Transverse, normal modes of vibration of a cantilever
Timoshenko beam with a mass elastically mounted
at the free end (L)
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An exact solution for the title problem is obtained by means of the classical eigenfunction approach.
The natural frequencies are computed for a wide range of the intervening mechanical and geometric
parameters. Normal modes of transverse vibration are plotted for some cases of practical interest.
The problem is technically important in several areas of applied science and technolog@201©
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I. INTRODUCTION V(x)=C, sinax+ C, cosax+ C5 sinhBx

The problem of transverse vibrations of structural ele- +C, coshgx, (3)
ments(beams and platgsarrying masses rigidly attached to
the support structure is of great technological importance in L __¢ o c o .
several fields of engineering: from civil engineering situa- Y(X)==Cy| | Cosax+Co| —| sinax
tions to mechanical, naval and aerospace systems passing
through electronic packages which operate under severe dy- e € ) € ) ;

——| coshBx+C,| ——| sinhBx, 4

namic excitations. Several studies are available on the sub- 3 BL A 4 BL P @

ject matter: 3
When shear and rotatory inertia effects are taken intovhere
account the problem is considerably more complex and the

number of investigations published in the open literature is  a= V(H+ VH2—4F)/2, (5a)

considerably more scaréélhe situation is even more criti-

cal if the mass is elastically attached to the structural — 5— \/(_ H+\VH2—4F)/2 (5b)
element ’

The present investigation deals with the determination of ~ §=Q2y\ — a?L2, (63
natural frequencies and normal modes of transverse vibration
of the system shown in Fig. 1. e=0%n\+ B%L2, (6b)

H=[(1+N)Q?7]/L?, (7a)

Il. ANALYTICAL SOLUTION F=[Q2%Q%7°\—1)]/L*, (7b)

When the system vibrates in one of its normal modes ) —1 2(1+4)]/k (8a)
one expresses the transverse displacemdmntt), and the
angle of rotation due to flexurg(x,t) in the following man- 7=r?/L%=1/A,L?, (8b)
ner:

O2=w2L* (pAy/El), (80)
— iwt
v(x,H=V(x)e™, @ wherek is the shear factor.
Y(x,H)=y(x)e, (2) M
2K \

wherew is the natural, circular frequency.

The solution of the system of differential equations of
the Timoshenko beam is well known and may be expressed p, A, E,ILL
in the fornf

X,
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YElectronic mail: ima@criba.edu.ar FIG. 1. Structural system under study.
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The governing boundary conditions are [/1\ 1"Mode .-~ ‘\ X AN
-2f d e 5"
3" L. ’\ o 4t
dy/dxl,=0=0, 9 I
r/‘
EA/N [4(0)—|dV/dX|y—o]=Fs, (10 m=1K;=1
6l .
V(L)=0, (11) Vol
4 th T2
¥(L)=0, (12) o e
6th 3rd S
_ _ 2t MR
Whgre Fs is the fo_rce transmitted to the beam through the . oY ;»x\\i\:\\\ X
spring defined by its constait BN KT ONL A TN /L
. . . . . ad ray e Sy
Referring to Fig. 2 one determindsin the following __,/,, _,g./,g--\--—s;\-zy;"*'\:(zj/eg‘ 0.8 -7 1
//4//}\15'M d\ I AN _sT_ 7
) // ode
TABLE I. Values of frequency coefficients of the system shown in Fig. 1 for
r/L=0.01. m=1K;=10
Ky m 04 Q, Q5 Q, Q5 Qg UV e o _.a-"(ﬁZ"d e~y h
PO ~ 7 7\ 77N 7 ) ‘/
0 3.51265 21.8889 60.7409 117.516 191.18 /,/\,\’\\\ BN VAR WA
/// 7\ ,'\ \ \"l \\ \
0.1 0.2 0.695153 3.5713 21.898 60.7442 117.518 191.181 g.5 //,/// ,\’\'\ N /‘\ BT
0.5 0.439825 3.56991 21.898 60.7442 117.518 191.181 ;/,/ R ‘I\’ N /'\\ RN )/
1 0.311043 3.56946 21.898 60.7442 117.518 191.181 ///,' \ \\ Y /\\ // Voo ! o /L
2 0219939 356924 21.898 60.7442 117.518 191.181 - 3 0 5\/ D"k--*""ol"a' T
3 0179611 3.56916 21.898 60.7442 117.518 191.181 i 2\ \ '7/_\_, -2k \v’ S
v TNy s
1 02 1.85165 4.22086 21.9808 60.7733 117.532 191.19 ~0.9 XN PN \ N S
0.5 1.20522 4.10143 21.9803 60.7732 117.532 191.19 T \\’ v Moy S //
1 0.859305 4.06765 21.9801 60.7732 117.532 191.19 AN N th
-1 T ST N5
2 0610001 4.0518 21.9800 60.7732 117.532 191.19 1%t Mode 4 3>

3 0498694 4.04666 21.9800 60.7732 117.532 191.19
m=1K;=wo

10 0.2 252859 9.3003 22936 61.0723 117.681 191.279
05 1.88273 7.92233 22.8719 61.0696 117.681 191.279 FIG. 3. Model shapes far/L.=0.01.
1 141875 7.44048 22.8521 61.0687 117.681 191.279
2 1.03739 7.19843 22.8425 61.0683 117.681 191.279, . . .
3 0856732 71789 228393 610681 117.681 191.279fash|on.5 Let z; be the displacement of the massand z,

the one corresponding to the other end of the spring. Accord-
© 0.2 261088 181103 52.8401 105.477 175.167 260.561ing|y one has

0.5 2.01508 16.8160 51.0214 103.425 172.997 258.340
1 155644 16.1700 50.2317 102.596 172.156 257.502
2 115760 157838 49.7918 102.149 171.710 257.062 M (d?z,/dt?) =K (z,—z;). (13
3 0.962328 156438 49.6377 101.995 171.558 256.912

Defining
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TABLE II. Values of frequency coefficients of the system shown in Fig. 1

=

RIS @.\4 ;
A NN
N\

for r/L=0.05.
Ky m O, Q, Qg Q, Qs Qg
0 3.43527 19.1036 46.6031 78.9022 113.750
0.1 0.2 0.694873 3.49378 19.1124 46.6062 78.9037 113.751
0.5 0.439659 3.49233 19.1124 46.6062 78.9037 113.751
1 0.310927 3.49186 19.1124 46.6062 78.9037 113.751
2 0.219873 3.49163 19.1124 46.6062 78.9037 113.751
3 0.17953 349155 19.1124 46.6062 78.9037 113.751
1 02 184162 414718 19.1927 46.6337 78.9174 113.759
0.5 1.20078 4.02287 19.192 46.6337 78.9174 113.759
1 0.856542 3.98788 19.1917 46.6337 78.9174 113.759
2 0.608171 3.97148 19.1916 46.6337 78.9174 113.759
3 0.497234 3.96617 19.1916 46.6337 78.9174 113.759
10 0.2 249003 9.14084 20.1613 46.9218 79.0568 113.84
0.5 1.8601 7.77275 20.0759 46.9174 79.0561 113.839
1 140397 7.29143 20.0501 46.9159 79.0558 113.839
2 102752 7.0492 20.0377 46.9152 79.0557 113.839
3 0.848861 6.96855 20.0336 46.9149 79.0557 113.839
® 02 256734 16.1768 41.6733 72.9088 107.23  143.104
0.5 1.98635 15.1074 40.3738 71.6557 106.056 142.035
1 153636 14.5623 39.7905 71.1294 105.58  141.608
2 114365 14.2331 39.4607 70.8408 105.323 141.379
3 0951041 14.1131 39.3444 70.7405 105.234 141.300
z=2,—2; (14
and replacing in(13) one obtains
M (d?z,/dt?) =Kz+ M(d?z/dt?), (15)
and since
z,=W(0)e'“", (16)
substituting in(15) results in
M (d?z/dt?) + Kz=— w’MW(0)e'“", (17
whose particular solutions is
z=[ w’MW(0)/0*M —K] e'“". (18)
Accordingly,
F=Kz=[w’MW(0)/w’M/K—1]e'“t, (19

Substituting(3) and (4) in the governing boundary condi-

tions and applying the nontriviality requirement to the result- ~0-3

ing homogeneous system of equations,

wherem=M/pA,L andK,=K/(EI/L3).

J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001

S
0 2 0 2
) Q2my\ € \ Q%my\
“lar et T 1o aEk, (/I_B") T 1-0%miK,
sinalL cosal sinhBL coshpBL
1) 1) € €
- ICOS&L Isin al EcoshﬁL EsinhﬁL

(20

Ll 2% .
7 A A N N[5
52 b\i, 6,8

L4l rne
/7
Vi
v -
r/

1 Mode

-1

m=1 K]ZOO

FIG. 4. Model shapes far/L=0.05.

Ill. NUMERICAL RESULTS

The numerical determinations have been performed
making Poisson’s ratigv) equal to 0.3 and the shear factor
(k) equal to.
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The frequency coefficients have been tabulated as ather hand, the discrete system exhibits rather large vibration
function of K;=K/(EI/L®) andm=M/pAoL. amplitudes.

Table | depicts values df; for r/L=0.01 which corre-
sponds to a rather thin beam. The casea /af=0 is obvi- ACKNOWLEDGMENTS
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