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Abstract. In this paper we characterize the compact operators on the
weighted Bergman spaces A% (B,) when 1 < p < co and a > —1. The
main result shows that an operator on A% (B,,) is compact if and only
if it belongs to the Toeplitz algebra and its Berezin transform vanishes
on the boundary of the ball.
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1. Introduction and Statement of Main Results

Let B,, denote the unit ball in C™. For o > —1, we let

P(n+a+1)
nT(a+1)

This choice of ¢,, gives that v, (B,,) = 1. For 1 < p < oo the space AP, (B,,) :=
AP is the collection of all holomorphic functions on B,, such that

117 = / P dva(z) < oo
B,

dve (2) = co (1 — |2]?)* dv(2), with ¢, =

We will also let L?(B,,) := L. denote the standard Lebesgue space on B,
with respect to the measure v,. The standard inner product between vectors
z,w € C" will be denoted by 2.

Recall that the projection of L2 onto A2 is given by the integral operator

Pa(h)) = | @_ii%dva(w).

It is well-known that this operator is bounded from L? to A2 when1 < p < o0
and o > —1. Let M, denote the operator of multiplication by the function
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a, My (f) := af. The Toeplitz operator with symbol a € L* is then defined
by

T, := P, M,.
It is immediate to see that [|Tall;(zn 4z) < llallpe. For 1 <p <oo,a > —1
and for A € B,, let k(p’a)(z) = M where as usual ¢ = 2. We
" A T T(Aam)nFire 9= o-1°

also let Ky(z) =

the space AZ.
The Berezin transform of an operator S on AP is defined by

G5)-rr=» Which is the standard reproducing kernel in

B(S)(2) := (SkP) Kt .
It is easy to see that if S is a bounded operator then sup{|B(S)(z)| : z €
B,.} < |IS]]- One of the interesting aspects of operator theory on the Bergman
space is that the Berezin transform essentially encapsulates all the behavior
of the operator. In fact, the Berezin transform is one-to-one, so every bounded
operator on AP is determined by its Berezin transform B(S). It is also easy
to see that if S is compact, then B(S)(z) — 0 as |z| — 1. Moreover, as we
will see in this paper, it is possible to obtain a characterization of compact
operators on AP in terms of the Berezin transform. The following papers
provide additional examples of how the Berezin transform determines prop-
erties of several classes of operators on the Bergman space of the unit ball
B, [2,8,9,13,14,11,17].

As motivation for our project, we highlight some of the major contri-
butions leading to a characterization of compactness in terms of the Berezin
transform. A major breakthrough was obtained by Axler and Zheng for the
standard Bergman space AZ(D), see [1]. They showed that if S is a finite
sum of finite products of Toeplitz operators, S is compact if and only if the
Berezin transform vanishes as |z| — 1. This was later extended by Englis to
the case of bounded symmetric domains in C", see [7]. See also the proof by
Raimondo [12], in the specific case of B,,.

To state the next contribution, we need a little more notation. Let 7,
denote the Toeplitz algebra generated by L°° functions. Miraculously, there
is a very close relationship between membership in 7, , and compactness
since it is known that the compact operators on A? belong to 7, , see [6].
When « = 0, the second author showed in [15] that the compact operators
are precisely those that belong to the Toeplitz algebra and have a Berezin
transform that vanishes on the boundary of the unit ball. The main theorem
of this paper is a generalization of the last result to o > —1, as stated below.

Theorem 1.1. Let 1 < p < 0o and o > —1 and S € L(AP,AR). Then S is
compact if and only if S € Tp o and lim|;_; B(S)(z) = 0.

There is a well-known similarity between results on the Bergman space
AP and the Fock space of entire functions F2(C™). These are the entire func-
tions on C" such that
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/’f(z)(f%lzljp dv(z) < 0.
Cn

In the recent paper [3], Bauer and Isralowitz obtained analogous results for
the compact operators on the Fock space. In particular, they showed that an
operator on the Fock space is compact if and only if it belongs to the Toeplitz
algebra and the Berezin transform vanishes at infinity.

The outline of the paper is as follows. In Sect. 2 we fix notation and state
some additional facts that will be needed throughout the paper. In Sect. 3 we
show how to approximate S € 7, , by certain localized operators that will
be crucial when computing the essential norm of S. In Sect. 4 we introduce a
way to connect the behavior of the Berezin transform to the behavior of these
localized operators. Finally, in Sect. 5 we merge the ingredients of the two
previous sections to prove our main results. This is accomplished by obtain-
ing several different characterizations of the essential norm of an operator
on AP.

Throughout this paper we use the standard notation A < B to denote
the existence of a constant C' such that A < CB, while A ~ B will mean
A < B and B < A. The value of a constant may change from line to line, but
we will frequently attempt to denote the parameters the constant depends
upon. The expression := will mean equal by definition.

2. Preliminaries

We let Zw denote the standard inner product in C™. For z € B,,, ¢, will denote
the involutive automorphism of B,, such that ¢.(0) = z. Using this automor-
phism, the pseudohyperbolic and hyperbolic metrics on B,, are defined by

placu) = lpawl and Blew) = glog oS

Recall that these metrics are connected by p = ijgﬁ = tanh 8. It is well-
known that these metrics are invariant under the automorphism group of B,,.
We let

D(z,r):={w e B, : B(z,w) <r}={weB, : p(z,w) < s=tanhr},

denote the hyperbolic disc centered at z of radius r. Recall the following
well-known identity for the Mdbius maps that will be used many times in
what follows:

(1|2~ Jul®)

2
L= fesw)f = ST

N n+lta
_ PP e

For1 < p < o0,—1< «, and for A € B,,, if k&p’a)(z) RIS It

we

have that kg\p’a)

LR 1 with implied constants depending on p, a, n. For a

set £ C B,,, we let 1 denote the indicator function of the set E.
The next lemma is well-known, and we omit the proof. The interested
reader can consult the book [18].
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Lemma 2.1. For z € B,,,s real and t > —1, let

F, . (2) ::/(1_|w|)tdv(w).

1 —wz|*
"

Then F; is bounded if s < n+ 1+t and grows as (1 — |z|°)"*1H=5 when
|zl = 1ifs>n+1+t.

2.1. Carleson Measures for A?

Unless stated otherwise, a measure will always be a positive, finite, regular,
Borel measure. For p > 1 a measure p on B,, is a Carleson measure for A? if
there is a constant C), independent of f, such that

p

/ FEP du(z) | <G, / FEP dualz) | (2.1)
B, B,

The best constant C), such that (2.1) holds will be denoted by |[z,]|.
For a measure ;1 we define the operator

T.f(2) iz/u_ﬁ%édﬂ(w)v

Bn

which gives rise to an analytic function for all f € H*. When 1 < p < 00,1},
is densely defined on A%, and T}, is bounded from Af, — AP if and only if 4
is a Carleson measure for AP. Notice also that if p is absolutely continuous
measure with density q, i.e., if du(z) = a(z) dva(z) then T, is equal to the
Toeplitz operator T,.

The following well-known result provides a geometric characterization
of the Carleson measures for A?.

Lemma 2.2. (Necessary and Sufficient Conditions for A%, Carleson Measures)
Suppose that 1 < p < oo and o« > —1. Let u be a measure on B, and r > 0.
The following quantities are equivalent, with constants that depend on n,«

and r:
1— 2\n+1+4+a
(1) letlpscns = SuPe, Jo, fmamtmrrrer du(w);

@ Il =t {C: [ 7RI du(z) < O fi, 1FP dva(z) }:
(3) illgeo = suP-es, 5w
(4) 1Tl o azy-

Observe that conditions (1) and (3) are actually independent of the
exponent p = 2 and so, the equivalence with (2) is actually true for all
1 <p<oo.

Another simple observation one should make at this point is the follow-
ing. Suppose that u is a complex-valued measure such that |u|, the variation of
the measure, is a Carleson measure. Decompose p into its real and imaginary
parts and then use the Jordan Decomposition to write p = py — o + s — gy
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where each p; is a positive measure and |p| ~ 2?21 |ze;]. Then |p;] is a Car-

. 4 .
leson measure with [|[u|[[gxn =~ 22j=1 I lgy- Using Lemma 2.2 we have
that 7}, is a bounded operator on AP when p is a complex-valued measure
with || a Carleson measure.

Proof. The equivalence between (1), (2) and (3) is well-known, [18]. Finally,

to prove the equivalence with (4), first suppose that (2) holds. Then, using
Fubini’s Theorem we have that for f,g € H*

(Tuf,9) a2

- / f(w)g(w) ds(w)

< W lg, oy,
< lepl gl 17110z Ny -

But, this inequality implies 7}, : A?, — AP is bounded. Here we have identified
(AP)" = A4. Conversely, if T}, is bounded, observe

n+lto

7, (1) ) = [ == A=A )

L= zw)"™HHa (1 — aw)rtita
Bn

and in particular

n+lto

2
wa)) oy [ A=A =
I (k,\ ) (A) = / L Xw|2(n+1+a) dp(w).

n

This computation implies

(1- |/\‘2)n+1+a (p,e) p.(q,2)
/ ’1 B Xw|2(n+l+a) dﬂ(w) = <Tﬂk/\ 7k)\ >

A2
B,

‘kgpva)

e

g HT'U'HL(AgvAg) AP Aq
[e3 @

~ HTqu(Ag,Agy

O

Lemma 2.3. Let 1 < p < oo and suppose that p is an AP, Carleson measure.
Let F C B, be a compact set, then

1
HTulFf”Ag S ||TM“Z(Ag7Ag) ||1Ff||Lp(M) >

where ¢ = p’%l.

Proof. 1t is clear T),1, f is a bounded analytic function for any f € A? since
F'is compact and p is a finite measure. As in the proof of the previous lemma,
we have



202 M. Mitkovski et al. IEOT

_ / () £ (w) g () dpa(w)

B’Vl

<T/,1,1Ff7 g>Ai

A

> ||1FfHLP(H) H9||Lq(u)

1
S ||TH||Z(A3’A{;) HlFfHLP(,u) HQHA‘ZQ :
Taking the supremum over g € A% we have the desired result. O

For a Carleson measure p and 1 < p < oo and for f € LP(B,,; 1) we also
define

Puf(2) 1/(1_1]:(,2%%‘1#(10)-

Bn

It is easy to see based on the computations above that P, is a bounded
operator from LP(B,,; u) to AY, and T, = P, o 1,.

2.2. Geometric Decompositions of B,,

We will use the following geometric facts. The first lemma is classical and we
omit its proof. The proof of the other two can be found in [15].

Lemma 2.4. Given o > 0, there is a family of Borel sets {D,,},°_; C B,, and
points {wm, }2°_, such that
(i) D (wm, %) C Dy, C D (W, 0) for allm € N;
(ii) DkND =0 if k #£1;
(i) U, _; D = B,,.
It is easy to see that when the radius p is fixed, for w € D,,, then
(1 — |w|®) = (1 = |wm|*) and |1 — Zw| ~ |1 — Zw,,| uniformly in z € B,,.
Lemma 2.5 (Lemma 3.1, [15]). There is a positive integer N = N(n) such
that for any o > 0 there is a covering of B,, by Borel sets { B; }]“;1 satisfying:
(i) BinBy=0ifj#k;
(ii) every point of B,, belongs to at most N of the sets {z: 3(z,B;) < c};
(ili) there is a constant C(o) > 0 such that diamg B; < C(o) for all j.

Let o > 0 and k be a non-negative integer. Let {B; };";1 be the covering
of the ball satisfying the conditions of Lemma 2.5 with (k+ 1)o instead of o.
For 0 <i <k and j € N write
F()’j = Bj and F7;+17j = {Z : ﬁ(Z7Fi’j) S O'} .

Then we have,
Lemma 2.6 (Corollary 3.3, [15]). Let o > 0 and k be a non-negative integer.
For each 0 < i < k the family of sets F; = {F; ; : j € N} forms a covering of
B,, such that

(i) Foj, N Foj, =0 if j1 # jas
(11) Fo_’j C Fl_’j c---C Fk+1’j fO?” allj;
(iil) B(Fij, Fq ) =0 forall0 <i<k andj>1;

) every point of B, belongs to no more than N elements of F;;
v) diamg F; ; < C(k,0) for alli,j.
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3. Approximation by Segmented Operators

The goal of this section is to show that every operator in the Toeplitz algebra
can be approximated by certain localized operators that are sums of compact
operators. This approximation will help us to estimate the essential norm.

Theorem 3.1. Let S € T, o, pu be a AE, Carleson measure and € > 0. Then for
j € N there are Borel sets F; C G; C B, such that
(i) B, = UFZ  Fy;
(i) F;NF,=01ifj #k;
(iii) each point of B,, lies in no more than N(n) of the sets G;;
(iv) diamg G; < d(p, S, €)

and

oo
_ZMlijT'ulcj < €.
5=t L(AE,LY)

In order to prove this result we will need several technical estimates that
we group into a few lemmas. The following classical test for boundedness will
be used repeatedly in what follows.

Lemma 3.2 (Schur’s Lemma). Let (X, p), (X,v) be measure spaces, K(x,y)
a non-negative measurable function on X x X,1 < p < oo and % + % =1.1If
h is a positive function on X that is measurable with respect to p and v, and
Cp and Cy are positive constants such that

/K z,y)h(y)? dv(y) < Cyh(x)? for p-almost every z,
/K z,y)h(z)P du(z) < Cph(y)?P for v-almost every y,

then T f(x fX (y)dv(y) defines a bounded linear operator from
L2(X:0) to Lp(X;m with ||T\\Lp<,, o < GG

Lemma 3.3. Let 1 < p < oo,a > —1 and pu be a A2 Carleson measure. For
j € N, suppose that F;, K; C B, are Borel sets such that {F; } ° | are pairwise

disjoint and B(F); ) >0 >1 forallj. If 0<7<mm{m’%}’
then

oo _1
(1 - |w*) "> (1—02)
Y 15, (2) 1k, (w) ——— o dp(w) < [T, —
{ / 1=z MIEASAD (1 127

where § = tanh § and the implied constants depend on n,a and p.
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Proof. Consider a sequence of points {w,,} and Borel sets D,, as in
Lemma 2.4 with o = %. Standard computations show that there are con-
stants C(n, p, «) such that

—fw®) 7 (A= |w.) >
n+l+a ~ n+l4+a

(3.2)

1 — Zw| |1 — Zw,,|

for all w € D,, and z € B,,. By the Carleson measure condition, we have a
constant C' such that

,U/(Dm) 5 ||TMH£(A£,A£) va(-Dm)~

If z € Fj and w € K, with 3(z,w) > o, then K; C B, \ D(z,0) and

Z 1K SZ ]-]B \Dza)( )

Thus, the integral in (3.1) is controlled by

oo 1— 2)—%
J = jzlle(Z)B/ 113"\13(2,(7)(10)% dp(w)
= Z1Fj(z)/1D(z,U)c(w)¢(z,w) dp(w)
j=1 B,
= 1p,(2)J..

1

J

For simplicity, we write ¢(z, w) as the kernel appearing above, and D(z,0)¢ =
B, \ D(z,0). We now estimate each integral J.. By definition,

J. = / ey () (2, w) dps(w)

B

= Z/lD(za Z w) d:u‘(w)

1
J= D;

IA
M
S~
h<S
N
&
%

Q

Z /¢ijdﬂ w)

D;ND(z,0)¢ 7é®D

1Tl cuaey O / 62, w;) dva ()

D;ND(z,0)¢ #@D

~ ||Tu||g(Ag’Ap) Z /¢ Z, w dva )

D;ND(z,0)¢ #@D

N
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If D;ND(z,0)¢# 0 and w € Dj, then f(w, D(z,0)¢) < diamg D,,, < 2p = %,
and since

o o 1
D(77>7D ) c):7>7’
ﬁ( 53) Do) 2 =2
we have that D; N D (z,§) = 0 whenever D; N D(z,0)¢ # (). Thus,

J. S ||T/AH£(Ag7AP) Z /gb z,w) dvg (w)

D;ND(z,0) ;ﬁ@D

= ||TM”L(A§,A§) / 1D(z,%)c(w>¢(sz)dva(w)-
B,
Continuing the estimate, we have

J S HTHHL(A27Ag)Z1Fj(’z)/1D(z71)c(w)¢(z7w)dva(w)

2

=1 e
oo 2.1
(L= Jp-(w)[") "7
= Tl £ az Ag)lej(Z) / e dva(w)
S w|>8 1= zv]
_1 2.1
(L= |w[) "7 (1= |27
SN Tullzaz, az) l[é 1 —Ew|"“+°‘*% dvg (w).
w

Here we have used the change of variable w’ = ¢,(w) and that the sets F)
are pairwise disjoint. Pick a number a = a(n, a, p) satisfying

1
1<a<p and a<n+1+a> <n+1l+a.
p

Note that the second condition can be rephrased as p(n+14«) < d/, so it is
clear that we can select the number a with the desired properties. Now apply
Hoélder’s inequality with % + % =1 to see that

2y — 1 _a
|1 _ | Ia—2 |1 _ Eu}|a(n-|-1—|-a—5)

Zw|
[w|>6 lw|>6
x (va{w : |w| > 6})# .
But, (vo{w : |w| > 5})% = C(n,a)(1 — 62", and by Lemma 2.1 with ¢ =
a—%ands:a<n+1 —%),wehave

(1—w)~? (1—|w)~?
/ ] dvg (w) < / j dvg (w)

= Ew|a(n+1+ocf% - Ew|a(n+1+a7%

:/ (L= fw*)*"F dv(w)

|1 o Ew|a(n+1+a7%)

|w|>8

S C(n’ a’p)7
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since a (n +1+a-— %) <n+l+a- % by the choice of a. This then gives
ny L 2y-1
J S ”T;LHL(Ag’Ag) (1— 5 )a (1 —2]%) ">,

with the restrictions on a giving the corresponding restrictions on -~y in the
statement of the lemma. O

Lemma 3.4. Let 1 < p < oo and p be a A2 Carleson measure. For j € N,
suppose that F;, K; C B,, are Borel sets and a; € L™ and b; € L™(B,; 1)
are functions of norm at most 1 for all j. If

(i) suppa; C F; and suppb; C Kj;

(iii) every z € B,, belongs to at most N of the sets F},

then E;i1 M., P, My, is a bounded operator from AL to L, and there is a
function Bp (o) — 0 when o — oo such that

S My, Py, || < NBpalo) 1Tl gy 1Lz s (33)
j=1

L&

and for every f € AP

> Mo, PuMy, £1[7, < NBB o (0) 1Tl an gy 11 - (3.4)
j=1
Proof. Since 1 is a Carleson measure for A? 1, : AL — LP(B,,; 1) is bounded,

1
with ||op]| S |lpll iy and so it is enough to prove the following two estimates:

o] 11
S Mo, Py, || < Nbpa @O Tl p iy apy 1oy - (35)

Jj=1 J%4

and
1
S 1Moy PaMo, 71y < NKE Q) IT 5k 1y (36)
j=1

where 6 = tanh § and £y (6) — 0 as 6 — 1. Estimates (3.5) and (3.6) imply
(3.3) and (3.4) via an application of Lemma 2.2.

First, consider the case when N = 1, and so the sets {F};} are pairwise
disjoint. Set

> 1
(z,w) = ) 15, (2)1k, (W) ——77a-
j; J J |1 - Z’lU| +1+
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Suppose now that f € LP(By;p), ||laj]| ;- and ||bj||Loo(Bn;#) < 1. Easy esti-
mates show

ZlMajPMMbjf(z) = Zaj(z)/mdﬂ(w)

=1

n

< [ @G0 7w dutw)
]:BTI,
which implies that it suffices to prove that the operator with kernel ®(z, w) is

bounded between the necessary spaces. Set h(z) = (1 — |z|2)7?1q and observe
that Lemma 3.3 gives

[ B ) dutw) S 1T g agy (1= 8B,

Br

while Lemma 2.1, plus a simple computation, implies that

/@(z,w)h(z)p dve (2) < h(w)?.
Br
Schur’s Lemma and Lemma 3.2 then give that the operator with kernel
®(z,w) is bounded from LP(En,u) to L? with norm controlled by a con-
stant C(n, o, p) times kp o (9) || T, ||£(Ap azy- We thus have (3.5) when N = 1.
Since the sets F}; are disjoint in this case, then we also have (3.6) because
o0 oo P
Z HM%'PMMbJ‘fHZ;g = Z Ma; P My, f
j=1 j=1 e
Now suppose that N > 1. Let z € B, and let S(z) = {j:z € F}},
ordered according to the index j. Each F; admits a disjoint decomposition
F; = UkN:1 Aé? where A;? is the set of z € F}j such that j is the it" element of
S(z). Then, for 1 < k < N the sets {Ag“ : j > 1} are pairwise disjoint. Hence,
we can apply the computations obtained above to conclude that

oo
P
ZHM%PMMWJCHL Maj Ak
Jj=1 L,
N oo
= Z > Mo,
k=1 j=1
N o () 1Tl as) ||f||i1g
This gives (3.6), and (3.5) follows from similar computations. O
Lemma 3.5. Let 1 < p < oo and o > 1. Suppose that ay,...,ar € L are

functions of norm at most 1 and that p is a AP Carleson measure. Consider
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the covering of B,, given by Lemma 2.6 for these values of k and o > 1. Then
there is a positive constant C(p,k,n,a) such that

k [e's) k
HTai T/L*ZMlpo)j HTai T'“1Fk+1,j
= = = £(Az.L2)
S ﬁp,a(a) HTMHL(A&A@ ) (3.7)

where 3, o(0) — 0 as ¢ — .

Proof. We break the proof up into two steps. Set

k o)
- = £(AZ,LR)

and

o] k

Z MlFo,j{ H Ta"' “1Fk+1 j H Ta71F ﬂle+1 j }

= ! £(AZ,L2)
We will prove that

IS 617,04(0') HTu”L(Ag,Ag) (3.8)

IT < Bpalo) ||Tu||£(,4g,,4g) )

where the constants depend on p, k,n, and «. It is obvious that each of these
inequalities combined give the desired estimate in the Lemma.
For 0 <m < k + 1, define the operators S,,, € L (AR, L2) b

o'} m k
Sm = ZMlFO,j HTlFi,jai H
j=1 i=1

i=m-+1

Clearly we have So = 323%, Miy, | [Ty Ta, | T = [T, To, | Ths with con-

vergence in the strong operator topology. Similarly, we have

HTaJF

When 0 < m < k — 1, a simple computation gives that

k
— Pm+l = ZMlFo HTlF TlF( joamE [ H

i=m-+2
Here, of course, we should interpret this product as the identity when the
lower index is greater than the upper index. Take any f € AP and apply

”1Fk+1 i’

oo
Skp1 = M,
L
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Lemma 3.4, in particular (3.4), Lemma 2.6 and some obvious estimates to
see that for some constant C(p, k) that

k P
H(Sm* m-H)f”]j’ SZ MlF amP MlFC 11 am-}—l[ H Tﬂi Tltf
7 N 1=m+2 2
SN H T | Tuf
i=m-+2
N ) T B I
Also,
Sk — Sk"‘l - ZMlFo,j HTlF “1Fk+1 j
=1

and again applying Lemma 3.4, and in particular (3.4), we find that
1(Se = Sur1) fI55 < CHENBE (@) 1Tl 2 4 azy I -
Since N = N(n), we have the following estimates for 0 < m < k,

1(Sm = Smi1) fllze < Bp.al0) ITull az, azy [1f 14z, -

But from this it is immediate that (3.8) holds,

k
||(SO_Sk+1) f||Lg < Z ||(Sm_Sm+1) f||Lg 5 ﬁp,a(g) ||Tu||g(Ag7Ag) ||f||Ag :

m=0
The idea behind (3.9) is similar. For 0 < m < k, define the operator

m

= JilMlFo,j [H H

=1 zm+1

“1Fk+1 ’

so we have

ﬂle+1 J

50 = ZMlFo,j HTIM
j=1

gk = ZMIFOJ HT“ Ir; ] BlEg gy
j=1

When 0 < m < k — 1, a simple computation gives

*Sm-‘rl ZMlpo |:HTlFiTjai}Tlpﬁl_'_l’jamH [ H Tai
=1 3
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Again, applying obvious estimates and using Lemma 3.4 one concludes that

p i p
| (8= 8a) £, < COPFI8 0@ X || T, £,
j=1

S C(p)p(kil)/@ga(g) ||THHZ(AZVAZ) Z H]-FkJrl,ijip(u)

j=1
< C(p)p(k_l)ﬂﬁ,a(a) ||TMHE(AQ’AQ) ”inp(u)

Pyq
< NC@P D88 0 (0) Tl am a1

Here the second inequality uses Lemma 2.3, the next inequality uses that the
sets {Fj41,;} form a covering of B,, with at most N = N(n) overlaps, and
the last inequality uses Lemma 2.2. Summing up, for 0 < m < k — 1 we have

| (8 = Bmsr) 7], S Bral@) 1Tl cas azy 1 az

which implies

[CEESE D of [CHCHN

and gives (3.9). O

» S /Bp,a(a) ”Tu”g(Ag,Ag) Hf”A’;

Lemma 3.6. Let

ki

[17:

5-3

i=1

Hw

where aj- € L™ ky,....kpn < k and p; are complex-valued measures on B,
such that |p;| are AP, Carleson measures. Given e > 0, there iso = 0(S,€) > 1
such that if {F; ;}52, and 0 <i < k+1 are the sets given by Lemma 2.6 for
these values of o and k, then

ki

I17.

=1

m

S - Z MlFo,j Z
j=1

i=1

T,u, < €.

ilrgq

L(AR,LR)

Proof. First, suppose that p; are non-negative measures. It suffices to prove
the result in this situation since for general ;1; we can decompose jt; = j1;,1 —
Mi2 + i3 — i, where each f; ; is a non-negative measure, and hence a
Carleson measure.

Without loss of generality, set k; = k for all ¢ = 1,...,m. This can be
accomplished by placing copies of the identity in each product if necessary.
We now apply Lemma 3.5 to each term in the operator S. By Lemma 3.5,
for 0 = o (5, €) sufficiently large we have

k
[
=1

k

H Taj’ i Z MlFo

€
Tl“leH,j < m

L(AR,LE)
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for ¢ = 1,...,m. Then, summing this estimate we see that
m 0o k;
S - ZZMlFo,j [HTaf}TﬂileLj <€
i=1j=1 =1 £(AZ.LE)

. ki
But, for every i = 1,...,m we have that Z]Oil My, {szl Ta;} Tap,,, u
converges in the strong operator topology, and so

ki

[17.

=1

m

S - Z MlFo,j Z
j=1

i=1

Tle+1.’jMz' < €,

L(AR,LY)
as desired. O

We are finally ready to prove Theorem 3.1.
Proof. Since S € T,, ., there is Sy = >, Hle Ty,; such that
1S = Soll gaz, az) <6

where af € L° and k; are positive integers. Set k = max {k; : i =1,...,m}.
By Lemma 3.6 we can choose 0 = (S, €) and sets F; = Fy ; and G; = Fj11 5
with

S()TM - Z Mle SOT;J«lGj < €.
=t £(AZ,LE)
We have that (i), (ii), (iii) and (iv) hold by Lemma 2.6. Now, for f € A2 we

have
p

o0 o0 P
> Mg (S = 50) Tuag, || =D |[Mae, (5= 50) Toag, 1,
j=1 p J=1 “
e p
< epz HTﬂlcjf‘ v
=1 Lo
P
= GPZ ||1ij||LP(u)
j=1
< Ne” ||T;LH2(A{;7AI;) I f] ifg :
Therefore, the triangle inequality gives
(oo}
ST, =Y M, ST, < 1S = Soll gan, azy 1Tl £ ag, az) + e
=1 L(AR.LR)
+ 1Y My, (S = So) T,
=t L(AB,LE)

<e

)
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where the constant of the last inequality depends only on [|T),|| L(A,AR)
and n.

4. A Uniform Algebra and its Maximal Ideal Space

We consider the algebra A of all bounded functions that are uniformly con-
tinuous from the metric space (B,,, p) into the metric space (C,|-|). We then
associate to A its maximal ideal space M 4, which is the set of all non-zero
multiplicative linear functionals from A to C. Endowed with the weak-star
topology, this is then a compact Hausdorff space. Via the Gelfand transform
we can view the elements of A as continuous functions on M 4 as given by
a(f) = f(a), where f is a multiplicative linear functional. Since A is a com-
mutative C* algebra, the Gelfand transform is an isomorphism. It is also
obvious that point evaluation is a multiplicative linear functional, and so
B,, C M 4. Moreover, since A is a C* algebra, B,, is dense in M 4. Also, one
can easily see that the Euclidean topology on B,, agrees with the topology
induced by M 4.

We next state several lemmas and facts that will be useful going for-
ward. Their proof can be found in [15]. For a set E C M4, the closure of E
in the space M 4 is denoted E. Note that if E C rB,,, where 0 < 7 < 1, then
this closure is the same as the Euclidean closure.

Lemma 4.1. Let z,w,§ € B,,. Then there is a positive constant C(n) such
that

< plzw)
p(@z(&%‘)pw(f)) ~ 1— ‘§|2

Lemma 4.2. Let (E,d) be a metric space and f : B,, — E be a continuous
map. Then f admits a continuous extension from M 4 into E if and only if
f s (p,d) uniformly continuous and f(B,,) is compact.

Let © € M4 and suppose that {z,} is a net in B,, converging to x.
By compactness, the net {p. } in the product space Mﬁ” admits a conver-
gent subnet {¢.  }. That is, there is a function ¢ : B, — M4 such that
fog., — fo. Moreover, it can be shown that the whole net {z,} con-
verges to x, and that ¢ does not depend on the net. We then denote the limit
by ¢, and one can easily observe that ¢, (0) = x. This gives the following
Lemma.

Lemma 4.3. Let {z,} be a net in B,, converging to x € M 4. Then

(i) aog, € A for every a € A. In particular, ¢, : B,, — M4 is continuous;
(ii) ao ., — ao g, uniformly on compact sets of B, for every a € A.

4.1. Carleson Measures and Approximation

Given a complex-valued measure p whose variation is Carleson, our next goal
is to construct a sequence of functions By (i) € A such that T, () — 1), in
the norm of L£(AZ, AP) for any a > —1 and 1 < p < co. As a consequence,
we have the following Theorem.
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Theorem 4.4. The Toeplitz algebra T,  equals the closed algebra generated
by {T, : a € A}.

For o = 0 this was proved in [15, Thm. 7.3]. Here we give a more direct
and quantitative proof. We remark that an additional proof can be given by
building on the ideas in [15,16]. Recall that for o > —1,

Fn+a+1)

._ _ 2\« : —
dve(2) == co (1 — |2|7)¥ dv(z), with cq : MTatl)

is a probability measure on B,,. Let u be a complex-valued, Borel, regular
measure on B, of finite total variation. If z € B,,,k > «, and o > —1, the
(k, a)-Berezin transform of u is the function

e / (1 — [z (w) )+

Bi(n)(2) := Ca (1— |w|2)n+1+a

dp(w).

n

When p = adv,, with a € L), a change of variables gives By (adv,) =
an (a0 p.)dvg. Also, observe that if |u| is a Carleson measure then By(u) =
B(T,,), the Berezin transform of T),. Finally, observe that for k > «,

‘ — o, (w 2\n+1+a c
o /(1(1|_so| ;g)lnlm dlul(w) = = Ba(lul)(2):

1Br(1)(2)] <

(o3 (63

Lemma 4.5. If |u| is a A2 Carleson measure and k > «, then By(u) is a
bounded Lipschitz function from (B, p) into (C,|-|). Specifically, there are
constants depending on n,k and o such that

(i) |Br(r)(2)] S Ba(|ul)(2);
(i) [Br(p)(21) = Br(p)(22)| S [ Ballp)ll oo p(215 22)-

Proof. The first estimate is immediate from the definitions, and so we turn
to the second. Let z1,20 € B, and assume first that w € B,, is such that
lp2, (W)] < ¢, (w)|. Applying Lagrange’s Theorem to the function f(x) = z*
for 0 <z <1ands>1withz; =1—|p,, (w)] and x2 = |p,, (w)| yields

[f(21) = f(@2)] < 25(1 = |z, (w)[*)* 7" [0z, (w)] = [0z, (w)]]
< 25(1 = 0z, (0)[*)* 7 pl21, 22) (1 = [0z, (w)| |9z, (w)])
<2s (1 - |(pz1 (w)|2)5 p(Z1, 22)7
where the inequality in the middle uses a well-known stronger version of the
triangle inequality for the metric p. If w € B,, is such that |p., (w)| < |p., (w)]
we get a symmetric inequality.

Thus, for k > «, taking s = n 4+ 1 + k, there are constants depending
on k,n and « such that

|Br(1)(21) — Bi(p) (22)| < [Br(|ul)(21) + Br(|u)(22)] p(z1, 22)
S [1Ba(lpDlloo p(21, 22)-
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For the next lemma, we will need truncated versions of By and a corre-
sponding adjoint. To define these operators, if 0 < r < 1, let

k / (1= Jgs(w)[2)" 1+

e (- e 00

By (p)(2) :=

Iz (w)|<r

and for h € L},

c o L(w 2\n+1+k
B == [ S e duae).

lew (2)|<r

Since the measure % is conformally invariant and dvy = ¢x(1 —

|u|?)¥ dv is a probability measure, it follows immediately that By, , is a con-
traction on L!. The change of variables ¢, (z) = u leads to

B (h B (1 _ |u|2)n+1+a h J i1

k,r( )(w) - |1 — ﬂw|2("+1+0‘) (SD’LU (U)) vk(u)3 ( : )

Ju|<r

which also shows that By . acts on L> with norm bounded by some positive
constant C'(a, n, r). Furthermore, if |u| is a A2 Carleson and h € L, Fubini’s
theorem yields

[ B dval) = [ By, (0)(w) dutw) 42)

By

Let f be a complex-valued C! function on B,,. Recall that the gradient of f
is defined as

_(of of of  Of
vf_(é)zl""’@zn’azl""’a?n

and the invariant gradient as

Vf(z) =V (fo:)/(0).

In [18, pp. 49] it is shown that if f is holomorphic on B,, and ¢ € Aut(B,,),
then

V(Fep) ()| =|(VHoe)| and (1=12®)|VFE) < |V (43)

Lemma 4.6. Let f € AL and g € A%, with % + % =1, and write h = fg. If

r < L, there is a positive constant C(k) independent of r such that C (k) — 0
when k — oo, and By, (|h — h(w)|)(w) is pointwise dominated by

(1 — |C| )n—i— o v (C) (44)

11— Zw‘Q(nJrlJra) «

cv) [ (l9@IF 101+ 1701 99(0))

B,
Proof. For notational simplicity, set

D)= [ (IWOIFHO1+ 17O ¥a()])

B’!‘L

_ 2\n+1+«
(LR

= Zw|2(n+1+a) «
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To prove the Lemma it suffices to show
By, ([h = h(w)]) (w) 5 ¢(k)D(w)
By (4.1)

—|u 2\n+1+a
B, (h = hw)) () = [ |§1 uw'|23n+1+a> (@) — h(w)] dvg (u)

|u|<r

< grtita / () — h(w) dox(w).  (45)

Ju|<r

Furthermore, there is a constant C'(n) such that
[h(w(w) = h(w)| < |u| Sup [V(h o pw)(E)]

S ul [Sup (90 puw)V(fopu)l

+ sup |(f o pw)V(gopuw)l| - (4.6)
l€1<%
Since the functions (g o ¢, )V (f o pw) and (f o v, )V(g o ¢, ) are analytic
from B,, into C?", each coordinate is subharmonic, and consequently so is
the sum of their absolute values. Furthermore, since the ¢! and ¢2 norms are
equivalent on C2" via constants depending only on n, we see that for some
constant C(n) and [¢]| < 1,

(90 0u)V(f o o) (€) < / (g0 ) V(f 0 pu)| do(s)

le—¢|<%
o 2qa+l
< [ =s] tweeviena
o< *
—Clma) [ (1= kP)go eu) V(1 o pu)ldua(o).

lsl<%
In the last integral, by (4.3), (1 — [5|*) [V(f o vu)(s)] < (6f)(<,0w(§)) , we

see that there is a constant C(n, a) such that

(g0 puw)V(fopw)(§) < / (g0 L)V F)(@w(S))] dva(s)
ls|<3
(1 )it

= [ OO s @

lew(OI<3

< / 9O [F£()]

lew(O)<3

(1 [gy++e
‘1 7Zw‘2(n+1+a)

dva(C),
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where the equality comes from the change of variable ¢ = ¢,,(¢) and the last
inequality holds because (1 — |w|?) < 8(1—[¢|?) when [p,(¢)| < 4. Since the
same estimate holds when interchanging f and g in (4.6), we obtain

[h(w(w) = h(w)| < |ulD(w)
where the implied constant depends on n and a. Note that
/ | dvg(w) < C(k) :=/|u|dvk(u) 0
Jul<r B,

as k — oo. Inserting this inequality in (4.5), we have another positive con-
stant C(n, ) such that

By »(|h = h(w)])(w) S C(k)D(w)
which proves the Lemma. 0

Theorem 4.7. Let 1 < p < oo, > —1,|p| a A2 Carleson measure and
h = fg, with f € AL and g € AL. Then

/Bk(u)(Z)h(Z)dva(Z)—/h(Z)du(Z) < C(k) IBa(leDlloo 111 az 191l ag »
Bn B
(4.7)

where C(k) — 0 as k — oo. In particular, when 1 < p < oo and o >
-1, Tp, () — T, when k — oo.

Proof. Fix any 0 < r < % and split By(u) = By (1) + B, (1), where
k. / (1 — |z (w)[?)*t+-

d .
o (= fupyrrrra )

Eyr(0)(2) =

[pz(w)|>r

From (4.2) we see that

Jp = /Bk(u)hdva —/hdu

B, B,

IN

/ B (j)h dve — / hu| + / B (u)h] dva
B,

n n

IN

18200 =] dil + [ vl 1 do
B

n

and since
< B ,(Ih = h(w)])(w) + |B; (1) = 1| |h],
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we get
5 [ B (h = hw))d ] (w /wm ~ 1] | du
By
+ [ Bl 8] doe. (45)
BW,

So, it is enough to show that each one of the above integrals admits a bound
as in (4.7).
For the last integral, observe

. w o\ nt+l+a Y
B () =% [ (1<1'jpf;2))'nll+a (1= le=(w)?)* ™ dlul(w)
o= (w)|2r

Ck k—a
(1) Bl
o

_Dn4+k+1) Dla+1) _2yEe
= TG iD Tmirarn C77) 1Bl

< Ca,n)k™ (1— 7“2)]67& [ Ba (| 00

IN

where the last inequality follows from Stirling’s formula. Thus, for any 0 <
r < 1 there is a constant C,(k) — 0 as k — oo such that Ej . (|u|) <
Cr(B)[Ba(lu)lloo-

In order to estimate the second integral in (4.8), observe that since vy
is a probability measure whose mass tends to accumulate at the origin when
k — oo, then vy (B, \ rBy,) — 0 when k& — oo for any 0 < r < 1. Further-
more, since

| By (1) = 1] < | B (1) = v (rBn)| + v (B \ 7By) ,

we only need to show that the the first term of the above sum is bounded by
a constant that tends to 0 as kK — oco. Indeed, applying Lagrange’s Theorem

to the function f(z) = "™ on [0,1], and using that » < %, we find a
constant C'(n, «) so that
* upyrie
B 0w) — o) < [ |~ dnw

uf<r

< [ = jup) = 1= wwl | o)
B,

< / | dog () — 0

By

when k — oo. Then |Bj (1) — 1| < C2(k) — 0 as k — oo.
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Finally, we use Lemma 4.6 to estimate the first integral in (4.8). By
(4.4),

[ B n = he)dlultw) < €00 [ 196011901 Balln (€ dva(0)

B, B,

+00) [ 17(O1¥9(0)|Ballu(6) dea)
By

S CRBalleDlloc gl az 11 4z

With the last estimate following by an application of Holder’s Inequality and
using [18, Theorem 2.16] which says that [|[Vf||zz < || fllaz and [|[Vg|lpe S

llgl| a2 . Since Lemma 4.6 says that C'(k) — 0 when k& — oo, the theorem
follows. 0

4.2. Maps From M 4 into L(AP, AP),
Define a map

e
UP) f(w) = f(@z(w))%
(1—wz) >

where the argument of (1 — wZz) is used to define the root appearing above.
A standard change of variable and straightforward computations give

|lve=s| =1l vFe Az,

and Uz(p’a)Uz(p’a) = Id 4». For a real number r, set

n+lta

(1=
(1 _ wg)r(n+1+a) '

J7(w) =
Observe that
U@ f(w) = f(ps(w)) I (w)

and

-l

upe) =1, U2Y =ygPIr .
Jr

z

So, if ¢ is the conjugate exponent of p, we have

(U;w)* —UROT L, =T Uz,
J.a J. q

Then using that UYUP = 14 a2 and straightforward computations, we
obtain

z

(U§Q7a)>* Uz(p’a) = sz and U§p7a) (U§q7a)>* = Tbil7

where
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Also observe at this point that if p = ¢ = 2 then b,(w) = 1. This will be
important later on when we consider the special case of A2.
For z € B,, and S € L(AF, AP) we then define the map

S, = UPSU))*,
which induces a map Ug : B,, — L(A2, AR) given by
\Ifs(z) = Sz~

One should think of the map S, in the following way. This is an operator
on AP and so it first acts as “translation” in B,,, then the action of S, then
“translation” back. We now show how to extend the map ¥g continuously to
a map from M4 to L(AP, AP) when endowed with both the weak and strong
operator topologies.

First, observe that C'(B,) C A induces a natural projection 7 : M4 —

(1 — wr(z)) "+ (E-5)
(1 — 7(@)w)m 0 G3)

by (w) = (4.10)
So, when z, is a net in B,, that tends to x € M4, then z, = 7(z,) — 7(z)
in the Euclidean metric, and so we have b, — b, uniformly on compact sets
of B,, and boundedly. Furthermore,

U P =T, — Ty, and (UPY) UL = Tp- — Tp,
where convergence is in the strong operator topologies of L(A?, AP) and

L(AL, A2), respectively. If a € A then Lemma 4.3 implies a0 ¢, — a o p,
uniformly on compact sets of B,,. The above discussion implies that

T(ao‘PZw)sz - T(ao‘Pz)bm

in the strong operator topology associated with L(AE, AP).
ntlta

Recall that we have k7 (w) = A==P 7 ith Hki”’“)

(1—zw)n+ita >

~ 1,

and so
n41 +a ; - 2 n+1+a |1 — Z€| n+1+o¢)
(=652 € = (4= len(O) ™5 =2
= (1= =) ™7 Aoy (6, 2)-

Here the constant A, o) is unimodular, and will essentially be the eigenvalue

of the operator (Uz(p’a)) . To see this, if f € AP, then

<f7 (Uz(pva))* kéq’a)>Ai _ <Uz(p’°‘)f, kéq7a)>Ai _ <sz, (fop.), kéq’a)>

(p=(€) (1 — ) 5= 02 (¢)

/
Fle=()1 = =) Ay (6 2)
(I A & >kfi’é)>>

A2
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This computation yields

(U)K = N (& 2R, (4.11)

We use these computations to study the continuity of the above map as a
function of z.

Lemma 4.8. Fiz & € B,,. Then the map z — (Uz(p’a)) k;éq’a) is uniformly

continuous from (B, p) into (AL, |- || 40 )-

Proof. By (4.11) we only need to prove the maps z — A(,0)(2,§) and z —
k;qz’é)) are uniformly continuous from (B, p) into (C, |-|) and (AZ, || || 42 ),
respectively. It is obvious z +— A, 4)(2,&) has the desired property. So, we
focus only in the continuity of the second map.

By Lemma 4.1, we have that z +— ¢, () is uniformly continuous from
(B,,, p) into itself. So, it suffices to prove the uniform continuity of the map

w s k. Namely, for any € > 0, there is a § > 0 such that if |w| < ¢ then
(g,0) _ p(@2) ‘
Zsengl sz k%(w) 2 < e.

We use the duality between A2 and A to have that

(q,a) _ (g,c)
k2 K () ’

sup
ZEIBn Ag‘
is comparable to

ntlta ntlta

(L= 121777 f(2) = (L= Jga(w)[*) f(«pz(w))‘~

sup sup
2€B, feAf

Consider the term inside the supremums, and observe it can be dominated by

(= 225 (£(2) ~ fl-w))

£ @I (1= 1) 5 = (1= o () )

by adding and subtracting a common term. For the second term, it is easy to

n+l4+a
p

see using the reproducing property of the kernel kﬁf’ %) that this is dominated
by

|1 o |2n+1+a

—wz p

pra ”f“Aﬁ 1- o\ ntlta |
(1= fwl”) >

and the last expression can be made as small we wish, independently of z,
by taking |w| small. For the first term, observe that

ntlta
(1= 1217 1(F2) = F= @)D S llag 1K= = K|l e -
Again, this last estimate can be made as small as desired. O

Proposition 4.9. Let S € L(AP, AL). Then ¥g : B,, — (L(AR, AL),WOT)

extends continuously to M 4.
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Proof. Bounded sets in £(A?, AP) are metrizable and have compact closure
in the weak operator topology. Since ¥g(B,,) is bounded, by Lemma 4.2,
we only need to show Wg is uniformly continuous from (B,,p) into
(L(A2, AP), WOT), where WOT is the weak operator topology. Namely, we
need to demonstrate that for f € A2 and g € A% the function z — (S, f, 9>Ai
is uniformly continuous from (B, p) into (C,|-]).

For z1, 25 € B,, we have

Sey = Sy = ULDSUE) = VP SOG)”
= ULIS[UE) — ULV + UG - VRS UL
=A+B.

The terms A and B have a certain symmetry, and so it is enough to deal
with either, since the argument will work in the other case as well. Observe
that

}<Af,
(B1.9)

< [jote=s]

(e — sy,

. Il

21

< s

(@) - )

Hc<Az,Az>

Since S is bounded and since HUZ@ )

< C(p,a) for all z, we just
coanany S (p. @) ]
need to show the expression

[y — wg=g|,

can be made small. It suffices to do this on a dense set of functions, and
in particular we can take the linear span of {kl(f ) € Bn}. Then we can
apply Lemma 4.8 to conclude the result. O

This Proposition allows us to define S, for all z € M 4. Namely, we let
Sy = P¥g(z). In particular, if (z,) is a net in B,, tending to € M4 then
S, — Sz in the weak operator topology. In Proposition 4.11 below we will
show that if S € 7, , then we also have S,, — S, in the strong operator
topology.

Lemma 4.10. If (z,) is a net in B, converging to x € M 4 then Ty is invert-
ible and Tb_zi — Tb:1 in the strong operator topology.

Proof. By Proposition 4.9 applied to the operator S = Id,» we have that
U;Ef’a) (Uéz’a)>* = Tb_z1 has a weak operator limit in £(AP, A?), denote this
by Q. The Uniform Bowundedness Principle then says that there is a constant
C such that HTb:i < C for all w. Then, given f € AP and g € A%,

L(A%,AL)
since we know that

(7 - 7)




222 M. Mitkovski et al. IEOT

we have

<Tb1Qfa g>A§ = <Qfa TETg>Ag

= lim <Tb_zi £ T; g>A2

= lim <<Tb:i s (Tgw - ngw) g>A2 + <Tb_zi [ Tb2ug>A2>
= (f,9) 4z +lim <Tb:i f; (Tgm - TEZu) g>A2
- <f> g>Ai :

This gives T}, = Id,r. Since taking adjoints is a continuous operation
in the WOT, Tg:1 — @*, and interchanging the roles of p and ¢, we have
Ty, Q* = Id g, which implies that QT}, = Idaz. So, @ = T, " and in the
weak operator topology Tb:1 — szl. Finally,

Tz;l - Tl;l = be1 (wa - Tb%) Tbj’

Zw

1

w

and since HTb: < Cand T,, — Ty, — 0 in the strong opera-

L(AL,AR)
tor topology, we also have Tb:1 — Tbj in the strong operator topology as
claimed. 0]

Proposition 4.11. If S € 7, o and (z,) is a net in B, that tends to x € M,
then S,, — Sy in the strong operator topology. In particular, the map Vg :
B, — (L(AZ, AP), SOT) extends continuously to M 4.

Proof. First observe that if A, B € L(AP, AP) then
(AB). = Uép,a)AB(U§q,a))* = UZ(P@)A(U;EQ@))*(Uéqa))*B(Uéq,a))*
= Az(Uz(qya))*Uz(P,oc)Uép,a)B(Uéq,a))*
= Aszsz.

In general, this applies to longer products of operators.

For S € 7, , and € > 0, by Theorem 4.4 there is a finite sum of finite
products of Toeplitz operators with symbols in A with [[R — S|z 4z an) <€,
and so [|[R. — S:([zan az) < C(p,a)e. Passing to the WOT' limit we have
Ry — Sallg(an any < C(p,a)e for all z € My. These observations imply
that it suffices to prove the Lemma for R alone, and then by linearity, it
suffices to consider the special case R = H;n:l T,,, where a; € A. A simple
computation shows that

UZ(Z,Q)TaUz(Q,a) _ Taocp

and more generally,

(L), = UPe) (v (veo)) Tupoyee (o)

_ gl (U<q,a>)* <T1 LU, 2>U<p,a) (U(qm)*
z z 7z7§ z a*~z szg z z

—1 -1
= sz T(‘IO‘Pz)szbz :
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We now combine this computation with the observation at the beginning of
the lemma to see that

17, | =@).10. - T.(T0,)-
j=1 B
-1 -1 -1 -1 -1
- sz T(alosaz)szbz T(a2O‘PZ)szbz .”sz T(amO‘Pz)szbz :

But, since the product of SOT nets is SOT convergent, Lemma 4.10 and the

fact that T(GOWZW)wa = Taop, )b, in the SOT, give

H Taj - Tb;IT(alo‘Pm)bm TbllT(GQO‘Pm)mebzl T Tb;IT(amOWm)bm szl'
j=1

Za

But this is exactly the statement R, , — R, in the SOT for the operator
H;":l T,,, and proves the claimed continuous extension. O

The next result gives information about the Berezin transform vanishing
in terms of the operators .S,.

Proposition 4.12. Let S € L(AP, AP). Then B(S)(z) — 0 as |z| — 1 if and
only if Sy =0 for all x € M4\ B,.

Proof. If z,£ € B,,, then we have
B(S.)(€) = (5 (U ke, (Uee)) 5o

- By (p,a) 1.(q,@)
= Mo (6 ©2) (SKERKID ) -

Thus, |B(S.)(€)| = |B(S)(¢-(£))] since A, ) and A(4,q) are unimodular num-
bers. For x € M4\ B,, and ¢ € B, fixed, if (z,) is a net in B,, tending to x,
the continuity of Ug in the WOT and Proposition 4.9 give that B(S._)(§) —
B(S:)(§), and consequently |B(S) (¢, (£))| — |B(Sz)(&)]-

Now, suppose that B(S)(z) vanishes as |z] — 1. Since x € M 4\ B,, and
z, — x, we have that |z,| — 1, and similarly |¢,_(£)] — 1. Since B(S)(z)
vanishes as z tends to the boundary, B(S,;)(§) = 0, and since £ € B,, was
arbitrary and the Berezin transform is one-to-one, we see that S, = 0.

Conversely, suppose that the Berezin transform does not vanish when z
tends to the boundary. Then there is a sequence {z;} in B,, such that |z;| — 1
and |B(S)(zx)| > d > 0. Since M 4 is compact, we can extract a subnet (z,)
of {z} converging in M4 to x € M4 \ B,,. The computations above imply
|B(S2)(0)] > 6 > 0, which gives that S, # 0. O

5. Characterization of the Essential Norm on Ag

We have now collected enough tools to provide a characterization of the
essential norm of an operator on AZ. Fix ¢ > 0 and let {w,,} and D,,, be the
sets of Lemma 2.4. Define the measure

Ho ‘= Z Ua(Dm)(swmv
m=1
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which is well-known to be a A% Carleson measure, and so T, : A, — AP
is bounded. The following Lemma can be deduced from results in Luecking
[10] or work of Coifman and Rochberg [5] and we omit the proof.

Lemma 5.1. T),, — Idsr on L(AY, AL) when ¢ — 0.
Now choose 0 < p < 1 so that HT;ng —Idp

-1

) and HTHQ

1
HL(AQ AZ) < 7 and conse-

quently HT are less than % Fix this value of

0, and denote p, := p for the rest of the paper.
For S € L(AZ, AP) and r > 0, let

as(r) == T sup {151 g £ € Ty, (A2). 1L <1}

and then define

as := lim ag(r).
r—1

Since for r1 < ry we have Ty, (AR) C Ty, (AR) and ag(r) <
ISl £(4%,, ap)> this limit is well defined. We define two other measures of the
size of an operator which are given in a very intrinsic and geometric way:

bs :=sup lim ||M1D<Z"“)SH£(

>0 |2/—1 AB.LE) 7

€5 = }qu HMl(an)CSHﬁ(Ag’Lg) .

In the last definition, for notational simplicity, we let (rB,)° = B, \ rB,.
Finally, for S € L£L(AP, AP) recall that

S]], = inf {||S = Qllz(az az) : Qis compact} .

We first show how to compute the essential norm of an operator S in
terms of the operators S,., where z € M4 \ B,,.

Theorem 5.2. Let S € T, . Then there exists a constant C(p,c,n) such that

sup ||Soc||c(Ag,Ag)5||5||e§ sup HSz||z:(Ag,Ag)~ (5.1)
z€Ma\B,, zEMa\Bn

Proof. For S compact, (5.1) is easy to demonstrate. Since k:ép @) 0 weakly

as |¢] — 1, then HSkép’a)

" goes to 0 as well. Thus, we have

k(q7a)

(p,@)
<k, ¢

(p,c)
k¢

AgN’ Az’

(5.2)

Hence, the compactness of S implies that the Berezin transform vanishes as
|¢] — 1. Then Proposition 4.12 gives that S, = 0 for all © € M4 \ B,,.

Now let S be any bounded operator on AP and suppose that @ is a
compact operator on A?. Select x € M4 \ B,, and a net (z,) in B,, tending

B =| (st 1) .

A2

to x. Since the maps Uz(ﬁ’“) and U;g’a) are isometries on AP and A%, we have

152 + Qzullgaz,any < 1S+ Qllzaz az) -
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Since S, + Q., — Sz in the WOT, passing to the limit we get
192/l ceaz, any S Um ISz, + Qzll iz an) S 15+ Qllgaz az)
which gives

sup  [Szll zeaz any S ISl »
IEJ\/[A\Bn

the first inequality in (5.1). It only remains to address the last inequality. To
accomplish this, we will instead prove that

as < sup ||Sx||L(Ag,Ag)- (5.3)
IEMA\IBTL

Then we compare this with the first inequality in (5.7), ||S]|, < ag, shown
below, to obtain

1SI. < sup  [1Sellziaz, az) -
r€MA\B,,

Also note that if (5.3) holds, then
as < 151l (5.4)
is also true. We now turn to addressing (5.3). It suffices to demonstrate that

as(r) S sup  [1Sullgan azy VP> 0.
zEMA\B,
Fix a radius r > 0. By the definition of ag(r) there is a sequence {z,;} C B,
tending to 0B,, and a normalized sequence of functions f; € 7, AP)
with ||Sf;l| ;o — as(r). To each f; we have a corresponding h; € A%, and
then

J'lD(z]-,'r-)(

Va(Dm)
fJ (w) = TﬂlD(zj,r) h’j (U]) = Z (1 _ wi,w;nn+1+a h’J (w7n)
W €D(z5,r) m

Z a; (1 — |wm‘2)n+‘17+a
o I w1+
wmeD(zj,T) (1 wmw)n «

= D amk(w),
wm €D(z;,r)

_ntlta

where @, = Vo (Dm)(1 — lwp|?) ™ hj(wy,). We then have that

(Ue) )= X @k, W)

Pz (wm)eD(0,r)

where a;m is simply the original constant a; ,, multiplied by the unimodular
constant Ay q)-

Observe that the points |gozj (wm)} < tanhr. For j fixed, arrange the
points ¢, (w,,) such that |gozj (wm)| < }gozj (merl)‘ and argy. (wm,) <
arg ., (Wm41). Since the Mobius map ¢, preserves the hyperbolic distance
between the points {w,, } we have for m # k that

> 0.

LS

Bz, (wm), 2 (wr)) = B(wm, wk) >
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Thus, there can only be at most N; < M(p,r) points in the collection
¢z, (wm,) belonging to the disc D(0, z;). By passing to a subsequence, we
can assume that N; = M and is independent of j.

For the fixed j, and 1 < m < M, select g;;, € H* with ng,k||H°° <
C(tanhr, ), such that g; (¢, (wm)) = Opm, the Kronecker delta, when
1 <k < M. The existence of the functions is easy to deduce from a result of
Berndtsson [4], see also [15]. We then have

() bowa) = 3 (B,
o ¢ (wm)€D(0,r) “
ntlta

= a (1= ez, (wi)]*)

a.’jvk‘ S C = C(nﬁp) o, T, Ot) inde-
pendently of j and k, because g;; € H> has norm controlled by C(r, o),

This expression implies that the sequence

(Uz(q’a)) is a bounded operator, and f; is a normalized sequence of func-
tions in AP.

Now (42, (w1),..., ¢z, (war),ah,...,a},) € CMOFD s a bounded
sequence in j, and passing to a subsequence if necessary, we can assume
that converges to a point (vy,...,vn,a),...a},). Here |vg] < tanhr and
lai.| < C. This gives that

(Uz(f’a)) f; —>Za k;(p’ =h

in the L? norm and moreover,

M *
Saeo] (o) 5
k=1 L% J

(p,a)

Since the operator Uz; is isometric and HSZJ. is bounded inde-

‘ | L(AZ,AR)
pendently of j,

as(r) = lim |1y, = lim |

52,0l g =m0l

Since |zj| — 1, by using the compactness of M4 it is possible to extract a
subnet (z,,) which converges to some point « € M4 \ B,,. Then S, h — S;h
in AP so

as(r) = Hm 5o hllay = [15ehllan S 1Selleaz,azy S 512 1Sellaz,az)

)N

IEMA\ n

The above limit uses the continuity in the SOT as guaranteed by
Proposition 4.11. O

Theorem 5.3. Let 1 < p < oo, a > —1 and S € T, . Then there exist
constants depending only on n,p, and o such that:

as =~ bs =g~ |5, .

Proof. By Theorem 3.1 there are Borel sets F; C G; C B,, such that
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(i) B, = UFy;

(il) FyNFy=0if j # k;

(iii) each point of B, lies in no more than N(n) of the sets G;
(iv) diamg G, < d(p, S, €)

and

STy =Y Mi, ST, <e (5.5)
=t L(AZ,LE)

Set

Sm =2 My, 5T,

j=m

Next, we consider one more measure of the size of .5,

lim || Y My, STy, = Tm [|1Smllzaz.zz) -

m—oo || 4 m

= L(AR,LE)
First some observations. Since every z € B,, belongs to only N(n) sets G,
Lemma 2.3 gives

00
3 [,
j=m

Also, since T}, is bounded and invertible, we have that [|S]|, ~ |ST,[,.
Finally, we will need to compute both norms in £(A?2, A?) and L(AP,LP).
When necessary, we will denote the respective essential norms as || - ||, and
. It is easy to show that

[Bllee < 1Rl < 1Pallzy —az 1Rl -

er —

(o ]
S Z ||1ij||1£p(u) S ”f”ii :

Jj=1

P
A%

I Ml

The strategy behind the proof of the theorem is to demonstrate the following
string of inequalities

bs <cs 3 mmoo 1Smllzeaz, L2y S bs (5.6)
IS, S T ISmll e iz S as < ISI. (57)

The implied constants in all these estimates depend only on p,a and
the dimension. Combining (5.6) and (5.7) we have the theorem. We prove
now the first two inequalities in (5.7).

Fix f € AP of norm 1 and note that

i P
Hsmf”ig = Z HMle STulcj f’ P
j=m “
p
TR A
-y “) e,

j=m HTﬂlcj /

A8
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Taking a supremum of the term in parentheses we see that this last term can
be further controlled by

p ® P
Sup sup “Mlijg‘ o 09 € g, (Aa) llgllag =1 > HTmij‘ P
j>m a i>m o
p
< supsup {3, 80, <0 € o, (42, ol =1} (5.8)
jim «@

The last estimate follows since diamg G; < d, by selecting z; € G; we have
G; C D(z;,d), and so Tpe, (A2) Cc Th (Ar). We have also used the
finite overlap property of the sets {G,}.

Since z; approaches the boundary, we can select an additional sequence
0 < vm < 1 tending to 1 such that |z;| > 7, when j > m. Using (5.8) we
find that Syl 4z rz) can be dominated by

uD(zj,d)

sup sup{HMlijg‘ 19 € Thg, (A%); llgll 4» = 1}

j=m

S sup s { [ M1, 056, 29 € T (Aol =1} 59
Zj|ZYm «

L

s s sup{ISglly :9 € Tuape, o (42): oy =1}
ZjlZYm

Since v, — 1 as m — oo, we get
T 1Sl coag.az) S as(@)
From (5.5) we see that
STl € T [Sunlloag o + € S as(d) +€ S a +e
giving ST ||,, < limm,—c [Smllzcaz rz) < as, since € is arbitrary. There-
fore,

I1Slle # ISTully S NSTulley < T[Sl £iaz ) < as- (5.10)

This gives the first two inequalities in (5.7). The remaining inequality is sim-
ply (5.4), which was proved in Theorem 5.2.

We now consider (5.6). If 0 < r < 1, there exists a positive integer m(r)
such that ;) Fj C rBy. Then

HMl(rmn)c SHa(Aﬁ,LQ)
|7

< |[Mi,, . ST, HC(AﬁvLﬁ)

L(AR,AR)

IN

Mo | ST =Y M, STig u

=1 L(AR,LR)

o0
+ Ml(,’,]BTL)C E Mlp]. STlcj,u
=1 L(AZ,LE)
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<e+| > My, STy, ,
g=m{r) £(AL.LE)
=€t ||Sm(T)HL(A{;,L§) :
This string of inequalities easily yields
ts = E HM1<1~M,L>CSHg(Ag,Lg) S m@m ”Sm”L(A’;,LZ) : (5.11)

Also, (5.9) gives that

mh—r>noo HSmH[J(AZ,Lg) S |5Tl HMID(Z,T)SH‘C(AguLg) S bs. (5'12)

Combining the trivial inequality bg < c¢g with (5.11) and (5.12) we obtain
(5.6). 0

From these Theorems we can deduce two results of interest.
Corollary 5.4. Let o> —1 and 1 <p < oo and S € Ty . Then
ISl ~ sup ml 1S £l 42 -

Flap=11%1=
Proof. Tt is easy to see from Lemma 4.11 and the compactness of M 4 that

sup 152 flLag = B 151 L

x€MA\B,,
But then,
seMA\B, I18elleaz.az) = T S, 152 L -
The result then follows from Theorem 5.2. O

The next result gives the characterization of compact operators in terms
of the Berezin transform and membership in the Toeplitz algebra.

Theorem 5.5. Let 1 < p < oo,a¢ > —1 and S € L(AE,AP). Then S is
compact if and only if S € T, and B(S) =0 on IB,,.

Proof. It B(S) = 0 on 9B,,, Proposition 4.12 says that S, = 0 for all z €
My \B,. So, if S € 7, o, Theorem 5.2 gives that S must be compact.

In the other direction, if S is compact then B(S) =0 on 9B,, by (5.2).
So it only remains to show that S € 7, . Since every compact operator on
AP can be approximated by finite rank operators, it suffices to show that all
rank one operators are in 7, ,. But, the rank one operators have the form
J ® g, given by

(f © 9)(h) = (h,g) as f.
where f € AP g € A%, and h € AP. We can further suppose that f and g

(o2

are polynomials, since the polynomials are dense in AP and AZ, respectively.
But then

feg=Ti(1®1)Ty,
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and it suffices to show that 1®1 € 7, . This is an immediate consequence of
Theorem 4.7, since 1 ® 1 = Tj,, where J is the Dirac measure concentrated
at zero. g

5.1. The Hilbert Space Case

When p = 2, some of the previous results can be strengthened in straightfor-
ward ways. It is easy to see that if T € L£(A2,A42),S € T4, and x € M4,
then

This follows from Propositions 4.9 and 4.11, just taking into account that in
(4.9), b, = 1 for p = 2. Observe also that if S € L£(A2,42%),z € B, and
r € My, then

1S2ll £ az, a2) < W52l 2az, az) = 151l 2caz a2) -

Let K denote the ideal of compact operators on A2. Recall that the
Calkin algebra is given by £(A2, A2)/K. The spectrum of S will be denoted
by o(S5), and the spectral radius by

r(S) =sup{|\|: A € o(9)}.

We also define the essential spectrum, o.(S), as the spectrum of S+ K in the
Calkin algebra, and the essential spectral radius as

re(S) =sup{|A| : A € 0.(5)}.

The following result is the improvement that is available in the Hilbert space
case.

Theorem 5.6. For S € 75 o we have
1Sle="sup [|Sallz(az a2) (5.13)

zeM 4 \B,,
and
1
sup 7r(5;) < lim sup Sk =71.(9), 5.14
zEMA\B, (S) k—oo (mEMA\IBnH HE(A%’Ai) (%) ( )

with equality when S is essentially normal.

Proof. Since (S*), = (S;)*, then Theorem 5.2 gives

1 1 1
k|| % k|| ® k|| %
MSZP\B”W&) HZ(Ag,Ag) S Sze%p\mnu(sgﬂ) HZ(Ag,Ag)'

Taking the limit as k — oo yields

1
lim< sup "S§’|Z(A3,Ag)>:TE(S)'

k—oo \ zeMA\B,

1
For the inequality one notes that r(T) < HT’*H * for a generic operator, and
consequently
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1
sup 1(S;) < sup S2)k .
S r(S) xGAJA\BnH( o) | £z a2

Combining these observations we obtain (5.14). Suppose now that S is essen-
tially normal. This means that S*S — S5 is compact, and therefore

S%S, — 8,8% = (S*S — SS*), = 0.

Thus, S, is a normal operator for each x € M4 \ B,,, and

||Sa]cC = T(Sr)

%
HL(A’L;,Ag)

This gives the equality in (5.14), since

=r(9).

1
sup  r(S;) = lim  sup |‘S§HZ(A3,A3)

zEMA\B, k=00 2 MA\B,
Now apply the equality in (5.14) to the operator S*S and note that
2 * * *
IS]lz = [157Sl, = re(5*S) = sup  7((5%5)a)

IEM.A\]BH

= sup |SiS

2
= sup  [[Sellz(az az)-
:EGMA\]Bn

U
The following Corollary can be proved in a similar manner as in [15].

Corollary 5.7. Let S € 75, and 1,6 € R be such that nI < S, < 1 for all
x € M4\ B,,. Then given € > 0, there is a compact self-adjoint operator K
such that

m—e) I <S+K<(6+€)l.

Using the tools from above, and repeating the proof in [15] we have the
following.

Theorem 5.8. Let S € Ty . The following are equivalent:

(1) A ¢ 0e(95);
(2)

Aé¢ U o(Sz) and sup H(SI—)\I)AH < 00;

:EEM_A\IB xEMA\Bn [:(AaaAi)
(3) there is a number t > 0 depending only on \ such that
1(Se = ADfllaz = tllfllaz  and  [[(S5 = ADf] 12 = ] ]la2

for all f € A2 and x € M4\ B,,.

The above theorem then yields the following Corollary.
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Corollary 5.9. If S € T3 o then

U o(S.) Coels),

xeMA\IBn

with equality if S is essentially normal.
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