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ABSTRACT
Colloidal nanocrystal gels can be assembled using a difunctional “linker” molecule to mediate bonding between nanocrystals. The condi-
tions for gelation and the structure of the gel are controlled macroscopically by the linker concentration and microscopically by the linker’s
molecular characteristics. Here, we demonstrate using a toy model for a colloid–linker mixture that linker flexibility plays a key role in deter-
mining both phase behavior and the structure of the mixture. We fix the linker length and systematically vary its bending stiffness to span the
flexible, semiflexible, and rigid regimes. At fixed linker concentration, flexible-linker and rigid-linker mixtures phase separate at low colloid
volume fractions, in agreement with predictions of first-order thermodynamic perturbation theory, but the semiflexible-linker mixtures do
not. We correlate and attribute this qualitatively different behavior to undesirable “loop” linking motifs that are predicted to be more preva-
lent for linkers with end-to-end distances commensurate with the locations of chemical bonding sites on the colloids. Linker flexibility also
influences the spacing between linked colloids, suggesting strategies to design gels with desired phase behavior, structure, and, by extension,
structure-dependent properties.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0038672., s

I. INTRODUCTION

Inorganic nanocrystals (NCs) exhibit distinctive optoelectronic
properties such as quantum dot emission, localized surface plasmon
resonance (LSPR), and electrocatalytic activity that are controlled by
their size, shape, and composition.1–5 Properties of individual NCs
can be further modified in assembled colloidal structures through
coupling to neighboring NCs.6 Coupling effects, such as shifts in
the LSPR and enhancement of the local electric field, are sensitive
to the distance between (and also the number of) adjacent NCs,4,5 so
structure gives another powerful route to tune properties of mate-
rials made from NCs. Ordered NC structures such as superlattices
have long been sought,7 but only a limited number of (typically
close-packed) lattices have been realized.8 Gels, i.e., disordered
solid-like networks of NCs, are interesting alternative assemblies
because their open fractal structures can exhibit varying degrees

of NC connectivity, giving rise to tunable mechanical or optical
properties.9–11 NC gels have been proposed as photovoltaic mate-
rials and electrocatalysts,12–14 and the low NC density in gels also
makes them attractive candidates for dynamically reconfigurable
materials.15–19

There are various routes to NC gelation,20,21 but we have
recently demonstrated one controllable reversible strategy based on
dynamic covalent chemistry.22 Metal oxide NCs were functionalized
with ligands bearing an aldehyde group that could react with a com-
plementary hydrazide group on a difunctional “linker” molecule.
In qualitative agreement with theoretical predictions,23,24 gelation
occurred upon the addition of a sufficient amount of linker and
could be subsequently reversed upon its dilution. Linker-mediated
gelation is experimentally convenient because it is macroscopi-
cally controlled by the linker concentration rather than microscop-
ically controlled by the NC functionality. Furthermore, the large
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synthetic toolbox of organic chemistry offers significant tunability
via molecular design of the ligands or linkers. For example, the
length (molecular weight) of the ligand–linker complex not only
constrains the allowable spacing between two linked NCs but also
affects the phase behavior of the NC–linker mixture. We have shown
for a model NC–linker system that, at fixed linker-to-NC number
ratio, longer linkers compress the unstable region of the phase dia-
gram (where gels can form by arrested spinodal decomposition upon
quenching) to lower NC volume fractions.24

Internal molecular degrees of freedom, such as bending stiff-
ness, also play an important role in linker-mediated gelation. We
have found that flexible ligands (linkers) can form “self-links” or
“loops,” with difunctional linkers bonding both of their ends to
ligands on the same NC [Fig. 1(a)]. When present, such bonding
motifs tend to inhibit gelation.22,24 Similar behavior was recently
reported in hydrogels made from trivalent DNA nanostars linked
by difunctional double-stranded DNA.26 Double-stranded DNA is
a stiff molecule with a relatively large persistence length, but flex-
ibility can be added to a short DNA linker by including single-
stranded DNA joints near its ends.27 Double-stranded DNA linkers
with flexible joints produced a cluster fluid instead of the expected
gel because the linker was able to form a loop with two arms of the
same nanostar.26

Synthetic ligands and linkers can be designed to have chemi-
cal structures that span the flexible, semiflexible, and rigid regimes
of bending stiffness [Fig. 1(b)]. Here, we highlight a few poten-
tial synthetic strategies for realizing such molecules. Flexible
molecules, e.g., alkyl chains, are readily made by a variety of
techniques; in Ref. 22, we designed and synthesized a flexible
ligand for our NCs under amide coupling conditions that are
commonly used for preparing natural and unnatural polypep-
tides.28,29 At the other extreme, rigid (rodlike) molecules can be
realized using aromatic heterocycles with extended delocalization
of π-elections; for example, poly[benzol,2-d:5,4-d’bisoxazole-2,6-
diyl)-1,4-phenylene] (PBO) and poly[benzo 1,2-d:4,5-d’bisthiazole-
2,6-diyl)-1,4-phenylene] (PBZT) are rigid polymers consisting of
conjugated benzobisazole and benzobisthiazole rings, respectively.
Rigid polymers can be prepared under polymerization condensa-
tion conditions,30,31 but bonds between aryl rings will also form
under copper-, nickel-, or palladium-catalyzed cross-coupling con-
ditions,32–35 including Kumada,36 Negishi,37 Stille,38 and Suzuki39

FIG. 1. (a) Linkers forming a bridge between two colloids and a loop with the
same colloid. (b) Linkers with flexibility spanning the flexible, semiflexible, and rigid
regimes (top to bottom: βκ = 0, 7, and 28 for the model of Sec. II). All snapshots
were rendered using OVITO 2.9.0.25

coupling schemes. Semiflexible molecules, with stiffness intermedi-
ate between flexible and rigid molecules, can be produced by intro-
ducing flexible alkyl chains such as polyethylene glycol between rigid
planar aryl moieties under similar synthetic conditions used for rigid
molecules.40,41 Techniques such as Hiyama-coupling conditions42

can also incorporate methylene groups between aryl motifs.43–48 The
length of the flexible alkyl chains or number of methylene groups
between aryl motifs can be used to make the molecule more flexible
or rigid.

The large space of potential ligand and linker designs with
varying molecular weight and flexibility promises significant tun-
ability, but little is known theoretically about how flexibility might
affect the phase behavior and structure of linker-mediated NC gel
assemblies. To address this gap, here, we perform a fundamental
study using a toy colloid–linker model (Sec. II). Building on recent
work,24 we systematically introduce bending stiffness to the link-
ers and show (Sec. III) that the phase behavior is highly sensitive
to the number of loops that form; phase separation (gelation) is
suppressed by large loop fractions at fixed colloid and linker con-
centrations. Linker flexibility also systematically alters the gel struc-
ture (and, by extension, structure-influenced properties), suggest-
ing further avenues for engineering linker-mediated NC gelation
(Sec. IV).

II. MODEL AND SIMULATION METHODS
As in our previous work,24 we studied a colloid–linker mixture

having Nc colloids and N l linkers in a volume V at temperature T.
To focus on the effects of flexibility, we considered linkers that were
all linear chains having M = 8 beads of diameter d and mass m. The
colloids were modeled as larger beads with diameter dc = 5 d and
mass mc = 125 m. The linker-to-colloid number ratio Γ = N l/Nc of
the mixture was set to Γ = 1.5, and different values of the colloid
volume fraction ηc = Ncπd3

c/(6 V) were considered.
All particles were treated as nearly hard spheres interacting

through the core-shifted Weeks–Chandler–Andersen potential,49

βur(r) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

4
⎡⎢⎢⎢⎢⎣
( d

r − δij
)

12

− ( d
r − δij

)
6⎤⎥⎥⎥⎥⎦

+ 1, r ≤ d∗ij ,

0, r > d∗ij ,

(1)

where β = (kBT)−1, kB is Boltzmann’s constant, r is the distance
between the centers of two particles of types i and j, and δij = (di
+ dj)/2 − d shifts the divergence of the potential to account for
the diameters, di and dj, of each particle type. The cutoff for the
potential was chosen as d∗ij = 21/6d + δij to give a purely repulsive
interaction.

Within a linker, pairs of bonded beads were additionally joined
by finitely extensible nonlinear elastic springs,50

us(r) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−ksr2
s

2
ln[1 − ( r

rs
)

2
], r < rs,

∞, r ≥ rs.
(2)
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Standard parameter choices ks = 30 kBT/d2 and rs = 1.5 d were
adopted,51 and the average linker bond length was b ≈ 0.97 d. The
linker flexibility was controlled by including a bending potential
between sets of three consecutively bonded beads,52,53

uθ(θ) = κ(1 + cos θ), (3)

where θ is the angle between the beads and κ sets the bending
stiffness. For βκ > 2, the persistence length can be estimated as
ℓ ≈ βκd,52 which should be compared to the average contour length
L = (M − 1)b. The linker is considered flexible when ℓ≪ L, semiflexi-
ble when ℓ ≈ L, and rigid when ℓ≫ L. We studied bending stiffnesses
0 ≤ βκ ≤ 28 to span these regimes, giving ℓ/L ≲ 4.

Chemical bonding between functional end groups on the link-
ers with specific bonding sites on the colloids was modeled by fixing
six beads (each having nominal mass m and diameter d) on the sur-
face of each colloid at radius d∗cl ≈ 3.12 d. The end beads of the linkers
had a short-ranged attraction ub to the colloid bonding sites,

ub(r) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−ε exp[−( r
0.2 d
)

2
], r ≤ 0.5 d,

0, r > 0.5 d,
(4)

where ε sets the bond strength. The large βε limit corresponds
to potential experimental realizations of our model using dynamic
covalent chemistry to form strong but reversible bonds.22,54–56 Con-
sistent with this motivation, the colloid bonding sites also repelled
each other via Eq. (1) to ensure that only one site could bond with
one linker bead at a time. The sites were initially positioned at the
vertices of an octahedron, but we also investigated the effects of other
arrangements (Sec. III C).

We performed classical molecular dynamics simulations of our
model using LAMMPS (22 Aug 2018).57 The integration time step was
0.001 τ, where τ =

√
βmd2 is the unit of time, and constant temper-

ature was maintained using a Langevin thermostat with a friction
coefficient 0.1 m/τ applied to each linker bead and colloid. Ran-
dom initial configurations of Nc = 1000 colloids and N l = 1500
linkers were prepared in cubic simulation boxes under periodic
boundary conditions. The colloid volume fraction was varied from
0.01 ≤ ηc ≤ 0.15 to focus on the dilute conditions typically relevant
for preparing low-density nanocrystal gels.9–14 For a given bending
stiffness κ, the configurations were first equilibrated for 0.5 × 104

τ without any attraction (βε = 0). Next, the attraction was slowly
switched on to βε = 10 over a period of 104 τ using a linear ramp,
followed by a 104 τ equilibration period. We then linearly ramped
the attraction to βε = 11 over a period of 0.5 × 104 τ and held it
constant for 1.5 × 104 τ. We saved the configuration from the end
of this period and repeated the incrementing process until βε = 20.
Finally, production simulations of 104 τ were performed at each ηc
and ε with configurations sampled every 10 τ for analysis.

In order to determine approximate phase boundaries for the
colloid–linker mixture, which give guidance about conditions that
may lead to gelation, we computed the partial static structure factor
of the colloids,58

Scc(q) =
1

Nc
⟨

Nc

∑
j,k

e−iq⋅(rj−rk)⟩. (5)

Here, q = (2π/V1/3)n is a wavevector in the cubic box of volume V,
n is a vector of integers, and rj is the position of the jth colloid. The
angle brackets indicate an ensemble average, which was computed as
a time average. We determined the average Scc(q) for the 22 smallest
nonzero wavevector magnitudes q = |q| and extrapolated to q = 0 by
fitting a Lorentzian form,59

Scc(q) ≈
Scc(0)

1 − (qξcc)2 , (6)

where ξcc is a correlation length. We operationally defined structures
having Scc(0) > 10 to be phase separated.23,24,60

III. RESULTS AND DISCUSSION
A. Phase behavior

The phase behavior of a dilute mixture of colloids and semi-
flexible or rigid linkers is expected to be qualitatively similar to
that of mixtures of patchy colloids23 or colloids and flexible link-
ers.24 The homogeneous colloid–linker mixture is typically thermo-
dynamically stable when the attraction between the colloids and
linkers is weak (small βε) but can become unstable to composi-
tion fluctuations when the attraction is strong (large βε) and enough
linker is added (increasing Γ), leading to separation into colloid-rich
and colloid-lean phases. We note that the stable fluid phase can be
reentrant with respect to Γ,23,24 but our simulations are performed
in the linker-limited regime where increasing Γ destabilizes the
fluid.

The thermodynamically unstable regions of the phase diagram
are demarcated by the spinodal boundary.58,61 Mixtures prepared
inside this region will spontaneously phase separate by spinodal
decomposition, and this process typically produces kinetically
arrested gels.20 Mixtures prepared outside both the spinodal region
and the binodal region (demarcating true phase coexistence) remain
single phase but can form gels if the lifetime of the linker-mediated
connections between colloids becomes long compared to the obser-
vation time.20,62 Because of their inherent thermodynamic stability,
these “equilibrium gels” are more resistant to aging than gels formed
by arrested spinodal decomposition. Theoretical knowledge of the
phase diagram can guide the design of materials that controllably
gel by one these routes.

We previously applied Wertheim’s first-order thermodynamic
perturbation theory (TPT)63–67 to predict the conditions for phase
separation in a mixture of colloids and fully flexible (βκ = 0) link-
ers.24 Within TPT, the Helmholtz free-energy density a is decom-
posed into two contributions, a = a0 + ab. a0 is the free-energy
density of a reference system without bonding between components,
and ab is the free-energy density due to bonding. For fully flexi-
ble linkers, the hard-chain fluid67 is a useful reference system and
has

βa0 = βaid + βaex
hs −∑

i
ρi(Mi − 1) ln g(ii)hs (d

+
i ). (7)
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The first term is the free-energy density of an ideal gas of chain
molecules,

βaid =∑
i
ρi[ln(Λ3

i ρi) − 1], (8)

where the sum is taken over the different components i, each of
which consists of chains of Mi beads of equal diameter di. Here, ρi is
the number density, and Λi is the thermal wavelength of component
i. For our model, there are two components: colloids each having Mc
= 1 bead of diameter dc and with ρc = 6ηc/(πd3

c) and linkers having
Ml = M beads of diameter d and with ρl = Γρc. The second term in
Eq. (7) (aex

hs) is the excess free-energy density of the hard-sphere fluid
obtained by dissociating all bonds from the chains,68,69

βaex
hs =

6
π
[( ξ

3
2

ξ2
3
− ξ0) ln(1 − ξ3) +

3ξ1ξ2

1 − ξ3
+

ξ3
2

ξ3(1 − ξ3)2 ], (9)

where ξν = ∑i ρiMiπdν
i /6. The third term is the excess free-energy

density of chain formation,67 where g(ii)hs (d
+
i ) is the contact value of

the radial distribution function for two beads of component i in the
hard-sphere fluid.68 Note that Eq. (7) corrects a typographical error
in Eq. (5) of Ref. 24, where the ideal gas and excess hard-sphere free
energies were incorrectly described; Ref. 24, in fact, used Eq. (7) to
perform calculations.

To compute the bonding free-energy density ab, it is usually
assumed that, to first order, each site can bond with at most one
other site, that bonding is uncorrelated between sites, and that only
treelike bonded networks form.70 For a mixture of components each
having ni identical bonding sites, ab can be expressed as67

βab =∑
i
ρini[ln Xi +

1
2
(1 − Xi)], (10)

where Xi is the fraction of sites not bonded on component i. In our
model, the colloids have nc = 6 sites and the linkers have nl = 2
sites. The values of Xi are determined by the chemical equilibrium
equations,

Xi =
⎛
⎝

1 +∑
j
ρjnjXjΔij

⎞
⎠

−1

, (11)

where only Δcl is nonzero for our model and is given by71

Δcl =
1

8π2 ∫ dr dΩ dR p0(R)g(cl)
0 (r,R)f (cl)(r,Ω,R). (12)

Here, r is the vector from the center of the colloid to the end of
the linker participating in the bond, Ω is the vector of Euler angles
defining the orientation of the colloid, and R is the end-to-end vec-
tor of the linker. The integrand is the product of the distribution
of end-to-end vectors p0(R) in the hard-chain reference fluid, the
colloid–linker pair correlation function g(cl)

0 in the hard-chain ref-
erence fluid, and the Mayer f -function f (cl) for a designated bonding
site on the colloid and the end of the linker at r. The f -function,

and hence the integrand, is nonzero only when the two sites inter-
act, which occurs over a short range given the form of Eq. (4). Δcl
can be regarded as a “bond volume” averaged over orientations
of the colloid and conformations of the linker. We evaluated Δcl

using the same methodology as in Refs. 71–74, where p0 and g(cl)
0

were obtained from simulations of the hard-chain reference fluid;
complete details are given in the supplementary material.

Given the Helmholtz free energy a, the spinodal boundary can
be computed using the matrix H of second derivatives with respect
to density,61 where Hij = ∂2a/∂ρi∂ρj. The limit of stability occurs
when the determinant of H is zero. (We omit the additional cal-
culation of the binodal boundary because it is more challenging to
determine than the spinodal boundary23 and was previously found
to be highly similar to the spinodal boundary for flexible linkers with
M = 8 beads.24) For the fully flexible linkers (βκ = 0), the TPT pre-
dictions are in good agreement with the simulations [Fig. 2(a)]. (The
TPT predictions are also improved compared to Ref. 24 because
Eq. (12) uses a more accurate approximation of the pair correla-
tion function.) Phase separation was mainly observed in the sim-
ulations inside the TPT spinodal; Fig. 2(b) shows a representative
phase-separated morphology at ηc = 0.03 and βε = 20. We previously
investigated how the phase behavior of mixtures of colloids and fully
flexible linkers depended on the linker length,24 so here, we focus on
the role of flexibility.

As a perturbation theory, the TPT free energy is sensitive to
the reference fluid model, i.e., without linking. In particular, the
free-energy density a depends on both the reference fluid’s equa-
tion of state, which determines a0, and its structure, which enters
ab through Δcl. We hence expect similar phase behavior for different
bending stiffnesses κ if the equation of state and relevant structures
of the reference fluid do not depend strongly on κ. We performed
simulations of mixtures having βε = 0 and Γ = 1.5 and varied ηc and
κ, and we measured the pressure P [Fig. 2(d)], the distribution of
linker end-to-end vectors p0(R) (Fig. 3), and the pair distribution
function g(cl)

0 (Figs. S1 and S2). The pressure changed negligibly with
κ and was fully consistent with the pressure derived from Eq. (7).67

The end-to-end vector distribution p0(R) changed significantly with
κ, shifting its peak to larger R = |R| for larger κ as expected. The pair
distribution function g(cl)

0 was again far less sensitive to κ. It tended
to be less than 1 for conformations relevant to evaluating Eq. (12)
due to the depletion of the polymer-like chains near the surface of
the colloid,75 with slightly larger values for the stiffer linkers. Over-
all, the change in Δcl at βε = 20 was only 30% between βκ = 0 and
βκ = 28.

Given this analysis of the reference fluid, we expected similar
phase behavior at all values of κ. Indeed, for βκ ≳ 10.5 (the rigid link-
ers), the simulated phase diagrams were essentially the same, closely
resembling that at βκ = 0 and the TPT predictions. Surprisingly, the
semiflexible linkers (1.75 ≤ βκ ≲ 7) exhibited very different behavior
than predicted by first-order TPT. For βκ = 1.75 and 3.5, only minor
structuring was detected at all ηc and ε, with Scc(0) well below the
threshold we considered phase separated. This difference was visu-
ally apparent in simulation snapshots taken under conditions inside
the TPT spinodal. Unlike when βκ = 0 [Fig. 2(b)], significant colloid
density variations were not visible at ηc = 0.03 and βε = 20 when
βκ = 3.5 [Fig. 2(c)]. The lack of phase separation for only the
semiflexible linkers could not be explained using first-order TPT.

J. Chem. Phys. 154, 074901 (2021); doi: 10.1063/5.0038672 154, 074901-4

Published under license by AIP Publishing

 30 January 2024 18:14:41

https://scitation.org/journal/jcp
https://www.scitation.org/doi/suppl/10.1063/5.0038672


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

FIG. 2. (a) Phase diagrams for colloids mixed with linkers of varying bending stiffness κ in the (ηc, ε) plane at Γ = 1.5. The lines show the spinodal boundary computed from
first-order TPT, and the grayscale map gives the colloid partial structure factor extrapolated to zero-wavevector, Scc(0), from the simulations. Large values of Scc(0) indicate
phase separation in the simulations; usually, Scc(0) > 10 is considered separated. Snapshots are shown at ηc = 0.03 and βε = 20 for (b) a nonuniform (phase-separated)
morphology when βκ = 0 and (c) a more uniform morphology when βκ = 3.5. (d) The pressure P of the reference fluid without linking was similar for all κ and in good
agreement with the theoretical pressure of the hard-chain fluid (black line).

B. Linker loops

We suspected that the striking discrepancy between the simu-
lations and TPT for the semiflexible linkers was caused by certain
linking motifs that are prevalent in the simulations at these flexibil-
ities but are not accounted for in first-order TPT. In previous work,
we have speculated that the presence of cycles within the graph rep-
resenting the bonded network of colloids and linkers might suppress
phase separation.22,24 In particular, we hypothesized that for a fixed
total amount of linker Γ, the fluid phase might be stabilized if a sub-
stantial number of linkers formed “loops” by attaching both ends to
the same colloid, rather than forming “bridges” between two differ-
ent colloids; a similar explanation was recently proposed for the lack
of gelation in DNA hydrogels linked with flexible joints.26 This def-
inition of a loop, which can also be interpreted as a “double bond”
between a linker and a colloid, is the smallest cycle that can form, and
other cycles such as double links between two colloids are included
with the bridges here.

We counted the number of linkers forming either bridges or
loops in our simulations (Fig. 4), focusing on the strong attraction
regime (βε = 20) where essentially all linkers had both ends bonded
in one of these motifs. For the fully flexible linkers, a small fraction
of linkers formed loops [Fig. 4(b)] rather than bridges [Fig. 4(a)] at
all ηc, with the loop fraction tending to be smaller at larger ηc. An
overwhelming majority of rigid linkers formed bridges at all ηc, con-
stituting ≥90% of the links for βκ ≥ 14. Interestingly, and consistent
with our hypothesis, there was a pronounced increase in the loop
fraction [Fig. 4(b)] for the semiflexible linkers, which had a maxi-
mum at roughly βκ = 3.5. At ηc = 0.03, nearly 50% of the linkers
formed loops when βκ = 3.5 and the mixture remained essentially
single phase, despite phase separating for both the fully flexible and
rigid linkers [Fig. 2(a)].

We recently extended first-order TPT to include linker loops
(double bonds),71 and this theory readily predicts the fraction of
linkers forming bridges or loops in a spatially homogeneous fluid at
equilibrium. We computed these fractions at ηc = 0.03 and ηc = 0.15
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FIG. 3. Distribution of the linker end-to-end vector R in the reference fluid as a
function of the end-to-end distance R = |R| at ηc = 0.01 and Γ = 1.5 and different
bending stiffnesses κ. Curves are empirical fits of the distributions used to eval-
uate Eq. (12) [Eq. (S12)]. The inset shows the average end-to-end distance ⟨R⟩
as a function of κ. The arrow and dotted line indicate the distance between neigh-
boring vertices of the octahedron,

√

2d∗cl . The normalization of p0(R) is such that
∫dRp0(R) = 1.

for all chain flexibilities using a similar methodology as in Ref. 71;
numerical details are given in the supplementary material. The TPT
predictions for the fraction of linkers forming loops are in excel-
lent agreement with the simulations (Fig. 4), supporting the notions

FIG. 4. Fraction of linkers forming (a) bridges between colloids and (b) loops to
the same colloid in the simulations (filled symbols) and TPT incorporating loops
(open symbols) as a function of bending stiffness κ at βε = 20 and Γ = 1.5. Results
are shown at two values of ηc, one of which phase separated in some of the
simulations (ηc = 0.03) and one of which did not (ηc = 0.15).

that (1) loops are equilibrium bonding motifs and (2) for the stud-
ied colloid bonding site geometry and linker length, loops are more
prevalent at intermediate flexibilities. We note that the TPT calcula-
tions of the loop fraction assume a single homogeneous phase, but
phase separation occurs in the simulations at ηc = 0.03, so some
quantitative differences might be expected;71 this does not seem to
qualitatively affect the result.

The maximum in the loop fraction with respect to κ can
be understood using the distribution of linker end-to-end vectors
(Fig. 3). In order to form a loop, both ends of the linker must
attach to sites on the same colloid, so loops become more preva-
lent when it is more probable for the linker to have an end-to-end
distance commensurate with the colloid site–site distance. We con-
sider only loops between patches at neighboring vertices of the octa-
hedron, which are separated by distance

√
2d∗cl (arrow in Fig. 3),

because loops between vertices on opposite hemispheres of the col-
loid are forbidden by the linker contour length. As κ increases,
this end-to-end distance initially becomes more probable but then
becomes significantly less likely once the linkers become rigid. The
average end-to-end distance ⟨R⟩ (inset of Fig. 3) is also compara-
ble to the site–site distance (dotted line) in the semiflexible regime
where the most loops are observed. Qualitatively, the flexible linkers
pay an entropic penalty to stretch beyond their preferred size and
form a loop, while the rigid linkers pay a bending-energy penalty
to do the same; in contrast, the semiflexible linkers are naturally
compatible with the length scale required to form loops in our
model. As a result, we would expect a linker with a slightly shorter
(longer) contour length to form the maximum number of loops at
a larger (smaller) bending stiffness κ if the distance between col-
loid bonding sites is held constant. These effects of flexibility mea-
sured by p0 manifest in the TPT as an increase in the double-bond
volume,71 which is nearly three times larger when βκ = 3.5 than
when βκ = 0.

C. Colloid bonding site geometry
An immediate consequence of this interpretation is that the

loop fraction should also depend on the distribution of distances ξ
between bonding sites on the colloids. A distribution p(ξ) that over-
laps significantly with p0(R) should favor loop formation, while an
incompatible p(ξ) should produce fewer loops. The impact of the
colloid bonding site geometry on loop formation is not only of the-
oretical interest but also a practical consideration for experiments,
where p(ξ) might be determined by the details of the surface func-
tionalization and polydispersity in surface characteristics is inherent
to synthesis. To test the sensitivity of properties to the bonding site
geometry, we randomly displaced the colloid bonding sites from
their initial positions at the vertices of an octahedron. As illustrated
in Fig. 5, each site was perturbed by a uniformly random amount
on the surface of the sphere with radius d∗cl up to a maximum polar
angle ϕ∗. Adjusting ϕ∗ varies p(ξ) from a perfectly monodisperse
distribution at ϕ∗ = 0 to a broad distribution at ϕ∗ = 0.6 (Fig. 5),
which is close to the maximum polar angle that still guarantees two
sites will not overlap. [We include in p(ξ) only the distances between
sites that were initially nearest neighbors on the octahedron, as these
are the ones most likely to form loops even after being displaced.]
Generating bonding site polydispersity in this way ensures that the
average site–site distance ⟨ξ⟩ remains nearly constant (decreasing
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FIG. 5. Distribution of the distance ξ between pairs of colloid bonding sites that
were initially nearest neighbors. The sites are perturbed by a displacement drawn
uniformly using spherical coordinates with a maximum polar angle ϕ∗. The inset
shows the average of ξ as a function of ϕ∗. The normalization of p(ξ) is such that
∫dξp(ξ) = 1.

only 2% over the entire ϕ∗ range) and allows us to isolate the
effects of site polydispersity from effects of the average site–site
distance.

We simulated the colloid–linker mixture with polydisperse
bonding sites at ηc = 0.03, which is inside the first-order TPT spin-
odal and led to phase separation for the flexible and rigid linkers.
We will again focus on the loop fraction and phase behavior in the
strong attraction limit βε = 20. For ϕ∗ ≤ 0.2, the bridge and loop
fractions were nearly unchanged from the monodisperse (ϕ∗ = 0)
case, with the loop fraction having a maximum for the semiflexi-
ble linkers (Fig. 6). Further increase in ϕ∗ significantly increased the
loop fraction for the flexible linkers, but the rigid linkers were less
affected. It is sensible that increasing ϕ∗ had a more dramatic effect
on the flexible linkers than the rigid linkers because p0(R) for the
flexible linkers is broad (Fig. 3); perturbing the colloid bonding sites
brings some sites closer together (Fig. 5) where there are probable
flexible-linker conformations that previously did not produce loops.
For the rigid linkers, increasing ϕ∗ did little to increase the overlap
between the two distributions, and the loop fraction correspondingly
changed little with ϕ∗.

We also measured the colloid partial structure factor Scc(0)
[Fig. 7(a)] to interrogate how the thermodynamic stability of the
fluid phase depended on ϕ∗. We show only the results for βκ ≤ 7
because all rigid-linker mixtures phase separated regardless of ϕ∗.
Based on the measured loop fractions, we expected and observed
similar phase behavior when ϕ∗ ≤ 0.2 as for the monodisperse
(ϕ∗ = 0) bonding site geometry, with Scc(0) consistent with a lack of
phase separation in the semiflexible-linker mixtures. For larger ϕ∗,
phase separation was also suppressed for the flexible linkers, which
had a significant increase in the loop fraction. Indeed, we found
a strong negative correlation between Scc(0) and the loop fraction
[Fig. 7(b)]; Scc(0) indicated phase separation when less than 30% of
linkers formed loops. This strongly suggests that controlling the loop
fraction, e.g., by designing the linker length or flexibility, is a key

FIG. 6. Fraction of linkers forming (a) bridges between colloids and (b) loops to
the same colloid in the simulations as a function of bending stiffness κ with varied
maximum bonding-site displacement ϕ∗ at βε = 20, ηc = 0.03, and Γ = 1.5.

component of engineering the phase behavior of the colloid–linker
mixture and the conditions that may lead to gelation.

D. Structure
So far, we have focused our discussion on controlling phase

behavior, but in our previous work with flexible linkers, we showed

FIG. 7. (a) Colloid partial structure factor Scc extrapolated to the zero-wavevector
as a function of bending stiffness κ for varied maximum bonding-site displacement
ϕ∗ at the same state point as in Fig. 6. The dashed line indicates Scc(0) = 10,
above which we consider the dispersion to be phase separated, and only results
for βκ ≤ 7 are shown because Scc(0) > 30 for all ϕ∗. (b) Scc(0) as a function of
the loop fraction [Fig. 6(b)]; colors correspond to different values of ϕ∗ in (a) and
symbols designate different κ.
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that adjusting the linker length also gave control over the
microstructure of the assembled colloids.24 Longer linkers having
larger ⟨R⟩ tended to increase the spacing between colloids, which
may have important consequences for the optical properties of gels
containing plasmonic nanocrystals.4,5 Linker flexibility gives another
potential handle to control the colloid microstructure because semi-
flexible or rigid linkers have larger ⟨R⟩ than flexible linkers of equal
contour length (Fig. 3).

We measured the colloid–colloid pair correlation function g(cc)

(Fig. S3) for various compositions and flexibilities in the strong
attraction limit (βε = 20). We focused on the position rmax of the
maximum in g(cc) [Fig. 8(a)], which identifies the typical distance
to a colloid’s nearest neighbor. At small ηc, rmax shifted to larger
distances with increasing κ, which is consistent with the corre-
sponding increase in ⟨R⟩. Interestingly, this shift did not depend
on whether the mixture phase separated, and rmax was nearly con-
stant for a given κ when ηc ≲ 0.10. At larger ηc, rmax decreased
with increasing ηc and ultimately reached nearly the same value
for all κ at ηc = 0.15. The flexible linker seems to be an excep-
tion, having nearly constant rmax over the entire range of ηc we
simulated.

Due to many-body effects in the linked-colloid assemblies, the
measured rmax cannot be simply explained using only the average
end-to-end size of the linker ⟨R⟩. Assuming a colinear arrangement
of two colloids and a linker, we might expect rmax ≈ 2d∗cl +⟨R⟩, which
is 9.7 d and 12.7 d for βκ = 0 and 28, respectively; both are con-
siderably larger than the measured rmax. To obtain a smaller rmax,
the linkers must either compress or connect two colloids at an angle
with each other. A significant decrease in the end-to-end distance of
the rigid linkers would incur a large bending penalty and is unlikely,
so we accordingly measured the bond angle θ between pairs of linked
colloids [Fig. 8(b)]. We defined θ using the center and bonded patch
of the first colloid and the bonded patch on the second colloid.
The distribution of bond angles showed predominantly colinear

FIG. 8. (a) Radial distance rmax of the maximum value of g(cc) as a function of
ηc for different bending stiffnesses κ at βε = 20 and Γ = 1.5. (b) Distribution of
linker bond angles θ for different bending stiffnesses κ at βε = 20, ηc = 0.15, and
Γ = 1.5. The normalization of p(θ) is such that ∫π0 dθ sin θp(θ) = 1.

arrangements (θ = π) for the flexible linkers, but as κ increased, the
bond angles were forced toward more right-angle (θ = π/2) arrange-
ments. This change in θ allows the colloids to pack closely without
compressing the linker and seems to suppress the formation of a
single dominant length scale in the assemblies, producing a more
uniform distribution of pair distances (Fig. S3).

IV. CONCLUSIONS
We have shown that flexibility can play an important role in

determining the phase behavior and structure of linked colloidal
assemblies. In our simulations of a toy model for a colloid–linker
mixture, phase separation, which can lead to gelation, was sup-
pressed when the linker’s internal degrees of freedom allowed it
to readily attach both of its ends to the same colloid in a “loop.”
This finding is fully consistent with recent experiments with trivalent
DNA nanostars,26 despite the significantly higher number of poten-
tial bonding sites on the colloids we studied. The linker loop fraction
can be predicted theoretically using an extension of thermodynamic
perturbation theory.71 If phase separation is desired, the linker con-
centration may be increased to help replace linkers lost to loops,22

or more efficient linking molecules may be designed to have size,
flexibility, or functionality that disfavors or disallows loops. Linker
flexibility also gives a handle for controlling the microstructure of
the assembled colloids, particularly at small ηc; however, changes in
the size of the linker with flexibility do not straightforwardly propa-
gate to the typical colloid–colloid separation, especially at larger ηc.
Since many nanoparticle gels are prepared at relatively low volume
fractions, flexibility may still be a viable strategy for controlling both
the gel microstructure and phase behavior. Assembly schemes that
use mixtures of linkers having different lengths as well as different
flexibilities are especially intriguing, as they may give independent
tunability of phase behavior and microstructure.24

SUPPLEMENTARY MATERIAL

See the supplementary material for details of the TPT calcula-
tions including loops, simulated reference fluid data, and colloid–
colloid pair correlation functions in linked assemblies.
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