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GENERAL SPLITTING METHODS FOR ABSTRACT SEMILINEAR
EVOLUTION EQUATIONS*

JUAN PABLO BORGNA', MARIANO DE LEO%, DIEGO RIALS, AND
CONSTANZA SANCHEZ DE LA VEGASY

Abstract. In this paper we present a unified picture concerning general splitting methods for
solving a large class of semilinear problems: nonlinear Schrédinger, Schrodinger—Poisson, Gross—
Pitaevskii equations, etc. This picture includes as particular instances known schemes such as Lie-
Trotter, Strang, and Ruth—Yoshida. The convergence result is presented in suitable Hilbert spaces
related to the time regularity of the solution and is based on Lipschitz estimates for the nonlinearity.
In addition, with extra requirements both on the regularity of the initial datum and on the nonlin-
earity, we show the linear convergence of these methods. We finally mention that in some special
cases in which the linear convergence result is known, the assumptions we made are less restrictive.
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1. Introduction
Let us consider the semilinear evolution equation

u+iAu+iB(u) =0, (11)

U(O) =wup €Hy,
where A is a self-adjoint operator in the Hilbert space H; with domain D(A) and
B:H; —Hj is alocally Lipschitz map. This evolution equation models a large number
of problems, of which we can mention the nonlinear Schrodinger, Schrédinger—Poisson,
Gross—Pitaevskii equations (see [4] for more details). In addition, a large amount of
articles are devoted to the numerical study of time-splitting methods, most of them
concerning Lie-Trotter and Strang schemes for the problem (1.1), among them we
should mention: [10] which is devoted to the Schrédinger—Poisson equation (in 3D),
[3, 10] where the cubic nonlinear Schrédinger equation is studied, [1, 7] devoted to
the Gross—Pitaevskii equation, [5, 6, 8] are concerned with abstract splitting methods,
and [11] in which is proved the second order convergence of the Strang-type splitting
scheme for the the stochastic nonlinear Schrodinger equation with multiplicative noise
of Stratonovich type. In this article we shall present a unified picture of time-splitting
methods. This means that we shall show general results concerning both the order of
convergence, and the regularity required for initial data. On the other hand, and be-
cause the standard result for Lie-Trotter schemes developed in the literature expresses
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2 GENERAL SPLITTING METHODS

that the convergence is globally linear in the time step, we take under consideration
both discretization in time and discretization in space (see Subsection 3.4). In ad-
dition, we also show that under the assumptions made above on the operators the
general method is well defined and converges in the space H;. We finally mention that
in some special cases the known results are expressed in terms of a smaller Hilbert
space, and therefore the assumptions we made require less regularity on the initial
data.

We recall how to solve the problem (1.1) by means of a generic time-splitting
scheme. Note that any solution of (1.1) satisfies the fixed point integral equation

u(t) =04 (t)uo—i/tq)A (t—t")B(u(t))dt (1.2)
0

where &4 denotes the strongly continuous one-parameter unitary group generated by

—iA, i.e. that v(t)=®4(t)vg is the solution of the linear problem

[ Av=0

v +1Av =0, (1.3)
v(0) =wp.

The following well-posedness result of (1.2) is well-known; for proof and details,
see [4].

ProprosITION 1.1.  Let B be a locally Lipschitz map defined on the Hilbert space Hy
with B(0)=0. Then for any ug € Hy there exists T* =T*(ug) >0, the mazimal time
of existence, and a unique solution u€ C ([0,7*(ug)),H1) of equation (1.2). Moreover,
the map T* : Hy — [0,400] is lower semicontinuous, for any T <T*(ug) the map Hy —
C([0,T],H1) given by ug— u(t) is continuous, (i.e.: given e >0, there exists § >0 such
that if ||ug —tol|y, <6 then T <T*(to) and ||u(t)—u(t)|y, <e for t€[0,T], where @
is the solution of (1.2) with @(0)=1g), and it also satisfies the blow-up alternative:
1. T*(up) =00 (u is globally defined).
2. T*(ug)<oo and lim |Ju(t)||=o0.
1T (uo)
Because B is a locally Lipschitz map, there exists a flow ®Z, defined locally in
time, generated by the problem

{wt—i-iB(w):O, (1.4)

w(0) =wo.

Let ® be the flow of the equation —i(A+ B) defined by @ (¢) (ug) =u(t), where u is
the solution of (1.2). The idea of time-splitting methods is to approximate ®, the
exact flow, by combining the exact flows ®* and ®7, in the following sense: for any
(small) time step h >0, the discrete flow is defined by

), =08 (b,,h) 0®? (ayph)o--- 0 ®E (b1h) 0@ (arh),

where the splitting scheme given by aq,...,a,, b1,...,b,, satisfies a1+---4+a,, =
bi+---+b,=1. Let us mention that for m=1 (therefore a; =b;=1) we get the
Lie-Trotter scheme, and for m=2 and a1 =a3=1/2,b; =1,b5 =0 we get the Strang
scheme. Other Yoshida schemes (see details in [15]) are represented similarly.

For fixed ug € Hy and T'< T*(up), the convergence result expresses that for any k <
n the sequence {ug,®s(uo),..., P (up)} converges in some sense to the exact solution
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at time t=kh, i.e. {ug,®(h)(ug),...,P(kh)(uo)}, when the time step h=T/n goes to
0. We note that the splitting scheme given by ai,...,a,, and by,...,b,, is performed n
times before reaching the value t=T. Clearly, the scaling t — Tt allows us to restrict
our attention to the normalized case T'=1. We therefore set «,5 as the 1-periodic
functions defined by

(1) = 2ma;, if j—1<m(t—[t])<j—1/2,
o, ij—12<mi-[) <

Bt 0, if j—1<m(t—[t]) <j—1/2,
(H= 2mb;, if j—1/2<m(t—[t]) <.
where [t] denotes the integer part of .

It is, then, a straightforward computation to verify that for n€N and «, (t)=
a(nt), By, (t) =B (nt), the continuous flow generated by the (non-autonomous) operator
—i(an A+ 5, B), denoted by ®,,, satisfies ®,,(1/n)=®;. Therefore, the convergence
(in time) of the splitting scheme is expressed as ®,, (¢) converges to @ (t) as the time
step h=1/n goes to 0. In what follows we shall refer to an abstract time-splitting
method when we are given a pair of T'= 1-periodic functions «, 3.

Finally, we also take into consideration the convergence in space. It is a common
practice to solve the problem (1.3) by means of spectral methods, which consist of
solving the problem on a finite dimensional invariant subspace (generated by eigen-
functions of the linear operator A). Because invariant subspaces of A are not neces-
sarily ®P-invariant, the approximated solution is projected before the application of
®4; this gives the (finite dimensional) discrete flow:

&), =B (byh) 0@ (ash)o Po---0 Po®® (b1h) o ®* (a1h)o P,

where P is the orthogonal projection onto the finite dimensional invariant subspace.
In a more general setting, if we take ® 4 as an approximation of the exact flow
® 4, this gives the discrete flow:

&), =5 (byh) o (agh)o--0®P (byh) o ®* (arh). (1.5)

1.1. Notation and main results. Throughout this paper the evolution
problem is given by equation (1.1) where A is a self-adjoint operator in H; with
domain D(A), B:H; — Hj is a locally Lipschitz map, and ug € Hy. The problem under
consideration is to find the generated flow ®(¢) in a compact interval [0,T], where the
solution exists. The abstract time-splitting method to solve the evolution problem
(1.1) for t€10,T7, i.e. to get the flow ®(t), is thus described as follows:

1. Set a,3€ Ll _ T-periodic bounded functions with total integral

loc
T T
/a:/ B=1.
0 0

2. Fix n€N and the step size h=T/n (the choice T'=1 shall be used in the
sequel).

3. Set the sequences oy, () =a(nt) and B, (t) =B(nt).

4. Get the flow @, of the non-autonomous equation u; = —i(a, Au+ S, B (u)).
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Under this situation we show the following result:

THEOREM 1.2 (Convergence). If upeHy and T <T*(ug), then there exists
ng €N such that for any n>ng, the function u,(t):=®,(t)ug is defined for t €[0,T],

d li t) = tn ()|, =0-
an nl_}H;otg[lg);]Hu() U ()HHl

In order to get the order of convergence for abstract methods some extra regularity
both on the time derivative and on the nonlinearity is needed. The basic assumption
is as follows:

1. There exists a Hilbert space Hy such that H; C Hy, with continuous embed-
ding.

2. The solution u of (1.2) satisfies u € W1 ([0,T],Ho).

3. There exists a map B’:H;—B(Hp), where B(Hg) is the Banach space of
bounded endomorphisms of Hg, such that for R,e >0 given, one can choose
C,d > 0 satisfying

1B (W)l gr) < C
1B (utw) =B (u) = B (w)wlly, <elwly,,
for u,we Hy, [Jully, <R and [[w],, <0.

THEOREM 1.3 (Local error). If ug €Hy and T <T*(ug), then there exists a con-
stant C >0 and ng €N such that for n>ng, the following estimate holds for the time
step h=T/n:

1@ (h)uo— Py (h) o]y, < Ch?.

THEOREM 1.4 (Global error). If ug€H; and T <T*(ug), then there exists a
constant C' >0 and ng €N such that, for n>ng,

Orgnkaécn |® (kh)ug— Py, (kh)uo|ly, <Ch.

2. Auxiliary results

This section is devoted to the presentation of some basic results that we use to
prove the convergence theorems. We start with the following notion. We say that a
sequence {a, }nen of functions in Li,  (R) converges weakly to € L{ _ (R), denoted by

ay, — a, if for any compact interval I CR and 6 € C (1), the following estimate holds:

lim | a, (£)0(t)dt= / a(t)0(t)dt.

LEMMA 2.1. Let ay,a,a€ L} (R), neN, such that o, —a and |ay,|<&. Then

loc

t
for any 6€C([0,T]) the sequence O, (t):/ a, (t)0(t')dt' converges uniformly to
0

9(:5):/0 a()e(t")dt on [0,T).

Proof. If ©,, does not converge to © uniformly, then there exists £>0 and a
subsequence ©,,, such that Orélfa<XT|@ (t) —©,, (t)| > . Using the estimate

O ()] < max 10(0) ] 07
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we have that the sequence {©,,},~; is uniformly bounded in C([0,77). A similar
argument allows us to conclude that the sequence {©,, },~; is equicontinuous. By
the Arzeld-Ascoli theorem, we obtain that (a subsequence of) ©,,, converges uniformly
to ©*#0 on [0,T]. But ©,,, converges pointwise to ©, which is a contradiction. This
finishes the proof. a

ty
For any real valued function € L{ . (R), we set 7 (¢1,t0) :/ a(t)dt and define
¢

the propagator operator ®4% (t1,ty) = ®4 (7 (t1,tp)). The following0 lemma collects the
basic properties of this operator.
LEMMA 2.2. The propagator ®4< (t1,ty) satisfies the following properties:
1. 4% (tg,to)=1.
2. @A (ty,10) = DA (tg,t1) DA (ty,t0).
3. Ifue D(A), then 0, @2 (t,to)u=—ia(t) AN (1) u.
4. If ug€ D(A), then u(t) =4 (t,0)uq is the solution of the linear evolution
Cauchy problem ius = a(t) Au with initial condition u(0)=1wug.
PROPOSITION 2.3.  If {ai, }nen be a sequence of real valued functions in L} .(R) such

loc

that c, — 1, then ®47 (¢, t') = ®4n (t,1') converges strongly to ®* (t—t'). Moreover,
if |ay| <ae L, (R), then the convergence is uniform for t',t on bounded intervals.
Proof. Let I CR be a compact interval and 7, : I x I — R defined by «,,. Because
an —1, we have 7, (t,t') =t —t', thus lim &4 (t,t")u=>4 (t—t")u. If |, | < @, from
n—oo

Lemma 2.1 it follows that the sequence 7, (¢,t') converges to ¢t —¢' uniformly on I x I.
For any u € D (A), the estimate
[ (£t ) u— @4 (t=t)ull,,, < |ma (t:8) = (=) Aully, ,

is satisfied. Because D(A) is dense in Hy, an £/3 argument finishes the proof. d

LeMMA 2.4.  Let veC([0,T],H1) and €>0. Then there exist 8; € C([0,T]) and
zj€Hy, 0< 5 <m, such that the function

2(t)="Y 0;()z (2.1)

0<j<m
ti t)—z(t <e.
satisfies mas [0(6) == (O, <2
Proof.  Let 6>0 be such that [|v(t)—v ()|, <&/2 if [t—1'| <4, and let t_; <
to=0<t; <---<ty, =T <tym41 be a partition with t; —t;_1 <J. Let also §; € C(I) be

such that 0<0; <1, >  6;=1, and supp(#;) C(tj_1,tj41). Taking z;=wv(t;) we
0<j<m
have, for t € [t;_1,t;],

[0(8) = 2@, =110;-1 (#)+0; () v (£) =01 (8) -1 —0; (£) 25|,
<o(®) =v (-l + v @) —v )], -
Because [t —t;_1],[t—t;_1| <0, the proof is finished. O

COROLLARY 2.5. Let 3, be a sequence of real valued functions in L} (R) such that

loc

Bn—0 with |B,| <BE€LL.(R), and let ve C([0,T],Hy). Define V,,(t) as

loc

Vi (1) = /O By ()0 (t)dt. (2.2)
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Then V, € C([0,T],H;) and lim max ||V ) llyy, =0.

—00te[0,T"
Proof. Let €>0 and let z(t) be the function given by Lemma 2.4. We define

:/oﬂnu')z(t')dt’: > Oz,

0<j<m

where O; , (t) /ﬂn ")dt'. From Lemma 2.1, nhm max ||Z (t)lly, =0. On

—o0te(0,T B
the other hand, from Lemma 2.4 we have tre%a’?]HVn( )—Zn (t )||Hl SEH/BHLl([O,T])’

which proves the result. 0

COROLLARY 2.6.  Let veC(I,Hy) and let {an}nen be a sequence of real valued
functions in L}, .(R) such that o, =1 and |ay,|<a€Ll (R). Then @47 (t,t")v(t)
converges uniformly to ® (t—t)v(t') on I x I.

Proof. If z(t) is as in Lemma 2.4, then
(@47 (t,t") = @A (t—t)) v(t)) =" (t,1) (v(t') = 2(¢'))
— A (t 1) (v(t) —2(t))
+ (@4 () -2 (t =) 2(Y).
Because &4 (t,t'),®4 (t —t') are unitary operators, the first and the second term

on the right-hand side are bounded by . From the definition of z, it is easy to see
that

(@47 () — @A (t—t')) 2 (¢ max max|6; ()]

||H1 1<j<m t'el
x > l@A () =@t (t—1)) 2,

1<j<m
Using Proposition 2.3, we obtain the result. 0
Let 8 be a bounded, 1l-periodic, function. For ne€N we define 8, (t) =3 (nt),

1
and we note that g8, — (3) ::/ B(t)dt. Then, under additional hypotheses on v, we

obtain an estimate for the order of convergence in Corollary 2.3.

LEMMA 2.7.  Let ve W0 ([0,h],H1), and let V,,(t) be given by (2.2). If (3)=0 or
1

0(0)=0, then Vo (1), < 5 181l e el e 000, 2%

t
Proof. Using v(t)= U(0)+/ ¢ (') dt’, we obtain

wy, =(8 h—|—/ /Bn v () dt'dt
- /0 /0 B (t) vy (¢ dt' dt,

hopt

and therefore ||V, (h)|l4, §/ / 1Bn ()] [|ve (') ||y, dt’'dt, and an easy estimation im-
o Jo

plies the result. 0
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3. Main results

3.1. Convergence in Hj. Let {an fnen,{Bn}nen be two sequences of real
valued functions in L{ (R) such that ay,,S, —1, |a,|<a, and |3,| <3, with &,8¢€

loc
LllOC (R). For n €N we consider the approzimated evolution problem,

{iwt+(anA+BnB)w:0, 3.1)

w(0) =wuy,

related to the abstract splitting scheme defined by these sequences, and we denote
by ®,, the related flow. (The exact flow will be denoted by ®.) Let ug€H; be
given and let u,, = ®,ug be the maximal solution of the problem (3.1), defined for
t€[0,T *, (up)). We recall below the integral expression for u,,, where ®4" is the flow
of Lemma 2.2:

Uy, (1) = O™ (£,0) ug —i/o B (£ DA™ (t,8) B (uy, (t)) dt . (3.2)

We are now in position to give the first result concerning the uniform convergence
of @, (t)ug to ®(t)ug for t€[0,T] and for any ug € Hs.

THEOREM 3.1 (Convergence). If upeHy and T <T*(ug), then there exists
ng €N such that for any n>ng, the function ®,(t)ug is defined for t€[0,T], and
li t =0.

dim e l[w(t) = un (£,

Proof.  For t <min{T, T (ug)}, we write
w(t) = tn (£) =I1,5 (8) =i (D4 (8) Lo (t) + I3, (8) + Lan (1)) (3.3)
where

Lo (8) = (24 (¢) — 24" (¢,0)) uo,

b= [ (1= B () B4 (<) B (u(e))

I3, (t) = Otﬂn ) (@4 (t—t')— 24" (,t)) B(u(t))at,
Iy (t) Z/Otﬁn (") @A™ (1) (B (u(t') = B (un (') dt'.

We shall prove that I, (t)—0 as n— oo uniformly on [0,7]. Let R>0 be such
that max |[u(?)[|;, <R and max @4 ( u0HH1 <R. From Proposition 2.3 we get

t€[0,T) te[0,T)
lim max ||11 n(t)|l, =0. This leads to the estimate
n—ootcl0,T 1

max H‘IJA" t,t) uOHH <R+,
te[0,T]

valid for n > ng(d). From Corollary 2.5 we deduce the identity lim H%an(«] 12,0 (), =
n—o0tel0,
0.

For j =3 we have the estimate

1 O, < 18110, gz, (127 (2= ) = @7 (6,69) Bu(E)) [, -
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Using Corollary 2.6 we obtain le 23, (t) ||y, =0.

Let L be the Lipschitz constant for B in the ball of radius R+ d. Because B is a
Lipschitz continuous function and m[ax] lun (t)|lyy, < R+4, we deduce the estimate
te[0,T

<L <L
e 1B (un) )|, _Ltgfg%] [un ()|, < L(R+9),

and we recall that B(0)=0. We then have H%(?);]”Ilm )y, + ma
te|0, t

Iy, (T
mae 120 (0, +

trerﬁ)%] [£3,n (t)[l}4, <&, and therefore

[ (t) = un (8) |, S€+/O BB (u(t) =B (un (t'))lly, dt'-

Taking L as the Lipschitz constant of the ball of radius Z(R—i—é) we obtain the
estimate

e (t) =t (8) g, <+ L / B () — o ()], dE,

and from Gronwall’s inequality we obtain [|u(t) —u, (t)[|, <&, and then T'< T} (uo).
This finishes the proof. ]

3.2. Error estimate. In this section we obtain local and global in time
error estimates for general time-splitting methods. These results are optimal for Lie-
Trotter schemes, whose local convergence in the whole space is quadratic in the time
step. Let «,f be l-periodic, bounded functions with () =(8)=1, and set a,, (t)=
a(nt), B (t)=pB(nt), with h=1/n]0. We recall that under this situation a5, — 1.
In order to get these error estimates we impose some regularity both on the time
derivative of the solution and on the nonlinearity B, which is accomplished as follows.
We consider a Hilbert space Hg such that H; is continuously embedded in Hg, and
such that the operator A: D(A)~— H; has a self-adjoint extension A: D(A)— Hy with
H; QD(A). In the sequel the self-adjoint extension will be denoted A. We can see
that for ug € Hy, the solution u of (1.2) or (3.2) satisfies u€ W1°°([0,7],Ho). We also
assume that there exists a map B’:H;— B(Hp) such that for R,e >0, one can choose
C,6 > 0 satisfying

1B ()l <. (3.4a)
1B (utw) =B (u) = B' () wlly, <elwlly, (3.4b)
for u,we Hy, [Jully, <R, and |lwl|,, <.

From conditions (3.4) it is clear that for R>0, there exists L>0 such that
| B(u) =B )|y, <Lllu—vly, for any u,ve€Hy with [lully ,[[v[ly, <R. Let ug,io€
Hi, T <min{T™* (uo),T* (i0)}, € >0, and R>0 be such that

12 (@) woll oo (0, 77,10) > 12 (E) ol Loe (0, 77,1, ) < B-

Because ®4 (t—t') (&4 (t,¢')) is an unitary operator of Hy, we deduce that

t
()0~ @ (1) 0l < 10— Toll, + L | [2(¢)ua— (¢l "
0
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Therefore, we have the estimate
12 (t) uo — @ () oy, < €™ [luo — oIy, - (3.5)

We now define for a fixed 7'>0 the space X7 =C([0,T],H;)nW1>(]0,T],Ho).
Because B is a locally Lipschitz map, and using conditions (3.4), we can see that
g:Xp—=Xr, g(u)(t)=B(u(t)) is a well-defined bounded map in X7 and (g(u)), =
B’ (u)uy.

THEOREM 3.2 (Local error). If upeH; and T<T*(up), then there exists a
constant C >0 and ng €N such that for n>ng, the following estimate holds for the
time step h=T/n:

1@ (h)ug = @n (h)uo|l, <Ch.

Proof. Replacing t=h in equation (3.3) and using that ®*(h) are unitary
operators, we see that it is sufficient to show the estimates ||, (h)|,,, <Ch?, where
I, ,, are defined as in Theorem 3.1. Because () =1, we have

I (h) =@ (h) = @™ (h,0) = & (h) — @ (h{a)) =0.
From Theorem 3.1, there exists ny € N such that for n>ng it holds that T >T and
max ||u, (t)|| < max |lu(t)||+1=R. Setting v(? (t)=®4 (—t) B(u(t)), it is clear that
t€[0,T] t€[0,7]
v@ e Xy and

0 () =& (1) (iAB (u(t) + (B (u(t))),),

whence the estimate Hvt(z <C(R) follows.

|
Le°([0,h],Ho)
Using that

h
Enlh)= [ (1=5,(5)0 (5)ds,
0
and because (1—3)=0, from Lemma 2.7 we deduce
12,5 (B)lly, < C (R) (14 Bll oo ) b

We set v (t) = (@4 (h—t) — ®4" (h,t)) B(u(t)). It is clear that v® eXp, v (0)=0,
and

ol (£) =i (4 (h—1t) — a, (£) D™ (h,t)) AB (ul(t))
+ (4 (h—1) =" (h,1)) (B (u(1))),-

Taking norms, we deduce the estimate Hvt(?’)HL (0.hLHo) <C(R)(1+ |||l ). Using
> ([0,h];Ho
Lemma 2.7 again, we obtain

12,1 (Bl < C (R) (L4 ltll o) 18]l o B
We finally set v(®) (t) =®4" (h,t) (B (u(t)) — B (u, (t))). Because

ol () =ia, (£) @4 (h,t) A(B (u(t) — B (uy (1))
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+ oA (h,t) (B (u(t)) — (B (un(t)))),

and w,u, are bounded in X, using the Gronwall inequality as in Theorem 3.1 we
deduce the estimate for Iy ,, (h). The theorem is thus proven. |

REMARK 3.1. As in the proof of Theorem 3.1, it follows that for fixed R >0 there
exists ng(R) such that || @ (kh)uo|ly, <R and [[®, (kh)uolly, <R, for 0<k<n.

Under the hypotheses of Theorem 3.2 we formulate the result concerning global
error estimate.

THEOREM 3.3 (Global error). If up€Hi and T <T*(ug), then there exists a
constant C'>0 and ng €N such that, for n>nyg,

max [|®(kh)ug — Py (kh)uollyy, < Ch.

0<k<n

Proof.  Setting ey = |[|® (kh)ug — @, (kh)uollyy, , it follows that

i1 <10 () ® (kh) g —  (h) @, (K)o,
+ @ () P (k) ug — @y (R) (P (K1) wo) [, -
Using estimate (3.5) and Theorem 3.2, we deduce ey 1 < el"ej, + Ch?, with L uniform

in k from Remark 3.1. By means of an inductive argument, we prove the estimate,
valid for 0 <k <n,

k-1
: Ch? C (eLT 1)
2 Ljh _ Lkh
ekSCh jgoe J _el/hi—l(e _1)§ I h.
This finishes the proof. 0

COROLLARY 3.4. Let Hg=[Ho,H1]g be the interpolation Hilbert space, 6 € (0,1), and
ug €Hy. If T<T* and € >0, then there exists ng € N such that

_ < opl-0
max [ (kh)uo — @ (kh)ugly, <ch

holds for n>ny.

REMARK 3.2.  Let ug, i € Ho, and let T’ <min{7™ (ug),T™* (%o)}. Using the notation
and the result of Theorem 3.3, and the estimate (3.5), we deduce

| (kh)ug — ®r (k) tio ]|y, <||P (kh)uo — @ (kh) to |y, + (| (kh) to — P (kh) to |4,

<ebT lluo —olly, +Ch.

3.3. Approximation methods. Assume that we can define an approxima-
tion ®4 for the flow ®* such that H&)A(t)uHH <C'llully, for any u€Hy, and for any
1

ug € Hy and a small time step h,

H@A(h)uo—&“(h)uOHHo <Ch2 [ug|ly, (3.6)
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Let ®, be the flow given by (1.5). From the identity ®4(¢)=®(t)+
(<I>A (t) — o4 (t)), we get the following decomposition for the discrete flow: &, =

@), + Np,, where v=(71,...,7s), 7; €{0,1}, and

S SR COE (B4 (a,m) "o (27 (ah) -3 (ayh)) .

ve{0,1}s j=1
7#0

PROPOSITION 3.5 (Approximation method).  Let 4 be an approzimation of
the flow ®4 satisfying (3.6). Ifug€Hy, T <T*(ug), then there exists a constant C >0
and ng €N such that, for n>ny,

max
0<k<n

P (kh) ug — (iﬁUQ'

<Ch.
Ho

Proof. Using that B:Hj; — H; is Lipschitz with constant L, then for all uw € H;
and for all s

|27 (hullyy, <e O™ flully,

which combined with inequality (3.6) yields || Npuolly, < Celhp? [luolly, - Using that

9

H(I)(h)uo —ihuOHH < [[@ (h) o — Do, + H(I)huo —;I;huo‘
0

Ho

and Theorem (3.2), we obtain that there exist ng such that for n>ng

H(I)(h)’LLO —E)hUOI

<Ch?,
Ho

and therefore we deduce the desired inequality. 0

3.4. Spectral methods. We then turn to the discretization in space variables.
Let R >0 be fixed, let E be the projection valued spectral measure of A:H; C D (A) —
Ho, and let P = E([—R, R]) be the orthogonal projection onto the A-invariant subspace
H=P(Hp). According to the previous subsection, we define ®* =®4 o P and ®4 () =
DA (1) (P+1—P)=dA(t)+®*(t) (I — P). We get the following decomposition for the

discrete flow: ®;, =&, + Ny, where h >0 is a small time step and

No= 3 18P (b0t (ah) P (1—P).

ve{0,1}s j=1
7#0

THEOREM 3.6 (Spectral approximation). Let ug€Hy, T <T*(up), and n€N be
given. Then for R>h,?=(n/T)?* we have the following estimate:

max
0<k<n

(0] (k‘hn) Uug — "IV),IZUQ’

<Chy,.
Ho

Proof. For any u € H; we have

u-Pully,= [ d@EN ., <R [ RduEN)u,
[A[>R A\|>R
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and then [u—Puly <R '[ully,. As ®4 is a unitary operator, we get that
|@4(1 = P)ul|, <R '|lully,. Taking R>h;?> we get the desired inequality from
proposition (3.5). O

When (A+i)~" are compact operators, there exists a basis {@i};s0CD(A) of
Ho and a sequence {A;};5,CR with |A;|Too such that Ap;=A;p;. The operator
@4 (t) P could be written as

() Pu= Y e N pjlu)y, @)
IAjI<R

which represents the approximate solution of (1.3) in terms of the eigenfunctions
(which in most cases are explicitly given).

4. Examples

This section is devoted to the presentation of several instances of the model equa-
tion in which the results of the previous section are valid. Details are also given in
order to express the advantages of the general setting with respect to similar known
results, mainly concerned with the regularity of the initial data needed to show linear
convergence. We start collecting estimates related to typical nonlinearities of both
local and nonlocal natures.

LEMMA 4.1 (Local nonlinearities). Let f:C—C be a smooth map in the real
sense, (i.e.: if f=f4ifO  then the map (£,1m)— (f(r) (E+in), f® (E+in)) is
smooth on R?). Let also Hy=H*(RY), with s>d/2, and Hy=L?(R?). Then B:
Hi—H; given by B(u) = f(u) is a well-defined map, and in addition B':Hy— B(Hp)
given by B'(u)(v) = f'(u)v is well-defined and satisfies (3.4).

Proof.  From the Schauder lemma (see Theorem 6.1 in [13]), for s >d/2, it follows
that B: H® (Rd) — H? (Rd) is a well-defined, locally Lipschitz map. Taking the norm
of the identity

7 (w)w= (£ (w4 57 (@) w®) i (8 (@ w + £ () w),

we obtain || B ()wll (e < C (0l po o)) 10ll ey, with C(R) = masx | (w)].

[ul<R
Using |f (u+w)— f(u)— f'(u) w|<e|w| if [u| <R and |w|<d, we get the required
inequality. This finishes the proof. 0

In order to add Hartree-type nonlinearities we first collect some useful estimates.

LEMMA 4.2. Let Wi e€L®™® (Rd),WQGLP (Rd), with p>2, p>d/4. Let also u€
H? (Rd), with s>d/2, and v € L* (Rd). Then the following estimates hold, with C
depending only on s:
(1) [[WrsRe(uv)|| poo gay < Wil oo ey VIl L2 ey 1ell L2 ey
. N 0 -0
(it) [|[W2+Re(u U)HLN(Rd)SC”W2”Lp(]Rd)”v”L?(]Rd)”u”HS(Rd)”u”iz(Rd);
2
(i) ||W1 * |“|2HL°°(1Rd) < ”WlHLW(Rd) Hu||L2(Rd);

. 26 2(1—6
(i) [ War [l e gy < CIWal 1o gy 037 ey 1l 7 )
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Proof.  Estimates (i) and (iii) follow immediately from the Young and Holder
inequalities, while estimates (ii) and (iv) also use the Gagliardo-Nirenberg inequality.
O

LEMMA 4.3 (Hartree-type nonlinearities). Let W e L (Rd) +LP (Rd), with
p>2, p>d/4, let Hy=H*® (Rd), with s>d/2, and Hy=L? (Rd). Then B:H;—Hy,
with B(u)= (W x|u|?)u is a well-defined map, and in addition the map B':H;+—
B(Ho) given by B'(u)(v) = (W* |u|2) v+2(W xRe(u*v))u is well-defined and satisfies
estimate (3.4).

Proof. Because
B(u+v)—B(u)= (W* |u|2) v+2(WxRe(u*v))u

+2(W *Re(u*v)) v+ (W*|v|2> (u+v),

the linear term is given by B’(u)(v)= (W* |u|2> v+2(W xRe(u*v))u. The estimate
(3.4) follows directly from Lemma 4.2. O

4.1. Nonlinear Schrodinger equation.  We consider

{iut+Au+f(|u|2)u+ (W(x) * |u|2) u=0,
u(0) =uy,

where f:C—C is smooth as a real function, and W(z) is an even function such
that W =Wy +W,, WyeL>®(R?),WyeLr(R?), with p>2, p>d/4. Taking Hy=
H# (Rd) and Ho=L? (Rd), with s>d/2, s>2, we can see that A=—A is a self-
adjoint operator, and B (u)=—f(|u|*)u— (W(x)* \u|2) u is a locally Lipschitz map
(see lemmas 4.1 and 4.2). Following these lemmas we can also deduce that, for any
up € Hy, and T <T*(ug), the solution satisfies u€ W1>° ([0,T],Ho); in addition, the
nonlinearity B satisfies (3.4). We thus obtain Theorem 4.1 of [3] for Lie-Trotter
splitting schemes. Using H?? (Rd) — [*° (Rd) for 6 >d/4 and Corollary 3.4, we can
see that [|u(kh) —un (kh)|| o gay =0 (h'79).

REMARK 4.1. Because, for d=3, the Newtonian potential W(z)=|z| " satis-
fies the hypotheses of Lemma 4.2, the convergence results are also valid for the 3-D
Schrédinger-Poisson equation:

g +Au+Vu=0,
AV =—|ul?.

Let us also add that C. Lubich in [10] shows a first-order error bound in the H*
norm and a second-order error bound in the L? norm for an H*-regular solution.

REMARK 4.2. In lower dimensions, d=1,2, the kernel W is not bounded and
therefore Lemma 4.2 does not apply. Actually, the existence of dynamics requires
some extra work (see [9, 12]), mainly connected with a suitable decomposition of
the nonlinearity. However, the conclusions of theorems 3.1-3.3 remain valid but their
proofs are more involved.
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4.2. Gross-Pitaevskii equation with a trapping potential. = We consider
the d-dimensional initial value problem

iy + Au—Qu—|ul*u=0,
u(0) =wuo,

where ) ib a positive definite quadratic form. Without loss of generality we can assume

Q(z) =wiz?+-- +w32?. This equation is used to describe Bose-Einstein condensates.
The operator A=—A+Q has a basis of eigenfunctions (explicitly) given by

5 (wizj)

u::&

d
for k= (k1,...,kq) € Ng with eigenvalues My =d+2 5" kjwjz-, where y, is the k-th Her-
j=1
mite function. In [7] the convergence of a split-step method using Hermite expansion
is studied, the Hilbert spaces H* (R?) =D (A%/2) are defined as the functions u in

L?(R?) such that [|ul| g. gay is finite, where

2

el ey = D A (orltd oy
keNg
Because A>—A, we see H? (RQ) — H? (Rd), and in particular H? (Rd) — L™ (Rd) if
d<3. In these cases, Lemma 2 in [7] implies that D (A)=H? (R?) is an algebra and
then B(u)= |u|2u is a locally Lipschitz map. Using similar arguments as in the proof
of Lemma 4.1, we get (3.4) for the cubic nonlinearity. Therefore, taking H; = H? (R3)
and Hy=L? (R3), we obtain the convergence result given by Theorem 3.3 and, like in
the example above, ||u(kh) —un (kh)| o gy =0 (h?) for 6 <1—d/4.
Proposition (4.6) below deals with quite general local nonlinearities. This result
depends upon the following lemma.

LEMMA 4.4. For any u€ D(A) the following estimate holds:
_ 2 2
¢! (AulAu) 2 gay < [|=Aul|72gay + [1Qul| 2 gay < c(Au|Aw) 12 gay

with c—max{2 14+2d~ 2Zj 1 ]}

Proof.  Because S(R?) is dense in D(A), we just have to prove the following
norm equivalence for any Schwartz function:

(AulAu) 12 gay = H*AUHQH(W) + HQU||2L2(Rd) —2(Au|Qu) 12 gay-
Using (Au|Qu) 12 (gay = — (V- Vulu) — (QVu[Vu), we get

2(AulQu) 2 gy < — 2<VQ Vulu) 2 gay = (AQu|u) 2 (gay

2
:22%2' Hu||L2(Rd)'

=1
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Because (Au|Au) 2 ga) > d? ||u||2L2(Rd), we have
=l ey + 19200 oy < (1424725551002 ) (Au| Au) ooy
From 2(Au|Qu) 2 gay < ||—Au||iz(Rd) + ||Q“||2L2(Rd), we obtain
<AU‘AU>L2(R‘1) < 2||*AUH%2(]Rd) +2HQU||2L?(R¢1)7
and then the lemma follows. a

COROLLARY 4.5. For d<3, H? (Rd) is an algebra with the pointwise product.
Proof. From the estimate [|Quvl|yzga) < [|Qul|p2gay [Vl gy and the em-
bedding H? (R?) = L> (R?), we obtain [Quvl| p2gay < Cllull g2 gay V] 2(ray- Using
—A(uv) =—Auv—ulAv—2Vu- Vv, we have
I=A (wo)ll 12 gay S 1= Aull g2 ey V] Lo ey T 1= AV L2 gay ]| oo (may
+2[Vull pagay VOl 14 gay -

Because
V0l oy SCllull gy =Dl 55 Ny
<C (Jlullfa gy + - Al ey ) <C s gy, -y
we get ||—A(UU)HL2(Rd) SCHUHFP(W) ||U||H2(Rd) and
luvll g2 (may < Cllull g2 gay 101l g2 gay »
which finishes the proof. O

PROPOSITION 4.6.  If f is as in Evample 4.1 and d <3, then the map ur f(u) is
bounded and locally Lipschitz on H? (]Rd).

Proof.  If R>0 such that ||u[|p«ga) <R, because |f(u)| <Clu| if [u|<R we

have [|Qf ()] 2 ga) < C'[|Qul 12 (gay. Using that Af (u) = £ (u)|[Vul*+ f' (u) Au, we
obtain

I=AF (@)1 gay + 12 (W)l 72 (ga) SC(H—AUIIiz(Rd)
1922 ey + V0l 31 )
from (4.1) and Lemma 4.4 we have
(Af (W) AS (W) 2 ey SC I =Af ()72 gay + 12 (W) 72 gy
<C (HuHi?(Rd) + H_AUHiZ(Rd)) < C(Au|Au) 12 ga)-

If u,v € H? (R?) such that lull fr2gay » llull g2 (gay < R, then

1
1 () = £ (0) | ety < / (1= 8t t0) | gy =l gy
<Cllu=v gaqga)
which expresses that f is a locally Lipschitz map. 0

Using arguments similar to those used in the proof of Lemma 4.1, we can see
that the nonlinear local term given by B (u)= f(|u|*)u satisfies (3.4), and then the
conclusion of Theorem 3.3 holds.
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4.3. Nonlinear wave interaction model.  Consider the system of evolution
equations modelling wave-wave interaction in quadratic nonlinear media (see [2] and
references therein). This model describes the nonlinear and nonlocal cross-interaction
of two waves in 141 dimensions. The interaction is described by nonlocal (integral)
expressions:

u§1) _uil) +ugu(2) =0,
u§2) +ul? —vgru =0,
u® (0) =u”, u® (0)=u,

where v=+1 and g, =u®@* D), g(x)—0 when x — —oo. Consider the spaces H; =
H'(R)x H'(R), Ho=L?(R) x L*(R), and the operator A=id,0,. Define B(u)=
vg(u)oy-u, with

x

g () (a1) = / u®* (4, ) uV (y,)dy

— 00
and oy,0, the Pauli matrices. Taking

x

(o @)= [ (0 @ ) + 0 0w (.0)) do
we can see that B’ (u)w=vg (v)wo, - u+vg(u)o, - w. From Cauchy’s inequality, we
get [|9" (W wl| oo ry < llull p2g) lw]l L2g)- From the expression of B’ (u)w, we conclude
[ B" (w)wll 2 g §C||u||2Lz(R) |wllp2g)- Then, (3.4) is verified and therefore the con-
clusions of Theorem 3.2 and Theorem 3.3 are valid.

As an application of these results, we study the behavior of solutions with
compact support. If supp(ug)C(a,b), because A is a first order linear wave
equation and supp(B(u)) Csupp(u), it follows that supp (@4 (t)ug) C(a—t,b+1)
and supp (@ (t)u) Csupp(u). Therefore, supp (u, (t)) C (a—t,b+1t), which implies
supp (u(t)) C (a—t,b+1).

5. Numerical example

Consider the Schrodinger—Poisson equation in T, i.e. u is a 1-periodic solution of

U +Ugg + \u|2u+Vu:0,
wa:D—|’U/|2, (51)
u(0) =uy,

where DeC>(T) is a given real-valued function. We assume that the following
neutrality condition is satisfied:

[ P@ s uoley

and because ||u(t)||2LQ(T) is a conserved quantity, this condition holds for any ¢. The

potential V' can be calculated by V =—G %o, where p=D — |u|2 and G is the Green
potential defined as the 1-periodic function such that G(z)=x(1—2)/2 on [0,1]. We
consider Hy=L?(T), H; = H?(T), and defining the self-adjoint operator A= —0,.,
and

B(u):—|u\2u+(G*g)u,
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we can write (5.1) in the form (1.1) and from Lemma 4.2, B satisfies (3.4).
The linear flow ®# can be written as (®4(¢t)u)(z)=3
where

-~ —i47r2p2t 12TpT
pEZ Up€ e R

Up = / u(x)e 2Py,
T

Let w be the solution of (1.4) with w(0) =wu, using that V' is a real-valued potential,
we can see that Re(w*w;)=0, which implies |w|=]u|, so that V is constant in t.
Therefore &7 (t)u=¢"(V ")y, where V is calculated using u. Observe that if o=

—\u|2, then it holds that go=0 and the potential can be expanded by V (x)=

. 2 jon
> pez 0p (27D) ei2mpe,

5.1. Solving by discrete Fourier transform. We show a numerical method
using discrete Fourier coefficients. Let m be the odd integer m=2[+1 and consider

l A . A
(Inu) (z)= Y Upye"®™* where U, is the discrete Fourier coefficient given by
p=—1

m—1

Z qu—i27rpq/m

1
Tm
q=0

and U, =u(g/m). Because e~?2m4/m = c=i2ma(pEm)/m e haye U, =Upsy. We also
know that

m—1
Uy=3" Geitmvaim,
p=0
It is known that [|u—Inul 12 <Cm™2 [[ull g2y (see Lemma 2.2 in [14]) and then

we have the following result.

PROPOSITION 5.1.  If ®2 (t) =®A(t) L,,,, for any u€ H?(T), then

[ @4 (#) u— P, () “HLz y SCm” ?Null oy -
We can see ®2 (t) as an approximation of the flow ®# that satisfies inequality (3.6)
in Subsection 3.3 for m>n. From the definition of ®2 () and U, =U, 4, it holds

that

l
(q)A ) q/m Z Upe—i47r2p2tei27rpq/m

p=—1
m—1
E U —idn?(m—p)%t 127rpq/m+§ U 677,477 p2t zZTrpq/m
=1+1 p=0
1
Upefi)\ptei%rpq/m
3
p=0

where A, =4m?7*h(p/m) for 0<p<m—1and h(v)=1v*>-2(r—1/2),.
The solution of (1.4) can be exactly calculated as

(2% (1)) (g/m) ="V N,
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F1c. 5.1. (a) Discretization error in time. (b) Discretization error in space.

where N, = |Uq\2and the potential V' is given by

m—1
Vq _ Z ‘—613)\p72ez‘271'1)q/7n7

p=1

with 9, =D, —N,. Observe that the neutrality condition reads as gy =Dy — No=0.
Therefore, the Lie-Trotter algorithm can be written as:
- Fix n.
- Assign h=T/n.
- Fix m~h~1,
- Transform D to D using FFT.
- Compute A2,
- Compute exp(—iAh).
- Evaluate U =wug (¢/m) for ¢=0,...,m—1.
- For k=1,...,n do
1. Transform U to U using FFT (m x log(m) ops).
Multiply U by exp(—iAh) (m ops).
Obtain U(A) by anti-transforming FFT e~ .U (m x log(m) ops).
Compute N = |U(A)|2 (m ops).
Transform N to N using FFT (m X log(m) ops).
Compute g subtracting N from D.
Multiple § by A=2 (m ops).
Obtain V by anti-transforming FFT —A~2.5 (m x log(m) ops).
Sum N and V.
10. Evaluate exp (¢h(V 4+ N)) (bxm ops).
11. Obtain U by multiplying by exp (ih(V 4+ N))-U) (m ops).
12. Assign U[k]=U.
The computational cost is proportional to n xm xlog(m).
To illustrate Theorem (3.3) we present a numerical experiment in one space dimen-
sion. We use the algorithm described above to get a discretization of the Schrodinger—

Poisson equation (5.1) with initial data ug(x) —sinzte (mz) with o> 0 small so that
ug € H? but ug ¢ H*™ for s>a, and D(z) =7() (14 (141672)) cos (4mz), with

CONS Gk WD

_ I'a+2)
1= s )

Figure 5.1(a) shows the order dependence of the L* error at time T'=1 on the time
step-size h. The calculations are performed with a space discretization of 2 x 10° 41
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and compared to the result with a time step-size h= %. The order of the conver-

gence is almost linear, slightly better than h%/4, the order expected from Corollary
3.4.

Figure 5.1(b) illustrates the dependence of the L™ error on the space discretiza-
tion parameter n. Here, we use a fixed time step-size h = 1072 and compare the results
with the result for n=2+41.
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