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Abstract Given a cluster-tilted algebra B, we study its first Hochschild cohomology group
HH!(B) with coefficients in the B-B-bimodule B. If C is a tilted algebra such that B is the
relation-extension of C, then we show that if B is tame, then HH! (B) is isomorphic, as a k-
vector space, to the direct sum of HH!(C ) with k"8.€, where np ¢ is an invariant linking the
bound quivers of B and C. In the representation-finite case, HH! (B) can be read off simply
by looking at the quiver of B.
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1548 1. Assem et al.

1 Introduction

This paper is devoted to the study of the first Hochschild cohomology group HH' (B) with
coefficients in the B-B-bimodule B, see [24].

Cluster-tilted algebras were defined in [16] and in [22] for the type A, as a by-product
of the extensive theory of cluster algebras of Fomin and Zelevinsky [26]. Now, it has been
shown in [2] that every cluster-tilted algebra B is the relation-extension of a tilted algebra C.
Our goal is to relate the Hochschild cohomologies of the two algebras B and C. The main
step in our argument consists in defining an equivalence relation between the arrows in the
quiver of B which are not in the quiver of C. The number of equivalence classes is then
denoted by n g ¢. The first two authors have shown in [9] that, if the cluster-tilted algebra B
is schurian, then there is a short exact sequence of vector spaces

0 —s k"8.C —s HH'(B) -2 HH!(C) — 0.

This holds true, for instance, when B is representation-finite. In a further paper, [6], it is
actually proven that if B is a cluster-tilted algebra (but generally not schurian) then ¢ is
still surjective and the kernel of the morphism ¢ is equal to the first cohomology group
HH'(B, E) of B with coefficients in the bimodule E.

Our objective in the present paper is to show that the result of [9] also holds true in case
the cluster-tilted algebra B is tame (that is, is of Dynkin or euclidean type).

Theorem 1.1 Let k be an algebraically closed field and let B be a tame cluster-tilted
algebra which is the relation-extension of the tilted algebra C. Then there is a short exact
sequence of vector spaces

0 — k"8¢ — HH'(B) — HH'(C) — 0.

We next show that, for any cluster-tilted algebra B, we have HH' (B) = 0 if and only if B
is hereditary and its quiver is a tree, that is, B is simply connected. This answers positively
for all cluster-tilted algebras Skowrofiski’s question in [38, Problem 1]: For which algebras
is simple connectedness equivalent to the vanishing of the first Hochschild cohomology
group?

Finally, we consider the case where the cluster-tilted algebra B is representation-finite
and show that the k-dimension of HH! (B) can be computed simply by looking at the quiver
of B: indeed, in this case, for any tilted algebra C such that B is the relation-extension of
C, we have HH! (C) = 0 and moreover the invariant n B,c does not depend on the particular
choice of C (and thus is denoted simply by n ). Recalling that an arrow in the quiver of B
is called inner if it belongs to two chordless cycles, our theorem may be stated as follows.

Theorem 1.2 Let B be a representation-finite cluster-tilted algebra. Then the dimension
ng of HH'(B) equals the number of chordless cycles minus the number of inner arrows in
the quiver of B.

The paper is organised as follows. In Section 2, after briefly setting the notation and
recalling the necessary notions, we present results on systems of relations in cluster-tilted
algebras. We then introduce the arrow equivalence relation in Section 3. In Section 4 we
describe the tilted algebras C that are associated to the cluster-tilted algebra B and Section 5
is devoted to the proof of Theorem 1.1. Section 6 contains the proof of Theorem 1.2.
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On the First Hochschild Cohomology Group of a Cluster-Tilted Algebra 1549

2 Systems of Relations

Let k£ be an algebraically closed field, then it is well-known that any basic and connected
finite dimensional k-algebra C can be written in the form C = kQ/I, where Q is a con-
nected quiver, k Q its path algebra and / an admissible ideal of k Q. The pair (Q, I) is then
called a bound quiver. We recall that finitely generated C-modules can be identified with
representations of the bound quiver (Q, I), thus any such module M can be written as
M = (M(x), M(a))xeg,.ac0, (e, for instance, [10]).

A relation from x € Qg to y € Qy is a linear combination p = Z?”:] a; w; where each
w; is a path of length at least two from x to y and a; € k for each i. If m = 1 then p is
monomial. The relation p is minimal if each scalar a; is non-zero and ) _; a;w; ¢ I for any
non-empty proper subset J of the set {1, ..., m}, and it is strongly minimal if each scalar
a; is nonzero and ), b;w; ¢ I for any non-empty proper subset J of the set {1, ..., m},
where each b; is a nonzero scalar. Two paths u, v will be called parallel if they have the
same source and target. They are called antiparallel if the source (or the target) of u equals
the target (or the source, respectively) of v.

We sometimes consider an algebra C as a category, in which the object class Cy is a
complete set {ey, ..., e,} of primitive orthogonal idempotents of C and C(x, y) = exCe,
is the set of morphisms from e, to e,. An algebra C is constricted if, for any arrow from x
to y in Q1, we have dimy exCe, = 1, see [14].

For a general background on the cluster category and cluster-tilting, we refer the reader
to [15]. It is shown in [2] that, if T is a tilting module over a hereditary algebra A, so that
C = End4(T) is a tilted algebra, then the trivial extension C=Cx Extzc (DC, C) (the
relation-extension of C) is cluster-tilted and, conversely, any cluster-tilted algebra is of this
form (but in general, not uniquely: see [3]). As a consequence, we have a description of the
quiver of C. Let R be a system of relations for the tilted algebra C = kQ/I, that is, R is a
subset of Uy yeg, exey such that R, but no proper subset of R, generates I as an ideal of
kQ. Itis shown in [2] that the quiver Q of C is as follows:

@ Qo= Qo; )

(b) Forx,y € Qo, the set of arrows in Q from x to y equals the set of arrows in Q from
x to y (which we call old arrows) plus |R N I (y, x)| additional arrows (which we call
new arrows).

The relations in I are given by the partial derivatives of the potential W = Y peR %o P>
with a, the new arrow associated to the relation p, see [31].
Now we show that R can be chosen as a set of strongly minimal relations.

Lemma 2.1 If p = Y /., hjw; € R, with ; # 0, is not strongly minimal, there exists
p =Yt wiw;i € I with py = Ay which is strongly minimal.

Proof We proceed by induction on m. If m = 2 and p = Ajw; + Ayw; is not strongly
minimal, then it is clear that w, wy are relations in I and hence we may take o’ = Ajwj.
Assume now m > 2 and p is not strongly minimal. Then there is a relation p; =
>y Bjwj € I, with J a proper non-empty subset of {1, ..., m}, 8; # 0. By induction on m
we may assume that p; is strongly minimal. If 1 € J, we take p’ = ’\—ipl and we are done.
If 1 ¢ J, let s be the first element in J. We apply the inductive hypothesis to the relation

- %Pl. 0

A relation p is called triangular if it is a linear combination of paths that do not contain
oriented cycles.
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1550 1. Assem et al.

Lemma 2.2 Any system of triangular relations R = {p1,--- , p;} can be replaced by a
system of strongly minimal relations R' = {p{,---, p/}. Moreover, each p] is a linear
combination of the paths which occur in the relation p;.

Proof We proceed by induction on 7. If r = 1, then p = Y 7", A;w; is already strongly
minimal, since if it is not, then, by the previous lemma we get a relation p’ = Z;"zl Hiw; €
I with u1 = Aq. Without loss of generality we may assume that wj has maximal length,
and hence the relation p — p’ = > /L, (A — i)w; belonging to the ideal generated by p
yields a contradiction: in its triangular expression as an element in < p >, there should
be a summand of the form pujwiuy, with ;1 a nonzero scalar, uy, us paths in Q, and then
ujwiuy is wy or a path of greater length, so this term cannot appear in p — p’.

Lett > 1, let {wq, ..., ws} be a complete set of paths appearing in the relations p;, that is,

Pi = Aiwy + -+ Agiws.

Without loss of generality, we may assume that w; has maximal length and that A;; # 0.

Now, the ideal generated by the set {p1, - - - , p;} is equal to the ideal generated by the set
{o1, P2, -+, p1}
with
5= p; — MU
Pj = Pj oy P1-

If we apply the previous lemma to p; we get a strongly minimal relation pj with 111 as the
first coefficient. Following an argument similar to what we did in the case ¢t = 1, using the
maximality of w; we get that the relation p; — pi belongs to the ideal < pa, -+, pr >,
and so we get a system of relations {pi, 02, , pr}, with pi strongly minimal. Now we
proceed by induction on the set {02, - - - , o}, and we get a system of relations {pé, <, pr)
which are strongly minimal with respect to the ideal I’ =< p},---, p; >. Assume that
one of these relations is not strongly minimal with respect to I, say p; = Zfzz Biw; and
p” =Y ;ujw; € I, where J is a proper subset of {2, --- ,s}. So p” & I’ says that if we
write it as an element in /, the relation p; should appear. Again we get a contradiction when
considering the summands that contain w; as a subpath. d

Let w be a nontrivial walk in a bound quiver (Q, I). Assume that one writes w = uw’v
where each of u, w’, v is a subwalk of w. We say that u, v point to the same direction in w
ifuand v, oru~! and v, are paths in Q.

A reduced walk w = uw’v having u and v pointing to the same direction is called a
sequential walk if there is a relation p = ), A;u; such that u = uj oru = ul_l, there is a
relation o0 = Zj wjvj such that v = vy orv = vl_1 and no subpath w; of w’, or of (w’)~!,
is involved in a relation of the form Y _ A; w;.

Example 2.3 The quiver

bound by the relation 8 = 0 contains a sequential walk w = a8y 8~ af.

The following lemma generalises [1, 9, 30].
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Lemma 2.4 Let C = kQ/I be a tilted algebra. Then the bound quiver (Q, I) contains no
sequential walk.

Proof Suppose that w = uw’v is a sequential walk, with «, v the (only) two subwalks
of w which are involved in relations pointing to the same direction. Clearly, w’ may have
self-intersections and may also intersect the paths u and v. Then (Q, I) contains a bound
subquiver (Q’, I"), maybe not full, consisting of the points and arrows on w as well as all
the points and arrows which lie on a path parallel to u or to v and bound to it by a relation.
This may be visualised as in the following pictures (drawn under the assumption that w’,
the walk from b to by, has no self-intersections and intersects neither u nor v):

(a)

— —~ — —~

al;---ﬁ-ar:bl bS:c1—>---4-Ct
(b)
al;— ——> a, = by bs=cp — — — — — — — — — — — — — — ct
©
a] — — — — — — — — — — — — — — a,r = by bs =cp ——> - %\Ct,
(d)
A o N\,
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1552 1. Assem et al.

(e)
bS:alﬁ/’u»%\\ a,r = by
®
bs—al_/______——————\—ar—bl

where we have represented relations by dotted lines. The last two cases occur when u =
v. Moreover, the minimality of the length of w’ implies that there is no additional arrow
between two b;’s. Let C' = kQ'/I'. Because of [28, IIL.6.5, p. 146], C’ is also a tilted
algebra. In each of these cases above, let M be the C’-module defined as a representation by

k, if x is a point of the walk w’,
0, otherwise,

M(x) = {

and

id, if s(«), 7 () are points of the walk w’,
0, otherwise,

M(x) = {

for every point x and arrow « in the quiver of C’. Since there is no subpath w; of w’, or of
(w)~!, involved in a relation of the form > xiw;, then M is indeed a module. It is actually
a tree module, and therefore it is indecomposable, see [32]. On the other hand, it can be seen
that both of its projective and its injective dimensions equal two, a contradiction because C’
is tilted. ]

_Let now C = kQ/I be the relation-extension of a tilted algebra C. A walk w = aw’f in
(Q, I) is called a C-sequential walk if:

(1)  w’ consists entirely of old arrows,
(ii) o, B are two new arrows corresponding respectively to old relations p = >, Aju;
and o = Zj wjvj,and
(i) w = u;w'v; is a sequential walk in (Q, I) for any i, j.

Corollary~2.5 Let C = kQ/I be a tilted algebra. Then the bound quiver of its relation-
extension C contains no C-sequential walk.
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3 Arrow Equivalence

The following lemma is an easy consequence of the main result in [8]. For the benefit of the
reader, we give an independent proof.

Recall from [25] that for a given arrow B, the cyclic partial derivative 9g in B is defined
on each cyclic path 18> -+ Bs by dp(B1B2 -+ Bs) = D 1.5—p, Bi+1 -+ BsP1 -+ Pi—1. Note
that dg(B1B2 -+ Bs) = 9g(Bj -+ - BsB1--- Bj—1) forevery jsuchthat 1 < j <s.

From now on, we consider a given presentation of a tilted algebra C = kQ/I with
minimal system of relations R and consider its relation-extension B = kQ/I together
with the presentation having as relations the cyclic partial derivatives of the potential
w=>3 peR %pPs with «, the new arrow associated to the relation p. All these relations are
triangular. Then we reduce this system to an equivalent system of strongly minimal relations
each of which is a linear combination of the relations obtained from the partial derivatives
(see Lemma 2.2.)

Lemma 3.1 Let C = kQ/I be a tilted algebra and B = kQ/I be such that B = C and |
is generated by the partial derivatives of the potential. Let p =Y i, ajw; be a minimal
relation in I. Then either p is a relation in I, or there exist m new arrows ay, . .., o, such
that w; = u;a;v; (with u;, v; paths consisting entirely of old arrows).

Proof Let py, ..., ps be a system of minimal relations for the tilted algebra C. Then each
relation p; induces a new arrow «; and the product p;«; is a linear combination of cyclic
paths in the quiver of the cluster-tilted algebra B. The potential of B can be given as W =
> i_ pici and the ideal of B is generated by all partial derivatives dg W of the potential W
with respect to the arrows 8. If B is one of the new arrows o; then dgW is just the “old”
relation p; € 1.

If B is an old arrow then dgW is a sum of terms which are cyclic permutations of
(dgpi)et;. Now, each of the summands contains exactly one new arrow «; . [l

The previous lemma asserts that if p = ), a;w; is a strongly minimal relation lying in
I but not in I, then on each w; lies exactly one new arrow «; and each new arrow appears
in this way. Clearly, the «; are not necessarily distinct as arrows of Q

Lemma 3.1 above brings us to our main definition. Let B = kQ/I be a cluster-tilted
algebra and C = kQ/I atilted algebra such that B = C. We define a relation ~ on the set
Ql \ Q1 of new arrows as follows. For every o € Ql \Qi,weseta ~a.If p = Zf":l a; w;
is a strongly minimal relation in / and ; are as in Lemma 3.1 above, then we set a; ~ o j
for any i, j such that 1 < i, j < m.

By Corollary 2.5, the relation ~ is unambiguously defined. It is clearly reflexive and
symmetric. We let & be the least equivalence relation defined on the set 01 \ Q1 such that
o ~ B implies o ~ B (that is, % is the transitive closure of ~).

We define the relation invariant of B to be the number n g ¢ of equivalence classes under
the relation ~.

Observe that the equivalence relation = is related to the direct sum decomposition of
the C-C- bimodule E. Indeed, E is generated as C-C-bimodule by the new arrows. If two
new arrows occur in a strongly minimal relation, this means that they are somehow yoked
together in E. It is proven in [6, Lemma 4.3] that £ decomposes, as C-C-bimodule, into the
direct sum of np ¢ summands.
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1554 1. Assem et al.

The following two lemmata will be useful in Section 4. They use essentially the fact that
cluster-tilted algebras of type A are gentle (because of [5, Lemma 2.5]) and in particular all
relations are monomial of length 2 contained inside 3-cycles that is, cycles of the form

7N\
e .
~
bound by «f = By = ya = 0.

Lemma 3.2 Let B be a cluster-tilted algebra of type A and let Cy, C; be tilted algebras
such that B = C1 = C». Let Ry, Ry be systems of relations for Cy, C» respectively. Then
[R1] = |Ra|.

Proof Indeed, in order to obtain C| and C, from B, we have to delete exactly one arrow
from each chordless cycle (for the notion of chordless cycle, see [13] or Section 6 below).
Because B is of type A, then the chordless cycles are 3-cycles, and no arrow belongs to two
distinct 3-cycles. Deleting exactly one arrow from each 3-cycle leaves a path of length 2.
The system of relations for the tilted algebra consists in exactly these paths of length 2. This
implies the statement. O

Lemma 3.3 Let B = C, where C is a tilted algebra of type A.LetRbea system of relations
for C. Then np.c = |R|. In particular, ng c does not depend on the choice of C.

Proof Leta;, aj be two equivalent new arrows, then there exists a sequence of new arrows
ap=p~po~-~fr=uaj

where ¢, Bey1 appear in the same strongly minimal relation in (Q, ). Now, B is gentle.
Hence strongly minimal relations contain just one monomial. Therefore 8, = B, for each
£, and o; = ;. This shows that the relation invariant ng ¢ is equal to the number of new
arrows, and the latter is equal to |R| because of [2, Theorem 2.6]. O

4 The Tame Cluster-Tilted Algebras

Our objective in this section is to describe the tilted algebras C that are associated to
the tame cluster-tilted algebra B. Because of [16, Theorem A], the tame representation-
infinite cluster-tilted algebras are just the cluster-tilted algebras of euclidean type, that is,
the relation-extensions of the tilted algebras of euclidean type. Our strategy will consist of
reducing the proof to the case where C is a constricted algebra.

An algebra K is tame concealed if there exists a tame hereditary algebra A and a
postprojective tilting A-module 7 such that K = End4 (7). Then I'(modK) consists
of a postprojective component Pk, a preinjective component Qg and a family Tx =
(T1)1.eP, (k) of stable tubes separating Px from Qg, see [37, 4.3].
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We now define tubular extensions of a tame concealed algebra. A branch L with a root
a is a finite connected full bound subquiver, containing a, of the following infinite tree,
where all compositions o8 of two arrows labeled as « and 8 are zero.

e

a
AN

Let now K be a tame concealed algebra, and (E;)]_; be a family of simple regular
K-modules. For each i, let L; be a branch with root a;. The tubular extension B =

KI[E;, Li]l’,‘:1 has as objects those of K, Ly, --- , L, and as morphism spaces
K(x,y) ifx,y € Ky
Li(x,y) ifx,y € (Lio
B(x,y) = ! .
CN =N Lite,a) @ Eiy) if x € (Lido, y € Ko
0 otherwise.

The tubular coextension ;’:1 [E;, L;]1K is defined dually.
For each A € Py (k), let r) denote the rank of the stable tube 7Ty of '(modK). The tubular
type ng = (n)rep, k) of B is defined by

mo=ri+ Y 1Ll

Ei€T

Since all but at most finitely many 7, equal 1, we write for n g the finite sequence containing
at least two n,,, including all those larger than 1, in non-decreasing order. We say that np is
domestic if it is one of the forms (p, q), (2,2, r), (2,3, 3), (2,3, 4), (2, 3, 5). The following
structure theorem is due to Ringel, see [37, Theorem 4.9, p. 241].
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1556 1. Assem et al.

Theorem 4.1 Let C be a representation-infinite tilted algebra of euclidean type. Then C
contains a unique tame concealed full convex subcategory K and C is a domestic tubular
extension or a domestic tubular coextension of K.

As a consequence of Ringel’s theorem, we obtain the following.

Lemma 4.2 Let C be a tilted algebra of euclidean type which is not constricted. Then C is
given by one of the following two bound quivers, or their duals.

(1)
3
(03
J B
1 2<——"4
o
€
5
where the triangles are branches, possibly empty, bound by aé = 0, B§ = By, ey =
0, and the branch relations.
(2)

)\p—ll >\p72l )\Ql Al\L
p+2
| — p—l<=——p
(Sp_l 62
(63
Sp g1
1 +1
Y b B

where the triangles are branches, possibly empty, bound by ad; ---8, = ay, By =
0,A;8i+1 = O0foralli such that 1 <i < p, and the branch relations.

Proof Assume C is a tilted algebra of euclidean type which is not constricted. Then there
exists an arrow y : x — y such that dimy C(x, y) > 2. Since C is tame, we actually have
dimy C(x,y) = 2. In particular, C is representation-infinite. Applying Ringel’s theorem,
we get that C is, up to duality, a domestic tubular extension of a unique tame concealed full
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convex subcategory K of C. On the other hand, let K’ be the convex envelope of the points
x,yin C. Then K’ is of the form

Y x

with dim; K’(x, y) = 2. Note that K’ is a full convex subcategory of C, hence it is tilted
(because of [28, I11.6.5 p.146]). Applying Lemma 2.4 to K’, we deduce that K’ is of the

form
¢ <— o ¢ <— o

yg//// *\\\\x

Y

Since K’ is hereditary, we get that K’ = K. The statement now follows by considering the
possible branch extensions of K. O

Lemma 4.3 Let B be a cluster-tilted algebra of euclidean type. Assume that there exists no
constricted tilted algebra C such that B = C. Then B is a cluster-tilted algebra of type A
of one of the following forms or their duals:

@
J B
1 2<——4
v
€
(ii)
Pl el
M/74 Ap A//l A
p—1 p—2 2 1
Hp—1 v v v v
Qe F p—l <~ D
5p_1 52
Op o1

where the triangles are cluster-tilted algebras of type A, possibly empty, bound by By = 0,
ye =0, ¢ = 0, and, in the case (ii), by the additional relations 1;8;+1 = 0, §j+11i = 0,
miri = 0.

Proof Let B be cluster-tilted of euclidean type. Because of [2], there exists a tilted algebra
C such that
B =C =C xExt*(DC, ().

The hypothesis says that C is not constricted. Because of Lemma 4.2, C is given by one of
the bound quivers in (1) or (2) above. We examine these cases separately.
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1558 1. Assem et al.

(1) Assume C is given by the quiver

3
«
é B
1 2<—
Y
€
5

where the triangles are branches, possibly empty, bound by «§ = 0, 86 = By, €y = 0 and
the branch relations. Observe that, if one of the branches is empty, then it has no root and
consequently, the arrow from that root to the point 2 does not exist.

We consider the following subcases:

(1a) Assume none of the branches rooted at 3,4,5 is empty. In this case, we refer to C as
C1. Then the corresponding cluster-tilted algebra B is of the form

where the triangles are cluster-tilted algebras of type A, and there are, additionally, the
relations of C; and the relations Ao = —vg, 13,3 = pe, 1 =0,6v=yvand yu = 0.
Now, this algebra B can be written as B=C|, where C is given by the quiver

where the triangles are again branches, bound by relations Ao = —v8, VB = ue.
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This is easily seen to be a representation-finite tilted algebra of type D (indeed, one can
simply construct the Auslander-Reiten quiver of the algebra and identify a complete slice).
In particular, Ci is constricted, a contradiction.

(1b) Assume that the branch rooted, say at 4, is empty while the other two are not. In this
case, we refer to C as C,. Then the cluster-tilted algebra B is of the form

where the triangles are cluster-tilted algebras of type A, bound by the relations of C, and
the additional relations Ao = 0,81 =0, yu = Q, pe =0.
Again, the algebra B can be written as B = Cé, where Cé is given by the quiver

where the triangles are branches, bound by Aa = 0, e = 0 and the branch relations. This
is easily seen to be a representation-finite tilted algebra of type A (see, for instance, [11]),
thus Cé is constricted, another contradiction.

(1c) If at least two of the branches, say at 4 and 5, are empty, then we are left with the
quiver (i) of the statement.

(2) Assume C is given by the quiver

)\p71l )\p72l Azl >\1l
p+2
2
1

«

Sp 51
1 <P s
5 p p+

where the triangles are branches, possibly empty, bound by aé; ---6, = ay, By = 0,
Xidi+1 =0forall 1 <i < p, and the branch relations.
We consider the following subcases.
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(2a) Assume that none of the branches rooted at p + 1, p + 2 is empty. In this case, we
refer to C as Cs. Then the corresponding cluster-tilted algebra is of the form

5 | 1 R
—1 1
Hp—1

5p 2<—3 __________ %
\//

where the triangles are cluster-tilted algebras of type A, bound by the relations of C3 and the
additional relations € = Sa, ye = 0,81 ---8,6 = yd and uiA; + 842 -8pdady---6; =
0, §iy1mni =0, forall i.

Now, this algebra can be written as B = C‘g, where Cg is given by the quiver

it S / o

with the inherited relations. This is again seen to be a representation-finite tilted algebra of
type D.In particular, it is constricted, a contradiction.

(2b) If at least one of the branches, say at p + 2 is empty, then we are left with the quiver
(ii) of the statement. O

Observe that in the proof of Lemma 4.3, in each of the cases (1a), (1b) and (2a), we
have replaced the original non-constricted tilted algebra C;, C, and C3 by a constricted one
C}. C} and Cj, respectively.

Lemma 4.4 With the above notation, for each i € {1,2, 3}, we have ng c; = ng ¢ and
HH'(C;) = HH'(C)).

Proof The first statement follows immediately from the description of the relations in the
respective algebras. Thus ng ¢, = ngc; =lnpc, =ngc, = 2andnp c, = np.c;, = 1.
It suffices to show the second statement. We consider each of the cases as in the proof of
Lemma 4.3.
(1a) Let Dy be the full convex subcategory of Cy (and C}) generated by all points except
the point 1. Then D is a representation-finite tilted algebra and C; (or C {) is a one-point
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coextension (or extension, respectively) of D by an indecomposable module. This module
being a rigid brick, we deduce immediately from Happel’s sequence [29, 5.3] that

HH'(C;) = HH' (D) = HH'(C)).

(1b) Let D5 be the full convex subcategory of C; (and C%) generated by all points except
the point 1. Then D; is a representation-finite tilted algebra and C; (or C}) is a one-point
coextension (or extension, respectively) of D, by the direct sum of two Hom-orthogonal,
rigid bricks X, Y such that Ext})2 (X,Y) = 0 and ExtlDz(Y, X) = 0. Again Happel’s
sequence yields

HH'(C,) = HH'(D,) = HH'(C)).

(2a) Let D3 be the full convex subcategory of C3 (and C}) generated by all points except

the points 1, 2, - - -, p. Then there is a sequence
C3=Eg2E 2 2 E,=Ds,

where E; is a one-point coextension of E;yj. Moreover, each E; is a direct product of
representation-finite tilted algebras and the coextension module is a direct sum of rigid
bricks with supports in distinct connected components of E;. Similarly, there is a sequence

Cy=Fy2 Fp 122 Fo=Ds,
where Fjii is a one-point extension of F;. Moreover, each F; is a direct product of

representation-finite tilted algebras and the extension module is a direct sum of rigid bricks
with supports in distinct connected components of F;. Therefore easy inductions yield

HH'(C3) = HH'(D;) = HH'(C}).
O

Lemma 4.5 Let B = C bea non-hereditary cluster-tilted algebra of type A of one of the
forms of Lemma 4.3 and R a system of relations for C. Then

(i)  If B is of the form (i), then HH' (B) = k!RI+2
(i)  If B is of the form (ii), then HH'(B) = k!RI+1

Proof (i) We use the formula of [21], as applied to our special situation in [9, Proposition
5.1]
dimg HH' (B) = dimy Z(B) — Q0 // N1+ 101 // N = [(Q1 // N)e| — dimy Im R,.

Here, Z(B) is the centre of B, so dimy Z(B) = 1. Next, 0o // N is the set of nonzero
oriented cycles in (Q, I) (where, as usual, B = kQ/[) including points. Then

1Q0// NI =100l = |Qol.

Thirdly, 01 // N 1is the set of pairs (o, w), where o € Q1 and w is a nonzero path (of length
> () parallel to «. This consists of all pairs («, «), with « € Q1 and the two pairs (6, y),
(y, &) arising from the double arrow

1=——————9.
Y

Thus, |01 // N| = |Q1] +2.
Since it is shown in [9, Proof of Proposition 5.1] that R, = 0, there remains to compute

@1/ N)e = (@1 // N\ ((Q1// N)g U (D1 // N ) -
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Here:

1. (0 // N)g is the set of all pairs (o, w) € 01 // N where w is either a point or a path
starting or ending with the arrow «. Therefore

(01 // N)g = {(a, ) | a € O1}.

2. (0 // N)q is the set of all pairs (o, w) € 01 // N where, in each relation where o
appears, replacing o by w yields a zero path. Therefore

(01//N)a = {(a, ) | @ € Q1}U{(, )}
This implies that
1(Q1// N)I = (@1 /) N)el = 1(Q1 /) N)g U(Q1// N)al = Q1] + 1.
Therefore
1— 100l + 1011 +1
= 1—|Q0| + 101 +|R| +1
= |R| +2,

because | Q1] = |Q1]+ [R|and |Qo| = [Q1]. _
(ii) For this case again dim; Z(B) = 1 and [(Q¢ // N)| = |Qo| = |Qo|. Here

O1//N ={(e,a) | e € QYU{(y,81--8p)).

dim HH!(B)

Now, as before

(01// N)g = {(a, ) | a € 01},

while ~ 5
(Q1//N)a ={(a,a) | @« € Q1},
so that 5 ~ 5 ~ ~
[(Q1// N)I = 1(Q1// Nel =1(Q1// N)g U (Q1// N)al =1Q1].
Therefore
dim; HH'(B) = 1—[Qo| + |01

=1-1Q0l+ 1011+ |R|

= |R| + 1,
because | Q1| = | Q1] + |R| and |Qo| = |Q1]. O

Note that the previous proof can also be done applying the formula in [36].

5 Hochschild Cohomology of Tame Cluster-Tilted Algebras

We need a few results from [9] and [6] which we now recall. Let B be a split extension of a
subalgebra C by a two-sided bimodule ¢ E¢c, thatis, let B have the k-vector space structure
of C & E with the multiplication given by

(c, x)(c, x") = (cc’, ex’ + xc’ + xx")
for (c, x), (¢/, x") € B. Then there exists a short exact sequence of C — C-bimodules
0—E—>B-5C—0

where p : (¢, x) — c is an algebra morphism, and there is a morphism ¢q : ¢ — (c, 0) of
C — C- bimodules (but also of algebras) such that pqg = idc. Thus, in particular, a trivial
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extension B = C x E is a split extension such that E?> = 0. We recall the following result
from [9].

Lemma 5.1 [9, Lemma 4.1] If B is a split extension of C, then there exists a morphism
¢ : HH'(B) — HH!(C) given by [§] — [pdq].

The morphism ¢ is shown in [6] to be surjective in case C is a tilted algebra and B is its
relation-extension. In fact we have

Theorem 5.2 [6, Theorem 3.5] Let B be the trivial extension of a tilted algebra C by the
relation bimodule E = Exttzj(DC , C), then there exists a short exact sequence of vector

spaces 1 1 . 1
0 — HH' (B, E) — HH (B) — HH (C) — 0.

In the sequel we always write E = Ext%:(DC , C). Our objective in this section is to
prove the following theorem.

Theorem 5.3 Let B be a tame cluster-tilted algebra, and C a tilted algebra such that B =
C X E. Then there exists a short exact sequence of k-vector spaces

0 —s k"BC —s HH'(B) % HH!(C) —> 0.

Applying Theorem 5.2, it suffices to prove that HH' (B, E) = k"8.¢. We set n = np.c
for simplicity. Our first task is to prove that HH'(B, E) can be written in a simpler form.
This is achieved in the following two statements.

Lemma 5.4 Let B = C x E with C a tilted algebra, then Deryg(B, E) = Dero(C, E) @
Endcc E.

Proof Let é € Derg(B, E), then we can define two k-linear maps d : C — E and f :
E — Eby
d(c) =6(c,0) forallc e C,
f(x)=68(0,x) forallx € E,
thatis,d = §|c and f = §|E.
We first prove that d : C — E is a normalised derivation. Indeed, let ¢, ¢’ € C then
d(cc’) = 8(cc’,0) = 8((c, 0)(c, 0))
(c,0)8(c’, 0) + 8(c, 0)(’, 0)
cd(c) +d(c)c.
On the other hand, d(e;) = 8(e;, 0) = 0 for every i.
Next, we prove that f : E — E is a morphism of C — C-bimodules. Let ¢ € C and
x € E, then

flex) = 8(0, cx) = 8((c, 0)(0, x))
= (¢, 0)6(0, x) 4+ 8(c, 0)(0, x)
cf(x) +d(©)x =cf(x)
because d(c), x € E and E2 = 0. Similarly, f(xc) = f(x)c.
We have shown that Derg(B, E) = Derg(C, E) + Endce E. But now Derg(C, E) C
Homy (C, E) while Endce E € Homg (E, E) and we have an obvious direct sum decompo-
sition

Homg (B, E) = Homy (C, E) & Homg (E, E).
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Therefore Derg(B, E) = Dery(C, E) ® Endce E. O

Proposition 5.5 Let B = C x E with C a tilted algebra, then HH' (B, E) = HH!(C, E) ®
Endce E.

Proof Because of Lemma 5.4, we have a direct sum decomposition Derg(B, E) =
Dero(C, E) @ Endce E. We prove that it induces a direct sum decomposition Inty(B, E) =
Intg(C, E) & 0 on the level of the inner derivations, that is, if § € Inty(B, E) then
d = 8|c € Inty(C, E) while f =8| = 0.
Assume § € Inty(B, E) then there exists (¢, x) € B = C ® E such that § = §(c y), that
is, for all (¢/, x") € B, we have
8, x") = (¢, x)(c, x") — (c, x)(c, x)

= (cc’,xc" +cx') — (c'c, x'c + 'x)

= (cc’ = cc,ex’ —x'c+xc —'x).
But §(c’, x") € E. Therefore cc’ — ¢’c = 0, or c¢’ = c’c. Since ¢’ is an arbitrary element of
C, this means that c is in the centre of C. Now C is a tilted algebra, so it is triangular and
therefore ¢ = A is a scalar. But then

8, xY=xc —cx e E.
Now, letd = §|c and f = §|g. Then, for all x’ € E, we have
f(x)=60,x)=0

so that f = 0, as desired. On the other hand, d(¢") = §(c¢’, 0) = xc¢’ — ¢/x = [x, '], that is,
d = [x, —] € Inty(C, E). This establishes our claim. But then we have

HH] (B, E) — Dery(B,E) ,_ Derg(C,E)®Endce E

]I)nto((%%)) = TIne(C,E)@0
~ erp(C,
= T(C.E) ® Endce E

= HH!(C, E) ® Endc- E.
O

We shall now prove that if C is constricted then HH'(C, E) = 0. Our proof will use
essentially the tameness of B, which implies that C is a tilted algebra of Dynkin or euclidean

type.

Lemma 5.6 Assume that C is tilted and constricted, and that B = C X E is tame. Then
HH!(C,E) =0.

Proof 1t suffices to prove that Derg(C, E) = 0. Assume thus that @ : i — j is an old
arrow, then § € Derg(C, E) implies §(a) = e;8(a)e; € ejEej. Now, assume w € E is
nonzero, then e¢; we; contains a new arrow 8 and we have the following situation

«

N, A

Yy——z

with 8 a new arrow and u, o, v old. Let p = Zl- Ajw; be the relation in C corresponding to
B. Because C is triangular, at least one of the paths u or v is nontrivial. We have four cases
to consider.
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®

(i)

If the paths u# and v share no arrows with any of the w; then the bound quiver
of the full subcategory of C generated by i, j and all the points lying on the
summands of p, contains a sequential walk wlu_lozv_]wl, a contradiction to
Lemma 2.4.

The paths u, v cannot be in the situation of intersecting one of the w; but sharing
neither the last arrow of u nor the first arrow of v. Indeed, assume that this happens,
say, with u (the case where it happens with v is treated similarly). Then we have
u = u'yu” with y a subpath of w1, that is, w; = w'yw”

i = j
’\’\’\\ u/
u” M‘\'\'\\ /v/
v
W'

Then p is monomial because, otherwise, letting ¢ be any point of w, distinct from
x,y, we have a wild full subcategory of C

_— >
-

Q=— .
N8 —— .

a contradiction.

Next, u # 0 implies u” # 0 and the fact that p is a relation implies w” # 0.
But C cannot contain two tame concealed full subcategories (namely, corresponding
to the cycles (u”)~'w” and u’(w’) " 'va™!). Therefore, there is a relation linking u”
and w”. In particular, both have length at least two. Because of [12, 4.7] we must
have b = a. On the other hand, we have a # x, because otherwise « is parallel to u’v
which contradicts our assumption that C is constricted. This shows that C contains a
full subcategory D of the form

. « -

]
A 0

a T

d
s
y<<—C

where we have yAu # 0 and §v¢ = 0 (thus 6v # 0, v¢ # 0) and there is a relation
linking At and v¢. Because D contains no wild full subcategory and must satisfy
[12, 4.7] we must have §A = 0 and yv = 0. Let D’ be the full convex subcategory of
D consisting of all points except y. Then D’ is the one-point coextension of a tame

@ Springer



1566 1. Assem et al.

hereditary algebra of type [&2,2 by two indecomposable regular modules lying on
two different tubes of rank 2. Therefore, applying [37, 4.7], we get that D’ is a tilted
algebra of type A3, 3 having a complete slice in the postprojective component. Now
D is the one-point coextension of D’ by an indecomposable D’-module M such that
Homp (M, 1;) # 0 and Homp/ (M, I.) # 0. Then M maps nontrivially into two
different tubes of D" and so M is postprojective. Therefore D is a tilted algebra of

wild type
-
. -
-
a contradiction.

(iii)  If the paths u and v share the last arrow of u and the first arrow of v with two different

w;, say wi and ws, then, in particular, p is not a monomial relation. We then have
the following situation

. (03 .
7 J
l
1
uﬁz //:
/ V v1
E
z2 ”’J
N ﬁffﬂ

with u = ujup, v = viva, w; = w”uy and wy = viw’. Assume first that p is not a
binomial relation. Then C contains a full subcategory C’ of the form

«

i J

b

and, since C’ is wild, we get a contradiction to the tameness of B. Therefore p is
binomial. Consider the full subcategory H of C generated by the points i, j, a, y, b.
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Then H is hereditary of type A and C contains a full subcategory C' = H[M], where
M is the indecomposable H-module with semisimple socle Sy, @ S; (or, Sy @ S; D S;
if uy is trivial) and such that M/soc(M) = S, © Sp. Then M = (P, ® Pp)/Py =
7! P, is postprojective, and hence C' = H[M] is a tilted algebra of wild type, a
contradiction.

(iv)  If the paths u and v share the last arrow of u and the first arrow of v with the same
w;, say wi, then we have the following situation

BN
N

Y -~~~ T

b<~’\/‘\_, a

with 4 = ujus, v = viv2, w = viw'uy. If both u» and vy are non-trivial, then C
contains a wild full subcategory. Thus uy or v is trivial. Assume that u; is trivial,
then y = b and u = u; (the case where v is trivial is entirely similar). If p is not
a monomial relation, or the path v contains more than one arrow, then C contains a
wild full subcategory. Therefore, p is monomial and v; consists of one arrow y. We
have the following situation

i J

u=u, %
!

Y =as <"~ a = aqy

\
T
Let H denote the full subcategory of C generated by the points i, j, @ = ao,
ai,...,as = y. Then H is hereditary of type A, and C contains a full subcategory
C’' = H[M], where M is the H-module with top S, and socle S,,_, ® S; (or, Sg,_, if
vy is trivial). Then M is regular lying in an exceptional tube. In this case, C' = H[M]

is wild, except for s = 1 in which case it is tilted of type A, see [11]. Then we have
the following situation

i j=a
0 2
u
y=m T
In particular, the potential has a summand of the form w; = y48, hence B has a
relation of the form 8y = 0. But then e;we; = 0 as required. O

We next study the C — C-bimodule endomorphisms of E. The following notation will be
useful. If u is a subpath of a path v we shall say that u divides v and write u|v. In particular,
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if an arrow « (or a point x) lies on the path v, then we write o|v (or x|v, respectively). We
use the symbol / in the obvious way.

We recall from [6] that, if S, - - - , S, are the distinct equivalence classes of new arrows,
and E; is the C — C-bimodule generated by the elements of S;, then we have E = @;?z \Ej
(see [6, 4.3)).

Lemma 5.7 Let C be constricted and E = ®/_| E; be the decomposition induced from the
arrow equivalence relation then, for every new arrow o in E; and every § € Homce (E;, E),
we have

8(a) = Aq
for some scalar Ay € k.

Proof Let us denote by {«1, - - , a,} the set of all new arrows and by {0y, * - , P, } the
set of corresponding relations in C so that the potential is

n
W = Zpai“i-

i=1

We may assume that the equivalence class [o1] of o is {«g, - -+ , o} with r < n. For any i
with 1 <i < r and § as in the statement, we clearly have

5(0[,’) = Z)L,-jui_,'ajvij

J

where A;; € k, and u;;, v;; are paths in C such that ; and u;jo jv;; are parallel.

We claim that A;x = 0 when k # i, and this implies 6 (;) = Aj;o; because C is triangu-
lar. Without loss of generality, let i = 1 and assume that k # 1, then py, # po, and hence
there exists an arrow yj such that yi|pq, but yi [, . Deriving the potential W yields

, -
(W)= Y wyowl, €l
seS,teT t#k

that is, the arrow oy does not appear in the above sum. There exists a summand of 9, (W)
which is a minimal relation in / which contains & but not oy. Further, because [«]] =
{a1, - -+, o}, those oy which appear in this minimal relation are such that t < r. Let thus
this minimal relation be

/
p = E Wyt Ol W, .

seS' teT’ t#k,1€T’

Applying our morphism é§ : E; — E yields

0=148(p) = Z)\-zjwsfutjajvfjw;t'

5,1, j
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The summands for which ¢t = 1, j = k are of the form

/
AWy U KOV W] -

The arrow oy belongs to the cycle agpq, in the potential W and therefore the above
summands contain each a subpath of the form uoy v, where veu (for some arrow € : x — y)
is a subpath dividing p,, . We split the proof into several cases.

(i)  x|vix and y|u1x. Then we have the following situation

L] ’Yk L]
wy \\:.51
a o b
ufy * Uik
/ ™
e .
Y x
AN
u \\1(
/ o \
c d

where u; = u’lku and vy = vvik. In this case, we have the relation p,, which
involves the path w, yxwy and perhaps other paths from b to a in C. Now, the paths
v/1 Kk u’1 « cannot both be trivial, because otherwise B would contain a 2-cycle formed
by the arrows o1 and €. On the other hand, vg x and u/] X do not share arrows with the
summands of py, (because of their directions). We consider the full subcategory of
C generated by all the points lying on the summands of p,, and the points x, y. We
thus get a contradiction to Lemma 2.4 since (wélykwsl)u’lke’lv’lk(wglykwsl) is a
sequential walk.
@) x| wg 1 and y|wy;. Then we have the following situation

Tk
L] L]
/
Ws1 W1
Yy € T
[e5]
L] L]

o N
(677 \

L] L]

a contradiction to the hypothesis that C is constricted. Notice that € # y; because
€|, While vk fpg,-
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(iii) xlw;1 and y|u k. Then we have the following situation

Tk
e <—0
\‘\&U\/
Ws1 €T
V

w

€ \\

a
! 1 b
u%
Uik
Y
7
ay,
c d

where w1y = u}u, w,; = ww’ and v = vi;w. Because C is constricted, there must
be a relation in C on the longer path from x to y. This relation together with the
arrow € yields a contradiction to Lemma 2.4.

(iv)  x|vix and y|wy. This case is symmetric to the previous one.

This shows that we have no such terms in the sum and therefore A1, = 0. This completes
the proof of the lemma. O
Corollary 5.8 With the above notation, Homce (E;, E ;) = 0 wheneveri # j.
Lemma 5.9 For every i, we have that Endce E; = k.
Proof Assume E; =< o1 > and [a1] = {«1, --- , @ }. Because of Lemma 5.7, we have,
for § € Endce E;

dai) = A

for some scalar A; € k. Now there exists a strongly minimal relation containing the arrow
o1, let it be

o= Zujwlajwj.
jeJ

Applying § yields

0:3(,0) = Z,ujkjwjotjw;.
jeJ

Subtracting from this the relation A1 p we get
Z /Lj()\j _)Ll)wj‘ajw;- =0.
je\{1}

Because p is strongly minimal, we get A; = Ap, for every j € J \ {1}. Because the arrow
equivalence is transitive, we get A; = Ay forevery j € {1,---,r}. O

Now we are ready to prove Theorem 5.3.
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Proof If C is hereditary, then B = C, ng,c = 0 and HHI(B) = HH'(C). If not, assume
first that C is constricted. Because HH! (C, E) = 0, it suffices to prove that Endce E = k".
But we have also shown that

Homce(E;, Ej) = {

This implies immediately the statement.

Otherwise, C is, up to duality, of one of the forms (i) (ii) of Lemma 4.2. As observed in
the proof of Lemma 4.3, we have two distinct cases:

(a) Either one can replace the non-constricted algebra C by a constricted algebra C’ such
that ng c = np ¢ and HH!(C) = HH!(C’) because of Lemma 4.4. The statement then
follows from the previous argument applied to B and C’.

(b) Otherwise B is, up to duality, of one of the forms (i) (ii) of Lemma 4.3. Note that
there exist several tilted algebras C having B as a relation-extension. However, because of
Lemma 3.2, the cardinality |R| of a system of relations R for each such tilted algebra C is
independent of the choice of C. Moreover, in this case, np ¢ = |R|, by Lemma 3.3.

Using Lemma 4.5, it suffices to prove that, if C is of the form (i), then HHl(C) = k2
and, if C is of the form (ii), then HH!(C) = k. This follows from another straightforward
application of Happel’s sequence. O

0 ifi # j
kifi=j.

Example 5.10 Let C be the tilted algebra of euclidean type Ag,g given by the quiver

3

bound by the relations ¢ = 0 and y§ = 0. The corresponding cluster-tilted algebra B is
given by the quiver

2
B @

€
) —
g
\\5\ /
3
bound by the relations ¢ = fe = ea = 0 and y§ = §o = oy = 0. Note that B is not
schurian so the results from [9] cannot be used. The arrow equivalence class in this example

consists of the two new arrows € and o, and therefore the relation invariant n g ¢ is equal to
2. Now Theorem 5.3 implies that HH' (B) = HH' (C) @ k* = k.

The following result has been proved for schurian cluster-tilted algebras in [9, Corollary
3.4]. The statement is inspired from Skowroniski’s famous question [38, Problem 1]: For
which algebras is simple connectedness equivalent to the vanishing of the first Hochschild
cohomology group?

Theorem 5.11 Let B = kQ/I be a cluster-tilted algebra. Then HH' (B) = 0 if and only if
B is hereditary with ordinary quiver a tree.
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Proof By [4], the cluster repetitive algebra is a Galois covering of B with infinite cyclic
group Z. Moreover it is connected if and only if B is not hereditary (because of [4, 1.4,
Lemma 5]). Assume thus that B is not hereditary. Because of the universal property of the
Galois covering, there exists a group epimorphism

(0, 1) —> Z.

Let k™ denote the additive group of the field k. The previous epimorphism induces a
monomorphism of abelian groups

Hom(Z, k) — Hom(m (0, ), k)

which, composed with the canonical monomorphism Hom(rr; (Q, I ), kT) — HH!(B) of
[35, Corollary 3], yields a monomorphism Hom(Z, k*) — HH!(B).

Therefore, if B is not hereditary, we have HH!(B) # 0. On the other hand, if B is
hereditary, then, because of [29, 1.6], we have HH!'(B) = 0 if and only if the quiver Q of
B is a tree. (Il

6 The Representation-Finite Case

Throughout this section, let B be a representation-finite cluster-tilted algebra. We present
easy methods to compute the relation invariant np ¢ and thus HH!(B) in this case. Let Q
be the quiver of B and let n be the number of points in Q.

Choose a tilted algebra C such that B = C x Extzc (DC, C). The number of relations in C
is the dimension of Ext2c (Sc, Sc), where Sc is the sum of a complete set of representatives
of the isomorphism classes of simple C-modules. We say that a relation r in B is a new
relation if it is not a relation in C. It has been shown in [9, Corollary 3.3] that in this case
np,c is equal to the number of relations in C minus the number of new commutativity
relations in B, and, moreover,

HH'(B) = k"'5.C.

In particular, the integer np ¢ does not depend on the choice of the tilted algebra C, and
therefore we shall denote it in the rest of this section by n 5. The objective of this section is
to show that one can read off the integer n g from the quiver QO of B.

Recall from [13] that a chordless cycle in Q is a full subquiver induced by a set of points
{x1, x2, ..., xp} which is topologically a cycle, that is, the edges in the chordless cycle are
precisely the edges x; — x;j1.

Lemma 6.1 The number of chordless cycles in 0 is equal to the number of zero relations
in C plus twice the number of commutativity relations in C.

Proof Consider the map {relations in C} — {new arrows in B} that associates to a relation
pE Extzc(Si, S;) the new arrow a(p) : j — i.By [19, Corollary 3.7], every chordless cycle
contains exactly one new arrow, and therefore it suffices to show that if p is a commutativity
relation, then «(p) lies in precisely two chordless cycles in Q, and if p is a zero relation,
then a(p) lies in precisely one chordless cycle in 0.

If p is a commutativity relation, say p = ¢ — ¢ where ¢y, ¢ are paths from i to j in Q,
then the concatenations a(p)c) and a(p)cy are two chordless cycles. Then it follows from
the fact that Q is a planar quiver (see [23, Theorem Al]), that «(p) lies in precisely two
chordless cycles.
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Otherwise, p is a zero relation in C, and «(p)p is a chordless cycle in Q We have
to show that «(p) does not lie in two chordless cycles. Suppose the contrary. Because of
[27, Proposition 9.7], every chordless cycle in Q is oriented. Therefore there exists another
path p’ from i to j in Q such that «(p)p’ is a chordless cycle. If p’ is also a path in Q,
then p and p’ are two parallel paths whose difference p — p’ is not a relation in C. This
implies that the fundamental group of C is non-trivial, and this contradicts the well-known
fact that tilted algebras of Dynkin type are simply connected (see, for instance, [33]). On
the other hand, if o’ is a path in Q but not in Q then it must contain at least one new
arrow. But then the chordless cycle a(p)p’ contains two new arrows, a contradiction to
[19, Corollary 3.7]. O

An arrow in Q is called inner arrow if it is contained in two chordless cycles. Arrows
which are not inner arrows are called outer arrows.

Lemma 6.2 The number of new inner arrows in B is equal to the number of commutativity
relations in C.

Proof Each commutavity relation in C gives a new inner arrow in B. Conversely, suppose
that « is a new inner arrow in B and let p, o be the two paths in Q such that ap and ap’
are the chordless cycles. By [19, Corollary 3.7], p and p’ contain no new arrows, and hence
p and p’ are paths in Q. Since the algebra C is simply connected, it follows that p — p’ is a
relation in C. O

Lemma 6.3 The number of old inner arrows in B is equal to the number of new
commutativity relations in B.

Proof We recall from [17, 23] the description of B as a bound quiver algebra: For any
arrow « in Q let S, be the set of paths p in Q such that p« is a chordless cycle and define
P = { P if Sy = {p}
* p—p ifSu = {p,p}.
Let I be the ideal in kQ generated by the relations U, 0, {pa}. Then

B=kQ/I.

Because of the previous remarks, commutativity relations are in bijection with inner
arrows. If the relation is new, then the arrow is old and if the arrow is new then the relation
is old. -

We are now able to prove the main theorem of this section.

Theorem 6.4 Let B be a representation-finite cluster-tilted algebra and Q the quiver of B.
Then np equals the number of chordless cycles in Q minus the number of inner arrows in

0.

Proof By definition, n p is the number of relations in C minus the number of new commu-
tativity relations in B. By Lemmata 6.1 and 6.2, the number of relations in C is equal to the
number of chordless cycles minus the number of new inner arrows in Q. On the other hand,
the number of new commutativity relations in B is equal to the number of old inner arrows
in Q, because of Lemma 6.3. Therefore

np = number of chordless cycles in Q — number of inner arrows in Q. O
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Corollary 6.5 If Q is connected then

ng = 1+ number of outer arrows in Q — n.
Proof Because of [23, Theorem Al] the quiver é is planar. In particular, every arrow lies
in at most two chordless cycles. Hence one can associate a simplicial complex on the 2-
dimensional sphere to the quiver Q, in such a way that Qy is the set of points, O the set of
edges and the set of chordless cycles is the set of faces of the simplicial complex except the
face coming from the “outside” of the quiver (the unbounded component of the complement

when embedded in the plane). Using Euler’s formula, we see that the number of chordless
cyclesin Q isequalto 1 + [(Q)1] — |(Q)ol, and then Theorem 6.4 yields

ng =1+ (|(Q)1] — number of inner arrows in Q) — [(Q)o],

and the statement follows. O

Remark 6.6 If Q is not connected then
np = number of connected components of Q

+ number of outer arrows in Q — n.

As an application, we show the following corollary on deleting points. Let x € (0)o, and
ex € B the associated idempotent. Then B/ Bey B is cluster-tilted and the quiver of B/Beyx B
is obtained from Q by deleting the point x and all arrows adjacent to x, see [18, Section 2].
Define the Hochschild degree of x to be the integer

degyy(x) =np —np;pe,B-

Corollary 6.7

degyy(x) = number of chordless cycles going through x
— number of inner arrows on the chordless cycles going through x.

Proof Using Theorem 6.4, we get that degyyy (x) is equal to the number of chordless cycles
that are adjacent to x minus the number of inner arrows in Q plus the number of inner

arrows in O g;pe, . Now « is an inner arrow in Q which is not an inner arrow in Q /e, B,
precisely if « lies on two chordless cycles in Q at least one of which goes through x. a

Example 6.8 The following quiver is the quiver of a cluster-tilted algebra of type Es.
1 2 3
4——5 6

7T<—8

The quiver has 4 chordless cycles and 2 inner arrows, so Theorem 6.4 yields

HH'(B) = k*2 = k°.
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On the other hand, the quiver has 9 outer arrows, so, using Corollary 6.5, we also get
HH'(B) = k' 778 = k2.
The point 2 has Hochschild degree 2 — 1 = 1, by Corollary 6.7. So HH!(B/Be>B) = k.

The quiver of B/Be, B is the following.
1

R —

4 )
7T<—8

Observe that Remark 6.6 applies here: the number of connected components is 2, the
number of outer arrows is 6, and n = 7. Thus we getng =24+6 -7 = 1.
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