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The effect induced by an environment on a composite quantum system is studied. The
model considers the composite system as comprised by a subsystem A coupled to a
subsystem B which is also coupled to an external environment. We studied all possible
four combinations of subsystems A and B made up with a harmonic oscillator and an
upside down oscillator. We analyzed the decoherence suffered by subsystem A due to an
effective environment composed by subsystem B and the external reservoir. In all the
cases we found that subsystem A decoheres even though it interacts with the environment
only through its sole coupling to B. However, the effectiveness of the diffusion depends on
the unstable nature of subsystem A and B. Therefore, the role of this degree of freedom
in the effective environment is analyzed in detail.
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1. Introduction

Decoherence is the process by which most pure states evolve into mixtures due
to the interaction with an environment.! The very notion of a quantum open
system implies the appearance of dissipation and decoherence as an ubiquitous
phenomena and plays important roles in different branches of physics?* (from
quantum field theory,® 7 many body and molecular physics to theory of quan-
tum information), biology and chemistry. Very often, a large system, consisting
of two or a few subsystems (degrees of freedom) interacting with their environ-
ment (thermal bath comprising a large number of degrees of freedom), can be
adequately described as a composite system. Examples include electron transfer
in solution,® a large biological molecule, vibrational relaxation of molecules in so-
lution, excitons in semiconductors coupled to acoustic or optical phonon modes.
Quantum processes in condensed phases are usually studied by focusing on a small
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subset of degrees of freedom and considering the other degrees of freedom as a
bath.

Another interesting aspect is referred to the quantum to classical transition. The
emergence of classicality is a typical consequence of having the quantum system in
direct interaction with the external world. In fact, decoherence is the main ingredi-
ent in order to find classicality. The interaction between system and environment
induces a preferred basis which is stable against this interaction and becomes a
classical basis in the Hilbert space of the coupled system. Preferred pointer states
are resilient to the entangling interaction with the bath. This “einselection” (envi-
ronment induced superselection) of the preferred set of resilient pointer states is the
essence of the environment. It is accepted that a rapid loss of coherence caused by
the coupling with the environment is at the root of the non-observation of quantum
superpositions of macroscopically distinct quantum states.”

In this article, we analyze the decoherence induced in a composite quantum
system, in which an observer can distinguish between two different subsystems, one
of them coupled to an external environment. Our composite system is composed
by a subsystem A coupled to a subsystem B which is also bilinearly coupled to an
external environment £. The coupling to this external environment is only through
subsystem B. Subsystem A remains isolated from £ but for the information delivered
by B through a bilinearly coupling between subsystems A and B. We will consider
the thermal bath to be at high temperature and will work in the underdamped
limit.

In order to investigate this problem we mainly consider a simple model where
subsystem A is represented by a harmonic oscillator and subsystem B is an upside-
down one. The main motivation for studying this model is twofold. On the one hand,
it is of interest to deepen and enlighten previous analysis of decoherence induced by
chaotic environments. The upside-down oscillator has recently been used to model
a chaotic environment which induces decoherence on the system.!? Even though
it is an oversimplified model for a chaotic environment, it displays exponential
sensitivity to perturbations, which is crucial in order to analyze chaotic evolutions.
On the other hand, we want to emphasize that isolation from a chaotic environment
is difficult, as has been noted in Ref. 12. Moreover, it is even harder to isolate a
system from a chaotic environment than from the many harmonic oscillators of
the quantum Brownian motion environment. In this context, we shall consider two
different cases. Firstly, the case where the chaotic degree of freedom is part of the
environment (i.e. an unstable system B) and is directly coupled to an external
reservoir £ and to another subsystem A with different bare frequencies. Secondly,
the case where subsystem A is unstable and directly coupled to a harmonic oscillator
(subsystem B) which is also coupled to an external bath £. These are the extension
of previous works done in Ref. 12 and Refs. 13-15 for the first and second case,
respectively. In both situations, we will estimate the decoherence time, which is the
usual scale after which classicality emerges and is different for each case. We will
show the dependency of these times with the parameters of the model.
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The analysis is completed by the inclusion of the other two different possibilities
for the quantum composite system, i.e. a composite system constituted by a subsys-
tem A coupled to subsystem B, both harmonic oscillators, and a composite system
formed by subsystem A coupled to subsystem B, both inverted oscillators. As in
the other two cases mentioned above, subsystem B is also coupled to an external
reservoir €. All in all, we have four different composite systems to analyze.

For each and every situation, we study the dynamics of the subsystem A. Not
only did we study the influence of “its” environment (formed by subsystem B and
&) at high temperature but also in the absence of the external reservoir €. In every
case, we conclude that decoherence is faster in the case in which subsystem A is
unstable. However, different conclusions can be arrived at when the subsystem A is
a harmonic oscillator. All the cases studied in this paper have different decoherence
time-scales associated, depending not only on the external temperature, but also on
the type of subsystem one is considering in turn. Each case develops a different dy-
namics, being possible, sometimes, to find a quantum open system described using
mixed quantum-classical dynamics!®1! (part of the composite system completely
decohered while others did not).

In previous articles, a different composite system has been considered. For ex-
ample, in Ref. 16, subsystem A is taken to be a two-level system which is bilinearly
coupled to a single harmonic oscillator B-subsystem; which is also coupled to an
Ohmic (or super-Ohmic) set of infinite harmonic oscillators. Authors have shown
that subsystem B losses coherence more rapidly than subsystem A, which main-
tains coherence for longer periods of time. This two-level composite system was also
studied in Ref. 17 in order to look at the exact solutions for the dynamics of the
reduced density matrix of the composite system AB. Even though the composite
system presented in this paper might appear to be similar to the one in Ref. 16 and
17, it has a different dynamics and therefore is of interest to investigate it sepa-
rately. This article is an extended version of Ref. 18, where we firstly presented our
model and numerically evaluated the decoherence times in every case. Here, we are
showing a complete analytical development of the influence functional method for
the composite system (what is not included in Ref. 18). From the influence action
we evaluate the diffusive corrections to the master equation, and we complete the
analysis about decoherence times, providing analytical and numerical estimations
of the decoherence times, based on the inverted oscillators’ dynamics in the phase
space.

The paper is organized as follows. In Sec. 2 we present our model and evaluate
the influence functional for each of the considered cases, in order to compute, in
Sec. 3, the diffusion coefficient of the master equation for the subsystem A. We
evaluate diffusion analytically. Section 4 is devoted to the analysis of the decoher-
ence process. This is done by means of the decoherence factor. Section 5 contains
our final remarks and in the Appendix we include details of the calculations.
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2. The Model: Composite Quantum System in an External
Environment

2.1. General formulation

We consider a ABE quantum system consisting of three coupled subsystems: sub-
system A is coupled directly to subsystem B while subsystem B is in direct contact
with an external environment £. The total ABE classical action is,

Slz,q,Q] = Salz] + Sslg] + Se[@] + Sag[z,q] + Swelg, Q] - (1)

In the spirit of the quantum Brownian paradigm, the environment is taken to
be a set of N independent harmonic oscillators with frequencies @,,, masses m,, and
coordinates and conjugate momenta (Q7 P) = (Ql, R QN, ]317 R PN) so that the
classical action is

t
= [ as > T - aiad. &)

Subsystem B consists of a single oscillator (upside-down or harmonic, depending
on the case considered) with bare mass Mg, frequency € and coordinate operator

qA’
a0 = [ a5 £ 0%07). 3

The interaction between subsystem B and the thermal environment is assumed
to be bilinear,

sint — / a5 3" cna(5)Qn(s) (4)

where ¢, is the coupling constant to the nth oscillator. The environment is charac-

terized by the spectral density Is = 7Y d(w—wy, ). For simplicity, we assume

n 2mnwn
an Ohmic environment, with the following spectral density Ig(w) = 2M 70(])6_1_;,
where A is a physical cutoff, related to the maximum frequency present in the
environment.

Finally, we consider subsystem A consisting of a single oscillator (again, this
oscillator can be an upside-down or harmonic one) with coordinate operator &
whose classical action is

/ ds— (32 + w2a?). (5)

We suppose that subsystem A is bilinearly coupled to subsystem B by the
interaction term

Sint — / dsz(s)q(s) (6)
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The dynamical properties of interest can be computed from the density matrix
of the system at time ¢. The complete density matrix may be written in integral
form in terms of the total propagator (we are setting the initial time ty = 0)

K(x,q,Q;tlz0, q0, Qo; 0) = K (t0) = (2¢Q| exp(—iHt/h)|z0q0Q0) (7)

as
.0, Q2 Q) = / dzodzy dgodqydQudQu K (Hl0)p(O)K*(H0).  (8)

We are primarily interested in the dynamics of the composite AB-system under
the influence of the external environment £. In such a case, the relevant quantity to
analyze is the reduced density matrix p,, obtained by integrating out the environ-
mental degrees of freedom. Such a reduction is especially correct if the characteristic
time scale of the environment (which essentially is 1/A) is much shorter than those
for the subsystem A and subsystem B. As is usually done, we assume a factorized
initial condition between the composite system AB and the environment &,

ﬁ(‘r07 Zo’, 40, 4907, Q07 QO'; O) = ﬁAB('IOa Zo’, 40, 9073 O)ﬁg(Q(% QO'; O) ) (9)

and the external environment initially in thermal equilibrium at temperature T.
In this way we can write the integral form of the reduced density matrix at time
t as

ﬁr(zaz,7Q7 qlat) = /dll}odl}olququ/jr(I7I‘/,q, q/;t|z07x0/7Qan0';0)

X paB(To, Zors Q0,905 0) (10)

where the reduced time evolution operator jr is
jr(m; mI7 q, ql7 t|.’170, Zo’, 490,490, O) = / dQOdQOA{%(.’I% q, Qa t‘an q0, Q07 O)PS(QO7 Q0'7 O)

XK*(zlaql7Ql;t|x0/7q0'7Q0';O)' (11)

Given the initial conditions mentioned above, this expression for the reduced
density matrix specifies a non-Markovian time evolution since the solution at time
t depends on its past history. In the following we will use the influence functional
method for deriving the master equation. This method provides us a way to obtain
a functional representation of the evolution operator J, for the reduced density
matrix.

2.2. Influence functional method

The formulation of the reduced density matrix in terms of an influence functional
is widely discussed in the literature.'® 2! In the present paper, we will extend it
to the composite AB-system, comprising two oscillators (harmonic or inverted).
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In the general setting, the evolution operator J for the full density matrix p is
p(t) = J(t,0)p(0), where

j(ﬂ#}fa Qfa méa CI§7 Q£|x07q0a QOa 3767%; QB)

xf qr Qr ;
= / D:L'/ Dq DQ@ES(I"I’Q)
qo0 Qo

/ / @ preisetaa), (12)
5 Q()

The path integrals are over all histories compatible with boundary conditions. As
was mentioned in the section above, our primary interest is in the effect of the
external environment on our composite system AB. Therefore, we need the reduced
density matrix for the AB system, defined as

+oo +oo
pr(z, 2", q,q) =/ dQ/ dQ'p(z,¢,Ql7’,¢',Q")(Q - Q'), (13)
and the evolution in time is given by the reduced evolution operator Jy

“+oo +oo
pr(:v,:v',q,q’;t):/ / dzodz(dgodq)J:(t|0)pas(zo, 2, 90, q0;0) . (14)

Assuming total separable initial conditions as mentioned above, the reduced
propagator is

J (33f733f7(Jfa qf7t|x0a mOa q07q07 )

/ Dm/ Da’ /quq Dq /ot (Sa(z)=Sa(z"))
q0 at

% e# (98()=SB(d) o 7 (San(@,a)~San(z’,q ))F(377 2',q,q'), (15)

where F(x,2',q,q') is the Feynmann—Vernon influence functional’® (now for the
composite system) given by

Flo,o,0,d) = /+°°de /+°°on /+°°de / re [ DQ

« ot (Se(@)+5Be(0,Q)—8:(Q")—SBe(¢',Q’ ))PE(QO; QB)
é

— et 1‘1(1’,9&',(1,(1')7 (16)

where §A(x,2’,q,q') is the influence action for the AB composite system. Thus,
we can define A(x,2’,q,q’) as the coarse graining effective action: A(z,z’,q,q¢") =
SA(x) - SA(‘%J) + SB(Q) - SB(qI) + SAB(ma Q> - SAB(‘rlvql) + 5A(x7xlv% ql)'

It is important to note that in our model, the subsystem A is not directly
coupled to the environment. Consequently, the influence functional is the well known
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influence functional dA for a bath of harmonic oscillators found in the literature
(and only a function of ¢ and ¢')%°

5A(q,q) = 2/0 ds /05 ds'Aq(s)n(s — s')Xq(s")

+i/0 ds/o ds'Aq(s)v(s — s')Aq(s") (17)

with
Aq(s) = a(s) = () Sals) = 3(a(s) +a'(5)). (15)

The kernels n and v (dissipation and noise, respectively) are in general non-local
and are defined as 7(s) = “~(s), with

< T
v(s) :/ dw e(w) cosws,
0 w

and
o hw
v(s) :/ dwlg(w) coth ﬁT cos ws ,
0

up to second order in the coupling constant with the external environment. In the
high temperature limit, these kernels are proportional to v ~ 2M~okpTd(s)/h and
n~ M 705(8).20722 As we are working in the underdamped and high temperature
limit (which means kT > hw and vy < ) but leaves yokpT unrestricted), we can
use the latter expressions. Therefore, if we evaluate Eq. (17), we have

2MpoksT

5A(q,q") 2—2M370/0 dsAq(s)ﬁ]q(s)—l—iT/o (Aq(s))?ds. (19)

Consequently, after integrating the bath of harmonic oscillators, we can write
the influence functional F(g,q’), in the high temperature limit as

F(q, q/) _ G—WTBWO fot dsAq(s)iq(s)ew fot(A‘I(S))zds , (20)

and therefore the reduced density matrix takes the form

(@, q,q) = / dodao! / daodao! / dasdas! / D | Dq/eﬂsB(q) Sn(@)

— 00

“ / Da / Do’ (SA@) =54 @) o £ (San (2,0)~San(ara)+5A(0.a))
(21)

At this stage we have all the information we need so as to estimate the effect of
the thermal bath on the composite system AB. However, if we want to know how is
the decoherence process for the subsystem A, we have to trace over all the degrees
of freedom that belong to the new environment. If we take a closer look at last ex-
pression, we notice that we can assume that our new problem is a subsystem A and
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int

a subsystem B which are coupled through an “effective interaction” S¥¥ (z, ¢, 2’,¢")
defined by

t
(2, q, 7' ¢') = San(@,q) — San(@’, ') — 2Mso / dsAg(s)Sq(s)
0

t
+ ZM / ds(Aq(s))?. (22)
0

2.3. The functional approach applied to subsystem A

If we want to study the effect of subsystem B and the environment £ on subsystem
A, we have to analyze the reduced density matrix but for this subsystem only, that
is to say, we need

pr (2, ') =/ dq/ dq'p(z,qlz’,¢")0(qa — q'), (23)
which is propagated in time by the reduced evolution operator jr(:z:, x')
pr(z, 2’5 t) :/ dxo/ dro Jr(z, 2’ t|xo, o 0) pr (20, 2073 0) . (24)

For simplicity we take that at ¢ = 0 the subsystem A and the new environment
are also uncorrelated, i.e. pap(t =0) = pa(t = 0) ® pa(t = 0). We assume a Gaus-
sian wave packet of the form e~ ((@0=401%)/20 5q the initial condition of subsystem
B . This is a convenient choice in the sense that all of these states form a closed
set under linear evolution.!'?'* Then the evolution operator does not depend on the
initial state of the system and can be written as in Ref. 20

i (g, 25 t|wo, ()5 0) :/ D:L'/ D' e (Sal@)= (m/))}"(z,x/)

/ ’Dm/ f Dz’ exp {%A(m, m')} , (25)

where we have defined F(z,2') = en®A@) and A(x,2’) = Sa(z) — Sa(z’) +
dA(z,x') as the new influence functional and influence action, respectively. In order
to evaluate 0.A(z, z’), we must do the following integrations,

qr
Az, 2" / dqo/ qu// dqf/
q0

x Dq quﬁ(SB(q) S8(d") o7 S (z.0.2".4") (26)
0

In order to perform the functional integrations, we must solve the classical
equation of motion for the subsystem B given by

G(s) £ Q%q(s) = 7 —a(s). (27)

Mg
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In the latter expression, we have neglected the term related to the dissipation
introduced by the external environment because we assume an underdamped envi-
ronment (small ).

At this stage, we must make clear that we want to analyze all possible com-
binations of subsystems A and B made up with a harmonic oscillator and one
upside-down oscillator. Then, in some cases, subsystem B will be a harmonic oscil-
lator [plus sign in Eq. (27)] and in others will be an upside-down oscillator [minus
sign in Eq. (27)]. We will explicitly write the solution for one case as it is possible
to obtain the other solution by just replacing 2 for i€) in the solution presented
below. However, details are presented in the Appendix.

Let us suppose that subsystem B is an upside-down oscillator (case (a)) obeying
i(s)—N%q(s) = MLB:Z:(S) In order to find the solution to this equation, we must find
the solution to the homogeneous equation and to the particular one. After imposing
initial and final conditions ¢(s = 0) = ¢q¢ and ¢(s = t) = ¢r, respectively, we write
the complete solution as

sinh(Q(t — s5)) sinh(£2s) A sinh(Qs) [* .
) qs Sinh(26)  MpQ sinh() /o z(u)sinh(Q(s — u))du

A s .
4 Yy /0 z(u) sinh(Q(s — u))du. (28)

qu(S) =4qo

Once the full expression for gq(s) is known, we can go back to Eq. (26) and
estimate it, obtaining as a result the effective influence action for subsystem A,

SA(z, ') = 2/; ds: /0 dsa y(s1)fi(s1 — $2)r(s2)

+z'/0t dsy /051 dsz y(s1)v(s1 — s2)y(s2) , (29)

with y(s) = z(s) — 2/(s) and r(s) = (z(s) + 2’(s))/2. The quantities 7] and ¥ may
be defined as the new kernels of dissipation and noise, respectively, given by

2

7(s1 — $2) = YY) sinh(Q(s1 — s2)), )
. Ao
D(s1 — 82) = %cosh(Q(sl —82)).

In order to evaluate this new influence functional, we will use the saddle point
method and, in this way, get rid of the functional integrals. Since the potentials
in our model are harmonic, an exact evaluation of the path integral can be done.
These integrals are dominated by the classical solution of the free equation of motion
for subsystem A.'6 At this stage, we assume that our subsystem A is a harmonic
oscillator, (being possible to obtain the solution for an upside-down oscillator by
just replacing w for iw), obeying i(s) + w?x(s) = 0.
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If we ask for initial and final conditions of the form z(s = 0) = x and z(s =
t) = ¢, the classical solution is,

sin(w(t — s)) sin(ws)

za(s) = xo (31)

sin(wt) sin(wt)
Therefore, we can write the reduced evolution operator as in Eq. (25), and the

reduced density matrix following Eq. (24).
Finally, the reduced density matrix for the subsystem A takes the form,

(ar, a4 t) / dm”/ dmo/ m/ Da’ etV O py (g, 24;0),  (32)

with U and D, related to the unitary evolution and decoherence process respectively,

given by,
B sin(w(t — s)) sin(ws)
U = (o = ) sin(wt) + (wr =) sin(wt)
*270/ d51/ dsay(s1)7(s1 — s2)r(s2) , (33)
and
2’}/0]{/’BT

¢
D= 2 /\2/O ds(Aqa(s))? + 32h dsl/ dsay(s1)v(s1 — s2)y(s2).  (34)

From the last equation, we can see two contrlbutlons to the diffusion coefficient. The
first one, proportional to the environmental temperature, comes from the coupling
of subsystem B to the bath. The second term is the backreaction of subsystem
B over A, through the weak A-coupling. Even though we are working in the high
temperature limit, the underdamped bath (v < Q) produces both contributions
could be of the same order of magnitude. Thus, both terms will be relevant in order
to study decoherence effects on subsystem A.

3. Diffusion Coefficient in the Master Equation

In this section we will derive the diffusion coefficient in the master equation which
will quantify the decoherence suffered by subsystem A for all four different cases.
A commonly proposed way to analyze decoherence is by examining how the non-
diagonal elements of the reduced density matrix evolve under the master equation.
Following the same techniques used for the quantum Brownian motion?° to obtain
the master equation we must compute the time derivative of the propagator J,
and eliminate the dependence on the initial conditions zg, xo/ that enters through
the classical solution z(s). This can be easily done using the properties of the

solution??

sin(w(t —

s))., 0
ihgse | Je(t0) (35)

where Ag = (zo — (), A = (¢ — ) and X¢ = (z¢ + 2f).

Ao Jy(t,0) = |cos(w(t — s))A¢ +
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The master equation is commonly presented as

h? [ 0? 0?

. 1
ihpe(z,2'5t) = [_2MA 527 3:1:’2} + §MAQQ(952 - m'Q)} pr(z, 2’5 t)

+ S MAS (0@ — o) pu(a, ')

—ihl(t)(z — ') {% - %} pr(z, 2’5 t)

—iMAD(t)(z — o) pe(z, 2’5 1)

—hC() f(t)(x — ) [% + %} pe(z,2'5t), (36)

where D(t)(x — 2’)? is the diffusion term, which produces the decay of the off-
diagonal elements. For simplicity we omitted the subindex f to indicate the final
configuration x¢. Therefore, in order to find that coefficient, we will take a closer
look at those terms. The total diffusion coefficient is given by

t ] 2 t
D(t) = frac2’yok:BTh92)\2/ dsAge(s)Aqa(s) + %/ dsv(t — 8)Axa(s), (37)
0 0

where Agqi(s) and (¢t — s) are presented above in Egs. (28) and (30) respectively. It
is important to note that Agc(s) is the solution of the coupled system, and the new
noise kernel is not the usual T-dependent noise kernel of the quantum Brownian
motion. This term is solely coming from the interaction between the subsystems.

In the rest of this section we will present the exact results for the diffusion
coefficients in all the four different situations considered. This can be summarized
as:

e Case (a): Harmonic Oscillator + Upside-Down Oscillator + €
This is the case we have developed so far of having a harmonic oscillator (sub-
system A) coupled to an upside-down oscillator (subsystem B) by the interaction
term presented in Eq. (6). The diffusion coefficient for this case is called D,. This
is the generalization of the toy model considered in Ref. 12 where they did not
consider the interaction of subsystem B (upside-down oscillator) with an exter-
nal environment. It is easy to find results of Ref. 12 just by setting 79 = 0 in
our results. We will plot this case in order to compare it with the other cases.
Case (a) is the situation in which a Brownian particle (in a harmonic potential)
suffers decoherence from an environment with one (or more) unstable degrees of
freedom.

e Case (b): Upside-Down Oscillator + Harmonic Oscillator + £
In this case we consider that subsystem A is an upside-down oscillator, obeying

the classical equation of motion i(s) —w?z(s) = 0 and subsystem B is a harmonic

oscillator satisfying ¢(s)+Q%q(s) = MLBJC(S) It is straightforward to read the new

solutions from the ones presented above by replacing w — iw and  — i€2. The
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diffusion coefficient for this case is Dy, (see Appendix for details), and it represents
the possibility of studying decoherence induced on an unstable system (toy model
for a chaotic subsystem) by a completely harmonic environment. *4:15:24:25 We will
see that this is the most decoherent system among all four cases studied in this
paper.

e Case (c): Harmonic Oscillator + Harmonic Oscillator + £
For completeness, we also consider the case of two harmonic oscillators coupled
together by the interaction term (6) and one of them (subsystem B) coupled to an
external environment, very hot but underdamped. The procedure for deriving the
diffusion coefficient is similar to what was done above but using the solution of a
classical harmonic oscillator for subsystems A and B, as shown in the Appendix.
It is direct to find an analytical expression for this diffusion term (called D) just
by replacing  — i) in case (a).

e Case (d): Upside-Down Oscillator + Upside-Down Oscillator + £
Finally, we consider two upside-down oscillators coupled together by the same
interaction term than all other cases, and one of them coupled to €. This diffusion
coefficient is Dq, and can be obtained from Dy, by making the change  — ).
We will see that this case is the most sensitive to external perturbations (both
subsystems are unstable) when there is no external environment, thus decoher-
ence is much effective than in the other cases. In particular, it is interesting to
note that this case decoheres long before the others when there is no thermal
environment (yo = 0).

Once we have the analytical expression for the diffusion coefficients, we can
study their behavior for different relations between the parameters of the model.
In order to illustrate some important cases, we present all four D coefficients when
both frequencies of the subsystems A and B are of the same order of magnitude
(w = Q) and when w > Q, as shown in Fig. 1. Both cases are considered in the
absence of external environment £ (i.e. 7o = 0) and for low and high vokgT. We
will restrict our results to times in which the no-dissipation approximation is still
valid.

In Fig. 1, we can appreciate the difference between the diffusion terms for com-
posite systems when subsystem A is unstable and when it is not. In fact, the expo-
nential behavior in cases (b) and (d) is due to the fact that the final “decohered”
subsystem A is unstable!41%:24 (

(a) and (c) present an oscillatory behaviour since subsystem A is a harmonic os-

the upside-down oscillator). On the contrary, cases

cillator [and the solution z.(s) for the classical equation of motion has oscillatory
functions instead of hyperbolic function as in cases (b) and (d)]. The difference
between the exponential diffusion coefficients and the harmonic ones is particularly
manifested for times wt > 1. For smaller times, all the coefficients are equivalent.
But for longer times, cases (b) and (d) are easily distinguishable from cases (a) and
(¢). The dynamics of the unstable upside-down oscillator is much in evidence after
Ot > 1, where cases (b) and (d) start to differentiate from each other.
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Fig. 1. We show the comparison between diffusion coeflicients for the different cases considered.

Plots on the top refers to the case 9 = 0, in which the composite system is isolated from the
external bath. Plots in the middle and at the bottom represent the coefficients for vokpT = 1 and
100, respectively. On the left column: we use w = Q2 = 1, ¢ = 0.01. On the right column: w = 5%,
o = 0.01. Cases (b) and (d) show a bigger growing rate at short times for both set of parameters.
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The plots on top of Fig. 1 are a generalization of the results obtained by Blume—
Kohout and Zurek'? in which they considered a harmonic oscillator coupled to
an inverted oscillator as an unique environment (there was no coupling between
subsystem B and the external reservoir, i.e. 79 = 0 in our model). Plots in the
middle and at the bottom of the same figure are for small and high values of yokgT
since we have explicitly considered the presence of the external hot bath &, and
thus, this presence modifies the diffusion terms adding a new contribution with
respect to the one obtained in Ref. 12.

In the case of vo = 0, it is easy to note that Dy [case (d)] grows faster (like
an exponential function of time) while the other coefficients remain with a smaller
amplitude. This is important in order to evaluate decoherence times, postponed
till next section. Instabilities inherent to the subsystem A exponentially enhance
the diffusion originated due to the interaction with the environment. When the
B-oscillator is also unstable, we have more exponential sensitivity to perturbations
than in any other case. However, it is important to note that it is a very toy model,
in the sense that both oscillators are unbounded from below and therefore will
develop un-physical oscillatory divergences.'? Therefore, we conclude that in order
to have a more precise idea of the physical consequences of having chaotic modes
into the environment, we cannot neglect the interaction of these chaotic degrees of
freedom with the rest of the world, modelled here as an infinite set of harmonic
oscillators.

The diffusion suffered by the subsystem A is the direct result of the interaction
between A and B, and between the later and the external environment £ when
this last one is taken into account. The environment reacts to this interaction and
the backreaction on the subsystem is by means of diffusion and dissipation. Let us
take for example cases (b) and (d): unstable subsystem A is coupled to a harmonic
oscillator [case (b)] or to an upside-down oscillator [case (d)]. Subsystem A handles
information to B via their coupling. In case (b), as B-oscillator is harmonic, the
diffusion process is more effective. The B-oscillator has an oscillatory behaviour
in time and is able of providing subsystem A with diffusion periodically. On the
contrary, in case (d), the B-oscillator is unstable and unbounded from below. The
stretching of its states is boundless (see next section). Thus, part of the information
is transferred to the reservoir, but, at large times, the intrinsic dynamics of the
upside-down oscillator makes the provision of subsystem A with diffusion scarce
and, consequently, less effective. A more quantitative explanation will be given in
the following section, when we give an analytical estimation of the decoherence time
for each case.

Cases (a) and (c) are slightly different. Subsystem A is harmonic and the envi-
ronment can have an unstable degree of freedom [case (a)] or not [case (c)]. It is
easy to see in Fig. 1 that the backreaction of the full environment (B + &) on the
subsystem A by means of the diffusion process is more effective for cases (b) and
(d) (in this order) than for cases (¢) and (a). This is due to the fact of having an
inverted oscillator as the final subsystem A. In the middle of these figures, the “low
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temperature” limit is shown [we are still working in the high temperature limit,
but we are considering the underdamped case (o is small with respect to any of
the present frequencies), therefore the coefficient yokgT could be a small number
still preserving the hot bath assumption]. We can see that D), grows slightly faster
than Dy, and both of them are bigger than D, and D.. This can be understood by
thinking in the dynamical properties of the composite system coupled to the exter-
nal bath as we mentioned above. Oscillator B is not a good “diffusion handler” if it
is unstable. At times longer than Q¢ > 1, states in this oscillator are spread out too
much. Diffusion must go from € to A through B (middle-environment subsystem).
It is not an effective process at short times (all the cases have a similar behavior
at short times). The dynamical behavior of case (a) should be similar to the one
occurring in case (b). However, the difference of having an inverted oscillator as the
subsystem A or as the intermediate subsystem B is crucial. That is reflected in the
exponential grow (or not) of the diffusion coefficient and in the decoherence times
that we will present in the following section.

As we stated before, in cases (b) and (d), the spreading of the initial state of the
subsystem A is exponentially sensitive to fluctuations coming from the full environ-
ment (B + &), and it reacts quickly on the bath, losing information faster than in
any other case. This is what happens in case (b), although the middle-environment
is a harmonic oscillator. However, a question might arise: why Dy, grows faster than
Dy, if the latter is “twice” unstable? The key is: case (b) is the most decoherent
because the unstable system losses its information in an uniform (non-ohmic) en-
vironment composed by a harmonic oscillator (B) plus an infinite set of harmonic
oscillators in thermal equilibrium without internal unbounded regions [contrary to
what happens in case (d)]. In the low-T example, the major contribution to dif-
fusion comes from the intrinsic dynamics of the composite system alone. At early
times (wt < 1), unstable dynamics of the subsystem A dominates the temporal
behavior and, as they both have an inverted A oscillator, both cases (b) and (d)
are similar (in fact, all the cases are similar at short temporal scales because at very
short times both potentials are similar). However, when wt > 1, and the presence of
the external environment is still not so important, there is a noteworthy difference
between Dy, and Dq when the frequency of the subsystem A is similar to the one
of B (see middle of Fig. 1, left). When A has a bigger frequency, the dynamics is
dominated by subsystem A and both diffusion coefficients are extremely similar in
a longer temporal scale (see middle Fig. 1, right). Dy, and Dy are indistinguishable
for w > Q even at ykpT ~ 1. However, as the temperature of the thermal bath
increases, there is no distinction between cases (b) and (d) because the external
environment dominates the diffusion coefficient. At high values of vokpT we obtain
a clear hierarchy between different composite systems (see Fig. 1, bottom). Again,
it is easy to observe that the diffusion coefficients of those cases in which subsys-
tem A is an upside-down oscillator reach bigger values than the others that have
a harmonic oscillator as subsystem A. Therefore, we are able to conclude that the
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o Case (a) = ]
Case (c)

D(t)

Time

Fig. 2. Diffusion coefficients for cases (a) and (c¢) with w = 5Q, ¢ = 0.01 and vokpT = 100. We
can see the evolution of these coefficients at larger times than in Fig. 1.

presence of instabilities into the composite system enhance decoherence. This effect
is yet more important if the unstable subsystem A is coupled either to a solely
chaotic degree of freedom (in the absence of external bath like our case (d)) or to
an external environment (formed by B + &) at high vokpT, as in cases (b) and
(d). In Fig. 2 we present the diffusion coefficient at a high value of vokpT for both
systems which have a harmonic oscillator as subsystem A: cases (a) and (c¢). This
figure should come in handy so as to compare these oscillatory coefficients with the
hyperbolic-like other two.

4. Decoherence in A interacting with B — &£

After integrating out all the degrees of freedom corresponding to the external hot
environment @).,,, and the coordinates ¢ belonging to the subsystem B, we obtained
the diffusive terms that induce decoherence on subsystem A. Therefore, we numer-
ically integrated the diffusive terms in time, in order to plot the decoherence factor
(see Appendix)

I(t) = exp {— /O tD(s)ds}. (38)

Thus, I'(t) is initially one (there is no interaction at ¢t = 0 between subsystems and
environment), and it decays to zero with time (this is the case of total decoherence).
From the master equation for A-subsystem, it is easy to see that factor I'(¢) is at
the root of the loss of quantum coherence. In order to illustrate the same cases, we
present all four I" coefficients when both frequencies of the subsystems A and B are
of the same order of magnitude (w =~ Q) and when w > , as shown in Fig. 3 on
the left and right columns, respectively. Both cases are considered in the absence
of external environment £ (i.e. y9 = 0) and for low and high values of yokpT.
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Fig. 3. Decoherence factor for the same set than Fig. 1. Isolated composite system decoheres
first for the (d) case. For v # 0, case (b) is more decoherent.

From the numerical results shown on top of Fig. 3, we can stress that in the
absence of a hot bath, the decoherence time is smaller in case (d) than in case
(b), and both of them decohere long before cases (a) and (c). This is due to the
fact that subsystem A, which is solely coupled to subsystem B, generates noise
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and dissipation at large scales. Thus, this noise and dissipation is bigger when the
subsystem B is an upside-down oscillator [case (d)] than when it is a harmonic
oscillator [case (b)]. In this situation (y0 = 0), case (d) is twofold exponential
in time. In these figures, we can also observe what is going on for cases (a) and
(¢). In the former, the oscillatory dynamics of the A-oscillator and the hyperbolic
stretching of the B-environment, proceed largely independently of one another.
The B-environment induces only minor perturbations in the subsystem A and this
subsystem does not disturb the environment. The stretching of the environment
(due to being an inverted oscillator) along its unstable manifold is reflected in the
system as diffusion. The same physical process occurs in case (b), with the sole
and essential difference that the one stretching along an unstable direction is the
subsystem A, while the environment is oscillating. As this stretching results in
diffusion, the more stretching the system has, the more diffusion it feels. Case (d)
is the best example in this “isolated” model because both, A and B stretch along
a direction in the phase space, producing double exponential diffusion. This is the
reason why it is the most decoherent case. Case (c¢) is shown for completeness, but
it is easily seen that decoherence occurs in a longer time scale (there is no stretching
here).

As soon as the interaction between B and the thermal environment is switched
on, oscillator B dissipates not only on the bath but also on A. This is shown in
the middle and at the bottom of Fig. 3. At very high environmental temperatures,
there is no difference between cases (b) and (d); both of them decohere in the same
temporal scale. The huge reservoir dominates the diffusion terms. But they still
differ from the cases where there are harmonic oscillators as subsystems A [cases
(a) and (c)]. In Fig. 4 we present the behavior of the I'(t) coefficients for these
cases for a longer time scale. We can observe that we need to wait longer times for
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Fig. 4. Cases (a) and (c) for yokpT = 100, w = 502 = 5. Here we can see that, even the behavior
of I'(t) is similar, case (c) decoheres first than case (a), in which B-system is an inverted oscillator.
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decoherence to be effective in cases (a) or (¢) with respect to cases (b) and (d) even
in the highest temperature case.

4.1. Decoherence Time Predictions

In this section we will present an analytical estimation of the decoherence times
based on the inverted oscillators’ unstable dynamics of the phase space.

When the final system A is an upside-down oscillator,? an unstable point forms
in the center of the phase space with associated stable and unstable directions.
These are characterized by Lyapunov coefficients A with negative and positive real
parts respectively. In order to have a quantitative expression for decoherence times
we have to take into account that the dynamics now gives raise to the possibility
of squeezing along the stable direction. The exponential stretching of the Gaussian
packets in one of the directions due to the hyperbolic point is compensated by an
exponential squeezing. The time dependence of the package width in the direction of
the momenta is given by o, (t) = o, (to) exp [At], where o, (to) is the corresponding
width at the initial time. Lyapunov coefficient is given by the value corresponding
to a linear potential A = 2w?.

Diffusion effects limit the squeezing of the Wigner function. The bound on the
width of the packets is given by . = \/2D;/A (Refs. 9 and 22) (where i is b or d).
There is another scale, t;,ax corresponding to the time in which decoherence starts
to be effective, and after which squeezing becomes of the order of the limiting value.
We use this to estimate the decoherence time scale.

Evolution of the Gaussian packet will typically proceed in two different stages.
During the first stage, evolution is dominated by the unitary part of the master
equation and will be within an approximately preserved area. This lasts the time
needed for the spreading of the initial state over a regular patch to be larger than
the critical width. During this stage diffusion does not alter much the Wigner func-
tion, which is stretched or contracted. When the dimension of the patch becomes
comparable with o., diffusion begins to dominate and the second stage of evolution
begins. Further contraction will be halted at o. but the stretching will proceed
at the rate set by the positive Lyapunov exponent. As a result, the area (or the
volume) in phase space increases. One can estimate the time corresponding to the
transition from reversible to irreversible evolution as

foe Ly 2O (39)
A O¢

In our toy model, we can use this scale as the typical scale for decoherence, setting

tmax M
tp a0 Lln Zelmes) therefore we obtain
A oc ’

1. 0,(0)
tp = tmax + — In 22,
P +A . O¢

For the same parameters used in Fig. 3, we are able to numerically estimate
decoherence times as: tp, ~ 7.7 and tp, ~ 6.4, for the first set of parameters

(40)
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on the left of Fig. 3 (w = Q = 1) where vy = 0; tp, ~ 2.4 and tp, ~ 2.7; for
YokpT =1, and tp, ~ 1.6 and tp, ~ 1.7, in the hight T case yokpT = 100. For
the set on the right of Fig. 3 (w = 50 = 5), we estimated: for v = 0; tp, ~ 3.0
and tp, ~ 2.7. We also got tp, , ~ 0.1, for yokpT = 1, and tp,, ~ 0.6 in the
case YokpT = 100. All these results agree with the decoherence times, defined by
the times the decoherence factor I'(¢) goes to zero, which can be seen in the figures
above.

Using Eq. (39), we can check that decoherence proceeds slower in case (d) than
in case (b) for vo # 0,

1. 00 1 . D4

< — |

tDbfth:XhlE—zAn,D—b. (41)
By simple inspection of diffusion coefficients in the figures, we can see that Dgq < Dy,
implying tp, < tp,-

In the isolated from external environment case (7o = 0), we have Dq > Dy
resulting in ¢tp, > tp,, which agrees with our qualitative arguments and with what
is shown in the plots on top of Fig. 3.

Decoherence times for cases (a) and (c) occur as for the usual harmonic systems.
We can estimate them by using the result of the high temperature limit of the
quantum Brownian motion paradigm, i.e. tp is the solution of: 1 ~ L? fOtD D(s)ds
(we have to take the typical distance L as 20, proportional to the dispersion in
position of our initial Gaussian packet). We present, in Fig. 4, T'(¢) for a longer
time scale in order to establish the corresponding hierarchy in the environmental
decoherent effectiveness.

5. Final Remarks

In this article we analyzed the decoherence induced by an effective environment
which was considered to be formed by part of a composite system and an infinite
set of harmonic oscillators. The composite system was considered to be any of the
four possible combinations made up with a harmonic and an inverted oscillator.

Since a set of harmonic oscillators is a stable system, small perturbations due
to the state of the coupled system do not induce exploration of a large volume of
the phase space for any oscillator. When one considers an inverted oscillator, it can
explore its volume more efficiently when it is perturbed.

When one works with a composite quantum open system in interaction with
an stable environment, it is almost probed that the composite system (or part of
it, for example its unstable degrees of freedom) will decohere before those systems
where there are not inverted potentials [like case (c)]. Therefore, one could have a
mixture of quantum-classical dynamics for the open composite system due to the
fact that the different parts of the global system loss coherence at different rates.

In our article we integrated out subsystem B, in order to study the effect of
having (or not) unstable degrees of freedom into the full environment. Then we
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analyzed different situations and concluded that cases (b) and (d) are the most
efficient (smaller decoherence times) at high temperatures, and case (d) is the
most diffusive case, when one turns off the thermal bath. There is a clear hier-
archy between the different compositions of the composite systems. Those in which
oscillator A is unstable [cases (b) and (d)] decohere before than those with a har-
monic oscillator as the A-subsystem [cases (a) and (c)]. At high temperatures of the
external environment, it has been shown that cases (b) and (d) have the same de-
coherence time scale, while composite system (c¢) losses quantum coherence before
case (a).

As the system and environment interact, information about the initial state
of the subsystem A is transferred to the environment (and vice-verse). Case (b)
is the most decoherent because the unstable system losses its information in an
uniform (non-ohmic) environment composed by an harmonic oscillator (B) plus an
infinite set of harmonic oscillators in thermal equilibrium without internal unstable
(and unbounded) regions [contrary to what happens in case (d)]. At intermediate
temperatures, unstable A-subsystems decohere before stable A-subsystems because
the intrinsic dynamics of those subsystems produce exponentially driven diffusive
terms. However, at high temperatures the environment does not distinguish between
subsystems and decoherence proceeds equally in every case. The effectiveness of dif-
fusion depends on the intermediate-environment subsystem B. We have shown that
harmonic oscillators keep information during a major period of time and therefore
are able to react on the A-system more efficiently, than the case in which one has
an inverted oscillator as “information delivery subsystem”. This is the main reason
why case (b) is more decoherent (in general) than case (d), and why case (c) is
more effective losing quantum coherence than case (a). It is important to stress
that in order to have a more physical model for the effective environment which
would contain an unstable degree of freedom one should consider a double well
potential as B-oscillator, for example, for cases (a) or (d). This non-linear potential
has all the unstable properties of the upside-down oscillator at early times (giving
a contribution to the diffusion terms which is exponential with time). Furthermore,
this potential is bounded, which would be of much relevance in order to evaluate
its global effect on subsystem A. In this situation, case (d) would be the most
decoherent case at any value of yokpT.2°

As was emphasized by authors of Ref. 12, the scale associated with the deco-
herence process when upside-down oscillators are taken into account as part of the
coupled system, is logarithmically dependent on the coupling constant. This is easy
to see from our analytical results, using the expression of the diffusion coefficient
D, given in the Appendix [Eq. (A16)], into Eq. (40). This implies that isolation
from chaotic environments is “exponentially” difficult. It is even harder to isolate a
system (or subsystem) from a chaotic environment than from the many harmonic
oscillators of the quantum Brownian motion environment, where decoherence time
is quadratic in the coupling constant.
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Appendix A. Derivation of the Diffusion Coefficient

In this section, we show the calculation of diffusion coefficient corresponding to
case (a), in which we have a harmonic oscillator coupled to an upside-down
oscillator, and it is in interaction with a set of infinite harmonic oscillators at
temperature T.

In order to perform the functional integrations of Eq. (26), we must solve the
classical equation of motion for the subsystem B. If this system satisfies, ¢(s) —
0%q(s) = MLB:L"(S) The complete solution to this equation, after imposing initial
and final conditions ¢(s = 0) = ¢o and ¢(s =t) = ¢, is given in Eq. (28).

Once we have the classical solution for the upside-down oscillator coupled to a
subsystem of coordinate z(s), we can write explicitly the influence action obtained
after integrating out all the degrees of freedom of the environment £ [Eq. (19)].
Neglecting the action of dissipation into the influence action (the dissipation coeffi-
cient v is basically the square of the coupling constant between subsystem B and
the environment &, [y ~ ¢2] and we are working in the underdamped and high
temperature limit (yo < w,Q < kpT)), we can write it as

5A(q,q') = i2Miyo KT / ds(Aq(s))?. (A1)

In the last equation, Ag(s) is given by

Aga(s) = (g0 — 45)° (%)

(
sinh(Q(t — s))

+2(q0 — QO)W 9(s,t) + (s, 1), (A2)
with
g(s,t) = M)];Q (— /0S dulAz(u)sinh(Q(s — u))
sinh(Qs)

t
——= [ dulA inh(Q(t — A3
+ Snh (1) /0 uAz(u) sinh(Q( u))) (A3)
and Az(u) = z(u) — 2’ (u). As the last term in expression (A3) does not depend on
the initial conditions, it will be transparent to integrals in Eq. (26). It is important
to note that as subsystem B is an upside-down oscillator with frequency §2, all the
time-dependent functions in Eq. (A3) are hyperbolic trigonometric functions.
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After imposing pp(qo, ¢};0) = Ne—((90-20)*)/20 a5 the initial wave packet for
subsystem B, the expression for the influence functional is

Fz,2') = exp {%M(CL q')}

400 +00 +o00 s qf ; ,
:/ dar / dgo / dg / Dg | Dg'em?Meaa) pB gy, qp)
—oo —o0 —o0 qo a5

x e (98(qe) +San(@,00)=Sn(00) = San (2’ .q01)) (A4)

where gq1(s) is given in Eq. (28) and § A(q, ¢') in Eq. (A1). Therefore, this integration
can be done and yields (for a weakly coupled composite AB system) the result shown
in Egs. (29) and (30).

Once the influence functional is known, it is straightforward to write down the
reduced density matrix for subsystem A only

NETRAYS! / d:co/ d:co/ Dx

X D:C Lo (Sa(0)=Sa () o =9% (s.0) 7 0AW@2) )\ (30 2! 0),  (AB)

z

and the reduced evolution operator
e 'T; i ’ i ’
Te (g, 25 t|wo, (3 0) = / D:c/ D' 7 (SA@)=Sa(@)) g=0% (s:) g 10 A(.a") (A6)

In order to evaluate Eq. (A6), we need the solution to the free equation of
motion for subsystem A #(s) +w?x(s) = 0. If we ask for initial and final conditions
of the form z(s = 0) = zg and z(s = t) = x¢, the classical solution is, z.(s) =

Sul(lﬁéitf)) +ax :i(&‘z; , and the reduced evolution operator becomes

To (s, w45 w0, 205 0) = e (Sa(@e)=Sa(za)) o =0 (5:1) o 7 0A(2)
= enUWe=DO) (A7)
with U and D, related to the unitary evolution and decoherence process respectively,
given by,

sin(w(t — s))

!/
sin(wt) + (e —at)

U = (w0 — ) sin(wt)

7270/ dsl/ dsay(s1)n(s1 — s2)r(s2), (A8)

and

Q’YQI{JBT

D= ey )\2/ ds(Aq(s))?

d51 d52y $1)P(81 — s2)y(s2) . (A9)

32h0
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Following the same techniques used for the quantum Brownian motion?° to ob-
tain the master equation, we must compute the time derivative of the propagator J;
Eq. (A7), and eliminate the dependence on the initial conditions xg, x{, that enters
through the classical solution xj(s). This can be easily done using the properties
of the solution
sin(w(t—s)) .. 0

ih—2| J.(t,0) (A10)

AgJi(t,0) = |cos(w(t — s))A¢ + o5,

where Ay = (zo — ), A¢ = (xr — ;) and Ly = (z¢ + xf). This identity al-
lows us to remove the initial coordinates zg, z{, by expressing them in terms of
the final coordinates xf, z; and the derivatives Oz, 0z, and obtain the master
equation.

The full equation is very complicated and, like in the case of the quantum
Brownian motion, it depends on the system-environment coupling. In the present
case, it also depends on the subsystems coupling constant A. As we are solely
interested in decoherence, it is sufficient to calculate the correction to the usual
unitary evolution coming from the noise kernel (imaginary part of the influence
action). The result reads

. . 0 Q’YokBT )\2 ¢
pr(@e, v t) ~ —i[Hren, po] — o <T 02 0

2
5 dsg(s)
t s
—/ / dsds' Az (s)v(s, s')Amcl(s')> prt e
0 Jo

) 2v KT N2 [t
=—z[Hren,pr]—( WRT / 24(s)g(s)ds

2 ¢
+ /\—G(zf — zf) / ds cosh(Q(t — s))Aa:d(s)) ort e,
320 )

where ellipsis denote other terms that do not contribute to decoherence.
This is equivalent to write

pr = —i[Hren, pr] — (z¢ — :L’%)QD(t)pr, (A11)

with D the diffusion coefficient [Eq. (A16)]. Then, the effect of the diffusion coeffi-
cient on the decoherence process can be seen considering the following approximate
solution to the master equation

pe(e, xh )~ pl (g, s t)e~ @D [ DE)ds (A12)

where p! is the solution to the unitary part of the master equation (i.e. without
environment). The system will decohere when the non-diagonal elements of the
reduced density matrix are much smaller than the diagonal ones.

For the case of a harmonic oscillator coupled to an upside-down oscillator, which
is coupled to an external environment, the diffusion coefficient [Eq. (A16)] for total
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the reduced density matrix p,(z¢, zf;t) is

02 2v0ksT o [* sinh(Q2s)
D, = EEERIDE { PToE A /0 ds [m(cosh(Qt) cos(wt) — 1)

— cosh(Qs) cos(wt) + cos(w(t — 8)):|

X [Q <% cosh(2t)(1 — cosh(Qt) cos(wt)) + sinh(Qs) cosh(wt))

+w (% sin(wt) cosh(Qt) — sin(w(t — s)) + sin(wt) cosh(Qs))}

2 ¢
—&—)\—U ds cosh(Q(t — s)) cos(w(t — s))} . (A13)
32h J
The procedure to evaluate the diffusion term for case (b), when one has an
upside-down oscillator coupled to a harmonic one, and the last to the environment,
is equivalent to what was done in the Subsection above but replacing 2 — 2
and w — dw. This is because subsystem B satisfies G(s) + Q%¢(s) = MLBJC(S) and
subsystem A satisfies #(s) — w?z(s) = 0.
Therefore, in this case, gq(s) is,

sin(Q(t — s)) n sin(Qs) A sin(Qs) /t () sin(Qs — u))du
0

4ai(8) = qo sin(Qt) G sin(Qt)  MpQ sin(Qt)
+ M;Q /0 z(u) sin(Q(s — u))du, (A14)
and z(s),
sinh(w(t — s)) sinh(ws)
= . A1
Ta(s) = o sinh(wt) o sinh(wt) (AL5)
If one follows all the procedure detailed above one obtains as the diffusion co-
efficient,
02 2vksT t sin(Qs)
Dy, = N[ d Ot) cosh(wt) — 1
b (w? +02)2 { hQ? /0 § Lin(Qt) (cos() cosh(wt) — 1)

— cos(Q2s) cosh(wt) + cosh(w(t — s))}

X [Q (;f((gts)l cos(Qt)(1 — cos(Qt) cosh(wt)) 4 sin(Qs) cos(wt))

tw ( 22((3‘3 sinh(wt) cos(¢) — sinh(w(t — )) + sinh(wt) cos(Qs))]

Mo [t
+ 30 J, ds cos(Q(t — s)) cosh(w(t — s))} . (A16)
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Diffusion terms D, and D4 can be obtained in a similar way, by replacing {2 — {2

in D, and Dy, respectively.
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