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1. Introduction

The hydrocolloids are natural carbohydrate polymers of high
molecular weight used in the food industry for obtaining
important functional properties, such as thickening, hydrogel
formation and texture stability. Pectin, gellan, agar-agar, k-
carrageenan and sodium alginate are the most used hydrocolloids
among the gelling agents.

Hydrogels are dynamic systems formed by three-dimensional
polymer networks. Most hydrogels are produced by ionic or
thermal interactions. These materials are very useful in applica-
tions such as controlled release of drugs, controlled immobiliza-
tion, immobilized catalysis, bio-separations, biosensors and
artificial tissues. However, hydrogels show phase change or abrupt
change in volume due to the environmental changes (temperature,
pH, solvent, etc.) [1,2]

The immobilization by entrapment has been accepted as an
appropriate technique to fix enzymes when substrate/s and
product/s are compounds of low molecular size with high diffusion
rates on several supporting hydrocolloid matrices. However, the
structure obtained with the hydrocolloids can be modified during
the enzymatic reaction by the action of the surrounding medium,
producing swelling after weakening the supporting gel.

In some previous works, it was studied the b-galactosidase
entrapment process in alginate-carrageenan matrices [3] and the

operational stability of this biocatalyst in a packed-bed enzymatic
reactor [4]; moreover, the behaviour of some fundamental aspects
of the process such as liquid-phase (external) and the solid-phase
(internal) mass transfer, intrinsic kinetic parameters, and reactor
hydrodynamics in a mathematical model was also analyzed [5].
Because the efficiency of the entrapment can be different due to
the modification of the carrier structure, this effect needs to be
quantified in the evaluation of the process performance [6].

There are very few papers that analyze the bed swelling on the
reactor performance [7–9]. The hydraulic behaviour of a packed-
bed and the variation of effective diffusion coefficients in the bed
particles were analyzed, but, the effect of competitive inhibition by
product on the reaction kinetic was not included in any of the
reactor model presented.

The objectives of this work were to study the effect of bed
swelling on the performance of a packed-bed immobilized enzyme
reactor and validate the simulations with experimental data
obtained for lactose hydrolysis using b-galactosidase entrapped in
Ca–alginate–K–k-carrageenan gels.

2. Theory

2.1. Kinetics of enzymatic reaction

A Michaelis–Menten model with competitive inhibition by
product (galactose) was used [10].

n ¼ � Vmax½S�
Km 1þ ½P�=kið Þ þ ½S� (1)
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where [S] is the substrate concentration, Vmax is the intrinsic
maximum reaction rate, Km is intrinsic Michaelis–Menten
constant, ki is the intrinsic inhibition constant by product and
[P] is the product concentration, which was considered equal to
[S]0 � [S]; [S]0 being the substrate concentration at initial time. It is
worth recalling that Vmax includes information related to [E]0, the
concentration of active enzyme at initial time.

2.2. Activity loss of the immobilized enzymes

The activity loss of an immobilized enzyme can occur due to
changes in its spatial structure or polypeptide chain ruptures
produced by reaction conditions (pH, temperature, ionic force of
the reaction medium, etc.), permanent blockade of enzyme
active sites by inhibitors or by links to support, steric and
solvent effects, enzyme protein loss initially fixed to the support,
etc. In this case, a global deactivation that considers all those
effects was assumed.

Different mechanisms have been proposed to describe
enzyme deactivation [4,11–15]. The simplest and most used is
one-stage first-order kinetics, which proposes the transition of a
fully active native enzyme to a fully inactivated species in a
single step. Such mechanism leads to a model of exponential
decay, where the residual enzyme activity at time t can be
determined by

½E� ¼ ½E�0 e�kdt (2)

where [E]0 and [E] are the concentrations of active enzyme at initial
time and at any other time, respectively, and kd is the deactivation
rate constant, which follows the Arrhenius equation for the
temperature dependence.

2.3. Mass balance in the reactor

The mathematical model that describes the behaviour of the
packed-bed immobilized enzyme reactor was formulated using
the following assumptions:

(a) an isothermal packed-bed immobilized enzyme reactor,
operating in steady state,

(b) the spherical particles are uniformly packed in the reactor,
(c) the hydrodynamics of the fluid in the reactor is described by

dispersed plug-flow model,

Fig. 1. Effect of biocatalyst swelling on the void fraction of packed-bed reactor.

Fig. 2. Effect of biocatalyst swelling on effective substrate diffusivity in the

biocatalyst.

Fig. 3. Effect of biocatalyst swelling on structural resistance to diffusion represented

by the relationship between the square of particle radius and the effective substrate

diffusivity in the biocatalyst.

Fig. 4. Effect of biocatalyst swelling on Thiele modulus.
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(d) the pressure drop across the reactor and the radial concentra-
tion gradient in the bulk fluid phase are negligible,

(e) the superficial velocity is uniform with position in the reactor,
(f) the lactose hydrolysis is an enzymatic reaction that uses one

substrate and yields only two products,
(g) the kinetics of lactose hydrolysis is described by a Michaelis–

Menten model with competitive inhibition by product, as
shown in Eq. (1),

(h) one-stage first-order kinetics for enzyme deactivation,
(i) the enzyme activity is uniform throughout the particle and the

reactor,

(j) partitioning coefficients at surface particle are equal to unity,
(k) the substrate and product diffusion inside the catalytic particle

follows Fick’s law,
(l) the effective substrate and product diffusivities in the catalytic

particles are equal,
(m) the effective diffusivity does not change throughout the

particles and it is independent of the concentration.

Therefore, the mass balance equation for obtaining the
substrate concentration profile in the liquid stream (b) in an
isothermal packed-bed reactor of a length Z, can be written:

Dz
@2½S�b

@z2
� uz

@½S�b

@z
¼ v (3)

with boundary conditions:

z ¼ 0þ ½S�b � ½S�b0 ¼
Dz

uz

d½S�b

dz
(4)

z ¼ Z
d½S�b

dz
¼ 0 (5)

where Dz is the axial dispersion coefficient, z is the axial coordinate,
uz is the superficial fluid velocity in the reactor, and ½S�b0 is the
substrate concentration at initial time in the liquid stream.

Considering the enzyme deactivation, Eq. (1) becomes

v ¼ �Vmax½S�
Km 1þ ½P�=kið Þ þ ½S� ¼

�½E�i0 e�kdtk2½S�
Km 1þ ð½S�b0 � ½S�

bÞ=ki

� �
þ ½S�

(6)

Taking into account that there is not a conformational change in
the enzyme during the entrapment method used for the
immobilization, Km and ki are the values corresponding to the
free enzyme, that is, the main effect on the reaction rate is the mass
transfer [5].

Using Eq. (6) and dimensionless variables,
C� ¼ ½S�b=½S�b0; C ¼ ½S�=½S�b0, Pe = uzZ/Dz, and x = z/Z, Eq. (3) becomes

½S�b0
Pe

d2C�

dx2
� dC�

dx
� Z

uz

E½ �i0 e�kdtk2C

Km 1þ ½S�b0ð1� CÞ=ki

h i
þ ½S�b0C

¼ 0 (7)

To solve this equation, the dimensionless substrate concentra-
tion inside the biocatalyst spherical particle, C, should be known;
therefore, a mass balance considering diffusion and chemical

Fig. 5. Effects of Thiele modulus on reactor conversion for different feed flow rate

and different ½S�b0=Km (a: ½S�b0=Km ¼ 10, b: ½S�b0=Km ¼ 1 and c: ½S�b0=Km ¼ 0:1).

Fig. 6. Effect of biocatalyst swelling on Stanton number for different feed flow rate.
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reaction in steady state in the particles was considered:

1

r2

d

dr
r2DS

d½S�
dr

� �
¼ �v (8)

where DS is the effective diffusion coefficient of the substrate in the
biocatalyst particle. The boundary conditions are

r ¼ 0
d½S�
dr
¼ 0 (9)

r ¼ R
d½S�
dr
¼ kl

DS
ð½S�b � ½S�Þ (10)

where kl is the external mass transfer coefficient. Using the
dimensionless variables:

y ¼ r

R
; F2 ¼ VmaxR2

Km DS
; g ¼ ½S�

b
0

Km
; g2 ¼

½S�b0 � ½S�
ki

g 02 ¼
½S�b0
ki
; ’ ¼ uzR2

DS Z
; ’2 ¼

uzR2½S�b0
Pe DSZ

; Bi ¼ kl R

DS

(11)

Eq. (7) results

’2

d2C�

dx2
� ’

dC�

dx
¼ F2C

1þ gC þ g 02ð1� CÞ (12)

with the following boundary conditions:

x ¼ 0 C� ¼ 1þ ’2

’½S�b0

dC�

dx
(13)

x ¼ 1
dC�

dx
¼ 0 (14)

Therefore, Eq. (8) results

d2C

dy2
¼ F2C

1þ g2 þ gC
(15)

with the following boundary conditions:

y ¼ 0
dC

dy
¼ 0 (16)

y ¼ 1 C ¼ 1� 1

Bi

dC

dy
(17)

The method of orthogonal collocation with six internal points
for the reactor axial direction and six internal points for the
biocatalyst particle were used to solve the system (12)–(17) [16].
The number of collocation points was chosen to ensure a
satisfactory convergence.

2.4. Criteria for reactor performance

To evaluate the reactor performance, the following variables
were calculated:

Conversion is defined as the ratio between the total moles of
substrate converted into product and the total moles of substrate

Fig. 7. Effects of Stanton number on reactor conversion for different feed flow rate

and different ½S�b0=Km (a: ½S�b0=Km ¼ 10, b: ½S�b0=Km ¼ 1 and c: ½S�b0=Km ¼ 0:1).

Fig. 8. Effect of biocatalyst swelling on Damkohler number for different feed flow

rate.
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fed into the reactor as follows:

X ¼ 1� ½S�b=½S�b0
� �

(18)

Yield is defined as the ratio of the substrate converted to the
maximum amount that could be converted during one residence
time as follows:

Y ¼ ½S�b0 � ½S�
b
Z

VmaxðeZ=uzÞ
(19)

where ½S�bZ is the substrate concentration at reactor outlet and e is
the void fraction of the packed-bed reactor.

3. Results and discussion

For the analysis of swelling effect on reactor performance,
substrate conversion and yield are calculated as a function of
dimensionless parameters: Thiele modulus (f), Stanton number
(St), Damkohler number (Da), Peclet number (Pe), and mass
transfer Biot number (Bi) [17].

The f represents internal mass transfer limitations, St and Da
represent external mass transfer limitations, and Bi represents
simultaneous interaction between internal and external mass
transfer.

The experimental results were obtained and analyzed using the
reactor design, work conditions and kinetic constants already
described [3–5]. The parameters of this system were:

(a) reactor parameters: Z = 34.0 cm, useful volume = 57.80 cm3,
(b) kinetics parameters: Km = 0.190 M, ki = 0.099 M,

k2 = 5 � 10�4 mol l�1 min�1 mg�1 protein, kd = 0.0180 h�1,
(c) bed parameters: biocatalyst mass = 38.94 g, initial total bio-

catalyst volume = 36.06 cm3, initial biocatalyst diame-
ter = 0.240 cm, initial retention of enzyme protein per gram
of biocatalyst = 4.55 � 10�3 g, biocatalyst swelling = 0.0%, 2.5%,
5.0%, 7.5%, 10.0% and 12.5%,

(d) substrate parameters: ½S�b0 ¼ 1:900, 0.190 and 0.019 M; diffu-
sion coefficient at infinite dilution in water at
25 8C = 5.21 � 10�6 cm2 s�1, feed flow rate = 100, 300 and
500 ml h�1.

The correlation proposed by Chilton and Colburn was used
for the prediction of mass transfer coefficient of lactose [18]. The
axial dispersion coefficient was estimated with the method used
by Levenspiel [19]. The effective diffusion coefficient of
substrate into biocatalyst was calculated according to Axelsson
et al. [20].

The reactor hydrodynamics is characterized by Pe, which
represents the axial dispersion effects. The Pe is the ratio of
backmixing time to residence time. It measures the effect of degree
of mixing, for extremely low Pe (i.e. Pe = 0.001) it represents CSTR,
for high Pe (i.e. Pe = 104) it represents PFR and dispersed plug-flow
reactor model (DPFR) characterized by finite Pe. In this case, the Pe
value was maintained in the value of 32.3.

Fig. 9. Effects of Damkohler number on reactor conversion for different feed flow

rate and different ½S�b0=Km (a: ½S�b0=Km ¼ 10, b: ½S�b0=Km ¼ 1 and c: ½S�b0=Km ¼ 0:1).

Fig. 10. Effect of biocatalyst swelling on Biot number for different feed flow rate.
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Fig. 1 shows a non-linear effect of biocatalyst swelling on the
void fraction of packed-bed reactor. As it can be observed, an
increase in the biocatalyst swelling reduces significantly the void
fraction in the reactor, and the effect on the residence time of
substrate in the reactor could be important when the initial feed
flow rate is increased. The initial void fraction of packed bed
reactor, obtained by the relationship between the initial total
biocatalyst volume and the useful volume of the reactor, was
0.3750.

Fig. 2 shows the effect of biocatalyst swelling on the effective
substrate diffusivity in the biocatalyst. As it is expected, the

predicted value for the effective substrate diffusion coefficient in
the gel particle is smaller than the value obtained for infinitely
dilute solution, mainly due to the steric hindrance of the random
movement of the substrate in the gel matrix. Moreover, according
to Axelsson et al. [20], due to the biocatalyst swelling process, the
effective solid fraction in the gel matrix is progressively reduced;
the value of the effective substrate diffusion coefficient in the gel
particle being higher and progressively increased in a non-linear
form.

The effect of biocatalyst swelling on structural resistance to
diffusion represented by the relationship between the square of
particle radius and the effective substrate diffusivity in the
biocatalyst is shown in Fig. 3. As it is observed, the swelling
process produces a non-linear increasing in the structural
resistance that can be assumed as a residence time of the
substrate into the gel particle and that affects negatively the
reaction rate.

The Thiele modulus describes a ratio between kinetic rate and
diffusional rate. For this paper, a generalizated relation for the
Thiele modulus can be presented as a linear function of the particle
radium and proportional to the inverse square root of the effective
diffusion coefficient of the substrate in the biocatalyst particle.
Fig. 4 shows the effect of biocatalyst swelling on Thiele modulus.
As the biocatalyst swelling increases, a non-linear increasing of f is
obtained due to the increased in the effective diffusion coefficient
of the substrate in the biocatalyst particle. Moreover, for the
conditions studied, the internal effectiveness factor, obtained
graphically using the methodology proposed by Pitcher [21], was
between 0.02 and 0.05.

Fig. 5 shows the effect of Thiele modulus on the fractional
substrate conversion in the reactor. As it is observed, when the f
value increases, the fractional substrate conversion in the reactor
decreases for the feed flow rate studied. In fact, it is difficult to
predict this effect due to the swelling process, the Thiele modulus
is affected in a different way by changes in the particle radius, of
the effective substrate diffusion coefficient and the effective
enzyme concentration into the gel particle.

The effect of biocatalyst swelling on St is shown in Fig. 6. The
biocatalyst swelling produces a reduction in St. The St is a relation
between the external mass transfer resistance and the residence
time. For the analyzed conditions, the residence time decreases
more that external mass transfer resistance and that ratio is not
linear.

Fig. 11. Effects of Biot number on reactor conversion for different feed flow rate and

different ½S�b0=Km (a: ½S�b0=Km ¼ 10, b: ½S�b0=Km ¼ 1 and c: ½S�b0=Km ¼ 0:1).

Fig. 12. Effect of biocatalyst swelling on reactor conversion for different feed flow

rate and different ½S�b0=Km.
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The dependence of substrate conversion with St was studied
(Fig. 7). The substrate conversion increases when increasing St.
Moreover, for high values of f and St, when the mass transfer
limitations are controlling the process, the substrate conversion is
independent of substrate concentration. Higher substrate conver-
sion is achieved when increasing St because external mass transfer
is increased, that is, the external mass transfer resistance is
reduced.

Fig. 8 shows the effects of biocatalyst swelling on Da. As the
biocatalyst swelling increases, a non-linear decreasing in Da is
obtained.

Due to biocatalyst swelling process increases the particle
diameter, the superficial fluid velocity is increased and external
mass transfer resistance is reduced affecting the substrate
conversion in the reactor. For Da values higher than 10, substrate
conversions higher than 0.90 are obtained (Fig. 9).

The effect of biocatalyst swelling on Bi is shown in Fig. 10. The
biocatalyst swelling produces a non-linear increasing in Bi. Higher

substrate conversions are achieved for Bi values lower than 40. At
high Bi values, the radial substrate profiles in the particles are most
pronounced, affecting the reactor conversion (Fig. 11). As Bi
increases, the external mass transfer resistance decreases.

The global effect of biocatalyst swelling on reactor conversion is
shown in Fig. 12. The biocatalyst swelling produces a non-linear
decreasing in reactor conversion. For each feed flow rate, a
biocatalyst swelling value from which the reactor conversion
decreases quickly can be observed.

Fig. 13 displays the global yield with respect to biocatalyst
swelling for different feed flow rates. The global yield increases
when increasing biocatalyst swelling. It can be observed that the
maximum yield is obtained for higher biocatalyst swelling at
500 ml h�1 of feed flow rate. However, that might be a point of low
productivity due to low reactor conversion.

Theoretical predictions were determined for the same variables
used to obtain experimental data. Theoretical prediction and
experimental data for substrate conversion obtained in the same
conditions are shown in Table 1. As it is observed, for the
conditions studied, the theoretical model predicted the experi-
mental behaviour with smaller error.

4. Conclusions

Catalytic particle size plays a key role in the design of
immobilized enzyme processes. The effect of bed swelling, mass
transfer limitations and axial dispersion was considered in a
mathematical model for a packed-bed immobilized enzyme
reactor.

The effect of Thiele modulus (f), Stanton number (St),
Damkohler number (Da), Peclet number (Pe) and Biot number
(Bi) were studied. The reactor conversion is almost complete for
high Da and St. Furthermore; it is found that substrate conversion
decreases when increasing biocatalyst swelling.

The maximum yield is obtained for higher biocatalyst swelling
at 500 ml h�1 of feed flow rate. However, that might be a point of
low productivity due to low reactor conversion.

The information obtained by simulations is a valuable tool for
immobilized enzyme reactor design by providing a quantitative
relation of enzyme performance changing operational variables.
The model predicted the experimental data with errors smaller
than 2.5%.
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Appendix A. Nomenclature

Species

E enzyme

P product

S substrate

Variables

g dimensionless variable, ½S�b0=Km

g2 dimensionless variable, ð½S�b0 � ½S�Þ=ki

g 02 dimensionless variable, ½S�b0=ki

e void fraction of packed bed reactor

Fig. 13. Effect of biocatalyst swelling on reactor yield for different feed flow rate and

different ½S�b0=Km.

Table 1
Simulated and experimental lactose conversion values.

½S�b0 (M) Biocatalyst

swelling (%)

Feed flow

rate (ml h�1)

Fractional substrate conversion

Experimental Predicted

1.90 0.00 100 1.000 0.995

300 0.920 0.907

500 0.790 0.790

5.00 100 0.990 0.983

300 0.825 0.810

500 0.645 0.649

10.00 100 0.930 0.918

300 0.590 0.594

500 0.425 0.419

0.19 0.00 100 1.000 0.999

300 0.990 0.977

500 0.945 0.934

5.00 100 1.000 0.999

300 0.970 0.961

500 0.915 0.900

10.00 100 1.000 0.993

300 0.915 0.907

500 0.790 0.800
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n reaction rate term

w dimensionless variable, uzR
2/(DsZ)

w2 dimensionless variable, uzR2½S�b0=ðPeDSZÞ
F Thiele modulus, R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vmax=ðKm DSÞ

p
F2 dimensionless variable, VmaxR2=ðKm DSÞ
a specific area of the spherical biocatalyst particle (cm�1)

Bi mass transfer Biot number, klR/Ds

C dimensionless substrate concentration inside biocatalyst

particle, ½S�=½S�b0
C* dimensionless substrate concentration in the liquid stream,

½S�b=½S�b0
D biocatalyst particle diameter (cm)

Da Damkohler number, e
ð1�eÞ

Vmax
Km kla

DS effective substrate diffusion coefficient (cm2 s�1)

Dz axial dispersion coefficient (cm2 s�1)

k2 intrinsic constant for Michelis–Menten kinetic equation

(mol l�1 min�1 mg�1 protein)

kd deactivation rate constant (h�1)

ki intrinsic inhibition constant by product (mol l�1)

kl external mass transfer coefficient (cm s�1)

Km intrinsic Michaelis–Menten constant (mol l�1)

Pe Peclet number, uzZ/Dz

r radial coordinate (cm)

R biocatalyst particle radium (cm)

St Stanton number, (1 � e)kl aZ/uz

t operation time (h)

uz superficial fluid velocity in the reactor (cm s�1)

Vmax intrinsic maximum reaction rate (mol l�1 min�1)

x dimensionless axial coordinate, z/Z

X substrate conversion

y dimensionless radial coordinate, r/R

Y reactor yield

z axial coordinate (cm)

Z reactor length (cm)

Symbols

[] Concentration (mol l�1)

Subindexes

0 at initial time

aq in water

Subscripts

b in the liquid stream

i immobilized
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