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We consider a generalization of non-relativistic Schrédinger—Higgs Lagrangian by intro-
ducing a nonstandard kinetic term. We show that this model is Galilean invariant, we
construct the conserved charges associated to the symmetries and realize the algebra of
the Galilean group. In addition, we study the model in the presence of a gauge field.
We also show that the gauged model is Galilean invariant. Finally, we explore relations
between the twin models and their solutions.
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1. Introduction

A new type of classical field theories has been intensively investigated during the
several last years. These theories, named k-field models, are usually endowed with
nonstandard kinetic terms that change the dynamics of the model under investi-
gation. The k-field models have application in cosmology,'® strong gravitational
™11 and others. In particular, an
interesting issue concerns the study of topological structures, where topologically
nontrivial configurations, named topological k-solutions, can exist.'4 26

In the recent years, theories with nonstandard kinetic term, named k-field mod-
els, have received much attention. The k-field models are mainly in connection with
effective cosmological models'™® as well as the tachyon matter® and the ghost con-
densates.” ! The strong gravitational waves'? and dark matter,'3 are also examples
of non-canonical fields in cosmology. Also, topological structure of these models was

waves,'2 dark matter'® and ghost condensates
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d,'#26 showing that the k-theories can support topological soliton solutions

both in models of matter as in gauged models.

analyze

In this paper, we propose to study a non-relativistic Higgs k-model. Here, the
nonstandard kinetic terms are introduced by a function w, which depend on the
Higgs field. In particular, we show that w(p), where p = ¢'¢, is Galilean invariant
and we will construct the conserved charges associated with this invariance. We
also show that the model realizes the algebra of the Galilean group, if we choose a
particular w, i.e.

w(p) =p". (1)
Finally, we analyze a non-relativistic gauge model with nonstandard kinetic term.
In particular, we will concentrate on the Jackiw-Pi model?”?® with nonstandard
kinetic terms. We also show that this model is Galilean invariant, realizing the
algebra of the group.

2. The Model and Its Symmetries

Let us start by considering the (2 + 1)-dimensional Schrodinger model governed by
the action,

Sz/d%Qw%¢—§#@m2+Mmﬁ. (2)

Here, ¢(z) is a complex scalar field and A is a strength coupling constant. Also, the
metric tensor is g = (1, -1, —1).

It is well known that the model (2) presents Galilean invariance.?9 This means
that action (2) is invariant under time and space translation, rotations, Galilean
boost and the U(1) symmetry. More precisely, the Schrédinger model remains in-
variant under the following symmetry transformations:

1. The infinitesimal time translation of the field

d¢ = ado¢, (3)
where the Hamiltonian is the conserved charge associated to this symmetry
1
H= [ &z —10;0]*> + No|* ). 4
[ (oot Nl (@
2. The infinitesimal translation of the field
0¢p = a;0;¢, (5)
which leads to the conservation of linear momentum
)
Pi= [ daéloi0 - 0910). (6)
3. The infinitesimal field transformation due to a rotation
0¢p =0r x 0¢, (7)
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where 6 is the rotation angle. Here, the conserved charge obtained from the
Noether theorem is angular momentum,

J= /d%(—Ple + Pox1), (8)
where
Py = 5(8100 — 0i619). (9)
4. The infinitesimal field transformation due to Galilean boost
0¢ = imu;T;p — tv;0;¢ , (10)

which leads to the conservation of the following charge:

G; = /dzx(ﬂt —mxp), (11)
p=0"¢. (12)

5. The Galilean invariance is completed with the inclusion of U(1) symmetry
0p =iag. (13)

Here, the mass operator M = m [ d?z p is the conserved charge associated to
this transformation.

The algebra of the Galilean group may be realized by using the Poisson brackets
for functions of the matter fields, which are defined from the symplectic structure
of the Lagrangian at fixed time to be

[, OF 0G  oF 4G
(R Gjen =i [ d (aw(r) 50(0) 6¢<r>6¢f(r>>' "

In the particular case in which F' = ¢ and G = ¢!, we have

[b(x), 6(2")1] = ~i* (2 — 2). (15)

Using the Poisson bracket relations the above conserved charges can be shown to
realize the algebra of the Galilean group

[P, Pj] =[P, H| = [J,H] = [G;,G;] = 0,

[J. ] = " Py,

[J,Gi] = €9G;, (16)
[P, Gy] = 6UmN

[H,G;|=P;.
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In this section, we are interested in exploring a generalization of the model (2).
Following the same idea of the works cited in Refs. 14-16 and 23-25, we modify
the model (2) by changing both the canonical kinetic term of the scalar field and
the potential term, so that the proposed model is described by the action

5= [ @ratotn = [ Enutp)(i6'on0 - 5100 + Aol

=5+ 55+ S5, (17)

where

5= [ daalpyiolons.
1
S0 == [ daulp)-10i0P. (18)

Ss

[ #autoior.

Here, the function w(p) is in principle an arbitrary dielectric function of the complex
scalar field ¢, and p is related ¢ by

p=9'0, (19)

where n is a positive integer.

Next, we will calculate the variation of the action (17) under time and space
translation, angular rotation, Galilean boost and U(1) transformation. We begin to
calculate the variation of the action (17) under time and space translation

3¢ = ado (20)
5¢ = aiaiqb. (21)
The variation (20) implies
ow ow
ow(p) = %6/) = aa—paop = adyw, (22)

so that,

551 = / 0P 2[i6u(p)8' Do + w(0)5(61 Do)
_ / 2 [iadow () Bod + iw(p)5( o)

_ / P aliadow(p)d o + iw(p) (aBod Boé + ad! 526)] . (23)
By integration by parts, the last term of this integral, we have,
051 =0. (24)
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The variation of Se under (20) leads to

55 = — o / B[(0:000' 056 + 0:6 00BN (p) + |0s6 2w (p)] . (25)

Then, integrating by parts the first term of this integral, we immediately arrive at

585 =0. (26)
Finally, it is easy to check that,
50 = A [ dalduolp +w(p)spl = o [ Eadulotell =0, (21)
where we have supposed the boundary condition
Jm_¢=0. (28)

Thus, the model is invariant under time translation. Space translation involves
5(p) = a: 0w (p) (29)
Then we have,
5S; = / dzlia;0.w(p)d o — iaiw(p) (96T o + ¢TBe0i )] . (30)
Integrating by parts the last term of this integral, we get
051 =0. (31)
The variation with respect to So is
382 = o [ @al(@:02610:0 + 0:0:01020)(p) +10:0P adw(p)]. (32

It can be easily seen that integrating by parts the first term, the variation becomes
Zero.
For S5, we have

555 = /\/d3a:[(5w(p)p +w(p)dp] = ai)\/d?’x B:[w(p)p] = 0. (33)
The model is also invariant under rotations. Indeed, we have from (7)
0¢ = 11020 — 22010, (34)
such that,
5(p) = 22 (5102 — 2201p) = 0100(p) — w201(p), (35)

dp
051 = i/d%[[ﬂflaﬂﬂ(m — 2201w(p)]¢" Do + w(p)Dopla1 020" — 220167

+w(p)d do[x1020 — 22010]] . (36)
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Integrating by parts, in 1 and xg, the last term of this variation, we easily arrive
at

58 =0. (37)

Variation with respect to Sy requires a bit more attention. By using (34) and (35),
we have

1
08y = “om /d3$[8i($132¢T — 220191 Diw(p) + w(p)0i! i (11020 — 12019)
+10i9]* [£1020(p) — 2010 (p)]] - (38)
Developing the first two terms of this integral and after some algebra we can check

that 653 = 0,
The invariance under rotation of the model is completed by the variation of Ss,

50 = [ da8lulp)e) = A [ dolerdus(p) ~ wa0na(plp +(p)r1020 — w201

= [ daloululp)pn) - 1fw(p)prz]) 0. (39)
Let us concentrate on the Galilean boost,
5¢ = (imvixi - tvlﬁi)Qﬁ. (40)

Under this transformation, the variation of w(p) is

ow(p) = a—wép = —tw;0; 0

(V)

Thus, we have for S; the following variation:
051 = i/d?’x[—tviaiw(p)qSTaogf) — w(p)tvidi ¢ dod — w(p) P tvididod] . (42)

Integrating by parts the last term, it is easy to check that 457 = 0.
The variation of S; may be evaluated by using (40) and (41), so that

58y = —ﬁ /d3x[—tvi8iw(p)|8¢¢|2 + (—t0; 020101 — t0;0:0T 07 P)w(p)] . (43)

which vanish after integrating by parts the last term of this integral.
The Sj3 is also invariant under Galilean boost. Indeed, we have

555 = A / B a[—tvipdio(p) — toiw(p)0d 6 + tow(P)d Br],  (44)

where the last term may be integrated by parts, arriving to 655 = 0.
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Finally, the U(1) invariance of (17) is automatically satisfied, since w(p) and
Lxr are U(1) invariant, and then

55 = / Bar(60(p) Lxr + w(p)5Lxr) = 0. (45)

Using the Noether, it is not difficult to obtain the conserved charges associated
to the Galilean symmetries. In particular, we arrive at the following quantities:

H= /dejo dx? = /dzmiqST&ogZ)w(p) -

— o (L5 0 2
= [ lo0R + Ao ). (46)
which is the Hamiltonian of the model (17).
Pi= 5 [ #51610:0 - 0:6' () — poust )] (a7)

This is the conserved charge associated to space translations, which differs from the
usual non-relativistic P; in the fact that here, we have the function w(p) multiplying

the term ¢T0;¢ — 0;07 .
J= /d2$(—731$2 + Poxy) (48)
is the usual expression of the angular momentum.
G = /de(—ma:ip + Pit)w(p), (49)

which differs from (11) only on the factor w(p).

N = —a/dzxw(p)p (50)

is a generalization of the usual mass operator.

3. The Galilean Algebra

In this section, we shall study the algebra of the generators associate to the sym-
metry transformations studied in Sec. 2. We have seen in Sec. 2 that the algebra of
the Galilean group is realized by the Poisson bracket (14). Also, the Poisson bracket
(14) implies the commutation relation (15), which is the fundamental relation to
construct the algebra (16). The commutator (15) is the usual commutator between
the fundamental field of the theory and its canonical conjugate, which is usually
defined as

oL .
wza(80¢)=z¢T, (51)
so that,
[p(x), 7(a")] = 6*(x —a'). (52)
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However, if we apply this commutation relation to construct the Galilean algebra
of the model (17), it is not difficult to see that we cannot construct the Galilean
algebra (16). For instance, we can check easily that,

where P; and H are given by the expressions (46) and (47). The problem lies in the
fact that, here, 7 is not i¢. Indeed,
. oL
9(009)

so that 7 is a function of ¢! and ¢ and therefore the definition (14) of the Poisson
bracket does not apply. For this reason, we must redefine the theory in terms of
new fundamental fields. In general, this is difficult due to the arbitrariness of the
function w(p). However, if we choose

w(p) =p", (55)

where n is an arbitrary positive real number, we can rewrite the model (17) as
follows

=i¢lw(p), (54)

s— [ d3x(i¢Tc?o¢ ~ Liogp + Ap)w(p)
2m
-/ d2$(i¢T50¢Pn = Laepor + Ap"“)
2m

= / dgx(%"“)* 5000 — 50" 006" 010 + A<¢>”+1>*¢”+1)
_ 3 i n+1\f n o 1 (AT (AT T
B /d x(n+1(¢ R 2m(n+1)281(¢ Hoi(e" )

+)\(¢n+1)T¢n+l). (56)
From (56), it is natural to define new fields, such that
Yp=¢"", YT = (o). (57)
Thus, the action (56) is rewritten as
— B ton — — 8. ()0 () + At
5= [ @i - st mawa) + ). 6

Comparing this action with the non-relativistic action (2), we see immediately that
both are very similar. Then, the canonical conjugate field is

oL i

m= — =

d(Aov) n——f—lw (59)
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and we can define the Poisson bracket, in terms of the new fields, following the
definition (14),

0F 6G  OF oG
FGpp=i | 2| —— — —— | 60
(F.Glen =i [ m(waw waw) (60)
In particular, if F = v and G = 9T, we recover the usual commutation relation
between the fundamental field and its canonical conjugate,

{9 pe = [, 1] = i/d%(—&Q(x —2")6%(x — ') = —id*(x — ). (61)

We can proceed in the same way as with the action and check that the conserved
charges (46)-(50), written in terms of the fields ¢ and T, are identical to the
conserved charges of the model (2). Thus, the conserved charges written in terms
of ¢ and 9T as well as the commutation relation between 1) and ' lead us to the
similar context of the non-relativistic case analyzed in Sec. 2. Therefore, it is easy
to understand that the generalized model (17), with w(p) = p™ satisfies the algebra
of the Galilean group expressed in (16).

4. Gauged Model
Let us consider the model, in which Higgs field is coupled to a gauge field A, (z),

S = SA +/d31'OJ(p),CNR

1
= 5a [ (o) (6 Doo - o Do +Nol'). (62)
where the covariant derivative is
D, =0, +ieA,, w=0,1,2, (63)

and S denotes the dynamics of the gauge field. In particular, we will assume that
Sa is a (2 4 1)-dimensional Chern—Simons action, given by,

Scs = g / Br ™A, F =k / Pr(AgFia + AsoAy). (64)

In the same form as that in the model (17), it is not difficult to see that the model
(62) is invariant under time and space translations, angular rotation, Galilean boost
and U(1) transformation. In addition, if we choose, w(p) = p™, the model (62) may
be rewritten as

1 1 1
_ 3 cn+1\t n+1 . n+l| _ _— (AT yn+1
S /d x(z(qS ) [—n+180¢ + ieAgp } 2m<n—|—1aﬁ(¢ )

1
— ieAi(qﬁT)"“) (H—Ham"“ + ieAiqﬁ"“) + Ap””) + Scs - (65)
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In terms of the fields ¢ and T,

S = /de(in{ 501!1 + zeAOdJ] — L( 1 Rl
—ieAidJT) (ﬁ i + zeAlz!J> + AT) > + Scs - (66)
Let us, now, define the action S, such that S’ = (n 4 1)S,
§' = [ @01 Db~ 1D+ M2 + Sts. (67)
where here, the covariant derivative is defined as
Db = 0yt +ie1 Ay, pw=0,1,2, (68)
the Sgg is
Ses =" [ Pa e A F0 = m) / Ba(AoFia + AsBpAr) (69)
and the coupling constants e, k1 and A\ are
e1 =e(n+1), k1 =r(n+1), Al =An+1). (70)

Thus, the model (62) may be rewritten in terms of fields 1 and ' as
5= [ et (WD - sADIWE + MT?) +Ses. (71
This is the well-known Jackiw—Pi model,?”?® which is Galilean invariant and sat-

isfies the algebra of the formula (14) inherent to the Galilean group. So, the model
(62) realizes the Galilean algebra.

5. Twin Models

We can also modify the model (2) by introducing two different dielectric functions

S = /d3 |f*’1 <¢T30¢— —|81¢5|2) + Awz(p )|¢|2]- (72)

Similar to the model (17), it is easy to check that (72) is also Galilean invariant.
Indeed, we can rewrite (72) in three separate actions as in formula (18)

S1= [ daen(p)io!ono.
1
S: == [ Ezwrlp)-10:0P. (73)

S = [ daaa(prioP
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and as we showed in Sec. 2 each of the three actions are Galilean invariant for an
arbitrary dielectric function. So, the actions written in formula (73) are Galilean
invariant for arbitrary w; and wo.

Again, the model does not satisfy the Galilean algebra for an arbitrary w; and
wsy. However, if we choose w; = p" and wy = p”, with n and h arbitrary positive
real numbers, we can rewrite (72) as

1
3 fyntlag ntl n12 2(h+1) A
5= [P o - e At ). (1
If we define ¢ as in (57), we have
¢ =i, (75)
so that
_ 3 E _ 1 gn+12 2241
s— [ vt o LS PP ).

Writing in this form it is evident that the model (72) satisfies the Galilean algebra.
We can proceed in the same way for the gauged model.

Finally, let us concentrate on the solutions of the deformed model (17) . Here, we
are interested on the static field configurations that minimize the energy functional
associated to the model (17). Thus, for the model (17), we have

1
B = [ @ 51008 + Nof )ulo) (77)
In the particular case that we choose the coupling constant to be
1
—, (78)

the theory is governed by the Hamiltonian

- | d%(w o+ ai/)) o) (79)
2m
The last term of this expression may be written as a total derivative if
of
== 80
wlp) = 5 (30)
which may be assumed without loss of generality. In this way, we have
w
£ [ @l - P52 + 0.1(0)). 1)

The total derivative may be dropped with the hypothesis that f(p) is well-behaved.
Then, the energy is bounded below by zero, and this lower bound is saturated by
solutions to the first-order self-duality equation

0ip=¢. (82)
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The solution of this equation satisfies not only the Euler-Lagrange equation of (77),
but also Euler-Lagrange equation of the model (2), i.e.

Rp=¢. (83)

Here, it is important to note that the Euler-Lagrange equation following from
the functional (77) is different from that following from the model (2). Thus,
we conclude that the solution of Eq. (82) solves the Euler-Lagrange equations
of an infinitely large family of theories parametrized by the functional w(p). This
deformation procedure has been used recently by many authors3® 3¢ to obtain re-
lations between similar models and their solutions.

In summary, we have proposed a generalization of the non-relativistic
Schrodinger-Higgs model. We have shown that this generalized model admits
Galilean invariance and we have also explored its twin models and their solutions.
In addition, we show the Galilean invariance of a generalization of the Jackiw—Pi
model.
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