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Abstract

We study weighted modular inequalities for a generalized maximal operator
associated to a Young function in the context of spaces of homogeneous type.
We prove the equivalence between these inequalities and a Dini-type condition,
which involves the function associated to the operator and the functions related
to the modular estimates. Particularly we obtain a generalization of a result of C.
Perez and R. Wheeden ([PW]). In addition we prove a characterization of the A;-
Muckenhoupt class, that extends and improves the corresponding results proved
by H. Kita ([K3][K2]).

1 Introduction and Preliminaries

The Hardy-Littlewood maximal operator M of a locally integrable function f is
defined by

1
(L.1) M) = sup /Q £

B>x

where the supremum is taken over all balls B containing x. A modular inequality for
this operator involving the growth functions ¢ and 1 that has been widely studied is
given by

- p(Mf(z))dz < C . V(C|f(z)|) de.

For example, in [HSV] the authors prove that a Dini- type condition on the growth
functions ¢ and v characterizes the modular boundedness of certain versions of the
operator in (1.1) associated to an open bounded set Q2. Moreover, their results include
norm estimates for these operators between Orlicz spaces related to the functions ¢ and
1 and extend those results contained in [K1].
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Related to weighted modular inequalities involving M, in [K3] the author proves that
if w is a weight in the A; Muckenhoupt class and the function ¢ and v satisfy a Dini-type
condition then

(1.2) QM f(z))w(z)de < C | (C|f(2))w(x)d.
R7 R™
A reciprocal result is also obtained for weights w satisfying a RH, condition, that is,

Csupw < —
|Q|

Moreover, for weights in A; N RH,, the author proves the equivalence between the Dini-

type condition and the modular estimate in (1.2).
k

/_/% . o .
Let k be a posmve integer and Mk Mo---oM. Let a and b be certain positive
functions, ¢(t) fo s)ds and ¥(t) fo s)ds, t > 0. In [K2] the author considers
weighted modular mequahtles involving the functlons ¢ and 1 for M* and A;-weights.
Concretly, he proves that if the functions ¢ and v satisfy the following Dini-type condition

(1.3) /0 Hals) <log E)H ds < Cub(Cot)

S

for every t > 0, then there exist positive constants C5 and C) such that

(1.4) HM flw < Cs | (Cul f)w
Rn Rn
For the case k = 1, the author also gives a characterization of A; weights in terms of the
Dini condition (1.3) and the modular inequality (1.4).

For a general Young function 7, let

M, f(z) =sup || flse
Q>

where

Ilua = nf(x >0 5 /Q a(f1/3) < 1},

Particularly, when n,,(t) = tlog" (e + t), it is well known that M* = M, (See, for
example, [PW] or [BHP]). On the other hand, it is easy to check that 7} (t) = ng(t)/t =
(logt)*=1, for ¢ > 1. Thus, the Dini-type condition (1.3) can be written as

(1.5) /0 @n,’c(t/s) ds < C1b(Cat),

and (1.4) gives a A;-weighted modular estimate for M,, .

For a general Young function 7, the continuity properties of M, between LP spaces
have been studied in [P] in the euclidean setting and in [PW] in the context of spaces of
homogeneous type with the additional hypotheses that every annuli in the space is not
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empty. Later, in [PS] the authors avoid this hypotheses and proved the result on spaces
of homogeneous type with infinite measure. In all the cases the authors prove that the
operator M, is bounded from L? into LP if and only if n belongs to the B, class, that
is [ %% < 0o, which is the Dini-type condition (1.5) with a(t) = b(t) = t*~1 and
replaced by 7. Moreover, the B, condition characterizes weighted estimates of M,,.

In this paper we give a characterization of weighted modular and norm estimates in
Orlicz spaces of the generalized maximal function M, via a Dini-type condition in the
general setting of spaces of homogeneous type. Our results extends those contained in [P]
in the euclidean context and in [PW] and [PS] on spaces of homogeneous type. Moreover,
as a consequence of these results we obtain a new characterizations of A; weights in the
spirit of the results contained in [K2].

The paper is organized as follows. In §2 we state the main results described above;
in §3 we give some technical lemmas that allow us to prove in §4, the main results.

Before stating the main results of this article, we give some standard notation.

Let X be a set. A function d : XxX — [0,00) is called a quasi-distance on X if the
following conditions are satisfied:

i) for every z and y in X, d(z,y) > 0, and d(z,y) = 0 if and only if x = y,

it) for every x and y in X, d(z,y) = d(y, x),

i11) there exists a constant K such that d(x,y) < K(d(x,z) + d(z,y)) for every z, y
and z in X.

Let u be a positive measure defined on the o-algebra of subsets of X generated by the
d-balls B(z,r) = {y : d(z,y) < r}, with x € X and r > 0. We assume that p satisfies a
doubling condition, that is, there exists a constant A such that

(1.6) 0 < u(B(z,2Kr)) < Au(B(z,r)) < 0o

holds for every ball B C X. A structure (X,d, u), with d and p as above, is called a

space of homogeneous type and it was introduced for the first time in [CW] (for more
details, see [MS1] and [MS2], for instance).

We say that (X, d, i) is a space of homogeneous type regular in measure if u is regu-
lar, that is for every measurable set E, given € > 0, there exists an open set GG such that
E C G and p(G — E) < e. In what follows we always assume that the space (X, d, u) is
regular in measure.

A non negative function w defined on X will be called a weight if it is a locally
integrable function. Given E a measurable set we denote w(E) = [, wdj.

A weight w is in the Muckenhoupt’s class A; respect to u if there exists a positive
constant C' such that the inequality

(1.7) ———= < Cw(x)

holds for almost every = € B.



We summarize now a few facts about Orlicz spaces. For more information see, for
instance, [RR]. Recall that a non negative increasing function ¢, defined on [0, 00) is
called a Young function if it is convex and satisfies ¢(0) = 0, lim,_,, ¢(s) = co. It follows
that (t)/t is increasing. Each Young function ¢ has an associated complementary Young
function ¢ satisfying

(1.8) t <o H(t)g T (t) <2t

for all t > 0. We shall be also concerned with submultiplicative functions ¢, which means
that

p(ts) < o(t)e(s)

for every positive numbers ¢ and s. It is immediate that if ¢ is a submultiplicative Young
function, then it satisfies the A, condition, that is, ¢(2s) < Cp(s) which, in particular,
implies that ¢'(t) = ¢(t)/t.

If ¢ is a Young function, we define the weighted (p-average of a function f over a ball
B as

150 = inf{A > 0 @ / o(f)/Nwd < 1},

If w= 1 we simply write || f||, 5. The following generalization of Holder’s inequality
holds

1
(1.9) 5 | sl d < 1Ll

2 Main results

Before stating our main results, we include some basic definitions.
Let a and b be positive continuous functions defined on [0, 00) with a(0) = b(0) = 0.
We also suppose that b is non decreasing, b(s) — oo as s — co. We define

(2.1) b(t) = /0 a(s)ds  w(t) = /0 b(s) ds

for t > 0. Observe that ¢ is not necessary a Young function.
From definition (2.1) and the fact that b is non decreasing the following property follows

(2.2) %b (%) < @ < b(t).

Finally, we will be working with normalized Young functions 7, which means that
n(1) = 1.

With these definitions, we can introduce our first result.



(2.3) Theorem: Let (X,d, ) be a space of homogeneous type with u(X) = oo and
such that X contains a point measuring zero. Let n be a doubling Young function and
a, b,  and 1 defined as in (2.1). Then the following statements are equivalent

(2.4) There exists a positive constant C' such that the inequality

a(s)

/ Hals) ey ds < ov(cn)

S

holds for every t > 0.
(2.5) There exists a positive constant C' such that the inequality

(2.6) /X¢(Mnf(fc))w($)du(x)SC/Xw(If(ﬂ?)DMw(x)du(x)

holds for every positive function f and every weight w.
(2.7) There exists a positive constant C' such that the inequality

| My fllow < CNfllparws

holds for every positive function f and every weight w.
(2.8) There exists a positive constant C' such that the inequality

/Xaﬁ(Mnf(fc))du(x)SC/Xw(!f(l‘)l)du(x)

holds for every positive function f.
(2.9) There exists a positive constant C' such that the inequality

@) [ o5y ) v < [ o (ZHE) Mut) duta

holds for every positive function f and all weights w and u.
(2.11) There exists a positive constant C' such that the inequality

1My fllo < Cllfllu,

holds for every positive function f.

(2.12) Remark: For a(t) = b(t) = pt?~!, the theorem above was proved in the euclidean
context by C. Pérez in [P]. In the setting of spaces of homogeneous type and for the same
functions a and b, it was obtained in [PW] but under the assumption that every annuli in
the space is non empty, which implies, for instance, that the space has infinite measure
and no atoms (that is, points with positive measure). In [PS], the authors remove the
last assumption and prove that the result is valid in any space of homogeneous type with
infinite measure.



(2.13) Remark: The implications (2.4) = (2.5) = (2.7) = (2.8) = (2.11) and
(2.5) = (2.9) do not require pu(X) = oo. Moreover, from the proof of the theorem
it can be seen that the hypothesis about the existence of a point with zero measure is
only needed to prove (2.11) = (2.4). So, from this fact and since (2.4) does not depends
on X, the theorem is true for every space with infinite measure in staments (2.5) to (2.11).

One version of the above theorem when the measure of the whole space is finite is
the following result.

(2.14) Theorem: Let (X,d,u) be a space of homogeneous type with p(X) < oo and
such that X contains a point measuring zero. Let n be a doubling Young function and
a, b, ¢ and 1 defined as in (2.1). Then the statements (2.4) to (2.8) are equivalent.

(2.15) Remark: When u(X) < oo and p({z}) # 0 for every z in X, (2.4) does not
follows from (2.8). In fact, let us assume X = {0, 1} such that x({0}) = p({1}) = 1 and
the euclidean metric. For n(t) = ¢(t) = ¥(t) = t the modular inequality (2.8) clearly
holds, but (¢, ) does not satisfy the Dini condition (2.4).

(2.16) Remark: In Orlicz spaces related to a bounded subset €2 of R”, Harboure, Salinas
and Viviani proved for n(t) = ¢ in [HSV], that a strong inequality | M f|l, < C| f]ly is
equivalent to a slightly different Dini type condition, that is, ffa(s)/sds < Cb(Ct)
whenever £ > 1 and a modular inequality that differs in a constant.

The next results involve one weight inequalities for the generalized maximal operator
M, on spaces of homogeneous type with infinite measure. The first one can be obtained
as a simple corollary of theorem 2.3.

(2.17) Theorem: Let n, a, b, ¢ and ¢ be as in theorem 2.3. Then the following
statements are equivalent
(2.18) There exists a positive constant C' such that the inequality

/4t @ n'(t/s)ds < Cb(Ct)

holds for every t > 0,
(2.19) There exists a positive constant C' such that the inequality

L¢(Mnf(x))w(x)du(x)SC/XT/J(!f(a?)I)w(fI?)du(:v)

holds for every positive function f and every weight w belonging to A;.



(2.20) Remark: In the euclidean context theorem 2.17 was partially obtained by H.
Kita in [K3] for the maximal function M, but in proving that (2.19) is a sufficient
condition for (2.18) the author assumes that w € A; N RH,, weights respect to the
Lebesgue measure.

A certain reciprocal of the theorem above is contained in the following result.

(2.21) Theorem: Let n be a submultiplicative Young function. If condition (2.18)
implies (2.19) for every positive, continuous functions a, b, ¢ and 1) as in theorem 2.17,
then w € A;.

(2.22) Remark: In the euclidean setting and for the Hardy-Littlewood maximal oper-
ator, the theorem above was proved in [K2].

(2.23) Remark: Note that, from theorem (2.17) and (2.21) we get a characterization
for weights belonging to A;.

3 Some technical lemmas

The following result is a classical covering lemma in spaces of homogeneous type. A
proof can be found in [CW].

(3.1) Lemma: Let E be a bounded subset in X. Let {B(x,r(xz)) : © € E} be a
covering of E by balls centered at each point of E. Then there exists a sequence of
points {z;};ieny C E such that

() B, (i) By, r(x;)) = 0 if i # j,
(it) E C U;2, B(z;,4Kr(z;)), where K is a constant of the space

(3.2) Lemma: Let n be a Young function and let w be a weight. Then, the following
estimate holds

o

w{re X : M, f(x) >A}) <C » Mw({z € X : |f(x)|/X > s})n/(s) ds.

Proof: By using lemma (3.1) and standard techniques it is not difficult to prove that
the following endpoint modular inequality holds

(3.3) w({r e X : My, f(z) > A}) < C/Xn(lf(iv)l/A)Mw(I) dp(z).

Now, let f = fi + fo, where fi = fxqfj<x}- Then, by (3.3) we have
w{r e X : M, f(x) >2\}) < Cw({zreX:M,fr(x)>A})

< c / 01 (2)/A) Muw(x) dyu(z).
{IfI>X}
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Then, to conclude the proof, it is enough to prove that

(3.4)

/{|f|>A} Nl (@) A) Muw(w) dpfw) < € ) Mw({z € X : [f(x)[/A > s}n'(s) ds.

1/2

Let us observe that

/{f|>A}n(|f(x)/A|)Mw(x) dp(z) < /OOO Mw({z € X : |f(z)|/A > max{1, s}})1/(s) ds
— L +1y,
where 1
fi= [ Mu({e € X @))/A > max{L s (s)ds

and
I = /1 Mw({x € X :|f(x)|/\ > max{1,s}})n'(s) ds.

For I, we have

I < CMw{zeX:|f(x)]>A})
< C b Muw({z € X : |f(x)| > As})n'(s) ds.
< C 1: Mw({x € X :|f(x)| > As})n/(s) ds.

On the other hand, it is clear that

[e.e]

I, < Mw({x € X :|f(x)| > As})n/(s) ds.

1/2

Then, from the estimates for I; and I we obtain (3.4). O

The next lemma gives us a Calderén-Zygmund decomposition related to Orlicz norms
and it can be proved applying a similar reasoning to the one used by H. Aimar in [A] for
the case ¢(t) = t.

(3.5) Lemma: Let f be a nonnegative function belonging to L(X). Then, given o > 1,
for each A > || f||, x there exists a sequence {B;} of pairwise disjoint balls such that, if
B; is the dilation of B; by o, the following statements hold

(3.6) [ flly,5, <A < flln5:-

(3.7) For every v € X —U;B;, we get || fl,, 5 < A for all ball B containing .



(3.8) Remark: Observe that, if u(X) = oo, the lemma holds for every positive number
A

The following result give us a reverse modular weak type inequality.

(3.9) Lemma: Let f be a non negative locally integrable function. Then there exists
a positive constant C' such that the inequality

p{or € X o Myf(x) > A}) = C n(f/\) dp
{weXn(f/2)>1}

holds for every A > || fl|, x-

Proof: From lemma 3.5, given ¢ > 0 and A > || f||, x there exists a sequence {B;} of
pairwise disjoint balls which satisfies (3.6) and (3.7). Moreover, since p is a regular mea-
sure, it is easy to check that {x € X : n(|f|/A) > 1} C U;B;. From these considerations
we have

plre X Myf(z)>2A) > Zu(Bi)

O3

3 [ w1s1/3)dn
e[ sy

Vv

v

Vv

v

C n(f/A) du

{zeXen(f1/M)>1}

which proves the lemma. [

In order to state the next result we define § : X x X — RT U {0} as

5(x,y) = { g(B(%d(x,y))) ite7 g

It can be seen that the function § satisfies

(i) 6(z,y) > 0 and d(z,y) = 0 is and only if x =y,

(ii) d(z,y) < Ad(y,z) and

(iii) A%(6(w,2) + 0(y, 2)) for every z, y and z in X, where A is the constant in (1.6).
We observe that 0(x,y) does not necessarily satisfy a symmetric condition as d. The

function ¢ is called the non-necessarily symmetric quasi-distance associated to (X, d, u)

and it was introduced in [MST]. We denote by Bs(x,r) the set {y : é(x,y) < r}. The

conditions above on ¢ imply the existence of a constant D such that

0 < u(Bs(x,2Kr)) < Du(Bs(x,r)) < oc.
The next lemma related to the d-balls was proved in [PS], (see [BS], too).
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(3.10) Lemma: Assuming u(X) = oo, there exist two constants Cy and C, depending
only on the constants of the space (X,d, j), such that

p(Bs(z, Colt)) — u(Bs(z, R)) = CiR

for every z in X and every R > u({z})/2A? where A is the constant in (1.6).

4 Proof of the main results

In this section we prove theorems 2.3, 2.14 and 2.21.

Proof of theorem 2.3:
We are going to do the proof in the following way:

i) We prove the chain of implications (2.4) = (2.5) = (2.7) = (2.8) = (2.4).
it) We proceed with the proof of (2.5) = (2.9) = (2.4).
iii) We finally prove that (2.8) = (2.11) = (2.4).

i) Let us prove that (2.4) = (2.5). Let f € LY, (X). From lemma 3.2 and the
hypothesis we obtain

/X (M, f(2))w(x) du(z) = /0 T aw({z € X - M, f(z) > A})d

C’/OOO a(\) oon({ZB e X :|f(x)|/XN> s}H)n'(s)dsd\

1/4

IN

o [“atutteex 1w ([ as

C/ b(Cs)Mw({x € X : |f(x)| > s})ds

IN

IN

IN

¢ | wClf@))Mw()du(z),
which is (2.5).

From the fact that ¢ is a convex function, (2.7) follows easily from (2.5) by taking
I/C fllg.mw instead of f. Let us prove (2.7) = (2.8). Let f be a positive function, and
let o be a constant such that o = 1/( [, ¢¥(C|f(x)|)du(z)). Clearly

/X B(C1f(x)adp(z) = 1,

10



and then || f||y,o = 1/C, where w = . Since the constant in (2.7) is independent of the
weight and the function f, we can rewrite for that weight the inequality of the hypothesis
as

[ ot feadute) <1

Then we have

/X o(M, f(2))du(x) < C /X B(C1f(2) ) du(x).

which is (2.8).

Finally to complete (i), let us prove (2.8) = (2.4). By hypothesis we obtain

c /X B(Of(@))dp(z) > / oM, (f(2)))du(z)
= /0 aMNp{x € X : M, f(x) > A}dA.

From the weak type reverse inequality for M, stated in lemma 3.9 it follows that

/ B(O1f ()] dulx / a() /{xemﬂ/m} (17 @)/ N dp(z)dA.

Let A\, > 0 and a fixed ball B,. Let f = A\,xp,. Replacing f in the previous inequality
we get that

Ao >\o
CoCrRuB) = [ el (7) (B,)dA
0
Ao a(N) A
> 22
> 0/0 7 (A)Aou(Bo)dA,

having applied latter that 7'(t) ~ n(t)/t. Finally as ¢(t)/t < b(t) we have
co(Cr,) = C

Ao a(N) A
> 22 ) dA
S C/o X "(A)

for all A\, > 0 from which it follows (2.4).

ii) We use similar arguments to those in theorem 5.1 of [PW] to prove that (2.5) =
(2.9). Since (2.10) is equivalent to

[ o (MDY woyauto) < ¢ [ v Mute) auto
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for all non negative functions f, g and w, (2.9) follows from (2.5) after an application of
the following inequality

M(fg)(x) < My(f)(z)Mz(g)(z) =€ X,

which is a consequence of the generalized Holder’s inequality (1.9).

Note that if n(t) = ¢, then 7(¢) = 0 if ¢ < 1 and 7(t) = oo if £ > 1, which implies
that M;(g)(xz) = ||g]|lsc- In this case the results can be obtained by following similar
arguments with the obvious changes.

The proof of (2.9) = (2.4) follows similar arguments as those in the proof of theorem
1.4 in [PS]. For a sake of completeness we include it.

Let us take w = 1 in the hypotheses to obtain

Fort >0, z € X and R > 0, let us take f = typ, and ¥ "' (u) = xp,, where By =
B(z,R). Let « € X such that d(z,z) > 6R, 6 > 1 large enough and let @ > 1 such that
w(B(z,a0R)) > u(B(z,0R)). Let 2 be the set defined by Q = {z : u(B(z,d(z,x))) >
w(B(z,afR))}. Tt is clear that Q C {z : d(z,z) > OR}.

On the other hand, it is easy to check that there exists a positive constant C' such

that
t

p(B(z, d(z, 2)))
M) (0) = 1
(X8, ) () = < .
T 1~ HCp(B(z, d(z, 2))))
Thus, proceeding as in the proof of theorem 1.4 in [PS], from (4.1) we obtain
i (Cp(B(z d(x, 2))))
C(t) > / & < dy.
= LTy )
Then, taking Ry = u(B(z,afR)), from (1.8) applied to n and lemma (3.10) we get

M(txs,)(x) =

and

- tﬁl(Cu(B(z,d(w,Z»)))
Cy(t) > / ( dp
() jzo C) Ro<u(B(z,d(z,2)))<C) T Ry pw(B(z, d(z, 2)))
- ti~Y(CCIR : 4
> Y <”j+—1Ro)> 1t (Bs(z, C5™ Ry) — Bs(z, C3Ry))
5=0 0
Ct -
> C . C!R,
- IZ¢(COU_1 OJR())) o
[e'e) CJ+ R
o 0 Ct ds
> a3 [ () ©
Z CiRo ()
>

of (m) ¢
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By changing variables in the expression above we obtain

0 0%” (192

> /0 9) 45 ds.

S

From the fact that b(t) > ¢ (t)/t (see (2.2)), we obtain (2.4).
It is important to note that if n(¢t) = ¢ then Mz(¢»"*(u)) = 1 and the same proof
works by making a slight modification.

iii) If we set w = 1 in (2.5) we get (2.8). On the other hand, by taking w = 1 and
proceeding as in the proof of (2.5) = (2.7), we obtain that (2.8) implies (2.11).

Let us now see that (2.11) = (2.4). For xy € X, such that u({z,}) =0and 0 <r < 1
we set B, = B(zg,r) and f, = @XBT(@- If 0 < A < 1/u(B,), it is easy to prove that
B, C {z € X : n(f,/\) > 1}. Since u(X) = oo, we have that ||f,|,x = 0, thus, by
applying lemma 3.9 we obtain

il € X Myfyla) > A} = € /{ o T
xeX:m(fr >

o (i)

- cusao (m3)

On the other hand, we have that [|f|, = u(Br)w—ll(l/u(Br))' From (2.11) and the
properties of n we get

My, >
1 d
> [0 <C||fr||w g

- / T aRM, £ > Ol }) )

& A d\
= a —_— M r )\
/o (cumm)“({ of > N BT

B oA/l foll) 1 ax
> C/O f““(&)”(uu( )) N frll

Y MO fellw) o (1 A
> C/ \ " <4)\u( )) Cl frlle

C/l/Cﬂ(Br ll.frll a()) ( 1 ) d\
0 A 40)‘M(Br)||fr||¢' O”fr”d’
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from the estimates above we obtain that

/0475@77, (;) dx < C|flle
Y (Ct)

Ct
< Cb(Ct),

If we set t = 1

ACW(Br) | frlly

which proves (2.4). (O)

Proof of theorem 2.14: Keeping in mind remark 2.13, in order to complete the proof
we have to see that (2.4) follows from (2.8). Let A, > 0, M > 0, z, € X such that
u({z,}) = 0) and the ball B, = B(z,, M). Let f = A\,x5,,then by the norm definition it
follows that ||f]l,.x = Ao/ (u(X)/1(B,)). From the hypothesis

¢ [ wlCl@hiata) = [ oty (a)dn(o)
= /000 a(Mp{z € X : M, f(z) > A}dA.

Applying the weak type reverse inequality (3.9) for M, with A > || f]], x we have that

Ao

¢ [ wci@hint) > /”

an,X

o [ @D

From the definition of f we get

Ao A

7= L (u(X)/u(Bo))

[ a(\) , (A
> e ,
> C . 7 ( 3 ) Aott(Bo)dA

7~ 1(u(X)/n(Bo))

coCnuB) = [ a(\)n (ﬁ W(B,)dN

In the latter it has been applied that 7/ (t) ~ n(t)/t.
Now, applying that ¢ (t)/t < b(t), we obtain
P(CA)

Ch(CA,) = O3

Ao a(\) , (A
> ——n [ =2 ) dA.
= / o PR (/\>

7~ (u(X)/1(Bo))

Since PYP6%) ) tends to zero when the radius of B, tends to zero and C' is indepen-

A
(X)/u(Bo
dent of it,uwe gbtain

A

a(X) , (Ao

Cb(C\,) > ——n [ =2 ) d\
o= 755 (3)
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for all A, > 0, which is (2.4) and the theorem is proved. ()

Before starting with the proof of theorem 2.21, we introduce another class of weigths
and then a characterization result.

Let ¢ and n be Young functions. By BZ we denote the class of weights w for which
there exists a positive constant C' such that the inequality

(4.2) w{r e X : M,f(x) > A}) < /X1/J on (C &/\xﬂ) w(x) dp(x)

holds for every A > 0 and for all f € L?7(X). When n(t) =t we simply write By. In
the euclidean setting the class By, was widely studied in [B].
It is not difficult to see that, if w € BZ then w satisfies a doubling condition. In

fact, let B = B(xp,r) and B = B(zg, 2Kr) where K is the constant associated to the
quasi-distance d. If f = yp then it is easy to check that M, f(z) > 1/n"'(A) for z € B,
where A is the constant in (1.6). Then, from (4.2) we have

w(B) <w{z € X : Myf(z) > 1/n"(A)}) < ¢ (CA)w(B)
which proves the desired result.

The next theorem gives a characterization of the weights in the class BZ on spaces
of homogeneous type. This result proves that both classes BZ and By, coincide.

(4.3) Theorem: Let w be a weight and let ¢ and n be a Young functions such that n
is submultiplicative. The following statements are equivalent

(4.5) w satisfies a doubling condition and there exists a positive constant C' such that
the inequality

(4.6) 11/ wllj p. < Cu(B)/w(B)

holds for every ball B C X.
(4.7) we Bj.

(4.8) Remark: It is easy to see that (4.6) is equivalent to the existence of a positive
number € such that the inequality

[ (G2 s

holds for every ball B in X.

Proof of theorem 4.3: To prove that (4.4) = (4.5) we followed similar arguments
to those applied by Bagby in R™ with obvious changes and we omit the details, (see
theorem 3.3 in [B]). Let us first suppose that (4.5) holds. If B is any ball such that

15



Sz n(fI/X) die > p(B) then, by proceeding as in the proof of theorem 3.3 in [B] and from
the hypotheses on w we obtain that

(1.9 w(B) < [ w(Callfi/N)w du
B
Let Ey be any subset of {x : M,f(z) > A\}. Let M, be the centered version of M,,
because of there exists C' > 0 such that the inequality M, < C'M,, holds, we have
By C{zx € X : M,f(z) > \/C}.

Then, if # € E) there exists a ball B(x,r(x)) such that || f||;, B@rz)) > A/C. From lemma
(3.1) there exists a sequence of points {x;};eny C E) such that the balls B(x;, r(x;)) ()
B(a;,r(z;) = 0if i # j and

By C | B(i, 4K7 ().

=1

Since w satisfies a doubling condition, from (4.9) we obtain

ZCw(B(xi,r(xi)))

<
< 2 / oo (CM))(w)du(w)
<

[ won () o)

where the last inequality follows from the fact that ¢ o7 is a convex function. Then, by
a standard approximation argument we obtain (4.7).

Let us now prove that (4.7) = (4.4). Let Mn the maximal function defined by

M, f(x) = sup7y”! (ﬁ /B n(lf1) du> -

From the fact that n is a submultiplicative function it is easy to see that Mn flz) <
M, f(z). Thus, since w € By, we have

w({z € X M(If) >0V} = w({z e X : My(If]) > \})
< w({z e X My(|f]) > A})

< /X H(Cn(|FI/ ) dps.

Particularly, if A =1 and g = tn(|f]), t > 0, we obtain
w({x e X : M(g) >t}) < / Y(Cg/t)wdp,
X
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and then w € By, and (4.4) is true. O

Proof of theorem 2.21: Let us first suppose that w ¢ A;. Proceeding as in the proof
of theorem 2.3 in [K2] we can find a sequence of balls {B,,},>1 such that, if

Gn={x € B, : w(B,)/m(Byn) > 2"w(z)},

then p(Gp) > 0 and consequently w(G,,) > 0. From this sequence we can construct a
suitable positive continue function b defined in [0, 0c0) such that ¥ (t) = fot b(s) ds results
a Young function with the property that ¢ (2") > w(B,)/u(By), n > 1.

We define a(s) = (bon)(s)/n(1/s). Since n is submultiplicative, we obtain that 7 is a
doubling function and thus 7/(t) =~ n(t)/t. Then we have

(4.10) /Ot @n’(zﬁ/s) ds < Cn'(t) /Ota(s)n(l/s) ds

IN

ol (1) / (bon)(s)ds
Chon(t) 1/ (1)
C(ypon)(t).

Let us now consider the functions ¢(t) = fot a(s)ds and 1 (t) = ¢ o n(t). By (4.10) and
the hypothesis we obtain that the pair (¢, ) satisfies

VARVAN

w{re X:M,f>A}) < /qu(Mnf/)\)wdu
< /X & (1 f1/0) wdp

and thus w € BZ. From theorem 4.3 and remark 4.8 there exists € > 0 such that the
inequality

o)

holds for every ball B.
Let n € N big enough such that 1/2™ < €, then from (4.11) we get

> p(2")w(Gn)
> w(B,),

which is a contradiction. Then w € A; and the proof is done. [J
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