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Abstract We consider the one dimensional symmetric simple exclusion process with
additional births and deaths restricted to a subset of configurations where there is a
leftmost hole and a rightmost particle. At a fixed rate birth of particles occur at the
position of the leftmost hole and at the same rate, independently, the rightmost particle
dies. We prove convergence to a hydrodynamic limit and discuss its relation with a
free boundary problem.
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1 Introduction

A free boundary problem in its simplest version is given by the linear heat equation
in a domain £2 which itself changes in time with a law which depends on the same
solution. In the Stefan problem for instance the heat equation is complemented by
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156 A. De Masi et al.

Dirichlet boundary conditions while the local velocity of the points of the boundary
are specified in terms of the local gradient of the solution.

The purpose of this paper is to study a particle version of such free boundary
problems. The linear heat equation is in our case replaced by the one dimensional
symmetric simple exclusion process, SSEP, in the set of configurations having a right-
most particle and a leftmost hole. Furthermore, at a given rate the rightmost particle
dies and at the same rate, independently, a birth of a particle occurs at the position
of the leftmost hole. Since the leftmost hole and the rightmost particle move, we call
them free boundaries.

More precisely, Call 7 € {0, 1}% a particle configuration, think of 7 as the subset
of Z occupied by particles and consider those n having a rightmost particle located
at R(n) := max(7n) and a leftmost hole located at L(n) := min(Z\n). Let (n;) be the
Markov process performing symmetric simple exclusion process at rate % and such
that the rightmost particle and the leftmost hole are killed at rate J:

n — n\{R(n)} and n — n U {L(n)} at rate J each.

Since particles are injected to the left and extracted from the right, J can be seen
as the average current of particles through the system. It is well known that under a
diffusive space and time scaling the collective behavior of the SSEP is ruled by the
linear heat equation [4]. We perform the same scaling with a parameter ¢ such that
time is £ ~2¢, space ¢~ 'r and the killing is ] = I(g) = &, where j is the macroscopic
current.

Consider a function p : R — [0, 1] identically zero to the right of R(p) := sup{r :
p(r) > 0} < oo and identically one to the left of L(p) := inf{r : p(r) < 1} > —oc0
and continuous in (L(p), R(p)). Call R the set of functions with those properties. We
consider a macroscopic density p € R and ask the initial configuration 7 indexed
by ¢ to approach the density p as follows:

b

lim sup |e Z n(s)(x)—/,o(r)dr =0 (1.1)

0
7 Va<b ex€la,b] a

Our main result is

Theorem 1 Let (77[(8)) be the process with killing at rate je and with initial configu-
ration n'®) satisfying (1.1). Then for t > 0 there exists a function p; € R such that
po = p and

b
. (&) —
H})P sup |e Z nm,z(x) —/pt(r) dri>y | =0 foraly >0. (1.2)

asb ex€la,b] a
We characterize the limit p; in terms of “lower and upper barriers”, the inequalities

being in the sense of mass transport. The notion is defined by introducing first a map
from density functions p € R to functions ¢ (r|p), r € R, that we call “interfaces”
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Symmetric simple exclusion process with free boundaries 157

and then by saying that p < p’ if ¢(:|p) < ¢(:|p’). See Sect. 4 where the notion is
first defined at the particles level and then for densities in .

The barriers are defined by functions ,0,8 £ 5 > 0, which satisfy “discretized free
boundary problems”. More specifically ,o,5 "~ evolves according to the heat equation
in the intervals [n§, (n + 1)5) and at times né takes the rightmost portion j§ of mass
from the right and puts it on the left. Namely, define the §-quantiles R%(p) and L% (p)
by

00 L2 (p)
/ p(rydr =346, / (1 —p@r)dr =3, (1.3)
R (p) —00

Define also

1 if r <1%(p)
(MPp)(r) := 1 p(r) ifL2(p) <7 < R(p) (1.4)
0 ifr >Rr%p),

and let G, (r, r") be the Gaussian kernel (see (5.11)). Set pé’f = p and iteratively

Gionsply . ifrend, (n+1)38), n=0,1,...

8,— . n

p=g (1.5)
[8ps™, ift=nd, n=12,....

which is well defined for § small enough. Define ,o;S "+ with the same evolution but
with initial profile ,03’+ = I'/3p. We prove that

§,— §,+
O =Pt =0

for any 6 and any ¢ € SN. We also prove that any function p; which satisfies the above
inequality (for all § and ¢ as above) must necessarily be equal to p; (uniqueness of
separating elements). The precise statement is in Theorem 5. In particular this allows
to show that:

Theorem 2 Let p € R and p; be the evolution of Theorem 1 with initial datum p.
Let ,o;S "~ be the evolution (1.5) with the same initial datum. Then for any a < b real
numbers and for any § > 0,

b b
[t wrar= [nwar] <21, vizo (1.6)

a a

Theorems 1 and 2 are proved at the end of Sect. 6.1.
A formal limit of our particle system leads to conjecture that p; solves
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p 10%p
ar 209r2°
Ry, Lo, p(r, 0) given

r € (Ls, Ry), 1.7)

ap ap .
p(Llst)zlv ,O(Rl,l):O, —(L[,t):_(R[,t):—ZJ
ar or

where R; := R(p(-, t)) and L; := L(p(-, 1)). Indeed the density flux J(r) associated

to the equation %‘; = 2 a isequal to J(r) := —%g—‘: so that the last two conditions

in (1.7) just state that the outgoing flux at R, is equal to the killing rate j and that the
incoming flux at L; is equal to the birth rate j.

The free boundary problem (1.7) is not of Stefan type. In fact in (1.7) we impose
both Dirichlet and Neumann conditions as we prescribe the values of the function and
of its derivative at the boundaries, while in the classical Stefan problem the Dirichlet
boundary conditions are complemented by assigning the speed of the boundary (in
terms of the derivative of the solution at the boundaries). We can obviously recover the
velocity of the boundaries from a smooth solution p (7, t) of (1.7) by differentiating
the identities p(Ls, ) = 1, p(Rs, t) = 0, thus obtaining:

d,, 1 32%p dRr; 1 3%p

dt = 2] 8r2( ts )a E 2 ar 2(Rlat) (18)

The traditional way to study the hydrodynamic limit of particle systems is to prove
that the limit law of the system is supported by weak solutions of a PDE for which
existence and uniqueness of weak solutions holds true. In our case this approach is
problematic. While we know closeness to the heat equation away from the boundaries,
we do not control the motion of the boundaries: we only know that they do not escape
to infinity. We are not aware of existence and uniqueness theorems for (1.7), however
in general in free boundary problems some assumptions of regularity on the motion
of the boundaries is required, for instance Lipschitz continuity.

Our proof of hydrodynamic limit avoids this pattern as we prove directly existence
of the limit by squeezing the particles density between lower and upper barriers which
have a unique separating element. This suggests a variational approach to the analysis
of (1.7) based on a proof that its classical solutions are also squeezed by the barriers,
or more generally that any limit of “approximate solutions” of (1.7) lies in between
the barriers. Such an approach has been carried in [1] for a simpler version of (1.7)
where particles are in the semi-infinite line with reflections at the origin, so that there
is a single free boundary R; where particles are killed at rate j, while births occur at
the origin, at same rate j. An extension to our case is in preparation.

A similar equation has been derived in [9] for a different interface process. In that
case an existence and uniqueness theorem for the limit equation is proved to hold (see
also reference therein). Regularity of the free boundary motions in [9] follows from
some monotonicity properties intrinsic to the model and absent in our case.

Free boundary problems have also been derived in [7] for particles evolutions via
branching and in [10] for a variant of the simple exclusion process.

We have a proof that the limit evolution p; in Theorem 1 satisfies (1.7) in the very
special case when p; is a time-independent linear profile with slope —2j. Stationary
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solutions for free boundary problems have also been studied in [5] for non local
evolutions in systems which undergo a phase transition.

The model we study in this paper is inspired by previous works on Fourier law with
current reservoirs [3—6]; its actual formulation came out from discussions with Stefano
Olla to whom we are indebted. We are also indebted to F. Comets and H. Lacoin for
helpful comments and discussions and to a referee of PTRF for useful comments.

In Sect. 2 we define the particle process and in Sect. 3 we prove the existence of a
unique invariant measure for the process as seen from the median.

Due to the non local nature of the birth-death process the usual techniques for
hydrodynamic limit fail. To overcome this problem we use inequalities based on
imbedding the particle process in an interface process. The relationship between the
one dimensional nearest neighbors simple exclusion process and the interface process
is known since the seminal paper by Rost [12], where he established the hydrodynamics
of the asymmetric simple exclusion process. In Sect. 4 we define the interface dynamics
and show that our particle process can be realized in terms of the interface dynamics.
We also introduce the delta interface processes which correspond to the delta particle
processes where the killing of particles and holes are grouped together and occur only
a finite number of times (uniformly in the hydrodynamic limit) and give as limit the
delta macroscopic evolution defined in (1.5).

In Sect. 4 we also establish basic inequalities between the true and the delta interface
dynamics by giving a simultaneous explicit graphical construction of all of them; that
is, a coupling. In Sect. 5 we prove convergence in the hydrodynamic limit. The proof
uses that any limit point of the true interface dynamics is squeezed in between two
approximate evolutions which depend on an approximating parameter § > 0.In Sect. 6
we establish basic properties of the macroscopic evolution. In particular, we prove the
existence of a stationary solution for the limit evolution and use this result to prove
that at any positive time the particle density (in the limit evolution) is identically 0 and
1 outside of a compact. In the last section we summarize the results.

2 The free boundary SSEP

The space of particle configurations is

Xi=11e{0.1}7: > n(x) <o, D (1—7x) < o0

x>0 x<0

that is, for any n € X the number of particles to the right of the origin and the number
of holes to its left are both finite. A configuration n € & has a rightmost particle
located at R(n) and a leftmost hole located at L(7), where

R(n) :=max{x € Z : n(x) = 1}; L(np) :=min{x € Z : n(x) =0}. (2.1)

We define the median M(n) of a configuration n € X as the unique m € Z + % such
that

D) = D> (1 =nx) =0, 22)

x>m x<m
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000 0 0 O 10O 0O 0O O
L M R

Fig. 1 A typical configuration in X', black and white circles represent respectively particles and holes. R
is the position of the rightmost particle, L the position of the leftmost hole and M is the median

L M R
00 0 O 0 0 O Of o0 O @ OO
— —> —>
000 0 O 0 O 00 OO S NSRS
L M T R

Fig. 2 The effect of three SSEP jumps: the upper line is before and the bottom line is after the jumps. The
jumps are between the positions Land L + 1, M — % and M + % and x and x + 1. None of these jumps
change the position of M

that is, the number of particles to the right of M() is the same as the number of holes
to its left (Fig. 1). The definition is well-posed because for n € X, as m increases by
one (2.2) increases by one and goes to 00 as m goes to Fo0.
We next define a family of dynamics indexed by a current 3 > 0. The particle
dynamics is a (countable state) Markov process on X whose generator is
L =Lo+ L, + L, (2.3)

part

where

Lofon = 5 [~ ran] 24)

x€Z

with n**F(y) = n(y)ify #x, x+1, T x) = nx+1), T x+1) = nx);
and

L fm) =3(fqUiLim) — f); Ly f) :=1(f\RMD — f(), (2.5)

where 7 is identified with the set of occupied sites {x € Z : n(x) = 1}.

In other words, particles perform symmetric simple exclusion with generator Lg
and, at rate J, the rightmost particle is “killed” and replaced by a hole and at the same
rate independently the leftmost hole is killed and a particle is born at its place (Fig. 2).
We omit the proof that the process is well defined at all times. Denote by () the
process with generator L! .

Denote by B; and A, the number of particles killed, respectively born, in the time
interval [0, ¢]. By definition, A, and B, are independent Poisson processes with rate J.

Lemma 1 Foranyng € &,
M(7;) = M(no) + A; — By (2.6)

That is, the marginal distribution of the median of ; is a continuous time symmetric
nearest neighbor random walk on 7. + % with rate 1 to jump right and 1 to jump left.
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Fig. 3 The effect of killing the rightmost particle: the upperline is before the killing and the bottom line is
after the killing. The position R of the rightmost particle moves to the left by 3 (for this configuration) and
M moves by 1 to the left (for any configuration). Analogously, the killing of the leftmost hole moves M one
unit to the right (not in the picture)

Proof Note that (a) jumps due to the exclusion dynamics do not change M(+), (b) when
the rightmost particle dies, M(-) decreases by 1 and (c) when the leftmost hole dies
(and a particle appears in its place), M(-) increases by 1 (Fig. 3). This shows (2.6).

O

3 The process as seen from the median

Since M(7;) is a symmetric simple random walk the law of 1; cannot be tight but we
show below that the process as seen from the median has a unique invariant measure.
Let

Nt = Omap)—1/201

where for y € Z, the translation 6, : X — X is the map (6y1)(x) = n(x —y). Clearly
iy € X9 := {n € X : M(n) = 1/2} and we have that (7j,) is a Markov process on X°
with generator

L =Lo+ L +L (3.1

part

where for any n € XY,

Ly f () := 1 (f O \MRO = f )3 L f () :=3(f01(n U L)) — f ()]

Before stating the result we introduce some notation. For n € X', define

N = D (=n@),  N'am:= > nw (32)

X<R(n) x>L(n)

the number of holes in 7 to the left of the rightmost particle and the number of particles
in 7 to the right of leftmost hole, respectively. Clearly

N4+ N' =r—L+1. (3.3)
Let n° € X0 be the Heaviside configuration given by

n°(x) = 1{x < 0}. (3.4)
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Define ¥ on X by

Y =D (1= nG)n(y) (3.5)

x<y

Observe that (1) < oo forall n € X.If n € X%, ¥ (n) is the number of jumps
10 — 01 needed to get from 7 to 7. In particular, ¥ (n°) = 0.

Theorem 3 For anyJ > O the process (ij;) has a unique invariant measure [1; on X°
and

1
wiR =L+ 1= (3.6)

Proof We show that v is a Lyapunov function for (7;) by computing L
Y (6¢n) = Y (n) for all x and 1,

Y. Since

art

(L +L)vm = (L}, + L)y () =—3(N°()—N'"m)=— R —L(+1) (3.7)

the second identity holds because when the rightmost particle disappears, ¥ decreases
by N, the number of holes to the left of R. Analogously, when the leftmost hole
disappears, ¥ decreases by N!, the number of particles to the right of L. The third
identity follows from (3.3).

Since ¥ increases by one when there is a transition 10 — 01 while it decreases by
one due to the opposite transition:

1 1
Loy (n) = 5 Z{n(X)(l —na+ D)= =n@)nx+ D=7 G8)

because for any configuration n € X, the number of pairs 10 exceeds by one the
number of pairs 01. The sums in (3.8) are finite for n € X.

Call v, the law of 7, starting from a configuration n € X 0. For any ¢t > 0 we have
v < oo and

t '
;(Vﬂﬁ —wy) = %/vs[Lf,mw]ds = % - ;/vS[R — L+ 1]ds. (3.9)

0 0

Hence, calling p; := % fé v ds,

1 1
pe[R—=L+1] < 5ty voy. (3.10)
Since for any ¢ we have #{n € XY :R—L+1 < ¢} < oo, then the family {u,, t > 0}
of probabilities on X is tight on ¥ and it has therefore a limit point 4.  is stationary
by construction and unique because the process is irreducible.
Identity (3.6) follows from (3.9) by replacing v; by u, but we need first to show
that ¥y < oo. Introduce a new Lyapunov function v, on X’ bysetting
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Ya() = D [ =0 = (M)

x<y<z
Then,

1
Lovan = 5 (Z =M -G+ DI=) [1—n<x)1[1—n<y>]n<y+1))

X<y X<y
= S @I —n e+ D=2 3 @I+ )

2)c<y 2 x

and

Ly =—1 D [1=n@Ill —n(y)] = —%No(n)[NO(m —1]

x<y<R
Lo =—1 D [1=nmnG) =1 [1=nMIn@+1>_ 1)
L<y<z y<z L<z

=~ (n) +IN'(n)

Let v; as defined before (3.9) and p; after it. Then v,¢/» < oo and since >, [1 —
n()In(x +1) < N,

t

1 J NO ,ONY
- - < —- - —N +—WN"-1)|d
-2 — o) < t/vs[ A A )] s
0
so that, since NO(NO —1)>0,
1 NO
wey < —vo¥2 + i | == + N | < Constant,
It 27
by (3.3) and (3.10). Then uyy < oo and setting vy = p in (3.9) we get (3.6). O

The theorem says that under the invariant measure the average distance between
the rightmost particle and the leftmost hole is (21)~!. This is in agreement with the
Fick’s law (the analogue of the Fourier law for mass densities). In fact Fick’s law states
that the stationary current J flowing in a system of length £ when at the endpoints the
densities are pi is:

__Lpr—p-
2 ¢

1/2 being the particle mobility. In our case J = J, py = 1 and p— = 0 hence
¢ = (21)~!. The validity of Fick’s law in our case is however not completely obvious
as the endpoints R(7,) and L(n,) depend on time.
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4 The interface process
The interfaces Let the set of vertices be
Vi={v=(v,n) €Zx Z" with v| + vs even}. “4.1)

and for a vertex v = (v, v2) € V let V,, : Z — Z be the cone with vertex v defined
by

Vo(x) := |x — vy| + va. “4.2)
Define the space of interfaces as
Vo= [ €2 1 160 — £+ DI =1, x € Z; #lx 1 £() # Vo)) < 00}
Y i=Uyep Wy “4.3)
That is, an interface in ), coincides with the cone V,, for all but a finite number of

sites. Interfaces share the property “x +&(x) even” which is conserved by the dynamics
defined later. For an interface £ € ) define

L) =sup{x €Z : E(x —y) =&(x) + y forally > 0} “4.4)
R():=inf{x €eZ : E(x+y)=£&(x)+ y forally > 0}. 4.5)

Any interface £ coincides with a cone V, outside the finite interval (L(£), R(£)).
The vertex v = v(&) is the following function of R = R(§)), L = L(§), £(L) and £(R):

o) EDE® LR W) ;saz) . L;R.

5 > (4.6)

Correspondence between interfaces and particle configurations Given an interface &
we say that there is a particle at x if £(x 4+ 1) < &(x) and that there is a hole at x if
E(x + 1) > &(x). This defines the map D : ) — X given by

I E@+D)—EW)

n(x) = DE)x) =3 > 4.7

The map is clearly surjective but it is not injective as D is invariant under uniform
vertical shifts: D(§ + n) = D(&) for all n € Z. However the extremes of the non
conic part of & correspond to the leftmost hole and the rightmost particle of D(§) and
the absise of the vertex of the cone containing & corresponds to the median of D(§).
More precisely:

Lemma 2 Foranyé& € ),

L(D(§)) =L(), R(D(E)) =RE) -1, MDE)) =vi(§) —1/2.
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Proof The first and second identities follows directly from the definitions. The third
identity is trivially satisfied by any cone and its mapped particle configuration:
vi(Vig,p)) = a and M(D(V(g p))) = a — % Any interface £ in the cone V(4 p) can
be attained from V(, ;) by a finite number of moves of the type:

E=(..,z,z—l,z,...)—> (..,z,z+ 1,z,...) =& (4.8)
The corresponding particle moves are
n=..,1,0,...) > (...,0,1,...) =7 4.9)
and
D()=n ifandonlyif D) =rn'. (4.10)

Observing that v(£) = v(&’) and that M(D(£)) = M(D(£")), we conclude that
D(§) has median a — 1 = vy (€) forall £ € Vu.p)- H

Interface dynamics Let (&;) be the Markov process on ) with generator

L. =LA+ L+ L, with
1
Laf€) =5 D AfE+ M) = fE)} (4.11)
x€Z
Lo f€) =3[ f (max{§, Vot 10D — FE)]

Ly &) =1 fmax{&, Vuerra.nh) — FE)].

where A E(y) = (EX+ 1) +Ex —1) —2&(x)) 1{y = x}. The jumps of £(x) due to
LA occur only when &(x) has the two neighbors at equal height. The jump is up by 2
if the neighboring heights are both above & (x) and down by 2 if they are both below
£(x). L} acts by changing the rightmost downward variation of £ into an upward one
with the interface to its right being a straight line with slope 1. The cone containing
the updated interface is obtained from the previous cone by a translation up by 1 and
left by 1; see Fig. 4. A symmetrical picture describes the action of £} . We denote by

A; = #(jumps due toL}in[0, t]); B, = #(jumps due toLyin[0, 7])  (4.12)

A = (A;) and B = (By) are independent Poisson processes of intensity J.

The interface evolution induces via the map D the particle evolution described in
Sect. 2.

Let (£,) be the interface process with generator £

. and starting interface & and
define

e = D(&) 4.13)
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Fig.4 The thick red line represents the interface & ; its corresponding particle configuration is n; = D(§;).
The narrow blue line represents &g, the interface at time 0; ng = D(&p). Two particles and one hole have
been killed and several particles have moved due to the exclusion dynamics; in particular the third particle
moved to the place originally occupied by the second one and the second hole has moved three units to
the left. Due to the killings the vertex of the cone containing &; has moved by 2(—1, 1) + 1(1, 1) which
amounts to three units up and one unit lef so that &y € Vg,0y while & € V(1 3) (color figure online)

Lemma 3 The particle process (1;) defined by (4.13) is Markov with generator L]Jm,
defined in (2.3). Moreover, if &y € V0,0, then

£(0) =2B,+2 n(x) (4.14)

x>0

Proof 1t just follows from the definitions of (&) and D that (D(&,;)) is Markov with
generator Lim. Calling R = R(&;) = R(7;) + 1 we get from (4.7)

£(0) =&®R) —R+2D 1i(x)

x>0

From (4.6), & (R) =R — (v; — vp) and since vi = A; — B; and v, = A; + By, we
get (4.14). O

Harris graphical construction We construct explicitly the interface process (&) as a
function of the initial interface and of the Poisson processes governing the different
jumps.

We construct first the process with generator £ A and later use it to define the process
with the moving boundary conditions. The probability space (£2, P) is the product of
independent rate-% Poisson processes on R indexed by Z x {1, | }. A typical element
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of Qisw = (w; s (ui, x € Z). The Poisson points in a); and respectively wi are called
up-arrows and down-arrows, respectively.

We define operators 7; : Q@ x Y — Y with ¢t > 0 where (7 (w, &)) is the process
with initial interface £ using the arrows of w, as follows. We drop the dependence on
w and write just T;£, instead. We can take w such that at most one arrow occurs at any
given time.

Set Toé = &. Assume that & := Ty& is defined for all ¢’ € [0, s].

Let ¢ be the first arrow after s belonging to w; Uwi for some x such thatés(x+1) =
E(x — 1). Since £ € ), there are a finite number of such x and ¢t — s > 0 a.s. These
are the arrows involved in the evolution at time s.

Set

Ty& = Ty& fort’ € [s,1)

and (1) If 7 is an up-arrow, then the interface at x is set to & (x — 1) + 1 no matter its
value at r— and does not change at the other sites:

LiE§(x) =T-§x — D+ 1; T,5(y) =T-5(0), y #x.

(2) Analogously, if ¢ is a down-arrow,

Ti§(x) :=T-5(x -1 —1; TiEQ) :=T-§0), y #x.

The reader can show that the process 7;& so defined is Markov and evolves with
the generator £ with initial interface & at time r = 0.

In the next definition we need to use the operator 7; in different time intervals. With
this in mind we define

T[S,t](wvg) = E—S(e—sw’§)3 (415)

where O;w is the translation by s of the arrows in w. That is, 7|, ; has the same
distribution as T;_; but uses the arrows in w belonging to the interval [s, ¢]. We drop
the dependence on w in the notation and write simply i, /1§ .

Generalizing the boundary conditions Consider the partial order in the vertex space
V given by

v<v ifV,(x) <Vyx) forallx eZ, (4.16)

so that vertex order corresponds to cone order. Let z = (z;) with z; € )V be a non
decreasing path of vertices with finite number of finite jumps in finite time intervals:
llzt—z|| < coforalls < ¢'. Let Tjs ;) be the family of random operators governing the
L A motion, defined in (4.15). Typically z will be a function of the Poisson processes
A and B which are independent of the arrows  used to define the operators 7, ;1. We
abuse notation and call P the probability associated to w, A and B.
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Let 0 =59 < s1 < --- be the times of jumps of z. Define iteratively 7°& := & for
t <0and

. 4.17)
T[s,,,tlTé,‘i: ifr € (s, Sn+1)-

max{T* &,V,} ift =s,,
thg:{ (T8, V2) »
So (&) evolves with LA in the intervals (s, s,+1) and at times s, is updated to the
maximum between the interface at time s, — and the cone with vertex z;, .
Given an initial interface £ € ) and a number § > 0, we will consider the following
choices for z;, denoted by O;, R, and zf’_ and zf’+:

O; :=v(§), forallt; (4.18)
Ry :=v()+ (A, — B, A; + B)) (4.19)
2T =Ry, 2T i=Ruyns.  te€ns, (n+135), n>=0. (420)

When the path is (O;), the cone does not move and the resulting process has
generator £x. When the path is (R;) the process has generator £ . The process with
path (zf’f) records the increments of (R;) in the intervals [nd, (n + 1)§) and takes the
maximum of the interface at the end of this interval and the cone with vertex R,s. The
process with path (zf’+) records the increments of (R;) in the intervals [n§, (n + 1)6)
but takes the maximum between the interface at the beginning of this interval and the
cone with center R(,+1)s. The processes with paths (4.20) will be used later.

Monotonicity and attractivity Consider the natural partial order in ) given by: § < &’
if and only if £(x) < &(x) for all x € Z. Use this order to define stochastic order
for random interfaces in ). If &, &” are random, & is stochastically dominated by &’ if
Ef(§) < Ef (&) fornon decreasing f : )V — R. This is equivalent to the existence of
acoupling (é, é‘ "y whose marginals have the same distribution as & and &, respectively,
such that P(§ < &) = 1.

Let (Etl) and (%‘,2) be two realizations of a stochastic process (§;) on ) with initial
random interfaces &' and £2, respectively. We say that the process (&) is attractive if
the following holds:

If 51 < 52 stochastically, then 5,1 < 5,2 stochastically, forall r > 0.  (4.21)

Lemmad If & < &' then T;& < T,&' almost surely. As a consequence, the process
with generator LA is attractive.

Proof Consider § < &"and call & = T;&, §/ = T}/, assume that§,_ < §/_, &_(x*
1) =§_(x+1)and thats € a),I Then & (x) = &/(x) = &_(x — 1) 4+ 1 no matter
the values &_(x) and &/_(x). Analogous argument applies when 7 € wi . Hence an
arrow does not change the order if the two interfaces coincide at x £ 1. If at least one
of the neighbors of x in & _ is different of the corresponding neighbor in &/_, a similar
argument shows that no jump can break the domination. We have proven that if the
& process is dominated by the & process just before an arrow, then the domination
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persist after the jump(s) produced by the arrow. Since the set of involved arrows is
finite in any time interval, an iterative argument concludes the proof. O

Remark 1t is usual to realize the process with generator £ by introducing only one
rate-% Poisson process of marks w,, x € Z associated to each x and updating & (x) —
E(x —1)=£1 # &(x) whenever a w,-mark appears provided £(x — 1) = £(x + 1). This
is indeed a realization of the process, but order is not preserved: the jumps cross if two
interfaces coincide at x &= 1 and differ by 2 at x at the updating time of x. Using the
up-arrows and down-arrows, only one of the interfaces jumps, and order is preserved.

Lemma 5 If§ € ), then v(T;§) = v(§) a.s. As a consequence, V) < T;&. Further-
more, if 7 is a non decreasing path with v(§) = zo, then v(T}§) = z,, which implies
v, < T}E.

Proof By the definition of (7;£), any time L jumps due to an arrow, the opposite jump
is performed by & (L) and analogously, any jump of R is replicated by &€ (R). This implies

L(T;§) + §(L(T;8)) = L(§) + &(L(5)),
R(Ti§) — ER(T;§)) = R(§) — E(R(E)) (4.22)

Putting these identities in the definition (4.6) of v(£) and noting that the total number
of jumps of L and R is a.s. finite (it is dominated by a Poisson process of rate 2), we

getv(T:§) = v(§).
The fact that v(T;7§) = z, is true by definition at the z-events and by the first part
of the lemma, it is true for ¢ € [s, s") where s and s’ are successive z-events. |

Proposition 1 Let z and 7' be non decreasing paths in V.
Ifze <z forallt > 0and & < &', then TF& < th,é/for allt >0 as.. (4.23)

In particular, by taking z = z’, Proposition 1 says that for any non decreasing path
z, the process (T7§) is attractive.

Proof Since the domination is preserved in intervals with no z or 7’ events by Lemma 4,

we only need to check that the inequality 77§ < T,Z/é is preserved when z and 7’ events
occur. We thus suppose the inequality is satisfied for all s < ¢ and this is evidently still

true if 7 is a z’-event. If instead 7 is a z-event and not a z'-event, T/ & < Tf; &’ implies
’ ’ ’
T7& = max{T &, V,,} < max{T/ &', V,} < max{T &', Vi) = TF &,

where the last inequality follows from V;, < V., and the last identity from the last
inequality in Lemma 5. O

Let& € Y and v = (v, v2) € V. Define 6,&, the translation by v of &, by
€ (x) == §(x —vy) — v2.
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Recall the order (4.16)in V. Taking v, v’ € Vand &, &' € Y, the following statement
is immediate.

Ifv>v and & <§&', thenf,& <6,&. (4.24)
Call 0 := (0, 0) and take v € V satisfying v > o and & € })),, then
0§ <& and max{0,§, V,} <§&. (4.25)

The interface process as seen from the vertex Take & € ), andlet z be anon decreasing
path of vertices. Define (T;°€), the interface process as seen from the vertex, by

TRE(x) := 0, TFE(x), (4.26)
Of course f}zé €,

Monotonicity We show that if the initial interface &’ dominates & and any jump of z’
is dominated by a jump of z, then the interface process as seen from z’ dominates the
one as seen from z. More precisely,

Proposition 2 Let z and 7’ be non decreasing paths on'V and & < &' be interfaces in

Yo-
Ifzi—2- =7, —2_forallt >0, then T7& < T7€ forallt >0 as.. (4.27)
Proof Since by Lemma 4, the domination is preserved in intervals with no z or z’

events, it suffices to take care of those events. Assume that 7;° & < ff_/ &' and that ¢ is
a z-event, then

Tie =0, ., Tje<6, , T/ =T7¢ (4.28)

where the inequality holds by (4.24). O
Let

72:(0) := R, = (A — B;, A, + By), (4.29)

recalling that A and B are independent Poisson processes of rate J. For each J > 0
define the interface process (§;) by

& =1 (4.30)
Then, (£;) has generator is £ _ given by
Loe=La+ Lo+ L (“31)
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where £ was defined in (4.11) and the other generators govern the updating with the
maximum of the cone and the corresponding translation of the origin:

L f &) =3[ fmax{f_1.1E Vo)) — £()],

~ (4.32)

Ly f (&) :=1[fmax{0q,nE. Vo}) — f(©)].

For & € )),, the process (D(£;)) has the same law as the particle process (7;) defined

in Sect. 3 with initial particle configuration D(§) € Xy. The map D : Yy — Ap

(interfaces with vertex in the origin to particle configurations with median —%) is

bijective. Since the process (7;) has a unique invariant measure on Xjp, (S,Z) has a
unique invariant measure i’ on ).

Corollary 1 The process (ét) is attractive. Furthermore, if 5-0 =V, the law of é,
is non decreasing in t, is stochastically dominated by the invariant measure i’ and
converges to i’ ast — 00.

Proof Attractivity follows by taking z = z" in (4.27). As before use the notation f’[i né
to indicate that the evolution uses the Poisson processes of the Harris construction in
the time interval [s, ¢] for both the interface evolution and the vertex evolution z. So
that, fors, tr > 0, f}ﬂrsé has the same law as T, &. Since V, is minimal in })),, using
(4.27) we get almost surely

Al]

T Vo = To T s Vo =T

Z
[—s,1]

Vo.

This shows that the law of & is stochastically non decreasing. Take a random &
with law f’. Then,

T[%)’Z]Vo = T[%)J]S ~ i

by invariance of ji’. The convergence of the law of & to the unique invariant measure
! is routine for countable state irreducible Markov processes. O

Corollary 2 The invariant measures i’ for the interface processes (&;) are stochas-
tically ordered:

If1=7, then @’ < i’

Proof Take Poisson processes (A, A’, B, B) such that (A, A’) and (B, B’) are inde-
pendent. A and B have rate ] while A’ and B’ haverate Y and A D A’, B D B’.Inthis
way the vertex paths z and z’ defined by (4.29) with (A, B) and (A’, B’), respectively,
satisfy the conditions of Proposition 2. This implies that th Vo < T,Z/ V, almost surely
for all 7. Like in Corollary 1, the coupled process (th Vo, Tf/ V,) is stochastically non
decreasing for the (partial) coordinatewise order and each coordinate is dominated by
the respective invariant measure. This implies the existence of lim;_, o, (Tf V,, f,z/ V)
in distribution. The coordinates of the limit are ordered and its marginals have distri-
butions /', i”, respectively. o

@ Springer



172 A. De Masi et al.

5 Hydrodynamic limit

It is well known that in the diffusive scaling limit (space scaled as ¢! and time as
£72) the hydrodynamic limit of the SSEP process alone converges to the linear heat
equation:

2

B m=p 5.1)
Since the distance between the first hole and last particle is random, it is not clear
a-priori that our model should be scaled diffusively as well. From Theorem 3 we know
that at equilibrium the mean distance between the rightmost particle and the leftmost
hole is of order 7! and this suggest that together with the above diffusive scaling we
should scale J proportionally to €. Indeed we will prove that under such scaling limit

the density of the process converges as ¢ — 0 to a deterministic evolution.

5.1 Results

Hydrodynamics of interfaces Initial configurations For each ¢ > 0 the interface
evolution starts from an interface £ ) such that:

lim sup le& ) (x) — o (ex)| = 0 (5.2)

E=VxeZ

where ¢g(r) = r for all r > R(¢p) > 0; ¢o(r) = —r forall r < L(¢) < 0 and ¢y is
differentiable in (L(¢), R(¢)) with derivative ¢, such that sup, c(L(®).R(®)) lpg(r)] < 1.
Fix the macroscopic current j > 0, define J(¢) := je and call

(5,(8)) := interface process with generator £ + £1{€ + ﬁLj ?. starting from £)(5.3)

The following is the hydrodynamic limit for the interface process.

Theorem 4 There is a function ¢;(r), t > 0, r € R, so that foranyy > 0andt > 0:

lim P [sup 16672, (0) — di(ex)| = y] =0 (5.4)

&> xeZ

The proof will be given in Sect. 5.5 and properties of ¢, (r) will be discussed in
Sect. 6.

Hydrodynamics of particles As we shall prove at the end of Sect. 6.1, the hydrody-
namic limit for the particle process Theorem 1 is a corollary of Theorem 4.

The proof that (5.1) is the hydrodynamic limit for the SSEP is quite simple because
the correlation functions obey closed equations. The addition of birth-death processes
spoils such a property but if the rates are cylinder functions and are “small” (births
and deaths happen at rate £2) the proofs carry over and the limit is a reaction diffusion
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equation as in [2]. In our case the birth-death rates are not as small (because the
killing rates are of order ¢) but the main difficulty is that the killings are highly non
local functions of the configuration, since births and deaths occur at the position of
the leftmost hole and the rightmost particle, respectively. This spoils completely an
analysis based on the study of the hierarchy of the correlation functions.

The way out is to use inequalities namely to sandwich the interface process between
two delta processes, using Proposition 2. The corresponding delta particle process
behave as the exclusion dynamics in macroscopic time intervals of length § and the
(accumulated) killings occur at the extremes of those intervals.

5.2 The delta processes

The delta interface process (é;‘S ’i) is defined via (4.17) and (4.20) by
g% == TP, with 7 1= ¢ (5.5)

This process is obtained by patching together finitely many pieces of the evolution
with generator £ as explained after (4.20). By Proposition 1, as

27 <R <>, forallr >0,
then, £~ < & <&>T, foralls > 0. (5.6)

The delta particle processes are defined by using the map (4.7), setting nf’i =
D(S,‘s ’i). In other words, (nf’ ~) evolves with the generator L in the intervals [n§, (n+
1)8), and 775;23_ is obtained from 1,5 by removing its B,,5 — B(,—1)s rightmost particles
and its A5 — A(,—1)s leftmost holes, where A and B are the independent Poisson
processes with intensity J. The interpretation of the process (nf’Jr) is analogous but
the removal of particles and holes is done at the beginning rather than at the end of
each time interval. For a particle configuration n € X’ and positive integers a and b
define the quantiles L% (1) and R (1) as the lattice points satisfying

> o =b, D (1-nx)=a (5.7)
x>R% (1) x<L%(n)
and define
I (m)(x) = n(x)(1 — 1) + (1= n(x)Li<pa; (5.8)

this is the configuration obtained from 7 by erasing particles and holes as explained
above.

We abuse notation and write T, ;17 the evolution D (T &), with n = DE&. Then
the delta particle processes satisfy the following: forn =0, 1, ...,
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§,+ S,
N, = T[nB,l]’?m; s fort € [nd, (n + 1)5)
nd ™ = A By fort = ns (5.9)
nf’+ = FA(nH)zS’B(nH)zS n?j" fort = né

where recall A and B are independent Poisson processes of parameter J.
The rescaled delta processes We consider a family of processes indexed by ¢ by
considering £ =28 instead of § and &/ instead of 1. We call (éf"s’i) and (nf"s’i) the
interface and particle processes so obtained. Later we consider those processes with
time rescaled by a factor £ =2 and space by a factor e~

For any fixed (macroscopic) § > 0, we will prove the existence of q)f’i, the limit
as ¢ — 0 of eg;*ff. We also prove that q’)f + are close to each other and that their
difference vanishes as § — 0. Taking § to zero, their common limit ¢, is then the
hydrodynamic limit of the rescaled evolution Et(s)
and 50

While the above outline involves the interface process alone (which then implies
convergence for the particle process as well), yet the analysis of the limit as ¢ —
0 of (& ’S’i) is more conveniently studied by looking at the delta particle process
(nf"s’i) and then translating the results to the delta interface process. We start from
the particle model defining first the corresponding approximate macroscopic density
delta evolutions and then prove existence of the hydrodynamic limit for the delta

particle process.

—as this is squeezed between &/ 0.

5.3 The macroscopic delta evolutions

In this subsection we fix § > 0 and define the macroscopic delta evolutions of densities
pt‘S * and interfaces qbf =

Preliminary results For any density p : R — [0, 1] define the Ry U {400} valued
functions

o r

Foip) = [o0hdrs Foipi= [a-pear

r

representing the mass of p to the right of » and the antimass to its left. These are
the macroscopic analogues of the number of particles, respectively holes, to the right,
respectively left, of ». We introduce two disjoint subsets of densities called R and /.

Let R be the set of densities p € L*(R, [0, 1]) satisfying the following conditions:

1) F(0,p) = ﬁ(O, p) < oo, that is mass to the right and antimass to the left are
finite and the origin is the median of p.

(i1) p has finite boundaries. That is, there exist —co < L(p) < R(p) < oo such
that p has finite support [L(p), R(p)]: p put no mass to the right of R(p) and no
antimass to the left of L(p).

(iii) p is continuous in the interior of the support. That is, if L(p) < R(p) then p(r)
is continuous in (L(p), R(p)) with values in (0, 1).
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We call R* the set of p € R such that R(p) > 0.

Letd ={ue CR,0,1)): FO,u) = ﬁ(O, u) < oo}. This is the set of continu-
ous densities with median 0.

Let h € R be the Heaviside density defined by h(r) = 1y,<¢. Clearly L(h) =
R(h) = 0.

Lemma 6 F(r;u) < oo and F(r; u) <ooforallr e Randu e Y UR.
If p € RthenR(p) > 0 and L(p) < O, the two inequalities are strict unless p = h.
IfR(p) > 0 then L(p) < 0 and the derivatives F'(r; p) and I:"/(r; p) exist in
(L(p), R(p)) where they are respectively strictly negative and positive.
Ifu eUthen F, F € C'(R) and F'(r;u) < 0and F'(r; u) > 0 forall r € R.
For any u € U U R and for any 8 > 0 there are unique points R* (u), L? (u) such
that

Fal;uy=68  F®R*u)=s. (5.10)

IfF(O;u) = 8 thenR®(u) = 0 and L’ (u) = 0.

Proof Letu € YU U R then forany r e R

o0 r
F(r;u) =/u(r/)dr/ —/u(r/)dr/ < FO;u)+|r| < oo,
0 0

with an analogous argument showing that also F (r;u) <oo.If p € RthenR(p) >0
because if R(p) < 0 then F(0; p) = 0. Since F(0; p) = I:"(O; p), then ﬁ(O; p)=0
and this gives a contradiction since R(p) < 0 and p = 1 is not allowed. Moreover
R(p) = 0 if and only if p is the Heaviside density because F(0; p) = ﬁ(O; 0).

Ifu € U then F'(r;u) = —u(r) < 0and F'(r;u) = 1 — u(r) > 0, by the
definition of . If p € R and R(p) > O then L(p) < 0 and by the definition of R, p
is continuous in (L(p), R(p)) and away from 0 and 1. Hence F'(r; p) = —p(r) <0
and F'(r; p) = 1 — p(r) > O forall € (L(p), R(p)).

Let u € U U R. By the monotonicity of F(r; u) if F(0;u) > & then R®(u) > 0,
while if F(0; u) < 8 then R®(u) < 0 with the analogous property for L (u). O

Definition of I'’ and G,;. We call I"? : ./ UR — R the following map. If R® (1) < 0
and therefore L® (1) > 0 we set '’ («) = h, the Heaviside density. If instead RO(u) >0
and hence L%(u) < 0 we set p = % (u) equal to O for r > R®(u), equal to 1 for
r < L%(u) and equal to u elsewhere. In this latter case p = I'’(u) € R* (that is,
R(p) = R®(u) > 0). Thus I'® acts by removing a portion § of mass from the right of
R® (1) and put it back to the left of L’ (u).

Denote by G; the Gaussian kernel:

1 ,
G,(r,r) = ﬁg—(f—’ /2 (5.11)
T
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And write G;p(r) = [dr'G(r,r")p(r’). Recall that G, p is the solution of the heat
equation (5.1) with initial data p.

Lemma 7 Let p € RUU. Then G,p € U for any t > 0. Moreover, calling
Us ={u el : L) <0 <R*w)) (5.12)

forany j > 0 there is §(j) > 0 so that foranyu € RUU and § < §(j), Gsu € Ujs
and therefore T/ (Gsu) € R*.

Proof Since p € R UU, we have F(0; p) < oo. Then for any ¢ > 0:

[e] +0o0
F(0; G;p) =/d" / dr'G(r,rp(r')
0 —oo
oo +00 oo 0
§/dr/dr/G[(r,r/),o(r/)+ dr/dr/G,(r,r’)fF(O; p) +ec,
0 0 0 —o0

where we used Fubini and [ G,(r,r")dr’ = 1 to bound the first term. Since G,p €
[0, 1], F(r; G:p) < oo for all r (see the beginning of the proof of Lemma 6). An
analogous argument shows that F (r; Gtp) < oo for all r and ¢t > 0 and, being the
solution of the heat equation, G;p € C* for all #+ > 0. To prove that G;p € U it
remains to show that F(0; G,p) = F (0; G;p) for all t > 0. Using the symmetry
properties of G, and Fubini, for any r > 0 we have

[’} 0
F(0: pr) — E(O; p,>=/erzp(r)— / dr (1 - Gyp(r)] = 0.
0 —00

The last statement in Lemma 7 follows from the following inequalities

/ergu(r)z/dr Gsh(r)>C~S, C=>0
NG NG

which is larger than j§ for § small enough. The first inequality follows from the
fact that u is stochastically larger than the Heaviside density /%, in the sense that u is
obtained from & by moving mass to the right. The last inequality follows from direct
computations. O

Delta density evolutions We are finally ready to define the delta density evolutions

pf £ Restrict to 8 < §(j) as defined in Lemma 7, take the initial density p € R UU
and define iteratively pg’_ = p and
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Gionsppy » 1 € [n8, (n+1)8)
Fj‘s,of’__, t =né.

5,— .

po = (5.13)

The evolution ,o,(s T is defined as ,o,‘S *~ but with initial datum pg’+ =T (p).

Delta interface evolutions The delta interface evolutions are defined as follows. Fix
an initial interface ¢ belongin(g to the cone with vertex at the origin and for + > 0
define iteratively ¢g’7 = ¢, ¢0’+ = max{¢, V(0,s;)} and forn > 0,

$F =Gty . if1 €8, (n+ 1)d)

¢) 7 = max{g) T, Vo)), ift =né. (5.14)
0T = max{e) ", Vio,rnsi}. if = nd.

We leave the proof of the following Lemma to the reader. It relates both definitions.

Lemma 8 The delta density evolutions ,0,'S o+ defined in (5.13) and the delta interface
evolutions qbf o+ defined in (5.14) are related by

r

$PEr) — PG =20r — 1) — 2/ oSG dr. (5.15)

r/

The initial data are related by ¢(0) = ffoo(l — p(r)) dr (this is the same as
fooo p(r)dr as p € R); this fixes the vertex of the cone of ¢ at the origin.

5.4 Hydrodynamic limit of the delta particle process

We now study the hydrodynamic limit for the delta particle process defined in Sect. 5.2.

We introduce partitions D@ of Z into intervals 7© of length ¢ where, denoting by
1 )SE) the interval which contains x, 1(;2) = [0, £—11(D® is now completely specified).
We take £ equal to the integer part of e P with g € (0, 1), p € LR, [0, 1]) and (by
an abuse of notation) we write

1 1
AL =5 3 0. ALw) =% [ peyar (5.16)

yerl® e1®

not making explicit the dependence on ¢.

Introduce an accuracy parameter of the form €%, 0 < o < B; the parameter 8 €
(0, 1) is fixed while o will change at each step of the iteration scheme used in the
sequel. Let G, o p(p)be the set of particle configurations which (e, a, B)-recognize
the macroscopic density p € R defined by:
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Gea,p(p) = 1n € X : |eL(n) —L(p)| + |eR(n) — R(p)]

<&, sup AP - AL (p)| < 8“} ,
xeZ\ (UL}

£ = integer part ofe ?, 0<a<p<l, (5.17)

where L(n) and R(n) are defined in (2.1), and I, is the smallest D® measurable interval
which contains both L(7) and e 'L(p); I is defined analogously with reference to

R(77) and R(p).

Proposition 3 Let p € R and ng"s’i € Ge.a,8(p), then for any o' € (0, o) such that
o;l/ < min{g, 1-5, %} the following holds: for any k > 1 there are coefficients cy so
that

PSS € Gow po) ™)) 21— crs* (5.18)

Remark By iteration the result extends to any finite macroscopic time interval and we
also have:

Corollary 3 Under the same assumptions of Proposition 3, for any integer m > 1
and for any k > 1 there are coefficients cy so that

m
P [ﬂ{nj‘%j; € gg,a/,ﬂwﬁf)}} > 1 — crek (5.19)
n=1

To show Proposition 3 we need to control the position of the quantiles R* and

L” of the process evolving with the exclusion by the macroscopic time 8s~2. Here
a = A,—;, b = B,—, which are Poisson processes of parameter ¢j. These bonds
only depend on the exclusion dynamics governed by L.
Sharp convergence of the exclusion process to the solution of the heat equation Abusing
notation denote (7;n) the process in X with initial configuration n evolving only with
the exclusion generator Lg. The SSEP evolution is close to a linear diffusion in the
following sense: for any n > 2 there is ¢, so that for any # > 0

sup  U(xg, e Xs 1)] < cut Y8 (5.20)
where Z’;& is the set of all n-tuple of mutually distinct elements of Z,

v(xp, X 1) = E [H{Tm(xi) - ut(xi)}} (5.21)

i=1
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hereafter called v-functions, and u; (x) solves the discretized heat equation

du ) _ 1, _ ! 1 -2 = 522
Pl Mz(x)—z(ur(xﬂL ) +us(x — 1) = 2u,(x)), uo=n (5.22)

(5.20) is proved in [4]. The solution of (5.22) is

w (X) = D pi(x, )n(y)

YEZL

p:(x, y) the transition probability kernel of the symmetric nearest-neighbors random
walk. The solution of the heat equation starting from p is G;p (recall (5.11)). Thus,
since n € Ge o,8(0)

2, (x) — Gyp(ex)| < ¢ (8t_1/2 Lel=Bm12 gy et_l/zs_(l_“))
< (elfﬂf”z + s“) (5.23)

The proof of the first inequality is done by changing u,—,(x) into G, p(ex) in succes-
sive steps:

— Replace p,—,(x, y) by G;(ex, €y). By the local central limit theorem the error is
bounded by the first term on the right hand side of (5.23).

— Replace G, (ex, ey) by its average in the intervals EIZ(Z) of length £!~#, hence the
second term on the right hand side of (5.23).

— The contribution of the difference between averages of n and p in good intervals
(i.e those not in I U I}) is bounded by &%, the contribution of the intervals in I; U I
by et ~1/2g=(1—)

— We finally reconstruct in each interval e/ Z(E) the correct term from G, p (ex) with an
error given again by the second term on the right hand side of (5.23).

Bounds on |A§C£)(T872,n) — ,(f)(,o,)l. Forany x € Z

AT, 2,m) — AL (o) < |AD (T, 2,m) — AL (2, | +AL (u,—2,) — AL (o)
< A (T2 = AL ) (6117126

(5.24)
by (5.23). We are going to show that for any integer n,
E [|A§P(T€_z,n) - A)(f)(ug—ztﬂzn] <c (5’3" + [ts_z]_”/“) (5.25)

Proof of (5.25):

— We expand |A,(C£)(Tg_2tn) — .A)(f) (us_zl)|2" getting a sum of products of factors
Ne—24 (z) — usfzt(z).
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— Each term of the form (n,-2;(x) — ugfzt(x))k with k > 1 can be rewritten as
¢ + ! (ng-2;(x) — u,—2,(x)) with constants ¢ and ¢’ not depending on 7. ¢ and ¢’
depend on the value of u,—2, (x) but that each of them is always smaller (in absolute
value) than one.

— Thus E[I.A;E)(Tgfztn) - A)(Ce)(ugfztﬂz"] is a sum of product of constants times
v-functions. We then use (5.20) to get (5.25).

Let y > 0, then since n € G, o, (p),

> PITom) =1=ce", D PIT,omx) =0] < ciet

x>e~ 1=y x<—g—l-v

Asa consequence

P [R(Trz,n) <e 17V (T, = —e‘l—y] > 1— ek (5.26)
By the hypotheses on p,
/ Gip(r)dr < c}&k, / dr[l — G,p(r)] < cj&*. (5.27)
r>=eg=v r<—e-?

which proves that

[x|=e~1-7

P [ sup  |AO(T,2,n) — AD(Gp)| < c,gsk] >1—clek. (5.28)
We shall use (5.28) to prove that for any &’ as in Proposition 3

P [sup A (T,2m) — AL (Gip)| < ea’} > 1 — cpek. (5.29)

x€Z

By (5.28) and (5.24) it suffices to prove that for any o’ as above

P [ sup A T,2,m) — AY (u,2))| < g“’] > 1 — ek (5.30)

|x|<e~1-v

which follows using the Chebishev’s inequality with power 2n for n sufficiently large
/ B 1

and (5.25), because o’ < min{75, z}.
Quantile bounds To complete the proof of (5.18) we fix « as in Proposition 3 and
take a” < min{g, 1-8,a, JT} such that @” > «’. Then there is a positive y such that
a’ =2y > a.

We now fix ¢ = § and use (5.29) (with «”’) to obtain bounds for the quantiles defined
in (5.10) and (5.7). Recalling (5.10) let

. "
R = e R/ (Gsp) + e 1H¢ 27,
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Then
e~V

Pl 20 T =& / Gsp(rydr| < ce®’e™! 7 | = 1 — e,

/ —1—
R'<x<e v %

On the other hand by the definition of the quantile R/®(Gsp) and by (5.27)

eV 00 &R’ 9]
/ Gsp(r)dr = / Gsp(r)dr — / Gsp(r)dr — / Gsp(r)dr
er’ RIS (Gsp) RI%(Gsp) e

< jé— e "2y

with¢’ = min{G;sp(r) : |r —R/%(Gsp)| < 1} > 0. Hence with probability > 1 —cek,

/
" ” C
€ Z T.25n(x) < j8 —c'e¥ 72 4 ce% 7V < j§ — 5

R'<x<e~1-7

"_
&% 2y

Let R (1)) be the quantile defined in (5.7) with b = B,—25, B a Poisson process of
rate je. Observing that for any x > 0

P (|EB€723 - j8| < 8%_'() > 1 — ek

we get that for « small enough and with probability > 1 — ¢k,

/
1 C "
e E T,—25n(x) = €B,—25 > jé§ —e2 " > j§ — 58“ —2
x=RO(T _24m)
>e¢ E T,—2sn(x)

R/ <x<e~1-v

that implies R®(T,25n) > R = ¢ 'R/*(Gsp) + 17" =2, Using an analogous
argument for the lower bound we get

P(|eR? (T, 251) — R7*(G3p)| < % 7%) > 1 — cpe®,

a L Js o’ =2y k. (5.31)
P(leL*(T,—25m) —L/°(Gsp)| < ¢ ) > 1 —cpe";

the second inequality is proved by using the same arguments fora = A,—25, A being
a Poisson process of rate €j.

Proof of Proposition 3 By the definitions (5.9) and (5.13),

£,8,— A > ,B _ 8,— )
n8*28 = %25 P 26T£,2877’ Ps =TIV GS,O
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Since the left and right boundaries after applying I are the quantiles before applying
it, inequality (5.18) for the delta— processes follows from (5.29) and (5.31). The same
argument applies for the delta+ processes. O

5.5 Hydrodynamic limit of interfaces

Proof of Theorem 4 We call T > 0 the time ¢ fixed in Theorem 4. For each n € N

we let § € {r27"} and consider the evolutions (Sf"s’i) in a bounded time interval,

t < T = 2¥Nt"§ = 2N¢, N an arbitrary, fixed non negative integer. We have by
(4.14),

bk 5+
€6, Y s 15 (0) — €6.555(0)

= 26B, 21y — 26Boags 26 D 000 =26 D 0 (0 (5.32)

x>0 x>0

By (4.7) fork=1,...,2" "V and x > y,
x—1
00 (x0) — e85 () = 26 (x — y) — 26 D 0P () (5.33)
=y

By (5.19) and (5.32)—(5.33)—(5.15) we then get that for any y > 0 and any ¢ €
(k8 : k < 2N+m

lim P [sup |eE50F (x) — ¢ T (ex)| = y] —0 (5.34)
x€Z

e—0

In the next section we shall prove that for any #:

tim sup |67 " () — 77| =0 (5.35)

=0 eR

and that there is a function gbt(f)(r), reR,t >0, sothat

6" () — ¢f 27""(r)‘ =0 (5.36)

lim sup
=20, eR

Then by (5.34), (5.35), (5.36) and (5.6), for all y > 0,

lim P |:sup 1e£“), (1) — ¢ (ex)| = y] =0, teT(1) (5.37)
e—0 xeZ

where

T(t) = k27"t k e N,n € N} (5.38)
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Since t € 7 (t) we have proved (5.4) fort = t and since t was arbitrary, Theorem 4
is proved. o

6 The macroscopic evolution

In Sect. 6.1 we prove that as § — 0 the macroscopic delta processes converge—that
is, we prove (5.35) and (5.36)—and that ¢, is well defined by

¢ =lim g%, >0
§—0

We also collect some properties of the macroscopic evolutions ¢, and p;, in partic-
ular monotonicity properties of ¢; and existence of boundary points for both motions.
In Sect. 6.2 we construct macroscopic stationary profiles.

6.1 Existence and regularity of the macroscopic profiles

Proof of (5.35) and (5.36) Let t > 0 and § € {r27", n € N}. We shall first prove by
induction on k that for any such §,

sup |¢05"(r) — ol ()| < Jjs. 6.1)
reR
(6.1) holds for k = 0 because

o0 (r) = max{go(r), j§ + Irl}, 90T () = po(r).

Suppose next that (6.1) holds for k — 1, then by the maximum principle (for the
linear heat equation),

90 = 0lidy_ )| = js
hence (6.1) holds for k because
o157 = max {g5 (), i+ D8+ 11}, g5 () = max { @l (). jks + 111}
(6.1) and (5.35) are thus proved. It is not difficult to see that
¢18’_(’”) < ¢,8,’_(r), ¢,8’+(r) > ¢f,’_(r), 8 = k&' for some integer k > 0
Thus for any n € Nand r > 0
o7 =TT =67 ) 6.2)
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Hence for any fixed ¢, ¢/ 2_”’_(r) converges pointwise to a function that we call
qb,(r)(r) (it may depend on 7). Since by definition |¢f’i(r) — ¢f’i(r’)| < |r —r’|, the
convergence is in sup norm and (5.36) is then proved with qb,(r) (r) a Lipschitz function
with Lipschitz constant 1. O

In the next Theorem we prove that qb,(r) is independent of t and also regularity

properties of this function.
Theorem 5 The function d)t(r) is independent of T and will be denoted by ¢; (the same

as in Theorem 4). ¢, is continuous in r and t, more precisely there is ¢ > 0 so that for
allt, t' such that |t —t'| < 1l and all r and v/,

g (r) = (N < eIt =1, | (r) — g )| < |r — 7] (6.3)
Denoting by §,, any sequence of positive numbers such that §,+1 = 8, /2 then

¢ = lim ¢"*, Vi >0, (6.4)

n—00
with ¢f """ monotonically increasing and ¢>,5 not monotonically decreasing.
Proof Lett > 0 and s > 0, recalling (5.11) we have
God™ (1) < () < Gogy " (1) + (s +9). (6.5)
The first inequality is obvious. We have

Borns = max{Gsgpy . jk+ 18 + |r]} < max{Gseps + j8, j(k+ D)8+ |r]}
— j5+Gsoy

because q&,‘zé_ > jké + |r|. We then get the last inequality (without the term j&) for
t = hé, h € N. If instead t € (hd, (h + 1)6), then

5,— S— .
Pinys < Garns—19y +Jo

hence (6.5).
Since ¢~ (r) is Lipschitz, it follows from (6.5) that |¢5 (r) — ¢2 ™ ()] < e+/5 +
j(s 4+ jd) and, by taking § — O,

6.7 (1) — ¢ ()] < eIt — '], forallrand |t —1'| < 1 (6.6)

We shall next prove that qb,(r)(r) is independent of 7. Obviously qbfr)(r) = ,(T/)(r)
if, recalling (5.38), ©/ € 7 (t) (or viceversa). We next suppose that T and 7’ are not

related in such a way. We fix T > 0 and want to prove that ¢(Tr)(r) = ¢(Trl)(r). Let

@ Springer



Symmetric simple exclusion process with free boundaries 185

8 < & and k such that k§ < 8’ < (k + 1)8. Then

¢y (r) = max{Gy sy (). j&' + Irl}
< max{Gy_gsy (r) + j (8 = k8). j&' + [rl} < ¢~ (r) + j (5’ — kb)

because ¢25 (1) > jks + |r.
By iteration ¢5T’,— < ¢5T’_ + jNS if N is the cardinality of {k : k8’ < T}. Thus

¢5’,_ <¢8’_+CT£
T — 7T 8

Take 8’ = 727" and § = 727". Take first n — oo and then n’ — oo to get
d)(Tt ) < ¢(Tr). The opposite inequality holds as well by interchanging § and &’ in the
previous argument. O
Proof of Theorem 1 From (5.4) we getforall y > 0

1
lim P (suple > ns(0) = 5 (e —a) — [#i(eb) = di(ea)l}| > y | =0

-2
0 te
& a<b| oiela.b]

Since ¢; is Lipschitz there is p; € L' such that, given any r( € R,

r

¢:1(r) = ¢ (ro) +/ (1=2p,(r")) dr’ (6.7)

r0
and since by (6.3) the Lipschitz constant is 1, p; has (almost surely) values in [0, 1]
and this proves (1.2). We prove in Theorem 7 later that p, € R, i.e. —00 < L(p;) <
R(ps) < o0. O

Proof of Theorem 2 For any t and 4§,

b b

5,— 1 8- 5,—
/m mw—/mmm—i@ﬂww,@ﬂm @—¢@) ©8)

a a

Let §,, := 27"6, then from (6.4), for all r

G () < () < BT (r) (6.9)
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so that from (6.1) and (6.8)

b b

— 1 B B
/pf’“ (r)dr_/Pz(r)drSE( B =6 S0 H) T @9 @) < o

a a

(6.10)

m}

6.2 Stationary solutions

We say that a macroscopic interface ¢ € Vj is stationary if, ¢g = ¢ implies ¢, =
¢ + 2jt. A macroscopic density p € R is stationary if pg = p implies p; = p. Here
¢, and p, are the dynamics given by Theorems 4 and 1, respectively.

If ¢ is stationary, then the density p associated to ¢ via (6.7) is stationary because
by (6.7)

r r
/ (1 — Zpt(r’)) dr' = / (1 — Zpo(r’)) dr’, forallrg, randt >0
ro ro
Let
0, forr > -
_ . T 2jr? 4 g, forlr| < 4=
p(r) =153 —2jr, for|r| < i o(r) = J 7 (6.11)
] Ir], forr > i
1, forr < —3; J

Theorem 6 The macroscopic interface ¢ and the associated macroscopic density p
are stationary.

If éés) approximates ¢ in the sense of (5.2), then the theorem says that the rescaled
interface process as seen from its vertex converges in the sense of Theorem 4 at any
macroscopic time ¢ to the initial value ¢ shifted by 2jz. An analogous statement holds
for the particle process (but the stationary density profile does not move).

Theorem 6 is proven in the next section by introducing a deterministic harness
process on RZ, adiscrete time process that approaches ¢, and whose stationary solution
is directly computable.

6.3 Monotonicity

We collect some monotonicity properties of the macroscopic interface inherited from
the microscopic dynamics. We tacitly suppose hereafter that the initial data ¢ € V,,
namely that ¢ (r) = V,(r) = |r| for all |r| large enough.

The following lemma is a direct consequence of the definition of ¢;.
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Lemma9 Foranyt > 0, ¢;(r) > (Ir| + jt), r e R, and

lrlli_r)noo 1p:(r) = (Ir[ +jO| =0

Proof Lett = tk2™". It follows from the inequality ¢; T < < o 27F that
there is R = R, ; so that

Irl+jt < (r) < Irl+jt+27"), [r| = R.
i

We shall next establish inequalities relating evolutions with different values of j,

we thus add a superscript j writing qb,(j ) and d)t(j 5E)
Lemma 10 Ler j < j' thenforallt > 0
o) —jr= ! — j1. (6.12)

Proof 1t is enough to prove that
o = js = w0 - e, ite =
Let L/, R’ be such that
IOy = Geyr(r), U <r <R, and g7 (r) = |r| + j8 elsewhere

By the maximum principle Gs¢ > Gsy, then

and a fortiori:

By definition ¢\* () > |r| + j8, r € R so that
j,0,— . i’8,— . .
¢y =+ je =y ) — (= s, g (LR)
which concludes the proof. O
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6.4 Existence of boundaries

Recall the definition in Sect. 5.3 of the boundaries L(p), R(p) of a density p € K.
They are also the boundaries of the interface ¢, which corresponds to p;.

Theorem 7 The boundaries 1.(p;), R(p:) of a density p; as defined in Theorem 1
starting from p € R are finite. In other words, p € R implies p; € R.

Proof We shall prove the theorem in the framework of interfaces. We thus want
to prove that the boundary points of the interface are finite, that is, —oo <
L"), R(@Y)) < oo for initial p € R and all # > 0. Let ¢/ be the station-
ary interface for the j’-evolution. If j/ < j is small enough, ¢ < ¢\") so that, by
Lemma 10,

¢t(1) —jt < (/St(] ) _ j't =Y.
This implies that the boundary points of d),(j ) are bounded by those of ¢/ ) and the
theorem is proved. O

7 The harness process

We consider now the (deterministic) Harness Process proposed by Hammersley [8]
with “moving cone” boundary conditions and prove that with the diffusive scaling this
process also converges to the macroscopic evolution ¢.

Let H : Z — R and define the operator & by

O — H(x —1) er H(x+1) o

but to keep notation light we drop the parentheses and write ® H (x). Let (H,(x), x €
Z,n € Z%), H,(x) € R be the deterministic process satisfying the discrete heat
equation:

Hyi1(x) := O Hy(x) = ©" T Hy(x) (7.2)

Here n is time and x is space.

Duality Let X, be a symmetric nearest neighbors random walk on Z with X = x
and p,(x,y) := P(X; = y) the probability that the walk goes from x to y in n steps.
Then, a simple recurrence shows that

Hy(x) = D" palx, y) Ho(y) = E(Ho(X}})) (7.3)
YEZL
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Traveling wave solutions A family of traveling wave solutions of this process are
H(x) = ax® + b,
where a and b are arbitrary constants. Indeed,
H, = ©0"H = H + 2an. (7.4)

Moving boundaries For v = (v, 12) € Z x R, let V,, : Z — R be the cone defined
by Vy(x) = |x — v1| + vp; call v the vertex of V. Let

Hy :={K :Z — R : K(x) = V,(x) for all but a finite number of x € Z}
H = UyezxrHy

For K € 'H, define

LK) :=min{ €Z : KL+ 1) # V,(£+ 1)}
R(K):=max{{ € Z : K({ —1) # V,(£ — 1)}

The harness process with moving cone boundary conditions and initial interface
K}, € H(0,0) is defined for n > 1 by

K)(x) := ma{OK’_ | (x), Vio.2m) (X)) (7.5)

So that K,Jl € H,2mm)- B B
A travelling wave solution K of this process is associated to H': if the initial interface
is given by

1 2 1
= T + 2J-x ) |x| S a
Rlx)y=1%® a (1.6)

0 I XL k=

then the evolution (7.5) at time n gives a translation of the initial interface:
K} (x) = K} (x) + 2in. (7.7)

The sides of the cone y = |x| are tangent to the parabola y = é + 21x? at the

: -1 1 11
points (Z;, z;) and (g5, 77)-

Hydrodynamic limit Let K be a Lipschitz function on H and define

o (r) = (K[j,zt]([s—lr])) (7.8)
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Proposition 4 (Hydrodynamlc Limit) Let ¢; be the evolution of Theorem 4 with initial

condition ¢ and let K the evolution (71.5) with initial interface K( )(x) = ¢ (ex).
Then,

lim sup | (r) — ¢, (r)| = 0. (7.9)
=0, cR

where the rescaled process d>f€)(r) is defined in (7.8).
The proof of Theorem 6 follows from the above proposition:

Proof of Theorem 6 Taking K/ as the explicit stationary solution in (7.6) withJ = &
and ©© the corresponding renormalization as in (7.8),

¢(r) = lim O (r) = @ (r) + 2jt = p(r) + 21 (7.10)

where the first identity is consequence of (7.9), the second one comes from the sta-
tionarity of K given by (7.7) and the last one is a computation based on the explicit
expressions of K ©) and ¢. O

To prove Proposition 4 we introduce the delta processes associated to K .

The delta harness processes We define the delta harness processes K;’a’_, Ké’8’+

as follows. Take § > 1, fix an initial condition K(J)"S’_ € Ho,0), K(J)"S’+ =
max{K(J)"s’_, V0,s5} and define iteratively
KpP* = ot gk if ¢ € [[nd], [(n+ 18] — 1], n =0
K5 = max{K{5 1 Viomsan ) if n>1 (7.11)

5, .
K[Jm;fr = max{K[na] 1 Yo,mrns2n),  if n> 1

Both processes evolve with (7.1) in the time intervals [[n8], [(n + 1)§] — 1] N Z
and update the interface at times [n48]: the process delta— takes the max with the cone
with vertex (0, n527) while the process delta+ takes the max with the cone with vertex
(0, (n + 1)621). The following dominating Lemma follows immediately.

Lemma 11 If K}~ < K} < K§>F, then K>~ < K} < K}, for all € > 1; for
all 5 > 1,1 > 0. Furthermore,

sip [K}P 00 - K)o} = s (7.12)
x€Z,£>0

Hydrodynamic limit of the delta processes Take a macroscopic initial condition ¢ as
in Theorem 4. Fix j > 0 and take J = ¢j, fix § > 0 and & small such that § =2 > 1,
take 822 in the place of § and define

[e~'rD)

8.+ . je"28,+
O () = e K P
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with initial Kég) (x) = ¢ (ex), which implies
0 (r,0) = Df(r) = p(elre D).
From Lemma 11 we have

() = B = BT () (7.13)
sup (@] (r) — 97 (1)) = 25, 7.14)

rt,e

Proposition 5 (hydrodynamics) Let ¢ be Lipschitz. Then, there exists a constant C >
0 such that,

sup | @70 F(r) — @) (r)| < CrsP e 7, (7.15)
u

forany B > 0.

Proof Taket < §.In this case ¢; obeys the heat equation. Let W, be Brownian motion
with starting point r; then the solution ¢; is given by ¢;(r) = G;¢(r) = E¢(W/). By
duality (7.3) and assuming X,, and W; are defined in the same probability space,

@50 — 9fE )

= [ (pexih - o)
E ‘¢(8X[671r]) — W)

IA

<E (7.16)

[e721]

le=1r] r
EX[e,zl] - W

Céﬁsl_zﬂ, forany g >0, t <6, (7.17)

IA

where in (7.16) we used that ¢ is Lipschitz and in (7.17) the dyadic KMT coupling
between the Brownian motion and the random walk [11], Theorem 7.1.
Att = § we have

)maX {q)g,f,:l:’ V(O’[S—Za]zjal)} — max {¢§;i, V(0’32])}) < C(Sﬁgl_z'ﬁ + ¢, (718)

because the two cones differ at most by €. Changing the constant C, (7.18) is bounded
by C8P&!=28  so that iterating (7.18) [(r 4+ 1)/8] times we get (7.15). O

Proof of Proposition 4 As a consequence of (7.13) and (7.14),

b — 0] < [0 — o0 *| +
<28+ Ct8' P28 1 25

¢;S,:I: _ qu,a,i’ T ‘Cbts,&i _ @s)

Taking first ¢ — 0 and then § — 0, we get (7.9). O
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8 Conclusions

In this section we summarize the results we have obtained so far. In Theorems 4 and 1
we have proved convergence in the hydrodynamic limit to a deterministic evolution
for the interface and, respectively, the density. The limit interface ¢, is Lipschitz
continuous in space and continuous in time, see Theorem 5. At each time ¢ > 0 it
“belongs” to a cone, in the sense that there are real numbers L(¢;) and R(¢;) so that
¢:(r) = |r|+ jtforr ¢ (L(¢;), R(¢;)), Theorem 7. The limit particle densities inherit
analogous properties from the interface.

The interface evolution ¢, is characterized in terms of a sequence of upper and
lower bounds ¢f % which in the limit § — 0 become identical. qb,‘S % are solutions of
time discretized free boundary problems obtained by alternating linear heat diffusion
and motion of the boundaries.

We miss however a proof that the limit evolution satisfies the free boundary problem
described in the introduction for the particle density. We do know however that the
stationary solution of (1.7)—(1.8) is indeed stationary for the limit evolution, Theo-
rem 6. The formula for the velocity of the boundaries is quite natural once we observe
that the levels of the solution of the heat equation have velocity —p;"/(2p;) (p' and
p” the space derivatives of p). To get (1.8) we need to add the information that at the
endpoints o’ = —2j which is consistent with the analysis of the stationary solution.

We have proved in Theorem 3 that there is a stationary measure for the particle
process at fixed J = je > 0; we miss however a proof that in the limit ¢ — 0
it becomes supported by the stationary solution of (1.7)—(1.8), even though this is
stationary for the limit evolution.
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