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Abstract
We present a detailed study of the ionization probability of H2O induced by a short intense
laser pulse. Within the strong-field approximation, we present total and differential ionization
probabilities of the water molecule fixed in space. It is shown that the second highest occupied
molecular orbital (HOMO-1) dominates the single-electron emission process when the laser is
polarized along the symmetry axis of the H2O molecule, and that the electron emission is in
general favoured in the direction along the laser polarization direction.

(Some figures may appear in colour only in the online journal)

1. Introduction

Since the pioneering experiments on ionization of fixed-in-
space molecules by photon impact were performed almost two
decades ago [1], there have been notable improvements in both
photon sources and detection techniques. These experiments,
where the molecule orientation may be resolved, are a fertile
ground to study electron densities and molecular structures as
well as reaction paths in controlled conditions, after interaction
with photons [2–5].

Recently, ionization of oriented molecules by laser light
has been proposed as an imaging method to determine
electronic structures, nuclear geometries and chemical
reactions [6, 7]. Proposed time-resolved imaging methods
involve either the recording of ionization probabilities as a
function of the angle between the photon polarization vector
and the axis of the molecule or the use of two laser pulses in
a pump-and-probe scheme [7, 8]. Very recently, the feasibility
of some of these methods has been discussed in the framework
of a theoretical time-dependent approach [9]. Experimentally,
the orientation-dependent strong-field ionization yield was
obtained for large polyatomic fixed-in-space molecules using
state-of-the-art alignment and orientation techniques [7, 10].

Since experimental alignment of dipolar molecules, such
as water, in field-free conditions is difficult to achieve a

4 Author to whom any correspondence should be addressed.

viable alternative method consists in working with non-aligned
target molecules, measure the momenta of all fragments in
coincidence after the interaction and reconstruct a posteriori
the initial molecular orientation from the final-state data [11].
This is, however, a formidable task since four particles—one
electron and up to three ions—must be recorded in coincidence
after fragmentation of the H2O molecule.

Despite these difficulties, ionization of water molecules
receive intense attention because of its predominant role in
applied areas. For instance, in medical physics, investigation
of the direct effects of the radiation on water molecules, as well
as the particle track that is created by the interactions, is a key
part in radiotherapy investigations. In particular, ionization
probabilities in a liquid phase are necessary to accurately
describe the effects of radiation on living tissue, as required by
simulations and dosimetry calculations. Recently, ionization
cross-sections of liquid water by the impact of electrons were
calculated in a perturbative theory [12].

A crucial issue in the development and implementation
of ionization theories is the accurate description of complex
molecular systems. Even relatively simple theories are
hindered by the use of approximated wavefunctions for
the unperturbed target that do not represent true molecular
states. For instance, the use of a single-electron, single-centre
pseudo-molecular description of the electronic orbitals of the
molecules is customary.
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Figure 1. Isosurfaces of water orbitals: (a) HOMO, (b) HOMO-1 and (c) HOMO-2. The molecular reference frame is defined by the x̂-, ŷ-
and ẑ-axis. The oxygen and hydrogen position are (0.22ẑ) and (±1.42ŷ − 0.87ẑ), respectively. The grey lines represent the distances between
the O atom and each H.

Very recently, a method for water ionization cross-
sections by fast proton impact within a first-order perturbative
approximation was published [13]. The approach used a
multiple-electron Slater determinant description of the target,
expanded as a sum of Gaussian-type orbitals (GTOs). This
versatile description has been worked out to obtain analytical
expressions for the cross-sections, which may be easily
included in dosimetry simulations. In the same spirit, we
implement a method to investigate ionization of fixed-in-
space H2O molecules by interaction with short laser pulses
in this work. The method involves the use of the strong-field
approximation (SFA) [14–16] (see also [17]). The target is
described in terms of a Slater determinant, where each orbital
is expanded into a linear combination of GTOs. This choice
of basis sets is motivated by the use of modern quantum-
chemistry packages, which provide very accurate molecular
ground states.

Simple first-order calculations, as the ones based on SFA,
may not compete with state-of-the-art fully numerical methods
based on the exact solution of the Schrödinger equation
[18, 19]. On the other hand, fully ab initio methods are very
difficult to extend to complex systems with more than one
electron, and only recently the calculation of ionization of
H2 by intense ultrashort laser pulses [20] has been feasible.
For H2O, the problem must be drastically simplified even
with today’s computing power. Only very recently Petretti
et al have been able to solve the four-dimensional time-
dependent Schrödinger equation, after resorting to the single-
active-electron approximation [9, 21].

However, the SFA is a simple, first-order theory with
relatively low computational requirements, making it suitable
for the evaluation of ionization probabilities of complex
systems such as molecules or clusters. The goal of this work is
therefore to describe and implement a SFA-type method that
may be easily extended to large systems. We apply this method
to analyse the ionization probability of water by short laser
pulses, and its dependence on the orientation of the molecule
relative to the polarization of the light. The contribution of
each of the occupied orbitals is discussed in light of the
results obtained in the present approximation. Atomic units
are employed, except where otherwise stated.

2. Theory

We consider a fixed-in-space water molecule illuminated by a
short laser pulse. The molecule is modelled as an N-electron

system, whose evolution is governed by the time-dependent
Hamiltonian

H(t) = H0 + VI(t), (1)

where the interaction of the laser pulse with the N electrons in
the length gauge is

VI(t) = −
N∑

i=1

F(t) · ri.

The short six-cycle laser pulse considered in this work exerts
a force on the system, proportional to its electric field:

F(t) = F0 sin (ωt) T (ωt/2π) ε̂, (2)

where the trapezoidal envelope T (x) is defined as

T (x) =
⎧⎨
⎩

x/2 if 0 < x < 2
1 if 2 < x < 4
(6 − x)/2 if 4 < x < 6

and vanishes in all other cases, ω is the central frequency, ε̂ is
the polarization vector and τ = 12π/ω is the pulse duration.

The initial state |i〉 is an eigenstate of the unperturbed,
field-free, molecular system: H0|i〉 = E0|i〉. The ionization
amplitudes c� at a time t are given, in the first-order
perturbation theory by

c�(k, t) = −i
∫ t

t0

dt ′〈k(t ′)|VI(t
′)|i〉 e−iE0t, (3)

where the subscript � has been introduced to indicate that
the target wavefunctions depend on the molecular spatial
orientation.

Initially, the H2O molecule is in the ground state, fixed in
space and oriented as shown in figure 1. While the electron
structure of multi-electron, nonlinear molecules, such as water,
is difficult to describe theoretically in the present context, a
usual approach is to simplify the multiple-centre molecular
states by either one-centre wavefunctions, the solution of an
effective central potential or linear combinations of atomic
orbitals [22–24]. In this work, both the initial |i〉 and final
|k〉 states are described by single-Slater determinants of spin-
orbitals φ1, φ2, . . . , φi, . . . , φN and φ1, φ2, . . . , ϕ f , . . . , φN ,
respectively [25]. The use of these states is based on the
assumption that one electron has been promoted from a given
orbital φi within the molecule to a continuum state ϕ f with
momentum k, while the remaining electrons are kept frozen.
The interaction VI is expressed as a sum of one-electron
interactions, and the amplitude reduces therefore to the matrix
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Figure 2. Probability density of the HOMO wavefunction along its
symmetry axis x (full) is compared with the asymptotic
expression (5) (dashed).

element between the two one-electron states involved in the
transitions φi and ϕ f .

The spatial part of bound orbitals is given as a linear
combination of normalized GTOs, Gα, j, centred on various
nuclei α [13]:

φi(r) =
∑
α, j

cα, jGα, j,

Gα, j(rα ) = Nα, j x
k j
α y

l j
α z

mj
α exp (−α jr

2
α ), (4)

where k j, l j and mj are integers, Nα, j is the normalization
constant of each GTO and the electronic coordinate relative to
the nuclear centre α is denoted by rα .

For a water molecule in the ground state, there are five
orbitals occupied. The molecular orbitals used in this work
have been obtained with the GAMESS(US) program [26]
at the density functional level of theory with the Becke
three-parameter hybrid exchange and the Lee–Yang–Parr
gradient-corrected correlation B3LYP functional, cf [27] and
[28] respectively. They have been obtained by geometry
optimization and are the same as the ones used in [13]. The
occupied orbital energies are shown in table 1, the highest
occupied molecular orbital (HOMO) having an energy of
Ei = −0.49 au. In figure 1, we show the reference frame
used, as well as the isosurfaces, for the electronic density of
the three higher occupied orbitals when |φi(r)|2 = 0.1.

The GTO basis employed, with 36 functions, produce
results that at large distances, and in the region of the largest
contribution to the matrix elements, agree within a few per
cent with the asymptotic expansion

rZ/κ−1 exp (−κr), (5)

where κ is the momentum associated with the ionization
potential IP = κ2/2. This agreement is shown in figure 2,
where the GTO-expanded wavefunction and the asymptotic
expresion for the HOMO in the direction of its maximum
(x-axis) are displayed. Similar agreement is obtained for the
other orbitals.

Table 1. Occupied orbitals of the water molecules with the
corresponding ionization energies Ei, calculated at the equilibrium
position.

Orbital Symmetry Ei (au)

HOMO 1b1 −0.49
HOMO-1 3a1 −0.57
HOMO-2 1b2 −0.71
HOMO-3 2a1 −1.35
HOMO-4 1a1 −20.55

In the SFA, the final state for the emitted electron is written
as a Volkov wave, thereby neglecting its interaction with the
remaining ionic molecule, and describing it as a free electron
evolving in the field of the laser:

ϕ f (r, t) =
(

1

2π

)3/2

exp{i[k + A(t)] · r − iS(k, t)}. (6)

Here, the Volkov phase is

S(k, t) = 1

2

∫ t

0
dt ′ [k + A(t ′)]2, (7)

and A(t) = − ∫ t
0 dt ′F(t ′) is the vector potential of the electric

field.
Finally, taking into account the spin degeneracy, the

differential ionization probability for the emission of an
electron with energy E = k2/2 into the solid angle element
d�k at the end of the pulse is given by [17]

dP

dEd�k
= 2k |c�(k, τ )|2 , (8)

where

c�(k, τ ) = −i(2π)−3/2
∫ τ

0
dt F(t) · 〈ei(k+A)·r| r |φi〉 ei(S−Eit)

(9)

and the time integration was performed by a low-order
rectangular quadrature method, where convergence was
checked by systematically decreasing the time step. Also, in
some cases, a variable-step Simpson quadrature calculation
was independently performed to test the accuracy of the results.

Several approximations were performed in order to arrive
to the above expression (9). The main shortcomings are
the non-orthogonality of the initial and final states for the
active electron, and the well-known disagreements between
the length and velocity gauges in the SFA [29, 30]. There
is no unanimous opinion on which gauge is the most
convenient for each problem. While Awasthi et al found that
for H2 the Coulomb-corrected velocity gauge produces better
total probability ionization results [31]; the dependence on
orientation has been found to be better described by the length
gauge [32]. Also, the velocity gauge has been shown to be
more sensitive to the parity of the initial state wavefunction
[33, 34]. We therefore believe that the main physics is captured
by the present approach and postpone studies based on fewer
approximations for future work.

Since we expand the initial orbitals into GTOs, the space
integrals can be solved analytically:

〈eiq·r| r |φi〉 =
∑
α, j

cα, j Nα, j exp (−iq · Rα ) exp (−q2/4α j)

× (π/α j)
3/2 (2i

√
α j)

−(k j+l j+mj )

× {Rα Hkj (qx j) Hlj (qy j) Hmj (qz j) + I j},

3
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Figure 3. Total ionization probability from HOMO orbitals (solid
line), HOMO-1 (dashed line), and HOMO-2 (dash–dotted line) of
water, when the polarization vector points in the ẑ direction, and
frequencies of the pulse are ω = 0.6 au (larger probabilities, in blue)
and ω = 0.057 au (red). The thin black solid line shows the form of
the function F2

0 , which dominates the qualitative shape of the
ionization probability for the highest frequency.

where Rα = (Xα,Yα, Zα ) is the position of each nuclei of H2O,
and the vector I j is defined as

I j = 1

2i
√

α j

⎛
⎝Hkj+1(qx j) Hlj (qy j) Hmj (qz j)

Hkj (qx j) Hlj+1(qy j) Hmj (qz j)

Hkj (qx j) Hlj (qy j) Hmj+1(qz j)

⎞
⎠ , (10)

where qi j = qi/(2
√

α j), qx, qy and qz are the components of
the vector q = k + A in the molecular frame, as defined in
figure 1, and Hn(x) are the Hermite polynomials of order n.
The reduction of these kinds of integrals to simple analytical
expressions when using GTOs has proved very valuable for fast
numerical evaluation of molecular transitions by interactions
with particles [13] and photons. In the latter case, the use
of simple approximations in combination with description of
the target using linear combinations of GTOs have provided
valuable information on laser-ionization of relatively large
molecules (see for instance [32] and references therein).

3. Spectra for H2O

We investigate ionization probabilities of the water molecule
by interaction with short laser pulses within the SFA theory
described in the previous section. Calculations were performed
in different regions of the spectrum, allowing us to probe the
tunnelling and multiphotonic ionization regimes. We consider
two six-cycle pulses: one in the ultra-violet, with frequency
ω = 0.6, and the other in the near-infrared, ω = 0.057 au
(λ = 800 nm), with duration pulses τ = 1.5 and 16 fs,
respectively.

In figure 3, we show total ionization probability
equation (8), integrated in electronic emission angles �k and
energy E, as a function of the amplitude of the laser field F0.
The integration in the electron momenta angles was performed
by averaging 100–200 random electron-emission directions.
The molecular reference frame is defined such that the oxygen
atom is located on the ẑ-axis and the two H atoms are in the yz
plane, symmetrically located with respect to the ẑ-axis. Thus,
the molecule is in the plane yz, as shown in figure 1. The

laser light is polarized along the z direction, with frequencies
ω = 0.6 (in blue) and 0.057 au (in red).

The probabilities for ionization from different orbitals are
displayed separately. As can be observed in the figure, the
probabilities for the highest frequency are several orders of
magnitude larger than for 800 nm. It is also shown that the
ionization from the HOMO-1 is significantly more probable
than from the other orbitals.

The Keldysh parameter γ = √
Ip/2Up (where Ip is the

ionization potential and Up = F2
0 /4ω2 is the ponderomotive

energy) separates two qualitatively distinct neighbouring
domains [17]: γ < 1 defines the tunnelling regime, while
γ > 1 defines the multiphotonic domain. The laser pulse
with frequency ω = 0.6 au belongs to the last case for all
the intensity-range investigated here. The basic scaling law
for the multiphoton-ionization rate for the absorption of n
photons is proportional to the nth power of the laser photon
flux I(ω)/�ω (see for instance review [35]). For relatively low-
intensity lasers, the ionization probability is then dominated
by absorption of a small number of photons. This scaling
law is consistent with the shape of the curves for ω =
0.6 au in figure 3, that are proportional to the laser intensity
I = F2

0 , indicating that, in the complete range of intensities
investigated, the total ionization probabilities are dominated
by the absorption of one photon. However, one should remark
that for this frequency and the HOMO-2, a second-order theory
may significantly increase the ionization yield since possible
resonances—not described in SFA—may be observed, cf for
example [36]. This one-photon-ionization behaviour breaks
down for 800 nm laser pulses, where the energy of a single
photon with the central frequency is not enough to ionize the
water molecule.

More detailed information may be obtained by
analysing the energy-differential electron-emission ionization
probabilities. In figure 4, we show water ionization
probabilities as a function of the electron energy, integrated
over the emission angles �k, for fixed orientation of the
molecule. The laser pulses are polarized in the z direction, with
amplitude F0 = 0.07 au, and frequencies ω = 0.057 (upper
panel) and ω = 0.6 au (lower panel). ATI peaks appear at
energies En = Ei+nω−UP, where n is the number of absorbed
photons. The arrows in the lower panel indicate roughly the
final electron energy regions following absorption of one, two
or three photons with the initial state being HOMO, HOMO-
1 or HOMO-2. As already observed in the total ionization
probabilities (figure 3), the ionization from orbital HOMO-1
is considerably larger than the other orbitals at both frequencies
investigated. The ionization probabilities from HOMO-3 and
HOMO-4 (not shown) are much smaller.

Spectra in figure 4 also show that for ionization from
HOMO-2, the first ATI peak is suppressed at the highest
frequency. This suppression of the lowest energy peak was
first observed almost three decades ago [37] and has been
theoretically confirmed and interpreted within the framework
of perturbation theory [38, 39], and within an analysis of
the ponderomotive forces and the dynamical shifting of the
ionization threshold due to the ponderomotive potential [40]
(see also pages 252–3 of [35]).
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Figure 4. Differential ionization probability integrated in emission
angles. F0 = 0.07 au, ε̂ ‖ z, ω = 0.057 (upper pannel) and 0.6 au
(lower pannel). (Full line) emission from HOMO; (dashed line)
from HOMO-1; (dash–dotted line) HOMO-2. The arrows indicate
the approximate energy of the peaks En for absorption of one, two
and three photons (see the text).

In order to analyse the contributions to the observed
ionization-rate spectra arising from each occupied orbital, in
figure 5 we present angular emission probabilities. They were
obtained by integration of equation (8) on electron energies.
The laser pulses have polarization along the z-axis, with
amplitude F0 = 0.07 au and frequencies ω = 0.6 au, for the
data in the left column, (figure 5 (a), (c) and (e)) and ω =
0.057 au in the right column (figure 5 (b), (d) and (f)).
The plots are in arbitrary units to compare the shape of the
distributions, but the absolute intensity may be deduced easily,
since integration over emission angles gives the total ionization
probabilities of figure 3.

We observe that the electron emission from HOMO lies
preferentially on the plane zx, perpendicular to the molecular
plane zy; ionization from HOMO-1 has two lobes aligned with
the z-axis, following the polarization vector, and the emission
from HOMO-2 is mainly produced on the molecular plane.

(a) (b)

(c) (d)

(e)
(f)

Figure 5. Angle-differential ionization probabilities (integrated in
energy) of H2O by laser pulses of frequencies ω = 0.6 au (left
column) and ω = 0.057 au (right column). The laser amplitude is
F0 = 0.07 au and the polarization is in the z direction. The
contribution of each orbital to the ionization probability is plotted in
arbitrary units: (a) and (b) ionization from HOMO orbital, (c) and
(d) from HOMO-1 and (e) and (f) from HOMO-2. The maximum
extension of the z-axis for each figure is (a) 0.083, (b) 1.7 × 10−6,
(c) 0.22, (d) 1.1 × 10−4, (e) 0.5 × 10−4, and (f) 3.0 × 10−8.

These features are consistent with the shape of the orbitals (see
figure 1). The electronic density of HOMO form two lobes in
the x direction, giving a higher probability of emission in that
direction and in the plane perpendicular to the molecular plane.
The HOMO-1 have two deformed lobes along the z direction,
being the most easily ionized orbital when the polarization
points in the z direction. Finally, the HOMO-2 have two
deformed lobes around the two directions OH, making the
emission probabilities most significant in the molecular plane.

The ionization spectra are obtained from the added
contributions of all occupied orbitals. Figure 6 shows the
emission probability dP/d�k, summed from all orbitals of
the H2O molecule. We consider the two six-cycle laser pulses
as before, with ω = 0.6 and 0.057 au and intensity F0 =
0.07 au. In figures 6(a) and (b) the polarization is in the z
direction.

5
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(a) (b)

(c) (d)

Figure 6. Angular distributions of ionization probabilities integrated
in energy, with the contribution of all orbitals. The plots are given in
arbitrary units to show the qualitative behaviour of the data. The
water molecule is fixed as shown in figure 1 and the (green) arrow
indicates the laser polarization. The laser amplitude is F0 = 0.07 and
the frequencies are: (a) ω = 0.6 au, and (b), (c) and (d) ω =
0.057 au. The maximum extension of the z axis for each figure is (a)
0.23, (b) 1.1 × 10−4, (c) 9.6 × 10−6 and (d) 4.8 × 10−5.

As we discussed before, the contribution of ionization
from HOMO-1 is considerably more important than from the
other orbitals. Then, the overall spectra basically resembles
the angular distributions of electrons ionized from this orbital
(compare figures 6(a) and (b) with figures 5(c) and (d)).

In order to analyze the effects of molecule orientation
relative to the laser polarization, in figures 6(c) and (d) we
also consider polarization along the y- and x-axis, respectively.
These plots indicate clearly that there is a preferential emission
in the direction of the laser polarization.

However, we do not know what orbitals give the principal
contribution for these polarization directions. In order to
elucidate this, in figure 7 we show the contributions of
ionization from each orbital as a function of the orientation
of the polarization vector. In this figure, we present total
ionization probabilities P as a function of the polar angle θ

and azimuthal angle φ of the polarization vector ε̂ with respect
to the molecular reference frame. The sum of each of the
contributions (b), (c) and (d) is shown in (a).

We observe that the total probability is maximal when
the polarization is directed along the ±z direction (θ = 0 or
π ), or when it lies in the plane xz (φ = 0 or π ). In each
case, the major contribution comes from HOMO-1 or HOMO,
respectively. A minimum in the ionization probability occurs
when the polarization is on the ±y direction (θ = π/2 and
φ = π/2 or 3π/2), perpendicular to the molecular plane.

In the previous analysis, we have concluded that ionization
from the HOMO-1 gives the largest contribution when the
polarization is on the z axis. This phenomenon can be clearly
observed in figure 7 for θ = 0. Now, we can also say that if
the polarization is in the ±x direction (θ = π/2 and φ = 0, or
π ), the principal contribution comes from the HOMO. These
conclusions are in agreement with the recent work of Petretti
et al [9], obtained by the solution of the time-dependent
Schrödinger equation for lower intensity pulses of 800 nm
lasers. For other orientations of ε̂, we observe a combination

(a)
(b)

(c)
(d)

Figure 7. Water total ionization probabilities as a function of the polarization direction: (a) sum of contributions of all orbitals, (b) ionization
from HOMO, (c) from HOMO-1 and (d) from HOMO-2. The laser amplitude is F0 = 0.07 au and the frequency is ω = 0.6 au.
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of contributions from both orbitals. Ionization from HOMO-2
and more strongly bound orbitals are, in all cases, very small
compared to these two higher orbitals.

4. Conclusions

We have employed the strong-field approximation to study
multiphoton ionization of H2O molecules by linear-polarized
short intense laser pulses with two frequencies (ω = 0.057 and
0.6 au). We take into account all the electrons in the target and
represent the initial and final states by Slater determinants. The
bound state wavefunctions are proposed as linear combinations
of Gaussian-type orbitals while the continuum state of the
emitted electron is represented by a Volkov wavefunction,
which includes to all orders the interaction between the
electron and the laser field.

From the transition amplitude, we obtain differential
probabilities as a function of the electron emission angle and
energy, and the total probability for electron emission from
the different occupied molecular orbitals. We observe that for
the highest frequency, the total probability is linear with the
field intensity, while for low frequencies this behaviour breaks
down. In all the cases we have studied, it is seen that electron
emission probability is largest from the HOMO-1 initial state.
The electron energy distributions show the ATI peaks, and the
results for different initial orbitals are shifted due to different
binding energies. The angular distributions show characteristic
shapes which more or less mimic the form of the initial state
orbital, while the total emission probability as a function of
emission angle shows a typical dipolar distribution in the
direction of the electric field.

On the other hand, some general conclusions, as the
similarity of the molecular orbital shape and of the angular
distributions, and principal contributions from HOMO or
HOMO-1 depending on the laser polarization, have also
been recently obtained in the complex framework of a
theoretical time-dependent approach [9]. These results show
the power of the present simple method to investigate
ionization of molecules by interaction with short laser pulses
with comparatively computational low cost.
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