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Abstract

The interaction between positronium and a short laser pulse is studied in the case, where the photon energy is resonant with the
Is — 2p transition energy. Results from a full numerical solution of the time-dependent Schrodinger equation, and also from a varia-
tional approach based on the Coulomb-Volkov wave function to describe the final states are presented. For the initial state, a solution
of the time-dependent Schrédinger equation involving the two resonantly bound states is used. This wave function exhibits Rabi oscil-
lations as the laser amplitude increases. Using the rotating wave approximation the contribution from N-photon and (N — 1)-photon
ionization from ground and excited state with split energy levels can be identified. The theory predicts each above threshold ionization
primary peak split in two peaks separated by half an appropriate Rabi frequency. It is suggested that this phenomenon could be exper-

imentally measured by the Aarhus group working on positronium in laser fields.
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1. Introduction

Positron physics under laser fields is closely related to
hydrogen under scaled intensity and frequency laser fields
by using well stated scaling rules [1]. This is particularly true
when the positronium life time against annihilation is longer
than the laser length. Available femtosecond laser pulses
(107'° 5) are short enough to interact with both triplet and
singlet positronium decaying through 2-photon and 3-pho-
ton emission with decay times of 7y, ~ 1.4 X 1077 s and
Tsing ~ 1.25 X 1071 s, respectively [2]. From the scaling pre-
scription, we can verify important advantages of positro-
nium as compared to hydrogen target. Some of the relative
advantages have been cited by the Aarhus group [3] such
as the larger cross sections for a given N-photon ionization
process scaling as 2>V for positronium as compared with
hydrogen. Moreover, resonant enhancement multiphoton
ionization REMPI experiments are better achievable with
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positronium targets. For instance, resonant 1s — 2p excita-
tion require w = 0.1875 a.u. (4 =243.2 nm), which is half
the frequency required by hydrogen. This frequency is within
the laser frequency range of the laser to be used in coming
experiments involving Ps multiphoton ionization [3,4].

Previous experimental studies on laser positronium
interaction were mostly concerned with laser excitation
[4,5]. On theoretical side, ab initio calculations of positro-
nium breakup by 2—-6 photon absorption from strong subp-
icosecond laser pulses have been published [6]. More
recently, work have been addressed to considering positro-
nium under intense laser fields accounting for laser mag-
netic fields effects [7].

Here, we present theoretical results employing a partic-
ular variant of our modified Coulomb-Volkov approxima-
tion MCV2™ [8] to the description of above threshold
ionization (ATI) of positronium. Different from the pertur-
bative case discussed in [8], we focus on the case where the
laser field is in resonance with the 1s — 2p transition.
Increasing laser intensity and length pulse are analyzed.
The theoretical frame from [8] is used, namely a variational
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approach with Coulomb-Volkov states as the final trial
wave function is employed. However, for the initial trial
function, the bound state wave function obtained by solv-
ing the time-dependent Schrodinger for two resonantly
coupled states is considered. This wave function exhibits
Rabi oscillations and energy splitting. For the intermediate
laser intensities our new results are compared with previous
exact solutions of the time-dependent Schrédinger equa-
tion TDSE as well as with perturbative MCV2™ theory [8].

Multiphoton splitting of hydrogen ATI peaks due to
resonant intermediate state population have been previ-
ously found either with a perturbative analytical procedure
for long laser pulses [9], or by solving the time-dependent
Schrédinger equation TDSE [10].

Our purpose is to bring some light on the mechanism of
this phenomenon by using a quasi-analytical theory. In this
way, it is expected to complement full numerical treatments
involving intensive calculations [11] that sometimes may
hide the essential physics of the problem. Further, as
mentioned above, this work is timely as positronium
experiments are planned within the frequency and laser
intensities investigated here. Likewise, the analysis of
future experiments are in need of adapted theoretical
approximations that are able to provide simple reliable pre-
dictions of ionization by short UV laser pulses.

In Section 2, the relevant scaling rule relating the posi-
tronium case to the hydrogen one is presented. The new
theory CV-TS (Coulomb-Volkov two-states) is derived
using the same variational principle for the transition
amplitude employed to derive MCV2™ theory [8]. For the
resonant 1s — 2p, transition, the previous perturbative
procedure for the initial state description is reformulated
in terms of the numerically solved two-state problem.
Then, the non-perturbative condition due to the resonant
coupling of both states may be accounted for. In Section
3, the CV-TS is applied for pulse length within the femto-
second regime (40-80 laser cycles). The failure of the previ-
ous perturbative treatment when applied to the resonant
intermediate state is illustrated by comparing with full
TDSE results. The CV-TS theory improves the MCV2™
in an important quantitative and qualitative ways. Rabi
oscillations are displayed by solving the time-dependent
Schrédinger equation for two-state problem coupled by a
short laser pulse. As is expected, Rabi frequency increases
with amplitude. Finally, the ATI peaks splitting in two sec-
ondary peaks for different laser intensities are shown. An
explanation for this behavior is given by using the simple
structure of the theory. Conclusions are drawn in Section 4.

Atomic units are used throughout unless otherwise
stated.

2. Theory
2.1. Scaling

Here, the problem of positronium under a laser field and
that of hydrogen are related [1]. Both cases have null total

charge, thus their centers of mass CM evolve freely. The
relative coordinate ¥ =73 — 7] do satisfy the following
equation:

i = |75, Qr’_}‘ﬁ(wvl‘) T(77t)7 (1)

where the reduced mass is u = m;m»/(m; + m,), and the re-
duced charge is ¢, = (q1my — gomy)/(my + my). It is noted
that isotopic effects could arise from the charge for non-
neutral ionic species in addition to accelerated motion of
the CM [12]. Owing to the large value of the proton to elec-
tron mass ratio then ¢, = —1 and u =2 1 for hydrogen. For
the positronium case, ¢, = —1 and u=1/2. By scaling
length and time as rg = ur and ¢, = ut the following equa-
tion is obtained:

QW7 1 A R .
1%: e R Rt ) 2)

which describes a hydrogen atom subject to the field of
scaled amplitude F"S(ws,ts) = uF (w,t), and frequency
ws = 'w. In short, positronium is affected by a double
frequency, quadruple field amplitude and half the pulse
length as compared with hydrogen. Further differences
arise from the fact that relative energy is shared equally
by the emitted electron and the positron flying away when
measured in the laboratory system.

2.2. Coulomb—Volkov two-states variational theory

Once the positronium problem has been scaled to the
hydrogen one, the ionization of hydrogen atom by an
external laser radiation with electric field F (7, ¢) is then con-
sidered. Under non-relativistic conditions and within the
electric dipole approximation, the electron wave function
P(7,t) satisfies the time-dependent Schrodinger equation

Y (7 -
i ér’ N )
t V' o1 G)
Ho==5—0

where 7 is the position of the electron with respect to the
nucleus identified with the center-of-mass, F(¢) is the laser
field in the volume of the atom and H, is the atomic Ham-
iltonian. In the ionization process, the initial bound state
¢i(7,t) and the final continuum state ¢, (7,7) may be writ-
ten as

¢i(7, 1) = @ (F) exp(—ieit),
b; (7, 1) = @p (F) exp(—iert),

where ¢;(7) and ¢; (F) are eigenstates of the field-free Ham-
iltonian H, and ¢; (¥) is the ingoing continuum state of
momentum & normalized to d(k — k). In the present sec-
tion, we focus on the hydrogen atom. The scaling rules will
be employed in Section 3 to apply the theory for positro-
nium ionization by laser pulses.

4)
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The finite pulse duration is featured by a sine-square
envelope. Thus, in the vicinity of the atom, the external
electric field reads

F(t) = Fysin(wt + @) sin®(®) when ¢ € [0, 1], )
F(/)=0 elsewhere,
where 7 is the total duration of the pulse. The laser electric

field is derived from a vector-potential A(), which may be
written as

A0 = dw) - / AR, (6)

In the Schrodinger picture, the transition amplitude
from the state i at 1 =0 to the final state f at 1 =t may
be approximated by the prior form of the following the var-
iational expression [13]:

—

o = limGar O ()~ [t @t ~iglzr @) )

where the arrow on the left-hand side indicates the state on
which the non-hermitian operator applies, y; (7,¢) and
xi (7,1) are trial functions to the exact solutions of Eq.
(1), subject to the asymptotic conditions

1 (7,1) = ¢ (F1), (8a)
X ( 7y )I:Bd)i(ra t)' (8b)

Expression (7) provides exact transition amplitudes when
one of the two trial functions are exact solutions of (3).
The Coulomb-Volkov wave function [14,8] is used as the
trial wave function y; (7, 1),

XF(?v t) = ¢;(?7 I)Li(?v t)»
L™ (F,t) = exp{id~ ()7 — ik - [(drd=(¢) (9)
—i [fdud (1)},
where A~ (¢) is the variation of 4(¢) over the time interval

[1,1], 1.e
A (1) = —/tﬁ(t)dt. (10)

After an easy algebra using (9) and (10), the expression (7)
may be transformed into

T k2 . t . 1 t o
ag:/ drexp {iiﬂ-ik- dt’A’(t’)—!—E/ dt’Az(ﬂ)}

/dr}/1 (F, 1) exp[—id~(z) - ﬂA (?) [il?—i— ﬁ]q}{*(?).
(11)

For a realistic laser pulse, the first term in (7) is zero be-
cause both, 4 (0)=0 (no direct electric field), and
¢i(7,t) and ¢, (7,¢) are orthogonal.

The choice of the trial wave function y;" (7, 7) in expres-
sion (11) is still open. It should account for most of the
bound state part of the exact wave function of a given
problem. For instance, when both conditions verify, the

photon energy is greater than or equal to the ionization
potential, and the ionization process is not saturated, it
looks reasonable to replace y; (7¢) by the unperturbed
wave function ¢;(7,¢). Then, the so-called CV2™ approxi-
mation is obtained [14]. Electron energy spectra as pre-
dicted by CV2~ and TDSE have been reported to be in
very good agreement for photon energies above the Hydro-
gen ionization potential |¢] = 0.5 [8,11].

On the other hand, for photon energies below the ioni-
zation potential secondary peaks appeared in the electron
spectrum. These peaks are traced back to population of
intermediate states. This may be physically understood by
realizing that a short laser pulse has a broad spectrum, thus
making possible to populate a wide range of atomic excited
states through the absorption of a single photon. It is
worth to remark the fact that this intermediate transition
may occur even though the laser frequency  is not in tune.

Hence, improving the theory CV2™ implies taking into
account a pathway through intermediate bound states. A
simple way to do it consists of a different choice for the trial
wave function y;" (7, ¢). Since the first Born approximation
reproduces very well the non-resonant background of the
whole spectrum, even very far from the ionization thresh-
old, it is natural to propose

(70 = L 00,0 (12)

where aB‘(t) is the first Born approximation transition
amphtude at time ¢ from the initial state i to the intermedi-
ate state j = (n,l,m).

In the present work, the case with the laser frequency
resonant to the transition 1s — 2p,, that is, when
= (1 — 1/n*)/2 (a.u.), is analyzed. The laser intensities are
beyond the perturbative condition. Under this situation,
the bound state part of the wave function is better
described if we restrict to the two-state problem though
solving the time-dependent Schrodinger equation in a
non-perturbative way. It states as

16 (7 t) = a0y (7, 1) + agy () oy, (7 1), (13)
where a[”5"(7) and a; %% (7) are the elastic and the excitation

amplitude, respectlvely They are obtained by solving the
TDSE restricted to the two resonantly coupled 1s and 2p,
states. The transition amplitude for the Coulomb-Volkov
two-state theory CV-TS is obtained by replacing (13) in (11)

CV TS / dta TDSE

T
+ | dtalPSE(y)
0 “Po

2
Xexp{ (%—bzp)t—l-lk /de /dﬂA }

XZ’(I)-/dej(F)eXp[*iA’(l)ﬂ (0 [ik+ Ve (7). (14)
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The first term accounts for the usual ATI peaks from the 1s
initial state [14], while the second term represents a kind of
CV2™ amplitude for transitions from the intermediate state
2po. These amplitudes are weighted by the TDSE transition
amplitudes in (13) at any time during the laser pulse. The
meaning of CV-TS amplitude is quite simple: the system
proceeds from a multiphoton transition from either the
Is initial state or from the 2p, intermediate resonantly pop-
ulated state to undergo a transition into a given continuum
state.

The integration over the electron coordinate in (13) may
be expressed in terms of the well-known bound-continuum
form factor. For hydrogen atoms, it is analytical using
Nordsieck’s integrals [15]. Therefore, just a simple time
numerical integration over the pulse length is necessary
to evaluate a$"? . Then, as usual, the angular distribution
of ejected electrons is given by

O’ Py
OEL0Q,

= klag[*, (15)

where E; and Q, are the energy of the ejected electron and
the direction of its impulse I: respectively Integrating over
Qi a? A further integra-
tion over Ej yields the total ionization probability Pj,.

3. Application of CV-TS to the ionization of positronium

In this section, the ionization of positronium in its
ground state by a laser pulse with photon energy resonant
with the first excited state is addressed. Fig. 1 shows a com-
parison between full numerical solution of the TDSE [11],
the MCV2™ perturbative theory [8] and the present CV-TS
approximation. The perturbation regime by fixing the laser
field amplitude at Fy= 0.0025 a.u. corresponding to an
irradiance I, = 2.2 x 10" W/cm? is considered. The other
parameters of the laser pulse are a frequency w = 0.1875
and a pulse duration 7 = 1340.4 a.u. (~32.5 fs) correspond-
ing to 40 laser cycles comparable to the pulse length of a
given high-harmonics [16]. This length pulse allows us to
get well separated ATI peaks. Further, the value of w does
not reach to ionize Ps (1s) with the absorption of a single
photon. Therefore, the first ionization peak located close
to & =0.0625 a.u., corresponds to a two-photon process.
The electron energy interval is indeed selected to clearly
show up the first two principal peaks. The second ATI
peak being located at &= 0.15625 a.u. is also displayed.
Note that the ponderomotive potential Io/(4w?) is negligi-
ble. A single photon absorption allows the first excited level
(2po) to be reached in a resonant way. The peaks associated
with intermediate bound state excitation followed by one
photon absorption should lie close to & = (&, + ®)/2 =
(&15 + 2w) /2, i.e. the two-photon ionization from the initial
bound state (2s) match the single photon ionization from
the intermediate state (2pg). This intermediate state is
reached through a resonant process and requires a non-per-
turbative calculation such as the two-state model approxi-

1x10™"
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0 0.125
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Fig. 1. Ionization of Ps (1s): distribution of ejected electrons (density of
probability per energy range) as a function of the electron energy for a
laser field amplitude Fo = 0.0025 a.u. (Iy = 2.2 x 10'" W/cm?) and a pulse
duration of 40 cycles (t = 1340.41 a.u. = 32.5fs). The photon energy is
o =0.1875 a.u. Solid line TDSE [8]; dot-dashed line: MCV2™ [8] and
dotted line: CV-TS. All quantities are given in atomic units.

mation. It is noteworthy that CV-TS (dotted line)
reproduces even the finer details of the background while
MCV2 shows a larger background oscillation as well as
overestimates of the exact TDSE spectrum. It is observed
that both ATI peaks are slightly overestimated by the
two theories. Notwithstanding, it is interesting to note that
the sharp interference depth at about & ~ 0.07 a.u. is well
reproduced by CV-TS. This is the interference between
the amplitudes for the two mechanism described above:
direct two-photon absorption from the initial 1s state,
and one photon absorption from the intermediate 2pg
state. The only failure of the CV-TS comes from the fact
that neither intermediate 3p, nor 4p, are accounted for.
So the small secondary peaks observed to the right of the
first ATI peak are missed. The latter are well represented
by MCV2™ [8]. These states could be incorporated in the
theory in a perturbative way; however, we are interested
in the main ATI peaks behavior when the laser amplitude
(irradiance) increases.

Fig. 2 shows our numerical solution for the elastic and
transition probabilities of the two-state problem (1s,2pg)
as a function of time. Three different laser field amplitudes
with the same resonant frequency and 80 cycles pulse
length are considered. Fig. 2(a)- (c) correspond to
Fy=0.0025a.u. (Ip=2.2x10"" W/ecm?), F,=0.0125a.u
(Iy=5.5x10”W/cm? and F,=0.025au. ([p=22x
103 W/em?), respectively. Rabi oscillations between the
1s and 2p, state populations are observed. The time-depen-
dent Rabi frequency [17] is given by

Qr (1) = 210y Eo sin(nt/7)°, (16)

where 25, = 1.49 a.u. is the positronium dipole matrix ele-
ment. As the laser amplitude increases, Rabi oscillations



V.D. Rodriguez | Nucl. Instr. and Meth. in Phys. Res. B xxx (2006) xxx—xxx 5

0.5

g
o

Transition probability
&
———

o
o

05

1 "‘."1 A L P
2000 2400

800

i “n "‘. ]
400

0.0 =~

R vl
1200 1600
Time (a.u.)

Fig. 2. Transition probability in the two-states model of resonantly
coupling of positronium 1s and 2p, by with 80 cycles laser pulse. Solid
line: 1s elastic probability, dashed line: 2p, transition probability. (a)
Fo=0.0025 (Iy=2.2x 10" W/cm?); dot-dashed line, perturbative 2p,
transition probability. (b) Fy=0.0125 (I, =5.5% 10> W/cm?) and (c)
Fo=10.025 (I, =22 % 10 > W/cm?).

appear in the resonantly coupled state populations. Since
the finite pulse duration is featured by a sine-square enve-
lope, Rabi frequency is time dependent with its maximum
at the middle of the pulse. Even though the laser amplitude
is rather small, the perturbative solution for the 1s — 2pg
transition probability departs the exact two-state solution
around a quarter of the pulse duration, as shown in
Fig. 2(a). It may be clearly observed that the frequency
around the pulse center in Fig. 2(b) doubles that of
Fig. 2(c), as described by the Rabi frequency formulae.
Moreover, the oscillation frequency goes to zero at both
the beginning and the end of the pulse. Over the main Rabi
oscillations there appears a small high frequency correction
due to contra rotating term contributions. Corrections due
to depopulation of these states are not included. They
could be incorporated by a decay rate constant taken into
accounts transitions towards the continuum. Work on this
line is currently under progress.

In Fig. 3, the CV-TS theoretical electron spectrum of
positronium ionization for three different laser field ampli-
tudes Fo=0.0125, 0.0175 and 0.25a.u. ([p=5.5x10",
1.07 x 10" and 2.2x 10" W/em?) are shown. The pulse
duration is fixed to 80 cycles and the resonant 1s — 2p,
condition is kept. The energy range displayed allows for
the observation of up to five ATI broad peaks. However,
the normal behavior of the ATI peaks around the maxi-
mum is replaced by a structure showing clearly two sub-

Density of probability

o

0.125 0.25 0.375 0.5
Energy of ejected electrons (a.u.)

Fig. 3. Ionization of Ps (1s): distribution of ejected electrons (density of
probability per energy range) as a function of the electron energy for
a pulse duration of 80 cycles (t = 2680.8 a.u. = 65 fs) and different laser
field amplitudes. (a) Fy=0.0125a.u. (I, =5.5x 10> W/em?), (b) Fy=
0.0175a.u. (I =1.07x 10" W/ecm?) and (c) Fy=0.0025a.u. (Ip=2.2x
10"* W/em?). All quantities are given in atomic units.

peaks. Notably, this substructure still remains at the five
main ATI peaks. The energy splitting of each peak equals
to half the Rabi frequency at the middle of the pulse and
increases linearly with the field amplitude, doubling
between Fig. 3(a) and (c).

As the field amplitude increases, the main ATI structure
shifts towards greater electron energies and becomes
slightly broader. The small shift is ascribed to increasing
ponderomotive potential.

In order to explain the energy splitting of the ATI peaks,
the TDSE amplitudes ;" (¢) and a;2%" () in Eq. (14) are
approximated by using the rotating wave approximation
RWA:

a"lFSDSE(t) ~ COS(QR(t)l/Z) —_ (eiQR(l)t/Z + e—iQR(t)t/z)/z7

DS (1) ~ isin(Qx (1)/2) = (02 — &2 )

(17)
where Qr(7) changes slowly with time as given by expres-
sion (16). Temporal dependence in (17) may be interpreted
as a splitting of both Is and 2p, energy level in FQgr(7)/2
a.u., respectively. By replacing (17) in (14), the first term
in (14), will contribute to the transition amplitude as com-
ing from two different energy levels &, = &, F Qr(7)/2,
while the second term does represent transitions from the
two energy levels &5, = &, F Qr(#)/2. Therefore, N-pho-
ton ionization from ¢, contributes to the same final
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electron—positron relative energy in the continuum as
(N — 1)-photon ionization from &5, : &y =Nw +¢f =
(N-1Do+ afpo. Actual emitted electron energy peaks are
located at “5— and E"g"‘ , the left and the right sub-peaks po-
sition, respectively, as shown in Fig. 3. The Rabi frequency
time dependence is at the origin of the multi-peak structure
between the sub-peaks in Fig. 3(b) and (c). However, Rabi
frequency is close to its maximum value Qg = z;4,E( most
of the time, which explains the location of the two sub-
peaks. The sub-peaks energy location average corresponds
to the standard multiphoton peak energy location
&y = No + &5. The asymmetry between the left sub-peak
and the right sub-peak are easy to understand inasmuch
as the bound-continuum form factor in (14) decreases with
the electron continuum energy. Two series multiphoton
energy levels are populated starting in each shifted level
¢, Therefore, the repetitive structure is properly explained.
In each case, the multiphoton structure is guarantee by the
Coulomb-Volkov final state [14].

It is remarked that the main features concerning the
electron spectrum have been understood by using the pres-
ent quasi-analytical theory. In this sense, the work in refer-
ence [10] involving only TDSE results is well complemented
by the present study. Furtherly, we have dealt with positro-
nium targets instead of hydrogen considered in [9,10].

4. Conclusions and outlook

We have shown that substituting the genuine initial state
by a new bound state, which corresponds to the evolution
of resonantly coupled 2s and 2p, positronium states in
the laser field, explains the Rabi splitting of above thresh-
old ionization peaks. The new bound state takes into
account the possibility of building transient intermediate
2po bound state all along with the laser pulse. Conse-
quently, the multiphoton ionization process occurs from
this intermediate level resulting in a considerable enhance-
ment of the ionization probability density. In the proposed
theory CV-TS, the initial trial wave function is made of the
genuine initial state plus the first excited bound intermedi-
ate state with coefficients are given, by a solution of the
time-dependent Schroédinger equation of the two-states
problem.

Finally, it is worth noting that CV-TS is very simple to
implement in more complex atomic species, not only in the
simplest case of positronium atoms. Let us point out that
different types of laser fields are easy to be treated with a

Coulomb-Volkov approach in the length gauge. In fact,
all field parameters are contained in the vector-potential
A(7). Therefore, photons having linear, elliptic or circular
polarizations, two-color transitions (with coherent or
non-coherent beams) may be studied. Then Coulomb-Vol-
kov like approaches open a wide range of short laser pulse
interactions applications.

It is hoped that the effect described in this work may be
of interest for experimentalist such as the Aarhus group,
since the laser frequency required for the experiment with
positronium has been reported to be available [3].
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