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Experimental and Numerical Nonlinear Stability Analysis of
Wings Incorporating Flared Folding Wingtips

Fintan Healy ∗, Ronald Cheung †, Djamel Rezgui‡ and Jonathan Cooper §
University of Bristol, Bristol, BS8 1TR, UK

Thomas Wilson¶ and Andrea Castrichini‖
Airbus Operations Ltd, Bristol, BS34 7QQ, UK

Recent studies have considered the use of wings incorporating flared folding fingtips (FFWTs)
to enable higher aspect ratios - reducing overall induced drag - whilst also reducing gust loading
and meeting airport operational requirements. This paper presents the first experimental
research into the nonlinear dynamic behaviour of a wing incorporating an FFWT. Wind tunnel
tests were conducted at a range of velocities below and beyond the linear flutter boundary. The
experimental findings are compared with results obtained from continuation and bifurcation
analyses on a representative low fidelity numerical model. The results show that beyond the
linear flutter boundary stable Limit Cycle Oscillations (LCOs) form, which dependent on the
flare angle, are bounded by either geometric or aerodynamic nonlinearities. Also presented is
the effect of a wingtip trim tab on the stability boundary of a wing incorporating FFWTs. It is
found that the tab angle can significantly alter the stability boundary of the system, indicating
both that the choice of camber is an important parameter when considering the stability
boundary of FFWTs, and that a moveable control surface on an FFWT could be used ‘in-flight’
to extend the stability boundary of an aircraft.

Nomenclature

Symbols
𝛼 = angle of attack
𝛽 = wingtip tab angle
𝜂 = twist of the flexural axis
Γ = dihedral angle
Λ = flare angle
𝜌 = material density; air density
Rn (𝑚) = rotation matrix about 𝑛th axis by𝑚 radians
𝜃 = fold angle
q = generalised coordinates
𝑎 = lift curve slope
𝑏 = wing semi-span
𝑐 = chord
𝐶𝑑 = drag coefficient
𝐶𝑙 = lift coefficient

𝐶𝑁 = normal force coefficient
𝐸𝐼 = flexural rigidity
𝐺𝐽 = torsional rigidity
𝑘 = reduced frequency
𝑀 = number of bending shape functions
𝑁 = number of torsional shape functions
𝑇 = kinetic energy
𝑡 = time
𝑈 = strain energy
𝑤 = vertical velocity componet
𝑧 = vertical deformation of the flexural
Subscripts
𝑔 = due to the geometry
ℎ = property at the tip of the inner wing
𝑖 = property in local frame
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𝑝 = property of the 3D printed beam
𝑠 = property of the steel beam

𝑡 = property of the wingtip

I. Introduction
In 2018, the aviation industry accounted for approximately 3.5% of all anthropogenic radiative forcing [1]. Recent

initiatives such as the ICAO CORSIA scheme aim to place a cost on emissions [2], incentivizing the aviation industry
to develop more efficient aircraft. Next-generation designs such as the truss-based wing and double-bubble concepts
[3, 4] aim to achieve this goal by significantly increasing the aspect ratio, and therefore wingspan of the aircraft. This
increase in aspect ratio can significantly reduce the lift-induced drag, which at cruise can account for approximately
40% of the total drag of an aircraft [5]. However, increasing the wingspan also affects ground operations, with current
infrastructure at many airports - such as gate, runway and taxiway separation - only capable of servicing aircraft up to a
specific wingspan [3, 6].
Military aircraft have been mitigating these issues on aircraft carriers since as early as the first world war by using

folding wingtip (FWT) devices [7]- in which the span of the aircraft can be shortened by folding the wingtip’s up on the
ground. More recently this concept has been used in civil applications, with the most notable example being the Boeing
777X [8]. The use of FWTs allows the 777X to fit into the same 65m gate as its predecessor, whilst also being able to
increase its wingspan by 7 metres in flight.
In the wider field of morphing aircraft, changing the geometry of a wing in flight can enhance the overall efficiency

or performance of an aircraft [9]. However there is typically a trade-off between the cost and complexity of including
such a mechanism, and its associated benefits. In the case of the 777X, whilst the wingtips can only be operated on the
ground, the inclusion of such a mechanism has already been justified. This raises the question as to whether such a
device could be utilised in-flight for additional aerodynamic or structural benefits.
Research into wingtip morphing devices can generally be split into three design motivations: control authority

[10–12], increasing aircraft performance across different flight phases [13–16], and load alleviation [17–21]. In the
1960s, test flights of the XB-70 Valkyrie supersonic research aircraft utilised folding wingtips to improve the aircrafts’
lift-to-drag ratio. The XB-70 could fold its wingtips down during supersonic cruise, reducing trim drag by moving the
centre of pressure forward and increased compression lift by ‘capturing’ the shock waves from the engine inlet [13].
At transonic speeds, multiple studies [14–16] have shown numerically that improvements to the lift-to-drag ratio of

an aircraft can be achieved by varying the ‘cant’ angle∗ of a wingtip during different flight phases. Similarly, albeit not
inherently an FWT, Eguea et al. [22] proposed a winglet with active camber control to improve the efficiency of an
typical business jet across multiple flight phases, with a 6% saving in bulk fuel consumption achieved.
Regarding control authority, Bourdin et al. [10, 11] proposed using a pair of winglets with an adjustable cant angle

on a baseline flying wing. Numerical and experimental results showed that by utilising the rearwards centre of pressure
of the wingtip relative to the body, pitch and roll control could be achieved by varying the cant angle of both winglets
either symmetrically or asymmetrically. More recently, Mills and Ajaj [12] have shown experimentally that the same
concept is feasible on a straight wing, however, they also highlighted that roll-control-reversal occurs at negative angles
of attack.
Regarding load alleviation, one concept that has gathered traction over the last few years is that of the flared folding

wingtip (FFWT) [17–21, 23–25]. As illustrated in Fig. 1, this device consists of a FWT in which the hinge line is
rotated to move the intersection with the leading edge outboard so that the hinge line is no longer parallel with the
oncoming flow. The magnitude of this rotation is defined as the flare angle, Λ. In this configuration an increase in the
fold angle, 𝜃, produces a decrease in the local angle of attack (AoA), and vice versa in the other direction. Therefore,
when an FFWT is free to rotate, the fold angle tends to an equilibrium position, defined as the coast angle, about which
the aerodynamic and gravitational moments about the hinge balance, and system is statically stable.
Experimental and numerical research has focused on the use of FFWTs as a passive gust and manoeuvre load

alleviation device [17–19, 21, 23, 24], as the large spanwise moment arm of a wingtip means it has a significant impact
on the bending stresses seen along the wingspan. Such a device is not actually new; with similar devices being used:
on the Rey R.1 aircraft, which first flew in 1949, for gust load alleviation [26], and in the ‘floating wingtip fuel tank’
which was tested to extend the range of both helicopters [27] and fixed wing aircraft [28] independently. Beyond load
alleviation, more recent research has focused on the effect of FFWTs on the handling qualities of an aircraft, with both

∗The cant angle is defined as the angle of rotation of the wingtip from the normal position, and can be thought of as a change in the dihedral angle
of the wingtip.
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numerical and experimental studies indicating that the roll performance of a wing incorporating FFWTs is comparable
to that of one without the additional span [20, 23, 25].
Additionally, the inclusion of a hinge with zero stiffness means fold angles greater than 20 degrees can easily be

achieved. Such large deformations are analogous to those seen in the modelling of highly flexible wings [29], and can
introduce geometric and aerodynamic nonlinearities that significantly affect the overall system behaviour, which cannot
be adequately predicted using linear methods. Such nonlinearities have been found to have a significant effect on the
behaviour of systems including FFWTs, with the authors in [30] highlighting that when the primary flutter mechanism
incorporates the motion of the FFWT, the linear flutter boundary is dependent on the attitude of the aircraft - with wind
tunnel experiments demonstrating a 30% change in the linear flutter boundary. This behaviour was found to be linked to
the coast angle of the FFWT, raising the question as to whether an aerodynamic device placed on the wingtip itself
could affect both the coast angle and the dynamic behaviour of the system.
One other important consideration of aircraft that exhibit large nonlinearities is the emergence of limit cycle

oscillations (LCOs), which are a common theme throughout the research in the field of nonlinear aeroelasticity [31].
LCOs are a periodic solution with a finite amplitude and typically bound the growth of linear instabilities. Research into
the behaviour of LCOs for a wing incorporating FFWTs is limited, with two numerical studies predicting the emergence
of LCOs bounded by either aerodynamic [32] or geometric [33] nonlinearities.
Nonlinear numerical methods are required to study phenomena such as LCOs; numerical integration is commonly

used for this purpose, and indeed was the primary methodology used in the aforementioned studies on FFWTs [32, 33].
However, as simulations must be run at multiple flight conditions, it is often expensive to both simulate and track
nonlinear behaviours using this technique.
Bifurcation analysis, which typically comprises of both bifurcation theory and numerical continuation, offers an

alternative tool to assess the stability of nonlinear aeroelastic systems [34–36]. A bifurcation occurs when a small
change in a parameter, such as the wind speed, leads to a sudden qualitative change in the stability of a system, such as
occurs with flutter. Whereas, numerical continuation can be used to both track the evolution of equilibrium or periodic
solutions as a parameter is varied, as well as detect and track the evolution of bifurcations.
In regards to aeroelasticity, Alighanbari and Price [37] first used these techniques to analysis the effect of structural

nonlinearities on a two-dimensional airfoil. Since then, bifurcation analysis has been used to study multiple nonlinear
aeroelastic systems and phenomena, such as: panel flutter [38], control surface freeplay [39], the dynamics of highly
flexible wings [35] and whirl flutter [36], to name but a few. Overall, the use of bifurcation analysis is highly advantages
when compared to numerical integration, as it allows an engineer to rapidly explore the parameter space, revealing the
complex stability picture of nonlinear systems in a way that would have been difficult to measure using other techniques.
In this paper a flexible wind tunnel model, and an equivalent low-fidelity nonlinear numerical model utilising

bifurcation analysis, were used to explore the nonlinear dynamics of FFWTs before and after the linear flutter boundary.

Λ

θ

β

Leading Edge

Fig. 1 Representation of a flared folding wingtip
device, with a flare angle, Λ, of 15 degrees, at 0 and 45
degrees fold angle, 𝜃, and a wingtip tab deflection, 𝛽,
of 45 degrees

Fig. 2 The wind tunnel model pictured at a stable
equilibrium position
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Fig. 3 A schematic of the internal structure of the experimental wing, as modelled in the numerical model.

Fig. 4 An overview of the flexible semi-span model Instrumentation

Additionally, this paper explores how the wings stability boundary is affected when using a movable secondary
aerodynamic surface on the trailing edge of the FFWT.

II. Description of Experimental Setup

A. Model Design
This work considers a series of tests conducted using a highly flexible semi-span model which has been used in

previous studies [21, 40] . The model, which is shown in Fig. 2, is a straight symmetric wing with a semi-span of
1.345𝑚, a constant chord length of 15𝑐𝑚, and a constant cross-sectional NACA0015 profile. The wing is split into two
sections by a hinge, and the hinge line intersects the semi-chord line at a span of one metre. By replacing a steel plate
across the hinge the model could be tested in either a hinge-free or hinge-locked configuration.
Additionally, as shown in Figs. 1 and 2, a movable secondary aerodynamic surface, referred to as the wingtip tab, is

featured on the folding wingtip at the 75% chord position. The wingtip tab has a span of 10 cm and is driven directly by
a Maxon EC-i30 brushless motor†. The angle of the wingtip tab, with respect to the chord line of the wingtip is denoted
𝛽, as shown in Fig. 1
As shown in Fig. 3, the construction of the inner wing consisted of a stainless steel beam spanning the majority of

the inner span, with a 3D printed beam making up the final section of the inner wing. This 3D printed beam directly
formed the structure of the hinge, allowing multiple flare angles to be built and then replaced on the model easily. Both
beams ran along the quarter chord line, had a rectangular cross-section and had the properties shown in Table 1. As
shown in Fig. 4, nine aerodynamic panels slid on to the inner beam. Each of these panels were separated by a small gap,
therefore the majority of the wings structural stiffness came from the beams alone.
The inertial properties of the experimental model are shown in Table 2. The first eight inner panels had a mass of

142 g‡. The centre of the first panel had a spanwise position of 85mm and there was spacing of 110mm between the
centre of each of the first eight panels. The ninth aerodynamic panel (denoted the ‘hinge panel’ in Table 2) was both
longer and included the hinge assembly, leading to the larger mass in Table 2. The total mass and estimated moment of
inertia of the wingtip assembly are also included in Table 2.
As illustrated in Fig. 4, the model was equipped with an RLS RM08 magnetic encoder§ in the hinge, a Wheatstone

bridge measuring the bending moment at the root, and 6 accelerometers distributed across the wing. All sensors were

†Maxon Motor Ltd. url:https://www.maxongroup.co.uk/ [retrieved 26 April 2022]
‡which includes 40 g to account for the average mass of bolts and cables within the wing structure
§RLS, RM08 Miniature Rotary Magnetic Encoder, url:https://www.rls.si/eng/rm08-super-small-non-contact-rotary-encoder

[retrieved 26 April 2022]
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Table 1 Properties for the rectangular beams within the inner wing section

Section Steel Beam 3D Printed Beam
Material 316L Stainless Steel Polyamide
Cross-section Rectangular Rectangular
Width [mm] 30.0 19.3
Height [mm] 5.0 13.3
Density [kgm−3] 8000 3304
Youngs Modulus (𝐸) [GPa] 193 1.65
Poisson’s Ratio 0.27 0.3

Table 2 Inertial properties of the experimental model

Item Mass [g] 𝑥𝑐 [mm] 𝑦𝑐 [mm] 𝐼𝑥𝑥 [kgmm2] 𝐼𝑦𝑦 [kgmm2]
Inner Wing Panels 142 27.5 85 + 110𝑖 84.6 171.3
Hinge Panel 247 37.5 952 355.3 221.6
Wingtip 563 47.5 1156 6700.0 615.0

connected to a National Instruments PXIe-6363¶ card hosted in a National Instruments PXIe-1082 chassis, with the
Matlab Data Acquisition API [41] being utilised to both collect the data and control the wingtip tab angle.

B. Model Characterisation
To assess the experimental models natural frequencies and modes shapes, a series of impact hammer tests were

performed on the experimental model in the wingtip ‘locked’ configuration. Only the response of the tri-axis
accelerometer located just inboard of the hinge (see Fig. 4) was recorded during each impact, with the impact force
being applied at 16 locations evenly space along the leading and trailing edge of the model. To capture the out-of-plane
and torsional modes the impact force was applied vertically, where as to capture the in-plane modes the impact force
was also applied horizontally.
Each impact at each location was repeated three times and the average frequency response function (FRF) at each

location was used to extract the natural frequencies and corresponding modeshapes of the wing via a least-squares
rational function estimation method [42]. The identified natural frequencies below 50Hz are reported in Table 3, along
with the corresponding mode shapes of the structure.
Additional modal characterisations at a flight velocity of 18m s−1 are presented by Cheung et al. [40], who utilised

a random gust excitation to measure the modal frequencies of the same experimental model. The numerical model
developed in the next section is compared to these results in section IV.

Table 3 The first 6 natural frequencies and corresponding modeshapes of the experimental model

Modeshape Frequency [Hz]
Out-of-plane 1 1.65
Out-of-plane 2 8.78
In-plane 1 9.07
Out-of-plane 3 22.44
Torsion 1 30.51
In-plane 2 30.74

¶National Instruments, PXI Systems, URL:https://www.ni.com/en-gb/shop/pxi.html [retrieved 26 April 2022]
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Fig. 5 The procedure used during wind tunnel testing at each AoA and velocity.

C. Experimental Methodology
The testing was conducted in the 7ft by 5ft low-speed closed-return wind tunnel at the University of Bristol. The

model was tested across: a range of wind speeds between 18 and 33ms−1; a range of AoA between -2.5 and 8.8 degrees;
and a range of wingtip tab angles between -20 and 20 degrees.
A cord attached just inboard of the hinge was used to control the model in one of two ways. During a step-release

test, the model was excited by pulling the cord taut and then quickly releasing it, producing a step response. During a
steady-release test, the model was stabilised by pulling the cord taut. The cord was then slowly released, allowing any
instabilities to grow naturally with time.
The procedure used to test the model at each AoA and velocity is summarised in Fig. 5. At each flight condition,

and starting at a tab angle of -20 degrees, the model was first excited using the step release method. If the wingtip
returned to a stable equilibrium position the tab angle was incremented and the process repeated. However, if an LCO
formed the model was instead excited using the steady-release method, with the tab angle then being incrementally
increased until either the magnitude of oscillation was too large or a tab angle of 20 degrees was reached.

III. Numerical Modelling
To complement the experimental data a low-fidelity numerical model was developed to explore the post linear-flutter-

boundary behaviour of a wing incorporating an FFWT. The addition of a flexible straight inner wing adds a few key
kinematics to an FFWT; a plunging motion, due to the vertical deformation of the tip of the inner wing; a change in the
effective AoA due to twist of the inner wing; and a change in the orientation of the zero fold angle, due to a change in
the effective dihedral angle at the junction between the inner wing and the wingtip. Therefore, the model described in
this section was chosen to be the minimum representation required to capture these effects.
As described in the following sections, the equations of motion were derived using the Euler-Lagrange method.

Equations describing the kinetic and potential energy of the structural model are described in section III.A, with the
generalised external force due to aerodynamic loads being derived in section III.B.
Two key simplifications were made when developing the numerical model. Firstly, the in-plane modes were

not considered, and secondly the flare angle of the FFWT was assumed to be zero in the structural model. These
simplifications ensured finding an analytical version of the equations of motion (EoM) was tractable with the chosen
methodology, which enabled the rapid exploration of the parameter space. Clearly these simplifications will alter the
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dynamic behaviour, however as is shown in the results section, the developed numerical model adequately captures the
primary nonlinear effects driving the behaviour of an FFWT.

A. Structural Model
The deformation of the inner wing was modelled using the Rayleigh Ritz assumed shapes method [43, p. 52], with

the vertical deformation of the flexural axis (𝑧) and its rotation (𝜂) defined respectively as

𝑧(𝑦, 𝑡) =


𝑁∑
𝑖=1
𝑦𝑖+1𝑞𝑖 (𝑡) 𝑦 ≤ 𝑏𝑖(

𝑁∑
𝑖=1
𝑦𝑖+1𝑞𝑖 (𝑡)

)
+ (𝑦 − 𝑏𝑖)2𝑞 (𝑁+𝑀+1) (𝑡) 𝑏𝑖 ≤ 𝑦 ≤ 𝑏ℎ

(1)

𝜂(𝑦, 𝑡) =


𝑀∑
𝑖=1
𝑦𝑖𝑞 (𝑁+𝑖) (𝑡) 𝑦 ≤ 𝑏𝑖(

𝑀∑
𝑖=1
𝑦𝑖𝑞 (𝑁+𝑖) (𝑡)

)
+ (𝑦 − 𝑏𝑖)𝑞 (𝑁+𝑀+2) (𝑡) 𝑏𝑖 ≤ 𝑦 ≤ 𝑏ℎ

(2)

where 𝛼 is the AoA of the model, 𝑞𝑖 is the ith generalised coordinate, 𝑏ℎ and 𝑏𝑖 are the semi-span of the inner wing (or
hinge) and stainless steel beam respectively, and 𝑁 and 𝑀 are the number of bending and torsional shape functions
respectively (which for the purposes of this model were chosen as 𝑁 = 3 and 𝑀 = 2). The piecewise nature of Eqs. (1)
and (2) is due to the two sections of beam which make up the inner wing, where one additional shape function was
added in both bending and twist, beyond a semi-span of 𝑏𝑖 , to account for the significant difference in stiffness between
the steel and 3D printed beam sections. Likewise, the beam strain energy was modelled in a piecewise fashion using
Euler-Bernoulli beam theory, such that

𝑈 =
1
2

(∫ 𝑏𝑖

0
𝐸𝑠 𝐼𝑠

(
𝜕2𝑧

𝜕𝑦2

)2
𝑑𝑦 +

∫ 𝑏ℎ

𝑏𝑖

𝐸𝑝 𝐼𝑝

(
𝜕2𝑧

𝜕𝑦2

)2
𝑑𝑦 +

∫ 𝑏𝑖

0
𝐺𝑠𝐽𝑠

(
𝜕𝜂

𝜕𝑦

)2
𝑑𝑦 +

∫ 𝑏ℎ

𝑏𝑖

𝐺 𝑝𝐽𝑝

(
𝜕𝜂

𝜕𝑦

)2
𝑑𝑦

)
(3)

where 𝐸𝐼 and 𝐺𝐽 are the flexural rigidity and the torsional rigidity of the inner wing respectively, and the subscripts
𝑠 and 𝑝 represent the properties of the steel beam and 3D printed beam respectively.
Each beam section has a uniform mass distribution, and the secondary mass of the inner wing was modelled through

an additional uniform mass distribution, as shown in Fig. 3. This secondary mass distribution had a total mass of
1.38 kg, denoted 𝑚𝑤 , and spanned from the leading edge to a chordwise position of 13.6 cm, denoted 𝑐𝑤 , ensuring the
inner wing had a similar mass distribution to that of the experimental model. Therefore, the kinetic energy of the inner
wing could be calculated as

𝑇 =
1
2

(∫ 𝑏𝑖

0

∫ 1
2𝑤𝑠

− 12𝑤𝑠

𝜌𝑠𝑑𝑠 ¤𝑧2𝑑𝑥𝑑𝑦 +
∫ 𝑏ℎ

𝑏𝑖

∫ 1
2𝑤𝑝

− 12𝑤𝑝

𝜌𝑝𝑑𝑝 ¤𝑧2𝑑𝑥𝑑𝑦 +
∫ 𝑏ℎ

0

∫ 𝑐𝑤−𝑥 𝑓

−𝑥 𝑓

𝑚𝑤

𝑐𝑤𝑏
¤𝑧2𝑑𝑥𝑑𝑦

)
(4)

where 𝑤, 𝑑 and 𝜌 are the beam width, depth and density respectively, and 𝑥 𝑓 is the distance between the leading edge
and the flexural axis, which was located along the quarter chord line.
The wingtip was modelled as a rigid point mass connected to the tip of the inner wing via a hinge. As this paper

predominantly focuses on a small flare angle of 10 degrees, to significantly simplify the equations of motion, it was
assumed that the hinge had a flare angle of zero degrees in the structural model. Therefore, the position of the wingtip
point mass in the global coordinate system was denoted

®𝑝fwt =

0
𝑏ℎ

𝑧(𝑏ℎ, 𝑡)

 + Ry (𝜂(𝑏ℎ, 𝑡)) Rx (𝜃)


𝑥𝑡

𝑦𝑡 cos 𝜃
𝑦𝑡 sin 𝜃

 (5)

where 𝑥𝑡 𝑦𝑡 represents the displacement of the wingtips CoM from the flexural axis of the hinge, 𝜃 represents the
fold angle, and the operator Rn (𝑚) defines a 3D rotation matrix, which describes an anti-clockwise rotation about the
𝑛𝑡ℎ axis by 𝑚 radians. The potential energy of the wingtip was defined as

𝑈𝑡 = −𝑚𝑡

(
Ry (𝛼) pfwt · g

)
(6)

7



where 𝑚𝑡 is the mass of the wingtip, g is the acceleration due to gravity and Ry (𝛼) is an additional rotation to account
for the models AoA. The kinetic energy of the wingtip was calculated using the concept of the Body Jacobian Matrix
[44, p. 117], J𝑏, such that

𝑇𝑡 = J𝑇𝑏M𝑡J𝑏 (7)

whereM𝑡 is the generalised inertia matrix of the wingtip. It is a square, diagonal, matrix and its trace is equal to

Trace(M𝑡 ) = [𝑚𝑡 , 𝑚𝑡 , 𝑚𝑡 , 𝐼𝑥𝑥 , 𝐼𝑦𝑦 , 𝐼𝑧𝑧] (8)

where 𝐼𝑥𝑥 , 𝐼𝑦𝑦 and 𝐼𝑧𝑧 are the moments of inertia of the wingtip about the centre of mass. The inertial properties
used for the wingtip in the numerical model are the same as those shown in Table 2. Using the derived equations for
the kinetic and potential energy of each element, the equations of motion of the entire system were found using the
Euler-Lagrange method, utilising the python package sympy [45], and were of the form

M (q, ¤q) ¥q − f (q, ¤q) = 0 (9)

whereM is the mass matrix, f is a matrix of additional forces, and q is the state vector of the system. In total the system
has eight states: three bending and two torsional shapes for the inner wing; one additional bending, and one additional
torsional shape for the 3D printed beam; and one rotational degree of freedom about the hinge.
It is important to note that Eq. (5) - which describes the rotation of the wingtip about the hinge - provides the only

source of geometric nonlinearity within the structural model. The resulting nonlinear variations in the wingtips potential
energy lead to changes in the generalised gravitational forces applied to the model via the vector f, and the variations in
kinetic energy will alter both the generalised mass matrix,M, as well as the generalised inertial forces applied via the
vector f.

B. Aerodynamic Model
The aerodynamic forces acting on the wing were modelled using modified unsteady strip theory at a discrete number

of strips. The wing was split into three discrete regions (R1, R2 and R3 in Fig. 3). The first region spans the entire inner
wing as was split into 20 uniform strips. The second region extends from the hinge to the start of the wingtip tab, and
the third region extends to the tip of the wing. Both the second and third region were split into 10 uniform strips. At
each strip the local AoA was calculated as

𝛼𝑖 (q, ¤q, 𝑦) = 𝛼𝑔 + arctan
(
w(q, ¤q, 𝑦)

𝑉

)
(10)

where 𝛼𝑔 represents the local geometric AoA and w represents the local vertical velocity due to the motion of the wing.
For the inner wing 𝛼𝑔 = 𝜂(𝑦, 𝑡). For the FFWT the local geometric AoA is approximated as 𝛼 𝑓 , which is defined using
a geometrically exact representation of the local AoA as presented by Healy et al. [30]. This formulations uses a set of
rotation matrices to calculate the local velocity vector in a reference frame centred about the FFWT, such that

v 𝑓 =


𝑣 𝑓 0

𝑣 𝑓 1

𝑣 𝑓 2

 = Rz (−Λ) Rx (𝜃) Rz (Λ) Rx (Γℎ) Ry (𝛼𝑟 + 𝛼ℎ)

∥V∥
0
0

 (11)

𝛼 𝑓 = arctan
𝑣 𝑓 2

𝑣 𝑓 0
(12)

where 𝑉 is the wind speed velocity, 𝛼𝑟 is the root AoA, and 𝛼ℎ ans Γℎ are the local AoA and dihedral angle at the tip of
the inner wing respectively, and are defined as

𝛼ℎ = 𝜂(𝑏ℎ, 𝑡) (13)

Γℎ =
𝜕𝑧(𝑏ℎ, 𝑡)
𝜕𝑦

(14)

To account for 3D effects, the local lift-curve-slope at each panel, 𝑎𝑖 , was interpolated from a set of lift distributions
that were pre-calculated using lifting line theory and the python package Aerosandbox [46]. The purpose of this paper
was not to accurately predict the lift distribution, as it is likely to vary as a function of not only velocity and root AoA
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Fig. 6 The spanwise variation in the local lift-curve slope used on the numerical model.

but also the wingtips fold angle . Therefore, a lift distribution was calculated to best represent the mean case at a root
AoA of 5 degrees and a fold angle of zero degrees, with an example variation in the spanwise lift-curve-slope shown in
Fig. 6. In terms of an FFWT, it is the force normal to the surface that contributes to the moment balance about the
hinge‖, such that

𝐹𝑁𝑖
=
1
2
𝜌𝑉2𝑐𝐶𝑁𝑖

(15)

𝐶𝑛𝑖 = 𝐶𝑙𝑖 cos𝛼𝑖 + 𝐶𝑑𝑖 sin𝛼𝑖 (16)

where 𝐹𝑛𝑖 is the local force normal to the aerofoil surface, 𝐶𝑑𝑖 is the local drag coefficient and 𝐶𝑛𝑖 is the local normal
force coefficient. As shown in Fig. 7, this was accounted for by modifying the lift-curve slope to have the same mean
gradient as the normal force coefficient calculated across a weighted average of viscous XFOIL [47] predictions (across
the experimental range of Reynolds numbers). Additionally, a basic stall correction was applied to the normal force
coefficient of the form

𝐶𝑛𝑖 = 𝑎𝑖

(
1
𝜎
ln

(
1 + 𝑒𝜎 (𝛼𝑖+𝛼𝑠)

1 + 𝑒𝜎 (𝛼𝑖−𝛼𝑠)

)
− 𝛼𝑠

)
(17)

Equation (17) is an adaptation of the ‘soft clipping activation function’ [48], in which 𝜎 is a factor that defines the
sharpness of the transition from the attached to stalled regime, and 𝛼𝑠 is the local AoA at which the model stalls. This
formulation, which is illustrated in Fig. 7, was chosen because it is both continuous and its derivative is effectively
constant for a significant proportion of the attached regime. Throughout this paper the values of 𝜎 and 𝛼𝑠 were chosen
as 80 and 13 degrees respectively, to give the best compromise between maximum 𝐶𝑛 and matching the point of stall, as
shown in Fig. 7.
To model the effect of the wingtip tab, a correction was applied to the normal force and moment coefficient’s of the

strips in region three of Fig. 3. These correction were of the form

𝐶𝑛𝛽 = 𝐶𝑛𝑖 + 𝑎𝑖𝐶𝑛𝛽𝛽 (18)

𝐶𝑚𝛽 = 𝑎𝑖𝐶𝑚𝛽𝛽 (19)

where the coefficients 𝐶𝑛𝛽 and 𝐶𝑚𝛽 equalled 0.302 and −0.045 respectively and where estimated by interpolating a
series of 2D XFOIL [47] simulations.
Finally, a process similar to that used by Delaurier [49], was used here to model the influence of unsteady aerodynamic

vortex-wake effects. 𝛼𝑖 was replaced in Eq. (17) with 𝛼′
𝑖
, such that

𝛼′
𝑖 =

AR
2 + AR C

′(𝑘)𝛼𝑖 (20)

where 𝑘 is the reduced frequency, AR is the aspect ratio, and C′(𝑘) is an approximation of the Theodorsen function for
a elliptical wing executing simple harmonic motion, first derived by Scherer [50], such that

C′(𝑘) = F′(𝑘)𝛼 + 𝑐

2𝑉
G′(𝑘)
𝑘

¤𝛼 (21)

‖as the aerofoil section of the experimental model is symmetric the effect of pitching moment has been neglected in this analysis
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F′(𝑘) = 1 − 𝑐1𝑘
2

𝐾2 + 𝑐22
(22)

G′(𝑘) = − 𝑐1𝑐2𝑘
2

𝐾2 + 𝑐22
(23)

𝑐1 =
AR

2(2.32 + AR) (24)

𝑐2 = 0.181 +
0.772
AR

(25)

Aerodynamic forces were converted into generalised coordinates using the principle of equal wrench’s [44], which
emanates from D’Alembert’s principle. Leading to the final form of the equations of motion as

M (q, ¤q) ¥q − f (q, ¤q) = e (q, ¤q) (26)

where e (q, ¤q) represents a vector of external forces, including aerodynamic forces.

C. Stability Analysis Methods
As well as the use of time simulations to qualitatively verify the stability of a system, numerical continuation and

bifurcation theory were used to assess the stability of nonlinear aeroelastic systems [34–36]. These methods have been
widely used for investigating the nonlinear dynamics of many aeroelastic and aeromechanic systems and they have
shown their usefulness in revealing the complex stability picture of these nonlinear systems. Starting at a known solution,
numerical continuation calculates the variation in the steady state solution when a ’continuation parameter’ is altered
[51], drawing an arc in phase space - denoted a ’branch’. At points at which the stability of the system qualitatively
changes (such as at the onset of flutter or divergence in the case of an aeroelastic system) a bifurcation point will occur.
This signifies the potential start of a number of other branches dependent on the type of bifurcation. Typically, the
computed branches can either be equilibrium positions of the system in phase space, or periodic solutions (otherwise
know as LCOs).
The stability of equilibrium branches can be calculated using eigenvalues analysis on a local linearisation of the

nonlinear system. Only one mode of the system has to be unstable for an overall system instability, with the stability of
each mode determined by the sign of the real component of the corresponding eigenvalue, negative being stable. On the
other hand, Floquet theory is used to determine the stability of periodic solutions [52].
For this study the key type of bifurcation is the Hopf bifurcation, at which point the stability of an equilibrium

branch changes, and a periodic solution emerges(i.e. an LCO). This bifurcation is caused by a complex conjugate pair
of eigenvalues crossing the imaginary axis in the complex plane.
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Table 4 Key to symbols and lines used in bifurcation diagrams

Graphic Description Meaning

Solid green Line Stable equilibrium branch
Dashed magenta line Unstable equilibrium branch
Solid dark blue line Stable periodic solution branch (max. amplitude of LCO)
Solid light blue line Stable periodic solution branch (min. amplitude of LCO)
Dotted red line Unstable periodic solution branch (max. or min. value of LCO)
Grey Solid Line Locus of Hopf bifurcations calculated using two parameter continuation
Hollow square Hopf bifurcation
Solid green triangle Experimental data - Stable equilibrium (mean value)
Solid magenta triangle Experimental data - Unstable equilibrium (mean value)
Solid blue square Experimental data - Stable LCO (max. or min. value)

Table 5 The natural frequencies measured experimental by Cheung et al. [40] in the hinge-free configuration,
at a wind speed of 18m s−1 and an AoA of 5 degrees, compared to those measured by the numerical model.

Modeshape Exp. [Hz] Num. [Hz] Delta [%]
Flapping 1.34 1.33 0.8%
Out-of-plane 1 2.29 2.32 1.3%
Out-of-plane 2 14.63 15.49 5.9%
In-plane 1 6.74 - -
Torsion 1 - 36.2 -

In this paper, bifurcation diagrams - which are a 2D projection of the branches and bifurcation points that arise as
one parameter (known as the continuation parameter) is varied - were produced using the "Dynamical Systems Toolbox
for MATLAB" [53] , which uses an implementation of AUTO-07P [54]. A key to the symbols and line styles used on
the bifurcation diagrams within this paper is shown in Table 4.

IV. Results
To provide an initial validation of the numerical model, the estimated modal frequencies of the system at a flight

velocity of 18m s−1 and an AoA of 5 degrees were compared to those presented by Cheung et al. [40]. Table 5 shows
that there is a good correlation in the frequency of the wingtip flapping mode and first out-of-plane bending mode.
As the numerical model only uses three bending shapes the agreement in the second out-of-plane bending mode is
worse and the in-plane modes are not captured in the numerical model. However, in the context of the experimental
model, these modes are of less importance as the primary flutter mechanism explored in this paper is dominated by the
interaction of the wingtip flapping and first out-of plane bending modes.
To further explore the dynamic behaviour of the experimental model, all of the generalised velocities and accelerations

are set to zero in Eq. 9, this leaves an algebraic equation, which can be used to find the ’wind-off’ equilibrium position
of the numerical model. For a wing incorporating an FFWT, the wingtip should point vertical down in this condition.
This behaviour is indeed predicted in Fig. 8a, where at a velocity of zero the fold angle is approximately −84 degrees.
Note, this is not exactly −90 degrees due to the inner wing bending down under the effect of gravity, resulting in a
negative dihedral angle at the tip of the inner wing, which is shown in Fig. 8b to be approximately −6 degrees.
Using numerical continuation, with velocity as the continuation parameter, we can calculate how this equilibrium

position varies with velocity. The resulting bifurcation diagram, for a wing at 5.5 degrees AoA, is shown in Fig. 8a. In
this figure, the fold angle increases with velocity on a stable equilibrium branch (denoted by the green line) until a
velocity of 23.2𝑚𝑠−1. At which point the stability of the system changes, resulting in a Hopf bifurcation, which is
denoted by the white square in Fig. 8a. From this bifurcation three additional branches emerge. The first is an unstable
equilibrium branch, and the other two blue lines represent a stable periodic solution.
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As mentioned in section III.C, a Hopf bifurcation signifies a complex conjugate pair of eigenvalues crossing the
imaginary axis in the complex plane and hence, the corresponding mode becoming unstable. In a purely linear system
the oscillations from this unstable oscillatory mode would grow exponentially, however nonlinearities can bound the
growth of these oscillations leading to a stable periodic solution. The emergence of this periodic solution is denoted
by the blue lines in Fig. 8a, which represent the maximum and minimum fold angles achieved during these periodic
oscillations.
When considering the entire phase space, one can consider the stable branches as attractors and the unstable branches

as repellers. In Fig. 8a, if the system starts at point 1, the system will be pulled towards the green equilibrium branch, as
shown by the damped oscillatory time response in Fig. 8a. Whereas if the system starts from point 2, it is attracted
to the stable periodic solution, with the time response in Fig. 8a showing that an initial perturbation grows until its
maximum and minimum amplitude reach those denoted by the blue lines in Fig. 8a.
The mechanism causing the Hopf bifurcation in Fig. 8a can be visualised in a more traditional manner by plotting

the variation in the model frequencies and damping ratios about the equilibrium position, with velocity. Such analysis is
presented in Fig. 9 and at zero velocity the first mode has a frequency of approximately 1Hz and corresponds to the
pendulum frequency of the wingtip (as the wingtip can swing about the vertical position akin to a pendulum). The
second mode has an initial frequency of around 2Hz, and corresponds to the first out-of-plane bending mode of the
inner wing. As the velocity increases so does the rate of change of aerodynamic forces with fold angle. This increases
the aerodynamic stiffness of the wingtip mode, increasing its frequency. When these two modes coalesce the damping is
significantly reduced in one of the two modes, destabilising the system. Furthermore, due to the frequency separation
between the first two modes and the other bending and torsional modes (see Table 5) the dynamics of the numerical
model are dominated by the first two modes.
Figure 8b shows a comparison between the numerical and experimental results for the same condition as in Fig.

8a and it can be seen that there is a good correlation between both the stable equilibrium branches and the location
of the Hopf bifurcation in both models. In Fig.8b, a black line has been drawn between the experimental unstable
equilibrium marker and the two periodic markers at each velocity, this is to highlight to the reader that each experimental
periodic solution has a corresponding unstable equilibrium position, and this black line is not repeated in further figures.
Additionally, it should be noted that although the magenta triangles in Fig. 8b represent the unstable equilibrium position
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of the FFWT, this quantity could not be measured directly. Therefore, these markers actually show the mean fold angle
across one LCO. Although this means that their location may not be correct, their inclusions allows the experimental
bifurcation point to be more easily visualised, which will become important in later figures.
Beyond the linear flutter boundary the amplitude of the stable periodic branch in Fig. 8b grows rapidly, leading

to large peak fold angles at around 30ms−1 in the numerical model. The rate of growth of the LCO is larger for the
experimental data, albeit due to the construction of the hinge in the experimental model, the maximum achievable fold
angle was around 70 degrees, limiting the velocities at which the model could be tested. This accelerated growth suggests
that either a weaker nonlinearity bounds the motion, or that the velocity of the Hopf bifurcation is slightly smaller in the
experimental data. It is also important to note that no periodic solutions were observed below the linear flutter speed in
either model, suggesting this is a super-critical Hopf bifurcation [55, p. 170-189]. Therefore, neither model exhibited
stable periodic oscillations below the linear flutter speed, regardless of the size of the initial perturbation.
It is important to remember that the fold angle is not the only state of this system. Figure 10 shows four additional

projections of this system, namely the wing root bending moment (WRBM), vertical displacement of the hinge, hinge
twist angle, and the local AoA at the tip of the wingtip. Firstly, Fig. 10 shows that there is a good correlation between
the experimental and numerical WRBMs prior to the Hopf bifurcation∗∗. Beyond the Hopf bifurcation, the LCO shown
in Fig. 10 indicates that there is significant movement of the inner wing, with the amplitude of oscillation of the hinge
equal to approximately 17% of the inner span, at a velocity of 30ms−1. However, Fig. 10 also indicates that the torsional
motion of the wing is relatively small during the LCOs and likely does not significantly contribute to the dynamic
behaviour of the wing. Additionally, Fig. 10 shows that the local AoA at the tip of the wingtip, which includes the
induced AoA due to the motion of the wingtip, rarely goes above the stall angle (13 degrees). Therefore, the LCO in the
numerical model is bounded by the geometric nonlinearites due to the large rotations of the wingtip.
Figure 11 shows the same bifurcation diagram as Fig. 8b across a range of AoAs. In general the same trend is seen

across all attitudes for both the numerical and experimental models, with an LCO forming beyond a super-critical Hopf
bifurcation that grows in amplitude with velocity. Overall Fig. 11 indicates there is a good correlation between the
models, indicating that the low-fidelity numerical model captures the primary mechanisms driving both the location of
the Hopf bifurcation (i.e. the linear flutter point) and the localised nonlinear behaviour.
Additionally, Fig. 11 and Table 6 indicate that the velocity of the Hopf bifurcation increases with root AoA, and

indeed at a root AoA of −5 degrees, the numerical model suggests the wing is stable up to at least 40ms−1. By
comparing the variation in modal frequencies and damping ratios, Fig. 12 shows that as the AoA is decreased from 5.5

∗∗The WRBM of the numerical model was calculated as 𝑀 = EI 𝑑
2𝑧

𝑑𝑦2

��
𝑦=0 where 𝑧 is defined in Eq. (1).

13



0 10 20 30 40
-20

0

20

W
R
B
M
[N
m
]

0 10 20 30 40
-0.1

-0.05

0

0.05

0.1

0.15

0.2
H
in
g
e
D
is
p
la
ce
m
en
t
[m
]

0 10 20 30 40
-1

0

1

H
in
g
e
T
w
is
t
[d
eg
]

0 10 20 30 40

Velocity (V) [ms!1]

-10

0

10

L
o
ca
l
A
o
A
F
W
T
T
ip
[d
eg
]

Stall Angle

Fig. 10 Three bifurcation diagrams of the numerical model at 𝛼 = 5 deg, 𝛽 = 0 deg and Λ = 10 deg

Table 6 Tabulated flutter speeds for the cases shown in Fig. 11. Experimental values are evaluated as the mean
velocity between the last stable and first unstable data point.

AoA [deg] Experimental [𝑚𝑠−1] Numerical [𝑚𝑠−1]
-5 - Stable
-2.5 31.7 ±0.9 32.0
2.5 26.4 ±0.8 26.2
5.5 23.0 ±0.7 23.2
8.8 20.6 ±0.7 20.7
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degrees, the point at which the two mode coalesce varies, changing both the location of the peak negative damping, and
its magnitude. At an AoA of -5 degrees the damping ratio does not cross the zero axis and the system remains stable
across all velocities presented.
The mechanism for this variation in both the aerodynamic stiffness of the FFWT and the change in the linear flutter

boundary with root AoA, are described in detail in [30], in which the authors developed a methodology to linearise an
MSC Nastran model of the same wing presented in this paper about different coast angles to predict the linear flutter
boundary. As presented in [30], the driving mechanism for the change in aerodynamic stiffness is the rate of change in
the geometric AoA of a wingtip with fold angle. Figure 13 shows this relationship, and indicates that the geometric AoA
of an FFWT, and its derivative with respect to the fold angle, are a nonlinear function of the fold angle. Furthermore,
this derivative can be viewed as a good approximation of the aerodynamic stiffness of the wingtip as it indicates the rate
of change of aerodynamic forces with respect to the fold angle.
As the root AoA of a wing is varied, the equilibrium position of the wingtip also varies to ensure the aerodynamic

and gravitational moments about the hinge are balanced. This change in the fold angle, alters the aerodynamic stiffness
of the wingtip, changing the frequency of the FFWT mode. Therefore, at different root AoAs the velocity at which
the first two modes coalesce can vary, altering the linear flutter speed of the model. Figure 13 illustrates that the peak
aerodynamic stiffness increases with AoA, and that the variation in aerodynamic stiffness with AoA reduces with
increasing flare angle. This effect suggests the minimum flutter speed will occur at higher root AoAs and that there will
be more variation in the linear flutter speed at lower flare angles.
Regarding again Fig. 11, we are left with questions such as, "what is the critical root AoA at which the system

is always stable?", and "what is the shape of the linear flutter boundary in phase space?". These questions could be
answered by running numerical continuation at multiple root AoAs. Alternatively, a more efficient technique is to use
two-parameter-continuation [54] to ‘track’ the location of the Hopf bifurcation in the bifurcation diagram whilst two
parameters are varied. In the case of Fig. 14, the grey lines represent the locus of Hopf bifurcations calculated using
this technique as both the velocity and the root AoA of the numerical model were varied. This figure indicates that the
numerical model is stable below a root AoA of -3.6 degrees and that at higher velocities the model can be re-stabilised.
Experimental tests were also conducted using a hinge with a 30 degree flare angle. Figure 15 compares the

experimental and numerical models at a root AoA of -2.5 degrees and flare angles of 10 and 30 degrees, which will be
referred to as the flare10 and flare30 cases respectively. For the flare30 case there is a qualitative match between the
numerical and experimental models in Fig. 15, with the growth of an LCO by a similar amplitude occuring after a
supercritical Hopf bifurcation. There is however approximately a 4ms−1 difference in the predicted velocity of the Hopf

0 10 20 30 40

Velocity (V) [ms!1]

-80

-60

-40

-20

0

20

40

60

80

F
o
ld

A
n
g
le

[d
eg

]

P1AoA=8.8 deg

AoA=-5 deg

AoA=-2.5 deg

Fig. 11 Bifurcation diagrams of the numerical and
experimental model at a flare angle of 10 degrees and
5 AoAs (-5, -2.5, 2.5, 5.5 and 8.8 deg)

0 10 20 30 40

1

2

3

F
re
q
u
en
cy
[H
z]

0 10 20 30 40

Velocity [ms!1]

-0.2

0

0.2

0.4

0.6

D
a
m
p
in
g
R
a
ti
o
[%
]

-5.0 -2.5 2.5 5.5

AoA [deg]

Fig. 12 Variation of damped frequency and damping
ratio for the first two modes, with wind speed, for
different AoAs

15



-120 -60 0 60 120

Fold Angle (3) [deg]

-40

-20

0

20

"
,

[d
eg

]

-120 -60 0 60 120

Fold Angle (3) [deg]

-0.6

-0.4

-0.2

0

0.2

",
d3

Flare Angle

10 deg

30 deg

Root AoA

0 deg

10 deg

Fig. 13 Variation in the local geometric AoA and its derivative, with fold angle, on a folding wingtip, at multiple
flare angles and root AoAs

0 10 20 30 40 50

Velocity (V) [ms!1]

-80

-60

-40

-20

0

20

40

F
o
ld

A
n
g
le

[d
eg

]

AoA=-5 deg

AoA=8.8 deg

(a) Velocity against fold angle

0 10 20 30 40 50

Velocity (V) [ms!1]

-6

-4

-2

0

2

4

6

8

10

12

14

R
o
o
t
A

o
A

(,
r
)
[d

eg
]

(b) Velocity against root AoA

Fig. 14 Bifurcation diagrams in two-parameter space (b) with the corresponding bifurcation diagram in the
fold angle projection (a), at a flare angle of 10 degrees
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Fig. 16 Bifurcation diagram showing the predicted
linear flutter boundary using two parameter continua-
tion at a flare angle of 30 degrees

bifurcation between the two models, as well as a 5 degree difference between the predicted equilibrium fold angles.
These discrepancies are assumed to emanate from the approximation made in section III.A in which it was assumed
that the structural model folded about a hinge line with zero flare angle. This approximation significantly reduced the
complexity of the equations of motion, enabling them to be analytically calculated using the Euler-Lagrange approach,
and is likely a good approximation for low flare angles. However, in the case of a 30 degree flare angle, it is likely that
the chordwise motion of the wingtip with fold angle could have a large impacts of the dynamics of the system.
Nevertheless, referring back to Fig. 15, the linear flutter boundary of the flare30 case is significantly less than that of

the flare10 case, which is also predicted by experiment. This difference is due to the increased aerodynamic stiffness of
the FFWT at larger flare angles, as shown in Fig. 13, leading to the faster increase in the wingtip flapping frequency,
and therefore an earlier coalescence of the first two modes, as shwon in Fig. 17.
Additionally, Fig. 13 suggests that the variation in the aerodynamic stiffness with root AoA in the flare30 case may

be significantly less than in the flare10 case, and therefore should be less variation in the velocity of the linear flutter
boundary. Once again, by starting from point A in Fig. 15 and conducting two parameter continuation using the velocity
and root AoA as parameters, the linear flutter boundary of the system can be predicted. Figure 16 shows that there is
significantly less variation in the linear flutter boundary in the flare30 case when compared to the flare10 case, shown in
Fig. 14. Unfortunately, it was difficult to measure this boundary experimentally due to the wingtip stalling at lower
velocities, significantly changing both the fold angle of the equilibrium position and the dynamics of the system.
Aerodynamic stall can also be an important consideration when evaluating the mechanism which stabilises an LCO.

Figure 18 shows how the local AoA at the root, mid-span and tip of the FFWT varied around one cycle of a stable
LCO at points: P1 in Fig. 11, and P2 and P3 in Fig. 15. P1 refers to the flare10 case, and as already indicated in Fig.
10, shows that the magnitude of the local AoA on the wingtip never goes above the stall angle. Therefore this LCO is
stabilised by geometric nonlinearities alone. This effect was seen qualitatively in the wind tunnel experiments; as seen
in Fig. 19a, at the point of minimum fold angle the flow is attached across the entire wingtip and there was no sign of
stall at any point during the oscillations.
P2 and P3 in Figs. 15 and 18, refer to the flare30 case. At P2, which is close to the Hopf bifurcation, stall is only

present at the tip of the wingtip during the down stroke (the wingtip moving from a more positive to a more negative fold
angle). The shape of the phase plot in Fig. 15 for P2 is similar to that of P1, suggesting that the geometric nonlinearities
are still the primary mechanism stabilising the LCOs at higher flare angles. As the velocity is increased the motion of
the wingtip becomes more violent, with greater induced velocities seen across the span of the wingtip, this leads to large
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Fig. 17 Variation of damped frequency and damping ratio for the first two modes, at an AoA of 2.5 deg and a
flare angle of 10 and 30 deg.

regions of stall, particularly on the down stroke, as seen in both P3 in Fig. 15 and experimentally in Fig. 19b.
Regarding Fig.15, there are three primary mechanisms defining the local AoA of a FFWT during an LCO. Firstly,

the geometric AoA of a FFWT varies with fold angle, appearing as a single curve in Fig. 15 resembling the curves
shown in Fig. 13. Secondly, as the FFWT flaps up and down, there is an induced velocity which decreases the local
AoA when the wingtip is moving down and increases the local AoA when it is moving up. In the case of a wingtip with
a flare angle of zero degrees, this would result in an symmetrical ellipse in its equivalent plot to Fig. 15. Additionally,
by moving from a point located at the hinge towards one located at the tip of the wingtip, the induced velocities become
larger, increasing the amplitude of the ellipse. Thirdly, the vertical heaving motion at the tip of the inner wing induces
a velocity on the wingtip, which is negative when the inner wing moves up and positive when it moves down. The
magnitude of this effect on the FFWT is dependent of the fold angle, as at a fold angle of ±90 degrees, the heaving
motion would not change the local AoA of the wingtip.
The paths shown in Fig. 15 are primarily a combination of these three effects. For example, considering P2, the

local AoA is biased towards more positive values at negative fold angles, due to the geometric AoA of the FFWT, and
the elliptical shape at the tip of the FFWT is due to the induced velocities due to the flapping motion of the FFWT. At
P3, the amplitude of the LCO is much larger, hence so are the induced velocities at the tip of the FFWT. Therefore, the
curve becomes more elliptical, moving the peak local AoA closer to the mean fold angle when compared to P2.
Another point of interest from Fig. 15 is the local AoA at the root of the wingtip. Noting that in Fig. 15 one cycle

moves from lighter colours to darker colours, you can see that the local AoA at the root varies in the opposite way to the
tip of wing, with the maximum AoA instead occurring during the upstroke. This phenomenon is driven by the heaving
motion of the inner wing and suggests the motion of the inner wing and wingtip are out of phase during the LCO.
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Fig. 19 Images showing the qualitative state of flow attachment at the minimum fold angle of an LCO, for
different flare angles
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V. Effect of the Wingtip Tab
In the previous section, it was shown that the dynamic behaviour of a wing incorporating an FFWT depends on the

root AoA. This effect was assumed to be caused by the equilibrium position of the wingtip varying with root AoA,
which changed the aerodynamic stiffness of the wingtip. To confirm this explanation, it is hypothesised that if the
equilibrium position of the wingtip could be varied by some other means, such as by the use of a control surface on the
wingtip, the aerodynamic stiffness could be varied, altering the dynamic behaviour of the system. As outlined in section
II.A and shown in Fig. 2, the FFWT of the wind tunnel model was equipped with such an additional control surface,
which was used in a previous study to augmented the gust load alleviation of FFWTs [21].
Figure 20 shows the bifurcation diagrams for the numerical model at an AoA of 2.5 degrees, 10 degrees flare angle,

and 3 wingtip tab angles of -10, 0 and 10 degrees. Figure 20 indicates that changing the wingtip tab angle varies both
the static equilibrium position of the wingtip as well as the velocity at which the Hopf bifurcation occurs. By conducting
two parameter continuation from point A in Fig. 20, using velocity and tab angle as the continuation parameters, a locus
of Hopf bifurcations can be constructed describing the linear stability boundary of the system, which is shown in Fig.
21. This figure shows that in both the experimental and numerical results, the use of a wingtip tab can alter the dynamic
behaviour of a system incorporating an FFWT, altering the linear flutter speed. Although qualitatively similar, Table 7
indicates that at large tab angles, larger changes are seen in the stability boundary of the numerical model, implying that
the efficiency of the tab used in the numerical model is over-predicted at large tab angles, which is unsurprising given
the linear nature of the model used to predict the effect of the tab, as described in section III.B.
Nevertheless, an interesting conclusion of Fig. 21 is the suggestion that the stability of the system can be altered ’in

flight’ by changing the wingtip tab angle. A visualisation of this effect is shown both experimentally and numerically in
Fig. 22. In this figure both models are initially started from point B in Fig. 21 (in the case of the experimental model,
this was achieved by pulling the cord attached just inboard of the hinge taut, then gently releasing it). From here an
instability grows exponentially until it is bounded by some nonlinearity and a stable LCO is formed. After 15 seconds
the wingtip tab angle is changed to -15 degrees (point C in Fig. 21), after which the instability quickly decays away in
both the experimental and numerical time traces. Figure 22 highlights that an additional control surface on the wingtip
could be used to extend the flutter boundary of an aircraft incorporating FFWTs, in addition to reducing peak gust
loading [21], and improving the roll control of a aircraft [56]. It should however be noted that due to the increased
wingtip aerodynamic stiffness with flare angle, this effect will be most prevalent a low flare angles, at which a tab has
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Table 7 Tabulated flutter speeds for a selection of tab angles from Fig. 21. The experimental values use the
estimated stability boundary shown in Fig. 21.

Tab Angle [deg] Experimental [𝑚𝑠−1] Numerical [𝑚𝑠−1]
20 22.5 23.7
10 24.0 24.4
0 25.8 26.2
-10 28.0 28.9

more authority over the fold angle of the wingtip.
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Fig. 22 Experimental and numerical time traces showing the growth of an LCO at an AoA of 2.5 deg and a
velocity of 26.8ms−1, then the LCO being stabilised by changing the tab angle
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VI. Conclusions
This paper presents the first experimental research into the nonlinear dynamic behaviour of a wing incorporating

flared folding wingtips (FFWTs) at velocities beyond its flutter boundary. These results were also compared to a
low fidelity numerical model, which incorporated both a geometrically nonlinear folding wingtip and a simplified
aerodynamic stall model, to provide a more complete insight into how the dynamics of an FFWT vary with selected
parameters both before and after the linear flutter speed.
The presented results show that beyond the flutter boundary, a stable limit cycle oscillation (LCO) forms. This LCO

was shown to be predominately bounded by geometric nonlinearities, as in most conditions the local AoA on the wingtip
remained small during the oscillations.
Continuation and bifurcation techniques were also utilised for the first time to give a more complete insight into the

nonlinear dynamics of a wing incorporating an FFWT. In particular, bifurcation analysis was used to: identify how the
location of the linear flutter boundary varies with both wind speed and root angle of attack, and track the amplitude of
the LCO that forms beyond the boundary, with good a correlation observed between these results and the experimental
data, particularly at low flare angles.
Also presented is the effect of a wingtip tab on the stability boundary of a wing incorporating FFWTs. Experimental

and numerical two-parameter continuation plots were produced to show that the tab angle can significantly alter the
stability boundary of the system, indicating that the choice of aerofoil shape is an important parameter when considering
the stability boundary of FFWTs, and that a movable control surface on an FFWT could be used ’in-flight’ to extend the
stability boundary of an aircraft.
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