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Coulomb-driven band unflattening suppresses K-phonon pairing in moiré graphene
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It is a matter of current debate whether the gate-tunable superconductivity in twisted bilayer graphene is
phonon mediated or arises from electron-electron interactions. The recent observation of the strong coupling
of electrons to so-called K-phonon modes in angle-resolved photoemission spectroscopy experiments has
resuscitated early proposals that K phonons drive superconductivity. We show that the bandwidth-enhancing
effect of interactions drastically weakens both the intrinsic susceptibility towards pairing as well as the screening
of Coulomb repulsion that is essential for the phonon attraction to dominate at low temperature. This rules out
purely K-phonon-mediated superconductivity with the observed transition temperature of ∼1 K. We conclude
that the unflattening of bands by Coulomb interactions challenges any purely phonon-driven pairing mechanism,
and must be addressed by a successful theory of superconductivity in moiré graphene.

DOI: 10.1103/PhysRevB.109.104504

I. INTRODUCTION

Superconductivity (SC) requires attractive interactions be-
tween electrons to form Cooper pairs. In conventional SC, the
necessary “glue” is provided by phonons, but pairing can arise
in other ways, ranging from the exchange of collective exci-
tations to “overscreening” of Coulomb interactions, as in the
Kohn-Luttinger mechanism [1]. A case in point is the cuprate
high-temperature superconductors: Their phenomenology is
widely thought to be inconsistent with phonon-mediated pair-
ing, leading to extensive efforts to explain the origin of their
high transition temperatures (Tc).

Since the discovery of gate-tunable SC in twisted bilayer
graphene (TBG) [2–8], the pairing mechanism and its simi-
larity to that in the cuprates has been debated. The highest re-
ported Tc in TBG is around 3 K [8], which is high compared to
the Fermi temperature. This has motivated several theories of
Coulomb-interaction-mediated SC [9–29], whereas the myr-
iad peculiarities of the moiré superlattice structure and elec-
tronic band topology have stimulated a comparable number
of proposals for phonon-mediated mechanisms [17,30–43].

Experimentally, there are hints that phonons may drive SC
in TBG. Increasing the screening of the Coulomb interaction
in TBG is shown to suppress the correlated insulators, while
leaving Tc relatively unchanged [44–46]. Furthermore, recent
angle-resolved photoemission spectroscopy (ARPES) exper-
iments have observed strong coupling of the electrons to a
K-phonon mode [47] and that SC is absent in devices where
coupling to this mode appears to be suppressed.

Two existing theoretical proposals for SC consider K-
phonon-mediated pairing [32,33]; however, the corresponding
energy scale (∼0.5 meV) is weak compared to the repul-
sive Coulomb interaction (∼20 meV). The effectiveness of
K-phonon pairing therefore relies on the screening of the
Coulomb interaction due to the high density of states in the
central bands of TBG. Theoretically incorporating screening

at the Thomas-Fermi (TF) level and working with the nar-
row (∼1 meV bandwidth) bands of the Bistritzer-MacDonald
(BM) model [48], Refs. [32,33] indeed find K-phonon-
mediated SC with Tc ∼ 1 K, that compares favorably with
experiment.

However, scanning tunneling microscopy (STM) [49–52],
compressibility [53], and ARPES [54] experiments indicate
that the bandwidth of the central bands is significantly larger
(∼50 meV) than that of the bare noninteracting BM model.
This “band unflattening” is likely due to both the interaction-
induced renormalization of the band structure as well as the
effect of strain, known to be important in TBG [55–58]. The
increased bandwidth lowers the density of states, both weak-
ening the pairing instability and suppressing screening. How
does this impact K-phonon SC?

We answer this question by studying the pairing of elec-
trons in the Hartree-Fock (HF) renormalized bands of TBG,
in the presence of Thomas-Fermi screened Coulomb interac-
tions and K-phonon attraction. We show that in any realistic
parameter regime, the enhancement of the bandwidth and sup-
pression of the density of states leads to a significant reduction
of Tc to well below experimentally reported values. We find
similar results irrespective of whether electrons are doped
into the incommensurate Kekulé spiral state known to be the
ground state at nonzero integer filling and nonzero strain, the
strong-coupling “ferromagnetic” insulators at zero strain, or
the gapless parent states of either phase: Band unflattening is
the key to suppressing Tc. Our results show that theories of
phonon-mediated attraction in TBG must include screening
beyond the Thomas-Fermi approximation, or identify another
route to evade the Coulomb suppression of pairing.

II. HARTREE-FOCK BAND STRUCTURE

The starting point for many studies of TBG are the BM
bands, computed using the noninteracting continuum model
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of Ref. [48]. We also begin here, choosing as BM param-
eters sublattice-dependent hopping matrix elements wAB =
110 meV and wAA = 80 meV, and a twist angle θ = 1.1◦,
corresponding to a bare bandwidth ∼1 meV. However, our
next step is less commonly pursued: We consider the enhance-
ment of the bandwidth by Coulomb interactions. We study this
effect, expected to be significant, using the self-consistent HF
approximation. HF has been successfully used to make a vari-
ety of nontrivial quantitative predictions in TBG [56,57,59–
70], and is expected to capture well the interaction-driven
broadening of the bandwidth. To match the experimental
device setting, we assume a dual-gate screened Coulomb
interaction V 0(q) = e2 tanh(qd )/(2ε0εrq) with εr = 10 and
gate distance d = 25 nm. We use the so-called “average” sub-
traction scheme to avoid double counting the interactions (see
Ref. [57] for details). To obtain the interaction-renormalized
band structure, we perform a self-consistent HF calculation
on a 10 × 10 grid for the moiré Brillouin zone (mBZ), and
then interpolate the resulting bands following the procedure
described in Ref. [71] to a 40 × 40 grid (for solving the SC
gap equation) and a 100 × 100 grid (to compute the density
of states).

III. K PHONONS, SCREENING, AND THE GAP EQUATION

TBG hosts a variety of phonon modes; both acoustic
phonons and phasons experience strong moiré effects and both
have been proposed as drivers of SC. However, there are other
graphene phonon modes that are very strongly coupled to
the moiré bands. Motivated by the recent observation of a
particularly strong coupling of the central-band electrons to
the A1 zone-corner optical phonon mode [47], we focus here
on pairing due to this “K-phonon” mode. K-phonon coupling
can favor different insulating states [39] and in Ref. [72] it has
been mooted as a route to stabilizing the Kekulé charge order
seen in STM on ultralow strain samples [73]. The correspond-
ing phonon-induced electron-electron interaction is

Hph = −g
∑

l

∫
d2r[(ψ†

l τxσxψl )
2 + (ψ†

l τyσxψl )
2], (1)

where ψ is a spinor in sublattice space, l is the layer index,
σi (τi) are Pauli matrices in sublattice (valley) space, and g
is the coupling constant �69 meV nm2 [32]. Two previous
studies have considered K-phonon mediated SC: Ref. [32]
finds a maximum Tc of around 10 K in the noninteract-
ing problem; Ref. [33] incorporates Thomas-Fermi screened
Coulomb repulsion and finds that this reduces Tc to around
2 K. These results appear consistent with the experimental
Tc of around 1–3 K. However, crucially—as already pointed
out in Ref. [33]—this is likely an overestimate of Tc since
both these works solve the gap equation for the BM model
at the magic angle, which has an extremely small band-
width. The interaction scale in TBG is large compared to the
bandwidth; accounting for the former via HF yields a signif-
icant enhancement of the latter, consistent with experimental
measurements, renormalization group (RG) studies [74], and
quantum Monte Carlo studies [75]. Both suggest that the ac-
tual bandwidth is least an order of magnitude larger than that
of the magic-angle BM model. Therefore, instead of starting
from the BM band structure, a more accurate approach is

TABLE I. Six band structures investigated. We list the six band
structures that we considered as the parent state for SC. The band
structures have different symmetries enforced [the symmetries being
a subset of C3 rotation, spin SU(2), valley UV (1), and time reversal
T ]. We list the symmetries which are either broken (✗) or preserved
(
√

) by each band structure. In the case of C3 we also list whether the
symmetry is broken spontaneously (S) or explicitly (E).

Band structure
(symmetries enforced) Strain C3 SU(2) UV (1) T

(a) BM
√ √ √ √ √

(b) HF (C3+flavor)
√ √ √ √ √

(c) HF (flavor)
√

✗(S)
√ √ √

(d) HF
√

✗(S) ✗ ✗ ✗

(e) HF (flavor) 0.3% ✗(E)
√ √ √

(f) HF 0.3% ✗(E) ✗ ✗
√

to solve the gap equation for the HF band structure as we
now do. Besides the phonon-mediated attraction, we can also
incorporate screened repulsive Coulomb interactions,

V (q) = V 0(q)

1 − �(q)V 0(q)
, (2)

where we make the TF approximation �(q) ≈ −D(EF ). As
we note in the discussion below, it is in principle possi-
ble though technically much more demanding to account
for screening in a more refined manner, e.g., by computing
the polarization bubble in the random-phase approximation
(RPA). This may allow effects such as overscreening which
may be able to seed superconductivity. However, the numeri-
cal challenge in implementing these extensions renders them
beyond the scope of the present paper. Other authors have
performed such calculations and found them to be a viable
route towards superconductivity in TBG [9,24,29,76]. We
note that for acoustic phonons, which we do not consider here,
there can be additional screening from the Anderson-Morel
mechanism [37,77].

For a given band structure, we solve the gap equation

�ab(k) = − 1

A

∑
k′,cd

Uabcd (k, k′)πcd (k′)�cd (k′), (3)

where roman letters indicate a band label, and Uabcd (k, k′) is
the BCS-channel vertex—either a purely phonon attraction or
contains both a phonon and Coulomb contribution. Since the
gap equation is a mean-field result, there will be no super-
conducting solution for a positive definite interaction such as
the bare Coulomb interaction without phonons [78]. πcd (k′)
is the particle-particle susceptibility. At low temperatures, π

is sharply peaked at the Fermi surface. We therefore evaluate
the momentum sum on a set of momentum points obtained via
importance sampling from the susceptibility [79]. We solve
the gap equation at a fixed temperature T : Recall that as Tc

is approached from above, the leading eigenvalue λ(Tc) drops
below −1, so that λ(T ) � −1 indicates an SC solution.
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FIG. 1. Suppression of pairing by Coulomb interactions. Column (a) shows BM model results as a reference; columns [(b)–(d)] show
results for unstrained HF-renormalized bands that respectively preserve both flavor and C3 symmetry, only flavor, and break both; (e) and (f)
show results for strained HF-renormalized bands with and without flavor symmetry (cf. Table I). Top row: Density of states at the Fermi level
with a broadening corresponding to temperature T = 2 K. Middle row: Energy scales of the Thomas-Fermi screened Coulomb interaction
U = V (q = 0), and of the phonon-mediated attraction Uph = g

AM
= 0.5 meV, where AM is the moiré unit cell area. Even for the highest level of

screening, U � Uph, suppressing SC. Bottom row: Gap equation eigenvalue λ without and with Coulomb interactions at temperature T = 2 K,
where λ = −1 signifies an SC instability. At the HF level, interactions reduce λ by more than an order of magnitude, reducing Tc well below
the experimentally observed scale.

IV. RESULTS

The main results of this paper are summarized in Fig. 1,
that shows the outcome of solving the gap equation starting
with the HF-renormalized bands of several different physi-
cally motivated choices of parent state, listed in Table I and
described below. Each column of Fig. 1 corresponds to a dis-
tinct choice of input band structure to the gap equation. As a
function of doping, the top row shows the density of states, the
middle row the energy scales of the K-phonon attraction (red,
dashed) and the Thomas-Fermi screened Coulomb interaction
(blue, solid), and the bottom row the results of solving the
gap equation with (orange) and without (blue) including the
screened Coulomb repulsion. In each case, we work at fixed
T = 2 K, consistent with the typical Tc seen in experiment,
and focus on positive fillings ν (i.e., the number of electrons
per moiré unit cell relative to charge neutrality) due to the
approximate particle-hole symmetry of the model.

First, Fig. 1(a) shows results for the noninteracting BM
model. The sharp features of the BM bands are smeared out
by the temperature, which is a larger energy scale than the
bare bandwidth. For T = 2 K, λ(T ) < −1, and hence there is
SC at all ν even in the presence of the Coulomb interaction,
consistent with previous computations on this model [32,33].
In the Supplemental Material [79] we show that for all fillings
λ(T ) > −1 at T = 5 K, hence the (filling-dependent) Tc for
the BM bands lies between 2 and 5 K for our choice of
parameters.

Figures 1(b)–1(d) show the results of incorporating HF
renormalization for unstrained TBG with differing degrees
of symmetry breaking. In Fig. 1(b), we perform HF on the
bands, resulting in a broadened bandwidth, but preserve the
full symmetries of the BM model. In Fig. 1(c), we allow
the breaking of C3 symmetry but preserve flavor symmetry.
This allows us to access a metastable nematic (semi)metal
[80]. This (semi)metal is the closest competitor to the strong-
coupling insulators at zero strain (and becomes the ground
state at ν = 0 for modest strains comparable to those seen in
experiments [49–51]—see below). Hence it is likely the rele-
vant gapless parent state for SC when the correlated insulators
are suppressed by strain [55] or disorder [81]. In Fig. 1(d), we
allow both C3 and flavor symmetries to break spontaneously,
allowing gapped “generalized ferromagnets” at integer ν.

Figures 1(e) and 1(f) show results for the HF-renormalized
bands of TBG subject to 0.3% heterostrain (which explicitly
breaks C3 and is known to stabilize a semimetallic state at ν =
0 [55]) both with and without flavor symmetry. When flavor
symmetry is preserved, the ground state at nonzero integer ν

remains gapless, but on allowing flavor symmetry breaking it
is the “incommensurate Kekulé spiral” state, which is gapped
at ν = 2, 3 and is gapless at ν = 1 [56,57].

The bandwidth in each case [Figs. 1(b)–1(f)] is signif-
icantly broadened relative to the bare BM model and is
typically on the order of 30 meV. (Quantum Monte Carlo at
charge neutrality for the unstrained model [75] finds a similar
bandwidth.) The enhanced bandwidth results in a suppression
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FIG. 2. Interaction dependence of Tc and symmetry of the gap
function. (a) As the Coulomb interaction is reduced by increasing εr ,
Tc increases to around 2 K. Tc only reaches the experimental value
of around 2 K for an unrealistically weak Coulomb interaction with
εr > 100. (b), (c) mBZ-even and mBZ-odd components of the gap
function. All results are for filling ν = 2.48.

of the density of states by nearly two orders of magnitude in
Figs. 1(b)–1(f), which is reflected in a significantly stronger
Coulomb repulsion due to the lowered screening. The two
effects—suppression of the density of states and reduced
screening—are both strongly antagonistic to K-phonon SC, as
reflected by the dramatic change in the gap eigenvalue on their
inclusion: A 2 K SC is ruled out in all cases [Figs. 1(b)–1(f)].
Given the exponential dependence of the gap eigenvalue λ

on T , these results indicate that phonon-mediated/Thomas-
Fermi screened SC mechanisms would yield Tc’s well below
the experimentally observed values. This conclusion holds ir-
respective of the choice of parent state, suggesting that the key
mechanism that suppresses SC is the Coulomb-driven band
unflattening. Each choice of parent state yields a distinct se-
quence of Lifshitz transitions and van Hove singularities (see
Supplemental Material [79]). These features lead to doping-
dependent modulations of the gap eigenvalue, but on a scale
much lower than the overall suppression due to enhanced
bandwidth.

One route to stabilize a K-phonon-mediated SC is to sup-
press the Coulomb scale by screening, which can be adjusted
by changing the distance to a metallic back gate. Figure 2
shows more detailed results at ν = 2.48 (close to the peak of
the SC dome seen in many experiments) for the C3-breaking,
flavor-symmetric state studied in Fig. 1(c). Figure 2(a) shows
the effect of tuning interactions via the relative permittivity
εr , which enters the calculation in two ways. First, it controls
the HF renormalization of the band structure, which reduces
to the noninteracting BM bands as εr → ∞. Second, εr ap-
pears directly in the Coulomb interaction contribution to the
BCS vertex in the gap equation: For εr → ∞ we recover a
pure phonon-only attractive vertex. Both these effects tend to
increase Tc when increasing εr . Tc is comparable to 2 K once
εr > 100. However, this is an unrealistically large value, as
we would typically expect εr ∼ 10. Even including screening
from the remote bands which we do not consider in our work,
εr � 25 [82]. Nevertheless, for completeness in Figs. 2(b)
and 2(c) we show the mBZ-even and mBZ-odd components,
respectively, of the leading gap function. Due to fermionic

anticommutation and the nontrivial action of inversion, that
exchanges the valley degree of freedom (I ∝ τx), the gap
structure is quite rich. An even-parity gap function (which is
forced to be a spin singlet) can have both mBZ-even, valley-
triplet and mBZ-odd, valley-singlet components. Similarly,
an odd-parity (hence spin-triplet) gap function can involve
both mBZ-odd, valley-triplet and mBZ-even, valley-singlet
contributions [79].

V. DISCUSSION

Upon discovery of SC in TBG, immediate comparisons
with high-temperature SC were drawn. In particular, the emer-
gence of an SC dome upon doping a correlated insulator
is reminiscent of the phase diagram of the cuprates. How-
ever, recent work has shown that the correlated insulator is
a symmetry-broken state quite unlike the Mott insulator in the
cuprates [57,73]. Despite this, Tc in TBG is high compared to
the Fermi temperature TF (Tc/TF ∼ 0.1 [2]) and therefore the
mechanism behind SC remains a matter of debate. STM mea-
surements support a nodal gap [7], which requires non-s-wave
pairing (or some topological obstruction [43]), often viewed
as a hallmark of unconventional SC. Despite this, proposals
of BCS-like phonon-mediated SC abound in the literature,
typically resolving the apparent conflict between a BCS-like
mechanism and large Tc/TF by solving the gap equation for
the narrow-bandwidth magic-angle BM model. The high den-
sity of states in the flat bands compensates for the very low
density of free electrons in doped TBG, leading to Tc’s com-
parable to experiment. However, it is likely that many of these
studies substantially underestimate the bandwidth: There is
both theoretical and experimental evidence that effects such
as strain and interaction renormalization introduce substantial
dispersion so that the bands are not really flat. We show that
for such interaction-broadened bands, an SC calculation based
on pairing from a specific optical phonon mode (“K phonon”)
leads to a Tc far below the experimental values. Other purely
phonon-mediated mechanisms likely suffer similar problems.

At minimum, future studies of SC should incorporate
Coulomb interactions beyond the simple Thomas-Fermi ap-
proximation employed here. For acoustic phonons retardation
effects are important and the Anderson-Morel mechanism
[77] can suppress the Coulomb repulsion [37]. The Anderson-
Morel screening mechanism includes the screening from the
electronic degrees of freedom with energies between the De-
bye frequency ωD and the electronic bandwidth W . However,
in our case we have an optical phonon with frequency ω0 �
W and therefore this mechanism is not active. Furthermore,
already at the RPA level it is possible for Coulomb interac-
tions to develop an attractive component [9,24,29,76]. The
“heavy fermion” picture of TBG [83] may also lead to a more
intricate interplay of electron-electron and electron-phonon
interactions.

Experiments observe a relatively modest suppression of
Tc on increasing screening, but a dramatic suppression of
the correlated insulators. While a purely phonon-mediated
attraction should show a significant Tc enhancement as the
Coulomb repulsion is suppressed, a purely Coulomb-driven
pairing should show a significant Tc suppression. Thus, we
conclude that the situation is likely more complicated and
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the attractive interaction may involve contributions from both
phonons and Coulomb interactions.
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