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Abstract—Nonholonomic systems are described by the Lagrange—D’Alembert’s principle.
The presence of symmetry leads, upon the choice of an arbitrary principal connection, to a reduced
D’Alembert’s principle and to the Lagrange—D’Alembert—Poincaré reduced equations. The case of
rolling constraints has a long history and it has been the purpose of many works in recent times.
In this paper we find reduced equations for the case of a thick disk rolling on a rough surface,
sometimes called Euler’s disk, using a 3-dimensional abelian group of symmetry. We also show
how the reduced system can be transformed into a single second order equation, which is an
hypergeometric equation.
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1. INTRODUCTION

The study of the motion of a disk rolling on a horizontal rough plane has been the purpose
of many works since at least the middle of the XIX century, as part of a more general study
of systems with rolling constraints, see for instance [1—27] for historical remarks concerning non-
holonomic systems and, in particular, the rolling disk. The recent literature on the rolling disk
includes important advances in the study of the dynamics from a qualitative point of view, see
for instance, [5, 12, 15]. In [5, 28] a qualitative analysis of the motion of the point of contact
of the disk with the plane is done, including a computer analysis of the trajectories. In some
of the previous works a reduction by a 4-dimensional group of symmetry is performed. In [7]
a 3-dimensional abelian group of symmetry is used to reduce the planar disk and the geometric aspects
of the problem are emphasized by using a reduced D’Alembert’s principle and obtaining Lagrange—
D’Alembert—Poincaré reduced equations, see [8] for the general theory of Lagrange—D’Alembert—
Poincaré equations. As a consequence, equations of motion in terms of variables which include Euler’s
angles are naturally obtained.

The present paper generalizes [7] in the sense that we carry out a similar program, but this time
for the so called Euler's disk. This is a thick disk, that is, a cylinder, rolling without sliding on its
rim on a horizontal rough plane. It is assumed that there is only one point of contact between the
disk and the plane, in other words, we study only the part of the motion satisfying this condition,
and chose the configuration space accordingly. However, the equations of motion are analytic and
can be extended naturally to a bigger manifold which includes the vertical position, with no physical
meaning. The distribution of mass of the disk is assumed to have circular symmetry with respect to
the axis perpendicular to the disk and passing through the center, which is assumed to coincide with
the center of mass, so two of the three principal moments of inertia are equal. The case of a planar
disk is the case of zero thickness, studied in [7]. Equations of motion for this system in terms of
Euler’s angles have been written in [15], using balance of momentum arguments and mentioning
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previous results on integrability due to Appell [29, 30]. While it is perhaps in some aspects easier
to work with a system reduced by a 4-dimensional group of symmetry, it is also of interest to have
reduced equations of motion which involve more variables. The main point of the present paper is that
we apply the geometrically inspired method described in [8], which involves reducing D'Alembert’s
principle rather than using balance of momentum, to obtain the reduced Lagrange—D’Alembert—
Poincaré equations (Egs. (1)—(4) in Section 2), using a 3-dimensional group of symmetry. We also
derive an hypergeometric equation involving some of the variables. One advantage of this approach is
that it opens the door for the application of new ideas in numerical analysis that explicitly make use of
the D’Alembertian approach, [31, 32] and references therein. By further transforming the Lagrange—
D’Alembert—Poincaré equations we obtain eight explicit equations of motion in terms of our variables.
The first six of those equations, or equivalently Eqgs. (13)—(16), are consistent with the four equations
obtained in [15] (equations (5.3) of [15]); while the last two of them give the acceleration of the
point of contact between the disk and the plane. In [15] also equations for the sliding disk were
obtained.

Although in the present paper we only consider the idealized model of the Euler’s disk described
above, we must at least mention that different types of dissipative phenomena have been recently studied
both from a theoretical and also an experimental perspective, see for instance [15, 22, 33—37]. Having
general equations for the idealized model of the Euler’s disk is a starting point to understand more
realistic models which include dissipation.

In Section 2, we apply the techniques of reduction given in [8] to describe the Lagrange—d’Al-
embert—Poincaré equations for the example of the Euler’s disk and reduce it to an hypergeometric
equation.

2. THE MOTION OF THE EULER’S DISK
2.1. Kinematics of the Rigid Body

The configuration space for the rigid body is the group SO(3), see for instance [38, 39]. The motion of
the rigid body is given by a curve A(t) on SO(3). The spatial angular velocity & and the body angular

velocity ) are elements of the Lie algebra so(3) and they are defined by the conditions A = AQ = & A.
We recall that there is a natural identification™: R® — s0(3) given by
0 —xr3 X2
= x3 0 —x1|>
—xTo X1 0
where x = x1 e1 + z9 €3 + 23 €3.
We have the well known formulas
I .
x X y=Iz79|, x-y:—gtrxy and Ty=x xy.
Besides, if A is any element of SO(3) and x is any element of R we have
Az = AzA™",
For any motion A(t), define z(¢) = A(t) e3. Then

z=Ae3=wz=w X 2.

We have that (w, ) = (2, e3) = Q3, and that A(Q'é; + Q%e;)A~! = (;<\z) The spatial velocity w
can be written w = AQ and then w = Q3 z 4 z x 2. This gives a decomposition of w as a sum of its
component parallel to z plus its component normal to z.

Now we are going to apply the reduction theory described in Ref. [8] to the Euler’s disk. See also
appendix in Ref. [7].
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58 H.CENDRA AND V.A.DIAZ
2 2. Kinematics of the Euler’s Disk

Let us consider an Euler’s disk of radius = and thickness re rolling on a rough horizontal plane and
having only one point of contact with it, as described in the introduction. We choose a fixed reference
frame (e1, ez, e3) such that the axis ej is directed upwards and the axis e; and ey lie on the horizontal
plane, as indicated in the figure below. For each A € SO(3) the ortonormal frame (Ae;, Aey, Aes) is
rigidly attached to the side of the disk on which the point of contact with the surface lies and has its
origin at the center of this side, in such a way that the axis z = Aeg is directed to the other side. The
point of contact of the disk with the plane is x = z1e1 + z2€3 = (21, 22, 0).

€3

Euler’s disk.

We are interested only in the motion of the disk satisfying the condition 0 < (A(t)es, e3) < 1. Then,
the configuration space for the Euler’s disk is

Qz(O,%)xSleIXRQ,

and a point ¢ € @ is written as ¢ = (0, , %, x), where the meaning of the variables 0, ¢, 1 is the
following. The angle 6 is the angle from the axis es to the vector z = Aes. The vector y is the unit vector
directed from the point of contact with the plane to the origin of the system (Ae;, Aes, Aes). The vector
w is defined by u = z X y, so u is tangent to the disk at the point of contact = and has the direction of the
motion of this point on the plane. The unit vector u has the expression u = (— cos ¢, — sin ¢, 0) which
defines the angle . The angle 1 is the angle from the vector —y to the vector Ae; where the positive
sense for measuring the angle 1 on the plane of the disk is the counterclockwise sense, as viewed from z.

We have the vector 2 = Aes where the matrix A is

—cosfcosysing —cospsiny cosfsinysing —cospcosty  sinfsing
A= cosfcospcosp —sinpsiny —cosfsiny cosp — cosysing —sin b cos

sin 6 cos ) —sin #sin ¢ cos 6

We are going to assume that the initial position of the disk corresponds to the disk lying on the plane
with the vector z directed upwards, in which case we have 6 =0, ¢ = 7/2, ¢ =7 and x = (r,0,0).

100
Notice that in this case wehave A= | g 1 0

001
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The spatial angular velocity w and the body angular velocity €2, given by the formulas @ = AA~!
and Q = A~' A, and the identification”: R® — so(3), are

w = (0 cos @ 4 1) sin O sin p, @ sin  — 1) cos @sin 0, G + 1) cos 0)
and
O = (—fsintp + @ coshsinb, —0 cos 1 — psin O sin v, ¢ cos O + 1)).

The nonholonomic constraint is given by the distribution
D(@,Lp,d),x) = {(07 @, lb, z, év @7 ¢7 x)‘x = W“U} .

The symmetry group is G = SO(2) x R?, where the group SO(2) is identified with the set of elements
of SO(3) of the type
cosa —sina 0

sinaw cosa O |>

0 0 1

and the factor R? is identified with the subspace of R? defined by z3 = 0.
The group SO(2) x R? acts on the right on @ by the action

0, 0,9, 2)(a,a) = (0,0,¢ +a,x+ a),
where the sum ¢ + «a is defined modulo 27. With this action @ becomes a right principal bundle with
structure group SO(2) x R% The map 7: Q — C, where C' = (0,7/2) x S1, given by 7(6, ¢, v, x) =
(6, ¢) is a submersion and we have an identification @/ (SO(2) x R?) = C given by

[0, 0,9, 2)]s02)xr2 = (8, ).
The vertical distribution V is given by
Voo = {0:6,0,2,0,,0,2)16 = 0,6 = 0}
The vector bundle S = D NV is given by
St,p0,2) = 1(0,0,,2,0,0,& Eru) }
Since dimD g, o) = 3, dimV(g . 2) = 3 and dimSg . 2) = 1, we have
Doy ¥ Viop) = Tio.p0.0)«

that is, the dimension assumption (see appendix in Ref. [7]) is satisfied.
We choose the horizontal spaces

H(@,Lp,’d),x) = {(97 ©, Q;Z)) z,, ﬁ7 07 0)}
satisfying
Ho,0,0,2) D S0,0,0,2) = D0,¢10,3)-

It is also clear that the distribution H is SO(2) x R2-invariant. The connection 1-form A whose
horizontal spaces are H g o, . 7) I8

A(Hv 2 lb, xz, év @7 ¢7 .CI?) = (1% x)
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60 H.CENDRA AND V.A.DIAZ

The adjoint bundle so(2) x R? is a trivial bundle and we have an identification

50(2) x R2 = C x (s0(2) x R?)
given by
[(97 ®, Q;Z)) z, 07 07 67 a)]SO(Q)XR2 = (‘9’ @ 57 CL).

The vector bundle isomorphism
as:TQ/G—T(Q/G) @y,

is described as follows.
Since G is abelian and Q/ (SO(2) x R?) = C we obtain § = C x (s0(2) x R?) and

TCHg=CxR*®C x (s0(2) x R?) =C x R? & (s0(2) x R?).
Then
aA ([(97¢)¢)x7éa¢u¢)i)]50(2)xﬂ§2> = (9)@797@) S (9,@a¢,$)

The subbundle § C s0(2) x R? is given by
s ={(0,9,0,0) ® (0,¢,& Eru)}-

About the structure of the bundle s0(2) x R2 we have, since the Lie algebra s0(2) x R? is abelian,

that the Lie algebra structure on each fiber of s0(2) x R? is abelian.

Let (0, ¢, &, a) be a curve on s0(2) x R2. Since the group SO(2) x R? is abelian using the formula in
appendix in Ref. [7] for the covariant derivative, we have

D(97§0)§7a)_ Lo
SEEY — (0,0.6.0)

The g-valued 2-form B is equal to zero because the distribution of horizontal spaces is integrable.

2.3. Dynamical Equations for the Euler’s Disk

As we have explained in the introduction, the center of mass of the Euler’s disk coincides with the
geometric center of the disk, its moments of inertia with respect to the axis that are parallel to Ae;
and Aey and pass through the center of mass are equal, say I; = I. The moment of inertia I3 with
respect to the axis z = Aeg is arbitrary.

Let w = x 4 ry and let w = = + ry be the center of mass, where y = y + (1/2)ez and y = u X z.

Then the Lagrangian L: T'(Q) — R for such a system, given by the kinetic minus the potential energy, is

1 1 1. .
L = 51152 + 513(93)2 + 5Muv? — M g3

1 1 1 1 1 1
= 5112"2 + 5[3(93)2 + 5Mu’12 — Mgrys + §M're<u'1, 2y + ng26222 — EMg'rezg,

where g is the acceleration of gravity and M is the mass of the disk.
This Lagrangian may be written as

. . 1 1 . 1 1 :
L6, p,0,2,0,0,1,%) = —Mgrsinf + 3 (Il + ZMT2€2> (62 + ? sin? 0) + EM:'U2 + 5M’F292
1 . .
+ §M’F2@2 cos? @ + Mrz (6 sinfsin @ — ¢ cos 8 cos ) — Mraa(6 cos sin 6 + ¢ cos O sin )
1 . 1 .
+ 5[3(@(3089 + ) + QMre[x'l(gbcosgosinH + Osin p cos 0)

. 1
+ Z5(psin psin@ — 6 cos f cos ) — P2 cos9sinc9] — ngre cos 6.
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THE LAGRANGE—D’ALEMBERT—POINCARE EQUATIONS AND INTEGRABILITY 61

The Lagrangian L and the constraint D are invariant under the right action of the 3-dimensional

abelian group SO(2) x R2.
Using the isomorphism

A ([(07 (pawaxaéa ()balbv'jj)]SO(Q)XRQ) - (07 ¥, év ()0) D (07 9075)

where v = (vg,v1) = (zb, %), the reduced Lagrangian £(6, ¢, 0, ¢, ) is given by

. 1 1 . 1 1 .
00,0,0,0,0) = —Mgrsinf + 3 <11 + ZMT%Q) (6 + p?sin?0) + §M1}12 + §M7“202

1 . .
+ §Mr2gb2 cos? @ + Mrvy1(fsinfsin g — pcos b cos @) — Mrvia(6 cos @sin 6 4 ¢ cos 6 sin @)

1 1 .
+ —I3(pcosf 4 vg)? + EMre {vn(gb cos psin @ + 6 sin ¢ cos 0)

+ v12(psin @ sin 6 — 6 cos O cos @) — r cos O sin 0p? | — ngre cos 6.

Now we shall write the Lagrange—D’Alembert—Poincaré equations. Since the procedure is similar

to the one explained in [7] we shall omit some technical details.
Since the group is abelian the vertical Lagrange—D’Alembert—Poincaré equations become

D o¢

——| =0
Dt 90

§

Since (0, p,v) € s we have v1 = voru. A generator of 5 is

(97 ®, ]-7 ’I”’LL)7

and we have

c;itgi (0,0,1,7u) =I3(vy + G cosf — Opsin ) + Mr?(—20¢sin 6 + cos 0)

1 )
+ Mr(vy,u) — §Me7“2(209b cosf + ¢sinf).

Since the covariant derivative coincides with the ordinary derivative in this case, we have the following
vertical Lagrange—D'Alembert—Poincaré equation (see [7]for details)

. A 1 .
I3(vo+ @ cos O —0p sin 0) + Mr (v, u) + Mr? (¢ cos § —20¢ sin 0)—§Mer2(¢ sin 420 cos ) = 0.

The reduced nonholonomic restriction is

VoTu = V1.
Similarly, we can calculate the horizontal Lagrange—D’Alembert—Poincaré equations

ot D or 8 /s
<W - E%) 26 = o (5(9,59)) =0

and
o D or ol (..
(w - E@) Op = 95 (B(%&P)) =0.
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62 H.CENDRA AND V.A.DIAZ

Proceeding as in [7] we obtain the horizontal Lagrange—D’Alembert—Poincaré equations as

follows .
2(Mr? + I3 — I)0¢psin 0 cos § — (I sin® 0 + (I3 + Mr?) cos® 0) ¢

+ M cos B (v cos @ 4 vigsin ) + I3(fvg sin § — vy cos 0)

1 1 :
—QMre <§re(29gb sin @ cos § + @Gsin’ 6)

+sin B(vi} cos @ + vigsin @) + 2rfp(sin® 6 — cos? 6) — 2rg@sin 6 cos 0) =0,

(I1 — I3 — Mr?)p? sin 0 cos 6 — Izvgpsin @ — (I + Mr?)0
+ M7 sin 6(vi2 cos ¢ — vi1 sin @)

1 1
—Mgrcosf + §MT6 (§T€¢2 sin @ cos 6 + r¢?(sin® 6 — cos? 0)
1 .
+ cos (vig cos ¢ — vi1 sing) + gsin @ — 57“60) =0.
So we have the following system of reduced equations for the Euler’s disk
I3(vig + ¢cos @ — Bpsin0) + Mr(vy,u) + Mr?(pcos 6 — 20 sin )
1 .
—5M6r2(g25 sinf + 20¢ cosf) =0,
VoTuU = U1,
2(Mr? + Iy — I8¢ sin O cos  — (I sin 0 + (I3 + Mr?) cos? 0)@
+ M cos 0(vi1 cos p + vigsin ) + Ig(évo sin 6 — iy cos 6)

1 1 :
_§MT6 <§re(29gb sin @ cos § + @sin? 6)

+ sin O (vi; cos @ 4 vigsin @) + 2rfg(sin® 6 — cos® f) — 2r@sin 6 cos 0) =0,

(I} — I3 — M7r?)¢? sinf cos @ — Izvgpsin@ — (I + Mr?)6

1 1
+Mrsin 0(vig cos ¢ — vi1 sing) — Mgrcos 0 + §Mre <§regb2 sin @ cos 8

1 .
+ 7% (sin? @ — cos? 0) + cos B(vig cos p — viising) + gsinf — 57“@0) =0,

(4)

where the two first equations are the vertical Lagrange—D’Alembert—Poincaré equation and the re-
duced nonholonomic restriction, and the two last equations are the horizontal Lagrange—D’Alembert—

Poincaré equations.

2.4. Explicit equations for the Euler’s disk.

Differentiating the constraint (Eq. (2)) and solving the system (1), (3)—(4) for (a, b, vy, vi1, viz), we
have the following explicit equations for the Euler’s disk, where the two first equations define a and b.

0 = a
o =b
¥ = v

1
A + (4 + e2)Mr2 (
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THE LAGRANGE—D’ALEMBERT—POINCARE EQUATIONS AND INTEGRABILITY 63
+ cos O(—2M7(2g + bervg) + b*(41) — 4I3 + (=4 + *)Mr?)sin0)) , (8)

2a
AL I3 + (41) + I3e2) M2 (ebI3Mr? + b(411 (I3 + Mr?)

+13(—2I5 + (=2 + €*)Mr?)) cot 6 — 2I3(I5 + Mr*)vg csc 6) 9)

1
 8I113 + 2(411 + I3e2)Mr2 (

—81I3(I3 + Mr*)vg cos 0 + bI3 (41 — 413 + (—4 + €2) Mr?) cos(26)
+deI3Mr?(vg + 2bcos §) sin 9)), (10)

1
AL+ (41 + I3e2)Mr? (

+413(I3 + Mr*)vg cot § — 2b(411 (I3 + Mr?) + I3(—213 + (=2 + e*)M7r?)) csc 0
+I3b(A1 — A3 + (—4 + ) Mr?) sin ) + br (411 I3 + (411 + I3e*) Mr*)vgsing) , (11)

1
81113 + 2(41; + I3e?)Mr2 (

+ar csc O(4b(31; — I3)I3 + b(1611 + (—4 + 3€?)I3) Mr? — 813(I3 + Mr?)vg cos 6

b=

Vg acscl (4b(311 — I3)I3 + b(161; + (—4 + 3€*)I3) Mr?

11 ar cos p(—2I3Mr2e(vg + 2bcos 6)

201 (411 I3 + (411 + I3e*) Mr?)vg cos ¢

V12 =

+bI3(41; — 413 + (—4 + €*)Mr?) cos(26) + 4IzeMr2(vg + 2b cos ) sin ) sin ). (12)

The first six equations form an analytic ODE in the variables (6, ¢, 1, a, b, vp). The last two equations
are the derivative of the rolling constraint with respect to time and give the acceleration of the point of
contact of the disk with the plane. For each initial condition compatible with the rolling constraint there
is uniqueness of solution of the system of eight equations.

2.5. An Hypergeometric Equation Relating ¢ and b

By introducing the derivative of the rolling constraint (2) in Egs. (1), (3) and (4), we obtain the
following system of equations which is equivalent to the system (1)—(4) and, of course, also equivalent
to the system (5)—(12) for initial conditions satisfying the constraint Eq. (2):

voru = v, (13)
1
(Is + Mr?)vig + ((Ig + Mr?) cos 6 — §M7“Qe sin 0> &
—((13—|—2M?”2)Si1’10+M7"26C080) 0p =0, (14)
1 1 :
2 <<M7“2 +Is— 1 — ZMTQCQ) sin 6 cos 6 — QM?"Qe(sm2 6 — cos? 0)> 0p
1
- (Il sin® 0 + (I3 + Mr?) cos® 6 + ZMTQGQ sin® @ — Mr?esin 0 cos 0> @
1 .
— ((13 + M7r?) cos ) — 5Mﬂesin 9> v + I36vgsin® =0, (15)
o L. 29) Lo o2 2 -2
L —Is— Mr*+ ZM?“ e” | sinfcosf + §M'r e(sin®f — cos“0) | ¥
1 .
— (.71 + Mr? + ZMT2€2> 6 — (I3 + Mr?)pugsin @ — Mgr cos 8
1. o 1 .
—§M7“ evgp cos b + §Mg7“esm0 =0. (16)
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64 H.CENDRA AND V.A.DIAZ

By dividing by a = 6 Egs. (14) and (15), we obtain the following system of two linear differential
equations in two variables b and vy :

B+ 1)% + ((ﬁ—i— 1) cos O — %esin@) % —((B+2)sinf +ecos)b =0, (17)

1 1
<(ﬂ+ 1) cosf — Eesin«9> % + (asin2¢9+ (B+1)cos® 6 + ZeQSmQH — esin@cosﬂ) %

1 1
-2 <(1 +08—a-— 162> sin 6 cos 6 — ie(sin29 — cos? 9)) b— Pugsind =0, (18)

where o = L, and 8 =

I3
Mr2 r2”

M

This system leads to a second order differential equation as follows. The system (17)—(18) can be

solved for db/df and dvy/df obtaining
db _ ((8+2)sinb + ecosb) - B+1 dvy (19)
d)  (B+1)cos —1/2esin  (B+1)cos —1/2esinf df’

dvg 2 (B—a+1—1/4e*)sinfcosf — e(sin® @ — cos? 0) ;

do (B4 1)cosf —1/2esinb
~asin?0 + (B4 1) cos? 0 + 1/4e?sin® § — esinfcos 0 db
(B+1)cosf —1/2esinb do
n (Bsin 6 20,

(B+1)cosf —1/2esin b v

Of course one can also obtain equations (19) and (20) from (8), (9) and (10).
Thinking of b and vy as being functions of 8, we obtain from (19) and (20) the following second order
differential equation for b = b(#):

2((2 4+ €?)B +4a(B+1) + efcot h)

"n_ _ / . 21
b 3cot 0 b + 32 + da(B + 1) b (21)
By setting u = cotg# in Eq. (21) we obtain the equation
&b w db 22+ B +4a(B+1) tefu) 1 .
du?  1+u?du pe? +4a(B+1) (14 u2)2”
14
With the change of variable z = %, the last equation becomes the equation
d%b 1—22 db v+ 0(1—22)i
dz2  2z(1—2)dz + 422(1 — 2)2 0 (22)
where
22+ €H)B+8a(f+1) and 6 — 20e
T TR 4B 1) Be +4a(B+ 1)’
Eq. (22) can be transformed (see [40]) in the following equation:
d?b db
22(z — 1)2@ +((1—a; —az)z(z — )2 + (1 — by — bg)2?(2 — 1))5

+ (a1a2(1 — 2) + bibez + c1e02(2 — 1))b =0, (23)

3 9 +01 3 9 +d1i 3 9 —01
Whereal—z‘i‘ _16_—'Y4,a2—z— E_’y47b1_z+ E_'YT’
3 9 =41
bQ—Z_ 16 — 4,61—0y62—_—2
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This equation has the solutions b(z) = 2% (1 — 2)" f(z), where f(z) = 2Fi(a,b;c;z) or f(z) =
kx'=¢sFi(a+1—cb+1—c¢2—c;x) (being k a constant) are the hypergeometric functions that

P2
d
satisfy the equation z(1 — 2) dzf +(c—(a+b+ 1)z)d—J; —abf =0wherea=a; +b;+c1, b=a; +

bi+cayc=1+a; — as.
This equation is also valid for the planar disk, which corresponds to the case § = 0.

Erratum: If we make in (21) the change of variable z = tan(6/2) we obtain the following Heun’s
equation

3—u? , dyu—26u®+26

" _ = 0. 24
b +u(1—|—u2) u(l +u?)? 0 (24
The Frobenius expansions of the linearly independent solutions of Eq. (24) are
2 1 11
—ao(1+= 2 —Z54— S
b1 (u) a0<—|—35u+<2’y+65)u —I—( 954—4575—1- 55)u+ )
and
_ 2 Lo leYe (250 3
bg(u)—Ca0(1+35u+(2’y+65>u +< 5+45'y5+ (5> .>ln(u)+
C ap 1 Capd 1 C ap 6(20y — 19 — 862)
- @ v —2-8 u +CQ+<3‘SC2 9(y —2— 02
3 1, 1 ) Cag(9—1462+106%y — 45\ ,
—I-( 80a0<’y+35>+2(7+35>02 18(7 —2— 07 u ...

For zero thickness we have § = 0 and we obtain the corresponding Frobenius solution for the planar
disk. We must say that there is an obvious mistake in our Frobenius solutions for the planar disk in [7].
This does not affects the main results in that paper.

3. CONCLUSION

We have written the Lagrange—D’Alembert—Poincaré equations for the Euler’s disk. These equa-
tions are consistent with equations obtained previously by other authors. One advantage of having
Lagrange—D’Alembert—Poincaré equations is that it opens the door to apply numerical integrators
specially designed for nonholonomic systems. We also find an hypergeometric equation relating two
of the variables.
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