 
(1H1,////11X,25HEtewENT ~ATRICE 
(1Ml,10X,36HGL08AL CU~F~IClENT 

FOR FLOw/11X,2SC1H•l) 
ATR!CES FOR FL0~/11X,3~C1"'• 

5t10 FORMAT ClH0,20X,J7HA COEFFICIENT MATRIX• UPPER HALFBAN0/11X,37f1H 
1 -~ 11, 

S60 FORMAT C1H~,t~X,7HELEMENT,ILl,5X,38HI~SUFFIC!ENT ~,LF•8AN0 ~IDTH • 
1~EQUIRE,IS,2X,10HI~STEA~ OF,IS) 

57~ FQRMAT(IS,!0El2~Ll/(8~,1~Et2.Lli) 
SQ1 FORMAT (/////,11X,20HF COEFFICIENT MATRIX/11X,20(1H•)//) 
~~e FORMAT C11X,t0E12.3' 
8LI~ FORMAT (20ALI' 
P.S~ FORMAT (1H1,36X,12HT R AVE L //36x,3SMGROUNOWATER FLO~ 

1 //2SX,L11H~IT~ rso0ARA~€TRIC QUAORtLATERAL ELfMENTS//35 
~x,2eHsTEADT S~ATE ?RQGRAM//J 

81:,~ FORMAT (11X,7~(1H*)//11X,20Atl//11X,7~(1H•)J//J 
Gl1~ FORMAT (1SIS1 
q20 FORMAT (///11X 1QHFIN!TE ELE~ENT DATt/t1X,lq(lH•)/) 
q30 FORMAT (lH ,l~~,11HNUHBF.~ OF •12X,SHN00ES,I2L1/21X,1H•,2X,8HELE~ENT 

1S,I21121x,1H-,2X,2UHOIR!C~LET BOUNDARY NOOESrIS/21X,1H•,2X,23HSOUR 
?CE 0~ ~I~~ ELE~€NTS,I~/21X,1H•r2X,2~HE~E~E~T5 IN HALFSAND,Iq/ 
321X,tH•,2X,14HLEAKY ELE~ENTS,J15/21X,t~•,2X, 
atGlHLEAKY ELE~ENT NC0ES,!10/2tX,1~•,2X,20MMY0RAULIC Hf.AD ?LOTS,I9/ 
S211,1H•,2X,2~MTRANS~ISSIV!TY ~LOTS,1q1 

q~~ FOR~AT CIS,S~l~~~) 
q~5 FO~MAT (IS,Ft0.0,F1S.~) 
qq~ FOR~AT (////11X,1bHNnOE cnn~OI~ATES111x,1~,tH•)/) 

!0i:1~ FORMAT (lH ,2<1t:x,uH,~OOF.,12x,p1x,1sx,1HY,2x)) 
1P1~ FORMAT (lH ,2(1~x,r~ 2F1b:211c11x,Ia,~,1b.2,1JX,!U,2Ft6 2)) 
102~ FOR~AT C/////llX,UJH~OURCE/SINft ELEMENTS: SOURCES ARE ~OSITIVE/11 

1x,a3(1~-)//l1X,Q7HELE~fNT DISCHARGE (CU,~/OAY) ELEMENT ~AOIUS 
2 X•C00ROJNAT£ YwCnOROINATE 8•COEF~ICIENT (~),lbH TRANSMI5SIV 
3 I TV' 

,~u~ FORMAT (!3X,!liqX,F7~1,11x,Fb:1,qx,Fa:z,1x,Fa.2,10x,F7,1,F2~.11 
!0'-0 FORt◄ AT (/·11X,o(LIHN00t:.,5X,Si-t'vALUE,SX)) 
1000 FOR~AT (/(llX,~CIU,F1~,3,SX)), 
11~~ FO~~AT C/////11X,*ELEMENT POROSITY TI~~S THICKNESS (~) A~O LEAKAG 

lE COEFFICIENT. (1/0AY,•/l1X,7b(1H•)//11X,•ELE~ENT POROSITY TI~E 
2S THICKNESS LE~KAGE cnEFFIC!ENT•11, 

111~ FOR"'AT rqrs, 
lla0 FORMAT (/////1JX~18HELEMENT INCIOENCES/11X,1~(1H•)/) 
115~ FOR~AT (lH ,l~X,7H~LE~ENT,5X,1H/,3(1H•),qH CuRNERS ,~(1H•),1H/,7X, 

11H/,a(l~-l,7H RIDES 5(tH•~,1Ht) 
116U FOR~AT (1H ,UX~Il~,s,,ars,sx,aIS) 
1170 FORHAT (///l/11X,ot·HTRANSM!SSIVITIEs ($0,M/OAY) AND CONSTA~T HfAO 

. t(M) FOR LfA~AG~/11X,blflH•J//11X,53H ~OOE X-TRANS~ISSIVITY Y•T 
?~ANSMISSIVITY H~AO //l 

1\qP FnRMAT (13X,I3,7X,F10~2,~X,F10,2,bX,F7,2) 
l?~w F~RHAT Ct3X,!3,t7X,~PFS~2,t8X,F15.12) 
123~ FORMAT (/////1tX,33HnIRICHLET BOUNOARy NODES FOR FL0~111x;33(1H•)) 
t2U~ FORHAT c2~1a, 
12sr FnPMAT (t1X,J0(1H*1,33H O!RICHLcT BOU~ A~V ~COE FOR FLO~,IU,38HOCE· 

IS NOT EXIST• EXECUTTO~ TE?~INATED ,t0 1H•)l 
t26D FORMAT (11X,2HISi 
127~ FOR~AT C1H~,1~(1H•),uGlH NU~BER OF DIRI HLET BOUNOAMY NODES FOR FLO 

1~ REAn,It0,3~H OTSAGQEES •ITH N~~B~R A TIC!PATEO ,IlW,10(1~*)) 
13I~ Fn~MAT (///11X,lqHFI~ITE ELE~F.~l DAT~/ 1x,1q(1H•)/11X,21MTOTAL NU~ 

IRER OF NODES,I1q111x,JJHOIRirHLET sou~ ARY NODES FOH FLO~,I7/llX,2 
~,~oEG~~ES OF FRFEDn"' FOR FLU~,113///) 

135~ FOR~AT. C/////11X,31HVECTOR OF K~O~~ VA~UES FOR HEAD/11X,31(1H•)) 
t37~ FOR"'AT C//11:r.,tUHI-IYO~AIJLIC l'IEAD/11X,1Ll(lH•)) 



I 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I 
I 
I 
I 

I 

7ija 1aae FORMAT (SFl~,2, 
7aS ta;p FO?~AT(tM0,///11X,21MPAQ4M~T~~ MULTIPLtERS /11X,21C1"•l/1\X, 
7Gb .lb~ATRANX,Flq 1 q/11X,bM4T~ANY,Ft9,q/11X,UHAFOE,f21,9/t1X, 
,~1 ~&MFAcrnR,Flq,q111x,s~~LEA~,F29,q' 
748 !4hA FOR~lT CIS,FtA,~) 
7aQ END 
1sa c 
751 SUARouTINE VCAL 
752 C 
753 C PURPOSE• CALCULATE VELOCITIES AT TME NODES OF EACM ELE~ENT 
75~ C •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
755 r.OM~ON /SCALAR/ 
75b t NN, ~~, NM8W, SRCL, ~008, K0Ct0, IQE 
757 COMMON /VECTOR/ 
758 1 X(7U0), Y(7U0), F~(7ue,, PMIC740), PHIIC740), Xv(740), 
75q 2 ?TC7Q~1, TqANSX(74~1, TqANSY(7C0) 1 COEFC225), PCR1M(225), 

~t1 ~ ;gf~~il&,!Q~~~L+t1i~;(~~lb,~Q~~!t~A1~8 8b~~!~, 8 ~8ifi'!'YV(7QZ), 
7b2 5 FQ(S~} 
7b3 COM~O~ /MATRIX/ 
,ea , ~(1~0,Sdl, I~cs 22s,, ~€<A,a1 
765 OIMENSIO~ v~,a,, V~(81, !NDX(~J, FF(8) . 
7&b C ---4--~----·-----·-·---~-----------------·---------------------·--7e7 C 
,~a wRITE(o,21~, 
1bq L=0 
11~ ~~ LcL•~ 
77l WRilEr~,2~~) L 
772 00 10 I:t,a 
113 vxc!,:A. 
77a ·1~ VY(I)sU. 
77S ~O 13~ I=1t8 
77b JOJ:IN(I,LJ 
777 XCONo:T~4NSX(JOJ)/PORTH(L1 
77t4. YCONO;sTIHNS.,, rJ0.11 /PO~T~(l 1 
77q IF Cy.Gr.a> GO TO~~ 
'~" xr=1. 
181 vr:1. 
1e2 rs::: cI:Ea,1.11s:i.1:EQ,1q xr=-1. 
763 IF <r:EQ.l,OR.I~Eg.2, vr=-1. 
7Aij GO To 1e 
,~cs 4:J xt:0~ 
78e YI=~ •. ,s, IF (t.EQ,b) ·xr=1. 
,a~ .rF rr;Ea,el xI=~t, 
78Q IF C! 0 EQ.Sl vI=•l. 
7Q2 JF (I~EQ.7) VI:t. 
7qt 73 CONTINUE 
7q2 C ••••••••••~•••••••••••••••••• 
7q3 CALL SHAPE CL,XI,Y!,FF,CFT1 
7qa C •••••••••••~••••••••••••••••• 
7q5 i:x='~, 
7qb F.Y:C, 
,q7 DO q~ K:t,S 
7q6 J1:1N(K,L1 
7Qq C 
8P~ C cn~PuT~ ?RESSU~F. DER!VAT!VFS 
~a1 rx=Ex+OGxr~1.FucJ11 
~~2 rY:fv+DGY(K)•F~(Jl) 
Ar-3 qA CONTI~uE 
~0U- INDX(J):JOJ 
8C5 VY(l):•YCONO•EY 



l-+ 

- 80h 

I 
8'17 
~~A 
e" o • 
~pl 

I ,q 1 1 
13 1 2 
813 
A 1 IJ 

II /I 1 S 
~10 
~17 
A1A 

II 81q 

e2~ 
/I~ 1 
n2 

' 
.1123 
8 2" 
825 

I 8 2 Cl 
~27 
82A 
A2q 

' 
A30 
n1 
.ll32 
~33 

' 
~'a 
1-!3S 
~3b 

I 
.A 3 7 
A3~ 
/I :3q 
,Q lH:l 

I 
8 IJ 1 

aa2 
AIJ3 
AQU 

I 845 
A £lb 
~£17 

I 
A £18 
A 4 Q 

ASC 
.qS 1 

I 
/152 
A53 
ti 5 IJ 
A5'5 

I 
eso 
857 
/IS 8 
8 5 q 

I e b ;i 
Aol 
A&2 

I 
A63 
Aiu 
!A s 
eoo 

I 
i:tc,7 

I 

C 

C 
C 
C 

C 

yX(I):•XCOND .. EX 
13;:i CONTI1'1'JE 

~RITE (o,22H1 (INOX(I),VX(!1,vY(I),I: ,8) 
!F (L:LT,NE:1 GO TO 2r 
RETIJRN 

210 FORMAT(///ttx,loHPOINT VELOC!TIES/11X,1eC1H•)) • 
2~~ FORMAT( /1lX,7HELE~ENT,I~/11X,3(£1HNOOF,2X,11HX•COMP0NENT,2X,llHY•C 

tnMPONE:"-T,oX) , 
22~ FORMAT((\1X,3(!q,2El3.3,7X1)) 

ENI) 

SUBRouTINE VGLOR2 

C J:>URPosE • CALCULATE A COP.:TI~l'OUS ~UA(J~ATIC VEL.OCITY FIELD 
C (CALCULATED Ay AvEqAGING EleMENT NOOtL VELOCITIES 
C AND S!NG~LAR SOLUTION FOR SOURCE/SIN~ ELEMENTS) 
C 
C •••••••••••••••••••••••••••••••••••••-•••••••••••••••••••••••••••• 

C 
C 

C 

C 

C O M M O ►! I S C A LA R / 
1 NN, ~E, N~8w; SRtL, KO~8, KCO10, !QE 

C0"4~0N .IVECTIJ~/ 
I X(740), Y(7U~), FM(7£10}, ?M!(7U0) 1 PH!I(7£12), XV{74~), 
~ RTr7u~,, TRAN5X(7a0,, T~A~SY(7'10), COEFr22s,, PCRTH(22S), 
; F Q E C 2 '2 1 , X a E ( 2 0 ) , Y Q E ( ?. r 1 , ~ Q E C 2 \;. ) , 6 B ?. r 2 ~ ) , 6 E ~ 1 C 2 0 ) , 

a 5RcRT(to1, SRCLT(!b), ~,1~,, SRCR(~), 0G~(8J, OGY(~), YV(7£1~), 
s F1nse, 

C0"1"10N /li'f.Ti;:p; 

I ~(70e,s~,, IN(~,2251, SE(8,8). 
r,JM,:;;,NSlON FF(8) 

WRITE (b,3!!H-'' 
f'O 201?. L=l,IIIE 
DO 15C !=lr~ 
Jo.r:IN(I,LJ 
XCONn:TRA~SX(JDJ)/PORTMrL, 
YCONQ:TRANSi(JDJ)/J:>ORT~(L 1 
fF rr:GT,a) GO TO IJ0 
xr;:1, 
vI:t,. . , 
IF <1 0 EQ 1 -t,:R.I,EtJ 1 qi XI:•1• 
IF cr:Ea,1.0R,I~E~~2, v1:-1, 
GO TO 8i 

'la XI=~, 
YI:z;J, 
IF cr:EG,5) YI=•l, 
IF Ct~EG,o) xI=t, 
IF (I,EG,7) YI:1, 
JF (I~Ea,si xI=•l, 

~~ CO"lTINUE ............................ 
CAL~ SHAPE (L,XI,Y!,FF.,~~Ti 
............................ 
n=i:,~ 

EY=~. 
r,n 1~0 k.:t,s 
jt: N/K,Li 
EX:€x+OGX(Xl•F~(Jll 

1~~ ev=Ev+DGvc~1.FM<J1, 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

AoS 
Aoq 
,117ij 
A71 
A72 
.'173 
,q 1U 
,q75 
87& 
A11 
A78 
AH 
e,81:'. 
A/; t 
A82 
883 
ABU 
8 815 
88b 
,q8 7 
A 13 8 
,q 8 q 
I' q 0 
,qo1 
;icn 

AQ3 
AO tJ 
AOS 
Aqb 
p,(n I 

I' 08 
1'00 
000 
OCH 

002 
<H'3 
00/J 
005 
000 

0., 7 
008 
0 "q 

ote 
t'H 1 
c;12 
q 13 
en (J 

t:,15 
o 1 e 
<ill 7 
cna 
01c; 
020 
021 
022 
023 
02u 
025 
en~ 
021 
028 
Q20 

C 
C 

C 
C 

C 
C 
C 
C 

PMI(JOJ):PHI(JDJ1•XCOND~€X 
PHTI(JDJ):PH!I(JDJ,.,caNO•€Y 
RT(J~T):~TCJCJl+l, 
IF (F'llE(L),Ec;.e~) Gt") Tti 125 
!F CcnEF(L).ErJ,e,) Gn. rn 11ti 
P~I(J~J):PhI(JDJ)+FQE(Ll•BESt(~)•CX(JD )•X~E(L))/C&.2831853• 

!882(Li•RqE(l)*PORTM(Lll 
PH II (.f OJ ) : F"" 1 I ( .JD J , H" CE: ( L l • 8 E' S 1 ( L) * C Y ( JO J ) • Y CC: C L ) ) / ( b ~ 2 !! 3 1 8 S 3 

t•882(L)•FQt(L1•PORT~(Lll 
r.ci Tc, L2S 

110 PHT(JQJi:Pt1lfJDJi+FQE(Ll•(iCJOJ)•XOE(L))/(b,2831853•ROE(L)**2* 
!PORT~(L)) • 
PH1I(JOJ):PHtl(JDJ)+FGECLl•CY(JCJl•VGE(L})/Cb.2831853•RGECL) 

1••2•Pf".!RTH(L)l 
1 ~ S C O N T I ~! U E 
t SP! CONT p:UE 
2 0 ~ C O ~, T ! 1-1 U E 

on 2se J=1,N~ 
PM!CJi=~~I(J1/RT(Jl 
PH!!CJl:PH!!(J)/RT(Jl 

21:i~ CO!'-JT P~UE 

I ~ r 1t t'} o-e • E Q , ?. l G n T O 2 q '-1 
('111 2e,0 I:t,NN 

xvcr,:e.. 
260 YV(I):0, 

C'O 28V. L.=1,NE 
!F (FIJE(U.Ea.e:, GO To 280 
on 27~ I=t,s 
JC,J:yNCI,Ll 
xvcJnJ):PHI(JOJ,-FoErL)•(J(JOJ)•XGE(L))/(o,2~31853•RQE(L)*•2* 

1PORTH(L)) • 
vvcJnJ):PHlI(JnJ1-~aECL,•(Y(JnJ)-YQE(L))/(o,i831~53*ROECL)**2 

1•PO~TH(L1) 
IF rcnEFtL).EG,n,) Go TO 21v 
XV(JDJ):PHl(JOJ,.FaEtL1•8ESl(Ll•Ci(JDJJ•XQE(L)1/(b,2831853• 

18~2CLl•P.OE(L)*PORTH(L1) 
YV(J~J):P~lI(JDJ)•Fr.~(L'•~ESt(L)•(Y(JoJ'•YQE(L))/(o,2831853 

1•RB2(Ll•ROECLl•PORTH(L)) 
ne CONT !NUE 
28" CONT p!UE 
2oe corH!!-iUE 

lo RI TE r t , 3 0 S , CJ , X CJ l , Y ( Ji , F,.. ( J l , PH I C J ) , ~ H I I r J l , J: t , 1-1 N ) 
w P IT E ( o , 3 5 0) CJ , X C J) , v CJ l , P 1-1 I CJ l , P 1-1 ! l CJ l , XV ( ,1) , Y V CJ 1 , J: 1 , N ~ ) 
RE iUl:HJ 

30~ ~ORMAT (/////11X,U1HC0NT!NU0US VELOCITY OISTRI8UTIU~ (M/0AY)/1!X, 
1ll1(1H-)//11X,•NOOE x•C(lOR, v.cooR, X•VELOCITY 
I Y•VELOC I TY•) 

J0S FOR~AT (t5,3F1a,2,2e:1s,6) 
3S~ FOR~AT C11~,IU,2F1S.2,aE1S,~) 

PH) 

SU8RouTIN~ M~TG!N rI,J, 

~URPosE. PEHFORM GAUSSIA~ QUAORATU~E VER EACH ELEMENT 

. . 

------------------------------·------- -------·--·--·-------------~E.AL ~1, i-12 
COMl'lt:JN /SCALAR/ 

1 NN, Nf, N~BW, SRCL, 1<C~8, ~0010, IQE 



I . 
1- <;30 

q31 
q32 

I 
q33 
q3u 
<;35 
q31, 

I 
q:p 
q3s 
q'3q 
q l.l0 

I c.at 
c.a2 
q43 
CU14 

I C.45 
qae, 
oa7 
qa~ 

I q4q 

Q'50 
qc; l 

I 
C.'5 2 
q53 
qc_;" 

0~15 

I 
q~t, 
q57 
058 
q5q 

I qaiil 
Oe l 
Ob2 

1-
Oc3 
q C, lJ 

q~S 

Qbe 

I 
Oe, 7 
c;c B 
q f, q 

Cl70 

I 
q71 
Q'72 
073 
o"7 u 

I 07'5 
Cl7e 

071 
078 

I 070 
084'! 

1;181 

I 
c:lS2 
083 
qa" 
08'5 

I 
CIBh 

01:1" 
q B 8 
0110 

I 
qq~ 
qq\ 

I 

C 
C 

C 
C 

C 
C 

C 
C 

CO"iMQN /VECTOP/ 
t X(74~,, vr7a~,, r~c,ae,, PHIC74C), ?~!I(7U3), XV(7a~,, 
~ RTt7U0), T~A~SX(7aJ,, T~ANSY(7U0), COEFC22'5), PQRTM(2i5), 
~ ~QF.(2Qi, XGE(2~,, VCE(20), ~QEC20), ee2c2~,, eES1(20), 
a SRCRT(to,, SPCLT(tel, Q(lol, SRC,-Cat•, OGXCS), OGY(Sl, vvna0,, 
5 FcHSij) 

co~~ON /I" HR IX/ 
1 M(7~0,s~,, I~ca,225,, SE(8,8) 

n1T1 M1/,14785~Au5137US~/,M2/,eiS21as15a80254o/ 

----------------------~----·------------------------------------·-
~1 \ =~q *"q 
1-!l2=1--4t*M2 
M22=w2•Mc . 

3~ ~cCI,,J):Htl•(~(\) ♦G(a,.~c1Jl+Q(lo))+~,2-cQc2i+QC3)+Q(S)+Q(e)+Q(q)+ 

1~(t2,+G(1Ql+CC15il+H22•<~(a) ♦ QC7)+QC1~)+GC11)) 
u~ 5ACL:~11•fSRCLTCtl•S~CLTCu,+S~CLT(13)+5~CLTC1b))+H12*CS~CLTC2) ♦ S~C 

1LT(3)+SRCLTC5l+SRCLTrP,+SRCLT(9)+SRCLTC12l+SRCLT(15) ♦ SRCLTC1U))+H2 
'2•tSRrLTC~)+SRCLTC7)+SACLT(10)+SRCLTCtll) 

50 CO!-ITINUE. 
P.ETU,n-: 

F.NTRy 1-'AT'GE~A 
M11=M1*~1 
H12=Mt•~2 
M22=M2*Mc 

&r. SQC~(I):Htl•(S~CP.Tt1i+SRC~TC~,+SRCRTCtl)+SPCRT(1b)l+~12•CSRCRTC2)+ 
!SRCRT(3)+S~CPTCSl+S~CRTf~l+S?CRT(q1 ♦ SRC~TC12)+SRCRTC15) ♦ SRC~TC1Ul) 
~+H22•<SRC~T(o)+S~C~Tc7,+SRCRT(l0)+5~C?T(ll)) 

• 1e co~1r r~UE 
PETllRN 
ENO 
su?AouTI~E CRANO ,~,IE~, 

PURPOSE• ~ECO~~OSE GLOA~L FL □• ~AT~lX 
• i 

--------------~-------~~------········~·--------------------------Ctj!"lt-'iJN /SCALAR/ 
1 ~~, ~~, N~ew, S~CL, K~r~, ~001~, lOf-

Cl"lM~QN /~ A TH 1X / 
! M(7~C,5~1, INC8,22S1, SEC?,8) 

C ••••••••••••••••••••••••••••••••••••~--~••••••••~•-••••••••••••••• 
IEX:r, 
C' ,., 5 ,. I : 1 , I~ 
r1:1='-•t•1 
rr: '""~e111,LT.IP) rr:i:N~1:,.. 
on s~ J:1,rr:i 
yl'l:ll.1,1i;a .... J 
I~ C(I•11.~T,!Ol lC=I•l 
5UM:!-irt,J1 

I~ C!l'l.LT.l, G~ TO 2~ 
r.Cl 1~ K:1,It'J 
II=I.I( 
_,2:J+I( 

,~ 511M:~IJl"l•H(It,K•P*H(JI,JZ' 
2t' IF CJ~~lE.1) GO TQ I.I~ 

yr csu~.LE.~., GO TO 3r 
rEwP:1.1 sa~rcsu~, 
1-t'CI,J,=TE~P 
GO To ·51-J 

30 ~QtTE C&,&~1 l 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

0 q 2 

QCI 3 
qqtJ 
qq«; 
000 
007 
00~ C 
aoq 

1131.11:l 
1 ~'11 
1 rHl2 C 
t~A3 C 
1 ~ ,l /J 

l~~S C 
10~0 C 
1M7 C 
1,rn~ C 
UH"q 

1~1~ 
I~ 11 
1" t 2 
1~13 
pqa 
1~tS 
1 'I 1 b 
1~\7 
1 ~ 1 ~ 
1~10 C 
1 c, 20 
1~21 
1~22 
1A23 
1 ~2'J 
1~25 
102b 
1n1 
lij2R 
132° 
1 !'! 3~ 
1 ~ 31 
1i:,32 
tP-3.3 
1 e 3a 
!~3S 
11? 3 b 
1·"'3 7 
1~38 
1~30 
1~40 
1 Pa 1 
1~u2 
I"' U 3 
I'-"" 
JUS C 

1 P.!4o C 
1!,l!a 7 
1~48 C 
HHIO C 

!~S0 C 
l~Sl C 
1"52 C 
1~53 C 

~~ITE (6,70) N,NMB~,IP,IQ,I,J,SU~ 

tEX=t 
RF.TU~~ 

a~ ~(I,J,:su~~TE~P 
'50 CONTINUE 

R€Tll~N 

b0 FOR~AT ClHl,10X,10HO~ANn FAILS AT RO~ ,Ia) 
7~ FOQ,..AT (1H~,~IS,E2~.~) 

ENO 

suBP.Q!JTINE SR.A/JO (N) 

··········--------~--------------------------------··-·-----------COM"!QN /SCAUR/ 

1 NN, NE, NMBl'f, SRCl., KOOB, 1(0010, !OE 
COl-',..C,N /VE:CTnR/ 

1 X(74~), Y(7a~,, ,,..,740), P~I(7Q~),~PHII(700l, XV(7a0), 
~ RT(7ae1, TRANSXC7J~), TR•~SY(7U0), COEFr22S), PORTH(22S), 
; F~f(2~), xae:r20,, YnEC2~,, ~OEC2r), 882(2~), 8ES1(2el, 
u SRCRT(tol, SRCLTCtol, Q(tc,, SRCR(8), DGX(8), .CGY(8), YVC74~,, 
; FQ(S0l 

C0~1Mt)N /MAT~ IX/ 
1 Hf70~,s~,, r~cs,22s,, SECa,a, 

DO :3~ ht ,N 
J: !•;.J1,,t8;.+ 1 
IF ((I+tl.LE.NHij~) J:1 
SUM:F"'(I) 
1<1:I.1 
!F (J~GT.~11 GO TO 2~ 
00 10 K:J,K1 
I!=I•K'.+I 

I~ su~=su~-H(K,!I)•P~I(~) 
2~ PMI(Il=Su~•H(l,ll 
3~ CO~T INUF. 

nn 60 I1=1,N 
r:t..•I!+1 
J: 1 +NMBw• 1 
I F ( J : G T • N ) ,! : N 
SUM:PHI(I) 
1<2:·I•I 
IF (~2,r,T,J' GO TO S~ 
OCl U~ P<.:sK2,J 
l(K:K.J+! 

ue SUM=SU"'•H(l,KK)•PH!(K) 
~~ PMI(I'=su~•H(I,1) 
bl". CONT p,1UE 

gE:TURN 
EN!:' 

su~RouTINE SMAPE CL, XI, YI, ~, CET) 

p U ~Pa SE • EV ALU AT I a N OF 9 AS I 5 FUN CT I NS , Tl ◄ E IF OF. R IV A TI VE S, 
ANO TME JACO~TANS AND INV~ SE JAC061ANS 

~ NOOE QuAO~ALATER ELEMENT,t,2,l,",AR COR~E~ NOOES 

---·--·---·------~----------~------------~------------------------



- - - - - -,. 
1~5£1 

I 
10S5 
1P!Sc 
1057 
1 r.S 8 

I 
!~Sq 
1~&0 
HH:'1 
rno2 

I fr.63 
1P64 
1 0 i, 5 C 

I 
t~bo C 
1 P.b 1 
1008 
1 vloq 

I 
1i;11e 
1 ~ 7 t 

1~;~ C 

I 
!A7£1 C 
1075 C 
Ir, 7 & 

1077 

I 1 PIH 

i ~pq 
1'18~ 

1~81 

I 1P.82 
1 "e 3 
1~8£1 C 

I 
I vlll '5 C 
1080 C 
1~87 
Ir. 8 ~ 

I 
IP8q 
1 ~q 0 
1 ~ q 1 C 
u_~q2 

I l"'q3 
u.• q 'I 

1 l'!Cl5 

I 
1 ~<H, 
1 ~lq 7 

!v1Cl8 
u,qq 

I 
IH1i:1 
11 r. 1 
1 t 1! 2 
1 I£ 3 

I I 1 v1" 
1 I e, 5 
11~1 0 
I 1 Cl 7 

I 11 ;'! 8 C 
1 t ~ q C 
I t 1 ~ 

I 
I I 1 1 
I 1 I 2 
11 13 

1 I 1" 

I 
I t I S 

I 

COMMON /SCAU'l/ 
I NN, Ne., NMBlli, Sj;ICL, KCC8, 1<0010, IE 

COl•PoiO~ /VECTOR/ 
I X(74P), Y(7a~,, F~c,ur,, PMI(7£1~), PHII(7£1~), XV(7ae), 
2 RT(7QJl, TRANSX(7a0i, T~ANSY(7£10), COEF(22S), ?QRTM(22S), 
~ Fce:(2'31, :tAE(2'd), Y~er2i), RQE(2~), 882(2~), 8ESlC2~), 
a SRCRT(]o), SPCLT(tb1, ~(le), SRCR(~), DGXCB), 0GY(8), YV(740l, 
i; FIHSC1 

COM~ON / .. ATR!X/ 
1 H(70~,sii, IN(B,225), $!(8 1 8) 

DI~ENSION Ff8l,r.FX(R),O~Y(~) . 

-------·----------~---..... ------··--·----------·-·------·----------· 
::trl=t~•Xl 
:d2=1.-+-x; 
xn=1 :-x I·tXI 
vI1=1~•Yt 
vI2=1.+YI 
yI3z1:•vt•YI 

F(!'rSHAPE FUNCTIONS 

F(1i:~2S•Xlt•Y!l*(•X!•Y!•t•l 
Ff2): 0 25•Xl2•YI1•CXI•YI•1~} 
F(3)::2s•xl2•YI2•CXI+YI-1~, 
Ff£1l:;2S•XI1•Y!2•C•Xt•Y!•1•l 
nsi:.S•'(!3•YI1 
F(b)::5•XI2•YI3 
F(7l::S•xI3•Yl2 
F(8)::5•..X!l•YI3 

DFX,OFYr DERIVATIVES Or S~APE FUNCTIONS 

xY1=2>xr+YI 
XY2-=2~*"XI•YI 
YXta:2.*Yl+X! 
vx2=2.•vr-x1 

nFxc1,=.?.S•YI1tXYt 
0Fxc2,=~25•Y!1•XY2 
nFXC3i=.25•Y!2•XY1 
nFX(ai=.2S•YI2•XY2 
nFX(Sl=•XI•YI1 
r')F:l:Cb,:.~•'l'I3 
('IFXr1,:•l!*YI2 
oFxce,=-oFxCol 
OFY<1,:~J5•XI1•YX1 
nFvc2,=.25•XI2•YX2 
nFY(3i=.2S•XI2•YX1 
~F't'(a): 0 2S•Xl!•YX2 
r,Fv<51=•.S•XI3 
OFY(t,,:•Vl•XT2 
r'\ FY ( 7, =• J FY ( '5 i 
OFY(~l:•VI*XI1 

JAC0RfU, 
SU~1:0, 
su~2:r., 
SU"':3:2, 
SUMtl:':!. 

r,c, 2bP. I:1,8 
KI:I ►JfI,L' 



1· 
I I Io 

I 11 1 7 
I 1 18 
1 t 1 q 
1 t 20 

I 11 21 
It 22 
I I 23 
1 I 2 LI 

I I 1 2 5 
1 I 2 e 
1I27 

I 
1128 
11 2q 
lt3~ 
113 t 

I 1!32 
1133 
1 I 34 
l I 35 

I 1130 
1, :37 
1 I 3 6 
I 1 3Q 

I 11 £10 
1 1 u 1 
1' Ll2 

I 
1 t LI l 
1 1 LI LI 

I 1 "5 
1!40 

I 
1 I Q 1 
I 1 ll 8 
1 1 4 Q 

I 1 5;a 

I 11 5 \ 
t 1 52 
1153 
11 sa 

I 1155 
11 Sb 
1157 
I I 58 

I 1 l SQ 
1160 
l Io 1 

I 
1tb2 
1 1 b:3 
1 jt:,4 

1165 

I 11 bb 
t u,1 
ltcB 
1 I a q 

I 1t70 
1 l 7 t 
I I 72 

I 
1 I 73 
1 ! 7a 
1 j 75 
1110 

1·· 1177 

I 

C 

~U~l:SU~\ ♦ OFX(t)•X(K!~ 

su~2:5U~2+0FlCI,•Y(KI1 
su~3:SU~3~0FY(I'•XCKtJ 

·5UMLl:SU~ij+QFVtt'•Y(KI) 
2e0 co~TI"UE • 

oET=suM l •SUH'l•SIJJ,lc!;SUl-!3 
OET1:t./~ET 
C1l=OET1•SU"4c 
C 1 2 : • C E T t • S U .. 2· 
c21=-0Er1.su,..3 
C 22=CE" TI •SU"' 1 

C SHAPE Fu~CTIC~ DERIVATIVES• GLOBAL 
nC" 270 J=t,8 
~GXCJ,=Ct1•0~XCJ,•C12•nFY(J) 
OGY(J):C21•0Fl(J)+C22•0FV(J) 

27~ CO>l T p.1UE 
QETURN 
ENO 
sueRouT!~E STRM2 

C 
C PU~PasE. C,\LCllLATE THE T!l-lE OF TIH\IEL ALO>-JG STREAMLINES= QUAOiHTIC 

C 
C TTCJ, TPAYEL TIME CDAVS, ALONG STREAMLINES 
C . 
C --~--~•-•••••••••••••••••••••••••••••••-••••••-•••••••••-~-•-•-•••• 

co,.. .. o~ /SCAL,\R/ 

I N'I, fl.F:, 11.loi~\ol, SRCL, KOC~, 1<0010, Ir.tE 
CCt-01(1~ /VECTCR/ 

1 ~(7"~', Y(7Qe,, F~(7ue,, vx(7U~), VY(71.10), XV(740), 
~ ~ T (7 1.1 i! , , T R A r~ S X C 1 £1 ~ 1 , T IH ~/ S V C7 1.1 ~ ) , i C n F F ( 2 2 S ) , P OR 'T 1-t C 2 2 5 ) , 
3 FQ[C2e,, XGEC2~), YQE'(2~', RQE(2~)~ BB2r20,, aes1c201, 
a SRCP1(1bl, SRCLTC10), Q(lbl, SRCRC~l, OG~!Bl, OGYCS), YY(71.1~), 
c; FO(Sc;) 

C 1'J >-4 ~ r:, N . I '' A T R I X / 
t ~(7~~,s~,, IN(B,225), SECa,2, 

COH~ON/X1/XO,YC,XL,YL,X~AX,Y~AX,l~Ik,~~tN,SCALE,NCIR 
COMMQN/TI,..~/I~EL(ll,2251,TT(lbl • 

C 
C ••••••••••••••~•••••-•-----••••••••••~•-••••-~-••••••••••-••••••••• 

REACI (S,31-,l t.lSL, NSTPRT, lliTY,,•E,STEP,i T>-IAX 
~EAC (5,32~1, (TT(Il,I:t,NTl,..E) 
00 11'! L=t,~E 
~EAD tS,JPel LL, CINFLCK,L,,K:l,1.1) 

I~ cn1-H I NUE 
1o1Rt'TE Cc,3H1 
Al : Al :z ile 
!F(Koo1e.NE.1) GO TO 15 
CALL PLOTS(55,0,I.ILPLOT' 
CALL PLQT(X □ ,vn,-3) 

tF(~CI~.EG.01 GO Tn 12 
RL:XL/2 • 
CALL CI~CLEC~L,0,,.q0.,21~ 1 ,AL,2) 
GO T n 15 

12 CONTI~UE 
CALL PLOT (X~IN,Y~!N,3, 
o" 1a lP=1,2 
CALL PLOT(X~AX,Y~!N,2l 
CALL PLCT(X"AX,Y~A~,2, 
CALL ?~arrx~r~,vw,x,21 
CALL PLOT(iMih,Y~IN,2' 

,a cnNTJ~UE 



I 
I 

t 1 78 
1' 7q 
11 ~ P. 
I 181 

I 1t82 
1183 
I tc~" 
1185 

I 1100 
11 81" 
t,8A 
1 I 6Q 

I 1 ! cm 
11 c;q 
11 q 2 

I 
11q3 
t t qa 
11 q c; 
11 <H, 

I 1 t Q7 
11 qa 
1 'qq 
12ee 

I 1?01 
12~2 
t ? r. 3 

I 
Jj?G14 

1 ;ws 
12ro 
1;:,01 

I 
12r.s 
1'-'-q 

i '- l "' 12 1 

I 
t 21 2 
1 i' 1 3 
1 ~ 1 lJ 
1215 

I Ptb 
1 i' 1 7 
I i? 1 !:! 
i,1q 

I 1 ii 2~ 
1?21 
1 ;:,22 

I 
1223 
t 2 2 a 
1;i2c; 
p2e 

I 
1 ;:,21 
t:'28 
1?2q 
t;,311 

I 1 ?. 3 1 
1232 
1233 
1;, 3 a 

I P35 
i;,36 
1237 

I 
1238 
1;:,3g 

I 

C 

C 

C 

C 

C 

C 

C 

C 
C 

IF(~,LE.~SL1 Gn JO 2t 

xEnO:s,5 .. xo 
!F(l(OO10,EG.1) CALL ~LOT(XENO,•YO,qqq, 

GO TO Jq~ 
?1 C(PJTINUE 

READ (S,33~) ~EL, XIl, ~TAI 
.1cos:0 

!F 'KOO1~ 1 NE,1i GO To 23 
J : I 

23 co~TI~UE 
OT:0 ~ 

TTME:0 1 

NSTEP:0 
l~ ><t=IN<l.,~,EL, 

)(2:INt2,NE'.I.) 
l(3:INt3,1'1El.l 
l( l.l: f N ( lJ r 1, EL 1 
IC5z:hiC5,NEL) 
1<&:Ia.i<o,NELl 
l( 7 : I N C 7 1 1; E. L 1 
l( /:l : ht f 8 , I~ E L 1 
L=NE.L 

EvALu•Tr rER"'s rN FU>1c110N E:xPANsio~ IF'OR x, v, vx ANO vv 

T 1 X: ( • X f K 1 ) • X ( I< 2 , • X ( k ' ) • X r I( a l + 2 , I'• C X o,, S ) + X (.I( b ) ♦ X r ~ 1 ) ♦ X C )( 8 ) ) 1 / &1 1 ki 
T1YZ(.Y(l(1)•Y(l(2,-vcw3).v(l(U)+2.r•(YC~5)+Y(K~)+YrK7)+y(~S)))/4,~ 
T1VX:r•~~(K!l•VX(K2)-vxrK~)•VX(K4)+2,a•CVX(K5)+vX(Kb)+VX{K7)+ 

I vX(KS)t,,u.~ 
TtVY:f•VY(Kll•VY(K2J•fY(K3,•VY(Ka1+2.~•(VVtK5)+VY(Kc)+VY(K7)+ 

I . VY(Kal~,,u ~ 
r2x=cxCK~l-X(KA~,12.~ 
T2Y:(Y(~~l•Y(K~l112.~ 
T2VX:(VX(Kol•VX(K8)l/2,P 
T2VY:(VYCKol.VYfK6))J2.~ 

T3x=r-XCKS)+X(K7))/2~~ 
T3Y:(.Y(K5)+Y(l(7,)/2~~ 
T1VX:(•VX(K5l+VX(K7))/2~? 
T3VY:(•VY(KS)+VY(K7))/2.~ 
TUXS(X(Ktl•X(K2)+X(K3l•X(KQ))/~,~ 
TlJVZ(V(Kll•Y{K2l+Y(~3,-vrKal)JU,E 
TUVX:(VX(K1)•VX(K2l+VX(~3,.vxrKa))/a,0 
ruvv:rvvrK1,.vvcK2,+vvr~3,.vvcKa))/Q,~ 
T5X•CX(Kl'+XrK2)+X(K3)+1(Kal-2,0•(X(ICS)+X(K7,))/Q.0 
T~Y:fy(K1)+Y(K2l+Y(K31+Y(l(a)-2,~•CY(KS)+Y(l(7)))/4,0 
TSVX:fVX(Kll+VX(Kc)+VX(K3)+VX(KU)•2.0•!VX(K5)+VX(K7]))/U,ij 
TSVY:(V~(Kll+VV(K21+vvr~3)+VY(~U)•2.0•CVYCKS, ♦ VY(X7]))/U,~ 
T&x=cx(Ktl+X(K2)+X(K3)+X(Ka)-2,0•CX(Kb)+X(K8))1/U.e 
T&Y:(Y(K1)+Y(K2l+Y(~31+Y(KU1•2,0*(Y(K6}+Y(~8)))/Q,J 
ToVX:(VX(Kll+YX(K2l+VXfK3,+VX(KU}•2.0•(VX(Kb)+V~(~8)))/l.l,~ 
ToVY:(YY(Kl1+VY(K2,+VY(K3)+VY(KA}•2~0•fVY(K~) ♦ VY(K8)))/l.l,~ 
T7X:(.X(Kl)•X(~2)+X(K3l+X(KQ)+2,0•CXC~5l•X(K7)))/D,~ 
T7v=c~Y(KIJ•Y(l(?) ♦ Y(K3)+Y(KQ)+2.0•CY(~S)•YrK7)1)/U.~ 



I 1 2 a~ 
1 2 '11 

I 1c1a2 
\243 
12 LI a 
12 LI 5 

I I 2 at., 
1 2 a 1 
12u8 

I 
12aq 
1 .?5'! 
1251 
12s2 

I 12S3 
125" 
125S 
125 b 

I 1257 
1258 
12~= 
pb0 

I 1 2 c 1 
t?o2 
1;,03 

I 
i;,oii 

120 S 
12bb 
I .?b 1 

I l?o8 
t;?bq 

121e 

I 
1271 
1?72 
1273 
121U 

I 
1c>75 
1 2 H, 

B;; 

I 
12H 
!28~ 
1281 
t?P-2 

I 1283 
1 ;,Al.I· 

1285 
1289 

I 12~ 
t;,813 
128q 

I 
12q~ 

12q 1 
I 2q 2 
pq3 

I 
12qa 
12 q 5 
12qb 
1;, q 1 

I 
1 ;,q13 
12qq 

13~tl 

11· 
13i I 

I 

C 

T7VX:(•vx(K1)~VX(K2)+VX(K31•VX(K'1)+2.c (VX(K51-VX(K7)))/'1,~ 
T7VY:(•VY(K1)•VY(K2i+VY(KJ)tv,cru)+2.J (YY(KS)-~Y(K7)))/'1,~ 
T8X=(eX(Kt)+X(~2)tX(~3'•X(KU)+2.e•C•X( ~l•iCK8))l/L1,e: 
T~Y:(.Y(Kl)+y(K2)+y(~3)-Y(KU)+2,0•(•Y( 6l+V(K8)))/ij,~ 
T8VX:(•VXfKl1•VX(K21+VXfK31•VX(K/J)+2., C•VX(Kb)+YX(~~,,,1u,e 
T8VY:(•VY(Kl)+VY(K2l+VY(K3)•VY(K4)+2.0 (•VY(Kb)•VY(K8))')/u,0 

C USE ~CDIFIED VELOCITY rISTR!BUTION FOR SOURCE/SINK ELE~fNTS 
C 

C 

C 
C 

C 

C: 

C 
C 
C: 

IF (FQE(L),f~,0,~) GO TC 35 
Ttvx=r•XV(K1)•XV(K21•XV(~3)•XV(K'1)+2,0*(XV(K5l+XV(Ko)+XV(~7)+ 

1 XV(K8)))/IJ,~ 
TIVY:(•YV(Kl1•YV(K21wYV(KJ1•YV(Ka)+2.r•(YV(K5)+~V(Kb)+YV(K7}+ 

1 VV(~8)))/a,~ 
T2VX:(XV(KC)wXV(K8))/2 0 0 

r2vv:cYvcxoi-vvc~a,,,2.H 
T3VX:f•XV(K5i+XV(K7)i12:e 
T3VY:(•VV(K5)+YV(K71)/2,~ 
T4VX:(XV(Kti-xv(K2)+XV(K3)-XV(K4))/u,r 
T4VY:(YV(K11•YV(K2)+YV(KJ1•YV(KQ))/4,~ 
T5VX:(XV(K11+XV(K21tXV(K3)+XV(KQ)•2,8*(XV(KS)+XVCK7)))/4,C 
r5VY:(YV(Kl1+YV(K2)+VV(K3i+YV(K4)•2.C.(VV(KS)+YV(K7)))/li,e 
TbVX:(XV(Kll+XV(K2)+XV(K3'+XV(Ka)•2,~•CXV(Kb)+XV(K8)))/4,~ 
TbVY:(!V(K1)+YV(K2)+YV(K3,+YV(K4)•2•0•(YV(Kb)+YV(~8))i/4,0 
T7VX:(•XV(Kl)•XV(K2)+XV(K3)+XV(~Q)+2,r.•(XV(KS)•XV(K7)))/4 1 0 
T7VY:f•YV(Kl,•YV(K2)+VV(K3,tYV(~4)+2,0•(YV(KS)•YY(K7)))/IJ,0 
T8VX:(•XV(Kl)+XV(K2J+XV(K3)•XV(K4)+2,r•<•XV(K~)•XVCK8)))/4,a 
TRVY:(•\V(K1)+VV(K2,+VV(K3)•VV(k4)+2,P•t•YV(Kb)+YV(K8i))/Q,~ 

3c; co~n INLIE 

EVALUATE TME EXPANSIONS FOR X, Y, VX A~O VY 

xx1=T1X+T2)•XIl+T3X•ETA!+T4X•iI1•ETA1+TSX•X!l•XI1tTbX•ETA1•ETA1• 
1 T7X•XIl•Xl1•ETA1+T8X•X!1•ETA1•ETAt 

VYt=T!Y+T2Y•XI!+T3Y•ETAl+TaY•XI1•ETAl+TSY•Xll•XI]+TbY•E1Al•ETA1+ 
t T7Y•X11•X11•ETA1+T8Y•XI1•F.TAt•ETAt 

WOITE Cb,]Q01 NEL, XXl, YYt, TI~E 

fF(Koo1i.~~.1) GO TO 37 
:x-XA=nt/SCALE 
yyA;yyt/SCLLE: 
IF (TI~E,Gr,0.~r00001, GO TO 32 
CALL PLOT CXXA,YYA,3) 
GO To 3b 

32 CALL PLCT(XXA,YYA,2) 

I~ CJ:GT.~TI~E, GO Tr, 3b 
IFCTI~E.LT,TTLT)) GO TO .!o 
CALL SY~~CLCXXA,YYA,?,g7,J,0,,•1) 
J:J+t 

36 CONTINUE 
37 CONTINUE 

xI=XI1 
FTA=fTAl 
xxx=-xx1 
yvv=vvt 

)( = 1 
38 CO~iT!NUE. 

VVXX:TlVX+T2VX•XI+T3V~•ETA+T4VX•Xl•ETA TSVX•XltXI+ 



I 
I 
I 
I 
I 
I 
I 
I 
I 

' I 
I 
I 
I 
I 
I 

13~2 
13~3 
t313Li 
i,05 
til!o 
13~7 
13r,~ 
nrq 
1 3 1 0 
1 :; 1 t 
1312 
1 313 
13 l LI 

l ~ 1 5 
1~10 
13 I 1 
J, 1 ~ 
111 q 
112~ 
1121 
1322 
1323 
D2lJ 
1325 
1326 
1327 
1328 
132q 
1330 
1331 
1332 
1333 
113/J 
1135 
tJ3o 
1337 
1338 
1 3 .3 q 

130:hl 
I 3a I 
1342 
13-'l 3 
11'14 
13'15 
! 1 IJ 6 
l 31.1 7 
1~48 

l 3t1Q 
1 3 S ;i 
1 3 S 1 
1152 
1353 
13S/J 
1355 
135c 
1357 
1358 
13Sq 
1163 
13b I 
13b.? 
l363 

C 

C 
C 
C 

C 
C 
C 

C 

C 

C 

C 

roVX•ETA•ETA+T7V~•XI•~I•fT4+T8V •xI•ETA•ETA 
VVYY:T1VY+T2VY•XI+T3VY•fTA+T/JVY•XI• TA+TSYY•XI•Xl ♦ 

t TeVY•ETA•ETA+T7VY•XI•XI*fTA+T8V •xI•ETA•ETA 

IF (FCE(L1,Eu.~~u, Gn TO as 
.QR:SaRT((XXX•XQECL1'••2+(YYY-vQE(LJ)••2) 
VVX:FoECL1•(xxx-xQE(L))/(b~2831853•~0~TM(L)•RR••2) 
vvY:F~ECL1•(VYY•YQE(L1)/(~,28318S3•PCRTM(L)•RR••2l 
IF (COEF(Ll,EQ,~ 1 0] GO Tr. IJij 
ARG1:"R/88.2lL) 
ARG2:R~ECL)/SA2(L) 
vvxzF~E(L'*(XXX•XQE(l ))•(FES~t(ARGl)+AES~0(ARG?1•2EStl (ARGl)/ 

! RES!0(\RG2))/Co,?831~53*PORTM(L)•~R•882(L)) 
vvv:Fc((L1•(VYY•YGE(L11•(8ES~!(A~Gl)+BESKe(ARG2)•BE~Il(ARG\'/ 

1 BES70(ARG2),/(o.283!8S3*PORTHCLl•RR•B82CL)' 
110 vvxx:vvxx+·•vx 

VVYY:VVYY+\/VV 
t,15 CONTINUE 

CALCULATE X ANDY DERIVATIVES 

DtXl:T2X+TQX•ETA+2,0•TSX•XI+2.~•T7~•XI•ETA+T8X•ETA•ETA 
oxET4:73X+T'1X•XI+2.~.T&X•ETA+T7X•ETA•eTA+2,0•T8X•XT•ETA 
DYXI:T2Y+TUY•ETA+2,0•T5Y•XI+2:~•T7Y•XT•ETA+T8Y•ETA•ETA 
DYETA:13Y+TUY•XI+2,~•TbV•ETA+T7Y•ETA•~TA+2,~•TBY•XI•ETA 

A:VVYV*OIXl•VVXX•OYXJ 
p:VVXX•OYETA.VVYY•DXFTA 

T~ (K:Ea.1) GO TO a8 
.4:'1 0 S•CA+A11 
R=~.s•<e+~1, 
bxr=srE~/SO~Ti1.0+(A/9)••21 
IF (A:Lr,0.~, DXI=-Ox! 
DETA:$TEP/SQ~T(1,~+f~/A)••2l 
IF (A.LT,~.0) DETA:•nETA 
GO To Sid 

a~ DX!=STEP/SQRTCl,~+(A/5)••~1 
JF <s:Lr,i.e, DXI=-OxI 
DETA:STEP/S~RT(1 0 J+(R/A)••2' 
IF (A:Lr.~.e, DETA:•DETA 

HgH!r!6ETA 
IF (ABSCXI),GT,t,~:oR:ABS(ETA},GT,1~01 GO TO o0 

aq en.NT PJUE 
Al:A 
81=8 
vx1=vvxx 
vv1:vvYY 
xxx=T1t+T2~•XI+T3X•ETA+rax.ir.ETA+TSX•XI•XI+ToX•ETA•ETA+ 

! T7X•XT•Xf•ETA+T8x•XI•ETA•ETA 
vvv:r(Y+T2Y•XI+T3Y•ETA+TuY.XI•ETA+TSYtXI•XI+T6Y•ETA•cTA+ 

! T7Y•X1•XI•ETA+T8V•XI•€TA•ETA 
~=2 I 
GO TO 3a 

50 Ct".1NTp,1UE 

xI:XIt+OXI 



1· 
1 ~ b LI 

I 
1365 
J~bo 
1H7 
1308 

I 
131:,q 

\ 3 7 i:! 
137 1 
1172 

I t 3 73 
!37U 
1375 

I 
I ~7o 
1377 
1378 
11 7 q 

I 
138~ 
D81 

13~2 
1383 

I 
t18iJ 
13.iis 
1'380 
131!1 

I \1C'8 
136q 
11°~ 

I 
13<11 
13q2 
13q3 
13<HI 

I 
1:3q5 
13q1:, 
13<n 
1 '3q~ 

I 
13qq 
l a::11:! 
1 u ~ t 
ta.J2 

I ,ae'3 
IUCll 
1 J '1'i 
1 a ~~b 

I I a~l1 
141:l~ 
1u0q 

I 
141,j 
t a 1 t 
IQ 12 
1 a 1 3 

I 
1 IJ 1 u 
1 al 5 
I a 1 e 
JQ17 

I 11:1 I 8 
1 a 1 q 

111213 
1L12l 

I 1'122 
1 LI 2 3 
I LI 2 U 

I 
1a2s 

I 

C 
C c~ec~ re SEE IF STEP LEAV~S TME ELE~E T 
C 

C 
C 
C 

C 

!~ CABS(XIl.GE,1 0 0 0 0~,AAS(ETA).GE,1 0 0 GO TO b~ 

FINO x, Y, YX ANO VY AT T~E ENO OF TH! STEP 

xx2=r1x+T2X*XI•T3X•ETA+TwX*X!•ETA+Tsx.xI•XI+TbX•ETA*ETA+ 
t T7X•X!•Xl•ETA+T8X•XI•ETA•ETA 

vv2:r1Y+T2Y•XI+T3Y•ETA+TLIY•XI•ETA+TSY•XI•XI+T6Y•ETA*ETA+ 
1 T7Y•Xl•CI*ETA+TBY•X!•ET••ETA 
JCOS.:JCCS+l 
vx2=r1vx+T2Vx•XI+T3VX•~TA+TllVX*Xl•ETA+TSVX•XI•X!+TbVX•ETA*ETA+ 

1 r,v~•XI•XI•ETA+T~Vl•XI•ETA•ETA 
VY2=TtVY+T2VY•X!+T3Vv•ETA+TllVY•~!*ETA+TSV1•XI•XI+TbVY*ETA*ETA+ 

1 T7VY•XI•Xl•ETA+T~VY•XI•ETA•~TA 

Ii:' CF~ E ( L ) , E q • ~l ~ ~ ) GO '!' 0 S 3 
~F.:S~qT((XX~wXQF.(L))•*2+(YY2~vGE(L))**2) 
vvX:FQE(L)x(XX2•X~E(L)l/(b 0 28318S3•PO~TH(L}*RR••2) 
VYY=F~E(L)•fVY2•YGE(L,,/(b 0 28318S3•PORTM(L)*RR*•2l 
rs:: ccrieFCU .Eo • .-,.,,, GO Tr, 52 
AP.G 1 =~R·/AB2 CL l 
APG2:RQE(L)/?R2(L) 
vvx=F~E(L1•('.l:X2•XUE(L),.(eES~1(ARG1)+~ESKO(ARG2)*8ESI1(A~G1l/ 

1 8ESl~(ARG2)l/(6.283t~S3*PORTHCL)•~R•9~2CL)) 
vv~=FaE(L)*(VY2-YUE{L)l•(8ESKt(APG1)+eESK0(ARG21•8ESI1CA~G1)/ 

1 8ESIU(AP.r,2,,;cb.~~31ij5,•P~RTH(l)•~R•8B~(L)l 
s;:, vx2=vx2+-,vx 

• VY2=VY2 ♦ VVY 
S3 CONTINUE 

C 
C CALCULATE T~E T!~E OF T~AVEL 
C 

C: 

ox:X):?•Xtl 
[:l'l':YY2•'1'Y1 
OELTA:SQRT(Cx-nx+OV•OY) 
CGShi:DX/OE\,.TA 
rF r.rcos.EG.11 Fcn~IN=cnsIN 
V?AR::S•CSG~T(VXt•vx1+VYl•VYt}+SQRT(VW2•VX2+VY2•VY2)) 
nT:DEL T A/V8A~ 
TIME:Til-1E+OT 
Ii:; (F~E(Ll.GE.~~~) Go TO sa 
!F (A8SfXI).GE.STE 0 0 nR~A?S(ETAl 0 GE.STEP) GO TO So 
~RITE (b,37~, N, L, T!~E, xx2, YY2 
Go To 2~ 

5 o C ('I I'll T PJ U E 
Ii:' (T!M~ 0 LE.TMAX) GO TO 55 
~RITE (6,380) T!ME, TMAX, ~, xx2, 'l'Y2 
t:o To 2e 

~ 5 ~J S T E i:> : N S T E ? + 1 

!FCK0010.NE.1l GO TO 1So 
xo=n2/SCALE 
YYUYY2/SCALE 
CALL ?LCTCXXA,YYA,2' 
t~ (J:GT,NT!~e:, Gn To ,s~ 
I~CT!~E.LT.TTCJ,) GO TO 155 
r,ALl SY~AOLCXXA,YY,,0,07,J,~,,•1) 
J:J+t 

I SS CONT PjUE 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
ll 
I 

1 IJ 2 b 

1a21 
ia28 
l a2 q 
ta3~ 
1 a 31 
1a32 
11133 
!IJ31J 
ta:3S 
1 I.do 
ta37 
ta38 
t a39 
111ae 
11Jtl1 
1 a .ll 2 
1£1 4 3 
1 £11.i/J 

l ll IJ 5 
auo 

ta a 7 
1aua 
1/JiJq 

1as0 
1 iJ5 I 
tt1S2 
1a53 

1 115 IJ 
1 a ~5 
1aso 
1a57 
ta5A 
1 ll 5 q 

I ao0 
\tlb1 
l .ll62 
11J63 
l /Jo/J 

, a65 
1aoo 
1a67 
ta68 
1 aoq 
1 a 7.1 
1 a 7 1 
1 (I 7? 
1 IJ73 
1 ll 7 (I 
1 a 75 
1'17b 
1£177 
ta7~ 
1a7q 
1 (I ,I! '3 
11l81 
1 ll 82 
1aa3 
1 ll ~ ll 
1 ll ~ 5 

la Sc 
1a87 

C 

C 
C 
C 
C 

C 
C 
C 

!So CONT!NUE 

IF fNSTE?.NE.~STP~T' ~OTO 56 
11owITE u,,3s0, xx2, Yv2, T!l-'e 
NS TEP:~ 

1H, cn~.ir r NUE 
X ! 1 =xr 
F.TA1:cT4 
xx1=xx2 
YYt:vy2 
xxx=xx2 
vvv:vv2 
)( = 1 
GO To 38 

AOJU~T TME STEP so T~AT IT ONLY GOES TO T~E sou~o•~Y 
STEP ONLY CROSSES ~N~ scu~nARY 

6.1 N~H.P:0 

p: ( A 8 S ( X I) , GE .a 1 t ~~A ~J /'J ,._ A Fl 5 (ET A ) , GE , 1 1 ~ ) G Q TO 1 ~ ~ 
IF (49SfETA1,Gt, ,ai G11 TO Be 
IF CX!,LE,•1.0) GU Tn 7~ 
xI:1,0 
ETA:fTAt+CA/31•(1,~•XIli 
IAL=2 
GO To 17a 

10 xt:1•1:t1 
EiA=ETAl+(A/~1•(•1,0.XIti 
I F3L= 11 
GO To 171:! 

B0 IF CE1A~LE.•1,0) GO TO qi 
ETA:1,0 
xr:xr1+(B/A)•C1,0•ETA11 
!AL=3 
GO TC) 170 

Q'1 ETA:-1,2 
xI=X!Jt(A/Al•C-1,u-ETAti 
IAL=t 

1'.Hl 

r,n To 17~ 

IF (X!,LE~•1.~) GO To 13~ 
ETAT:ETA1+(A/8l•C1,0.XI1J 
IF C49S(ETA'!'),GT 1 1 0 Ji GO TC 
x1=1.~ 
fT.ACE:TAT 
IAL:2 
G n· T n lo i3 
r'F (ETAT,LT,-t.~) GO To 1?0 
ETA=t:" 
xt=xt1+<8/A,•(1,~•ETA1) 
I~L='3 
GO '!'I) 1 el-i 
ETA=•t,0 
xr=xr1•ca1,1.c-1.~-ETA1, 
I "'L= 1 
r,ri To te~ 
ETAT:~TA!+(A/AJ•r-1.~-~r1, 
IF (ASSfETAt),GT,l,~1 GO TC 
xt=•1·lj 
e:TAccfAT 



I .. 
1088 
1 ,11,q 

I 1 LI q ~l 

1 a q 1 
JLIQ2 

I 
1Llq3 
1 llqLI 
1aqS 
llJQb 

I 
1097 
1 IJ Q8 
1aqq 

1500 

I 1501 
1~~2 
1 5 r, 3 

I 
15~£1 
1 c;CJS 
1 soc 
1S'37 

I 
1~08 
1s0q 
151 ~ 
1 S t1 

I 1512 
1S13 
1 51 LI 

I i~l6 
1S17 
1518 

I t S 1 q 

I 1520 
1521 
1522 

I 
1523 
15211 
1 c. 25 
152& 

I 1527 
1 c:;~8 
I c:;2Q 
I 5 3" 

I t53t 
1532 
1533 
1 S 3 LI 

I 15315 
153b 
1537 

I 
1S38 
153 q 
l S LI?. 
p;Llt 

I 1 5ll 2 
1 S LI 3 
1 5 LI /J 

1 S LIS 

I 15LI o 
1C:Ll7 
1 5 LI 8 

\ 1 c:; LI q 

I 
I 

C 

C 

!BL=t1 
GO TO lo~ 

!ll0 !~ (ETAT 0 LT,•l,(1) GO Tn 15P. 
ETA=1:0 
xr:xr1+CA/Al•(1,D•€TAt, 
IBL=3 
GO To leiyl 

t5e E'TA:.1 ,i1 
~I=XIt+(8/A)•<•l,~•ETA11 
I8L=t 

lb? IF (A8S(XI),EQ,ABS(ETA11 ETA:ET••S[Gh(n,~0~1,ETA1 
t 7:3 CONTINUE 

C nETE~~INE T~AVEL. TI~E 
C 

C 

xx2=r1X+T2X•x1+T3X•ETA+Tt1X•XI•ETA+Tsx.~I•XI+ToX*EiA•£TA+ 
·1 T7X•X!•XI•ETA+T8X•XI•F.TA•ETA 

YY2=TtY+T2Y•XI+T3Y•ET1+T'Y•XI•ETA+TSY•Xl*XI+TbY•ETA*~TA+ 
1 T7Y•~I•XI•ETA+TRY•XI•ETA•ETL 
vx2=r1Vx+T2VX•XI+T3VX•€TA ♦ T~Vx•~!•tTA+TSYX•XI•XI+ToYX•ETA•ETA+ 

I T7VX•XI•x!•ETA+T8VX•XI•ETA•€TA 
vv2=r1VY+T2YY•XI+T3VY•F.TA+TUVY~X!•ETA+TSVY•X!•Xl+TowY•ET••ETA+ 

1 T7YY•XI•xI•ETA+TAVY•XI•ETA•~TA 

!F CFQECLi.Er,,i,1,rn Gr, TO 17LI 

6ijt~e~lfl~~~;~~!lbilt!~;~x:i;11,~~l~~,~~cL,•RR••2l 
vvv=FQE(L)*(YY2-V0E(L1)/(e.2e31S53•POPTH(L)*RR••2) 
IF ccoEFCL,.E1.0.~, GO TC t72 
ARr.1:RR/8B2(L1 
ARG2:R0E(L)/P62CL) 
vvx=FQE(Ll•Cxx2-xOE<L'~•{AES•1C•~G1)+~ESK0(AR~2,•8ESit(ARG1)/ 

I RFS!0(ARG2))/f~.2,3t!~3•Pn~T~{Ll•RR•8B2CL)) 
vvv:FoE(L1•(YY2-VUE(L11•(8ES~!(iRG1)+~ESK0(ARG2'•8ESr1cARG1)/ 

1 ~fS!~(ARG2)1/(b,2~318S3•PO~T~(L)•RP•B82(L)) 
17;, vx2=vx2+vv1. 

VY2~VY2+VVY 
1 7 l.l C O ~H I >-i U E 

C 
C CALCULATE THE T!~E OF T~AVEL 
C 

C 

nx::r.x2•xx 1 
OY:Vy2•YYl 
CELTA:SQ~T(Dx•DX+Dv•~Y) 
VBAR::S•(SQRT(VX1•vx1+vv1~vY1)+SQRT(Vx2•VX2 ♦ VY2•VY2)) 
DT:DELTA/VBAR 
TI).4E:Til'E+DT 

!F(KOQl~,NE 1 t) r,Q TO 1b5 
xxun2/StALE 
yvA:yy2/SCALE 
CALL ~LOT(XXA,YYA,2) 
IF {J:GT~NTiw~1 GO TC, 1b5 
!FCT!ME,LT,TTCJi) GO TC to5 
CALL sv~aCL(X~A,YYA,0.aj,J,~,,-1, 
J:J♦ t 

le5 CONTINUE 
C 
C OETE~l'I~f THE ADJACENT ELE"E~T A~O TE CHANGE IN COORO!NATES 
C 



j • 

1· 
I. 
I 
I 
I 
I 
I 
I 
I 
11: 

I 

I 

II 
I 

I 

I 
I 
i 

I 
I 
I 

I 

I 
I 

I 
•• 

I 

- -- - ···- -·-. 

!SSA 
p;S l 
1552 
1553 
t Ci5 41 

15ss 
!5S6 
p;S7 
1558 
ir;sq 
1 c;oe 
1,;01 
1502 
1563 
Ir; b~ 

1565 
1500 
1 t;b 7 
1 c;o 8 
1 So q 
Pi71-J 
1571 
1572 
1571 
1574 
!CS7'5 
1570 
1577 
1578 
1~1q 
1580 
1581 
1sn 
1583 
15ll4 
l c; 8 5 
1 Ci 81'1 
1587 
1588 
I S~q 
1 scH--1 
1 5 qt 
I c;q2 
15q3 
t5Q!1 
15q5 
p;q I, 
1 s<n 
1 ljQB 
1Sqq 
u,0~ 
IM11. 
1&02 
1~03 
lb~~ 
11,05 
1b0b 
u,e, 
U,ltl8 
11-,eC1 
1610 
1 b 11 

C 

C 
C 
C 
C 

tt=NEL 
~J EL :; p.1 E L C I ~ L , rI ) 
!F CNEL,~E.0) G □ To 17'5 
wR!TE Co,3aui ~, It, Tt~E, XX2, YY2 
~FITE (2,3~31 TI~E 
wQJTE Cc,3oti FCOStN 
~~ITElo,3b21 COS!N 
GO T(I 2~ 

115 co~.T piUE 
IF CI~EL(l,~EL),EQ,II) I8E:1 
IF <r~ELC2,NELl~EC,IIl T@C:2 
I~ (I~EL(3,NEL1,EG,!tl re~:3 
I' cr~EL(~.~EL1~E~.I!l tef:a 
II:IRL•I8E 
IF CII,EQ~-2.0~.II,Ea~e:aR,II~tQ,2) Go TO lqp 
II=IBL+IBE 
I~ CII,NE.Sl GO TO 18~ 
XIl=ETA 
ETA 1 :XI 
GO TO 30 

180 xI1=•ET.1 
ETAl:-XI. 
GO To 3e 

tQ~ I!=IBL+I8E 
I' Ctt,EQ,2.cR,II,EQ~o,. GO TO 2e2 
xr1=-x1 
ETAt:-ETA 
!;O TQ 30 

2PI'! xil=-xI­
P't:F.TA 
GO TO 32 

30'9 Fl'lR"'AT CSI5l 
'Jt~ FOR~AT C3IS,;>F1~,0) 
32~ FOR~AT ceFt~.~, 
]~~ FnRNAT (!5,2F\0 1 li 
31q FORHATC/1//) 
JuQ F~RHAT C/11X,•cLEMENT••,I5,10X,*X•COOR,=•,Fl1,3,10X, 

t *Y•COCR~s•,F11.3,t~x,.r1~E=•;Fl~.2, 
35e FORHAT (3ijX,•X•C00R,:•,Ftt,3,t0X,*Y•¢OO~.s•,F11,3, 

• 1~x,.TJME=•,,1~~2) 
3o~°FO~~AT(/7X,•STREAMLI~E ~UM8ER~ •• •,I3tc~,.LEAVES THE DOHAIN ., 

:.n-t1-101JGl-i ELE'.1-•El-!T NU"'AE~h,IS,31!,•H I TIME:•,F10,2/3'1:t, 
•• x.cooR,=•,F11,3,1~x,•v-cnnR,=•,Fl1,l111J 

3~1 F0R"4-.&T(t!X,•C0S VALUE .&T THE !NF'LOW SollNOARY =•,Flt,J, 
3~2 F~PHAT(ll~1•COS VALUE AT T~E OVTFLO~ 80UN0AAV :•,F11,3///) 
3~3 FQPMAT(~12.3) 
370 FOPMAT (///llX,•STREAMLINE NLJ~eER•,I,,3x,•~EACME5 THE VICI~ITY OF 

1TME SJNK !N Elf~ENT•,I5,3i,•AT TI"'E=*,F1Q,2/2£X,•X•COOR,=•,F!~,2, 
21~x,.v•COCR.:•,F1a.e, 

3~r, FORMAT C//11X,•TIME=•,F1~~2,sx,•EXCEE0S TMAX:•,Ft~.2,s~,•FOR ST 
,~E•~Lr~E NuweER:•,rs,2e~•x-con~.=•,Fl0,2,•v-cooR,=•,F10,2111, 

3q~ CONT piUE 
RfTU~~ 
END 

C 
C FU~CTION SUBROUTINES OF SERIES EJPANPIONS FOR ~ODIFIEO BESSEL 
C FllNCTtOt.S 



r T 
~ 

11,12 
1 b 13 

I 
p,1u 
H, 15 
1 e 1 o 
1 b 1 7 

I 
1 e 1 e 
161 q 
11,c'c' 
u,21 

I 1622 
te23 
16 2 • 
u,2s 

I 1 o.?c 
1627 
1628 
1e2q 

I 1 63:J 
1031 
1632 
1633 

I 103a 
1635 
1630 

I 
1637 
H,38 
1o3q 

11,Ll'l 

I b a 1 
1642 
11:,A: 
1 t,LI U 

I H,45 
1 t,LI 6 

I 1 b a 7 
I u,ae 

I 161lq 
te5~ 

I 1es 1 i 
I 16S2 

I 1653 
t 6 Sa 
1655 

I 1&5b 
1657 
1658 
165 c; 

I U,otl 
11:,01 
11, b 2 

I 
1603 
16bD 
H,oS 

I looe I 

I U,o7 

I 1608 
lbbq 
1010 

I 1671 
1672 
u,n 

I 

• 

C 

C 
C 

C 
C 

C 
C 

C 

FUNCTION BES!v(X) 
AESIA:l~~•CX••21/ij.+rx •• a,;oa:•cX••ol/ eu, 
~F. TUFH! 
END 

~UNCTION 8ESI1CX1 
~F.Slt=X/2.+(x••3)/to,+(X••S1/38a, 
RETUi:I ~! 

ENO 

FUNCTION BESKrtx) 
G:lc!,S7721Sbe5 
8ES~O:•(ALOG(X/2,)+G1•6ESl~(X1+CX••2)/~~•3.•CX••4)/128,+ 

1 11,•CX••61/\38,.a, 
RETURN 
Et-;D 

FUNCTION 8E5K1{X) 
r,:0,S772l5ooS 
~ES~1=1./X+lLUG{Xl2.,*BESI1(~,-,.G12.+l~/Q,)•X•(•G/1e,tS.JcLI,)• 

1 ~~••3l•C•G/3~4~+10.123e.a,)•CX••51 
=1ETURN 

END 
SUARouTINE ZPLOT 

C PURP~SE • PLOT CONTOURS CF HYDRAULIC HEAO ANO TRA~SMISSIVITY 
C 
C ISYMEL I FIVE SYM8ULS CHOSEN FOR HYOAU~IC CO~OUCTIYITJES, 
C SEE ZETA MANNUAL P,A.5 
C 

C 
C 

C0"""'0N /SCALAM/ 
I NN, NE, NH~~, ~RCL, KOD8, K0C10, ICE 

C01•0 "0N IVECTni;: / 
! -~,,u~,, YN(7aJ,, FM(74e,, PH!C7~i,, ?HI!(74~,, XV(740), 
2 AT(7a01, TMANSX(7U~), TRANSY(7ae,, .COEF(22S1, PORTH(22SJ, 
3 F~E(2G1, xOE(20), YQEC2e,, RQE(2~)- BA2(2e), BES1(2~), 
a S~CRT(lo), SRCLT(to,, Q(lo1, SRC~Cg), DGX(8), DGYC8), YV(7Q~), 
'5 FfHS\:J) 

COlo!MQN /I.IA TR IX/ 
t ~(70~,5~1, IN(B,225), SE(8,8) 

COH"'ONIXY/XO,YC,XL,YL,XMAX,YMAX,XMI~,YMIN,SC!LE,NCI~ 
D!~EN~ION C0~(2~),rTs(2g),T!TLE(8),15YM8LC2~) 
DIHENSlO~ XC7~01,YC7a0) 
nATA ISYMBL /12,76,1a3,77,~/ 

lli~ITE Co,20) 
? ~ F' 0 RM A T ( / I I I , 1 1 X , •Pl. 0 TT I ).I G I NF' 0 RM A T IO~. 5 * 11 1 X , 2 'r:l ( 1 H • ) I I ) 

PEAD(5, 1000) ~CON, NPTS, NFE., '-LE, >.CyR 
REAO(S,!02e.1 X~IN,X"'AX,YM!N,YMAX 
AEA0(5,1~2~) XQ,YO,XL,YL 
READC5,102~) (CON(J),J:1,NCON, 
~EA0(5,1J201 {PTS(J),J:t,NPTS) 
\IIRITE (o, 1e~5) NCO~l,NPTS,NFE,NLE,NCIQ 

HH" 5 FOR I'! A T C 1 1 X , 2 2 H NCO N , ~!PT S , NF" E , NL. E , NC! Fi 1, l 0 I 5 ) 
WRITE Co,1~0o1 X~I~,XHAx,v~r~,,~AX 

1e~6 ~OR~AT (11X,1qHXMIN,1MAX,Y~IN,YMAX,o 10,1) 
~RITE Co,10~7) X0,~0,XL,YL 



i 
. 

,1 

' 
# • 

1 ~ 7 LI 1 ~"'7 FOR"' AT (11X,11HXO,vO,~L,VL,bF1~,1) 

u, 7'5 .:Fl !Tf c " , 1 "a a , r c o N r .1 , , J = t , .• , c o N , 
i 1 e 1o 1')08 FOR!olAT {11X,3~CON,8Ft~,!) 

~. 
u,11 .,.i:; ITE' Ce, 1"0ql (PTSCJ1 1 J:t,~~TS) 

1018 t 0c:iq FOR"' AT c11x,3MPTS,c~to,111, 
1e7Q C 

• ua0 C SET LID ANO SCALE ~LOT 
te8! C 
lo~ XTOT:itMAX•X"-11'1 

• 
I e83· yTQT:yMAX•YMfN 
1 &8 IJ SCALf:XTOT IXL 
1&8'5 SCALEt=YTOT/-.L 
1&86 !F(SCALE,LT~SCALE1) SCALE - SCALE1 -

- u,s1 :( TOT = XTOT /SCALF. 
teM YTOT = YTOTISCALE 
it,8q yM AX:Y"" AX/ SC ALE 
u,crn x,-iIN:Y1'1IN/SCAl.E 

I 
10qt V""AX:V,..0/SC.ALE 
u,q2 V~fN:YMI"-/SC.ALE 
u,<n oo S~H, I=t ,NN 

16 QI.I x(I):'l(N(I1/SCALE 

I 
uqs y (!) cVN ct 1 /SCALE' 
1 e 1H, 5"& cn~Tp,iuf 
u,<n CALL P~OTSCSS,~,aLPLOTl 
toqa CALL PLOTCXG 1 Y0,•3) 

I 16qq !F(NC!Fl,EQ,~1 GO TO 155 
11;,e RL=:lL/2, 
17<" 1 CALL CIRCLE (RL,0,,•q~,,27~ 9 ,RL,2) 
1702 GO TO 1 b 15 

I 17A3 155 co~TJNUE 
17~1.l CALL PLOT (XHIN,YMP4,3) 

1705 oo 1 6 r. IP:1,2 

I 
1706 CALL PLOTCX~AX,YMI~,2) 

17id7 CALL DLOT(XM.AX 1 Y~AX,2i 
71:'8 CALL PLCT(X~IN,VM~X,i) 

pi:lq CALL PLOT(X~IN,V~IN,2) 

I 1 7 t Ii 1 6 (' CO"l'T 1 NUE 
I 7 11 165 cnNTyNlJE 
1712 C 

START 1713 C ELE1'4ENT LOOP 

I 171a Do 5"'0 L=NFE,NLE 
171 '5 HI-IAX:•l.0E+':i~! 
1 71 6 )-IMIN=t,0E+5e 

I 
1717 C 

PLOT 17 8 C NOOE cno~OI"IATEs 
t7tCI DO 20c, J=t,a 
1720 1<:INCJ,Ll 

I 
1'21 IF (F.,. (K) .LT ,~H-"!11'1 HM HJ:FM ('(' 

1722 I F (r:1o1Cl<) .GT ,HMAX) H"'1A:W::FMf,C.) 

1723 C 
172a IF' <xrKJ,GT.xHAX,OR,xcl<,.Lr,x~I~l GC, TO 17~ 

I 
1725 IF CyrKi,GT.VMAX,OR,v(l<l,LT,Y~I~) GO TO 18 ., 

1 72b GCI T '1 2i::ii 
1721 110 cON'TrNUE 
1728 \olR!TE(b,ck311 '<,X(I() 

I 172q qETIJqr., 
1730 180 CONTINUE 
1731 ;..r:nTECb,o'J2) ,c,v(K) 

1732 RETUQ'-1 

I 1733 2~~ · CONT INIJE 
173£1 C 
1735 C SET UP ANO SOLVE GIUAnRATII: EQUATIONS FOR XI ANO ETA 

• 
I 



I • 

113b 

I 1737 
173 8 
173q 
170!3 

I l 7 a 1 
11°2 
1743 

71.11.1 

I pa5 
17U6 
11a1 

II 
171.1A 
171J q 

I 751i' 
I 751 

I 
1752 
1753 
1751.1 
1755 

I 175b 
17~7 
1758 
115 q 

I -1 7t,0 
176 t 
17&2 

I 
1 7f: 3 
17~1J 
1 n,s 
J7E,b 

I 
1767 
t 7t,t' 
17e,Q 
l7'7ij 

I 
1771 
1772 
1773 
1174 

I 1775 
177b 
1777 

II 
1'778 
177q 
178~ 
1 7 !! t 

II 
1782 
17-'I 3 
178 IJ 

1785 

II 17~6 
17~7 
17~,9 

!Hq 

- 17Q0 
! 7q 1 
17Cl2 

- 11c;3 
17c;1.1 
17q5 
17Qt, 

I 
t7Cl7 

I 

C 

oo u513 ~c= 1, -ico,~ 
HCDN:CO~CNC) 
IF CHCON,GT.~Mlx,o~.~co~.LT,HMIN) Go ro us~ 
><t:INtl,Ll 
1<2:I~c2,Ll 
IC 3: I " f.3 , L l 
1<1.1:VH'l,L) 

ll'5:I'lf5,Ll 
Kb=I~co,L) 
1(7::I~t7,L) 
IC8:I>.;(8,L) 

C tV~LUATE TE~MS !N FUNCTTCN EXPA~SIO~ F □~ Mr.AO, X, ANCY 
T 1 ); : ( • F ~ C >< 1 ) • F H ( K 2 l • F-,., C >< 3 ) • F ~ r l'. 1.1 ) + 2 • e * f F >- (I,( 5 ) + F H o< 6 ) +F M C )(_ 7 ) 

C 
C 

220 

1 +Fl-'('<~'1)/0 8 ~ 

T1x=r-xc~t)•XC~2,-x(><31-~(~4)+2.0*(X(><5}tXCK6l+X(~7)~xc~a,,1,a,0 
·,1v=t-Y()(1)•¥(~2)•YC><31.y()(4)+2.0•(YCkS)+YCKc)+Y(K7) ♦ Y()(8)))/U,0 
T2H=(F~C~t,)•FM(K8})/~.~ 
r2x=<xC><cl•XC><si,12,0 
T2Y:(Y(Kb)•V(l<8))/2 8 0 
T3~•<•F~CKS)+F~(l<7}l/2.P. 
T3X=r-xc~S)+XC><7))/2~0 
TJY:f.~(~5)+Y(K7)l/2.~ . 
TI.IMS(F~f)(l)•FM()(2)+F"'(~J).~M()(l.l})/4 1 0 
;ax:c,C><l}•X(K2'•~()(J1-X()(Q,,/I.I,~ 
rav=rvC><!J•¥C~2,+Yr><31.yr><al)11.1,0 
T5M=(FHtKt)+~M(K2)+F~(~3, ♦F~(~"l•2.0•tr~c~s,.FM(~71)l/U.0 
rsx=rxcw1i+X(K2)+xr~3)+XCK0)-2.~•CX(K5)+X(K7)l)IQ.O 
;Sv=cv(K1'+V(K2i+V(K31+Y(Kal-2.C*(Y(k5)+Y(K7)))/U.0 
TeH:(FM(Kl)+FH~~2,+F~(Kj)+F~(KU)•2,~*fFH(K6)+FM(K8)l)/Q 1 0 
Tot=(X(Kl)+Xr~2i+X(K3)+~rKa)-2,~•CX(Ko)+X(K8')'/a,e 
icY=<Y(k1)+V(K2,+YrK1l+V(K~J-2.~•CV(K&,+Y(K8,))/Q,0 
T7H:(.F~(Kt,.F~fK2)+~~(K3'+F~(KQl+2.~•CF~(~S)•FM(K7)),/Q•0 
T7X:(.X(Kll•X(l<2l+X(K3l+X(KU}+Z.0•CXC~~)•XC~7l))/U,0 
T7Y:(.Y(K1)•V(K2'+Y(K3)+V(Kl.ll+Z,0•fY(K5lwY(K7)))/U,C 
TAH:(.F~(K1)+FM(Ki)+Fn(K31-F~(l'.U)+2.~-(-FM(Kel+~M(K~)))/Q,~ 
rax=1-xc~t)+XCK2l+XCK31-~fK~)+2,0*(-X(Ke)+X(K~l))/U,J 
T~V:(wY(Kt)+Y(K2i+Y(K11•V(K~)+2,J•C•Y(Kbl+Y(K8)1)/U,~ 
oO 'IOI? NP:1.~PTS 

xtt="•"' 
X!2=i¼ 1 1:' 
F'T'At=~.ia 
E.T A2:0 • 0 

PTCK A VALUE OFF.TA AND SOLV~ FOR XI 
E:-T'A=PTS(NP) 
A :T5M+ T7M•ET A 

R:T2M+Ta~•~TA+T~M•ETA•€TA 
c:T1~+i3"•ETA+T~H•ETA•ET,.MCO~ 
TF CA:EG.2.~.AN0.8,NE~J:1.1 GO TQ 230 
OISCR:6•8•4•~*A•C 
rF {nrsc~~GE.~,P,) GOT~ 21i 
GCI T;J 27'2 

IF C~JSCR~NE.0 1 ~~ GD T~ 22~ 
IF (a,NE.0.0, GO To ?.2a 
IF (A.~E.e.~, Gn T~ 25~ 
IF cc:NE,0,0) GO To 27~ 
.. r:qTf Ce,1'cl1Je, L, HCON, ET• 1 

GD Tc 27~ r 
x11=.rce+SIGN(1~,s,.sQ~T(DISCQ))/(2.~ A)) 
XI 2=c / ( H X 11 ) 
GO To 2111d 
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I 1~55 
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C 

23;1 xr1=-e1e 
XI2=•!~0,~ 

24~ tF (XIl,GE,•1,0~ANC,XI1:LE,1,e,aR, 12:GE,•1,0,AN~. 
I XI2~LE,1.0) Gn Ta 250 

GO To 270 

C IF T~, ~OOT LIES "!THIN THE ElE~ENt, FINO ITS LOCATION 

C 

25~ DO 26~ I=l,2 
xr::xn 
IF Ci,EQ,2) Xl:XI2 
IF (XI,LT,-1,0,0~.xI~GT:1:e, GO TO 26~ 
xx=T1x+T2X•XI+T3X•ETA+TIJX•xl•ETA+T$x•x!•XI+ToX•ETi•ETA+ 

1 T1X•XI•XI•ETA+T8X•XI•ETA•ETA 
YY:T1v+T2Y•XI+i3Y•ETA+TIJY•XI•ETA•T$x•~I•XI+T&Y•ETA•~TAt 

t T7Y*Xl•XI•ETA+T8X•XI•ETi•ETA 

C PLOT THE LOCATIO~ OF THE ~OOT 

C 

IF ( XX , LT ~ :C 1,1,_ ! N , C ~ • XX ~ GT ~ ::t., AX ) GO TO 2 b P 
IF (YY,LT,Y~lN,OR,YY,GT 0 YMAX) GO TO 2e~ 
!F(NCON.EQ,3i GO TQ 252 
rFrNca~.EQ.Sl GO To 253 
CALL SY~SOL(XX,YY,~ 1 ~7,NC,0.,•1) 
GO Tc, 2okl 

252 CONTINUE' 
,JNC=>-IC*2• 1 
CALL 5V~80L(XXiYY,0.e1,rsv~8L(JNC),~.,0, 
GO To 2o~ 

2c; 3 C O~J T! NUE 
CALL sY~BOL(XX,YY,~.u7,!SY~~L(~C),0~,0) 

260 CONTI>-iUE • 

C PICK 1 i VALUE OF XI A~O SOLVF FOR ETA 
210 xr=PrsC111P, 

1:TbH ♦ T8H,XI 
R:T3H+TUH•XI.T7H•XI•Xl 
c=T1H+T2H•XI+T5H•XI•xt-HCO~ 
IF (A~Eo.~.~.ANn,5.N~,P.:~, Go TO 31~ 
O!SCA:8•8•~.~•A•C ! 
fF rorSCR.GE,0,~, GO To 310 
GO To Ll0Cl 

31~ IF rotSCR,NE~ld,e) GO To 32~ 
IF rs:NE,3,01 ~n To 32A 
IF <A:NE,0.0, Gn To ]SA 
IF cc:NE,~.0) GO To ~~0 
W~ITE (b,1~391 L~HCON,X! 
GO TO £101d 

320 ETA1=-C(B+SIGN{1.,8,•SO~Tr □ IsC~))/(2.d•A)) 
F.TA2:r,/{A•ETA1i • 
GO To 31.10 

330 ETAl: .. C/8. 
ETA2:.1a~.0 . 

31.10 IF (ETA1,GE.-\~~.A~O~ETA1.L£,1,0,o~.ETAc.GE,•l,0.ANO, 
1 ETA2,LE,1.J) GO TO 3S~ 

GO To 40-3 
C 
C IF TH~ ~OOT LIES W!THIN TME ELE~E~ , FINO ITS LOClTION 

350 no 3o'1 I=1,2 
ETA=EH1 
!F rr:~Q.21 ETAcETA2 
IF CETA,LT,•1,~,G~,ETi,GT~!,01 GO O 360 
xx=T1x+T2X•XI+T3X•ETA+TQX•XI•ETA+T x•xI•Xt+TbX•ET~•ETA+ 

1 T7X*XI•XI•ETA+T8~•XI•ETA•ETA 
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lo0 
,um 
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yY:T1v+T2Y•XI+T3Y•Ei1+1av .. xI•ETl+TSY• l•XI+TbY•ETA*ETl+ 
1 T7V*~I•~I•ETA+T8Y•XI•ETA*ETA 

~LnT THE LOCATI~~ OFT~€ ~OOT 
IF Cxx.LT.~~I~,OR,XX~GT.X~1X) Ge TO 3 U 
r~ cvv,LT.Y~I~1nRIYY~GT:YMAX) GO TO 3 e 
IF(NCO~.EQ.3) ~a TO ~s2 
I~(NCON,Ea.s, GO To 353 
CALL SY~SOLCXX,YY,0,~7,NC,0,,•l) 
GO To 3~0 
CONTp,ue 
JNC:NC-t2•1 
CALL SY~80LCxx,vv,~.e7,ISYM8LCJNC),~,~~, 
G~ rn 3oQ 
CONTI>.iUE 
CALL 5YMB~L(XX,YY10,J7,ISYM8L(NC),C,,r,) 
CONT!~UE 
cnNTINUE' 
cONTii.JUE 
CONT H~UI: 
CALL ~LGTfa 0 ,0,,3, 
xE'ND:.ci,s-xo 
CALL PLOTCXE~o,.vo,c;cQ, 

~P1 FO~~ATt/SX,10~X-VAPIABLE,I3,Fte.3,Sx,11~EXCEEC THE DOMAIN) 
b~2 FOA~AT(/S)~10MY•VARlABLE,T3,F10,3,5X,t7HEXClEO THE DO~AIN) 
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ABSTRACT 

Ar:tificial. recharge of groundwater. resolurces through wells leads-
1 

ta a;. need !or c:omputer sim.ulation. of the hydr.lulics and trans.port of. 

contaminants: in groundwater flowfields.. The Pa:lo Alto Bay lands injec-
. . 

. '• . 

tion:-extraction project moti.vated the present work- A numeric:al model 

was; developed£ or- simulating: steady-state. groundwater flow in a. con­

fined,~ leaky aqui£er system.. The -basic. nume.tical technique used is the­

Galerkin:-finite-element method.. Greatly improved accuracy 0£. the sim­

ulation:: near wells is, achieved by· removing the, singular· behavior 0£ the 

flow with: an. analytic solution £or the near-well zone,. solving. the remain.­

ing:- non-singul.a.r proble~, and.combining: the results.. Tlie resulting: 

solutions compare favorably wi~h. known analytic. solutions· for confined· 

leaky aquifera (both isotropic:. and anisotropic.}... No additional computation 

time-- is required £or this, method compared to standard. FE. pro grams .. 

Velocity-fields: were.. derived. through. differ~ntiation of the head solution;. 

smoothing- and averaging. are- then-- used for generating- systems, of stream­

lines· and· determining_ times of travel to points of interest (including 

breakthrough. curves) .. Specific applications of. the model include investi­

gation of the gross hydraulic: characteristics o~ a.. nonhom.ogeneous" 

groundwa.te·r aquifer containing- injection-extraction well combinations, 

the times of. travel and breakthrough curves being. appropriate only £or 

11nondispersive" contaminants. In. an. appendix the recent geologic: history, 

stratigraphy and geomorphology of Wisconsin age alluvial deposits b'e­

neath. the Palo Alto baylands are reviewed; thdn a. comprehensive. picture 
! . 

of· the hydrogeologic environment- is drawn and its impact on the modeling 

effort is, noted ... 

-iii -
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I. INTRODUCTION 

An increased interest in the use 

been seen in recent years. Ambroggi 

ndwater resources has 

discussed regulation of 

underground reservoirs, inciuding overexpl itation and artificial re­

charge, as a means of long-term control of the water cycle. He noted 

the various functions of these reservoirs: supply, storage, mixing and 

conveying water. Except in _California and Israel, where the storage 

function is partially exploited, the primary use of underground reser­

voirs has been that of supply. In certain coa$tal areas extensive use of 

underground reservoirs for supply has led to a reversal in the normal 

direction of water movement. In some of these areas artificial recharge 

programs are currently underway with their principal purpose being 

prevention of saltwater intrusion into potable water supplies. Such pro­

grams are fo1.llld in Orange County {Los Angeles area) and Santa Clara 

County (San Francisco area), where systems of injection and extraction 

wells are used to prevent the intrusion of saltwater into near-shore· 

aquifers. In both programs the water being injected is reclaimed waste­

water. Injection of this water raises a number of interesting questions 

concerned with the fate of certain contaminants, the answers to which 

can only be obtained through use of mathematical models. 

Mathematical modeling of contaminants in gr?undwater systems 

requires a description of the hydraulics and transport of contaminants 

as well as a description of ~hemical reactions within the environment of 

the porous media. In trying to achieve a realistic model of the fate of 

injected reacting contaminants one must first adequately acco1.lllt :for the 

hydxaulic propertie~·, i.e., the convection and dispersion of the contami­

nants. Unless 1=h;e hydraulics are modeled corr ctly throughout the flow­

field, anticipated re.actions can only serve to c mpound the error and 

make quantitative interpretation of field results impossible. Now, 

according to the w?rk of de Jong ( 1958), Bear ( 961) and Sche~degger 

, r 
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( L90;l).,., as well:: as. many- others,. the: mag_nitude: cl£ the- c:oeffic:ien~: of' dfs;- . 

persiom is;- propoi:t±onaL ta· the first power of the: velocity-_ Because the 

velocity is grea:.tes.tm the immediate vicinity of. a. well. (and. in £a.ct be­

c:omes singµlar at the-well. in: a:· two-dimensional s ow:c:e:-sink. model of 
. .. 

wells),,,. amadequate-modeLof. convectior.t:and dispersion: must be:: especi-

f;;,., ___ '~illT 'a.;~ate: near: wells-,, This ~e~d:. !or ac~acy nea~ w~US:: h:3.~·, b.e~~ -••• ,~,,.;,,,., •• ,,. ,, •• :-.:~·· 

a. major problem:. in:. the simulatio~ of welLfields·.. Neither the finite: di£.-

~,, ference- nor finite: element techniques, a.re able to model point sing:ula.J!i­

ties;. or even: very- rapidly-varying; quantities;.. Analytic:al method~ c~ 

11· 
j -l , 

l 

I 

l 

r,~ 
V 

easily-provide· acc.urate:. s alution$ near wells~ but the. y- are- gene.rally- a ppli­

cable onlTta: idea:lized:. homogeneouSl groundwater systems,. an:. exceptionaL 

c:as~when:: la.rge-sc:aI~ field:. s.ystems: are considered. 

Complexitiesdnherentwithm ac:t:uaLfi'eld:. sites:- may be classified:. 

under twa gener.tl. headings:: anisotropic: fields.: and: nonh.omogeneous:; fields:-;.. 

An±s.otropye refers:: to: preferred: directional character±stic5,· of ~ property.-- • • 
. . 

o:c·the n_iedia:, at a: particular point- : i,y-rth: hydraulic: conductivit}e being, the • 

media:: property- of most intere s,t in::::g~oundwater- !low-, an anisotropic­

mediunris.: one= in..whic:h:. the: £low: has: an. easier- time going:: in: one· direction:: 

than:. in. another... & nonhomog:eneoua field. is one: i~ w hi.ch. the: property- of. 

interestvai::ie s: fronr. one-point to another~ In: an anisotropic:. and: non­

homogeneous.: aquifer the: magnitude. o{hydraulic:. conduc:tivity," as well as· 

the-direction. of' the: princ.ipaLaxes" of the conductivity- tensor,. may vary 

frozn: one· point to: a17other., 

In:.the: case of a. confined groundwater aqui£er, where the, aqui£er-· 

is- usually-charac~erized. as a. two-diinensional su ace,. the. ability of the.. 

"surface!'~ to: transmitfio:w is measured. by the pr duct of the. hydraulic 

conductivity of the. me.dia. and the thic:kn~ss of.·the: aquifer.. Tnis product 

is· called·. the coefficient of transmissivity-.. In· a onhomogeneous £i'eld it-
~ 

may-vary-due to changes in either .. hydraulic:- cond ctivity- or·thickness of 

the: aquife,r;.. 



Because large-scale groundwater syst ms are characterized 

by their nonhomogeneou.s nature, analytical ~imulation methods have 

found much less use than numerical methods. Of the many methods of 

numerical analysis available, the finite ele$ent method has been shown 

to be particularly effective for problems in groundwater flow and con­

taminant transport (Pinder a~d Frind, 1972; Pinder, 1973). 

-3-
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IC... SCOPE" OF WORK ± 
Th.e:.-pres-entworkhas:-. two:. relatively- stinctfoci .. We: a.re:. on:.one:-

~d:..interes.tec:t in. the:.-hY:d:rog,eology- of pos.t- isconsin. allu.via.I.. deposits: 

beneath: the Pala; Alto; baylands;: ancf,.. an. the: ·other; .. c.once:rnecf. with:. develop:-:-· 

·-1 ment:. of a;:. two-dimensional. modeL :for groundwater: hydraulics; aro.u:ict. 

- w~ located. ~-a;. confined,.. ~eaky,. no~omo geneo_uS'. ~quife,;--~ ... ,,.,B'oth.: topics;;,._-;cp~.--,,.,i: 
' , . ,. , • ,;;, - ~ :r:,.,•ii•~•--:--,..:; .. •:--.";.·~~--::-••-::.""..__~ .. ~-~ .... ..,.;,...rj•~•.."'•,.·~-'•:;:~--•-·;~\:#(°'"':'..: .... --.:,..·• ... ::..··r_ ... ,· •• • ...... _... ..... • • - ... ,, .-.~ • . . 

--,-~~~~ti'm:.fiom. a;. sing_le:-project concerned: with: g-i-o'l.ndwate:r recharge: and: _ 

- extr.tcti:citr- The-projec.ti.$-b.eing::ca:rried· out by-the: Santa Clara:. Valle.y 

·1 Water Drstrlct (SCVWDY,- with: the:- intent of establishing.a..hyd:caulic: 

barrierto: salt-water intJ:.usiomfrozn:South: San Francisca B"ay-.:.. Atk 

I 

--1 

p . . 

I 
I 
-1 
.. 

,J 
·.1 
·1 
I ··o 
I -
I 

.J 

shown:..belo-w-,- conclusion$,drawu.frcnn: the- hydrog~ologic:. investigation:.. 

Cs ee:.- A PEenc:iir I). limit application; of the numeric.al modeL to.. only- part of. 

the: injection-extraction: ffeld;.. 

. To:::Secti:orr. IlI:,theSCVW'D: P:ro.jectis.: described: and: thepredesign: 

teat sta:ttt& is;. reviewed- fnt:roductiom of thfs:. material provides:. motivation:.. 

forSection:lVin:.which:.a,;.,.steady-s:tate::?-yd:rau:lics-modeLforfiow,,izraa:,;.. . 

confiired..,. leaky-aqui£er is::: developed:. ~or-a. nonhomo geneousr porous: medium:· 

containing: injection/ extraction: wells. Section· V provides applicationa 

of. the model: p:re s.ented in.. Section: IV.. Sections. VI_ and. VII: pre-sent the· 
. 

discus:sion: and the conclusions:- and. reconunendations: for futu:re-- work--

In. Appendix l the:- geologic history-; stratigraphy and geomorphology-of:. 

the-. baylanda a:re discussed:. and "a comprehensive- picture a£ th~ hydro-­

geologic: environment.is, d~'awn-.. In::,Appendix:: II the, analysis: of. Sec.ti.on: lV 

ia extended to.. anisottopic:.. problems-

I' 



m. BA YLANDS PROJECT 

The Santa Clara Valley Water District (SCVWD) has proposed to 

ca_rry out advanced waste treftment and injection of municipal waste­

water into an aquifer in the Palo Alto Bayfront area to serve as a 

barrier against seawater int:rusion into the gl'oundwater. Figure l_ shows 

the design f~r this project. Nine injection wells are located along a 3. 2. 

kilometer 'line running parallel to the bayfront. Ten extraction wells are 

located landward of these injection wells. Design of the intrusion 

barrier is based on the idea that the line of injection wells will form 

a pressure -ridge which will block the landward movement of the·denser 

seawater. Extraction occurs so that there will be no net input of re­

claimed water into the aquifer. Ideally, all o! the injected water is 

eventually extracted. 

The predesign phase of the project suggested that modeling of 

groundwater flow within the shallow aquifers of the area would be a 

straight:forwa-rd task. Wells·were drilled along the northweste:rn edge .of 

the study area {near 1-1). Logs and well tests showed that there were 

two shallow zone aquifers (at depths of 6 and 14 meters) separated by a 

leaky aquitard. A third, thicker aquifer was found in the deeper zone 

(55 meters). The deeper aquifer was hydraulically separate :from the 

shallow zone aquifers. The description of the shallow zone given in the 

predesign report (Jenks and Adamson, 1974, pg. 4) was that "the a:lluviu.m 

consists of a series of ess~ntially flat lying sand and gravel aquifers 

separated by extensive clay aquiclude s and aquitards ."" A qualified 

warning was given, but its implications were not appreciated at the time: 
' . . -:·. . ... 

"Concerning the shallow deposits, there i~ evidence of vari-
' 

ation in thick?ess of these aquifers th:roug out the area and 

evidence that •particular thin zones may p· ch out and inter­

finger with other similar zones. Howeve , due to leakage 

between the various individual zones, the . hallow deposits 
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can:. be:- c:onside:red.. a.. sing!~ exte si Ve; aq_uife r- through.­

out the area .. rr-(renk:s- and:Adam on,... pg_ .. 4) 

Since itwas. felt that the test site was re pres enta tive. of. the-. entir-e­

area.. the: desi~ of the: injection-extraction. syste.m:. was: carried. o·ut ott 

. the:: ba:siS::;?£ ~~-E.;~_d7_sip.,_ t_~S.~S--:.,i, ... These• tests;;, sugg_esteci:'a.0 ci:a:nsmis sivity~oc,-x,;;._,,r~ • 
. ~-~,.- .;if.-<~--~ ... -·=~-"-...... ~ ... ~~·- .- •• • -·~-=----~-- • z: . ' 

• of. L0.8~ ~ / day-- (8700 gpd/ft} and..a.. coefficient of storativit.y- of 0 .. 000036. 

for injectioir we1LI.~~ in-the: lower- ( 14: meter} aquifer { J"enks: and Adamson) .. 

The- vertical h.ydraulic conductivity of the c ona_ning;: aquitard was;; calcu­

lated. to; be- 0_13 cm/ day- (O. 032:. gpd:/ft2, with: a storativity- of O .. OOI.. The 

max:inmm:. inje.ctiore-rate-was; determin.ed.:to:be-102.0' m.3 /da.y· ( 187 gpm) __ 
•· 3· . . ·- . . 

A- T600~m:.. /da:.y-(twa:.million:-gallons-perday) ad.vanced:wa.ste:treat-
• • ► • 

mentfacility:wa$ proposed:. (and: subsequently· constructed) .. - Assuming; 

that alL of. the- high: q__uality- effluent.was injected:.. to" establish: the hydraulic: 

barrier an:averag&-injectian: rate- of. 844- m 3 / day ( 154, gpm} would: be:- • 

requ:ired:for each:. well:~ thednjection:: system-... 

ASi·a.long:,~tenn: goal,. the SCVWD. facility-will. be used.for- research.. 

ta determine the feasibility of suc;h a system for- :reclaiming water for· 

potable: uses.. To answer- q_uestions.. relevant to. this, long.--term- goal •. 

Stanford U'niversity-proposed.a th:ree-yearprogram: designed. to acquire 

fundamental. kno.wledge. c once ming. the: transformations.. oi contaminants: 

and::.aquifer-materiaLresulting- from the injection- of treated. wastewater .. 

This. research. waa funded by- the U.S .. Environmental Protection.Agency 

underGrantEPA-R-804431,. authorized. for three: yearsc beginning May 1,. 

1976. The major objectives of the research ~roject-are as: follows-

(Roberts:,. et ai_, 1978):- \ 

II 

l... To determine. the effects which the injec~ed wastewater wilLhave 
I - - • 

on: the chemical, physical, and biologi~a!l quality of the basin. and 

injected wate-rs .. 

-6-



2. • To determine the effect which injected wastewater will have 

on the hydrologic and mineralogic cha acteristics of the aquiier. 

3. To seek the optimum quality for injected water which will result 
;. 

in a high quality groundwater and minimum damage to the hydro­

logic characteristics of the aquifer. 

4. To develop generalized mathematical models for describing the 

movement of water, the changes in hydrologic characteristics, 

and resulting changes in water quality 'from wastewater injection 

in order to make the results of most value for application in other 

similar projects .. 

The objective of primary interest in the present work is the .first part 

of 4, i .. e., development of generalized mathematical models for de­

scribing the movement of water in the hydrogeologic enviromnent. 

.... _. 
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TY"- FIN:t'rr ELEMENT' MODELING. OF INJEC ION-EXTRACTION= SYS:TEMS. 

As: pointe~ out in.. the:- Introduct±"ozr~. the:- irsttas-k in: ac:h_ie.vmg; ~; 

realis:tic:- mode£. of: the £ate;: of,injected: reacting; conta.m5:na.nts:. i& to: ade-

qua.tely--modeL the:- g_roundwater: £lo~ h.ydzaulics-- The equation. governing:::._ 

I the hydraulics.: of:.a:;_leaky-aq'ltj.fer- systen.L is: ob.tained:hy- c:ombinin~ - _ . __ 
• - •. . . . . • ' ... · .... ·. ·-... ~-- · ..•. --···-·~ ..... .:..."c:· . .. ~.,:r.,_.•~!._~-•--"'•.-• ..... -~:.._,,,:~-j~•~=:~~d,;~c;~ 

~~rcy!s..la.~witb:1.th~prmc.ip~~·oEcons-erratioti'ofma.ss;.{Bear,_ 197Z) .. _. :-

1 Consider steady- £!ow-: in:. an:.aquifer of areal extent lying;. on:. an;. im.per- _ 

I 
I 
I 

I 
I 
I 
I 
I 
I 
I 
0 I 
I 

meahle: be&. and: confined. frozn. above:-hr a.a. slightly-- pe:rm:eable- aqui"t:a.rd of: 

specified. thickness:: and..permeabilii:y'- Above-the, aquita.rd.. is~. a second. 

(adjacent}: aquifer .. • Treating: tlie- lower aquifer as; twa-dimens.iona.L in:: th~ 

ho rizontaL plan~ with;; a;;; transmissivity--T"cr,8.· one finds: that:: the g9verning; 

equati.on:.for steady-s:ta.te'!'fli::>mr. is-:-

where:­

h:: 

T" 
Ct(i 

X 
a.: 

K. 

b 

h 
a 

Q_ 

Q' 
k. 

N"" 
w 

=- hydraulic: head: 

- t'ra:nsmissivity- ten·sor­

= location- vector- _ 

(L) 

(if /TT 

(L},, 

= permeability-of confining: bed.(aquitard)· (L/T) 

- thicknes.s of. confining: bed- (L).. 

- head. in.. ad{acent aquiier­

~ ~Qk. o (x - "le.• y -- yk) 

=- source strength per unit area 

= nu.mbe·r of souz:ce--sink. wells 

(L) 

(L/Tl 

o ( o. ~ ) = , Dirac. delta functio.n:. 
.-

- location·of source~sink well.s, k = 1, 2, .. .. •. N 
w 

- indices. which: run.from 1. to 2-

-8-
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The first term in equation ( 1) represents th divergence of the velocity 
. 

field written in.terms of Darcy's law, the second term represents leak-

age to the adjacent aquifer and the third term represents sources and 

sinks (Qk being positive or negative, respectively). 

To simplify the presentation which follows it is convenient to work 

with the operator L defined by 

L(h) = a 
ax a 

Then equation ( 1) may be written 

L(h) + 

/ 

Kh +Q=O 
b a 

A. Galerkin-Finite-Element Method 

..!S_ h 
b 

l,. 

(2) 

_( 3) 

Application of the Galerkin-finite element procedure to aquifer 

analysis has been described by Pinder and Frind ( l 972)[also see Pinder 

and Gray ( 1977)]; only a brief review will be given here. To solve equa­

tion (3) we assume a trial solution of the form 

N 
n 

li(x, y) = I: 
j= 1 

h.4).(X, y) 
J J 

( 4) 

where the <fJ. (x, y) are a system of linearly independent functions (basis 
. . ..... · J .. . . .. .... ·, ......... '. . . .. .· ", " :,, ..... ,._ ... •· ... : ..... . 

functions) chos·en beforehand, h. are undete~mined coefficients, and N 
J I n 

is the total number of nodes. (basis functions1 ·in the finite element net. 
I . 

The domain n _having boundary :r, as show in Figure 2, is divided into 

a number N of subdomains (elements). h of these has, for the 
e 

type of basis functions used here, eight node points on its boundaTy. The 

type of basis functions used in this introduced by Ergatoudis, 

-9-
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I 

I 
- I 

el:: al.- ( 196 a). a.nchre f.orusewitfL~d:; ia~~etric:; :uadrua.tera:L 

elements-- The---terni: 1sopaJ:a:me:tJ:I:<: m.eans; , -t the: !unctionaLrepre sen-

ta:ti:or.c. o:E the curve!±. boundarie._ss- and:.. the functi.o.naL re:pr~sentation:. of th~ 
-

approxima.te:: solution:. ( 4¥ a.re- given. by- the-- same:: s.ystem: 0£.-functions-,. cp.-_ 
. . . . . . .. · . -. J 

{ Pinder anct Gra.y-,. 197T,. pg.;._ l Z:ZJ:... As- sho.wnt. in:. Figµre:-3·,~ the basic: 

- shape-of one of; th:e;~e ... ~~_ents: .. Js.._a::.q_uadrilatera-1'~ hut th~ si<i~&-'are:'.:di's. ~"'~-~,~;.;,~~'4= 

• ,~~~~;:~::7;:;:;;;~·;::~~~by-t~~ locatioir; of" the node point~.. There exist - • 

: 1 man.y- other-type$ of. basiaa=.func.tiorr$ used:. in: finite element analysis .. [S-ee: 

forins.tance.-= Pinderand:..Gra:.y- ( l 97T.,. Chapter 4:} fo.ran::.extensive-list--... T 

I 
I 

;,I 

I 
I 
I 
'(> 
I 

The basis. function:: <t';,(x-•. .y)- ha;s, a,;: nd.n:-z-era.. va-lue:- only- over thos.e:. 
1-

elements:. which:: ha.ve:: node L. o~ their boundary;: q:t. {x-,.. yr ha~"' the. value--
. L 

unit.y-atnod~ L an&z-eror-_at al.Lothernodes.~ 

.. 
One can:. see:· that: the=,u.nknowrr: coefficient$:' h:-.:. in: ( 4} are. the: values: of: the:-

. : . L . 

approxi.matesolutiotrto (3)"..atthe=·nodes;points:. (x:·; .. y;} .. Now-, if (4) is the' 
. . l 1 

true solution. to ( 3} , the· fallowing. identity- must hold~ 

-
L( ... ) K rv - h - +-- -h +- ~ :::. 0 

b: a:. 

In:. general (,S} is· not"" satisfied exac.tly;- however, we can try- to: make-it .., 

an: identity by- finding: a solution h • such. that ( 5) is. or.t1:togpnal.. to.. the set. 

of basis functions, coJj :::. l ,.Z.r ...... N ) over- the domain. O :-· 
. . J n -

ff{-L(h) +· ~b h +· Q} (O.dCl"=- 0 
n .• a. 1-

i = 1,2, ♦- •• N 
n.. 

Equation (6} forms the heart of thee Ga.lerkin~fi te element. method .. It 

(S) 

(6) 

can be- shown (Oden and. Reddy, 1976, pg·. 326} at if the coe!ficients- h. 
J 
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i 
'. 
{ 
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\ 
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! · 
! . 
l • '. 

~::·.-·· . 

i)·: • 

are determined so that (6) holds, the resulti g solution (4) is the "best 

approximation·" to the true solution (3) in tertns of the basis functions 

cc.(j = I, 2, ... N ). Before applying (6) we mly eliminate the second 
J n 

derivatives, which otherwise would impose unnecessary continuity con-

ditions between elements, by application of Green I s theorem. First we 

define the symmetric bilinear operator 

• A 

E (<P., h) -
l 

T 
et/3 ox a 

Then Green's theorem may be written 

. f ,. ... ,. • oh 
f L(h}ctJ.dO = - f JE(ctJ., h)dO + ctJ. T -!::. - J., dT 
0, l ~ • l r l r.Y.p vX ~ Cl 

(7) 

where we have used Darcy's law to write q , the outward normal velocity 
"' n 

th b d • 1 f T ab " ( " 1t.. • h d"". • • to e oun ary, in pace o - -;--- ..{, • .t. !De1ng t e 1rect1on cosines at3 ox a a _ 
fl 

of the outward unit normal vector to T). Applying Green's theorem (7) 

to equation ( 6) we obtain 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

J/E(rpi,h)d°. ~ .{(l ~-: ~ >.h~9-[;n"'/r ........ }BL ... , I 
• i I 

Substitution of the expression for the approxirnkte solution (4) into equa- -

tion {8) gives the matrix equation for determin4tion of the unknown I ' 
coefficients: ' :l 
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I 
l=) 
I 
I 

•·' 

,,. 

or 

E:;.lr .. =f_. .(f..=r,..z:,. ....... N"")- .. ', . , .- . ,•• ·,. ___ .. s,-~•,7 .....,_,_ .. -. ... 4 ,, 

... l.1:. l.-. .:...,. .. ~~~~n.,.,.1,~~:-:,,,w{➔.,..,,.,;,'~~•~•~.,.•-~":;,,-,...•_-F'":;;---r.-.~'>'4?.··•-= -"~·-···•·· 
~,~-,-,-' ~~~~•~,-~:.:~ ... -~~~:~; ~:r-:i':';'?''- . ...,. ' • , . .• , ' ••• - ·" ...... • • • • • •••• ' • • . 

I 
'I 
I 

I 
I 
I 
I 
I 
I 
I p 
I 

~~mat:cix:· ((. Er,~, <a::-)d(r rs, called:- the- 11 sti.£:fuess." matrix..and:. th:e:.:cight:: '°tt i. • l 
hand;. side-vector of. (9)' is:: the:: g~eralized. forcing;: :function- The: sti££nes.$.. 

matrix: is: s.ynunetric:- Because.the. basis:. !unctions: <a:: are defined: ta be 
. . . l... 

no·n.-zer°" only.- 9ver-thos-e elements: which:. hav~ node; i o:a:: their boundary-,. 

we se~ that-,_ with:: a.:. pro.per. nmnberin.g;,o:E nodeS",:. th~ stiffness- matrix=is:-· 

a.ls0;. banded:: and:: sparse-.. 

B"- Bas.is E'"'uncti.ong,--,:~ Functiorr Kepresentation. and:.. 

T"'":ransformatfo:ir Betwee:rr: Domains:. 

- As evidenced. by equation:: (9) ~- application: of the: finite· element 

methocL requires. evaluation of.areaLintegrals over-the- non-simple:: do-· 

mains of elements.. This: is accomplis.hed by: carrying~ out thed~tegration: 

over· a. sim.ple:-domain:: which mav be- uniquely mapped. into: the ph..ysical. 

domain: of. the:- elements.- The: physical plane is:. called: the:: globaL domai~ 

·while the· corresponding si.mple-domain..is called the- locaLdomain. (see 

fo~instance Pinder and..Gray,, L977,. pg;.. 110) ... When:-using:.quadratic-, 

isoparametric:r. quad~ilateral. elements: the, loeal domain. consists. of a. • 
' . ' . 

two unit_by-two unit square. in: ~ - r,- coordina es .. ,Figure. 3· shows an-.. 

example of the. local and globaL representatio s. of an. element.. The map-
. ,· 

ping- from. the, loca~ t_o the: global domain is ·quely· determined by 
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y = -I: 
i= 1 

Y. ca. ( t, 77) 
l l •• 

(10} 

where x and y are the global domain coordinates of a point of the ele-

d h .th d d" ment, x. an y. are t e 1 no e coor 1nates in the global domain, and 
l l 

ct,. are the basis functions of the element. The basis functions are 
l . 

polynomials in the loca~ domain coordinates (Ergatoudis, et al. , 1968}: 

corner nodes 

<.O. = - 41 ( 1 + ( ) { 1 + 77 ) { 1 - ; - 17 ) 
l O O O 0 

-
where ; 0 = ; ;i and 770 = 77'7i' ~i and ni are the node coordinates 

(either± 1} 

side nodes (see Figure 3} 

For nodes 5 and 7, 

1 2 ca. = - ( 1 -- 1: ) { 1 + ..,, } 
• l 2 S 11 0 

and for nodes 6 and 8, 

Representation of an arbitrary function in local coordinates is given 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

by an expansion similar to ( 10}: 
,# ,:· ... ._ -,······:- · . .- -~/: .. --,;,-· .. -:_.- ··I 

(11) 

where a. are the ·nodal values of the function.' To specify the function in 
l 

global coordinates all three expansions in (1 O) and { 11} are required; { 11) 

is used to find the value at a particular point ((, 17) and (10) is used to find the 
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b 
I 
I 

I 
I 
I 

I 
I 
I 
,I 
I 
,I 
I 

--

p 
I 

. 
correspondin~ glo,ba.L point (x-,..y)-_ The- proble .• of goingf front the:: global.. 

to:- focal: representation: i$ not simple since- th tJ:ans£armation$ in:. { l0l • 
- _. ; 

an~ {llk a:.r~ nC?,t eas.ily-in.verted- Fortunately; itisr. seldon:r necessary--

to:. ga: itt tmS! direction- '\;~ 

E'quatfott-(tl}. rna.T be-cas.t inta: &:more-u.se!ul.for:m: for analysis:: 

withi.It.a. particu.la.r eiement... Each:: 0£: the: basis:. !unctions:- i$ a.: polynomia.L 

A(-? r,r =c:r '.c2.. ~ +-c31T +-c--4 s1T' 

z:. z: z.:.: 2,:_ 
+-c 5 ~ +-C(/1~ +- C:7~ 1t +- C:8 (Tt (lZJ 

Th~ correspondence-- between: the: coefifcients;.:. in: { 11} an&- ( 12J is s-ho.wn::in:­

'rab le- 1- Equatiozr ( lZ.J:. has:. advantages.,, over ( 11.) __ IE one we-re-- interested:~ 
-

itt evaluatin~ the:: functio~ at &.number of points::l on~ nee~ only· us:e-: th~ 

( E:, TT'~ points:-directly i~,( 12.} ... Iir ( Il) o~ewou:ldha.v~ ta regenerate th~ 

bazsis: functions for each.: ( S nf:-: point·and,;. then:. carry- out th~ expansion--- , . ,. . 
(In:: typical EE: codes,, the:. basis.. !unctions: are- generate~ iir a. separate:-, sub-­

routine. One enters. with. the. ( .;..,..77}- point and returns with. the values, of_ 

the functions,. their derivative~.,. etc_, at that point~) A second.advantage--

-of (12) is thatfara::pa.:tic.ular- ~ (or- 77)'-•the-formds~ an:~xplicitquadratic.­

in. ,;(or ~}- This:. is: the key to· generating contour plot~..- as. is; shown:: 

below. 

Now: consider the-mapping of boundaries or the _values o! a. function. 

al~ng the: boundary of_an. element- Along_ eac.h: side of. the element bound­

ary- the basis.func:ti6ns. for-all-nodes-· not situateq.. on::the· particular side. 

have zero v_aiu,.7 . (:hoose- the side- f;: l ~oxc ~'4mple (see Figure- 3 for 

the numbering· scheme)... Then the" expanston. in~ 11) becomes 
. ' . . . 

A(l. ,r► = az.lO"z. + a 3,p1 +· a 6·<Pi, • I 
1 1 I • 

= a6 + Z: (a.3 -az.>,r + z.(a3' + ~Z.~ z.a.6) ,,Z.. 
/ \ 

( 13). 
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and the tange~tial derivative along the boun ary is 

d A ( 1, ry) = 
d77 

In particular the mapping of the boundary is specified by 

In evaluating the integrals of equation (9), or similar integrals 

(14) 

( 15) 

which follow, the mapping or transformation between local and global 

domains is of little value unless it is unique and can be inverted (at least 

numerically). Gour.ant and John (1974), p. ?61) show that a transformation 

is unique and invertahle if the determinant qf the Jacobian of the trans­

formation is not zero .. In the t-ransformation between local and global 

coordinates the regions most sensitive to violation of the condition on 

the Jacobian are the corner nodes of an element. It is well known that 

to keep the element from folding over on itself, thus de straying the unique­

ness and invertability of the transformation, the angle at the corner node 

must be greater than zero and less than 180 degrees. Using the results 

from the last few paragraphs on mapping of boundaries one can constrain 

: .. •·'' ·,:-:•·-•·-·the location of-node·s of·the-element so--that·uniqueness and·invertability 
I 

are preserved. 
. 
As an example consider corner node 3 of Figure 3. The 

slope of the side 2-6-3 at node 3 is, 

( 16) 
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I 
b 
I 

--
Sim,il.al:'ly-,. forthe-4-T-3·th~ slope:-at node:-! is: 

. (L7f 

I . . -
The conditions.. oo:. th~ .. ~od~ pointsr.fo:z::: the- tw~ sideSt:,ma.r-thezhe-wrltterr~ 

r
- ~~~,___~~"-· ,_.,,,,,,.;i;• -- ,_ -.'-'· ...... 

k,C. ... ~~~--.._.-,. ... ~ - • ;_."· • • • • - - . . . . . .. • . . .• 

·•- . 

I 
I 
I 
I 
.pt 
' 

I 
I 

(18)' 

where-

If thes~ conditions: are not-fulfilled. then the mapping is degenerate and. 

cannot be used.. The constraints for other. c·orne-rs: of. the:- element:are"' 

formulated..in..a.. similarfa.shioi:r.. These constnints: c_arr.y over to; coin­

plete:. Lagrangian isoparamettic: quadratic elements: {but::then.:the- J'a.c:obian. 

I is· also sensitive. to the: location. of the:- center node).. Use· is made. ot.· 

I 
I 
I 
I 
D 
F 

I 

'these constrainta when checking: the: conditions;:. on~ is.opai::ametric:llcttc-les11 

and 1'ellipses1' (see-sectian:lV .. E:'ancLAppendix:·ll). 

Before: leaving this disc.us sian of basis. £unctions and; function:. 

expansions; itis, of interest to. mention. a.. partic lar p~oblern:·w.hich~ arise·s. 

with. spec.ificati0n. o!:nonhomogeneous. parameter fields (such as the . 
. . 

transmissivity). Wherr filnctionaf coefiicients: re· used:. (see; Pinder, Frind .. 

and Papa.dopulos:-, 1973) the· nodal values are as igned and the field is.-·--­

inte~polated using the basi~ £unction expansiori:. 1 Most: pa.rame.ter fields .. 

are, inherently-positive valued. (transmissivity, __ \porosity, lea:kage· 
... ,..,' 

~/ 
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coefficient, aquifer thickness, dispersivit , etc.). When the variance 

of the assigned values is small and the ma nitudes are fairly large 
! 

there is little difficulty. But, when there is a large range in assigned 

values a problem of negative values may arise, even if ?l,-11 of the 

assigned values are positive. For instance, assume that the value of 3 

is assigned to all of the corner nodes and the value of 1 is assigned to the 

side nodes. Then the interpolated value at the center of the element is 

-1 (see {12) and Table 1). It is difficult to develop useful general con­

ditions to guarantee positive definiteness of the ..,_entire parameter field 

but it is easy to develop such conditions for values on the element 
a3 - a2 

boundaries. Indeed, from ( 14) the extremum is at "I= - Z(a
3 
+ az.- 2.a

6
). 

if this lies between -1 and 1, then it is within the element. Substituting 

this value of 17 into ( 13} one finds 

If A < 0 and 111 l _< 1 then there is trouble. A moTe useful 
exti-emum 

condition follows if it is recognized that in ptactice c:me is•usually inter-

ested in specifying a uniform (not necessarily constant) gradient across 

an element. This is accomplished by keeping the extremum points 

outside of the range -1<'1'7<1 (or; instead of 17). This leads to the 

following condition along the side 2-6-3: 

-17-

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 



--
whe"' a. . > a. • Similar conditions. a:Ce, founc1:t', or the, other side.,_ TE 

i z . . 
th~s~ condition$ are metfor alL sides- the-n;. t ere will. be:: no;. problem: 

with:. violating; the:. positive. de:(ini:te: condition:. w-ithm- the: ~le-:ment;... AS!-- a;.,. 
,_ 

second:.. exam.pl~ c:onside-rspeci:fy±ng:. ct:3~ •• • 400ff and: az:_= 400:.... Then:. t~ 

I g.uarantee: a.. uniform: gradien~ one:: mus.t hav~ 13:00: s a&,~ 1 rocr... . . _ .. " 

. _ . . . . ~" . Fina;Uy~~l.Ate-rasting. theo-ren1c:onc:enwr~'th~specifi-c;:ati'd're8E~"iw<--~~~ 

• ·,,~~w.~:~;e~ along;: a. boundar.y.·,· or eve?r:-. s;ecifieatiozr.: of the::: boundary-itself► 

I ,1 

I 
I 
~ 
·~ 

I 
I 
. I 
·1 
I 

I 

·-

I 

is: mentioned-

Theorem::. The: slope:- of. an: inte::i:polated parame-te,r representation: at the:: 

side node: is;. equaL to. the: slope: of.. the-- line- drawn..through: th~two- corner 

node:values--

This;, theorem: ~ollo:ws..- directly- f ro:m: { L4l with. rr: 0 and. is: a£ great value: 

when visualizin~ the shap~ 0£. a. function: or tha shap~ oE the:: boundary-­

through.: specified:: poinrs- The- validity-of: this. theorenr does:•~ depend::: 

upon::. the location::. o:f. the: mici-node and:-,... thUE;... i ~ of: g~eatvalue:::·wherr 

visualizing:. th~e.ffect OIL th~ interpolated:.shap~of. th:e·boundary"-(and:.. thus 

on- the- racobian.of the:,t:ransformation) of moving the mid.-side node. 

c .. Problems with Wells.; Local Solution- Improvement: Methods 

An actual w·ell has· ~ finit-e: radius. and the magnitud~ oL the:- velocity- . 

at the well walL is· very large: but stil1..ffnite... !n.. the cha.sen: modeL the . . . ~ 

fiowfield. is envisioned. as being: two dim:~nsionaL and. injection and:. extrac­

tion: wells. are assumed, to exis.tat"specilic:: points., 'ro" geta:.finite'. dis­

charge· into or out of a point the" velocity. must be infinite, and.. this·. is. 

th~ main difficulty-presented by-wells .. Neithe~ the. finite difference nor·: 

finite element methods are,.able:to accurately s'imulate rapidly·varying 
,. 

fields, let alone tho_se which become singular. 

Gene·raLproblems presented by- the prese ce of singular: functions .. 

in the true solution: are, welL recogniz:ed. in.. the:: f nite:· e-le.ment·literatur:e. 

Eacrr of. the following: produces a. particular-typ~ of. singularity:.: the.:: 
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point-load or point-source, the presence of a corner in a structure, 

the presence of a fracture or crack tip, nd specification of discontinu­

ous data. There are three general appro ches to improving the solution 

in the local region around a singularity. First, the finite element mesh 

may be refined. Second, a singularity may be introduced through use 

of a singular transformation between the local and global domains. The 

third approach is to augment the solution space [ the function space 

spanned by the set of.basis functions co.(x, v)(j = 1, 2, ... N )] by adding 
J n 

higher order functions or functions of a particular nature specific to the 

problem at hand. Carey ( 1976) and Gartling and Becker ( 1976) present 

two examples of the first approach (mesh refinement), the work of 

Carey being more readily applicable to problems containing singular 

regions. For a discussion of the second approach., that of introducing a 

singularity through the local-global transfo:rmation, see Henshell and 

Shaw (1975) and the references therein. The third approach, solution 

space augmentation, has found greater application and is of primary 

interest here. 

For a general-discussion of the third approach see Strang and Fix 

(1973, Chapter 8). Pian (1964 A & B) addeq. higher powers. to the poly­

nomial basis functions of pa:rticular rectangular elements. Krahula 

and Polhemus (1968) used_ the same technique, but with trigonometric 

functions as well as higher powers added to the set of polynomial basis 

functions. The work of Cavendish, Price and Varga ( 1969, presented 

I 
l 

at the Symposium on Numerical S~mulati~n. o~ ~~-s:~~~o_i~-~~~f-~~~~~~-~-:--•.·>--/:,;.;.-·,'-, .. ·· \ 

.:-<.,.J,:;'-f:· .• .-·,~;.,of-,the .:Society o~ Petl'oleum Engineers ·of ADviE, April 2.2-23, 1_968) is 

very int:resting in that they dealt with the saFe problem considered here. 

They presented a general discussion of the G~lerkin method and included 

the problem of calc~ating accurate pressure\: distributions and pres-sure 

gradients around wells. The technique is es/entially the same as that 

0£ Krahula and Polhemus: trigonometric func~ions a:re added to the 

-19-
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I 
l) 

I 
I 

e-xis.tin~ set of basis;. functions: of.~- ~ectangµlaf element conta,,ini ng; a.. 

well- These: trigonomettic functions a.re:. th.e~ treated:likee:ordinar.r 

basis:: !unction& with:.. their c:aifiicients: determined.by-the-0 re-gµla.r finite:. 

element method·-

A~ extension:. oL the:. th~rd:.approach:. to.. non.-rectang,ular elem~ts,.. as:;. 

_. --"~~ic:-~~J-~~~~~~.$~('.~~~-S~~:k-~:1g_~~~rui~!i~ld:~,has.;11e~gf..v.em.~y.;.:Mo-~le1,Y~~~-.,_~ f- · - (1970T and.Rao, Raju and.Mur.ty" (l97t) ... Mor:le-.y--dealt·vnth:method~for 

I 
I 
I 
I 
p 
I 
I 
I 
I 
I 
I 
I 
r' . . 
I 

inc:ar.porating; special.. solutions:: into: the finite- element-analysis:: of th~ 

problem: of. the. bending- of. a s qua.re:. plate:- with: a.:. squar~ hale::-in:. its.: middle ... 

These special. solutionsc a.re: the bihannonic::. eigenf.unctions: ot- thei::-problezn;:. 

the: s olu:tions:. describe: the:- exact analytical .st~cture:: in: thee vicinity- 0£ .• 

di:scontinuities:~ and. ur; p~r.ticular:-the- eigenf.unetion& describee: the singu­

la.r.ities: in: the~ moments: at:the:: corners.., of the:h.ole--.. In::on~ respect 

Morely1 s-.. method.. diffe:r-8'. fronr.:the=:-others.- mentioned::-. the: eigeniunc.t±ons are:­

th.os~ of; the:- entire domain:. rath.er than: those:. of: a particular sub:-region..... 

Rao,.. et: al-.- divide::: the:: dom~inta?: la.rg:e pr.imar.y--elements;; c:anta-.i ning;: 

11·streS:$ conc:entrations:11 and: s'econdary- elements; whic:h::are:·regular 

finite, elements.. The solution-within. a primar.y element is compos.ed:of. 

functions:,. not nee es sarily- eigenfunctions,. satiisfying.-. thee differentiaL 
-

equatio~ and. c erta.in. boundary-' c:onditions:. on. the: suh.-region- Again,_ the: 

coefficients of. these: functions: are-- determined: frorrr:. the~ regular finite: 

element method_ 

For--alLof the e~ples of increased local solution- accw:a.cy- men­

tioned:thus: fa.reach~ region: of. de-sired solution impro.vementrequi.rea an.. 

aadition:..of_ unknown· coefficients to .. the vecto:i:::-{h.l [see~·eq: .. (4)1 .. A. 
. . . . . J . 

problezn ar:i:sea: whe~- there. are:: a. large· numbe·xt of such::. regions or a 
. ·. . 

large- number-of. ~.dded functions·. The size, of the'.'""'stifinessll matrix, 

a.s. welLas. its. bandwidth, is greatly increa·sed.~1 
.: 

In:: a. quite: recent paper-Ha.yes,. Ke.ndall a. d Wheeler- ( 1977)' tr-eat­

the- problem:-of steady--state. simulation. of well!ieldg;and. ~se- a. technique-:· 

I 

' 
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which is similar to -that presented herein. Rather than increasing the 

dimension of the FE solution space they changed the form of the approxi­

mation to 

p(x, y) = • LP· ca. (x, y) + w(x, y} 
. J J 
J 

where p(x, y) is the unknown function being approximat'ed, the sum is 

the usual FE basis function expansion and w(x, y) is a special function 

of the form •. 

w{x, y) = w(r) r < R 

At the ·well (r=0) this function exactly reproduces the source/ sink singu­

larity for a non-leaky aquifer. Also, w{r) and its gradient vanish at 

r = R. .R is chosen so that the support of w {the _region over which w 

has a nonzero value) is confined to a small number of elements, usually 

one. In their formulation w becomes paTt of the forcing :function and is 

integrated over the domain. In this fashion the singularity is locally 

removed from the problem (although the deltf3- function is still present 
', ;. 

in the forcing function). The stiffness matrix remains unchanged but 

the right hand side vector has areal integrals involving products of the 

gradients of w and the _b~sis func;~ions .. C/J .• , .. ,.., ." .. ,· ......... ,,., , .. ~ .,,: .,.~ ... • ... : . 
.,;~: -~, < .. "" ~♦- ~-..:.;. ,:,.., ;' <:. -~d·_.· :. ( ~ ..... ~-.;•.i•':::"!' ry..,,.t.•1~\.•;-., .... :,--. .. • ~-..,_~',,;.' ~-i .. ·~ .. -~· :"•--~.••;._ .~'. .,,) .,.· ,, • ,' • . J. • ·:· , ... -:--. • • ·.1 ' ,e .... • v • • • • ... • '... • • • • 

• Next a new technique is presented whic~ is conceptually simpler 

and co1:1putati~;,auy more efficient than the r•thods just discUssed, 

D. A Technique for Singularity Rembval 1, 

"I 
One approach (not used here) to simulation of a well field problem 

is to straightforwardly solve the matrix equation· (9) for th_e coefficients 

hf The well discharge Qk o ("k_, yk) is assigned by having the point 

_? 1 -

• 
' - I 
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I _ .. 

~ 
I 
I 

I 

'1 

(~-rid. coincide: with. a. node- point. ( c:o~er)... te- solution. obtained. in:.. 

this. fa.shion::is;; perfectly- ade~uate:: in:the: fa.r-fi lc£region:.awa.y-fro1n:~e­

welL but: the- ac:curac.y decrea~esr as the-iinme • te v±ci~tT- of. the well. 

is; approached .. 

The:: method presented:" below- is. an. extens.io~ ol the:: following;;.very-

.. _ -.. ~!~~~:~c-~.;~;~ct~~?~~!~".¼.~~~~$.r:--~~'7Jb~dir.:~a;~~~~,a.~rxt~ ·r- nod~ .;,·e: place:: the well within: an: element and:. distribute., the: ~is.charg~ 

I 
I 
I 
I 

,.~_-· 
-~ 

I 
I 
I 
I 
I 
I 
I 
.EJ. I~ 

I 

a:mong; the= nodes: of that._element'- If one;, determines:: the distribution:: of:. 

discharge by- integrating: Q~ _ over the element: one:. finds:; that the: alloca­

tion: ta.the::i:th:. node: is.:.. °'kCP-~'1c._•_ Y-iJ where (x-k.'. y~ is: ~e-locatiorrof: the:: 

welL withbr~ the: element: [ remember that a :~o:(r-"i~ y--rid r~ 
The technique:. s.uggested:.: herein: iSo': ta approximate:: the: t~ue solution:-. 

h(x-;y)-by-the::-c:ombinatio~o£ what:a.mountS7 to. a;.;..Green."s:. function.: G:: for-

a.. welLof.: strength: °ic- within: a.Ir- element plus: a...lfinite::-element.s oluti.on::. 
- . ~ . 

This. c.onceptis shown: schematically in. Figi.u:e-4-.. We:-£ind that the. singµ-
A-

• larpart 0£. h. is rpe-resented.. exactly by G. and:. H becomes regular,:. and.· 

hence- determinable by the:-finite-e-lement method,.. within. elements: con­

taining::-wells.. The distr.ibutio_n: 0£ discharge, to nodes of the element is-. 
. . 

: T 
determined. by evaluating. a boundary integral obtained by-applying: Gr.een,1s· 

theorem.:. to, the: function.. G .. 

The: boundary: value- problem.. describing the Green's functioncor.res-­

ponding- to a. point source of strength. Qk within .an. element 07 with. 
a-: . . 

boundary r • is 

(20) 
G O . e . = on: r 
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A 

where L is defined by equation (2). The "nite element solution H is 

continuous over the domain O, and additidn of G does not destroy 

this continuity since G = 0 on the boundary of the elements for which 

it is defined. 

Incorporation of the Green's function into the finite element state­

ment of the problem given by equation (9) is easily accomplished. First 

the domain of integration, Q., is divided into a number ·of subdomains 

(finite elements) rf,. e = 1, ... N . We want to embed G • in a particular 
e 

subdomain (' singular' element). Substitute equ~tion ( 19) into (8) [ equation 

( 8) is written for an arbitrary element Oe; the inter element boundary 

integrals derived through application of Green's theorem cancel due to 

interelement continuity J and expand using t~e linearity of E(cpi, h) to 

obtain 

_JJE(cp .• H)+E((O.,G)dQe: JJJa+Kb h i(O.d{f-fq (tl.dr (21) rf l l, Q.e a~ l r n l 

Next for elements containing wells, multiply (20) by cp., integrate over 
l 

I 
I 
I 
r 
L 

I 
I 
I 
I 
I 
I 
I 

the element O , and apply Green's theorem to the second-order terms to • e I 
obtain the identity 

ff E(,c. • G)d(f = Jfcp. Qk o(x-x. 'y-yk)dQ.e + J<a. T aaG 1, d:r ~ l (2 e l . k re l Cl.fJ X {!, Cl. 

(22) 

I 
I 

___ :. : .-. _· ,· ...... ~ ._._:_~:.._-·-;-.· .~_. _;.. .... __ ·;~ -~·~ _-....... ·:::. \.~ ... --:·. ~-,.;..,._·_. ~_;_-_: . .-:~-~-i~_;-:.~, .. •~.;..:--.i,.~ f-~-.. _r~.-:. ,.~~-~;~ -:':\, -:-_ .. _..:-_ -~ ,:-< =--,.,_ .. : ~:-:•--.,--:· .... ..: --fl, - .. ..,;~--1~ ,-;_ !·; __ .:·.<:.:i.;.{ = :: ~·~~ - - -:.. - , I 
~i:.. ~-~· .. ;:1\· ..... , .... - -

In this last equation it is important to note the distinction between the 

element domain n.e and boundary re, and the entire domain and I 
bounda~y (l and T- The final Tesult is obt+~ed by subtncting equation 

(22) from equation (21): I- I, 
(23) 
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where ~is; over aJl:. elementS!-and.E, is; onl: over the:. baundai:ieSJ; 0£ 
~ ' . le 

those elements containing; wells.. In: equatio - (Z3l the: entire=: doniain:.-

baundary- integral,.... res.ultmg;,irom:. speci£ying;;flux: (:r-te~annl boundary-
. -

• condition~,- haa oeen..leftout;:. improblema of aquife,ranalysi$ one=: 

I usually works: with: either sp~ciiied:. head.. ( Di:z:ic.hlet}. ·boundaz:y-conclitianS! 

or no flow boundaries,, in whicn cas:e:- q: = a: and,_the:,~9u.n_daJ;.y~u;teg_-:aJ~~,~;~,i~ 
. ~-11,W . .. . •.. , .. •· .• ,,....,.-. . ~~~--~~~~--~~r-~~~~ ... ~~~~:A""."""'. , •• '..... • -. • • •,• ' ' 

-,~~~~h:~~-r:·_· .• . . -• . . - . . . . _. 

I -

Evaluation: of the futerelement Boundary; IntegraL 

Comparison:. of equations.. (Z:3) and:. (9}'. sho.ws: that th~ only:- remainin~ 

I I · trace, 0£ the:- welL withi.Jr. the:-fin.it~ element statement of. thet- problem: is.: the:,:, 

I 
-1 
,~ 
·p'·,,· .. . : .- ... 
l . ..:: .,.·¥ 

I 
I 

I 
I 
I 
.D --... <.". 

I 

boundary- integ::c::tL 

(Z4r 

The-proper technique-for evaluating: this> integ:;ita:L i s:c th~ main;focu:s:, oe 

this;. subsection- Whil~·evalu.ation::of this. integ~al appears-· straight­

forward,.. a. review of. the literature. shows: that there are:·certain:. subtle­

ties: ta be- overcome.. For ins.tance, ·we- shalLfind that: the-result pre:-­

sented. by Pinder ancLGray ( 1977, pg- 12..4)c is· only- t:rue-·£orelements::with:. 
• I • • 

straight sides.. The: fundamental point- to keep in:. mind. when: addres:sing:­

such integrals is. that the b&unda:ry re and: its: behavior~thin. the::inte­

gral are completely specified once the location of the node:-points:: are:. 

chosen. 

Be£ore, the procedure for evaluating. the i111-teg:ral in equ.atior.r (2.4) 
I 

is discussed we- me~tion a technique, due- to Berr·, for investigating 

homogeneo_us anisot;ropic: problems in· terms: of \their equivalent: isotropic: .. 

counterparts.· (the:: field within the singular elem,nt must be homogeneous, 

ii. we are to find the analytic: function G). Using: Bear's "modified:.inspec.­

tional analysis'' (Bear.. 1972" pg .. 6 76) one: findst the t:rans£.ortnation. of: 

-2..4-
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.. · 

coordinates an9- parameters which carries n anisotropic problem into 

an isotropic problem. This transformation is (for the x and y princi­

pal axes) (Bear, 1972, pg. 297) 

·(T )1/4 
X =X -2!! 

i a T 
ya 

y = y ( T ya )1 / 4 
i a T 

xa 

, .. 

(25) 

T. = (T - T )l/2 
1 xa ya . 

where the subscript a refers to the anisotropic statement of the problem 

and the subscript i refers to the equivalenti isotropic statement of the 

problem. In equation {25) Q is ·the total flow cTossing any_line within 

the two-dimensional surface of the aquifer. The transformation in {25) 

carries the equation. 

Thus ii we can find a 

+ az;; ) - (: ). hi = o 
8y. l . 

solutio~ for the equivJ;nt .isotropic problem ·we 

can use the inverse transformation to. find t~e solution for the anisotropic 

problem (see Appendix IT). The function G 'found by solving 

I 

I 

I 
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I 
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-· 

e: 
on: r 

in:. 

. .. . . . ~·~~~~*~~~~~~~:.,.~.,.:i-~l(••~•},•~~,.,._~,.,,~;..,~~"~~'.~ 
:.-tiil~~~~~~s~uff~~i"c~e-~fit,o~r!·~b-oth: the:. isotropic and. anisotJ:JOpic: problems.'~ where::-th~ 

I 
I 
I 

I 
I 
I 
:I 
I 
I 
I 
{) 
I 

p:cincipaL axeS! of the: latter are c:oincident with. ~e-- x:·: ancE y- axes;;.. 

NoW", th.e:.-va:lue:-of th.e-integ~aL in:..equation:: {2.4), depends: upon.. the 

type of: basis;, functions:... used,- the:-- shape: of: th~ singular- elements:. ~on:.­

ta:ining; we-lls,..,. and:. the:: ionn:. 0£ the function:.:, er__ Since: the. distribution::. 0£ 

head:. around.'. a:::. welLin:: a.. two·-dimensionaL model. of an: is ot:ropic: aquifer­

isa a.3 radiah func.tion: o:E th~ dfs:tancefrom:: the::well,... -~natura.Lshap~for-· 

sing:ular elements:c is;:ac. circ'le:(i .. e .. , the:finite:- elementapproximation::of: 

a:. circle): with::~.welLlocated:.'. at the center.: For~ circular element:with:: 

a.. well. a.titsa.center:th~di£ferentiaLe4uation::: d¢fning;.th~Gree~$functian-,-.. 
' 

equatio~ (2:6:l'r becomes:~ 

i.rr 
e· n 

on 

... 
Because both~ representations: serve to introdu:ce a di~cha~ge Qk· into 

the: flaw- domain:,. the delta function. de,scription of the:- well may be re-­

placed. by- the0 ·following· condition: a.t the well:.: 

li ( •• ,,... aG) m:. _ ....... - -
0.. .. ar r-. 

Thus..the· boundaxy value:problem.defining. G. b1ecomes 
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l 8G 
+ -·--r or 

K 
-G == O 
Tb 

in 

1. 8G Qk 
1m r ar :: -­- 21TT 
r-0 

G == O on 

The solution to equation (2 7) is 

where I and K are the modified Bessel functions of the first and 
0 0 

second kind of order .zero, R is the -radius q{ the singular element, 

(2 7) 

(2.8) 

and B is the leakage factor defined by B == ~• . 1n ·the case of a non­

leaky aquifer B - co and (28) becomes 

G = Qk .ln(~) 
27TT r 

The specific discharge, q , across the singular element boundary re 
n 

is given by 

q = 
n 27TR 

nonleaky 

I 

~. I 
where 11 and K 1 are the modified Bessel functions of the first and 

{2 9) 

(30) 

second kind of order one. Since for a singulari element R is a constant, 
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.,.· 

q.;n:; i~ e~ual. ~o:. a. c:onstant and: can: b~ takeIL outi-5-ide: of the. inte gr~nd:.- of 

equation:: (Z.4}..... ThuS:.: we now- wctnt ta: evaluate I . _·• . • _ •. ·· _ . 

pos-sible::problenra:rises,=. thednteriorco.rne-r angle. between: two· sides of 

the-isopa:ra:met:c:ic:. element might violate: th.e: condition:: tllat the:· angle be-­

less; than. 1ao: degrees: __ • Tn.e:::discusaion.which:.:follo.ws;: pres.ents...the::cas~ 

of a;:. c:ircu:la:r-element ( fsotropie: problem);. the: case--0£ the: elliptic:. ele.­

ment ( anisotropic:: probleinr. is p:c:esented:: in:.: Appe-ncwc Ir~. 

T'fre isoparametric:. c:irc-le: has., its:.- node: ppints.; on:: the true: circle:-. . 

and: its;; boundaries.:: are- located: in:: acc:arda.I1Ce- with: equation::: ( 15)_ Con..­

s ider an:: is.opa:ramet:c:ic:. c.irc:le: with:: the. g_lobal coordinate:-system: origin; .. 

located: at the;circ:lels.; center and:. the:-x:--~-.goirig;. through:: node::- 6: of_ . 

Figure- J~ Nodes: 2.. an:cL 3· lie: along: the, plui- a;n~ minus- 4-5· ·degree- rays .. 

Nodal coordinates. are- as follows:-

-(f. -t;-) 

k) 

.. I 
0 
I. -.:_: ... ;,:», :_ ... _· ...... : .. ,.. ... .----:-,,-':'",=---·--- ::-•. ,,, .. _._ - ,.;.:.o::-,:_, .• , •• . s,-~:---·.·· .. - -- - - -

I 
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Then according to (18), e1 = 129. 6 degrees hile e2 = 39. 6 degrees. 

Thus e2 + 180 = 140. 4 which is greater than e 1 and the constraints 

are satisfied. Figure 5 shows the true circle and its FE approximation. 

Actually, because of the symmetrical $hape of the _isoparametric 

circle we can go further in discussing its properties. Cons'ider the same 

orientation of axes mentioned above. If we use equation ( 11) for the 

global coordinates, substitute the node points, and use the basis func­

tions, we find after grouping equal powers 

and 

where jJj 

x=R~_[l (1--;)n2] 

y = R17 [ l - ( l - -!-f] 

•. 

I 2 { ( 1 ) 2 ( J ) 2 ( 1 ) 2 2 2'}·_.• •• JI= R 1 - 1 - - ~ - 1 - - r, - 3 1 - -=- E ,,-_ ••. 
[z Jz Jz 

is the Jacobian determinant of the coordinate transformation.· 

. 2 • I I afi. - 11 2 . • 
(Note that R ~ J ~ 2 . _ R > O.) Finally, we mention that Henshell 

( 1976) has discussed the magnitude of the distance between correspond­

ing boundaries of a true circle and its isoparametric model. 

We have now reached the point whe~e we can directly evaluate 

the integral of equation ( 3 1), i. e. , 

.. 

We carry out the development for a true circl with the finite element 
' 

approximation b~ing applied only at the final stage. To start, the follow-

ing identity for general curves is used, viz., 

.,. :.- _,,. 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
·I 
I 
I 
I 
I 



I 

I 
I 

I 
I 
I 
I -~ 
--~ 

I 
I 
I 
I 
I 
I 
I p 
I 

... -

z:. z:. z._ 
A.. t:ru~ circle- of radius. R is.0 specified:. by· x: ;-T = R so: 

and.. 

R 

z:._ z: z.-:: 
• Along;;; x::.. +-r = R: , Ct . is;: µideed. c:onstantwhictlr. jus.tifies: ow:: ha.ving;: take1r 

n_ ; 
it outside 0£ the integrand_. The:.--integ,ral. bec:omes-,; 

e-· Now:~ sinc:e-· q· is. constant along:. r , each side= node- ot. the-boundary-will n: . 
receive: the: same contribution: of: the-discharge, the· same-- being;.tru~for-

each corner-node-,. and the·. total discharge- to aJJ_ nodes· is· 21T'Rq .. To: 
~ . ~ 

simplify--matterS' we· need only- evaluate the integral for" a pa:r!ticulai~ side . . 
node· (the basis. functiq:n- of; a. side node: has non-zero value, only· along·_ the 

side..orr.·which:. the; nodet-'lies}~--- Also,- sinc:~·the:-"Vtalue:; of the integral. must: 
. . I 

be- invariant to: changes in or.ientation·, we. may \translate, and: rotate- the.r 
,.,· _. • . ' . 

. element so· that the· side node.- lie,s: along.· the:. pos\itive, x:.-axis, of. a.. coordi.~ 
I 

nate-· system whose- origin. is- at the, element• s. c nter (the· well)... Finally,. 

a.long. the side. for· which: the: basis: function has:' on-zero· value'. one: ot the 

local variables.,. say ; •. is .. c.ons.tarit;.. so. a.long;. t at.:boundary 
.'."• .. ,· 

-3'0-



From Figure 3 we are interested in node 6, whose basis function along 

the ( = 1 face is cp6 = 1 - ,,.,2 . Using the boundary representation of 

( 15) the final form of the integral to be evaluated is 

1 2 
I6 = qRj 

O-zz) ~d 
d77 17 n -1 

JR 2 _ y2 
... 

where 

~ 1 
- Yz) + (y3 + Yz -·zy6)'7 = 2 (y3 d17 

2 
[ 1 1 • 2] 2 

y = y6 + 2 (y3 - Yz) 17 + i (y3 + Y2· - Zy6)'7 

But with the chosen orientation we know that 

and y 6 = 0, so 

~ = R 
d77 {2 

y2 = ½Rz17z 

11 l 2 
q R - 71 

n l.~ 
d17 = q R 

n 

The corresponding ~esult for a corner nofe i's 

n n =qR 11'_1 
2119 R - 4 • q R ( ) 

4 n 2 
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Thus,. 

I 
r~. (corner. node;}, = q: R. ·;( J!.·.-1)· 

1- • n:::. '2.'..:. 
. ' . . . ' 

;-. -~&~Jis>~SJ,~G;~itg_:h"f~-~-\~.~P:~')la:1:es.u:1tsrro:Sinterest~J\trs~iiiic~i:>:rie~pa~~~~~: 

I ·- .... of~~ tra~sformation::betwee:n:: an:: anisotropic:: and: eq'.(livalent is.o~opic 

. 

I 
I 
I 
I 
p . 

I 
I 
I 
I 
I 
I 
I 
r 
1-

problent stated::. that the total..discha.J:g_e-crossing; respective- segment-S:" of 

the:. aquifer is: the:.:.same-,. tt,,.e::: results a£ {32 . .} holcLfo,rthe: anisotropic 

11 sing.ula.:ellipse'' as:. we!Las:. the.-is:otl:opic:..11 s.ing:µla.rcii:c:le!' .... Tnis:c is:;. 

shown: ma::. longer,... though:: more:: inst:c.ucti.ve: fa.s.hian::urA ppendix:.U:. 

. Application:. of:. the::: techniqu~is:. ·straigh.tfo.J:.Warct and:. onl r the!·method::. 
• '·· 

for generating;-the.- forcing:. functio:rr must b~ modified:. in: a. standard:. EE:... 

computer code-- I£the:·elementc:ontains::.a;well.. then:.the::welLdischa.rg~ 

is: allocated:according;,t~ equation:: (JZ.)_ Corn~r and:.sid~ nodes:..have· 

thes~values:; fro~ the: ·s ing,ula.r s.olu.tiom.added: ~o;: the:.£a~ing;;£unctian::. 
~ . ~ 

vec.tqr [with:: q~ given::.br-equation; (30)-r. 
n:... 

Velocity; Fields:-

Beforec turning:-. to application of the method pre·s·ented.. herein. it is· 

worth.while. to. mention: how- the,, FE. solutio~ may- be-- exploited- _Di~ect: 

utilization: of the; hydraulic: head solutio~ is .. possible: because. the· solution 
s 

is a. continuous: function throughout the... domain. That the, FE. solution iS? 

in:..a. form: which:is readily-exploitable i~;.one major- advantage· not shared 

by finite difference methods:..: . This subsection.-.is· concerne.d with::methods 

for- obtaining velocity fields from the hydrauli~ head. solution.. Therr. we 

examine· a me.th~d for gene-rating families of s~reamlines and,. finally-; • 

an integration sche~e.: for determining time of ~raveLalong- the: stream.- • 

lines .. 



Quadratic Velocity Field 

The simplest means of obtaining a ve ocity field is to directly use 

Darcy's law: 

A 

q = - T 
Q'. ae ax 

f3 

8h 
a, f3 = x,y 

A 

Sinc·e h is a polynomial in the local (;, 77)-coordinate system q is 
Q'. 

(33) 

finite everywhere (assuming that the Jacobian of the local-global trans-
• 

formation does not vanish). In particular (see Courant and John, 1974, 

pg. 261), 
A A 

q = - T oh - T ah 
X XX 8x - xy ay 

(34) 
T A A 

TX ( 8h 
A 

xx(ah 2..Y ah ~) ax 8h ax) = - TIT at a11 - a11 a; - TTf 1-ai - + -
a17 817 a; 

T [oh a 
A 

E.Y l - T [ " 
A 

qy = - m . a ~ f; - 8h m, _ 8h ox+ 8h ax] 
a 17 a~J I 8; 817 a-,, at 

..... 
For the final forms in (34) we have explicit -representations for x, y, h, 

T , T • =T , T and I JI in ( (, ·17) basis function expansions over each ele-
xx xy yx yy °"' ,-"1 

ment and thus the representation may be used directly to calculate 9x~at a 

·>:·, . .;,...,·.•,~--,•:SPeciiic l;,,'17) .:point. 'T:A-convenient -repre·sentation ·of th~ velocity over· ., '. 

an element may be found by expanding the nodal velocities from (34) in 

a basis -function expansion. Thus, if (;., 77.) is the /h node point, the 
J J 

simplest .-representation is 

8 

I: 9 (;.,71.)cp.(~,17) 
j= 1 Q'. J J J 

Q'. = x, y (35) 

u 

I 

I 

I 

I 

I 
I 

I 
I 

I 
I 

I 
I 
I 
I 
·I 
I 
I 
I 
I 



,~ 

I 
b 
1· 
I 

I 
I 
I 

I 
I 
I 
I 
I 
I 
I 
D r 
I 

... 

Now;< while q-ce exists:~ [eitb:er-:from: (34-}: o.r (3:Sl I an.di.iS: finite tlttough.­

out the-. domain;_itis;; discontinuou& along;_inter element boundaries-.. 

Indeed,.. our experienc~ sho.w-s.- that~ ca:seSE w:itlr a..: stron~ hydraulic- head: 

gradient th~ jump: in:. q:-cx:. may-be-large- compared: with; its::: ~gnitude-.... 

Two- methods::for improving: oxr.this;; st:raight-forward:..representa.tio.n:.are:-

t±guous: with: a;. given:::node... Then. with: ~- ancl ¾·. repres.e·nting;__the:.s 

a.vera:ged: c·omponents of <fer atth~j th:. n1de-,._ the::~ntinuous velocity- com­

ponents.. are- g_iven:. by-

where: CfJ. are the- usual basis functions:.. A pr1oblem arises with:. applying 
J 

(36) when the: Gr.een's-functiorrhas: been:embedded in thee solution ... We do· 

not-want the· finite, element velocity to· be· continuous ac:ro ss:, boundaries: 

of_ elements:. contafoing-: wells·. because the: velo¢ity derived..£:rorn the: 

. Green.' s function: does not:-van{sh on the element boundary... Wishing;: to: 
·~ 

take. full. advantage of the embedded solution~ we found a method: for· 

alleviating- this. problem: as follows:: when:.. determining: the:· average nodaL 

components.: for elements c·ontaining:~ the· wells we· include th&.analyt:ic::.: 

{G:ree~•s·'.£,mc.tion).. velocity cont~ibution. Thu• if'. q-Gx; and qr_ ... are 
• I J. ...... yl 

the. a1:18-lytic.. components at node, J. and.if ~e, nf11be~o£. _elements: con-· 

tiguous, with. node: J is. s,. the. averages;_are giten. by 
I 

.••• ..... ·, ·-;;·.-:-·· .. '; 

-34-·· 



. 

~ [ ( t q~~)) + qGxj] 
-
'½cj = 

(3 7) 

1 r( Ls (e)) ] 
~j = il . . q • + 9 G • 

e=l YJ YJ 

Using these components in (36) one obtains the desired velocity distribu­

tion everywhere except within element's containu,.g wells. To find these 

components use . 

(j = 1,2, ... 8) (38) 

Then within the source/ sink elements the velocity is given by 

8 

~= L 4wx .cp. + qG 
j=l J J X 

(39) 

8 
q = L 4w . "'· + qGy y 

j=l YJ J 

.. 
.·I' 

I 
I 
I 
I 
I 
I 
I 
I 

'• 

\ 

I 
I 
I 
I 
I 

:,F.,1:>:~,~~- ~-,:;,,,,.-~.-.;.,:·:~· .. w'-'·.: .• :·,'•: ... i:-'\•~-:-•;.c._:.,,;.;,:.->:,··.~,.1~;>~;,..:r::·~.i':~_l(~': :, . .-., , .• '····. ; ... .::, .. , . ••. 1•· ... •. :, . . .. :-: • .: .• •• •• ,:· -:·,. ,, ...... :, ~· > .••• ' .. :_;\;: :· .·.,. '·· ,,.:;.::.;-.;>;::··--·' J ,, •• :-':": ·1 
- • The velocity iield derived !I"om the above equapons is continuous every-

where e_xcept ac-ross element boundaries con~ining weD:-s. Ac.;_.oss 

these singular element boundaries the velocitylis continuous at the node 

points but there· is a ju.mp elsewhere because the basis !unctions cannot 
... i 

exactly inte-rpolate the x and y components o!l,the Green's function 

velocity. The discontinuity in velocity is acce~tably small . 

., C: 

I 
I 



r-

1·· 

~ 
I 
I 

--
1 ·r • • • 

z:~. Smoothed.. Linear Velocity Field. ~ -

A:.. sec.ond::approac:h.:forobtaining:' a.n: imp oved: velocity- disttibution: 

is:- ·ta. smooth:. the--.element:velo,,cit.y represen~ ·on obtained.fronr Da:rc:.y1 s-.­

law:- before averaging:_ the: c:ontributionsr at~ node tcr find. the· continuous: 

velocity-!ielct;;.. . This: second: approach- is: known:. as: str:es s:. averagµig:ur 

the r .... E'. stru.c.tures...literature.,,_~See;,Hinto~and::..-Camp9el.L(..L9/T.:4,);..,fa:i:r,:aii~~ 
~~~!Wj~~--~ .. ~-►..i."~· .. 'ijlf,·-~ ~-~~-:4:i-t~;.~,...-~~~-~~'!·'•.,'.!.,~~..a!': .. ~ ... "'.!" .. -4.:~--~:-~- --· 6- • •·-·. • • ·- •• 

• di·;c.ussion: 0£ its. att::x:ib.utes- • To· develop;; the method: c.onsiderthe x-

I 
I 
I 
I 
~ 
-~ 

I 
I 
I 
I 
I 
I 
I 
{J 
I 

c:omponent: of. the: velocity g_iven:: in: equatiort· ( 3:4)... T"o: sm:ootlr. this:- repre­

sentation. we:. find. the--- least square·s:. fit: to; (3'~)- in::.. terms:: of the., linear basis:.: 

£unction::. expansion:::: 

(40): 

wl'rere- lj.,J are:- the:- bilinear basis: functions;; ( see: 'rable:. Z:.) •. The- approx±.-· 

mation;e:rroris; g,i.ven.b:y- ef ~,.17)-= ~ ;;·;. '7T), -cf;d_ $", ,r), and:. the least­

~q_uaresditis:,found;;.by- c:hoos~g: the c-oe££ic:ien¢s;:in: (40)' so;: thatthe:-squar~­

of: the e-rrorta:kea o:rr. its; leas:t:'possibl~value-,. i .. e-•. , find. the: minimum 

of. E. = ff e 2dO... Accordingly- one has, the, syjitern ot equations,· 
~ I • 

aE: a ---

f ram. which. one:: obtains 

JI 4J.4J.d."<:dy 
e 1 J 

n, 4x.4 

or, upon transforming, to ( ~, n)-coordinates 

-36:... 
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,1 1 
q . 

XJ 
:: 1• 1 q 4J.I JI d~ d17 

, -1 -1 X l 

(41) 

For parallelogram shaped elements (including squares and rectangles) 

Hinton and Campbell ( 1974) mention that when 2 x 2 Gaussian quadrature 

is used to evaluate the integrals in (41) the resulting least squares fit is· 

an interpolate through the four Gauss points .. Indeed, for parallelogram 

shaped elements the Jacobian determinant is a ~onstant and may be can­

celled from the system (41). Then each of the coefficients in the matrix 

and forcing vector is at most a third order polynomial in ~ or 17 and 

is integrated exactly by the quadrature scheme. The problem of mini­

mizing the error becomes one of minimizing 

where. ( ~k, 17ic) are the Gauss points. The minimum value equals .ze:ro 

when the basis function expansion is an interpolate throug}?. the values of 

(34) at the Gauss points. For parallelogram 'elements Hinton and 

Campbell give the following solution to (41) 

l+ 
3 
2 1 -

3 
2 

I 
~ 

.I 
I 
I 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I 

f ·- . .. •'. '•\'t./•: ·.':: .. ~~~ .:<;·.:~·-· ), ···1 
- 1 

1 + 2.. 1 3 
4xz -- -- 1 --2 2 2 2 

II 
qx 

= 
.1 

3 1 
1 + 3 1 

4x3 -- - - --2 2 2 2 
III 
~ 

•! 
I 

- l 3 1 
1 +...1. • 4x4 ·- - 1 ·-- --2 2· 2 2 

IV 
~ 
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I 
13 
I 

- th: . 
where-~.~ i::.=r,. .. _ ... ,,,LV;.,:are:the:i. Gauss-.;poi tvalues 0£ .~ ob.tained. 

from:: (3.'4r-- For th:~ g~neral: c:as-e-- of is.opar.un ttic: eiement.sa. the mac:ix:: 

system: (4-lr mu:s:tbe:in.verte<t:.(hy-some type-of Gauss~n:elimination} to: 

find: the: smoothed. c:o::cner node values, of:~ Again,._. us~g; 2.:x:Z:. Gaussian., 

I quadratur~ ta. evaluate the integral$ the: interpolate:- of: the Gaus~ point: • • 

~,-:::::=::::~::::::::::=::::::::---
I 
I 
I 

I 
I 
I 
I 
I 
I 
I 
0 
I 
I 

continuous::. velocit:y' ffeld: (which: now-has.: om y- c:-o rner nodes.- in:. its: expan­

sion)_ 

G..... Streamlines· 

.·E'rom:.the:derive&velocit:y-field:itis;a:n:.easy--tas:k:to;generate 

streamlines~ The:: equation:.0£. a;_streantline:: is.. 

where- u. and.- v· are the·. x: and y components of the. velocity vectors, 

respectively-... Using: the- transformations: x:. =~~.cp-~ ,. etc:-,._ [ see:- equa­
J J J 

tion. ( 10) J,. fo.rx-,. y,. u..and.. v as. well. as 

one·finds: that the equation:for the streamlines. may be' transf-oJ:med. to: 
i 

local. coordinates as· 

(44)· 



where 

B =( I: u.4'.)(I:y. ;s-\ -(I: v.ca.)(1:x. ;s- ) 
. J J • J 1'/ J . J J . J '17 
J J J J 

To find the streamlines all one need do is integrate equation (44) -in the 

local coordinate system and transform to global coordinates. The im­

proved Euler's method (which is a second order Runge-Kutta scheme) 

was chosen for carrying out the integration. • 

Consider taking a step of length D in local coordinates. Then 

approximately 

Wl.th A - A AC ~n-: B .J..).., 

so 

2 2 
- ~~ + D1'/ 

[ from (44) ] this becomes 

... 

(45) 

(46) 

Equations (45) and (46) give the step along th,e streamline in local coordi­

nates. The directions of the step are given by 

, .. 

I 
I 
I 

I 
I 
I 
I 
·I 

I 
I 
I 
I 



I 
I:) 

I 
I The: algorithm: for the second order Runge.-Khba s·chem~ is" ~s: follqws-, 

(see Carnahan,., _Luther and:.Willces~L9~6-.'f., ... ,p~3h2.~~~~,.~ 
~~-~~~--=--:-.~~.,;;-;..·-~:.-.·:~,,;-,-_..,., ..... _:;'<~>"i""·".""'"""··--·, ••• ·.-, -=::-·-~••. • -. •• ... ,·,···::• .... _. .••. ,. •••••...• '. • ••. • 

I r_ ."start-at-point ( $, 1fio,.. evaluate.-: A.O. and: Bo•· and:..take the step: • 

I 
I 
I· 
I 
,p 

I 
I 
I 
I 
I 
I 
I· 
p . 

. 

I 

accordin~ to: ( 45T ,. ( 46.} and. ( 4 7} ta::. reach:. ( ~ "'t••-_ 

2.:.. i£- ( .;; 11Ti_ does:: not lie with.in.. the: elementmo.ve back.along:: the 

step: to; the elem.entbounda:ey;. 

e~te&L a_ndd3"L and: a.verag.ee ~ A =- ~-(A0 +-A 1J • 

. ~= Z.(BO':+-:S:l},,.. 

4- take the· step: again: fronr ( ~ 17)0 using; A... and. B:. and;. being;: 

sure to:: remain:. within: or on: the element boundary-,-. 

S-: ..... repeat the ste·p--,:... etc-~,,. move. OIL to:. th~ next element-,:... anci 

repeatag_ain-
! 

This-1 scheme:was;. used:.ta: generate: the:- streamlines" shown:.in:.the:: suh-

section: on applications ... 

. H... Tunes ot T"raveL 

T!ie- schemec used. for generati,;gc th.,: :t" of. traveL along; stream­

lines is ve:ry simple:- also a< Each; time the:. r .. step: is. taken:: in: cons.tru.ct-

• ing- a s~a:mline between two points we evaluate: the: magnitude: of: the 

velocity at both. ends.. The:nr we us~ 

which approximates 

t = t l . 0 v· 
ex.. 

_40·--· 

(48) 



.. , 
:•' 

where ds is the increment in vector length along the streamline and 
Cl 

D 1 b 1 is the step used in the Runge-Kutt scheme transformed to go a . . 
global coordinates. To generate breakthrough curves one need note that 

the closer one gets to a well the more pronounced the effect of the singu­

larity. At the well the flow is essentially radial. If streamlines are 

set off at equal intervals around the radius of the well, .each interval 

carries the same discharge. Accordingly from the breakthrough times 

for each streamline at the extraction well, a linear extrapolation may 

be used to find the breakthrough concentrations. 

I. Plotting Contours 

A final topic before applications are mentioned is the method for 

gene-rating contours. The method follows.irom equation (12). Assunle 

the expansion 

A ( ;, 17 ) = ~ a/'/ ~' 17 ) 
J 

is available (that is, the components a. are known). Then to plot the 
J 

contour A = ¢ one needs to solve 

2. 
¢ - (c 1 + c 2 E; + ... + c 8 ; r, ) = 0 

::: :::z I • ,:: :::z 
c:, - l ( c 1 + c 2 ; + c 5 S ) + (c 3 + c 4 ; + • c 7 ~ ) '77 

+ ( c 6 + cab,{ = oj 
I 

or 
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I ~ 

tD 
I-
I · · #=;·• -B-- == J :a,z.: ~ 4AL c - cv} · . · • • · . -- . . .. 

. ,,,. = ... ~ ••• . • . . -...... :· •· '--· -,,.· ...... , ·.-~ .. . 
• • . . . ·.-.,t.:~·-··· ~#~;~,~~A-~.,.;,~.i"!¥~~~-"!'~~,:;-,,~-~~t~~~ 

,- .,,,._~_, ........ ,.-, .. - - ... •- . . . . . . ~r· · . ,.;;.p-_ ;~•,......'# ,-cS,iU~IIMI!;:~:.::.: .-•· ·'-"~ ··-~ .. . · - ·- , :-- • ·:·. • :- • .- • , ••• • • •• • • • • • 

- -... - -;·i~e:·wi~the:ange- _;£_;~L c;::: is.chos-e1r-t~be-withmthi:P: • · • 

I 
I 
:I 
-I 
·f0' 
1:.:-· 

I 
I 
I 
.I 
.1 ~, 
-p 
·1 

• • . ~-.,-· • 

range} therrthe-paintf(;,.7'1)! is: a:.pointon:the:,conto.ur- This:.-ma.y·be,.ttan$-

f o rmed: bv- equation: (10): to: find: the= c.or.respondin~ g_lobaL point-.;.. One- needs,-
. . 

to:.: s ea:cch:. through:.: a.a. s e-:i.es 0£ ~- points: andi them through:. a;;. s e-ries:. of:: ,.,..,-

points te specif.y-the: c:ontow:s;;withm an: elementj 3 1§ t. 
becauseethec:ontourmay-r.un:roughly.-paralleI. t~ one of. 

the-local coordinates-~ 

-4Z-
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V. APPLICATIONS 1 
As mentioned prev'iously, application o the technique presented 

herein is straightforward and,only the me tho for gene:;-ating the forcing 

function in a standard FE computer code must be modified. If the element 

contains a well then the well discharge is allocated according to equation 

(32). Corner and side nodes have these values from the singular solution 

added to the forcing function vector (with q given by equation (30)). 
. n 

Also mentioned previously are a number of techniques for exploit-

ing the hydraulic head solution to obtain furthe\r results. Since the 

hydraulic head is specified in a basis function expansion its derivatives 

exist every-where and may be profitably used in further analysis .. These 

results generated from the ba,sis function expansion of the solution (con­

tours and streamlines} are of great value when v'isualizing the finite ele­

ment solution. They represent a particular ad,tantage which the finite 

difference method does not possess: 1"ather than having to interpolate 

bet\veen node points to find contours one may use the continuous FE solu­

tion. But, as is the case with any of the numerical methods which re­

duce a partial differential equation to an algebraic system, the solution 

geneTated will not possess all o-f the properties of the 11 t1'ue" solution. 

In the case of the-generated contours of hydraulic head this shows up 

when one follows a contour between elements. While the contour is con­

tinuous, its tangent is not. Ii one required a solution with continuous 

tangents (which amounts to having continuous first derivatives of the 

solution), a system of basis functions possessing a higher order of con~ 

~-;:,.1:•.•~·-:~·:"'-·-:9:~:i?~Y-. sho_uld. ;ie_. use,L{e .. g·, ., .Hermitian elements, .. ·,see Pinder and Gray~'···'?•:··1.-t.• ',·· 

1977). One can.always improve on the solution o~tained thro.ugh appli- •• • 

cation of numerical methods, but this will requirf increased computational 

expense. 
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A.. ·The- Thiem Probiem:. 

AS= a: fi:cst example consider the:. simple- Thienr problenr: of· a. well: 

located. in: the midd!e:. of. a. c±:rc:ular island::: andiPum2±ng;: from: a. confined: 

[ non.-leaky aquifer under steady- state: c:ondit:±ons.=.... This:: p.urely---ra:diaL 

·_,: ~~~~~~:~=~~~=~~~~~~~~~~~~~~T!..~~!~~~";•~~~~~ 
:f .. . . -· . . . 
i: • £:ro:m: the-. singu:l.ar. elementc:ontaining:: the w~!I. is.:: c:orrect_ I:E. the: dist:ri~ 

,· 

bution::. is: cor~ec.tthen:..the head. at.all. nodes .. , on:. the singular element 

boundary-would:. be- the: same-.. I£ the- dis.t:l!ibution iSc. not: correct then: the· 
. ~ 

head.Si £or the:: corne-r:: and. side nodes, will.. differ~ The:: s.olu.tion (not in-

cluded. here)~ showed.. that the: head5;. are the:.- same ... 

B:.. S'ource:- and Sink in: Infinit~Aquifer:- I!otropic.:- Cases 

A:. more=-intere.sting:;,exa.mple::.-c:oncernS:1 the combination: of· saurce­

and: sink:well.ae pumping:an:inffnite·aquifer-;. Theanalytic::head. solution$ 

for both:: the= leaky-- and:.non.-leak.y-c.ase-s,. are- knawn:-;,...vi:z:;.,~ 

h -

Q: 
h =--

2..11T" 

leaky 

{44)-

non-leaky 

As shown. in. Figure 6 ,- r-1 is,. the distance·: frQm· the: injection well and. r-2.. 

is the distance. £ram:. the:- ext:r.action: well- For:- the:. non-leaky case. the 

contours· of c_onstant:-head fornr a. fa.mily of c'irc-les· (A polonios· circles;· 

B ·1 7 } •• ur-• • [ 41r·Th 1· · f • f. ·1 • eari; 9 2 . YY 1th c = exp: ... Q • . , the eiquation or this am1 y 1s 
! • 
I 

d + [ T - ( : := i}t = c:<~r 
wherec- 2d. is. the distance. separating. the: wel s. (Figure 6}. 
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To obtain the finite element solutions
1 
over a finite domain the 

analytic heads from (49) were used as bounbary conditions on the do­

main. Also, by symmetry, the perpendicular bisector of the line con-
' necting the wells is a line with zero head (zero head at" infinity is taken 

as the datum). Figure 7 shows the element mesh used and a compari­

son of contours of the finite element head solution with the analytic 

solution for the non-leaky p~oblem. The di$tance between wells is 305 

meters ( 1000 ft), the radius of the singular element containing the well 

is 30. 5 meters ( 100 ft), and the rectangular domain shown is 1830 x 1070 

meters (6000 x 3500 ft). In this domain (half the source-sink combina­

tion) 23 elements and 86 nodes were used. The transmissivity of the 

aquifer is 112 meters 2 /day (9000 gpd/ft) and\ the pumping rate is 680 
3 

meters /day (125 gpm). 

With these parameters the analytic solution for the head (in feet} 

is 

h == 1 0 ln ( r 2 ) 
1T r 1 . 

As a measure of the erTor we have used 

error h - h 
.:: 

Q/2 TTT 
1" ( r2 ') :: -h - ln -10 r ' 

1 

. .."he maximum node point eTror occurs at the two upper corner nodes of 

I• 

--
.I 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

the singular element containing the \vell (in the Figure), The magnitude .... ,, :I 
.. '•t· Si•-:t·ie:•1·~-ttil~·. ,. ··. ·~.•. ;:~~!~::,..•::·.- •.:.:. ~-/ -~ .. :::"'. ... ~•.: '. :~--.· '•::~~'-:·· : .• /:,:,:, ~- _;__,",'-~;.;.-··.·~·5·, '·: -;..:·i/"··. "...-.. -.. :~ ..... 7.~. ·- t.:• i.-;.\-t·:. • .-•.•• ; ~':·: ;> : •• • ~ ·: : ~~. ·:: ::- •• -~ ·,', -~ ••••• -·~:•":t- •• • :-, • -· ·' ·.•::.: .-·• :. -~- ~- ~-:"'::. •• ·.,· 

~;~-~, ,.:·,• .. ·.··\·of the eTror is -0. 063 which corresponds to a negative error in head of . · 

o. 1 centimeters. Within the singular element 

... 

Error = h - h 
Q/ 21rT 

:: 21TT (H + G 
Q 

21TT A R = ·-Q H + ln­
r2 

--l:5-
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_t) 

I 
I 

.... 

where we ha.ve ,ised: e~tionsd 19t~ ( 2.9} and::el9)- ~e, note again:c that 

a.t the- weli the Green!:sdunction: G. and ac~ Jnalytic) solution: h:-- are-· 

equ.ctl- In. our result R: = 3O .. S:C (radius" of the:- circular element contain:.-
...... 

in~ the well)·,- r Z:.. =3 0 5: and:. H ~t the:: we1L is"' eq!J.a:L to;. half:. the: sum: of" 

.,,:. --~--th:eif sicf e.l-riad'~liea'.d:S{lit;t.@.th'es:·e-.leme~.. m:mtrSf. on:e-q'Ualrter. thei'.--S'l.II:nro:E th~:-;"£~;...:i-.:ti-~~ -corner node-head$. (RwelL = 2.. ... 2.2- m)... Thus,. a;; the sing.ula:r· point the:- . 

I 
I 
.I 

I 
I 
I 
I 
I 
I 
I 
0 
I. 
I 

erro ri s-... -0 ... 01 L. which: c:orres ponds::; to. minus. l l L centimeters--_ 
! 

Figure· 8 shows; the:-prof~e: of. the:: anal:ytic head. solution. alon~ the: 

centerline:-througJx: the:-wells..for the:- leaky:--aquifer·counte:rpart of. the:.­

pre.vious;, exam:pl;er-. Als.a.. included: a.re- tlte:- finit~ elen1;e-nt: node= solutions 

and:. the::- solution:: at theelement!-sz- c:entera.s;;· det"rmined::. from:- the:- bas.is,..... 
. . i . 

fi.mction::: expansion-- The:'.hydra.ulic. r:esista:~c:e~ ~, is:. 250ff days; and.. 
I 

thehead:.in: the:-a:djac:enta:quife-ria,. ta:ken:: as,; z:e~o- Agai.Ir;... comparison:: 

with:: the analytic: solution:iS;.;s.eemt°':be;,.ery- gpbd~ .Tlie-: errorwithin:.the­

singµlar element is. giveir: by.-

z: r • ( rz \ ( R) Error-=- 1T" H +- K -J - K ~ • 
Q. o-Bc, o B 

At the. well.we- have,· an.error of -0. 076 which: cbrre.sponds. to.- --T.:4- centi.­

meters., 

c. Source and Sink irr In£inite:Aquifer:-: Anisgtropic. Cases 

Fig:w=e· 9 shows·, contours: for the: leaky, ~rsotropic. counterpart-of 

the-previo.us ... examples. In:.Figu:re. 9-a the-majdr· principaLaxis oi. trans,-
•.· 

missiv±ty- coincides with the- centerline through the injection-extraction. 

:well.system .. _ The, x and: y transmis.sivities a~~ 55 .. 9 and.. 22:3 ... 6 meters-2• 

per-day- (in acc9rdarice,with: equati~n. (ZS}, Ti =-~{55. 9 x 223.6) 1 /z·: 112.. 
2.. • ' 

m / day so comparison can be made with the -prJvious examples.. The 

leakage· coefficie~t and. discharge-are the·. same as. i~ the-other source­

si.nk.ca.se$- I:n.:.Eig,ure:9-b- the:a.xe.s.:; a.rereve·rs d::..w1th: T =-22..3._6 • and... 
x::. 
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T ::: 55. 9 meters 2 /day. A comparison of 
y 

situation depicted in Figure 9-b would be p 

e two plots shows that the 

eferable if one were inter-

ested in establishing a barrie,r (e.g., the s lt-water barrier mentioned 

in the Introduction} to £low in the direction of the centerline through the 

wells. The mound of pressure covers a greater width perpendicu~r to 

the direction of flow so an increased spacing between wells could be 

used. 

D. Velocity Fields, Streamlines and Timtls of Travel 

If one's only interest was in determining the hydraulic hea<;i through­

out the field the analysis could cease at this point. The technique used 

yields an excellent approximation to the analytic hydraulic head~ partic­

ularly considering the coarseness of the FE mesh. But, obtaining an 

improved distribution of head around a well is not an end in itself. The 

primary goal is to apply the method to problems of contaminant trans-

port where the distribution of velocity aT0{1"."'lcl1 a well is extremely imper-

\ tant. 

The velocity field is obtained by differentiating the head field. That 

the head solution is to be differentiated provides one reason for choosing 

q~ad:ratic, isopa1"arnet1"ic quadrilateral elements. Linear ~lements yield 

a constant velocity over each element while our experience shows -that 

mixed order elements lead to poor results when the solution is dii:fe:renti­

ated. The type of elements used in this~work and the singular solution for 

elements containing wells combine to provide enough freedom to obtain an 

I 
I 
I 
I 
I 
I 
I 
I 
r 
I 
I 
I 
I 

• '.i ,,,,.::::::: :0:,:::~i:,::rr:g:~;.z:::::r:0~:::tt;VJZ; ::: ·:::::~~~;:it2 
"'.··· • "·• 

The discussion now turns to the two met*ods for obtaining im-

proved velocity distributions with c orrespondi g streamlines and to 

genel'ation of breakthrough curves. The case £ an injection and extrac-

tion well in a.n infinite non-leaky aquifer is again considered. 

lytic solution for the streamlines is (Bear, 19 2, .pg 321) 
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LI 
where:- m:. = 2..~b:: and: 2..d:. is.: th:e distanc:e·between. well$ { see Figµre~ 6-) ... 

E"qua.tioIT {50}' may:be:.changedntc;,::.the::.fo.r:m., . • -,: •· • · ._.,, -:--·~ 
..• ,· :,; ..... ,.,. ~ -•. • ....,.,..,..~~~~.---..+<-'~~.1~. yt ... ~e.:;,<.•"'\'Y-i-.~-t.r-t'-:-~.•~~~~.~-- ·.• • •• ,.t " • • • • • ~ • • .• 

,- -~-'; •f.~ ... '9l~'."'""~ • • •• -.- • .. ~ •• • • ,.'T • • • • ~- • • •• • • • 

• • . 41· Z::: L 2.. . 2...lj;. 

I 
I 
·I 
--1 
,... 

~t& 

I 
I 

'.1 

~I 
~I 
·1 .. 

·1 
•~p-.:•_ . -,! 

•'; 

.__ 

(r.-c£c:ot-) +-v: =d::. (L+-cot ·-) 
.• rn::. ' IIL 

'!. 

which.. showS- that the:o. streamlines: form: a. fam:ily- of circles: with: <;:enters:, 

( • 4'- 0) ... L ..J:.!'_· d(L+- Z..4J .. ·}l/Z... I 41-1 A l . • • at d. cot-, • anu: ra:~ • cot:. - =d. cs:c:.~ -·.... ·mt :yti<= times:: 
In. . . IIL . :rn: . . 

of:. travel. between;; points;; may- be: ca:lculated:.:. either f ronr the original: work. 

of Mus:kat( 19::3"4} or from: a.:.sirnpler-formula;_ developed. by z'aghi.( L 977Y •. 

For b reakthrouglr;; time.s.=c in: an: inj ectio·n-extJtactioIL:' s ystezn: this;;. latter. 

form:ul& takes;:·the pa:rtic.ularly-sim.ple: forrm 

• . . 2. l\J 
SJ.n: -

(51) 

m.: 

Directinteg;ration. along the centerline: betw~en. wells gives: the followin~· 

for-the:-time:, ta initiaL breakthrough: 

t* min:: 

Using: equatio_ns: (SO) and.. (51) one can compa· e· the· FE.. solutions with their 

analytic. c ounte rpal.':ts.. .. ... . . 

'!Tie:. same-,parameters:. were· used. in th · velocity- sample- problem as: . 
' .. . . ' . 3 

in the:b.ydraulici hea:d.proble.m::. Q..= 680. m:.. / ay (12.5 gpm), Sb= O. 9'1 m· 
. . ~ 

(3 feet),_d..=--152. •. 4 m.(500 feet).andT .. =.112'. .. 2/day {9000 gpd/ft}. The 

chosen me sir coll~i~t~ 0713 :: 3~ :,~~::t~~ it~:-: ~:~,nent~ covering 
• • ,· ·.1• • • • 

. , .. .- •' 
•. 1' 



1111111 

2 
an area 440 x 305 m (396 nodes and 117 e~ements). The side nodes 

of the middle element were shifted so as t1 form the circular element 

containing the well (radius =_24 m). Again', the mesh covers half the 

injection-extraction well combination, the other half bein~ identical by 

symmetry. 

Figures 10 and 11 compare the numerically generated streamlines 

(dashed line) from the smoo~hed linear and quadratic velocity fields with the 

analytic streamlines (solid line) for the first quadrant of Figure 6. Note that 

the agreement is excellent. The FE streamlines were found by starting at 

a point on the analytic stream.line near the well and integrating the equation 

of the streamline using the second-order Runge-Kutta method described ear­

lier. The local error is defined by E(x, y) =~ j ~ (x, y) - 4J (x , y ) } and 
~u O 0 

thus is equal to zero at the injection well [a~tually at the initial point 

for the streamline near the well, (~ , y ) J . 4J {x, y) /m is given by . 
0 0 

equation (SO). Examination of computed values of E, or more simply 

examination of"Figure 11, shows that the error for the quadratic field 

streamlines alternates in sign for the various, streamlines. This type 

of behavior is well known in the structural FE\. literature where the FE 

stresses are known to oscillate about their analytic values (see Hinton 

and Campbell, 1974). Figure 10 shows that this oscillatoTy behavior of 

E is ·not as apparent for the stress averaged linear field streamlines. 

From these two figures it appears t}:l.at the solution derived from the 

smoothed linear velocity field is preferable as far as the computed 

streamlines are concerned. But the values of E(x, y) also show that the 

.I 
I 
I 
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I 
I 
I 
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I 
I 
I 
I 

........ , ·- • ~-~~~t~-;~,~-,;~.~~-: .. :~~~}~:,~~~:,~~--·~v~~:~-ci~Y}.~-~~~---·~:1:1:~.~~~ _g~:-~ .. ·:e~~.~-~~~~?~,,·-:·=~t;~ ~:-,:(4·:':,,,;_,,:,·1 
,,. ••• ,~ -.~,-~; .. .-,..-.'.re·;~fts''~ith.in .th·e circular element containing the well {which is .to be · .. . 

expected since the velocity within the circular lement is primarily 

determined by the analytic Green's function). hus the improvement 

in the smoothed linear method is achieved outsi e of the circular element. 

Figures 12 and 13 compare the correspon ing analytic. and FE 

breakthrough curves for the smoothed linear and quadratic velocity field 
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methods·... Ag_am,.., the:, agreement: is· exc.-ell nt The. quadratic:: method: 

predict$ a:.; mo:c:~. ~ccurate- ~e: to: initial. br akthrougl:L but the: overall fit 

is; better for the. smoothed:. linear: method:... 



VI. DISCUSSION 

In this section a number of points rel ted to the present work a.re 

discussed .. The first topic far consideration is the ch(?sen simulation 

model and the results generated therefrom. The second topic is dis­

persion phenomena. Generalization of the ~ethod and time dependent 

problems comprise the third topic. 

A. Simulation Model and Results 

The finite element model presented in Section IV is a very general 

model for steady..:state analysis. But, consideration of practical prob­

lems suggests that the restriction to steady-state problems might seri­

ously limit application of the model. For insiance, there is an unsteady 

start-up period when pumping is initiated as well as variation in the 

injec:tion and extraction rates over time. Also, it is anticipated that 

afteT the initial staTt-up there will be periods when the pumps will be 

shut off. These considerations suggest that the steady-state assumption is 

impractical. The basis for the steady-state a~sumption is the long time 

frame to be considered in the movement of contaminants. Transport 

between wells in the present case will take from months to years. Con­

sidered over these time frames the vaTiations in well dischaTge will act 

as a small' perturbation on the overall transport process. During periods 

of well shut-down the flow within the aquifer will, for practical purposes, 
i, 

stop. The hydraulic head distribution will rapidly return to its "natural" 

state and leakage between adjacent aquifers wila be important only over 

I 
I 
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I 

......... -- ... ,ve,"xy.,long,.,time ... lr.ame.s :(the ·,difference"iri':hydra.ulic. head'b'e'twe~:ri'" a.d}~·~·~i;t·. ,, ' •• ·,-:. '! 
~)_~~~~,t':~;"1Y,1·t-:1:" ...... • '.-. ·•,.,· '• ' '. •• ' ' . . •' • •• 

·.~ ·I 
,•••,, _. .. ... aquifers is usually much less under "natural" conditions than when water 

is being injected into or extl'acted from one oft e aquifers). In simula­

tion of short to model'ate length no-flow periods only _the kinetic com­

ponents of chemical reaction models need be ru . I! chemical equilibrium 

models are used then these no-flow periods ma be completely removed 
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from the input reco~d for- both the hydrauli~ and contami.nant t~ansport 

models.. In s~m, since the central focus of the present 1nvest1gat1on 

is convection-dispersion-reaction of c ontarninants, the steady-state 

flow assumption seems adequate. 

There are· a number of severe restrictions implied by the- use of 

I a steady-state flow model. ' For the ·present·work'the.-:·mo·s:i:::·s·eve're·7 '0!"''"· ... ':t.•s~;·~~,A--'\'":l,:_.~ 

: •:~ >.'r' :-~,-.-~•. these is that the density field must be uniform throughout the region oi 

I 
I 
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I 

I 
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I 
I 
I 
1-

1 

flow. If the density field is not uniform the dynamics will change as the 

field moves about (it takes more force to change the momentum of a 
I\. 

heavier liquid-_,so the velocity field must change). A second restriction 

is that one cannot consider- the interaction between chemical and. bio-. • 

logical species and the porous media, .e.g. , clogging due to precipitation,. 

ion exchange, or bacterial growth. 

In the- computer code used in the FE simulation of hydraulics the 

aquifer trans mis sivity is specified as a continuous parameter field 

over the domain.. Our- experience in simulatiion of nonhomogeneous 

fields suggests that this restriction to continuous parameter· fields is 

more a requirement of conceptual aesthetics than a requirement for rea­

sonable simulation results. For a field consisting of sand and gravel 

lenses embedded in a silt and clay matrix it is conceptually preferable 

to specify the t:ransmissivity as a discontinuous field. This is because 

the transition between the sand and silt is abrupt. A simulation attempt 

of such-a problem using a continuous field runs into severe problems 

with keeping the tran_smissiv-;ty non-negative (see Section IV. B). The 

other parameters (porosity and leakage coef':fic::ient} were specified as 

constants over·-each individual element. Thes parameters could also 

_be spe~iiied as a continuous field, but then the order of the Gaussian 

quadrature sch~me used to evaluate the integr ls within the stiffness 

matrix would have to be increased. It was 

was not justified. 
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When evaluating the usefulness of the numerical model presented 

herein one must compare it not only with a lytic solutions but also 

with FE solutions obtained from placing wel s at node points. For the . 
far field (away from the well) the two FE m thods produce. equivalent 

results. This is because of the local character of the finite element 

solution (emphasized by Oden ( 1972); the type of solution, or constraints 

on the solution, in a particular area are not felt in regions ·far removed 

from that area}. It is only as the well is approached that the distinctive 

features of the type of approximation used for the well show up. To 

compare the two FE techniques the problem '1used _in Section V. D £01 

examining the generated streamlines was simulated with the well placed 

at a corner node. The region 42 7 by 30 5 meters ( 1400 by 1000 feet) was 

modeled using 560 15. 2 meter (50 feet} square elements and 1777 nodes. 

The hydraulic head at the well was found to ~e 5. 63 meters (18. 5 feet) 

rather than the analytic infinite head. At the\. adjacP.nt side nodes 7. 6 

meters from the well the simulated head was 17 cm greater than the 

analytic head and the error slowly decreased with increasing distance 

from the well. Except very near the well the simulated -results were 

acceptable but the solution obtained through 14se of the model of Section IV 

was superior ·th:roq.ghout the domain. 

A moments consideration makes it apparent that the velocity ob­

tained by differentiating the head solution near the node-placed well 

. (equation 34) will not be v-ery good but it is not c·lear how one should go 

about assigning a velocity at the well itself. (A velocity component at 

-------... 

.I 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

•;:,.i5:•.~~•~;t'!'t,\ M~~--=;~ :~~{;/~~~!;:,:.~,i-~-~;~/~:~,:~~;,.\~et t~\~!-~~ ~.~ ~ ~-/-~-~ .. f r~~~-J:>~ -~-~ _.o_r ~n- ~~j -~ ~-~~ 9. ·, .• ,·' F;f ·.•: i '· .... • I 
•• • • •• •• " contaminant). If the field is_ not averaged in iome way then it is impos-

•• , -·· ,. ~ib~e to send off .st:reamli~es in the di:rection ~f the element bounda:ries; I 
since the magnitude of the x and y velocity c~mponents are approxi-

I 

mately equal the only direction a streamline c n take at' the well is along 

the bisector of the element. Also, the jumps 'n velocity m~gnitude and 
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direction are very large when crossing elelent boundaries. I£ the 

velocity field'-is averaged using either of the methods suggested in 

Section rv. F then the velocity field become$ continuous but there is 

still considerable error in magnitude· near the well.. At the well itself 

the averaged velocity is nearly zero! Thus, one can see that there are 
.. . . . , · · .. - .. , , . . .·., -· .,. ;·-, ... ·.•• : .. -. ·.·, • ........... -- .. ~.:.: __ .:1~---·.t !'t.'~"';;l·;-• .. ,::-~:~"""-.:.-

··1· . .,_.,<.:, .. , ...... ,._. "s ome·ve·ry'r'.e:al,:pi-'obl:e~c:s-\;Jffh. ;pl~~-ing th~ ·.;·~11 ~:t'--~- nod~' p~i~t. . F ~r • • • • • • 

I 
I 
.I 

I· 

contaminant transport modeling these problems dictate that some type · 

of improved approximation technique be used .. 

Concerning the, hydr·aulic. head solution generated from the tech­

nique of. Section IV. D, there is ver.y little to. be added to that mentioned 

in Section V. !The· generated head is very close to its analytic value 

throughout th~ domain.. Gompletely- satisfactory results can be obtained 

using a very coarse mesh (see Figure 7). 

The object of most- interest is the· velocity field obtained from the 

hydraulic head solution.. This velocity field is used directly in the con­

taminant transport model_ Based. on the· res1;1lts presented herein it is 

not possible to conclude which 0£ the two improved velocity field methods 

presented in Section IT. F is preferable. Conceptually the smoothed 

linear field is preferable. There are three reasons for this. First, 

while the node points are the best sampling points for the primary vari­

able (hydraulic head), they are the worst sa~pling points for the deriva-
1 

tives of the primary variable (velocity). Hinton and Campbell ( 1974) 

suggest that this might be related to the fact that interpolation functions 

tend to behave badly near the extremities _of the interpolation region. 

Sampling at internal points should therefore give better results, (See 
. . 

Strang and Fix,' 1973, pg. 168, for a note on 'hy the node points are the 

best points for sampling the primary variable . } The second reason for 

preferring the smoothed linear velocity metho is that the process of 

smoothing serves to filter out unwanted modes of deformation or flow 

due to the incomplete higher degree terms of the quadratic polynomial 
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velocity field. Third, it is contrary to one I s "analytic" expectations 

to represent the hydraulic head and velocity field by the same series 

of functions when the latter is derived from the former through differ-
• ' 

entiation. Ii we did not have to consider the transformation between 

local and global representations of a function, it follows that diiferen­

tiation of a _quadratic representation would yield a linear representation. 

But, as the examples of Section V. D show, none 0£ the above reasons 

can be compelling. Apparently, averaging the contributions to the 

velocity at a node from surrounding element$ serves to do the same 

type of smoothing as the least squares- fit of the linear velocity fiela to 

the quadratic one. It is left to future work to determine which of the 

velocity field generation schemes is the best. 

B. Dispersion 

In modeling the transport of contaminants in a porous media the vel­

ocity field is used in two distinguishable way~: convection of contaminants 

and mechanical dispersion. Since mechanical dispersion of contaminants 

is so intimately connected with the. velocity field a few qualitative comments 

on the role of the velocity field are called for. Mechanical dispersion is 

the name given to the mixing and spreading of a cont~minant or tracer 

as it is convected through the porous media. The two basic elements 

which contribute to th~s type of mixing are the flow and the presence of 

the pore system through~hich the flow takes place (Bear, 1972). The 

basic equation which describes the transport of an ideal tracer (i.e., 

one of uniform density which will not enter into chemical reac~~n:_s)__ is_, ... ,; .. ~-.,, 
~""-?:t~~~!:~,.:,,.._;-t~.,-t.:~•t';::O:~!~ .. ,~.:,.•:i'-:,:._.,_'.~:~.~~t:,~:~~~-i:.."'):~-:_~a..;~f;;,,,: .. ':;,;'."·•;~:,,;;?_;~.'• .. •::~.~-.•/::'";-i,''~ ... :.~ ~~ ·._,.,• ... 'f:."•l•-i' •. P \ .. ··•.·: •••••• '.':"' ·.:· :; • .. •• ·-· ...... r,:• •, ' ,,· ''r :.r.-. • .... • J • 

·.• ... •, ,,,· ... - ' 

ac 
- = at ( D' ~) 

Ct.p ax /3 
-2_ ( 
ax 

Cf. 

c) 
Ct 

where D' is the coefficient of hydrodynamic dispersion, . a second 
et.f 
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order symmetric tensor. D' 
- Cl.,8 

is the sum Jf the coefficient 0£. mechani--

cal dispersion (D ) and the coefficient of molecular diffusion in the . 
a.~ 

porous media. Unless the field velocity is very small,. mixing due to 

molecular diffusion may usually be ignored and D1 : D . 
a.~ a.e 

.. _ _Th~~~- _hc3:v,e ,b_~,~P_ .. :ec1.1:-y~~h::.9E,e. ~s .. ~;.,_~~-r_;y~tions ._e_xp :i:e·~.sing.., the;. -~~---~_.'.,~a~-,-;.;..,. ~":c>:-j_ -~~ '-' 
•• .. . • . ... •.-. . .. ., .• ·: '!. .• • \. ~·-- .. ....t '~ • • ,, • .. . • ' • .• 

coefficient of mechanical dispersion.in terms of tundamental properties 

of the porous media and characteristics of the flow. A number of these· 

models are reviewed by Bear (1972). The major- point of interest·here 
q 

is that all expressions for D require the velocity vector v :::: ~, 
a.~ a e 

where qa.- is the Darcy· velocity and. e- is the porosity (v a.. is the~ actual 

velocity at which a parcel of water moves through the porous media). 

The most widely used representation is that of Scheidegger (1961): 

V ., V 
Cl. 8 

V 

This expression is valid for isotropic dispersion where aI and all are 

the media I s longitudinal and transverse dispersivities and V is the 

magnitude of the velocity vector. The longitudi:;:ial and transverse 

dispersivities are properties of the media only, being independent of 

the flow. Scheidegg~r• s model suggests that t,he coefficient of dispersion 

is proportional to the first power of the velocity. 

As discussed by Cherry, et al. ( 1975), determination of the 

magnituc~e of the longitudinal and transverse coefficients of dispersion 

(dispersivity} is very difficult and requires a \knowledge of the .velocity 

field .. They group the methods for determinifg the velocity into 

three classes: l) ·arti!icial tracers, 2) enviro mental isotopes and 

3) application ~f Darcy's law. They consider he first method to be 

most accurate. 
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Problems associated with determlnation of coefficients of dis­

persivity are most readily apparent whl one compares the magnitudes 

of coefficients determined in,. the laboratory and the field~- Cherry, 

et al. , quote laboratory values (for uniform materials) on· the o:rder of 

1 0 - 2 to 1 • f h 1 • 1 centimeter· or t e ongitudinal coefficient a1 in the mode 

where DL is the longitudinal coefficient of mechanical dispersion. 

Fielci' coefficients are determined by first simulating the hydraulic head 

distribution and adjusting the coefficient of trans mis sivity until the simu­

lated field matches the observed head distribution. Then contaminant 

concentrations are simulated with. the dispersion coefficients being ad­

justed until a match is obtained with observed contaminant values. 

Coefficients obtained in this fashion are Olll the order of 103 to 104 

centimeters. Thus we find a difference b~tween laboratory and field 
5. . • . 

values of about a factor of 10 . 

An obvious reason for the large disc~epancy between laboratory 

and field dispersivities is the scale on which £low is occurring. In . . 
numerical modeling there are additional pl:"oblems associated with the 

scale of resolution of the numerical technique. 'These problems of 

scale should be examined in some detail in future work. 

C. Generalization and Time Dependent Problems 
. ~• .· .. ~ .. :·.•\·•· 'f .. •••. •;..,:v-~:~;.: ,.,. •• _..._..:."1•,·?i.~-·:·;~~l_.,::f~:~:t~~-i;{~~j~;~~;.j-:·t{· 

;.:.,<i1;,t,;~ . .-.:"..\•::.,.. .. ,.··,~;;.--:.,,..._T.he·i:echnique 'of embedding an· analytic singular ·soluti~n into the ..... ,· .. 

finite element method presented herein is a example o! a general 

rigorous approach to combining analytic an numerical methods. T.he 

analytic function is superposed_ on the appro imating solution and does 

not enter the problem with an unknown multiplying coef:ficient (i.·e. ,. in 

augmentation of the solution space with extr functions; see Section lV. C). 
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One can easily envision the use of other anal{tic: solutions, e.g. , flows 

around bodies;. certain types of boundary con~tions, other types of 

singularities. The, method·cou.ld be used. in otherfields, e.g., struc­

tural mechanics, heat transfer or electrostatics. The key lies with. 

the problem which remains. to be solved after- embed~ng the analytic 
. . •·~ •,, ~• ._. •- • te ••-. •., -•• ':t ,i , .... ~.~,_;_~.,:.,:C.<._~~-- r .,-:,~;~r..:•~,: .. ;xl~~--r-~'::"J ,,.:-: . .tr.._;;+"~;~°i,~~>-t~:Ldif~ ... ~,i(7'i'j"~~j•~,~-•·.._,_;;.,_9). •-~~ ~.t:,: :.:;. .. _:. ... ';-~ ;:..,.~ ,"·t-~": ·•~ ;./;~~~; ••••:~:....::•<"-' 

solution~·~' The situation given~in· S'ection IV~ Dis probably the best con-

ceivable. 1£, for the leaky aquifer case, we had restricted ourselves to 

embedding only the Thiem equation (G*), then the- forcing function- of the 

resulting system of equations would also contain.. the term - ff~ G*4\dO 

(i. e. , the leakage· induced by the Thiem equation). Use ;f O the­

appropriate Gre.en1s function of the operator has. even removed this term+ 

From the· present point of view- the: mostJ interesting generalization 

is that to the- leaky-aquifer-, time-dependent ptoblem. In analogy with 

equation (2 7) 1 the boundary value· problem defi 1lning the Green's function 

is 

s aG a 2·G 1 aG Kc·· n. ::: + -- --- in 
T at ar-

2. r ar Tb 

lirn 
aG Q 

r-· = --
r-0 

a:r 27TT 

G = O on re 

G = 0 at t = 0 for all 0 

where S is the aquifer storage coefficient. Applying the _Laplace trans­

formation to this partial differential equation (s1ee Street, 1973) and solving 

the res~lting ordinary differential equation we ~ind 

G= 
a 
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2 S K 
where N = p - - and G is the Lapla e transformation of the T Tb 
Green's function G, i.e., 

co,. 

G(r,p) = 1G(r,t)e-tpdt· 

The convolution of the inverse Laplace transformation of each of the 

terms of G, which is the desired solution G, is a far too complicated 

◄ 

I 
I 
I 
I 
I 

function to use profitably as the embedded solution. As such we look for I 
a second function ,\ (r, t} which will ·cancel the singularity at the well 

but not necessarily· satisfy the other constraints on the problem (in par- I 
ticular the element boundary conditions)°. Such a function could be that 

. of Hayes, Kendall and Wheeler (1977) but here we look for_a function 

which may be embedded within the FE method in a more systematic 

fashion. 

We conside:r two problems simultaneo4sly. The first is that of a 

well (point source) in a nonleaky aquifer and the second is that of a well 

in a leaky aquifer. .For the former the approximate solution is 

where 1\ satisfies 

s a ,\1 

T at 

I 
I 
I 
I 
I 
I 
I 

·: ;,: :{;:.. :., t:-';;~ j~;;r~ ;t'',iJ*:';-a~-:-~{·.:i·~~;_:.'~;j;:~1;;: :.;-',~.•:f .'f-.i-:-:.•.;,,1-;.::f;j_ :_.:".;!;~~ :,a ·-N r~::,'.f.•,1, t.,'.,;:i;,r~-.~ -;.:,;. ;,~ 7,~. 0:';< ·I~•;-:'':,.: ';i ~:-~~:r l'~•<•·n ',:. ~ ,:) ,:,, ';!: ·.: i ;: ::.'-· •;.: .; •• •• \ • • •• • • • • ,. • 1 
;·. lirn. r • 8r -= - 2 TTT 

r-0 

A - 0 as r - co 1 

.i\ = O at t = 0 
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and foi the latter the approximate solution s 

lim. 
r-0 

A -o as r·-co 
2.. 

A =: 0 at t = 0 
2.. 

The· solution for- the first equation. has been given by Theis (1935) while: 

that for the second is given by Hantush and Jacob ( 1955). These- solutions 

are 

and 

/
co 1 -u 

-·e du 
2 u 

r S 
4Tt 

(D 

f lexp(-u - r
2

K )du 
u 4Tbu 

r 2S -4Tt 

Now, using the -same procedure as 

to be solved a·re· 

in Section \rv. D the final FE problems 
,1 

I 
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I. r 
-f q r.p.dr n l 

r 

for the first case and for the second 

... 
In the above note that A.i is the same function as '\ except that it is 

-evaluated at -r = R, .the radius of the circular element containing the 

well. At any particular time A~ is a constant over the sirigu:lar ~le~; . 

ment and thus E(co i, A7) = : cai J\:;. Sin{ilar statements hold for Ar 

Note also that the allocation of the well discharge to the nodes of the 

singular element is the same as for the problem presented in Section IV. E. 

Only the magnitude of the normal velocity changes (it is now a function of 

time). The only obvious distinction between these two -results is the 

presence of the term ~JJ-~ I\ 1cpidn in the forcing function of the former. 

The reason for its prese~e is that the boundary value -problem defining 

1 _the function '\ (r, t) did _no,t_ ta~~--i?~o,.~.?~.~~~!.;.:!~~-g:,/t~~--~~~.:adjac_ent ";::::. 
l . . .... ·· ·. ~-· .•".:.•• __.,,. ...... ,,·;.~ ~~r.-..,¢~'~1.:1~·:v·, -~"•"';;,-.:-1.;..:..•:!1.~1\!l.,..~•~ '<--: •-,.. • ; • • • • • • 

"T~~t.-'\":'.~l~,...~::;~~:,,;_1::.~fa·qi.iuer'"/~~--rliut;while~ the ·:i-epre sentation of Al (r It) is .simpler than that o! 

I /\ 2 (r, t), the ·price is paid for the foI'mer • y its presence in the forcing 
/ 

function. In each case the starred functio serves to cancel the value of 

the singulal" solution on the boundary of th circular element so that the 
A 

approximation h is continuous throughou the domain. A·.second ·distinc-

tion between the two FE problems is in th element boundary integrals . 
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of the normal velocity. The third and last • stinction is in the- function 

used in the time correction for- the unsteady boundary conditions on 

* 
re f fs J\k ~ dO, k = 1, 2. The FE problems can be solved using the 

' o at i 
usual methods for time dependent problems (i.e., finite difference the 

: 1 ·· .- , •.•r.•.:• tim.e·r step) .·.s.•'.C··>-c ··.;;.-.:.;;_,::a•._'.,,:·.,,;_,>"· ·.'"".",";7 -;',.,;'.:--'-:'.:C':-;~ • .,,_,:·,•'->··•·•·\'-;''., • :y;;;-•4.,,:_;,..'~...,::,,,.;C·c/:_~.;-.,;,.;;_,, =~~ ~,,,(-:Q<-_,:,,_01.J''o.•\-y,•.:Z•,;,,;.,-;,,i~;·;C°:~-';_ ••i'7•· 

Generalizations to similar problems are easily carried out using 

I 
I 
I 
I 
. I 
I 
I 
I 
I 
I 
I 

I 

the same procedure. A slightly different type of generalization is to 

change the geometric.. shape of the singular element containing the well . ... 
I£ a square is used for· the nonleaky aquifer· (the case where a circle 

gives the Thiem equation) the Green's function becomes a. Fourier 

series expansion.. Our experience· shows that evaluation of. the boundary 

integrals of the normal velocity for the first six or- seven terms of. the 

Fourier expansion is sufficient as far· as the far- field FE. solution is 

concerned . 

.. 
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VII. CONCLUSIONS AND RECOMMENDA T ONS FOR 

FUTURE WORK 

Conclusions concerning the approxima, ion technique presented 

herein and the finite element' numerical model are given b~low. Recom­

mendations for further modeling work are also given. Conclusions con­

cerning the Santa Clara Valley Water District Project are given in 

Appendix I. 

1. 

2. 

3. 

The conclusions drawn from the present work are as follows. 

The approximation technique presented in Section IV.Dis an example 

of a simple but rigorous systematic method for combining analytic 

and nume-rical methods .. The method as described will handle the 

analysis of steady-state hydraulics in a confined, leaky aquifer for 

a nonhomogeneous porous media containing injection-extraction 

wells. The method is superior to otheJ:'.s found in the lite-rature. 

The technique yields excellent ·results for both the primary va-ri-

able (hydraulic head) and for the derivative of the primary variable 

(velocity). Here "excellent" is judged according to the error in 

the model simulation result when compared with a known analytic 

solution. Concerning the fourth of the s.tated objectives of the 

Stanford University -research project (see Section III), the .model 

presented is certainly more accurate than our knowledge of the 

-required field parameters. 

Useful constraints ~ere formulated which guarantee uniqueness 

and invertibility of the transformation between the global and local 

I 
I 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I 

. representations of a function ... -~lso, . const~aints .... ~ere ior_~ulate.d .~-! .. '-'i;:,'.i:·i:· .. .:-,, .. ,1 
~-.;.~~~:i.,¥.~-i:a-:{•f~}~(•i~~;~:"_..~~~'\.~.:,~~•,•.<;~./f!:",~•~:•~~•:'•.:.,-.-.:'••'t·r:~••,. .. ;J:.::,~11:•:-11',,t~~.#,,i,.,,•• •,\,.' .. ,.•,•••;.,;•:•.;•,t•.'" • /, .... ,• • .-,~. '' • • •:•;••'I•, /•~_,.\,,I,,, • •• •• ', • • 

• • • which guarantee positive definiteness of !appropriate model • • • • 

4. 

paramete~s. These latter constraints are particularly important 

when considering strongly nonhomogenequs fields. 

The method presented for generating a f mily of streamlines and 

determining the time of travel along res ective streamlines is 

very helpful when visualizing the finite e ement solution. The 
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5 . 

1. 

2. 

3. 

4. 

"---·- o - -►Z.X -,;35" Jou+! 

accuracy of the streamline solution (mjasu:red by E: in Section V.D) 

is very good, and as the breakthrough curve shows, the time of 

travel along a streamline is also very accurate. 

The method presented for- plotting contours is of great value when 

. ,~. ,-i-visualizing. the. hydraulic. :head,solution. ornonhom.ogeneou:s.:;:~ t:c\+~.i:,;""~-:;'f'-~~~:,;-:, 

parameter fields. 

The following topics are recommended !or- future research .. 

Further experiments to determine which Q..£ the velocity generation 

schemes is the best (quadratic velocity field or smoothed linear 

velocity field). Experimentation with other- schemes would be 

worthwhile· .. 

Investigation of methods for incorporating analytic. solutions within 

the· Hermitian family of finite elements.. The· Hermitian family is 

of speciaL interest because. it yields a cdntinuous. representation 

when: differentiated; thus, the velocity field could be determined 
' 

-directly from the head solution without a:veraging. In order· to 

apply the method a way must be found for relaxing the continuity 

constraints on derivatives across the boundary of the element 

containing the we 11. 

Investigation of time dependent problem~ using the schemes 

presented in Section VI. C. 

Use the model presented in Section IV to investigate the role of 

unknown coefficients in nonhomogeneous field simulations. A 

stochastic Monte Carlo scheme could be 
1
used to investigate the 

range and· uncertainty in generated resul s. This would be of 
. 

particular interest when compared with ell test data. 

,, 

-64-



Ambroggi, P., 

REFERENCES 

Underground Reservoirs la 
.. 

Control the Water Cycle, 

Scientific American, 236(5), 21-27, 1977. 

Atwater, B. F., Hedel, C. W. and E. J. Helley, Late Quaternary 

Depositional History, Holocene Sea-Level Changes, a.nd Veitical 

Crustal Movement, Southern San Francisco Bay, California, 

Geological Survey Professional Paper 1014, 15 p., 1977. 

Bear, J., On the Tensor Form of Dispersion in Porous Media, J. 

Geophys. Research, 66(4), 1185-1197, 1961. 

Bear, J. J Dyna.mies of Fluids in Porous Media, American Elsevier, 

New York, 1972. 

Blissenbach, E., Geology of Alluvial Fans in Semiarid Regions, Geol. • 

Soc. America Bull, 65, 175-190, 19~4. 

Bouwer, H. , Groundwater Hydrology, McGraw-Hill, New York, 1978. 

Carey, E. F., A Mesh-Refinement Scheme for Finite Element Compu­

tations, Computer Meth. Appl. Mech. and Engrg., 7, 93-105, 

1976. 

Carnahan, B., Luther, H. A. and J. O. Wilkes, Applied Nume-rical 

Methods, John Wiley and Sons, New York, 1969. 

Cavendish, J. C., Price, H.' S. and R. S. Varga, Galerkin Methods 

for the Numerical Solution. of Boundary Value Problems, Soc. 

Petrol. Engrg. J.,:z246, 204-220, 1969. 

Cherry, J. A., Gillham, R. W. and J. F. Pickens, Contaminant 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

I 
I 
I 

·,;,.~1~;~·1•.~·~-:'.~".,~•.:;-~•"·~f~\:,~~x.~~;:g;.°.~?.gy,, .. ~.a_::,t, -~-' •;P~ys~~al-.. f::.Z:?.:ts,se,:~, .•. Geoscience ,Canada,·;~ii~/~-">/:.':I 

~(2}, 76-84, 1975. 
I 

Coul"ant, R. and F. John, Introduction to Ca~culus and Analysis, Vol. ll, 
I 

John Wiley-Inter science, New York, 1 ~74. 

de Jong, J., Longitudinal and Transverse Di usion in Granular 

• Deposits, Trans. Amer. Geo • n, 39(1), 67-.74, 1958. 

-65-

I 
I 
·1 
I 



I 
I 

~ 
I 

I 
I 

1·· 

I 
I 

' I 
i 

• I 
I 
I 
I 
I 
I 
I , .. 
:1 

Dagan, G., Comment on 'A Stochastic-Con eptual Analysis of One­

Dime~ional Groundwater Flow in No uniform Homogeneous 

Media' by R.· A. Freeze, Water Re sour. Res.,. 12(3), 567, 1976. 

Ergatoudis, B. M., Irons, B. M .. and C. O. Zienkiewicz, Curved Iso­

parametric, "Quadralateral" Elements for Finite Element Anal-

·.,, 
0 
.... , •· ..... ·.:-•,ysis, .. Int .. J ~ Solids Structures;-: 4;· · 3 L.-42:,;-· l 968;:c.,+·"-,;,"':a·!.-~i';;;~"·0·"t.~~;~-~:~-""'"":.\,;..,_..~::---t•,~~,--: 

Freeze, R. A., A Stochastic-Conceptual Analysis of One-Dimensional 

Groundwater Flow in Nonuniform Homogeneous Media, Water. 

Resour. Res., 11(5), 725-741, 1975. 

Gartling, D. K. and E. B. Becker·, Finite Element Analysis of Viscous 

Incomp_ressible, Fluid Flow, Pt-.. 1, Computer Meth. Appl. Mech. 

andEngrg-., 8, 51-60, 1976 ... 

Gelhar·, L. W., Bakr, A .. A., Gutjahr, A. L. and J. R. MacMillan, 

Comments on 'A Stochastic-Conceptual Analysis of One-Dimensional 

Groundwater- Flow in Nonuniform Homogeneous Media' by R. Allan 

F·reeze·, Water Resour. Res~, 13(2), 477-479, 1977. 

Hantush, M. S. and G. E. Jacob, Non-Steady Radial Flow in an Infinite 

Leaky Aquifer, Trans. Amer. Geophy$. Union, 36, 95-100, 1955. 

Ha yes, L. J. , Kendall, R. P. and M. F. Wheeler, The Treatment of 

Sources and Sinks in Steady-State Reservoir Engin~ering Simula­

tions, Advances in Computer Methods !or Partial Differential 
- I 

Equations II, R. Vichnevetsky (Editor), I. M.A. C.S. (AICA), 1977. 

Henshell, R. D., Difierences Between Isoparametric Assumptions and 

True Circles, Int. J. Num. Meth. Engrg. , 10( 5), 1193-1196, 

1976. 

Henshell, R. ·o. and K. G. Shaw, Crack Tip 1Finite Elements are Unnec -

essary, Int. J. Num. Meth. Engrg., 9 495-507, 1975. 

Hinton, E. and J. S. Campbell, Local and Gl bal Smoothing of Discon-

' tinuous Finite Element Functions Using a Least Squares Method, 

Int. J. Num. Meth. Engrg., 8 1 461-48., 1974. 

-66-



New York, 1965. 

Hooke, R. L., Processes o~-Arid-Region Alluvial Fans, J. Geol., 75, 

4 3 8 -4 6 0 , 1 9 6 7. 

Howland, M. D., Hydrogeology of the Palo Alto Baylands, Palo Alto, 

Caliiornia, with Emphasis on the Tidal Marches, Th_esis for 

M. S. Degree, Depa-rtinent of Geology, Stanford University, August 

1976. 

Jenks, J. H. and P. L. Adamson, A Program for Water Reclamation 

and Groundwater Recharge, Predesign Report, Santa Clara Valley 

Water District, October 1974. 

Krahula, J. L. and J. F. Polhemus, Use of Fourier Series in the Finite 

Element Method, A. I.A.A. Journal, 6(4). 726-728, 1968. 

Morley, L. S. D. , A Finite Element Application of the Modiiied Rayleigh­

Ritz Method, Int. J. Num. Meth. E;ngrg., 2, 85-98, 1970. 

Musk.at, M. , The· Flow of Homogeneous !luids Through Porous Media, 

McGraw-Hill, New York, 1937. 

Oden, J. T. , Finite Elements of Nonline~r Continua, McGraw-Hill, 

New York, 1972. 

Oden, J. T. and J. N. Reddy, An Introduction to the Mathematical 

Theory of Finite Elements, Wiley-Inter science, New York, 1976. 

Pian, T.H.H., Derivation of Element Sti:£fness Matrices, A.I.A.A. 

Journal, 2(3), 576-~77, l 964(A). 

Pian, T.H.H., Derivation of Element Stiffness Matrices by Assumed 

.•.'.,::1_,. ,-·;:···,,.,.(,r:"':;:':.~·-:r~:;. Stress' Distributions:;·T.:A'-~ L A~:A~W!,:,Jour11aUt;•,2 (-7) ~J,:·::=.J.33.3 .;.;·13 36Y-1'964(B )}/:::'-~•.;,i·., 
I , • 

• Pinder, G. 'F;, A Gal.e:rk1n~'Finite El~n{e t Simulation of Groundwater 

Contamination on Long Island, New erk, Water Resou:r. Res., 

.2J6), 1657-1669, 1973. 

Pinder, G. F. and E. O. Frind, Applicati. n of Galerkin's Procedure 

to Aquifer ~nalysis, Water Resour .• \Res., 8(1), 1oa.:..120, 1972. 
! 

-67-



.I 
I 
I 

I 
I 
I 
-I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

Pinder, G. F., Frind, E. 0. and S. S. P padopulos, Functional 

Coefficients in the Analysis of Gro dwater Flow, Water Re sour. 

Res., 9(1), 222.-226, 1973. 

Pinder, G .. F. and W. G. Gray, Finite Element Simulation in Surface 

and Subsurface Hydrology, Academic Press, New York, l 977~ 
. ..... . .... :, '--~ .;.- • .... -·:i,..:; .• '· .• !""' !,.:;,,;.,;,_-i-"'::'•·. ~i:~ •• -;,. ~~.".",1;_:..'t,'. :;-:.. ,.1.:~"'-" . -::~:-_ ~-~-:~ .,r,._:::":t•:);~.:.~:~;--~¢:\;~;&: 

-----·-~",Rao, A.-K~·-,·Raju:;· I>S;'and A~°'·v.--·Krishna Murty~ A Powerful Hybrid:. -

Method in Finite Element Analysis, !nt. J. Nu:rn. Meth. Engrg., 3, 

389-403, 1971. 

Reineck, H. E. and I.. B. Singh, Depositional ~edimentary Environments, 

Springer-Verlag, New York, 1975. 

Roberts, P. V.., et: al., Groundwater- Recharge by Injection of Reclaimed 

Water--in Palo Alto, Technical Report! No. 22.5, Pepartmentof Civil 

Engineering, Stanford University, February, 1978. 

Scheidegger, A. E., General Theory of Dispersion in. Porous Media, 

r. Geophys. Research, 64(10), 32.73-32.78, 1961_.. 

Sokol, D .. , The Hydrogeology of the San Francisquito Creek Basin, San. 

Mateo and Santa Clara Counties, California, Ph.D. Dissertation, 

Department of Geology, Staniord University, December, 1963. 

State of California, Department of Water Resources, Evaluation of 

Groundwater Resources, South Bay, Appendix A: Geology, 

August 1967. 

St:rang, G. and G. F. Fix, An Analysis of the Finite Element Method, 

Prentice-Hall, Englewood Cliffs, N. J., 1973. 

Street, R. L. , Analysis and Solution of Partiial Differential Equations, 

• Brooks/Cole, Monterey, CA, 1973. 

Theis, C. V. , • The Relation Betw"een the LoV{ering of the Piezometric 

Surface and the Rate and Duration of ~scharge of a Well Using 

Groundwater Storage, Trans. Amer. 

524, 193S. 

I 

Union, 16, 519-

Warren, J. E. and H. S. Price, Flow in Het rogeneous Porous Media, 

Soc_ Petrol. Eng. J., 1, 153-169, 1961. 

-68-



Zaghi, N. , Effect of Injection-PToduction poublets in Shielding Coastal 

Aquifers from Brine Intrusion, Ph.D. Dissertation, Department 
> 

of Petroleum Engineering, Stanford University, May 1977. 

-69-

I 
I 
l 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I 



I 
I 
I 
I 

APPENDIX I 

Hydrogeology of the Palo Alto Baylands Area 
.. 

In this appendix the re~evant geologic history, st:ratig:raphy and 

geomorphology of the near-surface (60 meters) deposits of the South 
. 

Bay area a:re reviewed, the purpose being to provide an understanding _ . __ ... , ... . 
_:.,_ .. ~_... ..-.:.~. ~ ~- i-~""!. . :.:'..il\.:..i:r- .~ .... ;--:~_":"':..", ;~_. .. ~:-~>•::;_ -:,. ·,-,... ~ .... "!':.: • __ .. "'~ .,·~ ... -·.• .. ·::...:· ..,, \ . . t~,-;-·~-- -··:, '...:.--.-~ -~ ~- - :.·:· • • .,,. ";. • ~-~·•' ~ - .. _ ·:-'?-("--: ~--·--.. ,_,. :-. -!·:-J.,•:-, 11·. ~~!;t_ ~:;, ,..:. ~,-r·:~/-:"'-~·::-~ .,._~-"' ..... =------- .:·?--..... ":"•..; ~f~[.;( ... ~~ ... ~_. 

•··~·:-of the complex environment chosen for the injection-extraction system. _ 

Both local and field groundwater modeling are discussed. The· appendix 

I serves to highlight the problems one runs into when investigating actual 

I 
I 
I 

I 
I 

field sites. There is always a need for- more field data and t~e typ~ of 

numerical model used must remain open to change. 

Four physiographic units are recognized within the- basin contain­

ing. the: Palo Alto baylands· (Sokol, 1963). Th~se are the northeastern 

slope of the Santa Cruz mountains, the valley of the San Andreas Fault 

Zone, the foothill belt and the Santa Clara Valley. For- a discussion of 

the hydrogeolo·gy of these units see Sokol ( 1963). The Santa Clara Valley­

is a result of a combination of downwarping and faulting. During the 
1 

Quaternary the valley has accumulated an aggregate thickness of 300 

to 450 meters of continental sands, silts and clays interrupted by fairly 

thick sequences of marine clays (State of Cali!ornia, 1967). In the· 

injection-extraction project we are interested in only the upper 60 

I meters of deposits4 The recent geologic history of this section follows . 

..,, 

I 
I 
I 
I 
I· 
I 

1According to Holmes (1965), the last two or three million years have 
been geologically classified as the Quaternar~' period. The Quaternary 
is further divided into the Pleistocene (Glaci l) and Holocene (Recent) . 
periods. The .Pleistocene is marked by peri ds of rising and falling 
sea level, corresponding to the retreat and a vance of the glaciers. 
Here we are interested in the Sangamon inter lacial age (high stand of 
the seas), the Wisconsin glacial age and the post-Wisconsin or Recent 
age. 
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Recent Geologic History 

Two principal features stand out in the history of Southern San 

Francisco Bay deposits: tectonic subsidence and the rise and fall of 

sea level during the Pleistocene (Glacial age). Atwater, Hedel and 

Helley ( 1977) have interpreted the recent geologic histo-ry through in­

vestigation of sediments and fossils collected for bridge foundation 

studies. Early estuarine deposits were from the Sangamon interglacial 

high stand of the sea (70,000 - 130,000 years ago). During the subse­

quent Wisconsin glacial age the sea level fell a:r.id part of the Sangamon 

estuarine deposits were eroded and covered by alluvial sands, silts and 

clays. The post-Wisconsin sea level rise has once again introduced 

estuarine deposits into the Bay area. During the recent rise, the sea 

level reached the Golden Gate approximately 10, 000 to 11, 000 years 

ago. The rising sea spread across the land area as rapidly as 30 meters 

per year. From 8000 to 6000 years ago the rate of sea level rise de­

creased and from 6000 years ago to the present has averaged 0. 1 to O. 2 

centimeters per year. The Bay reached the vicinity of the thalweg (the 

line marking the deepest points of a stream channel) of the stream drain­

ing the 11 Bay valley" across from Menlo· Park 8000 years a.go and the 

Palo Alto baylands 2000 to 3000 years ago. During this period tectonic 

subsidence \Vas occurring, though at a much smaller rate. Figure 14 

(after Atwater, et al.) shows a section of the Bay at Dumbarton bridge 

(3. 2 kilometers northwest of the Palo Alto Baylands). 

Stratigraphy 

Howland (1976) has investigated the h,drogeology of the Palo Alto 

ba ylands. Fortunately, part of his 

of the injection-extration project. Figure 

dy coincides with the site 

shows his inferred c orre -

lations between sediments in the Dumbarton Strait and Palo Alto bay­

lands. 
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The following sediment descriptions ar taken from Howland 

(1976). 

SEDil.1ENTS FROM 20 TO 60.METERS BELOW THE. SURFACE. 

The sequence is dominated by firm gray silty clay which contains 

a few minor lenses o! sand and gravel. At depths of_ about 45 to 60 

meters the -sediments. are _predominantly mixtu:res; 0£ sand:·and: gravel~.:-,,,h/•/-;,,,:,:,w,~1~-~'."~,. 

~, ,. _:.-,-::.r,;~·:· la~~r~de~~,s~ts. are highly variable in thickness. The deposits 

I 
I 
I 
I 

I 
I 
I 

from 20 to 45 meters are· interpreted to be of estuarine origin while 

those from 45 to 60 meters are alluvium. 

SEDil.1ENTS FROM 20 METERS BELOW THE SURFACE: TO THE.. 

BAYMUO 

Howland described. these: sediments after- investigating· approxi­

mately 70 engineering borings and 30 well log$. The locations are 

shown in Figure 16 along with the location of the injection-extraction 

system. Figure 17 shows a fence diagram co~structed by Howland., 

Two members are delineated on the fence diagram below the artificial 

fill and Bay mud. The first is a silty and sandy clay group. Minor­

lenses of gravel and sand of about 30 cm thickness occur throughout 

this member. The second member consists 0£ loose to dense coarse-

grained deposits consisting mainly of sand and1, gravel with some silt. 

Sorting is moderate to poor. 

The two members a 1e complexly interfingered and variable in 

I areal extent and thic k.nes s. Two beds of the sand and gravel deposits 

can be traced for some distance in the central part of the area (along 

I 
I 

I 

section G-C). The bed at 14 meters continuesf·n section G-A, whereas 

the bed at 7. 6 meters seems to lense out and b come a sandy clay. 

Toward the southwest the beds seem to coarse . If they are continuous 

in this direction they probably thicken and effe~tly merge. Toward the 
I 

Bay the section becomes predominantly more f1ne grained (~layey) 

with considerable thinning of the coarser deposits. 
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NEAR-SURFACE DEPOSITS 

Toward the Bay the surface is covered by artificial fill and Bay 

mud. The Bay mud was deposited by· the post-Wisconsin rising sea 

{now)~ 

Geomorphology 

The deposits of immediate interest in the SCVWD project are of 

alluvial origin. To gain further insight to their nature it is necessary 

to discuss the geomorphology of alluvial fans and alluvial piedmont 

slopes. 

An alluvial fan is a body of rather coarse-grained sediments built 

up· by a mountain stream at the base of a mountain front where a steeper 

slope passes abruptly into a more gentle slope (Reineck and Singh, 1975). 

When several alluvial fans occur adjacent to each other they may grow 

and coalesce to form an alluvial piedmont slope (compound alluvial fan). 

Fans rna;·be: divided into three zones {Blis senbach, 1954): the fanhead 

{upper fan segment), the mid.fan and the base. It is the last zone which 

usually grades into the zone of coalescence with other fans. The char­

acteristics of single alluvial fans are discussed by Blis senbach ( 19 54) 

and Hooke { 1967). Hooke noted that while deposition is localized, 

shifting of the locus of deposition results in relatively uniform deposits. 

Blissenbach mentioned the main conditions for formation of alluvial 

fans: areas of bold relief and arid to semiarid conditions. There must 

be profound erosion and t:ransportation together with a strong tendency 

for deposition as the mountain streams reach areas of low gradient. 
• '1 

Fans fo+med in humid environment-s are usu~lly flatter than those of 
- I 
arid environments·. Blis senbach {1954) give a discussion of depositing 

agents on alluvial fans. 

Streams which carry the sediment loa change their course by 

lateral migration and by overflowing their banks, carving new chann·els 
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and abandoning the old ones (downstream}. ~onsequently relatively 

uniform_ deposition is found throughout the· f~n or- piedmont slope. The 

coarser channel deposits downstream on an abandoned channel are 

left to be covered by finer overbank deposits from flooding 0£ neighbor­

ing channels.. Thus, discontinuous sand and gravel lenses may be 

formed. 

''I' " • ,c: ::~~ ::::c :::e :::::::::::::°'::::e:::&~:: ::h::::::t:e::~:= ''"'~"~~,~ 
I the· upper- zones of the fan.. These deposits are usefully placed with the 

classification of Reineck and Singh ( 1975) who menti.on three major-

I groups: channel de·posits, bank. deposits and flood basin deposits. (In 

the case of rive;s· which migrate- actively laterally, recognizable bank 

I 
I 
J_. 

I 
I 
I 
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I 

deposits may not be found ... ) Reineck and. Singh ( 1975) present a de- . 

tailed discussion of the three major- groups (and their· eight subgroups). 

The- major- point here- is that the primary type of channel deposit. is a,. 

point bar·. Point bars are deposited along the inside bank 0£ a curve- in 

a stream.. The- flow traversing the- inside· bend loses its: ability to carry 

the coarse bed.load. (the suspended load is not a:ffected). As the stream. 

migrates the coarse point bar deposits are covered first by finer sands 

and finally by the fine silts and clays of flood plain deposits. Thus, a 

noticeable characteristic of point bar deposits: is a grading from. coarse 

sand and gravel on the bottom to f~ne silt and clay on the top. Other 

channel deposits show poorer grading. Flood pl.a.in deposits are from .,, 
the suspended load of a stream when it floods and overtops its banks. 

3CVW D Injection-Extraction Site 

With the preceding background we turn t description of the site 

chosen for the injection-extraction project. F om the work of Atwater, 

Hedel and Helley (1977) and the inferred corre ations of Howland (1976) 
I 

we ~ee that the hydraulic barrier separating thr deeper zon~ (55 meter 

aquiie:r) from the shallow zone aquifers is composed 0£ Sangamon 
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estuarine deposits. The 55 meter aquif\r is composed of alluvial 

material froin a pre-Sangamon glacial age. The shallow aquifers lie 

in alluvium deposited during the Wisconsin glacial age. During the 

period of deposition the ocean shoreline was located out beyond the 

Golden Gate on the continental shelf. The South Bay and Santa Clara 

Valley were a river valley with tributaries entering from the adjacent 

mountains .. These tributaries formed alluvial fans alcng the border of. 

$anta Clara Valley. A particular example is the alluvial fan formed by 

San Francisquito Creek (see Figure 16). ~. 

Palo Alto baylands are located along the southeastern margin of 

the San Francisquito Creek Basin and the deposits beneath the baylands 

appear to have been built up mostly from this source. Sokol (1963) 

has extensively studied the hydrogeology q~ this basin. From investi­

gation of specific yield1 maps he determined that the upper reach of 

San Francisquito Creek (out on the alluvial fan) maintained approximately 

the same course throughout the Late Pleistocene and Recent time. The 

same maps suggest that the lower reach has migrated during formation 

of the fan. On Figures 16 and 17 one can find the present location of 

San Francisquito Creek. The underlying sand and g-ravel- deposits 

were probably laid down by the creek as it migrated back and forth 

across the face of the fan. The center of the arc of migration is toward 

the northeast (as suggested by the thickness of the unit along section 

E-D). The deposits which comprise the injection-extraction region of 

the. SCVWD project are in the far southern end of the arc. 

... 1 
The specific yield is the volume of water y· elded per unit horizontal 
area per unit drop of water table (Bouwer, 1978). Sands and gravels 
have greater specific yields than do silts a d clays. Greater values 
of specific yield correspond to coarser dep sits which lie closer to the 
channel than the finer floodplain deposits. 
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Returning to Figures .16 and 17 (after Howland, 1976) note that 

the· t;,.,vo sand and gravel units shown along t e center section G-C 

correspond to the 7. 6 and 14 meter aquifers found in the predesign 

tests. Figure 17 and the hign values of transmissivity (108 and 43 

m 2·/day for the lower and upper, respectively) suggest- th~t, at least 

locally, these units are continuous over some distance.. But the C"onclu-

,,
1

, ,,, ","," , :~o:::;::~::: ~at the 14 me tar aquifer, continue ss,ire, section-, G-A,,,mar•~~,,~,,,, 

I 
I 

Table 3 gives the transmissivity values for the. upper· and. lower 

aquifer- injection and extraction wells of Figure 1, as determined by 

step-dra~down pumping tests (preliminary c;lata, Brown and Caldwell). 

Note the· varia~ility in transmissivity values between adjacent wells 

I throughout the field.. Also, the well-logs. show that it is very-diiiicult 

to correlate adjacent sand and gravel units. 

I 
-I 
I 
I 
I 
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Figure 18 shows the profile of relative sand and gravel unit- con­

centration for- 31 well-logs of the injection-ext:·J..ction system. Rather 

than viewing the profile. as two distinct- aquifers- it is easier to view it 

as a proba_bility distribution function for coa;rse lenses (versus depth). 

The expectation of finding a lense is greater than one hali only within 

the ranges 4. 9-6. 2 and 12. 8-13. 7 meters. From the well-logs it 

appears that samples from adjacent wells (except near the I-1, E-1 

pair) are statistically independent. While one would certainly expect 

positive correlation for wells drilled close e1nough together, adjacent 
~ . 

units become uncorrelated within the range of distances between wells 

found in the injection-extraction field. (Indeed, the example of I-2, to 

be discussed below, shows that even locally the chances of finding 

corresponding _lenses at depths for adjacent ells may be deemed inde­

pendent). Figure 19 shows a plot of percent of aquifers thicke·r than a 

specified thickness. This plot was generate from the logs of the 

injection-extraction-observation system and may be viewed as a cumu­

lative distl'ibution function. 
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The statistical picture drawn in the \previous paragraph is further 

clarified through description of deposition~l processes at the base of an 

alluvial fan. Coarse-grained units are m-ainl y channel deposits (partic -

ularly point bars). Thin sand lenses may be attributed to the near 

channel overbank flows of natural levee and crevasse splay deposits 

(Reineck and Singh, 1975). The streams change their course through a 

combination of continuous migration (which extends point bars in the 

lateral direction of migration) and random jumps. When the stream 

returns it may erode part or all of the previouSl'.coarse deposits. Thus, 

the entire picture may be viewed as a random process. 

Accordingly, the best description of the field, apart from the first 

doublet pair (I-1, E-1). is probably that of a collection of individual 

sand and gravel lenses (from channel deposits) embedded in an exten-

sive silt and clay matrix (from overbank flows). Figure 18 suggests 

stronger correlation between deposits at about 5. 5 meters and 13. 2 meters, 

but these should not be construed as continuous aquifers. Locally ground­

water flow may be simulated using a lea_ky aquifer model. But field 

modeling should probably consider the entire thickness of Wisconsin de­

posits as a single aquifer whose hydraulic conductivity is ~ubstantially 
1 

less than that suggested by the individual coarse-grained lenses. 

The discussion in this appendix has implications for the success or 

failure of the SCVWD injection-extraction project. • The principal goal 

of this project is the establishment of an effective hydraulic barrier 

against sea-water intrusion into the groundwater aquifers. Design of the 

1w arr en and Price ( l 96 l) we re the fir st to ~se s toe ha·s tic models far 
investigating flow in nonhomogeneous fields1• More recently Freeze 
(1975) {also s~e Dagan, 1976 and Gelhar, e al., 1977) has used a 
stochastic Monte Carlo method for studying one-dimensional flow in a 
nonuniform m~dia. An extension of this ap roach is probably the best 
way to surmount the limitations of a deter inistic model for the pres­
ent field investigation. Applications of sue techniques are still in 
their infancy. 
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injection-extraction. system was based on the conception of two distin-· 

guishable~ though separate aquifers in the sh llow zone (above 2.0 meters}. 

An. important question raised_by the present iscussion is whether such a 

barrier is required in. this immediate area. The results presented herein 

show that the conceived aquifers are actually a system of discontinuous 

lenses which will not readily serve as an avenue to sea-water intrusion. 

,_., .•,>'t•·'';'-:\~sec.ond•.questi.on:·i$.whether,it,wi1Lp:rove-- feasible to·establish, an·effec.-; ·~:_,-,.,.,,_cr;.-.J:.•!• 

tive,. continuous pressure ridge along the entire axis of the field. In 

I 
I 
I 
I 

I 
I 
I 

view of the poor· hydraulic conductivity of the upper zone and the disc.on-

tinuities in the aquifers of interest·, injection at a pressure sufficient to 

establish the barrier would have the undesired effect of causing· surface 

flooding near the well. 

Injection· Well I-2.. 

To gain experience with. direct inj_ection on a field scale· the I-2 

injection well was investigated. in a pilot study (see Figure l for location). 

There· are four· observation wells surrounding the injection well at a dis­

tance of approximately 7. 6 meters and· one additional well at 16. 8 meters~ 

The logs for· these wells are shown in Figures 20 and 21. Note the ex­

treme variability, even over such a small area. 

With an injection pressure of 103 k Pa ( 15 psi) a steady-state dis­

charge (into the lower aquifer) of about 82 m 3 /day ( 15 gpm} was origi­

nally attained. The steady-state hydraulic head distribution is shown in 

Figure 22. Immediately ~ne notes the very small drop in head between 

I-2. and P-4. While this is an extreme departure from a radial dist:dbu­

tion of pressure, it may have been anticipated from the logs (note the 

lense in I-2, P-4 and S-3 of Figure 20). What could not have been antici­

pated is the drop in head between P-4 and S-3', The magnitude 0£ this 

drop is nearly the same as that found between I-2 and the other observa­

tion wells (where in P-1 for instance, the len e does not even appear). 

Thus the lense which runs from I-2 to P-4 is hydraulically-_discontinuous 

from that found in S-3. The inferred coniigu ation is shown in Figure 23. 



An attempt was made to simula the flowfield using the confined 

aquifer model developed in Section IV. The inverse problem to be 

solved was t_o vary the coefficient of tra.nsmissivity until the observed 

head distribution was reproduced. (The actual discharge and a reasonable 

leakage coefficient were used.) After some work it became apparent 

that with this model, solution of the inverse problem required an unrea­

sonable distribution of transmissivity. A high value was used for ele­

ments containing the lenses (in an attempt to reproduce the small drop 

betv..reen I-2 and P-4). To reproduce the drop in head between I-2. and 

observation wells P-1, P-2 and P-3 the transmissivity had to decrease 
"· 

to very low values. But then, to allow all of the flow to leave the region 

the transmissivity values out beyond the observatior. wells had to be 

increased. If this latter increase was not allowed the magnitude of the 

drop in head was reproduced but the value of the hydraulic head (or 

pressure) at the injection well was too large. 

An alternative to the results of the preceding paragraph was found 
', 

if the value of the hydraulic.resistance of the c oniining layer was de-

creased significantly. 1 Using a higher transmissivity for elements 
? 

representing the lenses and a transmissivity of 1. 12 m-/day for the 

rest of the field, with a hydraulic resistance of 25 days a_nd a discharge 

of 82 m 3 /day, the hydraulic head contour,s shown in Figure 24 were de­

rived. The result seems adequate £or all the observation wells except 

P-4. The hydraulic head drop betwJen I-2 and P-4 is still much too 

large. But a change to the spatial resolustion level necessary to repro­

duce such a small pressure drop was deemed unjustified since the point 

of interest is already made if one examinets the magnitudes of hydraulic 

conductivities·.for the "aquifer" and "aquit rd". For the aquifer (K == T / 

aquifer thickness) the hydraulic conductiv·ty is 0. 92. m/day while that 

1The hydraulic resistance (a scalar quanti y} is the ratio of the thickness 
of the aquitard b and its hydraulic condu tivity k. The aquitard hy­
draulic conductivity was determined to be!, 0. 13 cm/day for I-1 and 0. 06 
cm/day for 1-6. An average of these was1

1 
used for 1-2: k == 0. 094 cm/ 

day. From the well logs an aquitard thictness of 5. 8 meters was 
chosen. Thus, the hydraulic resistance ir b/k:: 6200 days. 
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for the .aquitard (K = b I resistance) is O. 2.3 /day. ·These values are 

of the same: order of magnitude which means: that. flow through the aqui­

tard should not be- strictly in' the vertical direction (see th~ "law o!. 

refraction of the gradient", Bear·, 1972., pg. 2.66). Thus the flow is 

three dimensional (and nearly 3-D radial near the lenses) and conlined 

-....•:·~· a.quife·f:::rrfode'I;l.,,.~ho·urcf;nc>-f:b\;,..ca;p"plied::;~,-}";"t~lf.!"-i~:,,i;fr...;.;-:.~;N'."'-'i,l..~1-.,·<<,)·: r_,c.·_,·:.-,,~/•,\···.,~ •• ·:.,-··,·, ·.,,,-•• ;:'-'.:: ;-. 

While one. could use this quasi three dimensional model with high 

: I vertical leakage there are still a number- of obstacles in the way of 

velocity prediction. One problem is: how should the· aquifer thickness 

I 
I 
I 

--1 
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I 
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I 
I .. 

I 

values be· specified in. places where· lenses a:re not found? A second 

problem stems. from the, combination of high transmissivity values for 

the- lense connecting I-2'. and P-4 and: the ovenly large, hydraulic: head 

drop; the resulting velocity is excessively large. It appears that one 

must leave the two -dimensional model for- one which is three dimensional,. 

but here· the problem of specifying. the porous media ge.ometry is even 

more overwhelmir1g. - One alternative, if the possibility of no model is 

excluded, is to use the stochastic Monte Carlo method of Freeze ( 1975) 

extended to three dimensions. The cost is significantly greater but the 

model is conceptually much superior to a deterministic model of the 

field. 

Doublet Pair, I- r, E-1 

A second example for application· of the confined leaky aquifer 

model developed in Section IV is furnished by the doublet pair I-1, E-1. 

As noted earlier, there is reason to believe that the aquifers found in 

the predesign tests of I-1 may be continuous 9ver a larger area than is. 

typical of the rest of the field. Reasons for :his belief are furnished by 

the high transmissivity values at the injectiol a11d extraction wells, logs 

of other near-by wells (Jenks and Adams, 19 ,4), an~ in pa:ticuiar by the 

fence diagram of Howland (Figure 17). 
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In setting up the simulation, reliance w s placed on Howland' s 
~ 

observation that there i_s a general thinning of the deposits toward the 

bay. Also, f:rom the logs of I-2 and E-2 we know that the· aquifers pinch 

out in that direction. 

ing of the deposits. 

Toward the foothills we can expect some thicken-. . 
Finally, as noted by Howland (and shown in the 

fence diagram, Figure l 7), the aqtiiiers thicken and effectively merge 

to the northwest. With these trends and the transmissivity values for I-1 

and E-1 the input data was estimated and the simulation ca-rried out. 

With an injection and extraction rate of 680 m 3 /day the hydraulic 

head contours shown in Figure 25 were generated. Transmissivity con­

tours are shown in Figure 26. The breakthrough curve at E-1 (ratio of 

injected fluid in the withdrawn fluid) is shown in Figure 27. Also shown 

in this figure is the breakthrough curve for the same conditions except 

that the field has a uniform transmissivity of 112 m 2 / day. Note that 

the effect of having the aquifer· thin out toward the bay is to "increase the 

rate of breakthrough, as would intuitively be ·expec-ted. 

The breakthrough curves were generated directly from the velocity 

field and as such, do not include the effects of dispersion. It is expected 

that dispersion would.considerably reduce the time to initial break­

through and the front of the curve would not be as steep. 

,., , 



APPENDIX II 

In this appendix we evalua~e the inter 1\element boundary integral 

for the elliptic element of the anisotropic problem. The procedure is 

more complicated than for the circular isotropic element but the result 

is the same. 

Properties of the Anisotropic Solution 

Equation (28) gives the hydraulic head solution for the isotropic 

problem. Using the transformations of (25) we find that the solution for 

an anisotropic problem with principal trans mis sivities T and T 
X y 

is 

G = 

where 

Q 

Zrr(T T )l/Z 
X y 

(II. 1) 

and x and y are the global coordinates of the anisotropic problem. 

From the form of the function G of (II. l} it is apparent that the head is 

constant on the ellipse specified by 

2 
X 

2 
a 

2 
+ L = constant 

b2 

Consider the \ellipse corresponding to 
I 
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I 
I 

the. boundary of the singular element, r 1 = R 1 • The direction of stream-

I lines crossing the ellipse (see Figure 28a) is given by 

I 
I 
I 
I 
I 

·1 
I 
I 
I 
I 
I 
I 
I 
I 

tane 1 = ~ -- Y. 
qx X 

Here, 

~ (r') K0(~:) (R1)] -T 
aG Q • y 

q = - = 
(Kl B' + 1a(::) \ B' y Y ay Z11B'R' 

.... 

and a similar· ~xpression is found for 9x· (K1 ( •) and 11 ( •) are the 

modified Bessel functions of the second and first kind of order one}. 

The magnitude of q 
Cl 

is· 

I I J Z. 2 
qQ. = q + q 

X y = -21r-~1R-, l K 1( ::) + ::!!.] 11( :: )l/x2+ / 

(II. 2) 

(II. 3) 

Next we want to find the direction of the! outward unit normal vector 

to the ellipse. According to Courant and John (1974, pg. 231), the nor­

mal to a curve at the point {x, y) is 

where (;, 17) is a point on the normal and F(x, y) = 0 is the equation of 
2 2 2 

the curve. For the ellipse, F = x 2. + 7 -R' = 0 and the equation of 
a b 

the normal may be written in the form of a straight line: 

2 
~ 

17 = 2 ~ 
xb 
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T'.nis last equation gives the 

Figure 28b) 

tangent of t~e 

I 

normal to the ellipse (see 

tane2 y_ a 4 = 
X 

Evaluation of Interelement Boundary Integral 

yT 
X 

xT 
y 

(II. 4) 

With equations (II. 2) through (II. 4) we can evaluate the boundary 

integral given by equation (24) 

f T 8G i, dre = 
<Di af. a;;- a 

e • B r .. 
(15) 

In Section III re was a "finite element" GiTcle with q constant on the 
n 

circle, and thus q could be moved outside of the integrand. But for 
n 

the ellipse q is a function of the position on the ellipse and must re­
n 

main within the integrand. Because £Ct. is a unit vector we can write 

q = q 1 = I q,_, I cose3 n Ct. O:'. '-' 
{II. 5) 

where e3 is the angle between the streamline and the unit normal to the 

surface (see Figure 28c).'" To find cose 3 we use Equations (II. 2) and 

(II. 4) in the form 

F(~,77) = 11 - :L~ - = 0 
x· 1 

a2 
G( ~, 17) = r, _~ ... - b = 0 2 ~ 2 

xb 

Now, according to Courant and John ( 1974, pg. 234), the CQsine of the 

angle betvveen the curves F = 0 and G = lo is 
I 
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cose = 

so 

R'2 = 
( 2 4 2b4)1/Z( 2 2)1/2 ya+x x+y 

Then from (II. 3) and {II. 5), 

QR' 
q = 

n 21TB' 
(II. 6) 

Next we look at the differential along the curve: 

q.r = 
2' 

(~) - dy 

Using the equation of the ellipse we find 

2 2 2 4 
R' + a y (a -1) 

R ,2 2 2 
-a y 

dy 

Finally, we examine the basis £unction expan~ion for the boundary ( see 

Section IV. B). Along the boundary (see Figu~e 3 for numbering scheme) 

For the isot:ropic ci:rcle we know that 

0 C: 



R 
Yz - - {z , y6 = 0, 

The corresponding points on the ellipse {with major axis coinciding with 
1 • 

the· x-axis) are found from equation {25): y A = ; y1 = byr So £or the 

anisotropic case (with R = R ') 

R' 
y 6 = 0, 

R' 
Yz = - - Y3 = -

a{i 
I 

ah 
and 

~ R' 2 R'2 2 = - y = - 11 d 1'/ alj2 
' 2 

2.a 

A check for element degeneracy using Section IV. B shows that the ele­

ment mapping for the ellipse satisfies the cfnditions for ~niquertess and 

invertability of the transformation betvleen $lobal and locaI domains. 

Before assembling the integral we note that 

.. 

( 2 4 26 4)-1/2 a 
Y a + X :: -----------2 2: 2 4 1/2 

(II. 8) 
(R 1 + y a (a. - 1)) 

Using the same procedure as Section IV. E w-= evaluate the integral for 
2 

node 6, whose basis function is c.a6 = 1 - 77 . The integral is 

2 
(1-,,,)q 

n 

or, with (2. 6)i (2. 7) and (2. 8), 
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I 
I 
I 
I 
I 
,,,. 

I 

------------------

:: 
QR' 
27TB' 

:)Ji 

Equation (II. 9} is the same result as found for the isotropic case in 
. ~ 

(II. 9) 

Section IV. E. Thus the procedure for implementing this approach may 

be directly e~tended for an anisotropic problem with the shape of the 

sing~r element given by the ellipse 

2 
X 

(T /T )1/2 
X y 

2 

+ (T ~T ~ 1 / 2 = 
y X 

The side node and corner node flow allocations remain the same. 
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TABLE 1. Correspondence Between Fitnctional Coefficients 
t 

in equations ( 11) and (12) 

C = s 
C -6 -

C = 
7 

C : 
8 

TABLE 2. Bilinear Basis Functions (see Figu:re 3 for 

notatio~) 

tjJ l = ! ( 1 - t,) ( 1 - r,) 

1 
I.µ 2 = 4 ( 1 + ;) ( 1 - ,,, ) 

4J 3 = ~ ( 1 + ;) ( 1 + Tl) 

w = .!_ ( 1 - ~) ( 1 + 17 ) 
4 4 
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TABLE 3. Transmissivity (m 2 /day) for SCVWD Wells 

(See Figure 1) (Preliminary Data) 

A9.uifer 

Wells Shallow DeeE 

I-1 43.5 108.0 
E-1 134.6 116. 7 
I-2. 33.6 6.4 
E-2 7. 0 "· 1.0 
I-3 29.2 4. 8 
E-3 12.. 6 5. 0 
r.:.4 
E-4 61. 5 22.3 
I-5 131. 1 1. 9 
E-5 48.2 
I-6 6. 2 130.8 
E-6 15.0 2. 6 
1-7 6.5 6.8 
E-7 32.4 4. 7 
I-8 62.7 44.5 
E-8 11. 5 4.7 
I-9 51. 0 7. 9 
E-9 33.4 8. 7 

Mean 40.0 26.5 

Std. Dev. 39.0 43.8 
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FIGURE 28. Ellipse Containing the Well 
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