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Abstract. Extended trigonometric series of uniform convergence are proposed as a method to solve the nonlinear
dynamic problems governed by partial differential equations. In particular, the method is applied to the solution
of a uniform beam supported at its ends with nonlinear rotational springs and subjected to dynamic loads. The
beam is assumed to be both material and geometrically linear and the end springs are of the Duffing type. The
action may be a continuous load ¢ = ¢g(x, t) within a certain range and/or concentrated dynamic moments at
the boundaries. The adopted solution satisfies the differential equation, the initial conditions, and the nonlinear
boundary conditions. It has been previously demonstrated that, due to the uniform convergence of the series, the
method yields arbitrary precision results. An illustration example shows the efficiency of the method.
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1. Introduction

Classically, the dynamic behavior of problems governed by partial differential equations are
addressed by means of a Galerkin-type technique with a separation of variables, using a
trial function in the space domain. Other alternatives include the harmonic balance or mul-
tiple scale methods. Also, purely numerical methods such as Runge—Kutta and other time-
integrative techniques are in common use.

In any case, the solution obtained is approximated. Since the spatial mode shape is not
evident when the boundary conditions are nonlinear, the measure of the magnitude is not
available with some of these methods. Nor is it possible to obtain using symbolic algebra
packages or standard finite element algorithms.

In this paper, the nonlinear differential problem is solved using an original methodology
which yields arbitrary precision results. The method is based on the use of an extended
trigonometric series of uniform convergence that has been applied previously for finding the
solution of a wide variety of boundary-value problems [6-9]. The tool is called WEMI or
simply WEM and leads to a generalized solution. Also, initial conditions (IC) problems were
tackled with this technique [10]. When dealing with partial differential equations, with bound-
ary conditions (BC) + IC, this type of methodology is usually applied to the space domain and
integration techniques (central difference, Newmark methods, and so on) are used for the time
domain [11]. In particular, the title problem was solved in [12] using WEMI1 for the space
variable. A linear problem governed by a partial differential equation (BC + IC) was analyzed
using WEM1 and reported in [13].
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Figure 1. Linear beam supported on nonlinear springs and subjected to a dynamic load.

Alternatively, two-dimensional series of a-priori uniform convergence have shown great
efficiency in finding a nonvariational solution that satisfies, in the domain, the differential
equation and all its boundary conditions. The first author has described this methodology in
[14] where alternative variants are shown. For the sake of order, let us call the method herein
employed WEM2.

So as to illustrate the type of extended series to be used, described briefly in Appendix A,
let us introduce ¢ = ¢(x, y), a continuous function in {D : 0 < x < 1,0 < y < 1} such that

|pyn —¢| = 0, M,N — o0 in D,

i.e. uniform convergence will hold. ¢,y (x, ¥) is a two-dimensional extended uniform conver-
gence series. Among infinite possibilities and with an appropriate selection of the constants
Yij» Y0j» Yios Y00, €, €, Ao, bp and k, we may write

O[iO[j (Xj

e Yij al Y08 ()
dun(x,y) = E E si(x)si(y) +x ao+§ e
i=1 j=1 j=1

2 yiosi (x) Yeisi(0) s (x)
+y[bo+z 101. :|+Vooxy+z#+2%+k-
i=1

i j=1 &j i=1 !

The following notation was introduced

a, = mm,

Sm(x) =sinayx,  $,(y) =sina,,y, cu(x) =cosa,x, c,(y) =cosay,y,

(m —integer,m > 0,m =1, j).
In this paper, the dynamic response of a uniform straight beam, supported at its ends with sim-
ple supports and nonlinear rotational springs of the Duffing type, is studied. Several authors
have addressed the study of systems with nonlinear boundary conditions (see, for instance,
[1-5]). The beam is subjected to a continuous load and/or dynamic concentrated moments
acting on the springs. Methodology WEM?2, using the above introduced sequence, yields

arbitrary precision results. The validity and efficiency of the method proposed in this paper
are illustrated through a numerical example.

2. Problem Statement

Let u = i(X,t) be the dynamic response of a homogeneous, uniform, and straight beam
supported at its ends by simple supports and nonlinear rotational springs and subjected to a
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load ¢* = ¢(X, t) continuous in0 < X < L and T* >t > 0, as shown in Figure 1. The beam
is elastic with modulus E, mass density p, length L, cross section area F, and baricentric
moment of inertia J. Its motion is governed by the partial differential equation

Uxxxx + ai = q* (D

and, Vt, subjected to the following nonlinear boundary conditions (BC)

EJiuxx(0,1) = ajix(0, 1) + yg iy (0, 1) — M (1), (a)
BC EJiuxx(L,t) = —(ajux(L,t) + y/uy (L, 1)+ M} (1)), (b) @)
1(0,1) =0, (©)
u(L,t) =0, (d)
and also verify, VX, the following initial conditions (IC):
. w(X,0) =Uj(X), (a) 3)

i(X,0) = Vi(X), (b)

where a*> = pF/EJ, a* and y* are the end spring constants, and Mg and M are the bending
moments function of 7 applied at X = 0 and X = L, respectively (M (1) = u f ), Mj(t) =
w; &(t)). We denote (e)x = d(e)/3X, (¢) = d(e)/3dt and so on and U (X), V; (X) are known
functions of X that fulfill BC (2) at t = 0.

In conclusion, this work deals with the dynamic study of a (both material and geomet-
rically) linear beam that should fit end supports with springs of nonlinear response. In the
present analysis, the reacting moment is assumed as a cubic function of the end rotations. This
nonlinearity is chosen in order to fix ideas. Other types of nonlinearities may be introduced in
a similar way.

The solution of the problem will be tackled by means of an extended series (of the type
introduced in Section 1). Then a change of variable becomes necessary so that a ‘unitary’
domain {D : 0 <x < 1,0 <y < 1} is considered. We define

., (@
, (b

and [0, T'] is the arbitrary interval of time of interest 0 < 7" < T* for which the response
is found. .Since_we denote (o)’ = d(e)/0x, (o) = d(e)/dy, it may be observed that (e)y =
(o) /L, (o) = (8)/T, etc.

We also introduce the following notation

a*=a”L*/T* ay=alL/EJ; yo=vi/LEJ; o =ajL/EJ; yi=y//LEJ

and

X

“

NS

y

v=v(x,y) =i(Lx, Ty) (a)
4
q=q(x,y) =q(Lx, Ty)E—J (b)
Uy = Up(x) = Uj(Lx) (© ®)
Vo = Vo(x) =TV (Lx) (d)
L2 L2
Mo(y) = MS(Ty)E—J; M(y) = MZ(Ty)E—J. (e
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Finally, the nondimensionalized differential problem is

V" +a’v = q(x,y), (6)
V"(0, y) = v’ (0, y) + 101 (0, y) — Mo(y), (a)
V(L y) = —la' (1, y) + v (1, y) + M), (b)

BC 7
v(0.y) =0, © @
v(l,y) =0, (d)

v(x,0) =Uo(x), ()
I
C{ v(x,0) = Vo(x). (b) ®
For the sake of simplicity and without loss of generality, we impose
q(x,y) =0, (a)
JFO=80)=fTy)=8gTy)=f(»), (0 ©)
Mo(y) = 1o f (), (©)
Mi(y) = w1 f(y). (d)

That is, we accept, that the motion is produced by M,(y) and M;(y) at the boundaries, which
vary with different magnitude in a similar fashion according to f(y) (known). It is assumed
(always possible) that f(0) = 1.

3. Proposition

This proposition will lead to the solution of the nonlinear problem and consists in express-
ing the largest order derivatives in each variable by a series of uniform convergence in two
dimensions. The methodology imposes the following type of expanded series in sines (recall
the Introduction):

M N M
pun(x,y) = ;; ——sisj +x a0+ZVOJJ —I—y(bo—i-;%%isi)

= %
M eisi e
+yooxy+Z%+Z#+k, (10)
i=1 j=1

which is selected to represent both v and v, naming them v/lw and 5, respectively (see Equa-

tions (11) and (12) below). In this equation and in what follows, s; = s;(x),s; = 5;(y), etc.
From P; of Appendix A, since v(0, y) = v(l, y) = 0, (Equations (7c) and (d)), it is true that
v(0,y) =v(,y) = (0, y) = (1, y) = 0. If the satisfaction of the differential equation (6)
with ¢ = 0 at x = 0, 1 is required, the additional result yields y’ (0 y) = vw(l y) = 0.
From these conditions applied in Equation (10) and taking into account expansions of the

type (A13—A15) in the variable y, significant reductions are obtained, as is shown below.
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Consequently, by imposing U;W and v, and integrating successively, we have

v/llLN - Z Z Al]sls] +y Z Ajosi + Z a;oSi, (a)

ll]l
M

% Aijcis; z AioCi aioCi
TIPS B DEICLINES SLT L CRWITE: ®

i=l j= i=1 - %

M X Asis Y Avos Y aios
" ijoivj 109§ lOl
My ==L 0 et =Y Y = Y H xR0 H RG). (@)

M XN Ajicis MAc Mac x2
o ijCiSj i0Ci i0Ci
Vi =D 2 3 +y) =) w 20w

1 j=1 =
+ xF2(y) + F5(y), (d)
M N M M
Ajjsis; AjoS; aipsi | X
UIMN:ZZ ]4]+yz o +' o +EF1()’)

+ Fz(y) +xF3(y) + Fa(y), (e

(11)

where A;;, A,-o, a;o are unknown constants and F,,(y) (m = 1,...,4) are integration func-
tions. All the series are uniformly convergent. We use the same reasoning to expand the
derivatives with respect to y.

VZMN = Z ZBl]sls] +y Z Bios; + Zbl()sta (a)

i=1 j=1 =

- lslc y
Py =D Y losi+yZbl~osl-+G1(x>, ®) (12)

M
i=1 j=1 i=1 i=1
M

M N M
lsl y y
V== ) iy T 2 biosi +YG1@) + Ga(0), (©
i ] i=1

where B;;, Bjo, bjo are unknown constants and G,,(x) (m = 1, 2) are integration functions.
Again, the uniform convergence is verified. With this methodology, not only should the
differential problem (6-8) be verified but also the obvious consistence condition

tOsi +

Vigy = V2w Y(x, ¥). (13)

Without loosing generality, we assume the case of ¢ = 0. As is shown in Appendix B, in
order for the IC to be satisfied, My and M; should not be simultaneously null. Before going
on with the algebra, let us write the expressions of Uy(x) and Vy(x) (see, Appendix B for more
details).

Uo(x) = x(1 — x)[6p — (6 + O1)x], (a) (14)
Vo(x) = x(1 —x)[2o — (20 + 21)x].  (b)
Recall that we have introduced the notation
6y = v:(O, 0); 6, = v_’(l, 0), (a) (15)
= 1/(0, 0); Q=v({1,0. (b
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The relationship among the 2’s and the 6’s is stated in Appendix B as well as the pp and p;
expressions as function of 6, and 6,.
From the boundary conditions (7c) and (7d), it is found that

Fy(y) =0, (@)
Fi(y) = F(y)
- 4 5 + F3(y) =0, Vy, (b) (16)
G1(0) = G,(0) = 0, (©
Gi(1) = Gy(1) = 0. @)

The fulfillment of the initial conditions (8) gives place to (taking into consideration also (16b))

U 1091 F F.
Yo HE (D) 2w = D = Uo). @

i=1 &
G, (x) = Up(x), (b) (17)
M N
Bijsi
=22+ Gi) = Vow), ©

J

i=1 j=1I
where we introduced

{ Fi0O=Fo (=12, (@
Fih=Fp (G=12. (b

Before stating generally the remaining boundary conditions (7a) and (7b), let us write them in
y = 0, making use of (11c), (15a), (16b) and Appendix B. Thus, we obtain

(13)

Fio =60+ 01); Fy = —2(260 + 6,). (19)

Now expressions (15a) with (11d) and (16b) for y = 0 may be written as

M
aio  Fio Iy
DD e S il
i= 1 1 (20)
a; F; F
Z( ) 0, 10+%:91' )

It is interesting to find from (17a), (19) and (14a) that
aio=0 (i=12,...,M). 20

Finally, the statement of boundary conditions (7a) and (7b) for any y using Equations (11),
(16b) and (21), yields

{ F>(y) = —aolAo(») + @M1 = vl Ao(y) + @o(WT* — Mof ), (a) 22)
Fi(y) + F() = ailAi() + oD+ rilA () + eF =i f (), ()
where the following notation has been introduced:
{ Ao(y) = @®[So(y) + yZol,  (a) (23)
M) =a i) +yZil,  (b)
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1
wo(y) = E[Fl ) + 3R ()], (a)

1
p1(y) = _6[2F1 M +3KRM] b)
Fi(y) = =6leo(y) + o101, (a)

24
Ex() = 22000 + ¢1(0]. (b) o

and, at the same time,

M

2So(y>——ZZA”S’ *Zy = Z (a)

i= l] 1 i ; (25)
R

w|°>

b'A, 1A,
2sl(y>——ZZ( ) Rk ED A0 )

i=1 j=1

From Equations (24), we may write F;(y) and F,(y) as functions of ¢;(y) and ¢,(y). Then
Equations (22) may be written as a system of cubic equations in ¢y (y) and ¢;(y)

Yo% + 300v093 + BGroAf + 4 + ao)go

+ YA +aoho + o f(Y) + 201 =0, ()
1@} + 300197 + GriAT + 4+ a)g

+ YA} + oAy — i f(y) +200=0.  (b)

(26)

NOTE: In the linear problem, yy = y; = 0, the system (26) is 2 x 2 linear in ¢y(y) and ¢;(y).
In order to finish this cumbersome algebra, one should impose the fulfillment of the
differential Equation (6) with ¢ = 0 taking into account (11a), (12a) and (21), and one obtains

M N M M
> Ay +a®Bisisi+y Y (A +a”Bio)si +a* Y bigs; =0. 27)
i=1 j=1 i=1 i=1

From the theory of extended series and factoring Z,Ai | 8i, it holds that

Aij = —azB,-j, (a)
Ajo — a®Bjo, b

0o—a"Bio (b) (28)
bio =0, ()

G=1,2,....M; j=1,2,....N).

Now, the consistence condition (13) can be also written as the following extended sine series
of uniform convergence:

Pi(x)s; + yPo(x) +e(x) = ¢(x, ), (29)

an

where
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M 2

where Equations (16b) and (28) have been used. In order for (29) to be
conditions (see Appendix A) should hold:

e(x) = ¢(x,0), (a)
Po(x) = ¢ (x, 1) — ¢(x,0), (b)
Pi(x) = 2{[¢(x, y) — yPo(x) —e(x)],s;}.  (0)

Furthermore, since

x(x2—=1)
6

x(x —1)
Fio+ >

o(x,0) = Fy

1
Pj(x)zz<%—z)3ijsi (j=12.....N) (a)
i=1 \" A{I .
Po(x) = Gi(x) +a* Y a"4 (b) 0
i=1 i
e(x) = Gy(x), (c)
21
¢wwz&fifm+(2)ﬂm——2&m (d)

true, the following

(€19

(32)

and considering expressions (19), (17b), and (14a), the condition (31a) is identically verified.

That is

e(x) = =¢(x,0) =
Also, considering (30b), (30d) and (31b), we find that

Ga(x) Up(x).

M B;os
i0Si
Py(x) = Gi(x) +a’ )y —
i=1 i
x(x2—=1) x(x —1)
= T(Fu—Flo)-i- (F21 — on)——ZBzosz-
From this equation and (17c),
M 1 a? (Fi1 — Fro)  (Fy — Fp)
11— o 21 — I'0
;Bm(g—ka—?)si%—x[ 6 > :|

3(Fj, — F 2(Fy — F
_x(n 10)+X(21 20)_V

M N Bi:s
6 2 ERDI) Der
i=1 j=1

Again, from the theory of extended series it is possible to write

(

a2
1
o;

31

1 A; 21
By = T(F“ — Fio) + Aj (Fyy

9

6

By
— Fa) = 2AVo(), i1 = 3 =,

(33)

(34)

(35)

N

(36)

j=1
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with
A=Li-Li, @ } k=i or j. (37)
Ly = ", s1), (b)

Finally, equating Equations (30a) and (31c) and introducing

{ﬂle[Fl(y)asj]v (a)
Prj = [F2(y),s;1,  (b)

we may write

(38)

P;(x)

i a 1
> (% k) o
i=1 i J

— L3
SRl VY ——ZBosl 2L Po(0) = 2Lje(x). (39)

i=1

The solution of expression (39), now with respect to x, and the use of the definitions and
expressions introduced above, permits us to obtain

2 B
a 1 0 31, 2 31 1 10
<a4 - Df) Bij = == 4 + 347 (B — LjFu+ AjFuo)

i i
+287 (B — LjFaor + A Fyp). (40)

At this stage the problem is fully stated and theoretically solved. However, this would be true
if Fi(y) and F>(y) were known. In effect, we could find the B;;’s from Equation (40) and
with them the B;y’s from (36) with which the procedure would be completed. Unfortunately,
as may be observed from Equation (22), F(y) and F>(y) depend on B;; and B;o, even if the
problem is linear.

The problem is solved by means of an iterative algorithm. This way permits us to address
with arbitrary precision any type of nonlinearity and it is not restricted to a cubic one as tackled
herein. In short, and for given M, N (number of terms in the series) and NS (number of steps
in the numerical integration algorithm) the iteration is performed over the following steps:

The initial sets {B;o}° and {B;;}° are given.

After using equivalences (28), summations (25) are calculated.
System (26) is solved for ¢y and ¢ .

Fi(y) and F,(y) are solved from system (24).

B1; and B,; are found from expressions (38).

{B; j}l are found from Equation (40) and {B;o}' using expression (36).
If the fixed precision is not attained, the iteration continues at step 2.
If finished, vy,,, or v,,,, are completely determined.

AR N
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Figure 2a. Beam on nonlinear supports subjected to dynamic end moments. g = «; = 0; yp = y| = 2; 69 = 5°;

01 = —10°; M = N = 150; NS = 300. Time-displacement (at the center of the beam) curve. Forcing frequency
o = 5 rad/sec.

4. Numerical Example

The data are given by the values of the stiffness constant of the springs g, 1, ¥ and y; and
the extreme rotations 6y and 6; for t = y = 0. Also we adopt

f(t) = cos(wr), (41)
where o is the chosen forcing frequency. Then
f(y) =coswTy. 42)

Consequently, £(0) = 1and £(0) = 0, and with this, Vo(x) = 0. A numerical example is now
reported. The dynamic behavior of a beam with symmetric nonlinear supports was analyzed
with the following parameters: og = o1 = 0; Y9 = y1 = 2. Att = 0, the rotations at the ends
of the beam were assumed to be 6, = 5°, 6, = —10°. For all the cases, the number of terms
in the series was adopted as M = N = 150 and also in a numerical integration algorithm
(Simpson) NS = 300. The interval of interest was taken as 7" = 4 sec.

Figures 2 show the response of the beam subjected to the end moments of frequency
w = 5 rad/sec (less than 72). From the time-displacement (at the center of the beam) curve
(Figure 2a) and the phase plane (Figure 2b) a period-1 oscillation may be observed. When the
forcing frequency is increased to w = 15 rad/sec, a period-2 motion is now evident (Figures 3).
Finally, the frequency w = 25 rad/sec yields different curves (Figures 4).

5. Final Comments

An alternative methodology was proposed to address problems governed by partial differential
equations, even nonlinear ones. In particular, the behavior of a beam on nonlinear supports
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Figure 2b. Beam on nonlinear supports subjected to dynamic end moments. g = o1 = 0; y9 = y1 = 2;
0y = 5°,6; = —10°; M = N = 150; NS = 300. Phase diagram. f: displacement at the center of the beam; f:

nondimensional velocity. Forcing frequency w = 5 rad/sec.

oosl

0.06+4

Lo o 2

o4t

o002+

0024
004l

008}

i " + + + i " . - %

) o8 1

L + . 4 " 3

¢ oz o4 . _ 0o
y=t/T
Figure 3a. Beam on nonlinear supports subjected to dynamic end moments. g = «; = 0; 9 = y| = 2; 69 = 5°;

01 = —10°; M = N = 150; NS = 300. Forcing frequency w = 15 rad/sec.
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Figure 3b. Beam on nonlinear supports subjected to dynamic end moments. g = a1 = 0; Yo = y1 = 2;
6y = 5°;,61 = —10°; M = N = 150; NS = 300. Phase diagram. f: displacement at the center of the beam; f’:
nondimensional velocity. Forcing frequency w = 15 rad/sec.

subjected to dynamic forces was tackled by this means. A superposition type of method
appears to be inapplicable in this example.

The use of two-dimensional trigonometric series of a-priori uniform convergence permits
us to satisfy the differential equation, initial conditions, and nonlinear boundary conditions.
Unlike Galerkin techniques, each coordinate function satisfies neither the essential nor the
natural boundary conditions and this requirement is fulfilled by the complete sequence. This
feature makes the statement systematic. On the other hand, here the variables space and time
are dealt with in the same way. The usual semi-discrete method of solving the resulting time
equations by some numerical integration scheme is not used here.

The response is analyzed in the time domain and the phase diagrams are also given. In
the particular example, a period doubling is present. A further study would be necessary to
investigate the possibility of chaos. In effect we are dealing with Duffing-type nonlinearities
that, as is known in SDOF systems, may lead to chaotic responses.

Appendix A. About the Extremizing Sequences

A.1. DEFINITIONS IN ONE DIMENSION

Letx € D(D = 1[0,1]) and f = f(x) and g = g(x) be two arbitrary square integrable
functions.

Internal product in L, (x)

1
(f. 8) E/f(ﬂ)g(n)dn- (AD
0
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Figure 4a. Beam on nonlinear supports subjected to dynamic end moments. ¢g = a1 = 0; y9 = y| = 2; 69 = 5°;

01 = —10°; M = N = 150; NS = 300. Time-displacement (at the center of the beam) curve. Forcing frequency

o = 25 rad/sec.

Figure 4b. Beam on nonlinear supports subjected to dynamic end moments. g = o1 = 0; y9 = y1 = 2;
0y = 5°;601 = —10°; M = N = 150; NS = 300. Phase diagram. f: displacement at the center of the beam; f:
nondimensional velocity. Forcing frequency w = 25 rad/sec.

Norm in L,(x)

1
0 <1212 = (/. f)E/fz(n)dn, @
0

1 (A2)

0< g = (g,g>s/g2(n>dn. (b)
0
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We make use of Reimann integrals, but within the Hilbert spaces, the integral definitions are
generalized in the Lebesgue sense. Then convergence in L, or convergence in the mean may
be defined. Let F);(x) be a series that linearly combines infinite continuous functions ¢; (x)
(i=1,2,3,...),as follows

M
Fu() =) aipi(x), (A3)
i =0

where a; are arbitrary constants. We choose {¢; (x)} such that they constitute a complete set in
L,. It is possible then that, with an adequate selection of g;’s, the following is verified:

[F(x) = Fu@)ll < e (A4)

with ¢ - 0as M — oo. F(x) is a square integrable function.
A.2. FOURIER TRIGONOMETRIC SERIES

In the series (A3), we assume that

sinimx, (a)
@;(x) {4 or (i=0,1,2,...). (AS)
CcoSimXx, (b)

From Fourier theory, both sets are complete in L, in x € [0, 1]. To reduce the notation,
o, =i, s; = Sinimwx = sino;x; ¢; = cosimx = cosa;x. Then

M
Sy =) Aisi, (a)
i=1 (A6)

M
C;t/[(x) = Z B;c; + B(), (b)
i=1

are the two types of Fourier series in the unitary domain [0, 1] and A;, B; and B, are unknown
coefficients. Using the definitions introduced above we find

0, i#j,
(cioep) =(ins)) =11 (i, j=12...) (A7)
57 L= ,/a
or
2 2 1 .
Isil®=lall"=5 G=12,..). (A8B)

2
The following convergence properties hold:

|F(x) =Sy — 0, M— oo,

|F(x)—Cyx)|| — 0, M — oo, (A9)
selecting
A; =2(F,s;), (a)
(i=1,2,...)
(A10)

{ Bi = 2(F’ Ci),

By=(F, 1), ®)
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A.3. SPECIAL PROPERTY OF C},

The series (A6b) with (A10b) verifies a property relevant for our goal (as will be shown
below). In case F(x) is continuous and not only square integrable, besides (A9b), also the
following convergence property will be true:

|F(x)—Cyl—0, M—0, Vxel01] (A11)

That is, the expansion Cj,(x) yields uniform convergence (UC) when F(x) is continuous in
[0, 1]. Evidently, with the sine series, if F(x) is continuous and F'(0) = F (1) = 0, we would
also attain UC but, in general, the sine expansions only yield convergence in L,. This feature
will lead us to introduce an extension of S}, below.

A.4. SOME PROPERTIES OF THE FOURIER SERIES

P: the derivative series dS},(x)/dx loses the convergence in L, property .

Pj: the derivative series dC,(x)/dx is convergent in L.

P;': the successive integrations of S}, (x) and Cj,(x) keep their convergence properties in L,
as the uniform one (if they originally had them).

P;: the addition of arbitrary functions in x to S},(x) and Cj,(x) at least maintains the L,
convergence. Eventually it could change to UC.

P:: the multiplication of S}, (x) and Cj,(x) by bounded, continuous arbitrary functions in x
does not modify their convergence.

These are some of the properties that will be eventually used.
A.5. EXTENDED TRIGONOMETRIC SERIES

The special property of Cj,(x) described in Section A.3 leads to a search of the sine series,
which would yield UC. This simple challenge that will be developed here, is the basis of
the methodology named WEM and it is essential for arriving at a solution of any differential
equation.

Actually the reference of the square integrable function F(x) (in general F(0) # O,
F (1) # 0) is shifted. That is, the following series

Sux) = Sy (x) +xA0+ao (A12)

is introduced. The underlined terms constitute the support function, i.e.,

M
Su(x) = Asi +xAo +ao, (A13)
i=1
where
ap = F(0),
Ay = F(1) — F(0), (Al4)
but now

A; =2{[F(x) —xAop — aol, si}. (A15)
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As may be observed, Equation (A15) differs from (A10a). In this way, from property P, it is
verified that

[F(x) = Su(x)|| — 0, M — oo, (Al6)
but, if also F'(x) is continuous in x € [0, 1], UC will be attained too.
|F(x) — Sy(x)] >0, M — oo,Vx.. (A17)
In what follows, series Sy (x) will be used instead of Sj,(x) and Cy(x) = Cj,(x).
Additionally, property P; should be changed into
Py: the series dSy,(x)/dx is convergent in L,
and we add

P,: if F(x) is continuous, from Section A.3 and P;, Sy (x) and dSy,(x)/dx have UC.

Let us give two other properties that verify integrals where S}, (x) and Cj,(x), Sy (x) and
Cu (x) are involved. They are not evident but, making use of the Cauchy—Schwarz inequality
(f(x) and g(x) square integrable),

I(F Ol = IO Ig Gl (A18)

it is easily demonstrated that if 7 = h(x) is a square integrable function, it is true as M — oo,
that

P3: (Sy.h) = (Su, h), (A19)

Py: (Cyh)1 = (Cy,h). (A20)

Ps: the successive integration of Sy, (x) or Cy(x) are UC to the corresponding successive
integrals of F(x) if F(x) is continuous. Instead, if F(x) is square integrable, Sy, (x) and
Cy (x) yield convergence in the mean. But if the first integral, f F (x) dx, is continuous,
then the first integrals of Sy, (x) and Cy(x) will be UC.

A.6. EXTENDED SERIES IN 2D

A natural extension of the above-mentioned for dimension one allows us to state the extended
series in domains of larger dimensions.

Let F(x, y) be a square integrable function in {D : 0 < x < 1;0 < y < 1}. We introduce
the following extended series:

M
Fy(x,y) = Z Ai(y)si + xAo(y) + ao(y) (A21)

i=1

or also

M
Fu(x,y) =) Bi(y)ei + Bo(y), (A22)

i=1
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in both cases
| Fp(x, y) — Fx, y)ll <, (A23)

and ¢ — 0 if M — oo with analogous definition of norm in two-dimensional domains.

After expanding A;(y) (i = 1,2,...), Ao(¥) and ap(y) in turn, according to the alter-
natives seen in the one dimension domain, infinite possibilities of extended series in the
two-dimensional domain are obtained. In a similar fashion, this technique applies to larger
dimensions. The functions A;(y), Ao(y) and ag(y) are found with expressions similar to
(A10b), (A14) and (A15) (for instance, ap(y) = F (0, y)). If F(x, y) in D is square integrable
in the sense of x and continuous in the sense of y, a new property holds:

Ps: 0F)(x,y)/dy is a L, convergence series in x and UC or L, convergent in y, depending
on the feature of 0 F(x, y)/dy.

One of the infinite UC series in two-dimensional domains is expression (10) derived from
Equation (A21). Another series of usefulness is (using (A22))

M N M N
Pun(x,y) = ZZPijCiCj + Zpi()ci + ZPOjCj + Poos
i=1 j=1

i=1 j=1

which with constants chosen in a certain way approximates with uniform convergence the
function ¢ = ¢ (x, y) in the domain D.

P f FO,y) = F(1,y) =0 = 9"F(x, y)/8y"|xzo1 = 0. In effect, if Equation (A21) is
selected with F'(0, y) = F(1,y) =0, then Fy(x,y) = ZZAL A; (y)s; of UC.

Appendix B. About the Initial Conditions

Let us analyze the initial conditions starting with

v(x,0) = ax® + bx? 4+ cx +d = Uy(x). (B1)
We denote
V' (0,0) =6y and V'(1,0) = 4. (B2)

Since, we are dealing with a supported beam,

v(0,0) =0 and v(1,0)=0. (B3)
If 6y and 6, are considered to be known, through (B2) and (B3) we find that

a=6y+6;; b=—-200+61); c=6; d=0 (B4)
and the displacement at t = 0 is written as

v(x,0) = Up(x) = x(1 — x)[6p — (B + 61)x]. (BS)
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Let us now obtain the values of 1ty and wu; (recall that po f(0) = wo and g f(0) = wu; since
f(0) was assumed to be equal to unity). 1o and | represent the moments acting at the ends
of the beam for + = 0 and their values should satisfy the boundary conditions imposed by the
nonlinear springs with rotations 6, and 6.

1"(0, 0) = o + voby — Ko

V"(1,0) = — (16 + 7167 + i), (B6)
from which py and w; result

o = (4 + o) + 261 + b, (B7)

1= —[(4 + a0 + 200 + 11671. (BS)

Now let us analyze the other initial condition (velocity at t = 0)

b(x,0) = Vo(x) = Px*> + Ox*> + Rx + S. (B9)
Since
5(0,0) =0 and (1,0)=0 (B10)

after denoting v'(0, 0) = © and v'(1, 0) = Q, it is possible to write
Vo(x) = x(x — D[Ry — (2 + 21)x]. (B11)

Now we will find out whether or not €2y and €2; are independent of 6, and 6,. From conditions
(7a) and (7b)

00, y) = ao?'(0, y) + 3yov*(0, »)¥'(0, y) — Mo(»), (B12)

0"(1,y) = =o' (1, y) + 3yv (1L, V' (A, y) + My ()], (B13)
where

Lt = fco. e
Now expressions (B12) and (B13), written at y = 0 (r = 0) yield

5"(0,0) = (a0 + 310650 — 10 £ (0), (B15)

P(1,0) = —[(@1 + 31621 + 11 f(O)]. (B16)
But, on the other hand,

77(0,0) = V' (0) = —2(2Q0 + ), (B17)

V"(1,0) = V§'(1) = 2(20 + 2€2)). (B18)

Consequently, we end up with the following linear system in €2y and 2,

o f(0) = [(4 + ap) + 3¥03120 + 292, (B19)
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1 f(0) = —[(4 + a1) + 391671921 + 29, (B20)

where 1, (1, 6y and 6; are assumed to be known. The solution is written as

VO = Vl r
Qp = Vf(o) and Q= Vf(o)’ (B21)

in which

V = 12 + 4(ap + a)) + aoay + 39003 (4 + a1) + 37107 (4 + ) + 9083167, (B22)
Vo= (4+a; + 37100 o + 241, (B23)

Vi = —(4+ a0 + 31000 11 + 21ko- (B24)

In effect, ©2p and €2, are not independent of 6, and 6; and, hence, once ) and 0, are imposed,
it is possible to know Up(x) and Vj(x).

NBif f(0) =0 = Vo(x) =0 (Y6, and ),
NB if 6y = 6, = 0 = Uy(x) = Vo(x) = 0.

Acknowledgments

This work has been partially supported by a PGI grant from the SGCyT of the Universidad
Nacional del Sur and a PID grant from CONICET of Argentina. The second author is a re-
search scientist of CONICET. The authors also acknowledge the reviewers for their criticisms
and valuable suggestions.

References

10.

Paslay, P. R. and Gurtin, M. E., ‘The vibration response of a linear undamped system resting on a nonlinear
spring’, Journal of Applied Mechanics 27, 1960, 272-274.

Porter, B. and Billet, R. A., ‘Harmonic and sub-harmonic vibration of a continuous system having nonlinear
constraint’, International Journal of Mechanical Sciences 7, 1965, 431-439.

Venkateswara Rao, G. and Rajasekhara Naidu, N., ‘Free vibration and stability behavior of uniform beams
and columns with non-linear elastic end rotational restraints’, Journal of Sound and Vibration 176, 1994,
130-135.

Nayfeh, A. H. and Asfar, K. R., ‘Response of a bar constrained by a non-linear spring to a harmonic
excitation’, Journal of Sound and Vibration 105, 1986, 1-15.

Pillai, S. R. and Rao, N. R., ‘On linear free vibrations of simply supported uniform beams’, Journal of Sound
and Vibration 159, 1992, 527-531.

Filipich, C. P. and Rosales, M. B., ‘Beams and arcs: Exact frequencies via a generalized solution’, Journal
of Sound and Vibration 170, 1994, 263-269.

Rosales, M. B., ‘A non-classical variational method and its application to statics and dynamics of structural
elements’, Ph.D. Thesis, Universidad Nacional del Sur, Argentina, 1997 [in Spanish].

Filipich, C. P., Rosales, M. B., and Belles, P. M., ‘Natural vibration of rectangular plates considered as
tridimensional solids’, Journal of Sound and Vibration 212, 1998, 599-610.

Filipich, C. P. and Rosales, M. B., ‘Arbitrary precision frequencies of a free rectangular thin plate’, Journal
of Sound and Vibration 230, 2000, 521-539.

Filipich, C. P. and Rosales, M. B., ‘A variational solution for an initial conditions problem’, Applied
Mechanics Review 50, 1997, S50-S55.



350 C. P. Filipich and M. B. Rosales

11.

12.

13.

14.

Reddy, J. N., Applied Functional Analysis and Variational Methods in Engineering, Krieger Publishing,
Malabar, FL, 1991.

Filipich, C. P. and Rosales, M. B., ‘Dynamic behavior of a uniform linear beam supported with non-linear
rotational springs’, in Proceedings of the Fourth World Congress on Computational Mechanics (WCCM),
Buenos Aires, Argentina, 1998, CD-ROM, 16 pp.

Filipich, C. P. and Rosales, M. B., ‘An initial-boundary value problem of a beam via a space-time variational
method’, Applied Mechanics in the Americas 6, 1999 361-364 [Proceedings of the Sixth Pan-American
Congress of Applied Mechanics (PACAM VI), Rio de Janeiro, Brazil].

Filipich, C. P., “Vibrations of rectangular plates via an alternative method to solve differential equations’, in
Proceedings of the 20th Iberian Latin-American Congress on Computational Methods in Engineering (XX
CILAMCE), San Pablo, Brazil, 1999, CD-ROM.



