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Abstract

The Standard Model (SM) of particle physics coupled to gravity is a phenomenologi-
cally successful effective field theory (EFT) with a number of input parameters which
are arbitrary - if not severely tuned from an IR perspective - but are presumably fixed
by an underlying UV theory. Several open problems guide the pursuit of new physics
just beyond its borders which might or might not exist. On the other hand, the SM
along with any additions, is expected to be eventually embedded within a framework
that includes quantum gravity. How vast is the landscape of effective field theories
- the SM one of them - which can be consistently derived therefrom and what con-
ditions establish its boundary is currently unknown and a topic of intense research.
The Standard Model landscape is defined as the space of EFTs obtained from the
structure of the SM while allowing its input parameters to scan all possible values,
and should correspond to exploring our neighbourhood of a supposed UV landscape.

In this thesis I review in detail the structure of the SM, and the successful standard
cosmological history based on it. I then explore the SM landscape by varying Yukawa
couplings, the QCD theta parameter and the Higgs mass squared parameter, focusing
on whether the ensuing vacuum potentials admit long-lived meta-stable states with
positive vacuum energy, a property which is conjectured to be incompatible with
quantum gravity, and thus partially explain the puzzling hierarchies observed.

The only known setting to probe the existence of de Sitter meta-stable states is the
possibility that during its cosmological history, the universe as a whole was once in a
meta-stable state and proceeded to decay through the nucleation of bubbles of true
vacuum in a first order phase transition. This can lead to observable signals such as
a stochastic gravitational wave background, with a number many dedicated detectors
planned to come online over the next decades. Making contact between theoretical
predictions and potential signals however requires a better understanding of friction
forces acting on the expanding bubbles. In this thesis I highlight the singularly
peculiar reflective properties of longitudinally polarised vector particles and discuss

their significant source of friction.
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Chapter 1

Introduction

1.1 The Standard Model and Beyond

By the Standard Model of particle physics we refer to the theory of fundamental
microscopic physics that was established theoretically in the 1970s. In layman’s terms,
the SM is a list of the known ‘things’ in our world that can be taken to be elementary;,
their essential properties and the fundamental rules by which they interact. Its claim
to truth lies first and foremost in its power to make quantitative predictions that agree
with experiments within the current uncertainties of measurement despite our best
efforts to find it amiss. Its much celebrated degree of success is measured by the vast
and diverse range of those tests - often coupled with extraordinary precision - ranging
from low energy atomic, to our most powerful particle accelerators, to astrophysical

probes as well as its consistency with observations of the past history of our universe

at large (see section [1.2).

1.1.1 Basic elements

The list of known elementary particles that happen to exist in our world are a set of
(Weyl) fermions - primarily interacting through a number of vector bosons - and an
additional scalar field, the Higgs boson, responsible for selecting the vacuum. As we
will see, the fermions are grouped into leptons, such as the electron e E], and quarks
such the ‘up’ u and ‘down’ d ] whose bound states form protons and neutrons and
pions (as well as other hadronic states).

The vectors are associated to generators of the gauge group of the SM: a Lie group

of local (meaning arbitrarily space-time dependent) transformations often referred to

Las well as its heavier cousins the muon p and tau 7, plus a (left-handed) neutrino v each.

2and heavier cousins charm & strange ¢, s and top & bottom ¢, b.



as gauge symmetries, although they are not proper symmetries of the theory in the
sense of relating physically inequivalent states but rather field re-definitions describing
redundancies of the field description. To every gauge symmetry there is associated
however a proper symmetry when the transformation is taken to be global - i.e. space-
time independent.

For the SM the gauge group comes in the form of a direct product of three separate
groups

Gsu = SU(3). x SUQ2)w x U(L)y | (1.1)

where the first stands for colour, the second for weak and the third for hypercharge.
The gauge boson associated to the Abelian U(1)y will be denoted B,,, while those
associated to the non-Abelian groups live in the adjoint representation of the cor-
responding algebra, meaning they are packaged as a general element of the algebra
itself, '

W, = W;% . G.= ;% , (1.2)
where A\ and o' are the eight Gell-Mann and three Pauli matrices respectively -
generators of the su(2) and su(3) algebras respectively. f]

The fermionic fields are organised in three generations - three identical copies - as
characterized by their transformations with respect to the three different sectors of
the gauge group. Assigning a generation index ¢ to each copy, these are

= (GZL) ;e Q. = (UZL> , by dy where 1=1,2,3, (1.3)

v dy,
where again we have made a separation between leptons and quarks. Each v, d* field
listed lives in a fundamental representation of SU(3). - I am and will continue to
suppress these colour indices. Q% and ¢°, along with the Higgs field H transform as
SU(2)w doublets. These representations, as well as the U(1) charge assignments are

summarized for convenience in fig. [I.1]

1.1.2 The Lagrangian

Not all interacting quantum mechanical theories admit a local Lagrangian description.
ﬁ The SM does. What this means is that the theory has a weakly coupled description

3Generally the generators T* of the representation r of a Lie algebra satisfy TrT*TY = C(r) §*V.
It is conventional in particle physics to choose C'(r) = 1/2 when r is the fundamental representation.

4For example, strongly interacting conformal field theories, which don’t possess a weak coupling
limit



Field\ Group  SU(3). SUQ2Q)w U(l)y U(l)em

e 1 1 -2 -1
| i 2/3
L= (Z’L> 3 2 413 (:;3)
L
uty 3 1 +4/3  42/3
- 3 1 -2/3  -1/3
il 1 2 1 0

Figure 1.1: Matter content of the SM and their representations with respect to the
gauge group heading each column. For the non-Abelian groups, ‘1’ signifies the trivial
singlet representation. The ‘3’ and ‘2’ stand for the fundamental representations of
SU(3) and SU(2) respectively. For the Abelian U(1) groups what is tabulated are
the associated charges. Color indices have been suppressed. Figure adapted from [1].

at some energy scale. There will be more to say about this later. The Standard Model

Lagrangian is given by

1 1 1
Lou == BB = STW, W = S TG G
+iQ), DQ), + WDl + idp P}y + il PO + e, e, (1.4)

+ D, H'D'H — Vi (|H)|)

+YIQio H uy + Y Q Hdy + YT Hel, .
I will presently proceed to somewhat unpack this expression line by line, with subse-
quent subsections dedicated to further details. I will also highlight what are the SM

input parameters - those constants which are not calculable from principle at present

but have to be taken from experimental measurement.

The first line above represents the kinetic terms for the gauge bosons, written in
terms of the rank-2 anti-symmetric ‘field strength’ tensors
W, =0,W, — oW, —ig(W,,W,]|,
G = 0,G, — 0,G,, — igs|G, G, ] , (1.5)
B, =90,B,—0,B, ,
and the trace operation acts over algebra elements. Notice that the field strengths

for the weak and strong gauge bosons contain the coupling constants g, g, reflecting
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the well-known fact that non-Abelian gauge theories are intrinsically self-interacting.
These, along with the hypercharge coupling ¢’, are the input parameters of the gauge

sector.

The second line represents the kinetic terms for the fermionic matter fields as well
as their interactions with the gauge bosons. These are neatly condensed in simple
format by using the gauge covariant derivativeﬂ D, = 0, —ig* A;;T® where T are the
generators of the gauged group in the representation appropriate to the field that D,
is acting on. As an example, for the left-handed quark doublet Q%

- 1 , ol A ;
D#QzL = (a# — ZglquB# — ZgW'LJL? — ZQSG‘u?) QL (16)

where the factor of gy = 1/6 is the hypercharge of Q% .

The third line describes the Higgs boson, the only elementary scalar field in the
SM. Its kinetic term and coupling to gauge bosons is again captured simultaneously
via covariant derivative. The potential Vi (|H|) is a function of the gauge singlet
quantity HTH . We will have much more to say about this in section [L.1.3|

The fourth and final line are the Yukawa couplings between the Higgs boson and
the fermionic matter fields. The three Yukawa matrices Y, 4; account for most of the
input parameters in the SM. Although not often highlighted in this way, these terms
can be thought of as a new fundamental force between matter states in addition to

the usual four taught in school.

Notice that as written in eq. (1.4) none of the fermionic degrees of freedom have
any mass terms. This is because eq. ((1.4]) is not actually the correct field basis to
describe our world, as discussed in the next section. The physics of the SM can

be separated into two qualitatively different sectors, which will be the subject of

section [[L1.3] and section [[.1.5]

1.1.3 The Electroweak Sector

I will continue this introduction to the SM by first discussing in more detail the
dynamics associated to the SU(2)y x U(1)y part of the gauge group known as the
‘electroweak’ sector. Its characteristic length scales ~ (102 GeV)~! are the smallest
in the SM. Moreover, in contrast to SU(3)., it affects both leptons and quarks.

5The term is justified by a geometric interpretation.



The first thing to notice is that the theory is chiral - it distinguishes between
left and right-handed fields. In fact, the SU(2)y part of the group only talks to the
left-handed quarks and leptons. By this I mean that only the u,d; and €%, vt are
in non-trivial representations as can be seen from fig. [I.1] This simple fact means
that parity is ‘maximally’ violated in microscopic interactions. This came as an
extraordinary shock when it was first discovered in beta decay [2].

In addition to the fermionic matter, we have a scalar field in the doublet rep-
resentation of SU(2)y - the Higgs boson - which plays a fundamental role in the
theory of electroweak interactions, in that it is responsible for spontaneously break-
ing SU(2)w x U(1)y down to U(1)en. This follows from the fact that the gauge
invariant quantity H'H, as we will motivate further down, has a non-zero vacuum

expectation value (vev) in the true vacuum of the theory:

02

(H'H) = 5 where v & 246.22 GeV . (1.7)

Because of this non-trivial background, we cannot make sense of perturbation theory
in terms of the Higgs field as written in the basis eq. . We must rather expand
H around a field configuration H, satisfying eq. and thus successfully treat
its fluctuations as perturbative quantum fields. There is not a unique Hy however,
but rather a three-parameter continuous family of vacua - labelled by different Hy
- related by the SU(2)y transformations. Our embarrassment in choosing which
specific Hy to expand around is the manifestation of spontaneous symmetry breaking
(SSB). Although the theory is invariant under a symmetry group, a choice of vacuum
has to be made, which breaks the symmetry. Despite the fact that all choices lead
to equivalent physics (by symmetry), the vacuum is no longer invariant under those

transformations. A very common choice is

I (0 1 hi +ih
b)) = aeh() . o
where the h; are the three massless ‘Nambu-Goldstone boson’ (NGB) field directions,
while h describes the massive Higgs boson proper - the one discovered at the LHC .
As is well known, Goldstone’s theorem predicts that in theories with SSB there exist
a number of massless scalar fields equal to the number of symmetry generators broken
by the vacuum. Examining the action of SU(2)y x U(1)y on Hj it easy to see the

surviving generator is
3
o
Q= > +Y, (1.9)



which defines the familiar U(1) of electromagnetism. Thus arise the electric charge
assignments in fig. [[.I} In theories of SSB of gauge theories the massless scalars of
Goldstone’s theorem are not actual physical dof but are ‘eaten’ by the gauge bosons
associated to the broken generators. In the process, those gauge bosons become
massive and the total number of dof remains constant, as it should. The new mass

terms are found in the Higgs kinetic term

Lsu D D, H'D'H (1.10)
1
D Ut (W W 4 GWIW + g WIW = 299'WiB" + g B, BY)
1 *
=5 (my WiW* +m3 2, 7") (1.11)

where in going to the third line I have diagonalised the mass matrix, defining the Z,

boson and familair photon A, in terms of the weak angle tan 6y = ¢'/g as

Z,, = cos QWWS —sinfw B, ,

(1.12)
A, = cos QWW:’ +sinbw B, ,

as well as thee electrically charged W, = (W, +iW7)/ /2 vector boson, and defined

their masses in terms of the original parameters.

122

1
m%v = —g°v°, m% = —v\/g2+ g2 . (1.13)

2 2

The electromagnetic coupling associated to the surviving photon A, instead is given
by e = gsin Oy .

Expanding around the Higgs vev, mass for all the fermions (except the neutrinos)
emerge from the Yukawa interactions in eq.

Lon D —% (Yirayuly + Y dydly + Y72 el) + he. (1.14)

Each of the mass matrices Y in principle are completely arbitrary. They can be

diagonalised via bi-unitary transformations. Focusing on the quarks, the change of

basis is
uh g = UP gl o dy g — DY pd) (1.15)
Y, =Y, =UlY,Us, Y,—Yy=DY,Dp, (1.16)

where Up r and Dy, g are unitary matrices and Y, 4 are real and diagonal. While the

analogous diagonalisation of Y} for the leptons leaves the rest of Lgy invariantﬁ this

6This fundamentally a consequence of neutrinos being massless in the SM.



is not so for the quarks, resulting in the inter-generation mixing reappearing in the
weak interactions
Lon D “LVH @A WD + he. (1.17)

V2
where Voxw = Ul Dy is the Cabibbo-Kobayashi-Maskawa (CKM) matrix. The latter
is characterised by four independent angles, one of which is the only known source
of C P-violation in the SM. The basis of eq. , is referred to as the ‘mass basis’
(in virtue of the mass matrix being diagonal) while the previous one (where flavour

interactions are diagonal) is the ‘flavour basis’.

The Higgs potential: We have discussed the consequences of the non-zero Higgs
vev. In practice, the vacuum is selected by the minimum of the Higgs potential
Vi(|H|) so that the statement of eq. (1.7)) is equivalent to

Vu(|H|) has a minimum at |H| =v/V2 (1.18)

I have thus far delayed the discussion of the explicit form of V because, beyond this
crucial role in spontaneous symmetry breaking, the Higgs potential is currently the
least experimentally constrained and theoretically understood ingredient of known
particle physics. In the context of the Standard Model, the usual Landau-Ginzburg

form is implied
0?2\
Va(|H|) = —m%4H'H + N(HTH)? = ) (HTH - 5) , (1.19)

where v = my/ VvA. This indeed is fixed if we demand renormalizability of the SM.
Notice a ‘cubic’ |[H|* term would naively be renormalizable but would introduce non-
analyticity to the potential, essentially making the theory strongly coupled at the
origin [3]. After expanding around a proper vacuum eq. the potential of the
physical Higgs is of the form

Vg = %mw + kg%hS + k%;n—ﬁh‘* +..., (1.20)
where I have parameterised possible deviations of the cubic and quartic self-interactions
from those fixed by SM potential of eq. by the dimensionless coefficients k3, ky
as is the convention, where k3 = k4 = 1 corresponds to the SM. my has been measured
at the LHC with the present precision of 125.25 £ 0.17 GeV, while v is known very
accurately via Fermi’s constant from weak decays. In fig. [[.2] I graphically compare

the usually quoted potential of eq. (1.19)) with the actual experimental bounds.ﬂ The

"This way of thinking about the Higgs potential arose from discussions between the author and
Nathaniel Craig and will appear more rigorously in forthcoming work.



potential for BSM hints coming from precise measurements of the Higgs self-coulings

is a topic of growing interest [4}5].

1.1.4 Beta functions

A fundamental fact in perturbative quantum field theory is that interaction couplings
are not fixed numbers but should be thought of as functions of renormalization scale
1 - loosely, the characteristic energy scale of processes we wish to describe. This
‘running’ of a coupling is captured by its beta function.

The one-loop beta function for the gauge coupling g(u) of a gauge theory based
on the non-Abelian group G with ny (n,) active| Weyl fermions (complex scalars) in

representation r is given by

dg? gt /11 2 1

== —C5(G) — =nsC(r) — =n,C , 1.21

e~ (amp \ 3 28 gl = gnlin) (1.21)

where Cy(() is the quadratic Casimir operator for the adjoint representation of the

group.ﬂ The same expression can be applied to the abelian U(1), with Cy — 0 and
for each separate contribution C(r) — ¢%/2, where ¢ is the charge of the field.

It is thus straightforward to compute the one loop beta functions for the SM gauge

couplings above the scale of electroweak symmetry breaking

dg?(p)  g" 41

= — 1.22
dlnp?  (47)210° (1.22)
2 4
dg*(p) _g* 19 7 (123)
dlIn p? (4m)% 6
2 4
dgs(n) _ _ 9" o (1.24)

dlnp? — (4m)?

where particular attention should be payed to the difference in signs. The beta
functions require an initial condition - the value of the couplings at a particular scale
1o - which is extracted from experiment. For example, at the top mass m; ~ 173 GeV

we have the values |9

g'(n=my) = 0.35830 , (1.25)
g =my) = 0.64779 , (1.26)
gs(p = my) = 1.16660 . (1.27)

8Meaning their mass is < p.

9Defined by T Ty = C2(G)1. For SU(N), we have C3(G) = N.

10



V(h) [GeVY]

h [GeV] h [GeV]

Figure 1.2: Above is the usual ‘Mexican-hat’ schematic picture for the Higgs poten-
tial. In reality, our knowledge of the exact shape of Vy(h) is currently quite limited.
Combining the latest CMS and ATLAS measurements [6] gives k3 ~ 4110 at present.
The ‘High Luminosity’ (HL) upgrade of the LHC is projected to increase sensitiviy to
ks ~140.5 [7]. A direct measurement of k4 at accelerators for now seems hopeless
(see however [8] for the possibility of indirect constraints at future colliders.) and the
only absolute bound (naively) comes from unitary. Fixing ks = 1, the uncertainty in
the potential arsing from k3 alone is shown at present (left panel) and at HL (right
panel).
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Consider first the positive sign in the running of the hypercharge coupling ¢'(x). Its
obvious consequence is that the strength of the coupling grows with energy - in the
UV. It is easy to integrate eq. and find that ¢’ blows up at some large finite
scale. What this means is that the theory is becoming strongly coupled and already
before it blows up when g2 ~ 47 the perturbative result we are integrating should
no longer be valid. Not much fuss is usually made of this as it lies above the Planck
scale[l

The negative sign of the beta functions for g, g; on the other hand means that
these couplings are growing in the IR. However, at scales when ¢ is still small, the
Higgs mechanism described in section [1.1.3] means that ¢ is no longer the proper
coupling to track further down. The combination of g and ¢’ giving the coupling of
the surviving abelian U(1)ey then shrinks in the UV until the scale of the lightest
charged particle - the electron - and remains constant thereafter.

The colour coupling gs on the other hand continues to grow in the IR, where it

indeed becomes strongly coupled. This will be the subject of the following section.

1.1.5 QCD

In this section I shall focus on the dynamics of the SU(3). colour sector of the gauge
group known as quantum chromo-dynamics (QCD). Only quarks partake in its inter-
actions, so we shall ignore all other degrees of freedom and study the quark sector
after the SSB of EW interactions has taken place. I will start by introducing new

notation to describe the left and right-handed quarks in terms of a single multiplet

qr = (uLadLacLa SLatL7bL)T ) (128)

and similarly for ¢r. In these terms the QCD Lagrangian is neatly packaged as

Lacp =1 G, D.q1 + 1 GplPoar — 7, Myqr + h.c. (1.29)

where M, is the quark mass matrix and I have stressed that [, = Y (O, — 195G )
only contains gluons.

As mentioned at the end of section [I.1.4] the negative sign of the QCD beta
function means the coupling grows in the IR. Integrating eq. and defining the
true perturbative coupling o, = g2/(4m)? gives

CYO

@) = T a2 WG/ o) (1:30)

19Moreover, new physics is generally expected to kick in well below M.
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which relates the coupling at arbitrary scale p to the coupling a? = a,(u) at an
initial fixed scale pg. Choosing py = my as in eq. we can see that QCD
becomes strongly coupled o ~ 1 at a scale Aqcp = 1 ~ 100MeV. Beyond this
point, the description of QCD dynamics in terms of quarks becomes hopelessly non-
perturbative. Indeed, we do not observe free (color-charged) quarks around us but
rather their color-singlet bound states of three quarks (baryons, such as protons and
neutrons) and two quarks (mesons, such as pions). In this sense, the strong force is
said to be confining.

On top of confinement, the vacuum of QCD exhibits chiral condensation, captured

by the non-zero vev of the following quark bilinear
(Thar) = Cod¥ (1.31)

where Cjy ~ A%CD. If we momentarily ignore in eq. the mass terms of the three
lightest quarks u,d, s (for which it makes sense to treat their mass as perturbations
on top of the QCD dynamics , set by the scale of Aqcp), QCD has a symmetry group
given by

Gqep =SU3), x SUB)rxU(1)y (1.32)

where SU(3). r acts on the left and right handed fields independently, U(1)y is a
vectorially actingiﬂ common phase redefinition, while its axial counterpart U(1)4
does not appear since it is anomalous (i.e. broken at the quantum theory level, which
can be seen for instance by the non-invariance of the path integral measure). The
chiral condensate is said to induce (spontaneous) chiral symmetry breaking by the
fact that, the vacuum section is not invariant under the entirety of Gqcp, but
breaks it down to the vectorially acting subgroup Hqcp

GQCD — HQCD = SU(3)V . (133)

Thus, again by Goldstones theorem, we expect 8 Nambu-Goldstone bosons in the IR
of the theory. Although some of the symmetry transformations of Gqcp are gauged
in the SM by the weak interactions, they are spontaneously broken by the Higgs
potential at the much higher scales of v, so that in practice Gqcp should now be
thought of as a purely global symmetry. Therefore these NGBs are indeed real and
identified with the lightest spectrum of mesons. The small explicit breaking of Ggcp

1Tn the sense of acting identically on left and right handed fields. In contrast, for axial transfor-
mations the transformation on right handed fields is the inverse of the transformation on left-handed
fields.
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by the non-zero mass terms for u, d, s in eq. means these PNGBs (P for Pseudo)
are not exactly massless. Further details of this will be developed in chapter [2]

In section |3.3| we will discuss in depth what happens if the Higgs were not present
and QCD was the sole responsible for the breaking of SU(2)y x U(1)y.

Before moving on I will discuss an extra term which might have appeared in the
SM lagrangian but does not. We shall be particularly interested in its use in chapter
when we start exploring worlds with slightly different physics.

The Theta term. Gell-Mann is said to have coined the phrase ‘anything that is
not forbidden by symmetry is mandatory’. Therefore, given the symmetries of the
SM as a whole, we would seem compelled to add the following parity and CP violating
term
? gg Yy

Lsy D 327r29 G..G" (1.34)
where G = e"P?G,, is the dual field strength tensor and 6y is a new coupling -
an angle . Although eq. can be written as a total derivative and therefore has

no classical effect, in quantum mechanics it does contribute non-perturbatively - for

example, to an eletric dipole moment (EDM) for the neutron [10]. One theoretical
reason for not including eq. in our Lagrangians egs. and is that
there is always a basis where it can be set to zero, moving the phase 6, into the
quark mass matrix (the Yukawa matrices in the basis of eq. ), specifically into
Arg(detM). The basis-independent P and C'P violating parameter in QCD is

6 = Arg (e™detM) oo 0o + Arg (detM) (1.35)

where I have written it first in a slightly unconventional way to highlight that if any
of the quarks were massless (detA = 0) then # = 0. The evidence strongly opposes
this however. The experimental non-observation of a neutron EDM [6] sets a very
tight constraint on the size of #

<107, (1.36)

which, in light of eq. would imply a bizarre cancellation between two seemingly
independent phases and sources of P, C'P violation whose (naturally expected) values
would be O(1), especially since this is observed for the C'P violating phase in the
CKM matrix.
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1.1.6 Effective Field Theory

We saw in section that the description of QCD dynamics in terms of quarks
became impossibly non-perturbative at low energies. We also saw however that the
IR spectrum of the theory included a set of 8 PNGBs, the lightest bound states of
quarks. We shall see that it is possible to write down a weakly coupled Effective Field
Theory (EFT) for these degrees of freedom despite our ignorance of strongly coupled
QCD.

The point of an EFT is precisely to describe the dynamics of a theory at energies
below a certain cut-off A, by using only those degrees of freedom that are light (with
respect to A) and therefore active. From a field theory point of view, one starts
by identifying the proper dof and symmetries. One then proceeds to write down all
Lagrangian terms consistent with those symmetries, including non-renormalisable in-
teractions, with unknown coefficients of expected size order one, suppressed by the
appropriate powers of A to make dimensionful sense. Despite thus being techni-
cally non-renormalisabile, loop diagrams can be computed and physical parameters
are renormalised, as long as a so-called mass-independent renormalisation scheme is

adopted, the prime examples of which are the MS and MS schemes.

1.1.7 Beyond the Standard Model

The theory described in the sections above along with the classical theory of general
relativity (GR) (see section is the current rock on which we base our science. The
pursuit of new physics, in addition to the micro-physics elements described above, is
the field of Beyond the Standard Model (BSM) theory. Despite the great success of
the SM, there are several open problems suggesting the existence of BSM physics.

One should make a distinction between physical problems associated with the
failure of the SM to include observed phenomena and aesthetic problems of the theory.
We first address the former.

Experimental Shortcomings

It is important to realize that the following shortcomings do not mean that the SM is
wrong. Rather they point to the fact that it is incomplete; an invitation for soon-to-be

graduating physics doctorates to work and think hard.
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Neutrino oscillations. Neutrinos are massless in the SM. Thus, the basis of gen-
eration diagonal weak interactions can also be thought of as their mass basis, unlike
with quarks as we saw in section [1.1.3] (which resulted in the CKM matrix). On the
other hand, the detection of neutrinos produced in the sun, Earth’s atmosphere and
man-made nuclear reactors have demonstrated that neutrinos produced at source in
definite weak eigenstates (vt above), after travelling macroscopic distances can reg-
ister as different weak eigenstate at detection. The observations indicate that three
distinct neutrino mass eigenstates existff] each picking up a slightly different phase
under time evolution. Therefore, a linear combination of the latter corresponding to
a definite weak eigenstate at some initial time will oscillate between all the v} as a
function of distance travelled. It is still an open question whether massive neutrinos

are Majorana or Dirac and how to accommodate them into the SM.

Dark Matter.  The most serious shortcoming of the SM plus GR is the current in-
ability to explain the observation that the amount of matter in galaxies - as measured
by gravitational effects - is roughly 5 times larger than what can be estimated judging
by all luminous matter detected by astronomers. The inferred existence of a cold,
inert, abundance of dark matter (DM) is now supported by galaxy rotation curves,
strong and weak gravitational lensing as well as synergy with large scale cosmological
structure formation and the CMB, as mentioned further on in section [I.2 Note that
while DM dominates the galaxy’s overall mass, it is spread thinly over a large spheri-
cal ‘halo’ so that locally in our surroundings inside the galactic disk baryonic matter
is far more abundant. Beyond its gravitational presence there is no evidence towards
any non-gravitational interactions. The failure of the SM is to provide a candidate
microscopic particle with the right properties. A lot of BSM physics has thus been
motivated by studying possible DM candidates and their production mechanisms in
the early universe. In chapter |4] we will encounter one candidate: the dark photon,

an extra massive vector field very weakly coupled to the SM.

Standard Model Hints of Beyond

Some features of the SM, despite being perfectly predictive, offend the principle of
naturalness, which, in general terms, disfavours unexplained hierarchies of scales and
couplings. A distinction is made for the value of a parameter y when the theory
recovers a symmetry in the limit where the parameter in question is set to zero.

This is because quantum corrections will shift the value of y(u) (in the sense of

12With current upper bound m < 1eV [6].
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section at some reference scale by corrections proportional to y(u) itself. Such
a parameter is said to be ‘technically natural’. Large hierarchies in these still beg
for an explanation but should be considered less puzzling than when no restorable
symmetry is present.

The highest energy scale in fundamental physics naively is the Planck scale M, =
1.2 x 10" GeV. In the SM, there are two scales, many orders below My, driving
the physics: the EW scale v of eq. and the QCD strong scale determined by
eq. ((1.30). The latter is technically natural because the beta function is proportional
to the coupling itself. The logarithmic running of a4(u) found in eq. means
that given an underlying scale, such as M, where the a; is perturbative, it becomes

~ 1 at a scale exponentially smaller["|

The electroweak hierarchy problem: As we saw in section [1.1.3] in the SM the
EW scale is set by the Higgs mass term v = my/ VA & 246 GeV. The unnaturalness
of the m?% term arises in BSM theories with new ingredients at energies A > v that
couple to the Higgs. Interactions between these heavy particles and H generically
lead to quadratically divergent quantum corrections to the Higgs mass term which
naively would set m?% ~ A?. The qualitative difference of the Higgs mass term, in
contrast to the QCD scale, can be seen in its beta function not being proportional
to m? itself. For example, the contribution from an active heavy complex scalar of

mass M > mpy marginally coupled to the Higgs with coupling v is

dmi (1) Y 2
= M M 1.

with contributions differing only by O(1) numbers for other dof. Assuming an initial
condition m% (Ayy) at some scale Ayy > M, integrating the beta function down to
the EW scale gives
m2,(v) = m% (Agy) — %MQ In (Ayy /M) . (1.38)
Thus in order for mpy(v) < M one requires a fine-tuned cancellation between the UV
initial condition and the quantum correction to to an increasing order of precision as
the scale of the new physics A ~ M becomes larger.
The general expectation of new physics, coupled with the naturalness principle
strongly suggesting its scale could not be too far from the EW scale, formed a target
for BSM for a long time, pointing squarely at the energy frontier of more powerful

colliders as the path to progress.

13This dynamical generation of a mass scale, such as Aqgca from an order one dimensionless coupling
is known as ‘dimensional transmutation’.
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The strong CP problem: We have already encountered in section[I.1.5a different
apparent puzzling cancellation to at least one part in 107! eq. . The current
leading solution to this conundrum is essentially to promote the parameter 6 to field
a(zx)/ f, - called the axion - which is the PNGB of a spontaneously broken U(1)pq at
some large scale ~ f,. The particle is typically very light m, ~ A(QQCD /fa but also
very weakly coupled to the SM. As these are the opposite characteristics of particles
at the energy frontier described above, the axion is the prime suspect in the pursuit

of new physics at the so-called intensity frontier.

1.2 The Standard Cosmological History and Be-
yond

Given the known laws of physics today, as embodied in the SM of section [I.1], plus
whichever completions remain to be discovered at higher energy and/or weaker cou-
pling, we are still faced with the physical but qualitatively different question of ‘how
did we get here?’ [11]. The field of Cosmology attempts to address this question in a
quantitative way.

Strictly speaking, the history of the Universe is not a controlled repeatable ex-
periment which we can test against our scientific theoryE[] However, it also not just
an exercise in telling a story consistent with the known laws for the satisfaction of
our musing curiosity and retrospective anxiety. In the modern era of fundamental
physics, cosmology has more and more become a complementary - and often leading
- tool to constrain and guide our quest for physics beyond the Standard Model The
theory is successful enough that adding BSM elements can spoil it in unacceptable
ways. Or, the other way around, particularly elegant solutions to cosmological prob-
lems can further motivate the existence of certain BSM theories. In addition, many
cosmological observables and potential signals are beyond the grasp of our current
technology but will not be in the future[P| This delay in data acquisition allows com-
peting theories to make distinguishable predictions for those observables and prove
their worth or misery.

An interesting case is that of dark matter. Although its true microscopic nature
remains a mystery as described in section [I.1.7] its purely gravitational presence

is a key element in the standard theory of the early universe; as we will see, its

14 At least for those of us who live in it and for a fraction of a moment at that.
15 As well as improvements in the precision and accuracy of measurements of existing observables
of course.
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name even takes after it. More precisely, its role - along with contributing its energy
density to the total - is to kick start the growth of small overdensities, the seeds of
all self-gravitating structures which eventually become galaxies and clusters thereof.
Simulations consistently show incompatibility between observations and structure
formation involving baryonic matter alone. Thus, the theory of the history of the
universe can be taken both as further independent evidence for the existence of dark

matter, and as an opportunity - due to its critical role - to further study its nature.

The Big Bang and ACDM. Two fundamental statements lay the foundations for
the theory of the universe. Firstly, the observation initially made by Edwin Hubble,
that everything beyond our local neighbourhood of gravitationally bound galaxies
appears to be moving away from us, properly interpreted as space itself expanding.
Secondly, the assumption that at very large scales, put roughly at = 300 Mpc, the
universe starts to look homogeneous and isotropic, as best indicated by the observed
statistical isotropy’| of the Cosmic Microwave Background (CMB) and the success of
structure formation theories based on the assumption of a homogeneous and isotropic
universe with tiny (statistically homogeneous and isotropic) initial perturbations.

In the following sections I shall describe what has come to establish itself as
the standard history, which, by inverting the observed expansion today, traces the
current universe and its current energy density back to a rapidly expanding and fiery
stage known as the hot Big Bang, the subject of section a plasma state of
temperatures at least a few MeV, when neither atoms nor nuclei existed yet but
electrons, neutrons and protons were unbound. The greatest validations of the Big
Bang theory comes from two sources: 1) the 1962 discovery and subsequent analyses
of the CMB, a near-thermal spectrum of microwave radiation with temperature Ty ~
2.7 K coming from every corner of the sky, which has been travelling undisturbed
apart from redshifting since the universe first became transparent to light (the epoch
of so-called recombination at then temperature 7' 2 0.1 eV); and 2) the success of the
theory of Big Bang Nucleosynthesis (BBN) in describing the observed light-element
ratios as they result from the initial 7'~ 1 MeV plasma.

The standard theory in its latest form is nowadays referred to as ACDM, which
emphasises the late-time roles of cold dark matter (as mentioned above) and ‘dark
energy’, essentially the energy density of our current vacuum po ~ 3.7 x 10747 GeV.
The latter is the latest major addition to cosmology, initially born out the obser-

vation that the Hubble expansion is accelerating at the present, apparently due to

16With, possibly, some caveats on the very largest scales due to cosmic variance uncertainties in
the lowest multipole moments of the CMB fluctuations.
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an approximately constant vacuum energy being dominant at the present time (see
eq. ) This inferred measurement of the vacuum energy presents the most severe
fine-tuning problem (in the language of section . We will return to the subject
of this vacuum energy, and whether it is actually a constant, in later sections of this
thesis.

The study of cosmology requires understanding gravity and the structure of space
and time at the largest scales for which the appropriate theory is that of General

relativity (GR), to which we turn to next.

1.2.1 General Relativity for Cosmology

General Relativity is first and foremost a theory-framework for the statement that
the laws of physics should be independent of coordinate system. More precisely,
fundamental equations should be organised as equalities between tensorially identical
objects in the language of differential geometry. The metric tensor g, defines the
concept of distance (between two events / coordinate points) that of course enters
into all force laws. Given a system of coordinates {z"} which spans a space-time

manifold, the invariant distance infinitesimal (line element) is given by
ds® = g, (x7)dxtdz” . (1.39)

Generalising Newton’s law of inertia, test particles are assumed to follow geodesics of
the metric in the absence of net forces. The great conceptual break with Newton is
that, in this language, gravity is not a force at all but simply the presence of intrinsic
curvature in the space-time described by eq. ; free-fall is geodesic motion. Said
curvature is captured by the Riemann tensor R,,,,(«7), which has a well known form
in terms of the metric components and its derivatives [12]. Finally, the sourcing of

gravity (curvature) by matter is dictated by the Einstein field equation

1
Ru = 5 (9B + Ao) = 87Gy Ty, (1.40)

where R, = R}, is the Ricci tensor, R = Rj; the Ricci scalar,m A, is a (cosmological)

nuov

constant - included because it is not forbiddenlﬂ - and T}, is the energy-momentum

tensor of matter. Thus Einstein gives Newton’s constant Gy = 1/M?2 a new home.

I"Not to be confused with the general chiral transformation on right-handed fields of sections m
and The context should be self-explanatory.
18See for example Lovelock’s Theorem [13].
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To describe a homogeneous and isotropic universe we should start with the most
general metric with the same level of symmetry. These are given by the Friedmann-
Lemaitre-Robertson-Walker (FLRW) space-times, which can be described by the line

element

dr?
1—Fkr?/r?

where a(t) is the so-called ‘scale-factor’ capturing the relative measure of distance

ds* = dt* — a*(t) ( + rdeQ) (1.41)

between space-like separated points as a function of timﬂt and is usually normalised
to a(tg) = 1, with ¢y present time. k is a discrete geometric parameter with three
possible values —1,0, 1 describing an open, flat or closed universe respectively at the

largest scales and r. is the corresponding radius of curvature (when |k| = 1).

1.2.2 Expansion

The simple metric eq. has a single undetermined function a(¢) whose evolution
is driven by the matter content of the universe via the dynamical law of gravity
eq. . To a very good approximation the different forms of matter in the universe
can be taken to be in the form of a (homogeneous & isotropic) perfect fluid with total
energy density p(t) and pressure p(t) related by the constraint V,7*" = 0. Given the

symmetries, Einstein’s equation boils down to the Friedmann equation

a 8m k
H= a = ?GNptot(t) + ﬁ s (142)

where we have defined the Hubble parameter H(t) giving a measure of the rate of
expansion of the universe at a given time. Specifying the equation of state p = p(p)

of the matter we wish to describe, one can solve for p = p(a(t)), giving

1, vacuum energy
p(t) = p(ter) % (a(t)/alter))™ , radiation (relativistic matter) (1.43)
(a(t)/a(te)) ™ ,  dust (cold matter)

where p(t,ef) is the energy density at some reference time ¢, and I have listed the
three important types of matter for cosmology (each will have its moment dominating
the energy budget of the universe). It should be obvious why the energy density of the
vacuum remains constant with expansion. For dust, which we will henceforth refer

to simply as ‘matter’, p = n m and the scaling simply reflects the dilution of number

19The coordinate t corresponds to the time measured by a so called ‘fundamental observer’ living
on a geodesic corresponding to the rest frame of the cosmic matter, observing the universe to be
homogeneous and isotropic at every moment.
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Figure 1.3: Effective degrees of freedom g, (7)) in the standard model as a function of
temperature. Figure taken from [14].

density n. For radiation - on top of the latter dilution - there is an additional ‘redshift’
scale-factor of the energy that can heuristically be thought of a the ‘stretching’ of its
Wavelength.m Notice, it is possible for massive particles to be relativistic at one stage,
loose energy by redshifting until their momentum is comparable to their mass and
thus scale as matter from then onwards.

As our universe is observed to be flat today and the scaling of both matter and
radiation energy densities means that they dominate the right side of the Friedmann
equation even more in the past, I will from now on set & = 0. eq. (1.43) allows
one to easily solve the Friedmann equation for periods when a single type of matter

dominates the energy density. This gives

eflt . V.D. (inflation)
a(t) = a(ter) /2, R.D. (1.44)
t=2/3 . M.D.

Y

where V.D.; R.D. and M.D. stand for vacuum, radiation and matter domination

respectively.

1.2.3 Hot Big Bang

It is a marvellous - as well as convenient - thing that the whole observable universe
was once in a hot plasma state well described by thermal equilibrium. Thus, to first
approximation, its state was completely characterised by a single thermodynamic

quantity, the temperature 7', its makeup determined by the known particle content

20For a proper discussion the reader is directed to [1].
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Figure 1.4: Timeline of the standard cosmological history of the universe. Good evi-
dence exists for our present state deriving from a plasma of temperatures 22 1—3 MeV.
At temperatures above this the QCD and EW phase transitions occur. Although each
were once suspected to be of first order, with potential observational signals as per
subject of section [1.3| and chapter [4], there is now strong evidence that they are both
crossovers. Before the hot phase - though at what scale is still unknown - it is gen-
erally believed that a period inflation was responsible for setting the right initial
conditions for subsequent evolution. There is some tension however between this and
conjectures mentioned in section [2.1] regarding quasi-de Sitter phases motivated by
quantum gravity. Figure adapted from .
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of nature@ plus chemical potentials associated to the conserved quantities of their
microscopic interactions.

The plasma has sufficient energy only to significantly excite those particles whose
mass is m < T, otherwise the number density is Boltzmann suppressed n o exp(p —
m)/T, where p is a possible chemical potential. Although the largest temperatures for
which we have evidence are around a few MeV, it is natural to believe that T" could
have started at much higher values. For T" above the electroweak scale of eq. ,
all SM particles are massless and active. The energy density is that of radiation in

thermal equilibrium

7T2

psM = Eg,k(T)T4 , (1.45)

where g, counts the number of effective relativistic degrees of freedom in the plasma;
g« = 106.75 for the full SM spectrum, while fig. shows the explicit dependence on

temperature. More specifically, allowing for multiple decoupled sectors,
(T)=>" L 4+ZZ AN (1.46)

where the indices b and f sum over bosonic and fermionic dof respectively, g; ; count
helicities as usual and T} ; are the respective decoupled temperatures. Note that
in presence of different temperatures the reference 7' is always given by the sector
connected to the SM photons.

As discussed in the previous section, the universe is actually expanding - more
and more rapidly as we go back in time. Consequently the gas is cooling: T is
changing. The statement of equilibrium is thus an instantaneous feature applicable
to a particular particle species as long as the interaction rate I' at the characteristic
energies involved - also a function of time - for the relevant equilibrating process
satisfies I' > H, where H(t) is the Hubble parameter measuring the rate of expansion
as defined in eq. . When the contrary becomes true, the particle - or at least
the process in question - is said to have ‘frozen out’ of equilibrium. An important
example is that of neutrino decoupling, the most weakly coupled SM particles. Taking
characteristic energies to be of order ~ 7" and number densities ~ T2, the integrated
cross section for electron-neutrino scattering is 0., ~ G%T? and the corresponding
interaction rate is I'y, ~ GZT°, where G ~ 1.27 x 107> GeV~? is Fermi’s constant

of the weak interactions. Comparing this to the Hubble rate in radiation domination

2lwhich was the subject of section
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H ~ T?/M,, it is easy to find the neutrino freeze-out temperature

T, (T) ~ H(T)

(1.47)
— Tlflc ~ (G%Mpl)_l/?’ ~ 3MeV (neutrino freeze-out) .

After this the neutrinos become completely inert and simply ‘free-stream’ till the
present, forming a cosmic relic far beyond our current detection reach.

It is important to note that g.(7) evolves non-trivially as the temperature evolves
below the mass of heavy particleﬂ and freeze-out temperatures, spoiling the simple
scaling oc a? of radiation energy density given in eq. , valid for a perfectly
adiabatically evolving thermal bath of same dofs. An often more convenient quantity
is the entropy density

272

=" q.,(TT?, 1.48
s = 5 9ns(T) (1.48)

where g, (T is given by a formula just like eq. ([1.46]), except for the power in temper-
ature ratios going like 3 rather than 4. Its evolution for the SM is also shown in fig.[1.3]
Unlike p, throughout the standard thermal history of the universe s(7") does actually

3

follow the simple a~2 scaling to a very good approximation.@ Since s a® = constant,

we have a relatively simple relation between scale factor and temperature

a(t) = a(tref)% (gg(—?T?) : (1.49)

Underlying the established thermal history is the asymmetric abundance of baryons
versus anti-baryons (plus electrons versus positrons by overall charge neutrality),
eventually reflecting the present observation that our world is almost entirely made
up of the former @ At temperatures below < 100 GeV there are no known active (i.e.
not exponentially slowly occurring) baryon violating processeﬁ thus the asymmetry
is to be taken as an initial condition - a chemical potential in practice, as mentioned

above. The size of the asymmetry is best captured by the time invariant quantity

Ap="B""B 088 x 10710 (1.50)
S

22For example, in descending order, ¢, h, Z, W, b, 7, ...

ZFundamentally this is a consequence of Liouville’s theorem for phase space. See |15] for the
curved space-time generalisation.

24With such little naturally occurring antimatter that it took a theorist in 1931 to point out it
might be there.

25 Above the EW phase transition non-perturbative SM processes involving B and L anomalous
non-conservation lead to fast, I'/Vol ~ T*, violation of B, L, and (B + L) numbers, though not
(B — L). Below the EW phase transition the anomalous non-conservation rate is dominated by
sphaleron configurations, with a very large exponential Boltzmann suppression when 7" << myy .
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where np and ngz are the number density of baryons and anti-baryons respectively.
The dynamical origin of Ag - known as baryogenesis - is one of the most serious
outstanding questions in cosmology and also of particle physics since the SM on its
own is insufficient to explain the size of Apg, despite the presence of baryon number
violation at large temperatures. The reason is that the Sakharov conditions for baryo-
genesis require not only B-number violation but also simultaneous C'P-violation and
departure from thermal equilibrium, and in these last two regards the SM is insuffi-
cient during the epoch when B-violation is active. At the time of writing this thesis
there is no compelling BSM baryogenesis theory supported by evidence. I will thus
continue to take eq. as an initial condition.

Moving on, at temperatures below neutrino decoupling, the relativistic SM plasma
is made of only electrons, positrons and photons, while the three neutrino generations
free-stream, nonetheless maintaining the thermal spectrum imprinted? when T ~
Td¢, though redshifted due to expansion. In addition, there are also net abundances
of protons and neutrons - the parents of all present baryonic matter today - as set by
the asymmetry Ap. These are the protagonists of the first step of the cosmic tale for

which we have direct evidence.

(~ 1MeV) Big Bang Nucleosynthesis (BBN): During BBN, temperatures drop
low enough so that bound nuclear states which are formed by the binding of free
neutrons and protons are no longer quickly broken back up by collisions with the bath.
Thus, by the end of BBN the first light elements (in the form of ions) emerge with
relative abundances dictated by the calculable physics at the time. The temperatures
at which this occurs < 1MeV correspond to timescales of the order of minutes as
shown in fig. [I.4] which is comparable to the lifetime of free neutrons ~ 15 minutes.
Thus, one should expect appreciably more protons than neutrons in the universe.
Indeed, when the dust settleﬂ BBN theory predicts that ~ 75% of baryonic mass
energy is still in the form of free protons - which we can now symbolically think of as
hydrogen ions - while almost all of the remaining ~ 25% is comprised of two protons
and two neutrons pairing up into a—particlesff] also known as helium-4. Fractions
of order ~ 107° of the total are instead deuterium and helium-3, 107! are lithium-
7 with even smaller trace amounts of heavier elements. These predictions of the

standard theory, as a function of the baryon-to-photon ratio at the time, can be

26 Also Liouville.

2"Pun intended.

28Famous of course in nuclear physics for having a particularly large binding energy per nucleon
among light elements.
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Figure 1.5: BBN predictions of the light element abundances as a function of the
baryon-to-photon ratio (bands indicate 95% CL intervals). Yellow boxes are obser-
vationally inferred primordial element abundances. Vertical band is CMB measure-
ment of baryon-to-photon ratio (with and without BBN D/H ratio determination

included). Figure taken from [16].

tested against the chemical composition of matter - determined from the analysis of
absorbtion spectra - in low-metallicity regions of the Universe where it is believed to

be (approximately) primordial, despite subsequent evolution - see fig.

(~ 0.1eV) Recombination and transition to matter domination: well after
BBN is complete, the temperature has dropped below the scale of the electron mass
me ~ 0.5 MeV so that the symmetric part of the electron - positron abundance anni-
hilates leaving a Boltzmann suppressed asymmetric component related to eq.
by electric charge neutrality. Photons still remain in equilibrium with the electrons
and light nuclei, and the universe remains radiation dominated but only photons and

decoupled neutrinos are relativistic.
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Recombination is the transition that occurs around 0.3 — 0.2eV from the state
described above to one where the once-free electrons become captured by the ions,
forming the first neutral atoms of mostly hydrogen and helium, and interactions
between matter and photons freeze out, leaving the latter completely decoupled and
free streaming thereon, all the way to the present time. This is the CMB discovered
in 1964 by Penzias and Wilson. Notice that recombination occurs quite below the
naively right scale of the binding energy of the ground state of hydrogen (13.6¢eV).
The decoupling is delayed by a combination of the small number density of baryons
and the effect of high energy photons at the tail of the distribution reionising the
atoms even as T' < 13.6eV [1].

In the meantime, during the same epoch - around ~ 0.8 eV - the total mass energy
in (mostly dark) matter becomes larger than that in radiation - the photons and
decoupled neutrinos. In the subsequent era of matter domination, the most interesting
dynamics concern the linear growth with scale factor of small over-densities dp/p and
the eventual formation of self-gravitating structures, surely a fascinating topic for a
different thesis.

1.2.4 Cosmological constraints: Dark radiation

The sequence of events described in section is sensitive to the addition of new
elements so that several non-trivial constraints are obtained from the physics of BBN
and recombination, as well as structure formation, though the latter is not as pertinent

to this thesis. I will focus here on the constraint most relevant to chapter [4]

Dark Radiation: The physics of primordial nucleosynthesis and recombination
depends on the temperature of the visible sector’”| as well as the expansion rate at
the corresponding time, determined by the total energy density via the Friedmann
equation. Thus, there cannot be much more dark radiation around the temperatures
of T'~ 1MeV and 0.1eV without spoiling the predictions of standard cosmology.
Before quantifying the bounds on extra dark radiation we must understand the
contribution from the SM. When the symmetric part of the electron and positron
abundances annihilate below 7' ~ 0.5 MeV, as mentioned in section [I.2.3] the neutri-
nos have already decoupled, so all the former’s mass energy goes primarily into into
heating up the photon bath. Then onward the neutrinos have a slightly lower tem-
perature T}, = (4/11)"/3T. Thus, using the definition of eq. (1.46)), the total energy

29By this I mean the thermodynamic sector in contact with the SM photons.
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density of radiation p, in the universe after e™e~ annihilation is

74\
1+ g (ﬁ) Neﬁ] P~ (1.51)

where I have normalised contributions in terms of the energy density in photons p,

Pr =

and N.g = 3.046 accounts for the three neutrino species. Notice this is not exactly
three because in reality neutrino decoupling is not instantaneous and occurs at slightly
different times for the different energies in the thermal spectrum, so that some eTe™
energy is indeed transferred to them.

Any additional dark radiation that might be present is quoted as a deviation in

Neg, that is
11\ pa
ANy = o (—) P (1.52)
7\ 4 P~

This is the quantity to be compared with the exclusions set by BBN AN < 0.464
and from the CMB AN < 0.284 at their respective epochs [17].

1.2.5 Inflation, or what made the big bang?

Turning the clock backwards on expansion, the scale factor a(t) — 0 in finite time.
In this limit the metric eq. becomes singular as does the energy density in
radiationm according to eq. . This is a real curvature singularity, as can be
seen by the blow up of curvature invariants. Of course, when the scales involved
start becoming comparable to the Planck scale a full theory of quantum gravity is
necessary. The current predominant belief however is that a qualitative change occurs
well before p ~ M;ll is reached, still in the realm of field theory.

An early period of exponential expansion, known as inflation, was first proposed
to solve various supposed problems of the Hot Big Bang theoryﬂ This is usually
achieved by a sufficiently flat scalar field potential leading to an approximately vac-
uum dominated universe while the vev of this field slowly rolls along.

Note that none of the ‘problems’ of the Big Bang concerned an explicit disagree-
ment with observation. Rather, inflation was born as a dynamical explanation for the
peculiar initial conditions of the Big Bang. For example, the fact that the maximum
traversable distance (for light) H~! ~ ¢ grows faster than the physical size between
manifold points a(t) ~ t'/2 or ~ t?/3 (depending on R.D. or M.D.) means that the

30Strictly speaking, far before My, Hubble becomes so large that no SM interaction rates can
keep up so that the assumption of equilibrium breaks down.
31Gee the introduction of [18| for a comprehensive list.
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CMB light we receive from different parts of the sky - giving us a photograph of
the universe at the time of recombination - actually comes from ~ 10000 different
patches that were causally disconnected from each other at the time of last scatter-
ingF_?] Yet the CMB is isotropic to one part in ~ 107°. This and similar qualms are
resolved if we imagine our entire observable universe as deriving from a tiny, causally

Hit where Hj is

connected patch, stretched to exponentially large proportions a ~ e
the (constant) Hubble parameter during inflation. The duration of inflation is most
conveniently measured in number of efoldings N, = H;t and the minimum necessary
is given by [19]

N > N0 5 67 4 In(Mpy/Teen,)- (1.53)

where T}, is the temperature of the universe at the start of the Big Bang phase.

On top of providing a dynamical explanation for the large-scale uniformity and
simplicity of the universe, the inflationary paradigm also successfully predicts the
correct spectrum of primordial density perturbations. These have their origin in the
quantum mechanical fluctuations of the inflaton field vev, which are stretched to
scales beyond the horizon > H~! and become ‘frozen’ and classical.

The greatest unknown at the present is the scale of inflation H;, which could
be anywhere above > 10724 GeV (just allowing reheating to ~ MeV temperatures
suitable for BBN), while an upper bound can be placed for the simplest case of single
field slow-role inflation at H; < 10 GeV from the non-observation of tensor modes
in the CMB [6].

1.3 Phase transitions in the early Universe

Figll.4] shows the timeline of the physics of the standard cosmological history of the
universe, for which there is significant support. As mentioned already in section [1.2]
this presents a singular laboratory, where one can search for evidence of BSM physics.
I will now discuss the generic, well-motivated, BSM possibility that, at some time
during this history, the universe as a whole underwent the non-equilibrium dynamics
of a first order phase transition (FOPT).

Systems changing temperature will often undergo a phase transition - a qualita-
tive change of state, such as water turning into vapour above 100 °C' (at sea-level
pressure). Boiling water is the most familiar example of a FOPT, which in general
terms is characterised by a discontinuity in heat capacity. In field theory this cor-

responds to a jump in the expectation value of some field order parameter - call it

32The angular size of the apparent causally connected region at CMB decoupling is ~ 0.03 radians.
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¢. The situation is as depicted in fig. At some point an effective potential®|
Verp(@,T) exists with two local minima and respective vacuum energy densities V_
and V., separated by some potential barrier. This is to be contrasted with a second
order phase transition schematically drawn in fig. and a smooth cross-over (which
involves no discontinuity in any thermodynamic variable).

FOPT's were long ago proposed as a possibility during the hot big-bang phase of
the universe [21H23]. In the past, it was entertained that even within the SM of par-
ticle physics there might be as many as two: chiral symmetry breaking/confinement
in QCD at temperatures 7" ~ 150 MeV and the spontaneous breaking of elec-
troweak (EW) symmetry at 7' ~ 160 GeV. Both are now understood to be smooth
crossovers [2425]. It is interesting to note that from the currently known laws of
physics there is no conclusively established meta-stable vacuum for any temperature
at zero chemical potentia]@.

By contrast, FOPTs are ubiquitous in beyond the SM (BSM) theories. This can
be understood firstly in light of a vast richness of important phenomenological conse-
quences, among which baryogenesis, the production of heavy dark matter, primordial
black holes and gravitational waves (GWs), to name a few. In particular, the EW
phase transition is easily made first order in many BSM models [27-38] and the con-
sequent out-of-equilibrium dynamics (in conjunction with B violation in the SM) still
make for an attractive theory of baryogenesis. Perhaps most importantly from a phe-
nomenological perspective, the advent of gravitational wave detectors has re-energised
interest in these violent phenomena with the prospect of upcoming experiments pos-
sibly detecting a stochastic gravitational wave background relic [23},39,40]. Thus even
FOPTs occurring in potential hidden sectors decoupled from the SM and its thermal

history become of interest [41}42].

1.3.1 Bubble Nucleation

In a FOPT the ‘false’” vacuum (¢) = 0 is unstable to thermal fluctuations and/or
quantum mechanical vacuum tunnelling. In both cases, the transition to the ‘true’

vacuum occurs locally, through the nucleation and subsequent expansion of bubbles.

33Here I have in mind a completely general, properly approximated, effective potential including
thermal and quantum loop corrections. For details on how to calculate this, see for example [20)].

34 A possible counterexample is the instability in the Higgs effective potential for central values of
SM parameters when extrapolated to very large field range [26]. However, this is sensitive to possible
- though unknown - UV physics, over many orders of magnitude, so that we certainly cannot count
it as ‘conclusive’.

31



0 ()

Figure 1.6: Schematic of an effective potential V.¢s(¢,T) at some fixed temperature,
as a function of order parameter ¢, which can lead to a first order phase transition.
The universe as a whole may get stuck in the (¢) = 0 meta-stable state with vacuum
energy density an amount AV larger than the true vacuum. Figure adapted from .
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Figure 1.7: Snapshots of the effective potential at different temperatures, with T'
decreasing downwards. The left (right) figure shows the schematic evolution of a
potential in a first (second) order phase transition. The black ball represents the
state of the universe. Figure taken from [1] .
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An expanding bubble of true vacuum is a spherically symmetric solution ¢(r,t) of

the field equations for the order parameter

06— 50, (P0.0) =~V (9) (154

which interpolates between the false vacuum at ¢p(r — oo, t) — 0 and the true vacuum
at its centre ¢(0,t — 00) — v.

One can show on general grounds that there is a minimum size of the bubble for
which it is energetically favourable to expand. Denoting the radius and wall width
of the bubble as R and L respectively and working for simplicity in the thin wall
approximation R > L in which these are well distinguished, the total free energy
F = FE — TS associated to a static bubble configuration is the sum of two separate
parts

F(R) = 47 R0 — %R%V (1.55)

where AV = V_ — V, as defined in fig. [I.6] and o is the surface tension of the bubble
wall. The vacuum energy difference favours larger R, whereas the energy cost of
the interpolating wall favours smaller radius. F'(R) has a single, unstable, positive
extremum at R, = 20/AV, defined as the radius of the critical bubble. Bubbles with
radius smaller than this critical size will shrink and disappear while if R > R.., the

bubble grows.

Nucleation The critical bubble configuration exists beyond the thin wall limit de-
scribed above for both transitions mediated by thermal fluctuations and quantum
tunnelling. The probability of nucleating such a bubble per unit time per unit vol-

ume in both cases is given by an expression of the form
I,=Ae?. (1.56)

The exponent B is the free energy of the critical bubble configuration in the thermal
case , while for tunnelling it is the action evaluated for the ‘bounce’ instanton solution
of the Euclidean version of the classical equation of motion eq. . In both cases
the prefactor is formally a determinant over field fluctuations around the respective
classical configuration, with very roughly, A ~ T for thermal transitions while A ~ v*
for tunnelling. Of course, in certain cases bubble formation can be dominated by a

more complicated combination of thermal fluctuation and tunneling.
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Figure 1.8: Progression of events during a FOPT in an expanding universe. Bubbles
are nucleated significantly when I';, ~ H*, they expand due to the vacuum difference
pressure AP # 0 until collisions occur at a typical radius zH ! and percolate the
entire universe to the true vacuum.

1.3.2 Collision and Percolation

In an expanding universe, even when the true vacuum becomes energetically favourable
and bubbles are nucleating, the universe is not guaranteed to transition to the new
phase. This is because the rate I',, needs to be large enough so that enough bubbles
are nucleated that they collide before being diluted away. Loosely, this yields the

requirement
I, ~H*, (1.57)

that is, at least one bubble is nucleated in a Hubble volume per Hubble time. These
bubbles then expand and collide before, for a successful FOPT, percolating and finally
converting all the false vacuum phase into true Vacuum.ﬁ The bubble expansion and
collision dynamics are of great interest as they are far from equilibrium processes with
gravitational wave signatures and they can in principle be crucial for baryogenesis.
Fig[I1.8] describes the progression of events during a successful FOPT in the early

universe

35In principle a close to measure zero fraction of the false vacuum could remain as compact
soliton-like objects.
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1.4 Landscapes and Swamps

In section [I.1] we saw how the SM, despite its success, had several input parameters
with arbitrary, often puzzling values. At present we cannot say why the masses of the
electron and the u, d quarks are what they are, or why they are so much lighter than
their higher generation cousins. We discussed in section [1.1.7]a more serious aesthetic
puzzle of the mass of the Higgs boson and in section [1.2] we mentioned perhaps the
worst fine-tuning problem in science in the cosmological constant.

Presumably some or all of these parameters are explained within an underlying,
more fundamental theory, perhaps by the introduction of new elements that simul-
taneously explain some of the open problems described in section [I.1.7 As it stands
however, the SM is a renormalisable theory, and no compelling anomalies point to its
breakdown Y] The latest runs of the LHC have for now instead failed to produce the
glaring new physics expected from the rationale of the hierarchy problem.

On the other hand, the SM (along with any BSM additions) is expected to be
eventually embedded within a framework that includes quantum gravity (QG) at or
below the Planck scale M, and one might legitimately hope a unified description to
be very constraining. This was certainly the expectation in the 80s, when the authors
of [44] concluded their presentation of the free heterotic string with the (in)famous

remarks

“ Although much work remains to be done there seem to be no insuperable

obstacles to deriwing all of known physics from the heterotic string.”

Later, the phenomenological significance of QG was challenged by the apparent
discovery of an enormous number of vacua in string theory, our best candidate QG. If
the landscape of all possible resulting low-energy ‘laws of nature’ were so vast it could,
in principle, include any self-consistent effective field theory (EFT), there would be
no definite prediction of QG below the Planck scale.

Large landscapes present other types of opportunities, such as the necessary set-
ting for anthropic arguments. When satisfactory dynamical explanations for the
value of particularly fine-tuned parameters fail, a viable alternative is the presence of
a landscape of different reliasable possibilities where only those fine-tuned instances

are amenable to the formation of observers who ask the question in the first placeﬂ

36Beyond neutrino oscillations which can be added straightforwardly.

37The prime example of this is the ‘coincidence’ of the Earth-Sun distance in our solar system being
just right for the development of life. The answer to this conspiracy is of course that many many
stars with orbiting planets exist in ours and other galaxies and only in those where the distances
are in fact just right are there observers pondering over their unreasonable luck.
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Figure 1.9: A conceptual, sketched map of the theory space of semi-classical effective
field theories (EFTs). The solid black line encloses the space of self-consistent EFTs
from those which are sick already at the semi-classical level. The subset of consistent
EFTs which admit embedding into a theory of quantum gravity is called the Land-
scape (blue regions with dashed boundaries), while the remaining EFTs are said to
be in the Swampland (green region). The relative sizes of the two in this pictorial
representation should not be taken seriously. A more precise quantification of this

is indeed part of ongoing research and debate. The red triangle marks the Standard
Model.

This is the nature of the anthropic principle. To date it is the only option seriously
discussed for the tiny value of A..

In more recent years, there has been some push back against the extent of the
landscape. It is again becoming increasingly plausible that EFTs descending from QG
must satisfy at least some non-trivial consistency conditions. The effort to identify
(and prove!) the full set is the so-called Swampland program [45-47], currently in
the form of conjectures with varying degrees of support. The situation is depicted
pictorially in fig. [1.9]

In section [1.4.2] T will discuss the conjecture with strongest support at present and
briefly mention those which are more consequential despite lacking the same level of
rigor. The conjectures I will most focus on will be introduced in section
First, however, some general comments on the marriage of relativity and quantum

mechanics.
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1.4.1 Gravity and quantum mechanics

The established laws of microphysics of section [I.1] and of general relativity in sec-
tion [1.2.1] can be described by a single action principle

S = /d4m\/—_g {L (=R +2A.) + Lsu| (1.58)
167G
where R is again the Ricci scalar, A. the cosmological constant, Lgy is the SM la-
grangian of eq. covariantly written by promoting partial derivatives to covariant
ones 0, — V, and using the general metric g,, in tensor contractions rather than
that of flat Mikowski space.

At present, we are most confident when treating eq. semi-classically, keeping
g as a classical field background satisfying the Einstein equations with the right
hand side given by a classical 7},,. The quantisation of perturbative quantum fields
in general space-time background already leads to extremely insightful results, such
as the derivation of the Hawking emission of all existing particles from a black hole

of mass M with a thermal spectrum of temperature

1
T = .
StGM

(1.59)

Backreaction on the metric from quantum effects can be computed by appropriately
renormalising (7),,) and adding its contribution (in general perturbatively) to the
Einstein equation.

The geometric ‘Einstein-Hilbert’ part of eq. also has a field theory inter-
pretation; infact, it can be shown that its form is the unique lowest dimensional
Lagrangian for a massless spin 2 field. It is famously non-renormalisable but one can
of course actually quantise g,, within an effective field theory. No compelling UV
completion exists to date within the framework of field theory; rather, it is usually
expected that the fundamental quantisation of gravity requires a departure from the
usual tools of quantum field theory.

Our best candidate for quantum gravity is String Theory |48,/49], already men-
tioned above, in essence a first quantisation theory of 1—dimensional ‘strings’ which
replace the ‘traditional’ view of particles as point-like objects. The consistency of
the theory requires at least 10 total space-time dimensions. Thus, to make contact
with our 4d world, 6 or more of those must be compactified. The richness of the
string theory landscape arises from the enormous variety of compactifying geome-
tries, as well gauge fields non-trivially wrapped around the compactified dimensions

(‘fluxes’). In the resulting 4d theory a large number of scalar ‘moduli’ fields emerge
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which parametrise the continuous geometric properties (e.g. total volume) of the
compactified space. It is believed that all couplings, such as the Yukawas in eq.
derive from products of vauum expectation values of moduli.

I will generally avoid delving into any string theory details in this thesis as the work
here is focused on exploring IR considerations inspired by very general statements
pertaining to a consistent quantum gravity but not fundamentally reliant on the

explicit machinery of any theory thereof.

1.4.2 No Global Symmetries and Other Conjectures

The conjecture for which there is most evidence is that in any theory coupled to gravity
there can be no exact global symmetry.

This statement can be traced back to the ‘no-hair’ theorems in black hole physics.
Glossing over subtleties, this states that black hole solutions to the Einstein field
equations are completely characterised by their charges associated to gauge symme-
tries, such as mass, angular momentum and electromagnetic charges. I will take as
the prime example of an apparent global symmetry B — L in the SM but the argu-
ments apply completely in general. No stationary solution of eq. exists with
field configurations storing the B — L charge. If an observer throws a neutron into
a black hole, its mass will increase but no property of the classical spacetime then
onwards registers a +1 for B — L.

Thus global charge does not register at the semiclassical level. If B — L were
truly a symmetry however, one would expect at the QM level for the BH states to
be labeled by their B — L number. Since it does not register semi-classically one
can construct BHs of mass for instance ~ 10M}, with arbitrary high global charge
by throwing in neutrons and then letting it shrink back down by emitting photons.
Thus there would be an infinite tower of distinct states at a given mass scale which
would renormalise G to infinity.

In perturbative string theory any symmetry of the world sheet is automatically
gauged so that the conjecture is trivial [50]. Recently a proof was put forward in [51]
in the context of AdS/CFT correspondence.

The no global symmetries conjecture does constrain SM parameters - for example,
one should not be able to take the up and charm quark masses equal - but rules
out only a seemingly measure zero spacef? so this is not yet by itself a powerful

explanatory principle.

38Though more likely an exponentially small set, of rough ‘size’ exp(—Mg1 /A?), where A, is a
cut-off related to the tension of strings [52].
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Closely related, is the Weak Gravity Conjecture [53] concerning the limit of small
gauge coupling (in which in some sense a global symmetry is recovered), which de-
mands that for any gauge theory there exists at least one particle in the spectrum
with mass-charge relation () > M ensuring that ‘gravity is the weakest force’ for it.

Modern swampland conjectures have multiplied in number and decreased in rigor
in recent years - although they are often interconnected - and the reader is directed
to [47] for a review.

In the rest of this thesis I will focus on conjectures constraining the form of the
vacuum potential of any theory coupled to gravity. Made explicit by the swampland de
Sitter conjecture and trans-Planckian censorship conjecture described in section [2.1]
they are in essence a quantitative formulation of the general difficult with marrying
QM mechanics with de Sitter space, corresponding to a stable positive vacuum energy

vacuulll.
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Chapter 2

QCD, Flavour and the Stability of
de Sitter

2.1 Introduction

One of the most striking of the conjectured constraints is the swampland de Sitter
conjecture (SASC) proposed in [54] and then refined [55-57], which states, in the
4-dimensional case, that the total low-energy potential V ({¢;}) must either satisfy

vV
VV| > c— 2.1
V> e 21)
. / v
or mln(ViVjV) < —c W (22)

for O(1) coefficients ¢, ¢ > 0, and where V denotes a derivative with respect to all
scalar field directions {¢;}. Thus according to this conjecture potentials possessing
meta-stable de Sitter vacua are in the swampland, as are potentials with regions of
field space that are too ‘flat’ if V > 0.

So far the dominant use of this conjecture has been in the cosmological context,
for example the analysis of Ref. [5§]. It has been argued that a possible early epoch
of cosmological inflation is severely constrained, and that the apparent presently-
observed cosmological acceleration must be due to a time-evolving quintessence field,
©(t), and not a true cosmological constant.

A closely-related conjecture that imposes somewhat weaker restrictions on the
potential is the Trans-Planckian Censorship Conjecture (TPCC) [59], a ‘global’ (in
field space) constraint that states that during the expansion of the universe quantum
fluctuations that start sub-Planckian must remain smaller than the Hubble horizon
and so never freeze-in to become effectively classical. Notably, the TPCC allows meta-

stable de Sitter states if they are sufficiently short-lived. Specifically, the lifetime 7y,
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of a meta-stable dS state with effective cosmological constant V' is bounded above by

1 M, 1 3M21 31%41
< —1 ) == | P 2.
= Hy, 8 (Hv) 2 Vv 8 Vv ( 3>

where Hy, is the Hubble constant of the meta-stable state.

The validity of the SASC is controversial, with arguments being made both for
and against. It is also possible that a further refinement of the conjecture is necessary
beyond fixing the presently unknown, but believed to be O(1), constants ¢, ¢’. For the
present purposes | assume that the SdSC' is correct as stated and explore its possible
ramifications for low-energy physics.

Specifically, in this section I will make the surprising claim that it is possible that
the SASC limits the allowed values of the quark masses and QCD-6 parameter. I find
that the observed values of the quark masses and f-parameter are consistent with the
SdSC, but variations away from the observed values lead to IR-calculable potentials
which, as functions of the light pseudo-Nambu-Goldstone boson (pNGB) fields, 7%(x),
possess meta-stable de Sitter vacua. The difference, AV, in the value of the potential

energy density between the true ground state and these meta-stable states satisfies,
Hf < AV <« M}

pb
addition these meta-stable vacua occur for field values (7%(x)) < fr < My Because

where Hj is the present value of the Hubble parameter. In

of this large parametric separation in scales, the effective field theory analysis of
the meta-stable state structure is under good control. Moreover, I am here making
what I believe to be the reasonable statement that if the SASC makes sense in its
current form then it should apply not only to ‘fundamental’ scalar fields and their
potentials but also composite scalar fields and their potentials arising from strong-
coupling dynamics. (If this were not the case then a straightforward extension of
the results here imply that it would be easy to construct simple strong-coupling
hidden sector models that would lead to a very-long-lived de Sitter phase, and thus
in practical terms invalidate the constraints on early and late cosmology from the
SdSC.)

Thus I make the claim that regions of quark-mass-parameter and -parameter
space might be forbidden by consistency with quantum gravity! Indeed, a connection
between quantum gravity consistency and the detailed properties of QCD and the
flavor sector of the SM is in fact already implied by other better established (though
I emphasise not yet proven) swampland conjectures. For example, the Swampland

Global Symmetry Conjecture already states that, for the pure SM, it is inconsistent
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Figure 2.1: The behavior, as a function of 6, of the potential energy density of the
critical points of the three-light-flavor leading-order chiral Lagrangian when quark
masses, m, are equal [62,63]. Red sections of curves are local minima, dashed green
are saddle points, and black sections local maxima. The true ground state, the
lowest segment of the red curves, is a 27-periodic, non-analytic function of 6. In the
range 7/2 < 0 < 3w/2 there are two local minima, with the upper section of the red

curve being a meta-stable state split from the ground state by O(mA;’cd). At =

the Dashen phenomena [64] occurs, CP is spontaneously broken, and there are two
degenerate ground states.

with quantum gravity for any two equally-charged quarks to have Yukawa couplings
that simultaneously vanish or be exactly equal.

Although in its own right this statement regarding the violation of global sym-
metries is a fascinating connection between quantum gravity and low-energy physics,
practically speaking this only excludes only a vanishingly small set of the a-priori
SM parameter space. (Naively of measure zero, but in fact likely a thicker set of
size exp(—M7/A?) where here A is a suitable cutoff of the low-energy theory related
to the tension of strings [52,/60].) On the other hand I will arque that the refined
swampland de Sitter conjecture plausibly excludes an O(1) subset of the a-priori al-
lowed SM parameter space, and thus is potentially a much more powerful restriction

on the low-energy features of the SM.

2.1.1 The primary idea

As has been known for some time [61H63] and as I will argue in detail in section
2.2l QCD can exhibit for N > 2 light quarks both a true ground state and meta-
stable states as a function of the light pseudo-Nambu-Goldstone boson fields, 7
(here a = 1,...,N? —1).

Suppose the QCD- and flavor-sector parameters of the SM which here I collectively
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call {y, }, which include both heavy and light quark masses and the QCD f-parameter,
are allowed to vary from their observed Values.ﬂ Critical points of the QCD-sector
potential will move continuously as a function of the {y,} parameters and may change
their character, between local minimum, saddle point and local maximum. Let the
energy density of these discrete ‘branches’; labelled by n = 0,1,..., be V{(;Z}(W“).
I choose the convention that at any given value, {y,}, of the SM parameters the
true ground state branch is n = 0 while n = 1,... label the potential functions
for the various non-ground-state branches in ascending order of energy density. Note,
importantly, that as the SM parameters {y, } vary the number of meta-stable branches
can change. Branches can also cross or merge. Thus in general the behavior of the
ground state and excited branches is a non-analytic and extravagant function of the
parameters {y,}. I illustrate this behavior in figure for the simple case of three
equal mass light quarks as a function of 6, and in figure for six light quarks divided
into two groups of three equal mass quarks, as a function of the mass ratio, and for
9 =0H

Most importantly, and as is well known, using the power of chiral Lagrangian
techniques the V{gg}(ﬂa) are IR-computable functions of the 7%’s not depending on
details of the UV completion. So as to compare hypothetical worlds on a like-for-like
basis, I demand that in the ground state of the SM, so in the branch V:{(yoj}(ﬁa), the
total vacuum energy is (close to — I quantify this in section zero for each and
every choice of {y,}. Minimally T do this by tuning a necessarily {y, }-dependent
additive constant in the potential, which may or may not be, for example, the result
of some continuous or discrete neutralization or relaxation mechanism [65-69] as long
as it itself is not in conflict with the SASC and other swampland constraints. We
of course do not currently have an accepted good theory of this tuning, but this
tuning cannot simultaneously set both the effective vacuum energy density of the
meta-stable state(s) and the stable ground state to zero. The working assumption in

this thesis is that the SM ground state is the state that must have vacuum energy

IFor the purposes of this paper I will only consider the quark masses and f-angle as variable
parameters, and fix all other SM parameters such as the electromagnetic fine structure constant and
the QCD scale Ageq. Other ‘hidden’ parameters are possible too, e.g. the scale of a spontaneous
breaking SU(N,.) — SU(3). if we want to smoothly extend consideration to SU(N,) theories of the
QCD-gauge group.

2Although, strictly speaking, three quarks of exactly equal mass is a point in parameter space
forbidden by the SGSC, it is important to note that the form of the curves is an analytic function of
the {ya}, so if I move very slightly away from exact equality of masses, or special points like § = 0,
the number and properties of the critical points of the potential is almost everywhere unchanged,
with the exceptions being points where curves cross. So the situation illustrated in figures and
is a good guide as I explicate in detail in section
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Figure 2.2: An example of meta-stable states appearing in the vacuum structure
of QCD at § = 0 as quark masses are varied. Here I divide 6 light quarks into
two sets of three equal mass quarks, m; = my = m3 and my = ms = mg, and
continuously vary the mass ratio 0 < mg/m; < 1. ‘/{(1(2} in red corresponds to

the global minimum ‘branch’, while V{(;f}) in blue are a pair of degenerate branches
which turn from saddle points (dashed line) to meta-stable states (solid line). Some,
but not nearly all, other branches of saddle points are also shown. By ~ A%CD
is a parameter of the chiral Lagrangian related to the pNGB mass. The typical
difference in energy densities between the ground state and the meta-stable branches
is ~ few x Bymg ~ few x A3 mg.
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close to zero. Then, if the SM plus gravity were a complete description of low-energy,
E S Ayea, physics, with no ultra-light feebly-coupled fields present, and given the
stated assumptions, the SASC would immediately forbid those values, {y}}, of the
SM parameters for which meta-stable states exist.

Although the vacuum structure of the strong sector is determined by the N ‘light’
quarks, my < 4w fr ~ 4w\ eq, the value of A4 itself, however, is of course sensitive to
the UV initial condition on g3 as well as, to a lesser extent, the masses of the ‘heavy’,
M, 2 4mA4q, quarks, which stop contributing to the running at scales p < M;.
Concerning this, if A¢,,)(gs3uv) is the value of the strong scale computed with n;

quarks always active, the effect of a heavy quark mass threshold is, to leading order

[70],
(33—2ny)/(35—2n) 1 ;2/(35—2n7)
= A(nf) ! My ! (2.4)

Agng-1)
where M, is the mass of the heaviest quark. So, as the heavy quark masses are
lowered, the value of Ay.q reduces, and in principle more quarks could become light
as some of the heavy quark masses are reduced, or vice versa. However this effect
is quite weak. In this paper I limit myself to simply considering ‘QCD with N light
quarks’ in its generality, for different mass ratios and vacuum angles, irrespective of
what Aya(gs,uv) and the M; are. In reality, it is of course to be expected that these
parameters and others are set by UV quantum gravity dynamics and it is certainly
possible that one may not freely vary each individually. In fact, if the SASC were
true, the results here make the surprising point that the correlated dependence of the
low-energy parameters on the underlying UV parameters must be such so that the
values of {y,} I find to be in the swamp could never be attained.

In section 2.2 T delineate, in the case where there are two or more light quarks,
N > 2, the regions of quark mass and f-parameter space which are excluded by
this criterion. The region of meta-stable states is determined by a function of the
light-quark mass ratios and |]. For example, in the limit that the two lightest masses
become degenerate my_; — my (my convention is that my is the mass of the lightest

quark) the results are captured by the following single condition

)

N-2

Z sin~*! <mN) > 71— 6], 0¢c(—m,m7]. (2.5)
m

i=1

If satisfied, the theory will feature a meta-stable state as derived from the leading
order chiral Lagrangian (if the inequality is saturated a higher-order analysis is nec-
essary). The general condition, valid for arbitrary light quark mass ratios, is made

precise in section [2.2]
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As the number of light quarks increases, larger and larger regions of the parameter
space possess meta-stable states and so are excluded. For instance, in the case of all
light quark masses equal, I find N > 4 possesses meta-stable states for § = 0 (N = 4
at @ = 0 requires a higher order analysis that I will cover in a later work). This
continues to hold for a range of mass ratios away from exact equality. For example in
figure [2.2] I show how a branch goes from being a saddle point to a meta-stable state
as a particular combination of masses is changed. As # becomes non-zero the range
of ratios {ms/mgs} in the swamp increases. The analysis shows that for || > 7/2
even for N = 3, close relatives of our world have meta-stable states. For the theory
to be ‘safe’ from the swamp for all 6 one require

mig > miz + mil ; (2.6)
a condition curiously satisfied by the SM in the up, down and strange quark masses
(see figure . As well as providing analytic expressions, I develop a diagrammatic
method (a ‘fan diagram’) for identifying meta-stable states, as well as more general
critical points.

This analysis summarized above assumes the IR theory is the SM plus gravity,
so I have not yet considered the effects of additional ultra-light feebly-coupled fields
which may be motivated for two reasons. First, cosmological observations appear
to demand that we are presently in an epoch of accelerated cosmological expansion.
As mentioned, a net positive cosmological constant term is in contradiction with the
SdSCH and therefore the approach taken in the literature has been to assume that
there exists an ultra-light quintessence field, (), which is evolving in a potential
with suitable tiny effective vacuum energy density without a local minimum and
which (marginally) satisfies the SASC [58]. If this is correct then we must include
the quintessence field in the analysis too’| In section [2.3] I address this modification
and argue that, unless an extreme fine-tuning is allowed, it is impossible to include
a quintessence field in a manner consistent with the SASC that does not also lead
to a collapse into an AdS state on excessivley short timescales. Thus the SASC still

excludes the regions of parameter space with QCD meta-stable states.

3The generalisation to N quarks is straightforward, see eq..

4Given the apparent immense theoretical difficulty and fine-tuning implied by such a tiny positive
cosmological term, we do not consider it definitely established that the observations are explained
by an effective non-zero vacuum energy rather than, say, an apparently highly unusual but not so
extremely-fine-tuned alternative cosmology without a positive vacuum energy. For the purposes of
this paper I assume that the observational claims of acceleration are correct and, moreover, there is
at present a tiny positive effective vacuum energy density.

SHere I am ignoring the stimulating “Thermal Dark Energy” proposal of |71] which avoids
quintessence fields.
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Second, I have excluded the possibility of a light QCD axion relaxing the 6 angle to
zero |72H{74]. This is less of an issue as there are non-Peccei-Quinn-Weinberg-Wilczek
solutions to the strong-CP problem that do not involve adding new states in the deep
IR of the SM [75-79]. Nevertheless, it is interesting to consider the effect of the axion
solution to the strong-CP problem on the reasoning here, and which will be addressed
in future work.

In section [ turn to the question of whether the case of no light quarks,
N = 0, namely, pure SU(3). Yang-Mills theory, possesses meta-stable states and
thus is in the swampland. There are of course two ways this situation could occur:
Either all the quark Yukawa couplings could be > 0.01 with the electroweak vacuum
expectation value (vev) fixed. Or, most interestingly, the Yukawa couplings can
retain their standard values while the electroweak vev is taken to be > 50 TeV. In
this second case this thesis then possibly leads to a new perspective on the hierarchy
problem. Fascinatingly, as has been known for a long time, large- N, analysis of the
pure SU(N.) theory strongly implies an O(N.) number of meta-stable states (I review
this statement and its refinements in section , though this analysis breaks down
for small N.. Moreover other, related, semi-classical arguments possibly indicate
that even SU(3) Yang-Mills theory might have meta-stable states at # = 0. To my
knowledge there are no lattice studies of this issue, so it is not definitively known
whether pure SU(3) has meta-stable states or not | If we assume that it does, much
of the a-priori SM parameter space is eliminated by the SASC, in particular the limit
of large electroweak vev vgpy 2 50 TeV is excluded (if quark Yukawa couplings are
kept fixed). I again argue that these statements are robust against the addition of a
quintessence field unless extreme fine-tuning is allowed. Thus it is possible that the
SASC sheds a significant new light on the hierarchy problem. In section [3.3]I discuss
the limit of large positive Higgs m? parameter in light of the Swampland Program.

I now turn to the details of my analysis.

2.2 meta-stable states of SU(3). with N > 2 light
quarks

I here focus on the study of the meta-stable states of the color and quark sector of the
SM for two or more light quarks (but not so many that UV asymptotic freedom and IR
confinement and SU(N )y x SU(N)g — SU(N)y chiral symmetry breaking are lost).

In this case we may use the power of chiral Lagrangian techniques to investigate the

6JMR and I thank Mike Teper for discussions of this issue.
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vacuum and meta-stable state structure of the theory as a function of the light quark
masses and the QCD f-angle [61-63,80]. Written in terms of the Nambu-Goldstone
fields packaged as ¥(z) = exp(2in*(x)T*/fr) € SU(N), the relevant terms in the

chiral Lagrangian are
2 _ _
L= I (0,5700%) - BTr (PN MR+ PVEM, ) (2.7)

where M, is the N x N quark mass matrix, and By > 0 is a mass-dimension three

parameter, O(A3 ), whose precise value can be related to the pion mass. Using field

qged
redefinitions it is always possible to take, without loss of generality, the quark mass
matrix to be diagonal and real, M, = Diag(m, ma,...,my), with my >mqy > ... >

my.

2.2.1 Critical points of the potential

As shown in [80] all spacetime-independent extrema of the potential eq.(2.7) can be

written in diagonal form
% = ¢/NDiag(e?, e2,. .. V) . (2.8)

Here an overall exp(if/N) has been factored out for convenience. Special unitarity
requires
b1+ +oy+0=0 mod 2r. (2.9)

Subject to this constraint (¢; + 6/N)f, = (x') defines a useful linear-recombination
of the vacuum expectation values of the neutral (SU(N) Cartan sub-algebra) pNGB
fields. The relevant potential is then

N
V(¢i) = =By »_micosd; . (2.10)

Each angle can thus be associated to a quark mass. Differentiating eq.(2.10)) subject
to eq.(2.9)) gives a condition for a critical point in terms of the tower of identities:

sinqbl:@sinqbg:---zﬂsingbj\f ) (2.11)
mi my
We see therefore that the angles ¢; must be spread out like an ordered fan, as shown
in fig. .
Taking ¢;-n as independent, the relevant Hessian determining the nature of the
critical points is
H;j = ;;m; cos ¢; + mny cos oy , (2.12)
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where the second term is common to all entries. From this one sees that a necessary
condition for positive-definiteness is cos ¢;«y > 0 as in figure 2.3(b)l If we also have
cos ¢y > 0, the critical point is guaranteed to be a local minimum. The more general

condition is given byf]

N N
det (H;;) = ZHm] cosp; >0, (2.13)
i G
mpy COS QN My COS PN
— Con) =14+ ——+--- + >0 . (2.14)
My COs ¢y MN_1COS ON_1

C'is chosen to depend on ¢y as all other ¢; at a local minimum point unambiguously

follow from eq.(2.11])).

2.2.2 meta-stable states at equal quark masses

A particularly simple case in which analytic expressions are straightforward to derive
occurs when all masses are equal, m; = m, Vi (see figure for the N = 3 case).
Then the critical points of the potential eq. satisfy ¢; = ¢ or m — ¢ Vi, for some
angle ¢ which is determined by the unitarity constraint.

At a local minimum, all ¢; are equal

2mn — 0
b = % =¢ Vi, (2.15)
and have positive cosine, so that n € Z satisfies
N 0 N 0
—— 4+ — — 4+ —. 2.1
Pt " o (2.16)

Note that if the boundary values satisfy /27 &= N/4 € Z this does not reliably lead
to extra meta-stable states. This is because the eigenvalues of the Hessian at a local
min are Nmcos ¢ (once) and mcos¢ (with multiplicity N — 2), which all vanish at
such a point and so a higher-order analysis including the O(M, q2 ) and electromagnetic
terms in the chiral Lagrangian is necessary to determine if there are shallow local
minima in this marginal case. So, to be conservative, I only count those minima

strictly satisfying the condition eq.({2.16]).
In any case, the value of the potential at the local minima specified by eq.(2.15))

subject to eq.(2.16) are

—
VW = —NmB, cos (%) , (2.17)

"One way to see this is by studying the characteristic polynomial of the symmetric matrix H;;.
The condition eq.(2.13]) can be seen to ensure that there are no negative roots (i.e. eigenvalues) by
Descartes’ rule of signs.
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so if meta-stable local minima exist they are typically split in energy density from the

3

acd)> apart from the exceptional case of § = 7 where there are

ground state by O(mA
two degenerate states [63]. Except in tuned cases, O(mA;’Cd) is also a good estimate of
the splitting between the meta-stable states and the ground state in the general case
of unequal masses if the mass parameter is chosen to be that of the lightest non-zero
quark mass.

It is amusing to count the number of local minima in this equal quark mass case
as N > 2 and @ vary. For example one finds that at # = 0 the total number of reliably

predicted meta-stable minima, Ny (excluding the true ground state), is given as
N,(6 =0) = 2[N/4]- (2.18)

where [z]. denotes the integer part of z with magnitude strictly less than |z|. So
for N = 2,3,...,6 one finds N, = (0,0,0,2,2), and thus that five equal mass light
quarks is the first case one definitely finds meta-stable vacua at # = 0. On the other
hand for, eg, = /2, Ny = [(N +1)/4]« +[(N —1)/4], giving N, = (0,0,1,1,2), so
meta-stable vacua definitely first appear when there are four equal mass light quarks.

The tunnelling rate between these meta-stable states and the ground state (or
a lower meta-stable state if there are many) has been calculated in simple limits in
Refs. [63,180]. For example, just away from 6 = 7 there are two slightly split vacua
with a difference in energy densities given by AV ~ v/3Bym|é| where § = m + § and
|0] < 1is assumed. Then the result of a thin-wall false vacuum decay calculation gives
a zero-temperature decay rate per unit volume [63] (neglecting sub-leading O(1/d]?)
terms in the exponent)

Y fa
ﬂ ~ chd exp —DW s (219)

with a numerical factor D ~ 4 x 103. Because of this large numerical factor, even for
d £ 1 (as long as § does not approach 7/2 where the meta-stable state ends) and
relatively ‘heavy’ light quarks with m ~ Ay, the meta-stable state is predicted to

be long lived in this equal quark mass case.

2.2.3 Fan diagrams

Away from the special case of equal masses the analysis is more complicated and an-
alytic formulae are not particularly illuminating. Fortunately, as already indicated,
the general conditions in section lend themselves to a diagrammatic interpreta-
tion of critical points, a ‘fan’ diagram, which is particularly useful for the qualitative

identification of meta-stable states for any {m;, 0}.
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Figure 2.3: Necessary qualitative arrangements of the ¢; at a general critical point
and a local minimum. The ‘spreadout-ness’ of these ‘fan diagrams’ is determined
by ratios m;/m; via eq.. As my was chosen to denote the lightest quark, the
angle ¢y will always be closest to the y axis, with successive angles flattening out
towards the x axis with separations determined by the ratios m;/m; (if m; = m; then
¢; = ¢j or m—¢;). Dashed lines in ﬁgure@denote an equally possible alternative for
each individual angle. Thus there are 2-2" qualitativelty different arrangements that
may constitute a critical point. Generally, only a subset of these will be consistent
with the constraint Y. ¢; = —0 mod 27, which determines the absolute value of
the ¢;. The extra requirement of a local minimum picks out the arrangements in
figure @ Here, for the dashed ¢y to be a valid alternative for a local minimum the
extra constraint eq. must also be satisfied.

A local minimum, if it exists, corresponds to an ordered arrangement of angles
as in figure [2.3(b)| where the spread between angles is fixed by the respective mass
ratios according to eq., so as the mass ratios approach unity the separation
angles between the corresponding elements of the fan become smaller, and conversely
increase as the mass ratios increase.

To find a local minimum one adjusts the value of the ‘leading’ angle ¢x (recall
that my is the lightest quark), from which all other (subordinate) angles follow via

1

¢; = sin™ (Tn—N sin ¢N), until the sum of all ¢; hits the ‘target’ angle demanded by

the unitary condition
N

S=) ¢;=-0 mod2r. (2.20)
i=1
If the target angle is hit for |¢x| < 7/2 the configuration is guaranteed to be a local
minimum. Otherwise (cos ¢y < 0) one also requires eq.(2.14)) to ensure minimality,
which in this case can be reformulated in a version suited to diagrammatic analysis
that only depends on the angles

| tan(éy)| > | tan(é)| + - - + | tan(dy_1)], (g < by < w) . (2.21)
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Figure 2.4: The sum of angles S as a function of leading angle ¢ € (0, ) for different
values of quark masses. S(¢y) on ¢y € (—m,0) is inferred, being an odd function.
If S hits the target angle —0 mod 27 while its slope is positive then we have a local
minimum. The position of the maximum value of S(¢y) is mostly controlled by the
two lightest quark masses. The red curve is characteristic of my = my_1, when
PN = /2 always. As their ratio increases S(¢n) goes from having ¢R** € (7/2, )
(blue line) to ¢R** = 7, achieved at the boundary (green line).
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Importantly, fan diagrams are useful because if for a given set of parameters, {ya},
two distinct local minimum fan diagrams can be drawn, the theory admits meta-stable
states.

For a quantitative handle it is useful to consider the sum in eq. as an explicit

function of the leading angle ¢y

S(¢n) =sin”! <% sin </5N> + o 4sin ($> + on - (2.22)

1 my_18in gy

For all quark masses, S goes from the ‘closed fan’ configuration S(0) = 0 to S(w) = 7.
Clearly S(¢x) is monotonically increasing for ¢n € (0,7/2) as all other subordinate
angles also become larger. After ¢ > 7/2, however, the latter decrease as ¢y

increases: the behaviour of S(¢y) depends on the mass ratios at hand. Insight is

obtained by differentiating eq.(2.22)),

S'(¢n) = Clén) (2.23)

where C(¢y) was the function whose positivity implied a local minimum, eq.([2.14),
equivalent to eq.(2.21). Thus, the mark of a local minimum is equivalently expressed

as

S(¢n) =—0 mod2r, S'(on)>0. (2.24)

Note also that C'(¢n) < 0 on (0, 7). Depending on the values of {m;}, S(¢n) will

either always monotonically increase or achieve a maximum € (7/2,7) as shown in

figure 2.4

Notice that here my primary concern is the existence of (multiple) local minima,

rather than their specific location. For any § € (—m, ) there will always be a first

local minimum with |S(¢**)| = |0|. Suppose S achieves its largest value at ¢y*. A

sufficient condition for the existence of a second minimum is
S(on™) > 2m — 1] (2.25)
which ensures the target angle is hit a second time for some value of ¢y.

2.2.4 meta-stable states at § = 0

For § = 0, the global minimum of the potential corresponds to the trivial ‘closed
fan’ arrangement ¢; = 0 Vi. We will have meta-stable states if there exist other

arrangements satisfying
S(Ox) = 2mn, S'(pn) >0, (2.26)
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with n € Z/{0}. These will always come in pairs as for = 0 we have a ¢; — —¢;
symmetry. I focus on diagrams with positive angles, unless otherwise stated.

It is natural to start from the case of all masses equal m; = m;, implying ¢; = ¢,
for all 7, j, already discussed in section . Even with the maximum values ¢; = 7/2
clearly no appropriate fan diagram may be drawn for N < 3. For N = 4, the diagram
¢1-4 = ™/2 saturates eq. and so is sensitive to higher order corrections to our
effective Lagrangian eq., and a deeper analysis is required.

As already mentioned, N = 5 is the first case with meta-stable states for § = 0. For
all masses equal, this corresponds to the diagram in figure Analogous diagrams
can be drawn for N > 5, explicitly with ¢; = 27/N. Moving away from the equal
mass theory point, there will meta-stable states for a range of non-trivial mass ratios,
corresponding to spreading of the angles in figure[2.5] For example, if the lightest four
quarks are degenerate, then it should be clear from the diagram that the remaining
one can be arbitrarily heavier (within the range of validity of the chiral Lagrangian):
¢1 can be arbitrarily small, compensated by ¢, 3 4 5 moving arbitrarily close to 7/2. A
full chart of the swamp (by measure of the SASC) for arbitrary { N, m;} is identified
with the region satisyingﬂ

S(oRe(my)) > 2 (0=0), (2.27)

where the dependence of %" on {m;, N} is non-trivial, though easily implementable

numerically. A good approximation is obtained by replacing ¢** — 7/2 as suggested

in figure [2.4] which gives

sin (@> 4o tsinT ( o ) >3 G0 (2.28)

m my_1 2

The latter becomes an exact condition in the limit my_; — my, is an underestimate

when my <

Y

my_1 and again valid when my < my_; (in which case there are no

meta-stable states).

2.2.5 Non zero f-angle

As 0 € (—,m) turns on, the global minimum of the potential moves away from the

closed fan to a fan diagram with sign(¢;) = —sign(f). At least one meta-stable state
will be present if there exists also an arrangement with sign(¢;) = sign(f) as in the
example in figure . Clearly, the bigger @ is, the larger the space of mass ratios with

meta-stable states is, as less ‘angular power’ is necessary to reach the target angle

8See eq. 1) and surrounding text.
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Figure 2.5: QCD at § = 0 with 5 equal
mass light quarks has a meta-stable state
(blue) as well as the global minimum
(red). There is also another (degenerate
in V') meta-stable state corresponding to
¢1-5 = —2m/5. This behaviour persists
for mass ratios satisfying S(¢r**{m;}) >
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/ 96

Figure 2.6: Global minimum (red) and
meta-stable state (blue) in a 6 light quark
theory with § = 27/5 and mass ratios
10 :2:15:13:1.1: 1 In general,
for high NV and certain mass ratios, there
may also be more minima, corresponding
to diagrams whose angle sum makes an

211 extra complete revolution before hitting

the target.

—6. This continues until @ = 7, when global and first meta-stable branches become
degenerate and in the neighbourhood of which the space of masses {m;} admitting a

meta-stable state is at its largest, set by’

1 1
my my

0 =mn). (2.29)

my-1

In particular, the case of two light quarks remains safe from meta-stable states
for any mass ratio m;/m, and vacuum angle 6. The case of three light quarks (our
world) starts showing meta-stable states after § > 7/2, starting from the equal masses
theory point and expands from there as shown in figure It is interesting to note
that the SM ratio of light quark masses satisfies

1 1 1

Y
Mg

My

mgq

(2.30)

where m, 45 are the up, down and strange quark masses respectively, making the
theory ‘safe’ from meta-stable states for all values of 6. As more quarks are made
light, meta-stable states are encountered more and more frequently. Figure [2.8|shows

a particular section of parameter space for four light quarks, while figure shows

9This can be obtained by noting from figure that there can be no local minimum other than
the global one in the neighbourhood of § = 7 iff §'(w) = C(w) > 0.
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Figure 2.7: For three light quarks, regions
with meta-stable states in the mass ra-
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Figure 2.8: For four light quarks, fixing
my = my and mg = my, the region in red,
bordered by the equation in figure, corre-
sponds to theory points with meta-stable
states according to the leading order chiral
Lagrangian analysis.

a similar slice for the case of six light quarks. Once again, we can write a condition

mapping out the swamp (by measure of the SASC) as

S(OR"(ma)) > 2m — 1],

(2.31)

which, in its approximated ¢R** — /2 form, appeared as eq.([2.5)).
Finally, it is also noteworthy that the theory points at the centre of the regions of

meta-stable states correspond to the lightest quarks being degenerate (equal masses),

the ensuing global symmetry thus simultaneously violating another swampland con-

jecture.

2.2.6 Standard Model with N = 0 light quarks

A question prompted by the proceeding analysis is if the N = 0 light quark limit is

similarly constrained by the SASC. There are two ways one can achieve this limit.

Either all the quark Yukawa couplings can be taken to be > 0.01 so there are no

quarks with masses less than ~ 47 f, ~ 1 GeV. Or the Yukawa couplings can remain

at their standard values while the electroweak vacuum expectation value (vev) is taken

to be > 50 TeV. In the second case this thesis possibly leads to a new perspective on
the hierarchy problem. This will be the subject of section
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2.3 Coupling to quintessence

The swampland de Sitter conjecture has immediate relevance to our present environ-
ment; we must not currently live in a positive energy density local minimum. As a
result, the cosmological constant is eponymously defiant, in that it must not be con-
stant! As I briefly discussed in the Introduction this suggests (but does not uniquely
imply) that there is currently some quintessence scalar () contributing a positive
energy density which is slowly evolving with time.

It is striking that, when confronted with observed cosmological parameters, simple
models of quintessence are on the cusp of tension with the SASC [58]. In particular,
eqs. and imply that either the slope of the potential in the y-direction
around its present value, (g, is bounded below by an amount that depends on the
value of the total effective vacuum energy now, V(gp,...) = Vo > 0, or ¢ is a
local maximum in the (p-direction with curvature around that point being similarly
bounded. But the quintessence field must not be so fast evolving that within a
fraction of a Hubble time a deep anti-de-Sitter state is reached, and an associated
“big crunch” occurs[l]

Since quintessence may render the known Universe consistent with the swampland
conjectures it is natural to consider whether it may also pose a potential significant
caveat to the inconsistency of meta-stable QCD states with the conjectures. To this
end, let us consider two possibilities

(i) Sequestered quintessence: V = V{(L)}’QCD(W“) +V(p)

(ii) Coupled quintessence: V = V{(;a)},QCD(ﬂa’ ©)

where as before n = 0,1, ... labels all the branches. In the second case there is a non-
trivial coupling between the QCD and quintessence sectors, and thus also between ¢
and the SM more generally. For either case there are two further considerations. The
first is whether or not a scenario is consistent with the swampland conjectures. The
second is whether or not it may be consistent with having a Universe that avoids a

big crunch occurring on an extremely short timescale.

10Also in our particular Universe one must be consistent with the observational bound on the
deviation of the equation of state parameter from w ~ —1, though I will not need to use this tighter
constraint.
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2.3.1 Sequestered quintessence

The case of sequestered quintessence is straightforward, as the slope and curvature of
the potential in the ¢ direction are independent of whether the QCD sector is in the
ground state or a meta-stable state. This situation is illustrated in figure [2.9] while a
case of coupled quintessence is sketched in figure 2.10] Applying the SASC conditions
to the meta-stable state at SM parameter values {y*} with large and positive vacuum

energy AV« qcp ~ qu3 (here m, is an appropriate quark mass) gives

qcd
- m,\3 - m, A3
V.,V (p)| > c—Lad V2V (p) < —¢ —L acd 2.32
VeV(o)l 2 et or VEV(e) < =i (232)

where on the RHS of both inequalities I have dropped the tiny corrections from
Vo < mgAl,;. But the sequestered form now implies that in the QCD ground state
branch at {y’} the slope or curvature is just as large.

Specifically, in the case that the first, slope, condition of eq. is satisfied, the
¢ equation of motion for the ground state branch is (dropping the Hubble friction
term, 3H ¢, as the vacuum energy, Vp, and thus H is now tiny)
myA3

chd (2.33)

pl

p(t) 2 c

implying that in a time At = 7/H (here I measure time in fractions of the Hub-
ble time H~' ~ M, /+/V;) the quintessence field evolves by an amount Ap ~
T2eMpmgA] 4 /Vo > My unless 7 < 1 since mgAj,; > Vi. Here I have made the
conservative assumption that the initial quintessence field velocity, ¢ = 0. (Note
that the Swampland Distance Conjecture [57,81] states that the effective field the-
ory describing the quintessence plus SM system must irrevocably break down once
Ag 2, My, This limits 7 S (Vo /mgAd,,)"/?.) During this evolution the value of the
vacuum energy density in the ground state branch becomes

) m2AS

Vips,...) = Vy— P2t (2.34)
Vo
Thus as ¢ is O(1), within a fraction
Vo
TAdS ™~ <1 (2.35)
qugcd

of a Hubble time the Universe evolves to an anti-de-Sitter state. Taking as an example,
the present inferred value of the vacuum energy Vy ~ 10~*" GeV*, and, conservatively,

my = my ~ 3MeV gives Ta45 ~ 1073, so [ would collapse essentially instantaneously!
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Figure 2.9: Schematic illustration of sequestered quintessence. The black curve gives
the form of the ground state branch as a function of the vev’s of pNGB fields 7* at a
value of the quintessence field ¢ = 0, while the blue curve shows the first meta-stable
branch possessing minimum (in absence of ) shifted in 7. Both curves are at the
same values of all SM parameters {y*}. The green curve shows the bottom of the
valley in the ¢ # 0 direction starting from the otherwise-meta-stable minimum, while
the red curve shows the same for the valley starting from the true ground state. For
sequestered quintessence the slope of the red and green trajectories is the same. The
SASC demands that the slope (or curvature) of the green curve is bounded below
by an amount proportional to the effective positive vacuum energy density of the
would-be meta-stable state.

Only for truly exponentially small m, and thus exponentially small explicit breaking
of the chiral symmetry can we possibly avoid this Catastropheﬂ

Alternatively the quintessence field ¢ might be located very close to a local max-
imum of the potential, in which case this is a form of “hilltop quintessence” [83].
Suppose that the initial displacement of the field ¢ from the exact maximum is d¢,
and again conservatively assume that the initial field velocity ¢ = 0. One then finds
using the same logic as in the previous paragraph that the curvature SASC condition
applied to the meta-stable branch implies for the ground state branch that the di-

mensionless timescale (fraction of a Hubble time) until evolution to an AdS state is

1Tt is amusing to contemplate that there is an interplay between this exponentially small value
of explicit chiral symmetry breaking, the quantitative lower bounds on explicit global symmetry
violation imposed by the Swampland Global Symmetry Conjecture [52,/82], and the size of the
vacuum energy V.
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Figure 2.10: Same as figure except for coupled quintessence. In this case the slope
and curvature of the quintessence valley sloping away from the ground state of QCD
differs from that of the meta-stable valley. In principle this could allow the green
curve valley bottom to satisfy the SASC while the red valley bottom is not so steep
as to lead to immediate evolution to an AdS state. However such a large change in
slope between the two valleys implies a large coupling between the SM and ¢ giving
an extreme fine-tuning in the quintessence sector.
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now set by

quch 5(p)2qu20d

2

Tads ~ V°3 log ( ( Volly, ) . (2.36)
This is also an extremely short timescale unless the initial displacement dp from the
maximum of the potential is tuned to be super-exponentially small. (Moreover, in a
cosmological context, there are automatically fluctuations in ¢ entering the horizon,

displacing the value of the quintessence field from the maximum of the potential.)
Thus no matter which of the SASC conditions applies, the presence of a sequestered
quintessence sector does not allow one to evade the SASC constraint on SM param-
eter values {y}} coming from the presence of meta-stable QCD-sector states. The
fundamental reason for this is of course that the difference in effective vacuum energy
between the ground state and the meta-stable state(s) at a particular value of the
SM parameters {y}} is large, and it is impossible to satisfy the constraint on the
potential in the quintessence field direction for the meta-stable state without leading

to catastrophic evolution of the ground state.

2.3.2 Coupled quintessence

One can see that this is not just a feature of the sequestered quintessence potential:
To simultaneously satisfy the SASC constraint in the meta-stable state and avoid the
far-too-steep or curved potential in the ground state requires that the form of the
potential in the (-direction very significantly changes as one moves from the meta-
stable branch at {y} to the ground state branch at the same {y}} (see figure [2.10).
But the only difference between these two branches is the presence of pNGB vacuum
expectation values of typical size ~ f,. For the quintessence potential function to
change very greatly in slope or curvature in response to the switching on of these
pion vev’s then requires that the quintessence field couples significantly to QCD.

Parametrically one needs

myA3
97 ged (2.37)

92,0,V T Q) ~o —baed
- (7% ¢) TAYE

? " {ya},QCD
which then implies that the effective cubic ep(7%)* coupling is € ~ mgA3. /My fZ ~
MgAgea/Mp. Similarly the quartic coupling Ap?(7%)? is given by A ~ mgAJ /M2 f2 ~
MgNged /Mgl. There are also of course couplings to higher powers of the pNGB fields
as implied by the non-linearly realised approximate chiral symmetry. These couplings

between the SM and ¢ imply that even in the ground state branch of QCD there are,

upon integrating out the pions (with mass mpi2 ~ mgfr), radiative corrections to,
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eg, the mass-squared of ¢ of size dm? ~ (mgMgeq)®/16m*M3. These are enormous
compared to the mass m, ~ Hy ~ vV Vo/ My, required of a successful quintessence field.
Similarly other parameters of the quintessence potential get very large correction. In
other words, one must exponentially tune by an amount ~ (myAgeq)?/1672V; (in our
Universe roughly a 1 part in 10 tuning) m?, as well as other parameters, to get the
coupled quintessence model not to again evolve very quickly to AdS and a big crunch.

Thus the presence of a quintessence field does not obviously invalidate the ar-
guments concerning the inconsistency of meta-stable QCD states with the SASC. I
emphasise that in these arguments I have not at all used the observational or ex-
perimental constraints on quintessence fields, such the equation of state parameter
bounds, or the limits on fifth-forces or equivalence-principle violation, which of course
only apply to our Universe. I have only used the fact that the SASC must, by assump-
tion, be satisfied for the meta-stable states, together with the necessity of having the
putative Universe in a QCD ground state (at the same values of the SM parameters)
survive longer than an exponentially short period of time before entering an AdS big

crunch phase.

62



Chapter 3

The Higgs Landscape

In this chapter I will explore the Standard Model landscape as a function of perhaps

its most emblematic parameter: the Higgs mass-squared term.

3.1 Useful Theorems

3.2 Negative Higgs Mass-Squared

Let us first consider the extreme limit of the SM where the EW vev, v — oo, with
all Yukawa and gauge couplings kept fixed as well as the higgs quartic coupling. In
this limit the IR theory is of course a pure SU(3) x U(1)gy gauge theory with no
matter, as all quarks, leptons, weak gauge bosons, and the higgs boson itself have
become super massive. The question is if this theory has meta-stable states.

Because there is no matter, the color and EM gauge groups are completely decou-
pled from each other, so the question becomes do either, or both, of pure U(1) and
SU(3) theories have meta-stable states. There is no argument that we are aware of
that indicates that U(1) has meta-stable states, but the situation is plausibly different
for SU(3).

3.2.1 meta-stable states of pure SU(N,) gauge theories

Following early suggestions [61], Witten [84] and Shifman [85] argued that for large
N_., non-supersymmetric pure SU(N,) possesses N.— 1 meta-stable vacua, as reviewed
in Ref. [86]]]

Why do these pure glue meta-stable states exist, and what characterises them?

Roughly speaking the argument is that the vacuum energy density V' (6) must be, for

'We particularly thank Mike Teper for discussions of the status of meta-stable states in SU(N..)
theories.
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all V., both a 27 periodic function of the topological parameter 8, V' (0) = V(0 + 2m),
and in the large-N, limit have the form V() = N2f(6/N,) with f(x) a 27r-periodic
function, and no other factors of N, appearing [84]. (We emphasise that here it
is being assumed that there is no light QCD axion in the spectrum to relax the
CP-violating f-term.) But these demands seem to be contradictory as the second
condition says the period of V' should be 27 N.. The resolution, similarly to the case
of the chiral Lagrangian, is that V(0) must be a multi-branched function. The true

ground state energy density is then given by

(3.1)

V(0) = min, V™ (9) with V™ (9) = N2f (9 + 27rn) |

Ne

where n = 0,..., N, — 1. Namely each branch has periodicity 27 N., but because
of level crossings the true ground state energy density is correctly 27-periodic. This
multi-branch structure leads at every value of 6 to a total of N, potential vacua,
including at 6 = 0, as illustrated schematically in figure for SU(6). In fact
Witten [84] argued that in the formal N, — oo limit the function f(z) = 2 and that
all states were local minima. However at finite /N, as the various branches evolve and
cross the character of the local critical point can change from absolutely stable, to
meta-stable, to saddle point to local maximum. So to really enumerate the number of
locally stable states in a finite IV, theory at a given 6 one needs a finer classification.

Before turning to this it is worth mentioning that there is a simple expression
for the gap in energy density at 8 = 0 between the low-lying states, n < N, in the

N, — oo limit:
27 )?
( 5 ) X (3.2)

where Y is the so-called topological susceptibility defined by

Vi (0) = VO(0) ~

y = / d2(Q()Q(0)) where Q — #Tr(awéw) | (3.3)

Moreover, in the large-N. limit an order parameter distinguishing the N, different

states at a given value of 0 is [87]

(@) = (0 +2mn)x . (3.4)

(There are other possible order parameters, for example the QCD string tension
in each n-state.) Related to this, the n # 0 states are not invariant under C'P
transformations even if § = 0,7, the two C'P-invariant values of the topological
angle. For the SM the topological susceptibility has a value that depends on the 7’
mass as X ~ (f,ym,y)?/6, at least in the large-N, limit [8889], while for pure SU(3)
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Figure 3.1: Sketch of branches of V(0) for pure SU(6) YM theory according to a
large- N, analysis. The red portions of the curves give the true stable ground state
energy density as a function of the parameter . A refined analysis is necessary to
determine if the black sections of the curves include meta-stable states at finite N,
and if so how many at each value of 6.

gauge theory lattice simulations indicate xy ~ (190 MeV)?* [90] (though this depends
somewhat on how the lattice scale is set).

Importantly in the large- N, limit an O(N,..) subset of these states become highly
meta-stable. They are both locally stable, and have false vacuum tunnelling rates
to lower states which have been argued, using an approach based on softly-broken
supersymmetric QCD, to behave as T',,/Volume ~ exp(—bN?) for some constant b > 0
and so become absolutely stable in the formal N. — oo limit [85]. (We caution the
reader that the computation of these decay rates in the far-from-supersymmetric
limit is not under good control, so numerical factors and, in our opinion, even the N
scaling are not reliably establishedE] In addition there has been only a very limited
study of this large- N, physics using lattice techniques [92,93].)

In recent work [94] arguments have been presented that, depending on the value

of 6, the number of locally stable vacua, Ny (excluding the true ground state), is by

2See also the discussion of Ref. [91].

65



a particular semiclassical analysis given by

(2] 9=0

[Re] 4 [RebS] — 1 0<6<m/2
N, = [%]—1 0 =rm/2

Sel2| | fet2] ] /2 <0<

[t ] + [P /

2 [252] -1 o=

where [z] denotes the largest integer < z. So if we take this analysis as a guide then,
naively, at N, = 3 there are predicted to be, respectively, (0,0,1,1,1) meta-stable
states as 6 varies in the given ranges, while for N, = 4 there would be (2,1,1,1,1)
meta-stable statesﬂ It is particularly interesting that in this case there are meta-
stable states predicted at 6 = 0.

However, at small ., all the semiclassical arguments that we are aware of break
down, and it is not clear from the analysis that has so far been performed if there
are meta-stable states at low N, in particular for SU(3).. There are (yet) no reli-
able lattice studies of this question, so strictly speaking the situation regarding pure
SU(3). YM theory is unknown.

3.2.2 Possible relation to the hierarchy problem

If we boldly assume that there are meta-stable states in pure SU(3). at § = 0 split
from the true ground state by an energy density AV ~ A;‘Cd the refined Swampland
de Sitter Conjecture, together with the results on quintessence in section (which
equally apply to this case), then plausibly tells us that the SM with electroweak
symmetry breaking scale v > 50TeV is in the swampland. In other words, there
are no solutions of the full UV gravitational theory (including all possible consistent
compactifications if it is higher dimensional) that lead to the SM with an electroweak
vev v > 50TeV. This would be a partial resolution to the hierarchy problem and
shares some features with previous attempts to link the hierarchy problem with the
swampland program [96}97]. In particular there is a failure of effective field theory
reasoning, in that apparently innocuous parameter regions of otherwise consistent

quantum field theories are inconsistent when coupled to gravityﬁ

3In Ref. [95] the large-N, effective Lagrangian was modified by including 1/N,. effects, possibly
enabling an improved discussion of the meta-stable states of SU(N,) at finite N.. A richer structure
of meta-stable states was found in this analysis, with new meta-stable states being argued to exist
both for pure SU(3). Yang-Mills theory, and for SU(3). coupled to N light quarks. If correct this
would strengthen our results. We emphasise that no calculations that are fully under control have
yet been performed in the interesting region of small N..

4One of the most studied of the Swampland constraints is the Weak Gravity Conjecture which,
among other things, states that QED with a single Dirac fermion of mass m and gauge charge e
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Of course there are caveats to this statement, even if the SASC is accepted as fact,
and pure SU(3). at @ = 0 has meta-stable states. First, we have taken the Yukawa
couplings to be fixed as v — oo, but if, instead, these couplings were reduced so as
to keep the “hard” quark masses coming from EWSB fixed at their observed values,
then the QCD sector of the theory would not possess meta-stable states, and there
apparently would be no constraint on v. We do not have a strong argument against
this reasoning. However, we note that the limit where all the quark Yukawa couplings
vanish is forbidden by the claimed absence of exact global symmetries in theories
coupled to gravity, which is one of the best supported of all Swampland Program
conjectures. In fact the quantitative Swampland Global Symmetry Conjecture [52,82]
mentioned in the Introduction declares that there is a bound on how small more than
one of the Yukawa couplings can simultaneously be, y 2 exp(—MIf1 /A?), so if the
cutoff A of the effective 4d quantum field theory is close to the Planck scale the option
of scaling all the Yukawa couplings to close to zero is forbidden. This illustrates how
the web of swampland conjectures might intertwine to limit the allowed SM parameter
values.

Second the arguments above have not constrained the case where the Higgs mass-
squared parameter is large and positive so there is no traditional electroweak sym-
metry breaking. This is the subject of the next subsection and future paper.

Third, we presently have poor understanding of the non-perturbative physics of
QCD-like theories, especially as regards “exotic” phenomena such as meta-stable
states. It is logically possible that there are different features of full non-perturbative
QCD (and the SM!) that are constrained by present, or future, swampland program
conjectures/results, and that these constraints are more powerful than the SASC in

limiting the available SM parameter values.

3.3 Positive Higgs Mass-Squared

I will now discuss the opposite limit in the Higgs mass parameter, that is the large
positive direction m?% — +M§1. My motivation will again be to explore whether this
part of the SM landscape may also lie in the swampland by virtue of SASC and TPCC-
like criteria. The goal is thus to understand the vacuum structure of the theory in

this limit and in particular test for the presence of meta- stable states.

is inconsistent with gravity if |e| < m/v/2M,, [53]. This and the magnetic form of the conjecture
have been suggested to possibly provide an explanation of the weak-to-Planck scale hierarchy in
extensions of the SM [961(97].
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Figure 3.2: Schematically, effective four quark vertices are sourced by integrating out
a Higgs field with positive mass squared. Y and Y’ are up or down type Yukawa
matrices, depending on the type of external quark lines.

If the Higgs mass-squared parameter is taken to be large and positive compared
to the QCD scale, m% > +(1GeV)?, the Higgs doublet decouples from the low-
energy physics of the remaining Higgs-less theory, and there is (naively) no EWSB.
The IR theory is simply the SM gauge group coupled to naively massless quarks and
leptons. The leptons do not immediately play a central role in what follows; I shall
mention their potential indirect effect at the very end. Thus, the relevant part of the

leading-order effective Lagrangian I will focus on is

1 v —1 ) —i i
L==3. ZFJVF M+ " Dy + Ty Doudy - (3.5)
I

Here the covariant derivative D, includes all standard model SU(3) x SU(2), x U(1)y
gauge fields, q;, = (up,dp,cp, s, tr,br) is a left-handed quark flavor multiplet and
similarly for the right-handed quarks. The presence of the heavy Higgs doublet lingers
in the form of operators of the low-energy Higgs-less effective theory suppressed by
powers of 1/m?%. The most important of these for our purposes are the dimension six

4-quark terms, of schematic form

ikl o
AL = %ﬁ’xq{@éqlw : (3.6)
H

These dimension 6 operators are obtained upon integrating out the Higgs through
tree diagrams as in fig. so that the constants C;?’;/ZZW are linked to the Yukawa
matrices in a straightforward way. Of course, the qr r are ultimately not the proper
degrees of freedom in the IR as the theory is confining and chiral symmetry breaking
occurs with a vacuum expectation value of the chiral condensate (G,qr) ~ AGcpl-
It has been known for a long time that this chiral condensate itself, even without

a Higgs doublet, breaks electroweak symmetry, meaning that pions can act as a
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substitute for the Higgs boson, giving mass to the electroweak gauge bosons. This
formed the initial motivation for the development of technicolor models [98-102].
More recently the SM in this phase has been studied in [103}/104] with a focus on
particle spectrum and interactions. No proper study of the full pion potential exists
in this regime however.

Of course the EW SSB would occur at the significantly smaller energy scale of
Afep however. Moreover, Aep < Aqep as all 6 quarks are massless and contribute
to the running of the QCD beta function eq. . Despite a vacuum existing with
the usual pattern of W+, Z° bosons acquiring mass alongside a surviving U(1) gy, the
IR phenomenology unsurprisingly turns out to be quite different. In section |3.3.1] we
describe in detail the unfolding of the resulting low energy EFT. In brief, the weakly
coupled electroweak gauge interactions act as a perturbation on the strong dynamics
of confining QCD with all 6 quarks massless, while the Higgs induced vertices are
a perturbation weaker still that we can ignore initially. As shown schematically in
fig. , at the U(1) gy preserving vacuum the chiral symmetry spontaneous breaking
SU(6)r, x SU(6)r — SU(6)y produces 35 Nambu-Goldstone bosons, three of which
are eaten by the electroweak gauge bosons and 16 of which acquire mass of order
O(g%¢™) due to the explicit breaking of chiral symmetry by the electroweak gauge
interactions.

I then set out to investigate the full IR potential of pNGBs. Its critical points
turn out to be determined by the pseudo-potential

A _% ST (UH s 9 0 V(1 0 6%) (3.7)

where U describes the pions as per eq. . I prove the stability of the U(1)gym
preserving vacuum manifold and its connectedness. I then classify and explicitly
construct a possibly exhaustive set of further extrema and prove them to be saddle
points. It is still possible that there are other critical points and I describe how they
would be constructed. I do not however in this thesis definitely prove their existence
or lack thereof, leaving it to future work. I conclude by discussing further effects

complicating the structure of the potential.

69



3.3.1 Electroweak symmetry breaking via QCD chiral con-
densate

Ignoring the electroweak sector, QCD is an SU(3). gauge theory with 6 massless

quarks

EQCD =1 quchL +1 quchR ) (38)

where D, here includes only gluon gauge fields, q; = (ur,dr, cr,sp,tr,br) is a left-
handed flavor multiplet and similarly for the right-handed multiplet. As their is no
quark mass matrix, eq. has a global G = SU(6);, x SU(6)g chiral symmetry
which is spontaneously broken down to the vector H = SU(6)y group by the chiral

condensate
(@Lar) = Cyle, (3.9)

where CY, is expected to be of order Ach- In the absence of anything else, this would
give rise to 35 exactly massless NGB fields 7%*(z) = f.II*(z), the generalization
of pions, reflecting the number of broken generators of G, as in fig. [3.3(a)] These
perturbative fields can be parametrized as usual in the CCWZ formalism in terms of
the SU(6) matrix

(@ar) = CoU, U =¢"""", (3.10)

where I will take the 7 to be a particular basis of the su(6) Lie algebra with
Tr (T°T7) = 26*°. As usual U transforms non-linearly under G as

U — L'UR, L,Re SU(6) . (3.11)

A convenient basis of su(6) for our application is T% = {Ti, T2, T7*}, where

. 1 .
T,=—13® 0",
2 \/g 3
1
o= —_ A @1, 3.12
3 \/g 2 ( )
1
Tia _>\a®01’

with ¢ = 1,2,3 and @ = 1..8. N (o) are the Gell-Mann (Pauli) matrices and ®
stands for the Kronecker matrix product. The 3 x 3 part of the matrices acts on the
space of generations while the 2 x 2 part acts within a generation.

The gauging of a subgroup G, C G explicitly breaks G down to S, which is

made of G,, itself plus whatever generators of G that commute with all of G,,. This
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(a) Chiral SSB
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(b) EW gauging effect

Figure 3.3: Chiral symmetry breaking G — H in SU(3) Yang-Mills theory with 6
massless quark flavors results in 35 exactly massless NGBs, as shown in (a). The
pattern is complicated in (b) by the explicit breaking of G by the weakly coupled
EW gauge group G,. At the U = 14 vacuum, three of 4 generators spanning G,
correspond to fictitious NGBs eaten by the W¥ and Z through the Higgs mech-
anism; the 4th generates U(1)gy in the low energy theory. The surviving global
exact symmetry is S, which trivially includes G, plus the inter-generation mixing
SU3) x SU(3)pu X SU(3)ra, acting respectively on left-handed doublets, right
handed up-type and down-type quarks separately. This spontaneously breaks down
to the vectorial doublet mixing symmetry SU(3)gen C H, giving 16 exactly massless
GBs - single dashed region in (b). Finally, there remain 16 explicitly broken gener-
ators of G to which correspond pNGBs with masses proportional to the EW gauge
couplings - double dashed region in (b).
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complicates the symmetry breaking pattern. If the gauge couplings of G, are weak
however one can assume chiral symmetry breaking and eq. (3.10]) to still hold. One

expects however corrections to the effect of

1. pNGBs with mass proportional to the weak gauge couplings for symmetry gen-
erators of G/H not in S,

2. gauge boson masses through the Higgs mechanism for generators in G, NG/H,

3. NGBs remaining exactly massless for generators in S/(G,, U H).

We are of course interested in the details of the case of electroweak gauge group
Gy = SU(2) x U(1)y, for which the above regions are displayed in fig. 3.3l Such
dynamical symmetry breaking of gauge symmetries has been extensively studied in
the context of technicolor and composite Higgs theoriesP| [L00}102,[105).

In practice, gauged subgroups of G acting on the flavor multiplets ¢z r in their

fundamental representation enter as
6Ly =G " AL PlaL + Gpy" AL Phar. (3.13)

where the Pf ; € su(6) are generators of the left /right action of G, here defined to

also absorb any coupling constants. AZ(m) are the gauge bosons. For the case of the

SM electroweak interactions we have the three SU(2)., gauge bosons W/="*? as well
as the B}: for the abelian hypercharge, with
i 1 i i
1 2/3 0 1 1
PE/ = glg]l(; ; P}g = g/]lg ® < é _1/3> = g/ |:6]16 + 5(13 ®03) 5 (314)

which can be read off from fig. [I.1}
To leading order, the effective IR Lagrangian is uniquely constrained by gauge

invariance to be

12
L= %Tr <(D#U)T D“U) , (3.15)
where the covariant derivative
DU = 0,U —iAl, (P{U - UP},). (3.16)

®The problem of how exactly the gauged group G, divides itself between H and G//H is known
as the ‘vacuum alignment problem’.
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ensures said invariance under the non-linear action of eq. (3.11)) of gauge transforma-
tions. Notice of course that for A, — 0 this reduces to the usual chiral Lagrangian
leading term. Expanding eq. (3.15) out more explicitly
fl2 i
L= (0,UT0"U + 2i A% (0*UU' P + 0"U'U Py,)

+AL AR (—2UTPLUP}, + PLP} + PLPY)) . (3.17)

Feynman rules for the pNGB fields are obtained by expanding U around its vacuum

value. Around U = 14 these are summarized in fig. [3.4, The field dependent gauge
boson mass matrix is defined as
2

(M) (U) = %Tr (—2UTP§“UP§ 4 PIPY Pépé) , (3.18)

For the SM values in eq. (3.14), diagonalizing M®(1) gives the normal pattern of

weak boson masses mi, = 3¢*f?/4, m3 = 3(¢* + ¢"*) f*/4 and photon m., = 0. As

9,9 < 1 the W and Z consistently appear in the effective theory. I emphasise that

this pattern of symmetry breaking, as also depicted in fig. [3.3] is not the same at

every point in the field space of pNGBs. Infact, at a generic point away from the

locus connected to U = 14 all four EW gauge bosons are massive.

3.3.2 pNGB potential

EW gauge interactions generate an effective potential V(I1*) for the pNGBs. Having
identified the leading term of the confined theory as eq. , I will now discuss
contributions to V. Within the EFT we must write down all pNGB potential terms
respecting the symmetries. Gauge symmetry under the full Gy, is particularly con-
straining. It is useful to bear in mind the spurion transformations of the projectors
Pir

Pl - L'PIL, P, — R'PLR, (3.19)
for L, R € SU(6). Within the EFT, potential terms are also generated perturbatively
by means of loop diagrams with internal gauge bosons. I will only consider one loop
contributions. Working in Landau gauge allows one to ignore all vertices of the form
(c) in fig. ﬂ While information about the structure of V can be obtained by

EFT considerations, the relative size between ‘bare’ terms coming from the strong

In fact, in order to not trivially vanish in the limit of all external momenta going to zero
and therefore contribute something to the potential, the I1®° line in vertex (c) has to be internal,
forming part of the loop along with the gauge boson line. The propagator for A}, in Landau gauge
then vanishes in said limit and the diagram evaluates to zero.
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Figure 3.4: Feynman rules for the class of confining theories described by eq. (3.15).
The generators of the left (right) action P} (P}) of the gauged subgroup are defined
to include couplings, e.g. see the SM case of eq. . Some gauge bosons become
massive through the Higgs mechanism as implied by vertex (b). Their mass matrix
is at this point generally not diagonal. For n = 0, (c¢) gives momentum-dependent
gauge boson - fictitious pion mixing terms.
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Figure 3.5: One loop diagrams contributing to the pNGB potential at (a) quadratic
and (b) quartic order in weak gauge couplings, in Landau gauge. Wavy lines are
massless gauge bosons, while their mass matrix is treated as a two point vertex

(black blob).

dynamics at energies ~ Aqcp and corrections from calculable loops in the EFT is not
decidable. In section the potential will be written in terms of current correlators
of the full theory and enough information will be extracted to classify critical points
with some confidence.

In general, the lowest order - quadratic in gauge couplings - the field dependent

contribution to the effective potential is given by

V D wTr(MA(U)) = v Y (—2U'PLUP}, + PIP] + PLPL) | (3.20)
I
where vy ~ AéCD is an unknown coefficient. This is renormalised by all diagrams of
the form (a) in fig. [3.5l However, for the SM values of eq. (3.14) this does not give a
non-trivial potential for the NGBs as the SU(2), action is purely left-handed while the
U(1)y action is proportional to the identity in its left action, so that UTPYU = P}
More generally, the only non-trivial elements of M4’ are cross terms proportional to
O(g9').
At quartic order in gauge couplings, the potential has a contribution
27g4 9912 992g/2

3
WDU4Tr(Mj(U)):v4< TR ZW (UTTQiUTQS)> . (3.21)
i=1

5



where v, is another unknown coefficient and I have immediately specialised to the
SM case. This is renormalised by all diagrams (b) in fig. [3.5] Thus, to lowest order in
gauge couplings, the potential has a form O(g%g”?) and we see the first appearance of
the quantity A defined in eq. (3.7)). Expanding eq. around U = 1 to quadratic
order in pion fields one sees 16 degenerate pNGBs with mass ~ Aqcpgg’, associated
to the A\ ® o! and \* ® 0% generators of eq. . Exact NGBs corresponding to
the T¢ and \* ® o generators remain massless, although those associated to Ty are
fictitious, forming the longitudinal part of the W* and Z.

A further term exists at same order in gauge couplings which satisfies all symme-

tries

Vo uTr (U'PIUPLUTPIUPY) | (3.22)

with v} another unknown coefficient. Unlike previous terms, this is not renormalised

at one loop but is a pure contact term.

3.3.3 The Potential from First Principles

The full theoryIZ] can be written as

1
L= JFu " +igda +iGpdan + AL Jp" + A" (3.23)
T
where
I =3 Plar, J]I%’“ = G Phar - (3.24)

Then, the effective action to quadratic order in gauge fields in momentum space after

integrating out the fluctuations around a fixed classical background U is given by

1 1 1
L= <—§(APT)“” PP A i TP, + 3 (TR T, + z’(Jﬁ’“Jé’@p) AlA] (3.25)

2
where }
v y P
(APp)™ =n™ — 2 (3.26)
is the usual projector onto transverse polarisations, and
(), = [ dste (@) 1 ) (327)

"Leaving out leptons and Higgs mass suppressed higher dimensional operators.
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are momentum space current correlators, which can be written in terms of self energies

and U as

(T Yy = (APpY™ T (p) T (PLP) (3.28)
(" Jg" )y = (APp" TR(p*)Tr (PRPY) (3:29)
. , 1 y

i(JIE TR, = —5 (AP . (p*)Tr (UTPLUPY) (3.30)

For the SM, given eq. (3.14]), we have

1
A I J
Lig = §(PT)W A'D;;A7 (3.31)
where
1
—p? + 2¢°11.(p?) 0 0 _gg/%HLR
D, — 0 —p* + 3% (p%) 0 —99' 5 Lg
1J — 0 0 —p2 4+ 34211 ( 2) — /EH
: ; p Qng L\p 199 5 ULRr )
—99' 5 g —99' 5 g —99' 5 ULr —p* + ¢ [§ (Il —TLg) + 311g]

The one-loop effective potential for the pNGBs can now we computed as sum of

diagrams in the usual way and is given by

V= XI:/% In (d") :7T2/dp2p2 In (det(D)) , (3.32)

39°9" 11}
+ FI,
(2@2 + 3g2H%)(6Q2 —|— QIZ(HL — HLR —|— 1OHR))>
(3.33)

:ﬂz/dQQQQIH (l—F2

where d! are the eigenvalues of the D matrix, the integral has become Euclidean
Q? = —p? and I have ignored a field independent (FI) piece.

Notice, it is not necessary to know the full form of the potential as what is of
main interest is the classification of critical points. Since V only depends on the
fields through A, we have

VvV 9V 9A

5e ~ JA e 0 (critical points) . (3.34)

so by simple chain rule the critical points of the potential are either critical points of
A, which I will classify in section or an extremum of V(A). Furthermore, the
Hessian is

PV 9PV 0A 9A +a_v oA
OIIeOTI8 QA2 9Tl OII8  OA Ol

(3.35)
Thus, for the critical points of A, one just needs information about the sign of V'(A).
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0A Den
where the denominator is given by
Den = 12Q* + 2Q* (9¢°I1;, + ¢*(I;, — Il + 1011R))
+3¢%¢” (A + 117 — T 1k + 10101, 11R)
= 48Q" 4+ 4Q* (99 (ILaa + Iyv) 4+ ¢ (9La4 + 13Myy))
+ 36202 (AA + 9) 12, + (22 — 8A) Huullyy 4+ (AA + 13) 112, ), (3-38)
— — ——

>0 >0 >0

2 /2H2
8_V x 7T2/dQ2Q23g g LR 7 (336)

(3.37)

where I have highlighted expressions containing the fields which are always postitive-
definite given then range of A € (—9/4,0) (see section [3.3.4]). In going to the second
line T have exchanged left /right correlators for vector/axial ones using the relations
[106]

1

Iy 25 (IIp + g —Lg)
1

T4 =5 (I, + g+ 1R) (3.39)
1

Iy 4 =5 (IIg —1I1Ip) ,

and furthermore I have taken ITy4 = 0 from QCD effects when 6 = 0 [107]. Account-
ing for effects that contribute a non-zero Ily 4, such as running due to the inclusion
of leptons (and a possible 5) parameter are important future directions of research.
With this assumption however, one can argue for the positivity of the denominator
eq. and therefore also the sign of V/(A). For example, by the large-N form of
the correlators [106]. The conclusion is thus that the stability of the critical points

of V that are critical points of A are the same as if the potential were A itself.

3.3.4 Critical Points

I will now investigate the critical points of A given in eq. (3.7)). First, I rewrite it
very slightly to emphasize its geometrical interpretation; it is proportional to the
length-squared of the projection of the conjugation orbit of U(13® c?) onto the su(2)

subalgebra.
3

1 ‘
A:-E Tr* (13 ® 0" )U(13 ® 6*)UT) . (3.40)

Consider an arbitrary point 11y = Up(13 ® 03)Ug = II§T*. One can immediately say
that
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o if IIj € su(2) = Il is a minimum and A ~ —9/4.
o if Il L su(2) = Il is a maximum and A = 0. An example of such a point is

1 3
Umax — %16 + z\/g Nec + X’ . (3.41)

Thus, U = 14 is indeed a minimum as anticipated already and indeed a global mini-
mum of A. In reality of course there is a locus of minima, if nothing else connected
to the identity by the remaining exact symmetry group of the theory. The full locus

1S

Us = SU(2)1 x SU(3)ru x SU(3) k.
_ {1808t OGN G0N (3.42)

where o', o+ are defined in eq. (3.46)). In the following proof I rule out the possibility

of their being further global minimum points disconnected from this locus.

Proof: Consider the set for a global minimum
Us ={U e SU®6)|U(L1®c*)U" €su(2)} . (3.43)
Consider now that for any U € Uy, there exists a g € SU(2) such that
U(Il@a?’) UT:g(Il@a?’) g, (3.44)

and therefore
JU(1®d*)Ulg=(1®0°) , (3.45)

meaning ¢'U € C, where C' is the centraliser of 13 ® ¢. For a compact Lie group C

is connected (see corollary 5 and preceding statements of Chapter IX in [108]) .

End of Proof We conclude by defining shorthand notation for useful matrices.

ol = ((1) 8) , ot = <8 2) : (3.46)
() -0
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3.3.5 Non-global Extrema

What if IIy has components both parallel and orthogonal to su(2)? are there other
local extrema? To answer this, consider fluctuations around a point of interest U(x) =
ﬁ(x)Uo and expand U = 1 + Il + ..., where II = II*7 and demand that the linear
term of A in IT fields vanish. We have

16 A = — ZTr <]1®0 UHOUT)
:_ZTr (1@0 (H0+i[ﬁ,H0]+...)> (3.47)

. . 2
_ Z (Tr (1 ® 0")Ig) + iTr ((1 ® o)[II, H0]> + > .
Demanding the linear term in II vanish becomes

3
043 Tr((1® o)) Tr ((11 ® oI, HO]) ,
» (3.48)
— 0= f7Temy
where f%7 are the structure constants in the basis of eq. (3.12). We need this to be

true for all possible II* so that the condition for an extremum becomes
| . .
0= fPTIgI
/oty (3.49)
= f7Igl,, x=4,..,35

where the index x runs through all basis elements orthogonal to su(2) (so everything
except T4) and I have used that in the basis eq. (as in the generalised Gell-Mann
basis) f*%7 is a totally antisymmetric tensor .

In conclusion we can think of decomposing a general Lie algebra vector Il into

its projection onto su(2), call it ITy | = II{ T4, and its orthogonal, ITy | = II5T™.
Iy = Iy + 1o, 1 , (3.50)
and an extremum of A corresponds to a point satisfying
o, o, 1] =0, (critical point) . (3.51)

Thus, non-trivial critical points are points on the conjugation orbit Up(ls ® 03)Ug

with components satisfying this commutation.
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What is the most general Il to satisfy eq. (3.51)7 Consider the most general Il |

and HO,J_:

1 S 1 1 i
[Ho’”, HO,J_] - [%13 ® O'Z Hé’”, %()\a ® 12>H8,J_ + E()\a ® Uj)Ho,JL (352)

oc i(A @ o )IT et = 0, (3.53)
so that the condition is 1% = E“Hé ! and in summary the necessary form for a non-

trivial extremum is

1 1 1
5 = (—113—1—5)\-5) ® o -1, +§>\'/€®12 (3.54)

V6

where Ilp | and ¢,k are 3 and 8 dimensional vectors respectively. Both Ily and at
least one of £, k must be non-zero for a non-trivial extremum. The question is whether

such a point can lie on the conjugation orbit of (13 ® ¢3), i.e. whether

?

Up(13 ® 0®) Ul =TI for some U, (3.55)

For now I will disregard k£ — 0 and discuss the more general case later. The answer
is then in the affirmative as I will show now. As is well known, an SU(6) matrix can

be written in Cayley-Hamilton form as Uy = aglg + ia,T*.

Statement: A set of non-trivial extrema of A correspond to Uy of the form

Uoz%ll@-ﬂti(%ﬂﬁ%)\-é) & (o - ) (3.56)
with
(1+P) @ =1, (3.57)
<\%£C + }leaébda’”) 20, Ve=1,...8 (3.58)
™ =0, (3.59)

where d is the totally antisymmetric SU(3) tensor, 7 is some 3—vector.

Proof: Consider Uy of the form

1 1
=apl | —=1 —A- -T) . .
Uy = ag 6+2(\/63+2)\ €)®(a ) (3.60)

Firstly, for Uy to be indeed unitary we must have

1 1 cycC 1 a abc y ¢ !
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implying the conditions
K |2

(1+1]6%) == +a2 =1, (3.62)
<—ec eaebdab0> Ve=1,..,8 (3.63)
(3.64)

Then, consider the conjugation action of this Uy

U (120 0%) U = (1218 0%) + o (S + 2] © (0 7).

1 1 ? ;
+\<%13 - 5»6)4@((0-%)0 (0-m) (365

—(1+]62) /6

where in evaluating the underbrace I have applied the derived unitarity conditions.
Notice that the second term is something of the form of II§ in eq. (3.54)), so that we
would like for the first and final terms to cancel. Since 7'mio’0307 = 27 -on® — |7|?03,
we see that the correct thing to do is to choose 7® = 0, so that we have

1 1
Uy (15 ® 0®) U§ =iag (%13 +5A- b) ® [(o - 7),0%] (3.66)
||

+( — (14 6) 5 ) (13 ® 0?) (3.67)

[\ J/
-~
1

1 1 3
— (Jgtat eb) @ [lo-m.e?] (3.68)

where we fixe the value of a¢ to cancel. Thus I have proved the statement. Note the
choice of 7 = 0 would seem to imply that necessarily Ha” = 0 in eq. 1} but a
completely arbitrary Iy can be reached via an extra SU(2) conjugation.
End of Proof

All 8 equations of eq. are listed in fig. [3.6(a)l This set of eight (quadratic)
equations in eight unknowns have non-trivial solutions. Notice that the existence of
the d** tensor is crucial for this to happen. For the 2 generation case where A\ — o
such a term does not exists and one can immediately see that it is impossible to have
a non-global extremum. I do not include the explicit solutions here because all these
critical points turn out to be saddles, as will be argued in the following section.

It will be important to note that all solutions of eq. have the same modulus,
given that

= —?M”dabc (3.69)
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(a) Necessary conditions for an extremum. (b) Necessary (but not sufficient) conditions
Alternatively, also £* — —{®, which can give for a minimum
different solutions.

Figure 3.6: Conditions on critical points.

! 3 1o v 31 |
— |€|2 - g (éagbdabc) <€a Eb dabc) — §§|€|4 —_— |€|2 =8 (370)

where I have made use of identities for the contractions of the d tensor given in [109).

3.3.6 Stability of Critical Points

To explore the stability of the critical points given by the different solutions to
eq. (3.58) we must go back to A with U = UU, again, expand and keep terms
second order in II fields. Thus one can obtain the requirement for a local minimum
to be

~1aj -
- (1, 1] 15,7

where as usual ¢ = 1,23 run over su(2) subalgebra indices and aj runs through all

aj

#[mn] [mg ] >0, v A=fere, @)

A ® o basis vectors. By inspection, the components II' and II* don’t appear in the
final result, cancelling out. One can thus focus on II = II%\* ® ¢7. For simplicity let
us consider each direction one at a time and obtain a necessary though not totally
sufficient set of conditions for a minimum.
Requiring stability along a single \* ® ¢/ direction gives
Ty ([HO,H, A ®ol)] (Ve aE)) Tr ([Ho, o) (Ve aE))
T ([T, (A @ 0)] (15, @ 0%)) Tr ([T, (A @ 07)] (13 @ o))
] a 3 b 7aa ! )
— 4 (\HO,HF - (Hg,”f) <1 (e \/;Kbdb ) >0 Va=1,..8andj=1,2,3.
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where only over-lined indices are summed over and I have skipped various steps
evaluating. The prefactor is never negative. So the constraint is on the ¢* and
all 8 1nequa11tles are listed in fig. [3.6(b). For example, the simplest a = 8 gives

—v2 < 8 < L. Notice that summing up the entire column of inequalities gives

3 (1 — () + \/gébd”““> —8— (12 >0 (3.72)

a

but we had shown in eq. that (*¢* = 8 at a non-trivial extremum. Therefore in
general, in order to sum to zero some of the expressions in fig. [3.6(b)| will be negative
(implying negative curvature) and others positive (positive curvature) The only way
for there to be no negative mass terms is if all expressions in fig. [3 are exactly
zero, corresponding to a point where every single basis vector direction is flat to

second order. By inspection, such a point does not exist.

3.3.7 The full conjugation orbit of (1 ® o?)

In the previous section we found that the extrema with k& = 0 identified in section|3.3.5
are all saddle points. It remains to be conclusively proven whether there exist any
extrema with & # 0 and their stability, which I will leave for future work. I will
comment however on a necessary feature of such a solution, if it exists.

Consider a general SU(6) matrix in the form
U =alg+it!TE = alg + /(13 @ 0°) + (N @ 1) + t¥(\* @ o), (3.73)

with 36 variables a,t’,t%,t%, and 4,5 = 1,2,3 and a,b = 1,...,8 as usual. I have
absorbed the normalisation factors of the basis vectors of eq. (3.12)) in the variables

for simplicity. Unitarity of U requiresﬂ

UtU = 1,
2 igi 2 aza 2 aizai
— a+tt+§tt+§t " =1, (3.74)
gagei L0 | (3.75)
£t 4 e 4 2t = 0 (3.76)
2tztc + Qtatbidabc . tajtbkfabcejki ; 0. (3 77)

8You might ask, how is this compatible with there being 35 d.o.f. The answer is these are not
real d.o.f.

84



Notice for initial simplicity I have taken all coefficients to be real. Applying this most

general conjugation now to our starting element
UT(]13 ® 03)U _ a2(]lg Q 03> 924 (ti]13 + tai)\a> Q o eidk
+ 13 ® (263t 0" — t't'o®)
+ @t“ta + 0 (d™C + i f“”C)AC) ®o°

4 (gaab:ﬂ-S + dabC)\c> ® (Qtazo_ztb?) _ taztbzo_i’»)
+2) @ (90! + 1P 0" — 119 0%) — 204 f€E N @ o
T 2fabctaitbj€ij3)\c ® 12 7

where the d and f tensors are the fully symmetric and antisymmetric tensors of SU(3)
respectively. The last term is the only one proportional to the su(3) subalgebra and
its coefficient is thus the only way to generate k* in eq. (3.54)). This is only non-zero

if % cannot be written as the direct product of two vectors.

3.3.8 Discussion and Future Work

The theory of the SM at large positive Higgs mass has clearly a rich and complicated
structure. In this thesis I have focused on the strongest dynamics, namely that of the
confining SU(3).. sector, treating the EW gauge interactions as a perturbation on top.
The ensuing potential for pNGBs from integrating out gauge bosons is non-trivial. I
have made significant progress in studying the full potential at one loop. At present
I do not find meta-stable states in this theory but I am far from ruling out their
presence either and future work will be able to establish the truth.

As argued in section the calculable extremum points of the potential are
the extrema of A defined in eq. . Although it is likely that I have classified all
critical points, this statement requires a definitive proof.

Going beyond the analysis of this thesis, two main ingredients were ignored: the
leptons and lingering effects from the massive Higgs. In the first approximation of
a completely decoupled Higgs the leptons remain massless all the way down to the
IR. They thus contribute at all orders to the running of the electromagnetic coupling
which runs to zero at the U(1)ey, preserving locus of vacua of eq. . It is unlikely
that this effect qualitatively changes the potential away from this locus as the photon
is massive and no logarithmic running of the U(1)e, coupling occurs below the photon

mass.
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Second, as mentioned already, the leading IR effects of the Higgs are felt through
four-Fermi operators. The Yukawa matrices break all remaining symmetries so no
flat pNGB direction will survive - apart from those fictitious directions eaten by the
gauge bosons - and the vacua go from loci to a single point. Treated as the weakest
perturbation, it remains to compute this degeneracy-lifting effect on the vacuum
locus of eq. ﬂ This results in a very rich potential of maximum height of order
y; AScp/mi; for the 16 previous exactly flat physical field directions on this locus.

The details of this potential and its critical points is the subject of future work.

9After integrating out the Higgs, the coefficients of the four Fermi operators will change by
renormalisation group flow, dominantly by SU(3). interactions. But due to the SU (3)3 inter-
generational symmetry of the SM gauge interactions acting on the SM matter the structure of the

relevant flavour spurions remains set by the Yukawa couplings.
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Chapter 4

Reflections on Bubble Walls

4.1 Introduction

Cosmological phase transitions in the early Universe that proceed via nucleation of
bubbles are a well-motivated possibility in minimal extensions of the Standard Model,
as well as in more general scenarios featuring hidden sectors with their own dynamics.
Such first order transitions result in the emission of gravitational radiation [23}/110-
113] that current and future observatories may be able to detect in the form of a
stochastic background of gravitational waves (see e.g. |[114,|115] for reviews). An
observation of this kind would provide unambiguous evidence for the existence of
degrees of freedom beyond the Standard Model. This has spurred significant interest
in the gravitational wave signatures of hidden sectors in recent times [41,42}[116-124].

Despite the abundance of particle physics models susceptible of undergoing an
out-of-equilibrium transition, our ability to make use of the resulting gravitational
wave signal to extract information about the relevant dynamics is extremely limited.
The most revealing features concern the frequency peak of the stochastic background,
as well as its spectral shape at high frequencies. The former determines the epoch at
which the transition takes place, whereas the latter contains information about the
dominant source of gravitational radiation. For example, if most of the energy released
during the transition goes into accelerating the bubble walls (as in vacuum [125]),
these become relativistic and continue to expand at ever-increasing velocities. In this
case, collisions of these “run-away” bubbles constitute the main source of gravitational
waves, and the resulting signal falls off as f~! at high frequencies [126]. Alternatively,
pressure on the bubble walls due to particles in the thermal plasma may cause the
expanding walls to reach a terminal speed. In this case, most of the latent heat gets
damped instead into the thermal fluid, and it is its subsequent motion that provides

the dominant source of gravitational radiation [39]. The high-frequency fall-off of the
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stochastic background is steeper, e.g. decreasing as f~* for radiation sourced by sound
waves [127-130]. On the other hand, assuming radiation-domination at the time of
gravitational wave production, causal propagation restricts the low frequency shape of
the spectrum to grow as f2, independently of the dominant production channel [131].E|

Understanding the dynamics of expanding bubble walls in the early Universe is
clearly crucial to determine both quantitative and qualitative features of the resulting
gravitational wave signal. But given the intrinsic degeneracy present in any stochas-
tic background, it is equally important to explore alternative probes of the relevant
dynamics. For example, the upcoming LISA experiment will be sensitive to phase
transitions at electroweak to multi-TeV scale temperatures, probing the nature of
the electroweak phase transition and potentially shedding light on the dynamics be-
hind baryogenesis and electroweak symmetry breaking. In this range of energies, the
complementarity between LISA and current and future colliders will no doubt be
key in furthering our understanding of physics at and around the weak scale (see
e.g. [114,/115,/135,/136] for reviews and references). Beyond (and below) the elec-
troweak scale, phase transitions within hidden sectors may occur at virtually any
temperature, and the corresponding stochastic background could fall anywhere from
the low frequency range of PTA observatories [137,/138] (1072 — 10~ Hz), to the high
frequencies probed by LIGO (10 — 10® Hz), and beyond. However, vacuum bubbles
nucleated in hidden sector transitions may feature very different dynamics to those
linked to the weak scale, and the relevant degrees of freedom may be inaccessible
at laboratory experiments. Our work is motivated by the goal to more broadly un-
derstand the potential behavior of expanding bubbles in the early Universe, as well
as to identify alternative predictions that may accompany an observable stochastic
background of gravitational waves.

In a first order phase transition, bubbles of true vacuum are nucleated at rest, and
begin to expand fueled by the difference in free energy densities at either side of the
interface. In vacuum, the velocity of the bubble walls evolves according to [125]

do] 1 1 AV
At YRy o

(4.1)

with v = 1/4v/1 — ¢/? the usual Lorentz ~-factor, Ry o« o/AV the critical bubble
radius, and where AV and o refer to the difference in vacuum energy densities and

surface tension of the bubble wall. In reality, bubbles do not expand against a sea of

!'More generally, the low-frequency shape of the stochastic background depends on the equation
of state [132}133] and on the existence of free-streaming particles [133}/134], and could thus provide
non-trivial information about the Universe at early times.
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false vacuum, but rather within a non-trivial environment that in the early Universe
must include the Standard Model plasma as well as, potentially, other ingredients
such as dark matter. As the bubble wall speed grows, friction from the surrounding
environment can exert a pressure on the interface that opposes the expansion of the
bubble walls. Their evolution can still be written as in eq. , after the replacement
[139,/140]:

AV - AV —P | (4.2)

where P refers to the frictional pressure resulting from the interaction between the
interface and the surrounding medium, and is in general dependent on the speed of
the bubble wall.

Two qualitatively different scenarios are thus possible. If AV > P during the
entire evolution of the bubble walls, these effectively behave as if they were in vacuum
and most of the energy released as the bubbles grow goes into accelerating the ex-
panding interface. The walls then “run away” — that is, they continue to expand with
ever increasing velocities. Alternatively, if P grows large enough so as to neutralize
the difference in vacuum energies, AV = P, the bubble walls reach an equilibrium
regime of constant speed. Once in equilibrium, the fraction of the total energy that
becomes localized on the interface quickly becomes tiny. Instead, most of the energy
gets damped into whatever sector of the surrounding environment is responsible for
halting the acceleration of the bubble walls. Calculating the pressure experienced by
bubble walls as they expand is a classic problem [139-144] that has received renewed
attention in recent times [38}39,/145-154].

Within a thermal plasma, particles with phase-dependent mass create a pressure
on the expanding walls that asymptotes to a constant P., ~ Am?2T? in the ultra-
relativistic limit E|, independently of the type of particle [145]. An additional source
of friction may be present if the spectrum contains gauge bosons, of the form Py, ~
vg*Am, T3, with g the relevant gauge coupling and Am, the change in the mass of
the gauge boson at either side of the bubble wall [147/148,152]. This effect has its
origin in the transition radiation emitted by charged particles as they cross the wall
and its 7y-dependence can easily render it the most significant source of friction on
fast expanding bubbles. Indeed, if the electroweak phase transition were first order,
transition radiation would likely cause the bubble walls to reach an equilibrium ~-
factor as low as v.q = O(10) [147].

2The ultra-relativistic limit refers to the kinematic regime where the energy of the incident par-
ticles in the rest frame of the bubble wall is the largest energy scale. Alternatively, this corresponds
to the limit v — oo for the y-factor of the bubble wall.
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A crucial aspect of all sources of friction known so far is that the corresponding
pressure is a monotonically increasing function of the wall speed. As put forward
in [145,(147], this allows for a simple criterion to determine whether bubble walls
during a cosmological phase transition become run-away, by comparing the pressure
in the ultra-relativistic limit, P, to the difference in vacuum energy density across
the wall:

Run-away criterion: AV > Py [145]/147] . (4.3)

In this article, we discuss a new physical effect that can qualitatively alter the
dynamics of bubble walls during a cosmological phase transition. Namely, the exis-
tence of a transient relativistic regime characterized by an approximately constant
reflection probability of longitudinal massive vectors off an expanding interface. Ef-
fectively, the wall behaves temporarily like an imperfect mirror that reflects a fraction
of longitudinal — but not transverse — modes. Two conditions need to be satisfied for
this regime to be accessible: (i) that the expansion of the bubble walls takes place
against a population of massive vectors whose mass changes across the interface; and
(7i) that the expanding walls are sufficiently “thin”. By thin, we mean that the wall
thickness (in the rest frame of the bubble wall) be much smaller than the Compton

wavelength of the massive vector, i.e.
L<m™t. (4.4)

In this case, the regime of constant longitudinal reflection corresponds to Lorentz
~-factors in the range
<y (Lm)™t, (4.5)

ending when v is so large that the Lorentz-contracted Compton wavelength of the
dark photon becomes smaller than the wall thickness. We will refer to this kinematic
regime as the region of “inter-relativistic” motion. Eq. ensures that (Lm)~ >
1, and that this regime is indeed accessible during the evolution of the expanding
bubbles. Once v becomes > (Lm)~!, reflection probabilities for all polarizations die
off exponentially — a well-known feature of the ultra-relativistic limit.

Most notably, the effect described above leads to an additional source of friction on
expanding bubble walls. Unlike previously known cases, the corresponding pressure
features a characteristic non-monotonic dependence on the relevant y-factor, reaching
a maximum at v ~ (Lm)~! before turning-off at larger values. In (superficial) analogy

with the behavior of spacecraft shortly after launch, we will refer to this pressure peak
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as Maximum Dynamic Pressure. Its existence can make it much harder for bubble
walls to become run-away than previously believed, and we will show that eq.
can be qualitatively misleading in phase transitions where the bubble walls expand
against an existing population of phase-dependent massive dark photons.

This article is dedicated to deriving the claims made in the previous two para-
graphs, as well as illustrating some of their phenomenological consequences. We will
refer to the temperature of the Standard Model plasma at the epoch of the phase
transition as T, and denote the phase transition strength via the usual dimensionless
quantity [114,|115]:

AV _ AV . (4.6)
psm(Ty)  Zg.(T.)T

We will focus on bubble walls that expand against a population of cold and non-

(%

interacting dark photons. Despite its simplicity, this system will be relevant in some
physically interesting cases, such as when the dark photons furnish the dark mat-
ter |155H160] — a well-motivated benchmark that we often refer to throughout this
work. When the bubble walls reach an equilibrium regime as a result of longitudinal
reflections, the fraction of the total energy that goes into accelerating the bubble walls
becomes increasingly small. Instead, most of the available energy goes into making
the reflected dark photons relativistic, turning them into dark radiation. If the dark
radiation remains relativistic until late times, an observable contribution to ANg is
possible. In particular, current bounds on AN could probe phase transitions with
strength a > 107!, whereas CMB S-4 measurements could be sensitive to scenarios
down to a ~ 1072 for all relevant frequencies.

Extensions of the Standard Model featuring massive vectors are popular both
because of their minimality as well as their potential to furnish the dark matter, with
a variety of production mechanisms spanning a wide mass range [157-160]. Before
we move on, let us summarize why the existence of massive dark photons whose
mass changes in the course of our cosmological history is not only a well-motivated
possibility, but may be an unavoidable feature in a wide class of models. At the
renormalizable level, the physical system that we focus on is described by a lagrangian
of the form

1 1

LD % (0u0)" = V(9) — 1 Ew §m2vﬂw : (4.7)

where ¢ is a real scalar field and V), is the massive dark photon. By assumption, the
potential for ¢ features two non-degenerate vacua such that the scalar sector under-
goes a phase transition in the early Universe. Without loss of generality (WLOG) we
take the false and the true vacuum to lie at (¢) = 0 and (¢) = v. V(¢) may be a finite
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temperature effective potential, or it may be a zero-temperature potential in which
case the transition proceeds via quantum tunneling. If the scalar sector is in thermal
equilibrium with the Standard Model then T, ~ v, whereas T, < v is possible if the
transition is ‘super-cooled’, or if ¢ belongs in a hidden sector that is decoupled from
the thermal plasma. At nucleation, the thickness of the bubble walls is determined
by the features of the scalar potential, and typically L ~ (\/X )~1, with A the typical
quartic coupling in V(¢). The size of the dimensionless combination 7, L will have a
quantitative effect on our results, as we will discuss when relevant.

At the level of eq. , the scalar and dark photon sectors are fully decoupled.
Beyond the renormalizable terms of eq. , this need not remain true. For example,
the following operator

Lo gqs?wvu , (4.8)

leads to an additional contribution to the vector mass in the true vacuum, of the form
Am? = kv? As the scalar vev ‘turns on’ in the early Universe the dark photon mass
will shift accordingly. Of course, the scalar field may be complex instead of real, which
can be trivially accommodated by writing |¢|? instead. Indeed, an effective interaction
x |H|*V*V,, with H the Standard Model Higgs doublet, would lead to a shift in the
dark photon mass before and after the electroweak phase transition. We emphasize
that eq. cannot be forbidden on the basis of symmetry, and its manifest lack of
gauge redundancy is a moot point given that the theory under consideration already
contains a mass for V*. Legalistically, one might object to eq. on the basis that it
differs from a Stiickelberg mass, %mQV“VH, in that the former is not a renormalizable
interaction and demands UV-completion. However, upholding the laws of effective
field theory, we have no choice but to overrule this objection. Accepting the existence
of a finite cutoff in our description of nature, a theory with a massive dark photon and
scalar degrees of freedom will in general feature effective interactions as in eq. .

Indeed, a non-zero x in eq. sets an upper bound on the scale of UV comple-
tion. Provided that the term in eq. only accounts for a subleading contribution
to the overall mass of the dark photon in the true vacuum (Am? < m?), the upper

bound on the UV cutoff can be conveniently written as [161]

47v

AN —— (4.9)

~ \/Am?2/m?

Here, we indeed focus on cases where the change in the dark photon mass is tiny.
This allows for a separation between the scale of the phase transition, v, and the UV

cutoff, allowing us to neglect the effect of heavy degrees of freedom on the dynamics
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of the phase transition and focus instead on the consequences of non-zero Am? on
the evolution of the bubble walls. As we will see, even when Am?/m? < 1, the
implications for the evolution of cosmological vacuum bubbles can be signiﬁcantﬂ

An important comment before we proceed. As made clear in the preceding para-
graph, the content of this paper is only relevant in the presence of vector bosons that
are massive at either side of the bubble wall. Our results therefore do not affect the
pressure created by massless gauge bosons that gain a mass as they cross the wall,
and so we have nothing to add to e.g. the pressure created by W and Z bosons during
a first order electroweak phase transition.

The rest of this paper is organized as follows. We begin in section with
a summary of the physical set-up that we will focus on in the remainder of this
manuscript. In section [4.3] we present our calculation of the reflection probability for
phase-dependent massive vectors. Fig. illustrates the main result of this section:
the existence of a transient relativistic regime characterized by an approximately
constant reflection probability of longitudinally polarized dark photons. Section 4.4
focuses on fleshing out the consequences of our results for the evolution of bubble
walls in the early Universe, including the existence of a Maximum Dynamic Pressure
in section |4.4.1} as well as a self-consistent determination of the equilibrium ~-factor
when this pressure is large enough to halt the acceleration of the bubble walls in
section 4.4.2] The fate of the reflected dark photons depends sensitively on a variety
of considerations, most notably on whether the sector undergoing the phase transition
is hot or cold, as we discuss in section [£.4.3] We summarize our conclusions in section

[4.7] and a number of appendices supplement the discussion in the main text.

4.2 Set-up

The rest of this article is dedicated to calculating the pressure on an expanding bubble
wall due to an existing population of phase-dependent massive dark photons and to
discussing the implications of our results. With this goal, we consider an expanding
planar interface, representing a portion of a sufficiently large bubble wall, moving with
local velocity ¥ and corresponding y-factor v = 1/4/1 — 2. The wall is not expanding
in vacuum, but rather against a population of cold and non-interacting massive vector
bosons with number density ny,. WLOG, we take the velocity of the bubble wall in the

rest frame of the dark photons to be along the negative z-axis, ¥ = —|t/]2. At leading

3 Although most of our subsequent discussion will proceed within the effective theory defined in
eq. ([A.7){4.8] we discuss in section how this effective description can arise from a UV-complete
model.
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order, to compute the pressure on the wall we need the momentum transfer from
particles that either reflect or transmit across the interface. Our assumption that
the dark photon sector is non self-interacting allows us to consider the individual
interactions of particles with the wall, although this approach is more generally valid
whenever the relevant mean free path exceeds the wall thickness.

Like previous work focused on computing pressure on expanding bubbles, we find
it convenient to work in the rest frame of the interface. In this frame, the scalar
order parameter characterizing the transition varies only as a function of the spatial
coordinates, which in our convention will be along the z-axis. A dark photon wind
moving from the false to the true vacuum hits the bubble wall with velocity —v = |9|Z.
All particles hit the interface at normal incidence and there are no particles traveling
in the opposite direction — both observations follow from our assumption that the
dark photon sector is cold ﬁ This set-up is depicted in fig. .

mi (2)

A

true vacuum

(inside the bubble)

incident
— transmitted
—

false vacuum
(outside the bubble)

ﬂ «— B} ~ .
|k(2)] = k. = Vw? —m?2 reflected |k(2)] = k. = Vw? —m?
mi(z) = m? > 2z mi(z) = m?=m?+ Am?
—_——
~ L

Figure 4.1: In the rest frame of the bubble wall, a dark photon wind hits the interface
from the region of false vacuum. The energy of the incident dark photons, w = ym,
remains conserved in the interaction with the wall, whereas momentum along the
z-direction changes resulting in a net momentum transfer to the interface. L refers to
the wall thickness, i.e. the typical length scale over which the order parameter varies.
In this article, we focus on the case where the vector mass changes by a small amount
at either side of the bubble wall, i.e. Am? < m? ~ m?. Much of our work will be
concerned with the dynamics of the inter-relativistic kinematic regime of eq.
where m < w < L1

By assumption, the dark photon mass depends on the order parameter charac-

terizing the phase transition. As anticipated in the Introduction, and further dis-

4Quantitatively, the assumption of normal incidence requires that, in the wall frame, the normal
component of the dark photon momentum is much greater than the components along the plane
of the bubble wall, i.e. k1| > |kj|. For a gas of dark photons at temperature Ty, < m and a
relativistic wall, [k, | ~ ym > |EH| ~ /Taym provided v > /Tap/m, which is satisfied trivially. It
should be be straightforward to generalize our results beyond these assumptions.

94



cussed in section [4.5.1] realistic situations often feature a dependence of the form
mi(z) = m? + kv(2)?, with v the relevant order parameter and x a constant de-
termined by the underlying model. However, for most of our discussion, it will be
sufficient to just assume that the vector mass-squared parameter is z-dependent, with
asymptotic values m? and m? for large negative and positive z, as indicated in fig. .
We define the difference in squared masses as Am? = m? —m? > 0 and we will always
assume that Am? < m? ~ m?, in keeping with the discussion around eq. (4.9).
Since the wall background is independent of ¢, the energy of the incident particles,
w = ym, remains conserved in the interaction with the wall, whereas momentum in
the z-direction changes in a way that results in a net momentum transfer to the
interface. In total, the pressure exerted on the wall as a result of this dark photon

wind can be written as

P =4|t|ny x % > (RyAkp+ Ty Akr) (4.10)
A

The factor v|tjny corresponds to the flux of incoming massive vectors hitting the
wall (in the wall frame), whereas the quantity in parentheses represents the average
momentum transfer to the wall from an incoming particle with fixed polarization
A, with Ry, and T) the corresponding reflection and transmission probabilities. The
momentum transfer from reflected and transmitted particles is given by Akr = 2k,
and Akyr = k, — /~cz, with k. and 12;2 the asymptotic transverse momenta at either
side of the bubble wall, as defined in fig. [£.1] The sum over A includes the three
physical polarizations of a massive vector, and the lack of mixing between different
polarizations in eq. follows as a result of normal incidence.

For example, in the regime of ultra-relativistic motion — when w is the largest
energy scale in the problem, w > m, L™! — reflection and transmission probabilities
must asymptote to zero and unity respectively, and eq. takes the form,

Py = lim P ~ yny Ak = pVA—m2 , (4.11)

=00 2m?
where we have used Aky ~ Am?/(2ym), and py = mny is the energy density of dark
photons. If the massive vector population outside of the bubble wall was instead
described in terms of a fully thermal distribution, with 7" > m, we would have
w ~ T and ny ~ T3, and therefore P, ~ T?Am? as is well known [145]. As seen in
eq. , the frictional pressure reaches a constant (independent of the wall velocity)

in this limit.
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A comment is in order before we move on. Comparing the asymptotic pressure in
eq. (4.11]) to the difference in vacuum energy densities, one finds
P Am® py N Am? py(T)  pam(T)

AV 2m? AV m?  pam(T%) psm(Ty)

where « is defined in eq. (4.6) and in the last step we have made it explicit that

all the relevant energy densities are to be evaluated at the phase transition epoch.
The ratio py/pam in eq. (4.12)) is 1 if the dark photons account for all of the dark

matter, whereas o and Am?/m? are < 1 as discussed previously. The ratio of dark

(4.12)

matter to Standard Model radiation in the early Universe is pam/psm << 1, making
eq. correspondingly tiny. As per the run-away criterion of eq. , one would
be tempted to conclude that a small change in the dark matter mass would have a
negligible effect on the evolution of cosmological bubble walls. Our results will show
that — in general — this expectation can be mistaken.

To proceed, we must obtain reflection and transmission probabilities, as a function
of ~, for massive vectors interacting with the non-trivial background of the bubble
wall. This problem reduces to solving the equations of motion for massive electro-

magnetism with a spatially varying photon mass, as we discuss next.

4.3 Reflection and transmission probabilities

We begin in section with a brief discussion regarding massive electromagnetism
with a spatially varying vector mass. In[£.3.2] we obtain reflection and transmission
probabilities in one the of the few non-trivial cases where an analytic solution is
accessible: a step function change in the mass of the dark photon. This corresponds
to the limit of vanishing wall thickness, and it provides an accurate description of the
system in the regime w < L~!, where w is the incoming particle’s energy as shown
in fig. 1.1} Considering a step wall allows us to illustrate one of our main results:
that the reflection probability for longitudinal modes asymptotes to a constant in
the inter-relativistic regime of eq. . In we turn to the realistic situation
of finite width, and show that the existence of a relativistic regime of near-constant

longitudinal reflection is a generic feature of thin walls with finite thickness.

4.3.1 Massive electromagnetism

In the absence of charged sources, Maxwell’s equations in the presence of a varying
vector mass read

0" +mi(2)VY =0, 4.13
H \%
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which, in turn, imply the consistency condition
Oy (M (z)VF) =0 (4.14)

As is well known, when the vector mass is constant, m¥(z) = m?, eq. (4.14)) reduces to
the familiar requirement that d,V* = 0, and Maxwell’s equations admit plane-wave

solutions of the form
Vi (z) = vte T (constant vector mass) , (4.15)

for all k* such that k* = m?, and the v* are momentum-dependent complex coef-
ficients satisfying k,v* = O.E| As usual, the v can be written as a sum over unit-
normalized polarization vectors, one for each of the three physical degrees of freedom

of a massive spin-1 particle. For k= :l:\E |Z, a convenient basis is given by

¥]

T
m

e =(0,1,0,0), &' =(0,0,1,0) and #:( o,o,iﬁ> . (4.16)
m

When the photon mass has a non-trivial profile, analytic solutions to eq. (4.13)-
(4.14) only exist in some special cases. Assuming the vector mass-squared features
no time dependence, as appropriate in the rest frame of the bubble wall, eq. (4.14)

can be written as

—

DV = — (ﬁ log ma(f)) V. (4.17)

If k I ﬁm%/, as in the case of normal incidence, eq. 1} is non-vanishing for the
longitudinal component, whereas 9,V* = 0 for the transverse modes. As summarized
around fig. [£.1] this is indeed the set-up that we focus on in this work.

4.3.2 A step wall
We will first consider a step-function change in the vector mass:
mi(2) = m? + Ami(2) with Ami(z) = Am? O(z) , (4.18)

where Am? = m? —m? > 0 and O(z) is the Heaviside step function. With this mass
profile, the equations of motion feature plane-wave solutions on either side of the wall
localized at z = 0. These can be written as

, 0.1,1,0)etk== 0,1,1,0)e k== <0
Vf(t,z):e_“"t{(’ 1,0)e™* +7,(0,1,1,0)e :

B 4.19
t1(0,1,1,0)etk=> 2> 0 (4.19)

5The field V* is of course real-valued. It is implicitly assumed that only the real part of eq. (4.15])
has physical significance. The same applies to all other expressions of this form in the remainder of
this paper.
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for the transverse modes, [f] and

(%7 0, 0, %) eikzz —+ 1 (fn_z’ 07 07 _%) e—ikzz 5 <0

: .~ 420
0 (L,0,0,2) et e>0 420

Vet 2) = {
for the longitudinal component, with &, = vw? — m?2 and k, = vw? — m2 as defined
in fig. 4.1, The overall normalization of eq. (4.19)-(4.20) is arbitrary, and with this

choice the reflection and transmission probabilities are given by

k.,
R, = |7“a|2 and T, = k_|ta|2 , (4.21)

with o =1, [ for transverse and longitudinal modes respectively.

We can now obtain analytic solutions for both reflection and transmission proba-
bilities by integrating the equations of motion across the interface. Let us discuss the
transverse modes first. As discussed below eq. , the transverse modes satisfy
0,V =0, and eq. reads (O + m2.(2))V}" = 0. We then have:

+e

lim dz (O+mi(2) V=0 = 0,V!" is continuous at z =0 . (4.22)

e—0 e

Combined with the requirement that V| itself remains continuous, we can solve for

r; and t,. In particular, the reflection probability is given by

wsmam [ Am2\? 4 [ Am? 2

Unsurprisingly, R falls off rapidly in the regime of relativistic motion.

~ 12
k,—k,
k. + k.

RL: |TL|2:

The behavior of the longitudinal mode is starkly different. We can obtain a first
matching condition by integrating eq. (4.14]) across the wall:

+e

lir% dz 0, (my(2)V}) =0 = mi(2)V;? is continuous at z = 0. (4.24)
€— —€

Integrating eq. provides the second condition we need. Since 9,V}" no longer
vanishes, expanding Eq.(4.13) we now have (O + m} (z))V}* — 8*(9,V}") = 0. The
matching condition arising from the p = 0 equation is degenerate with eq. .
Instead, focusing on p = 3, we find

+e
lim dz (O+my(2)V? +0.(0,))) =0 = 0,;V}? is continuous at z = 0.

e—0 e
(4.25)

6We have taken advantage of rotational invariance in the x — y plane to set t, = ty, =1t and
Ty =Ty =T1.
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Given that the time dependence of V* is of the form e ™! for all z, the previous
requirement is equivalent to demanding that V;° itself remains continuous. The cor-
responding reflection probability now reads

~ 12
~2k,z_ Zkz R ~2 2\ 2 Am?2 2
R (m m) :< m) L (420)

m2k, +m?2k, m2 + m? 2m?

where the last step assumes Am? < m? ~ m?. As advertised in the Introduction, in
the regime of relativistic motion the longitudinal reflection probability approaches a

constant, independent of fyﬂ ﬂ

4.3.3 A smooth wall

In a realistic situation where the wall thickness is finite and the vector mass varies
smoothly, the analytic results of the previous subsection only provide an accurate
approximation to the reflection and transmission probabilities in the regime w < L.
In what follows, we perform a more general analysis of the case of finite width. We

parametrize the dark photon mass as in eq. (4.18)), except now
Ami(z) = Am?*O.(2) , (4.27)

where ©p(z) is no longer a step function, but rather some smooth function that
approaches 0 and 1 for large negative and positive z respectively, and with an appro-
priate step-function limit as L — 0. We will discuss a specific choice of mass profile
at the end of this subsection, but will otherwise keep things general.

Let us start by building some intuition behind the radically different behavior
exhibited by the transverse and longitudinal components discussed in by taking
a closer look at the corresponding field equations. It will be helpful to factor out the

time dependence of V#, as follows

VE(t, 2) = vt (z)e ™", (4.28)

TAt the level of a Stiickelberg theory, a discontinuity in the number of degrees of freedom (dof)
occurs in the limit m — 0, with 2 vs 3 physical polarizations at either side of the interface. The fact
that Rf - 1 as m — 0 in eq. reflects the observation that the longitudinal mode would be
unphysical in the region z < 0, and therefore must not propagate into the region z > 0. In an Abelian
Higgs UV-completion, the number of dof of course stays continuous, with the would-be longitudinal
accounted for by the appropriate linear combination of the two real dof of the complex Higgs. The
physical dof are two transverse modes and the suitable combination of the real scalars, and therefore
the treatment presented in this section is not applicable in the massless regime. Scattering with
m = 0 has been studied long ago, e.g. [162]. As emphasized in the Introduction, and in section
we instead focus on cases where (in the Abelian Higgs language) the Higgs vev is ‘on’ on both sides
of the wall.

8See section for an alternative derivation of eq. making use the of Goldstone nature
of longitudinals at high energies.
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and instead focus on the behavior of the v#(z). As we discussed previously, the
equations of motion for the transverse modes read (O + mi (2))V! = 0. In terms of

the v#, this can be written as
(02 + k2) V' (2) = Ami (2) v (2) , (4.29)

with k2 = w? — m?. The transverse components obey a Schrodinger-like equation for
a particle moving in one dimension with “energy” k? in the presence of a potential
Ui(z) = Am}(z). In the L — 0 limit, our problem reduces to one-dimensional
quantum mechanical scattering on a step potential, with energies above the step.
Indeed, eq. is just the reflection probability for this classic problem.

On the other hand, the Schrédinger equation governing the behavior of the longi-

tudinal component reads

m%(z)\> 2m? (2 4.30
with  Uy(2) :AmQV(Z)JrZ(az_v()) _%@ v(z) (4.30)

eth=z 4y e—ik=2 for 2« —L
tetk=> for 2> +L
(4.31)

The effective scattering potential for the longitudinal component, U;(z), depends on

the length scale over which the mass changes not just through the choice of mass
profile but through its derivatives — much unlike its transverse counterparts. It is this
crucial difference that leads to the strikingly different behavior of longitudinal and
transverse modes.

In the relativistic limit, k, >~ w > m, we might neglect the first term in Uj(z).
The derivative terms in the effective potential are localized in a region of thickness

~ L, and the second-derivative term is dominant whenever Am?/m? is tiny. We then

Ui(z) ~ —= (M) ~ Am2@g(z) . (4.32)

2\ mi(z2) Com?

have

The step-function limit discussed in the previous subsection corresponds to 0 (z2) L0

d'(z), and eq. (4.30) reduces to the Schrodinger equation in a potential Uj(z) =
—?;:;22 0'(z). Solving this equation subject to the appropriate boundary conditions,

one indeed recovers the result of eq. (4.26)) to leading order in the ratio Am?/m?, as

we summarize in appendix [4.6.1]
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Since the longitudinal reflection coefficient in the relativistic regime is R; < 1
whenever the change in the dark photon mass is tiny, we can go further and leverage
the one-dimensional Born approximation familiar from quantum mechanics to obtain
an analytic expression for the reflection probability in the case of a smoothly varying
mass. As we summarize in appendix[4.6.2], the Born approximation to the longitudinal

reflection coefficient can be written in closed form in terms of the effective scattering

potential in eq. (4.30)) as

2

1 > 2k, z
Rl,Born = @ /_OO dz e UZ<Z> (433)
Plugging eq. (4.32)) into eq. (4.33) and integrating by parts, we find
1 ATTL2 ’ ik z teo . > ikzz ’
R Bom ~ 1 ( 2 > [62 & @'L(z)} T 2ik, /_Oo dz *** @', (2) (4.34)
Am2\?| L , 2
~ ( 52 ) /L dz (14 2ik.z + O(k22%)) O (2) (4.35)
Am?2\? 99
= (2m2> (1+0O(kIL?) . (4.36)

To get the second line, we used that ©’ quickly vanishes for |z| 2 L, and we Taylor
expanded the exponential for |k,z| < 1. Since O interpolates between 0 and 1,
' can be treated as a probability density function. With this interpretation, the
integral in the second line is essentially an average of 1+2ik,z over the region (—L, L),
weighted by this probability density. The average of k.z is bounded in magnitude
by k.L, giving the final line. Eq. coincides with the step-function result of
eq. provided k, ~ w < L', as expected. Moreover, it highlights how the
existence of a kinematic regime where the longitudinal reflection coefficient stays
nearly constant is in fact a generic feature of any smooth mass profile, lasting all the
way up to k, ~ w ~ L1,
Given a specific profile, we can use eq. to obtain an analytic approximation

to the reflection probability. For example, for a wall profile of the familiar kink form

Or(z) = }l [1+ tanh(z/L)]* , (4.37)
one finds
Am?\? 72(k, L) [1 + (k.L)%
Ry, Born = : 4.38
LB ( 2m? ) sinh?(7k, L) (4.38)
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Eq. (4.38)) reproduces the result of eq. (4.26) in the regime w ~ k, < L~!, up to
corrections of O(k?L?), whereas in the ultra-relativistic limit it takes the form

Am2\*
R Borm ~ ( 7 > x Ar? (kL) e72™*L for  k,~w> LU, (4.39)
m

Indeed, the longitudinal reflection probability dies off exponentially fast — as expected
— in the regime of ultra-relativistic motion.

The results of this subsection are best summarized in fig. where we show the
reflection probability for longitudinal and transverse vectors for the mass profile in
eq. (4.37), obtained by numerically solving the corresponding equations of motion.
As advertised, the longitudinal reflection coefficient features a plateau for y-factors in
the regime 1 < v < (Lm)™!, which is well-approximated by the step-function result
of eq. . The consequences of this behavior for the evolution of bubble walls are

the topic of the next section.
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Figure 4.2: Reflection probability for longitudinal (blue) and transverse (orange)
massive vectors scattering off a planar wall in the limit of normal incidence, as a
function of the Lorentz y-factor. The change in mass across the interface is 1% and
0.1% for the left and right panels respectively. Solid lines show numerical results
for a smooth mass profile of the form m? (z) = m? + Am?0O(z), with O1(z) as
in eq. . Dashed lines correspond to the step function results of eq. and
. As anticipated, the step-function analysis provides an excellent approximation
up to v ~ (mL)~L
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4.4 Dark photon friction on bubble walls

We now discuss the implications of the results presented in section for the dynam-
ics of expanding vacuum bubbles in the early Universe. In section [4.4.1 we compute
the pressure on an expanding wall due to the presence of dark photons, and argue
that the requirement for run-away walls can be much stronger than previously be-
lieved. Section[4.4.2)focuses on the dynamics of bubble walls that reach an equilibrium
regime as a result of longitudinal friction, including a self-consistent determination
of the equilibrium v-factor. Once in equilibrium, most of the energy released in the
transition goes into making a fraction of the dark photons relativistic. The fate of
this dark radiation depends sensitively on the size of self-interactions among the dark
photons, as well as between the dark photons and particles in the thermal plasma,
as we discuss in section [£.4.3] If interaction rates are negligible — an assumption
more likely to hold if the sector undergoing vacuum decay is cold — we argue that the
reflected dark photons accumulate in a thin “shell” of dark radiation surrounding the
expanding bubbles. If they remain relativistic until late times, their contribution to
AN.g could be observable for phase transitions with strength ov ~ 1072 — 107!, Alter-
natively, if the scalar sector is in equilibrium with the thermal plasma, interactions
between the reflected dark photons and ¢ particles can easily be efficient, in which

case the energy density in dark radiation gets transferred instead into the thermal
fluid.

4.4.1 Maximum Dynamic Pressure

It is helpful to rearrange eq. (4.10]) using the relationship Ty = 1 — R,, as follows:

P = 5|ty {%Rl(kz + k) + (ko — k) + gRL(/@ + icz)} . (4.40)
In the relativistic limit, k, + k. ~ 2ym and k. — k. ~ Am?/(2ym), and eq. (4.40)
reads
2, m? 4,

P~ 37 pv R+ py 52 + 37 pv R for v> 1. (4.41)
The second term above is just the asymptotic contribution of eq. . The last

term corresponds to reflections of transverse modes. As discussed around eq. (4.23)),

R, o v~* already in the inter-relativistic regime, and therefore this third term falls
off as =2 for large . In contrast, the peculiar behavior of the longitudinal reflection
probability, R;, which stays approximately constant in the region of inter-relativistic

motion, leads to a contribution to the overall pressure on the expanding interface that
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grows o< 72. In total, neglecting the last term above and substituting the expression

for R; appropriate in the inter-relativistic regime (remember eq. (4.26])), we have:

2, Am?\? Am? -1
N J S——

Vv
longitudinal reflections

Poo

We emphasize that this y2-growing pressure is a transient phenomenon that is only
present for ~-factors within the range indicated in eq. . Once v > (mL)™!, the
longitudinal reflection probability dies off exponentially fast, leaving the second term
above as the sole significant contribution to the overall pressure.

A consequence of our previous discussion is that the pressure exerted on the ex-
panding interface will reach a maximum near the end of the inter-relativistic regime,
before dropping down to Py, =~ py x Am?/2m? in the ultra-relativistic limit. As ad-
vertised in the Introduction, we will refer to this pressure peak as Maximum Dynamic
Pressure. Parametrically, it is given by
Am? oV (Am2 ) 2 Am?

PV

2 2
o~ R ~ om 4.43
P dp 37maxpV 1+ pv 29m2 (Lm)2 2m2 2m2 ( )

where Ypax ~ (mL)~! is the value of v at Maximum Dynamic Pressure. As a result,

for bubble walls to become run-away, the following condition must be satisfied:
Run-away criterion: AV > Prap (this work) . (4.44)

Eq. replaces eq. as a diagnostic of run-away bubble walls in the presence
of phase-dependent massive dark photons in transitions with access to the regime of
inter-relativistic motion, and is a primary new result of this work.

If the first term in eq. is a small correction on top of the asymptotic pressure,
Pso, the effect of longitudinal mode reflections will be largely irrelevant to describe
the dynamics of the expanding bubbles. However, if the first term dominates then
eq. can be much stronger than the requirement AV > P, quoted in eq. .
Parametrically, the effect of longitudinal reflections will dominate the overall pressure

on the expanding interface provided

Am?

mlL < 5
m

(4.45)

When Am?/m? < 1, this is a stronger requirement than the condition in eq. (4.5) for

the inter-relativistic regime to be accessible, although the main feature in both cases
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is that there must be a significant hierarchy between the mass of the dark photon
and the energy scale L~! characterizing the thickness of the bubble wall.

Our discussion thus far has only been concerned with the pressure due to a pop-
ulation of cold dark photons. If the sector undergoing the transition is cold, such
that vacuum decay proceeds via quantum tunneling and there is no thermal plasma
that interacts with the bubble walls, this will be a good approximation to the overall
pressure. Alternatively, if the scalar sector is in equilibrium with the thermal fluid, an
additional source of pressure will be present due to interactions between the plasma
and the wall. As mentioned in the Introduction, particles in the plasma that gain
mass across the wall contribute as P, ~ Am?T? in the relativistic limit [145]. In per-
turbative theories this source of friction can easily fall below AV, and therefore won’t
be large enough to obstruct the acceleration of the bubble walls. Potentially more
significant are those cases where the phase transition sector features gauge bosons
that acquire a mass as they cross the wall. As anticipated in section this can lead
to an additional source of pressure from the transition radiation emitted as charged
particles cross the interface, of the form P, ~ vg?Am,T? [147,/148,]152]. For this
source of friction to be subdominant to that from longitudinal dark photons, one

would need
Yeq?AM,TE <AV (4.46)

This condition can be interpreted as an upper bound on T, relative to the typical

energy scale of the phase transition. Parametrically, taking for simplicity AV ~ v*

and Am, ~ gv, we find

T, 1
=2 S—m (4.47)
U geq

s (L) (Am Y1072\ 1100 GeV Y/ paw 1/6. (4.48)
g 10— o T, PV

If the relevant gauge couplings are ¢ = O(1) — as in the Standard Model — then
neglecting transition radiation would require 7, < v, i.e. the transition needs to be
significantly super-cooled. More generally, in hidden sectors where the relevant gauge
couplings are g < 1, the above condition could be satisfied even within ‘standard’
thermal transitions where T, ~ v. A more comprehensive analysis of the class of
thermal transitions for which this assumption holds is an interesting direction for
future investigation.

Fig. [4.3|shows the pressure on an expanding interface due to massive dark photons,

relative to its asymptotic value in the limit v — oo, in cases where the inter-relativistic
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kinematic regime identified in eq. (4.5)) is accessible during the wall’s expansion. The
evolution of bubble walls that fail the run-away condition of eq. (4.44]) as a result of

longitudinal friction is the topic to which we now turn.

[ mL=10"" m/m L m/m = 1.02 mL x 10°
2000k —1.020| — 1.0
[ — 1.015 — 1.5
g 15001 1.010 2.0
& i
& 1000k 1.005 2.5
[ 1.001 3.0
500
1 500 1000 1500 2000 1 500 1000 1500 2000
v v

Figure 4.3: The pressure exerted by massive dark photons on an expanding bubble
wall can feature a non-monotonic dependence on the wall y-factor due to reflections
of longitudinal modes, reaching a peak at v ~ (mL)~! that is potentially much
larger than its asymptotic value in the ultra-relativistic limit. The criterion for run-
away bubble walls can therefore be far stronger than simply requiring AV > P,
as discussed around eq. . Left: increasing the relative change in the dark
photon mass raises the Maximum Dynamic Pressure without significantly altering
its position. Right: decreasing the wall thickness increases both the height and
position of the MDP. This behavior is in qualitative agreement with the discussion in
and around eq. . Both plots have been obtained by evaluating eq. after

numerically obtaining reflection coefficients corresponding to the smooth wall profile

of cq. (L:37).

4.4.2 Equilibrium ~-factor and energy budget

If the Maximum Dynamic Pressure is dominated by the reflection of longitudinal
modes, and the run-away criterion of eq. (4.44) is not satisfied, then bubble walls
will reach an equilibrium regime once P(7eq) &~ AV. Parametrically, the equilibrium

~-factor is given by

3AV \?
o~ 4.49
= () (4.49)
(Y () (T P\ )
Am?2/m? ) \10-2 100 GeV pv ' '

How easy is it for bubble walls to reach an equilibrium regime as a result of

longitudinal reflections? An obvious self-consistency condition on our determination
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of 7Yeq in eq. (4.49)) is that it lies below the y-factor at Maximum Dynamic Pressure, i.e.

1

o< — 451
PYquL ( )

Additionally, a “kinematic” condition is that the expanding walls reach equilibrium
before the bubble walls collide and the phase transition ends. The bubble radius at
collision is set by the Hubble scale at the epoch of the phase transition. Demanding
that the size of the expanding bubbles at the onset of the equilibrium regime is a
fraction x < 1 of the Hubble radius, we find

T

Req ™~ YeqRo S xH(T,)™ = Yeq S ROH—(T) )

(4.52)

where Ry is the critical bubble radius.

Eq. and can be interpreted in various ways, but perhaps the most
relevant for us is to regard them as lower bounds on the fractional change of the dark
photon mass for the effect of longitudinal pressure to be large enough to stop the

acceleration of the bubble walls, as follows:

Am? _ [ Am? 3AV\"? o
— > ( 3 )min =2 < QPV) x Max {mL, 2 'RoH(T.)} . (4.53)

This is illustrated in fig. where we show contours of /(Am?2/m? ), for various

choices of the underlying parameters, as described in the caption. As can be seen

in fig. [4.4] even extremely small changes in the mass of the dark photon across the

interface can cause enough friction to halt the acceleration of the bubble walls.
After the bubble walls reach an equilibrium speed, they carry a decreasing fraction

of the total energy available in the transition:

Ewall —~ 47T-R<t)27eqo- VeqO
Eita  TR()PAV AV R(t)’

(4.54)

where R(t) is the bubble radius at time ¢. As R(t) grows, Fyan/Eiotal quickly becomes
tiny. By comparison, the above ratio is identically 1 for transitions in vacuum, where
all the available energy goes into accelerating the bubble walls [125]. In thermal
transitions where the walls reach an equilibrium speed due to friction from the thermal
plasma, most of the available energy goes instead into producing motion in the form
of sound waves or hydrodynamic turbulence, as mentioned in the Introduction and
summarized in [114,115]. In the case at hand, as we will now show, the energy released
in the transition goes instead into accelerating a fraction of the dark photons, turning

them into dark radiation.
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Figure 4.4: Contour lines indicating the lower bound on the fractional change of the
dark photon mass for longitudinal reflections to create enough friction to halt the
acceleration of the bubble walls. These contours saturate the inequality in eq. ,
with the choice z = 107! for illustration. The energy density in cold dark photons
is taken to be that of the dark matter, and the difference in energy densities, AV, is
taken to be 1% of that in the Standard Model bath (i.e. a = 1072 in eq. (4.6))). The
blue shaded area corresponds to dark photon masses such that the corresponding
Compton wavelength exceeds the Hubble radius, m=' > H(T,)™! — a regime that
lies outside the validity of our discussion. Left: The wall thickness is related to
the temperature of the thermal plasma at the phase transition epoch as L = T, !,
as expected in a ‘standard’ thermal transition. Right: L = (10*7T,)™! <« T}, as
could be the case if the phase transition took place within a cold hidden sector with
a characteristic energy scale > T, or for a thermal transition featuring significant
super-cooling (recall discussion below eq. ([4.7)).

In the rest frame of the bubble wall, reflected longitudinal modes propagate away
from the interface with Lorentz-factor 7.4, while in the rest frame of the dark photons
far away from the wall — loosely, the rest frame of the dark matter — the y-factor of
the reflected dark photons is given by
1 [Teg)?

Yo =T 292, > Yeq - (4.55)
- |Ueq|

Within a Hubble volume, the average number density of dark photons that become
relativistic as the bubble walls sweep across the dark matter from the onset of the

equilibrium regime until the bubbles collide can be approximated by

1

RB
(Ngr) =~ gRan (1 — R38q> . (4.56)

coll

The factor in parenthesis takes care of the fact that we are only interested in keeping

track of the fraction of dark matter that gets converted into dark radiation dur-
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ing equilibrium (before, most of the energy released as the bubbles grow goes into
accelerating the bubble walls). Obviously, if the bubble walls only reach equilib-
rium right before they collide, Req = Rcon, then (ng,) will be correspondingly tiny.
However, provided the onset of equilibrium takes place well before collision, then

1

(na:) ~ fRmy. For example, taking Req =~ 7YeqRo and Req ~ zH(T,)™!, we find

3
R}, /Ry ~ 107" <« 1, where we have evaluated all parameters as in eq. , and
for illustration we have taken x = 1072 as well as Ry L'— 7. = 100 GeV. More
generally, notice that having Req S Reon is a requirement for dark photon reflections
to affect significantly the evolution of the bubble walls (as per our discussion around
eq. ), and so we proceed under this assumption.

Right after bubble walls collide, the volume-averaged energy density in dark radi-
ation is therefore

2
Pdr = War (Nar) =~ §7<3q R pv at T~T,, (4.57)

where wq, = Yarm and g, is given in eq. . Notice the right-hand-side above is
equal to AV by eq. — consistent with energy conservation in the rest frame of
the dark matter. Thus, in phase transitions where bubble walls reach an equilibrium
regime as a result of friction from the dark photons, most of the difference in vacuum
energy densities goes into turning a fraction of the (cold) dark photons into dark

radiation.

4.4.3 Fate of the dark radiation

The fate of the reflected dark photons depends sensitively on the values of the various
underlying parameters. As a result, general statements about the later evolution of
the dark radiation are not possible, and a comprehensive study spanning all available
parameter space is well beyond the scope of this work. Instead, we will focus on
highlighting the possible outcomes given certain assumptions.

Although sweeping statements are not possible, there are two qualitatively dif-
ferent cases that merit separate consideration, depending on whether the sector un-
dergoing vacuum decay is part of the thermal plasma or belongs in a cold hidden
sector such that the transition proceeds via quantum tunneling. We will focus on
the cold scenario first. In this case, the absence of a thermal population of parti-
cles that will interact with the wall background leaves the dark photons as the sole
source of pressure on the expanding interface, and the evolution of the dark radia-
tion as the bubbles grow and after they collide depends primarily on the strength of
the self-interactions among the dark photons. As discussed in section [4.5.1] quartic
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dark photon self-interactions are generally part of the low energy theory, and in the
context of an Abelian Higgs UV-completion the relevant quartic coupling is as given
in eq. . Interactions among the dark radiation and the cold dark photons occur
at a center-of-mass energy /s/2 >~ 7eqm, which always fall below the cutoff scale of
the effective theory. In this kinematic regime, the relevant cross section is as given in
eq. (4.72), and one finds that the corresponding interaction rate can be tiny compared
to H(T,) across significant portions of parameter space.

When interactions between the dark matter and the reflected dark photons are
negligible, the following picture emerges. Going back to eq. , notice that (in
the dark matter frame) the speed of the dark radiation is ever-so-slightly larger than
the speed of the bubble wall:

L= [’ _ i
L+ |Ueg|? 292,

Avdr = ’Udrl — |Il7eq| = ‘geq| < 1. (458)
As a result, from the beginning of the equilibrium regime until the moment of bubble
wall collisions, reflected dark photons become uniformly distributed on a shell of

thickness AL in front of the interface, with

ygeq | At < Rcoll

AL ~ Avg X At ~
o 272, ~ 292,

< Reon (4.59)

where At refers to the time interval between when equilibrium is reached and collision
of the bubble walls, and we have used |Ueq|At < Reon. Thus, as the bubbles grow
bigger, a shell of dark radiation forms, moving ever-so-slightly in front of the bubble
walls. Although the walls move at constant speed, most of the energy density remains
localized in a thin layer close to the surface of the expanding bubbles.

The fate of these shells of radiation depends on the interactions between relativistic
dark photons as the bubble walls meet. Now, the relevant center-of-mass-energy is
V5/2 ~ wyr 2m7§q, and interactions are often well-described within the high energy
Goldstone regime of eq. . To estimate the interaction rate, notice that although
the average number density of dark radiation is well-approximated by (ng,) ~  Riny,
the distribution of relativistic dark photons is highly inhomogeneous, with ng, ~
(naryH™'/AL > (ng,) in a thin shell surrounding the bubble walls and zero elsewhere.
This cross section defines a mean-free-path Ayp, = (ong,) "', Comparing this length

scale to the typical thickness of one of these shells we find, e.g.
Amp  10° s/ 107\ T, 2 ( pam \*

pr_2< m > ( a ) Pam ) (4.60)
AL A; \leV Am? /m? 100 GeV 10-2 Pv
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The above expression has a strong dependence on a number of parameters, especially
the fractional change in the mass of the dark photon. But interestingly it can remain
> 11in a large region of the relevant parameter space where longitudinal reflections are
relevant to the evolution of the bubble walls. In this case, the shells of dark radiation
will pass each other without significant dissipation, a process that could last for much
longer than the usual duration of a cosmological phase transitions. The long-lasting
motion of these shells could greatly enhance the strength of the gravitational wave
signal, a possibility that motivates more careful exploration of this potential new
source of gravitational waves. We will return to this topic in future work.

Moreover, it is interesting to consider the limiting possibility that the reflected
dark photons remain relativistic long after the phase transition is over, leading to
a dark radiation signal. Making the optimistic assumption that significant losses to
gravitational radiation and other “inelastic” processes can be ignored, the requirement
that the reflected dark photons remain relativistic at temperatures T° < T, can be

written as:

a(T.) 104 \* ¢ a \ (pa T
(T <T) ~ 292 20 0 10 - 21
Yar (T < T5) Veq a(T) x 10 (AmQ/mZ) <1of2> Py 1 MeV /) ™

(4.61)

Of particular interest are the temperatures of Big Bang Nucleusynthesis (Tgpy ~
1 MeV) and recombination (7. ~ 1 e€V), when AN bounds exist. As can be
inferred from eq. (4.61]), this is easily the case provided « is not too tiny. When this

is the case, the corresponding contribution to AN.s can be written as

ava = (5) (8 (55 (16

()T

where p, o refers to the current energy density in (Standard Model) photons. In the
first step above we have used pq.(7T.) ~ AV, as discussed around eq. (4.56))-(4.57)),
and in the final step we have ignored the difference between g, ((7.) and g.(7%).

(4.63)

Interestingly, phase transitions with a ~ 10~ would already be probed by current
A Ngg constraints — though we emphasize that this is under the assumption that the

highly relativistic dark photons suffer no significant energy loss since the time of the
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phase transition other than redshift due to Hubble expansion. Under this assumption,
fig. shows the prediction for AN.g as a function of the characteristic temperature
of the phase transition, for various values of o. Strong phase transitions with a > 0.1
would be probed by current measurements, while weaker transitions with o > 1072

could be probed by CMB-Stage 4 observations [163]. Because bubble acceleration is

1F
a=0.1 )\Planck — 2018 Limit (BBN)
Planck — 2018 Limit (CMB)
1071
L= L E 1Ty S S |
Z“’ Simons Observatory (projected)
< a = 0.01
T CMB-S84 (projected) |
1072}
a = 0.001
1076 107 1072 1 102 10*

T, [GeV]

Figure 4.5: In phase transitions where bubble walls reach an equilibrium regime as
a result of dark photon reflections, most of the difference in vacuum energy densities
goes into turning a fraction of the (cold) dark photons into dark radiation. If the dark
radiation remains relativistic until late times, an observable contribution to AN.g is
possible. Plotted are the maximum possible contributions to ANg, as discussed in
the main text, as a function of the thermal plasma at the epoch of the transition, 7.
Solid gray lines correspond to current bounds [17], and dashed gray lines show the
projected sensitivities of upcoming observatories [163,|164].

stalled by the reflection of particles, this effect is a particularly efficient manner of
converting the latent heat of the false vacuum to relativistic matter, thus leading to
a significant contribution to AN.g if the reflected particles remain relativistic until
late times. When instead bubbles of the new phase are run-away or reach a terminal
velocity by dispersing energy into the thermal plasma, only the resulting stochastic
background of gravitational waves contributes towards dark radiation, and ANy is a
less important observable.

The second scenario highlighted early on in this subsection corresponds to the case
where the phase transition sector is in equilibrium with the thermal plasma. In this
case, the reflected dark photons will also interact with the population of ¢’s in the
thermal fluid via eq. (or its UV-complete version, as described in section .
Interactions take place at center-of-mass energies v/s/2 ~ /2T, war /2 ~ YeqvVm Tk,
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and the corresponding cross section is well-approximated by eq. (4.75)) or eq. (4.76)
depending on whether /s falls above or below the cutoff scale of the effective theory.

As discussed in section [£.5.2] the corresponding interaction rate can be well above
H(T,), although once more this depends sensitively on the values of the underlying
parameters. At any rate, interactions between the reflected dark photons and the
thermal plasma provide an additional obstacle for the dark radiation to propagate
undisturbed. It is therefore more likely that the energy density in the dark radia-
tion gets distributed within the primordial plasma, in which case the main source of
gravitational radiation would come from motion within the thermal fluid, similar to
the case of phase transitions that reach an equilibrium regime as a result of thermal
pressure.

Determining more precisely under what circumstances the reflected dark photons
remain relativistic until late times, and therefore contribute to AN, is an important

question worthy of further attention.

4.5 Beyond the effective theory

In this section, we briefly discuss how the effective Lagrangian of eq. (4.7)-(4.8]) may
arise from a more complete framework. Our goal is not to be exhaustive, but rather
to identify the necessary features of underlying models giving rise to our effective

theory.

4.5.1 Abelian Higgs UV-completion

The simplest UV-completion of eq. (4.7)-(4.8)) can be written in terms of an Abelian
Higgs model:

1 1
Loy = =7 FuwF" + D0 = Va(|0]) + 5(040)* = Vi(9) + g¢2|<1>|2 , (4.65)

where D, ® = (9, —ig'V,,)®. Assuming a Higgs potential of the usual form: Vg (|®|) =
Ao /2(|®% —v"?/2)?, the corresponding radial mode gets a mass m, = v/Agv’, whereas
m = ¢'v’ is the mass of the dark photon. Integrating out the radial mode, one obtains
a low energy effective theory featuring additional interactions among the light degrees
of freedom. In particular, a term such as eq. — repeated here for convenience —

is generated at tree-level:

Lo ngﬁQV“VM with k=109 (4.66)
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Notice in particular that the ratio Am?/m? is independent of ¢/, and it is therefore
controlled by a different set of parameters of the underlying model compared to the
overall mass of the dark photon. In this context, the scale of UV-completion is

A = m,, which can be written as

v 4
Vi o Am (4.67)
VAmM?2/m?2 "7/ Am?2/m?
This reproduces our EFT expectation for the upper bound on the cutoff scale in
eq. (4.9) subject to the perturbativity requirement n < 1672

Of course, the low energy effective theory contains interactions among the light

m, =

degrees of freedom beyond eq. (4.8). Of particular interest are self-interactions among

the dark photons. Indeed, a quartic interaction is generated at tree-level, of the form

g m
LD M\ (V,VH)? with Ay~ i =dp— K 1. (4.68)
)\cp mﬁ

Interactions among the dark photons, as well as between the dark photons and a
potential population of ¢ particles in the thermal plasma, are relevant (i) to assess
the extent to which our assumptions that the dark matter is cold and non-interacting
are self-consistent, and (i7) to determine the evolution of the reflected dark photons,
which is the topic of section 4.4.3] For convenience, we summarize the relevant

interaction rates in the next section.

4.5.2 Interaction rates

At low momenta, eq. (4.68)) leads to a self-interaction among the dark photons of the

form

2 2 ‘ -
gyy ~ V= e (m) for |k < m. (4.69)

8rtm?  8wm? Ep
The corresponding dark matter self-interaction rate is always tiny compared to the
Hubble rate in the early Universe in the region of parameter space relevant to this
work. Potentially more relevant are interactions between the dark photons and ¢
particles in the thermal fluid. In particular, processes of the form V¢ — V¢ could
be efficient at transferring energy from the plasma to the dark matter, unless the

corresponding interaction rates are tiny. The relevant cross section is of the form,

K2 1 Am2\ % m4
~Y ~Y e 4.
ove T2 8712 ( m2 ) T4’ (4.70)

parametrically:
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where k ~ Am?/v?, as discussed below eq. (4.8)), and we've taken my ~ v ~ T,
which should be a good approximation at the epoch of the phase transition (barring
a tiny quartic coupling for ¢). Assuming a thermal population of ¢ particles, with

number density n, ~ T2, we find

Ty Lo (AM2/m2\? 1 m \4 (100 GeV "’
)~ 10+ (1 eV> T, ’ (4.71)

Clearly, this ratio can be very small in much of the parameter space of interest (see
left panel in fig. .

Let us know discuss interactions involving the (highly relativistic) reflected dark
photons. These will be relevant in section when we discuss the fate of the
dark radiation, and for convenience we summarize the relevant results here. At large
center-of-mass energies, i.e. 1/s > m, the two-to-two scattering cross section among
the dark photons is dominated by the scattering of longitudinally-polarized vectors,
and so it will be sufficient for our purposes to just consider the process V;V; — V;V;.
Two limiting kinematic regimes are of interest. In the region m < /s < m,,, the

relevant cross section is of the form

2 8 2 6
oy~ )\_V (ﬁ) ~ A <£) for m<s<m, . (4.72)

2
m 87Tmp m,

This will be relevant for scattering between the dark radiation and the cold dark
photons, where the relevant center-mass-energy is given by 1/s/2 =~ v,qm. Comparing

the relevant interaction rate to H(7%), we find
Cu g2 2% < m >5 ( 104 >2 <2)8 (100 Ge\/>4 ( o )3 (pdm>2
H(T.) nt \1eV Am?/m? v T. 10—2 pv ’
(4.73)
where we have evaluated the cross section at y/s/2 = 7eqm, and substituted m, as
given in eq. . Notice that the ratio T, /v could be <« 1 if the phase transition
sector is cold and decoupled from the thermal plasma, as discussed below eq. ,

which would further suppress the above ratio. If instead /s > m, then the cross
section must be computed in the complete theory of eq. (4.65)), and we find

oy~ 8—; for  s>m,, (4.74)

as expected by virtue of Goldstone Equivalence. This is the form of the cross section

used in deriving eq. (4.60]).

115



Another important class of interactions are those between the dark radiation and
the ¢ particles in the plasma when the phase transition sector is thermal. In particu-
lar, if the process V;¢ — V¢ happens efficiently, the energy density stored in the dark
radiation would quickly become distributed among the thermal fluid, as discussed

in section [4.4.3] The typical s-parameter is of the form s ~ 2T,wq,. In the regime
Vs K my,
2 4
K B
Ol ~ o (%) for m < /s <m,, (4.75)
whereas in the high-energy limit /s > m,,

2
Olp ~ % for Vs>m, . (4.76)

As an example, if the there’s a full thermal distribution of ¢ particles with n, ~ T2,

then the relevant interaction rate, relative to H(T) is given by

2\ 2 2 2 _o\ 2 2
T ey (D7) (LeV)? (100 GevY* (10 N
H(T,) m?2 m T, « Pdm

where we have used eq. (4.76) in obtaining I';s, as appropriate given our choice of

parameters on the right-hand-side. Clearly, interactions between the dark radiation
and the thermal plasma can be very efficient in parts of the relevant parameter space
but — again — this conclusion depends strongly on the choices of the various scales

and couplings.

4.6 Reflection probability: supplemental material

In these sections additional details supplementing the discussion of are included.

4.6.1 Scattering on a ¢’ potential

As anticipated in 4.3.3] the effective scattering potential for the longitudinal compo-

nent in the limit of vanishing wall thickness takes the form

U(z) — kd'(2) with RE =5 5 (4.78)
and eq. (4.30) reads
(02 + KA (2) = k6 (2)A(2) . (4.79)
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We can obtain matching conditions for A and A by integrating (twice) over this
equation. First, integrating eq. (4.79)) from zo < 0 to z, we find

/Z dz [(82 + k2)A(2)] = / dz k& (2)A(2) (4.80)

20 20

= N(2) = N(z) + K / TAEA(Z) = KAGZ)O(2) — g [N(O0F) + X(07)] ©(2) .

(4.81)
Integrating eq. (4.81)) from z = —e to z = +¢ and taking the limit € — 0, we find:

R

AM0T) = A(07) = —3 [AOF) + A (07)] . (4.82)
Similarly, taking zy = —e and z = +€ in eq. (4.81]), with € — 0, one finds:
N(0F) = N(07) =~ g (V0% +X(07)] (4.83)

where in the right-hand-side we have only kept terms of O(k). From the last two

equations, one finds r; >~ x, and therefore
Am?\”
R k? = (27:';2 ) , (4.84)

in agreement with eq. (4.26) at leading order in k < 1.

4.6.2 The Born approximation

In section [4.3.3] we found it convenient to recast the equations of motion for both
transverse and longitudinal components as a one-dimensional Schrodinger equation,
of the form
(02 + k)0 (2) = U(2)¥(2) , (4.85)
with U(z) — Ul(z) and ¢ — & for the longitudinal component (c.f. eq. (4.30)),
and U(z) — Uy(z) and ¢ — o for the transverse modes (c.f. eq. ([#.29)). It is
an important feature that the effective scattering potential vanishses in the limit
z — —o00, as will become clear in due time.
As is well-known, it is possible to recast eq. as an integral equation, as

follows -

(z) = vol2) + / 02’ Gz — /YU )b(2) (4.86)

where 1)y is any function satisfying the free particle equation, (8? + kg)z/zo = 0,
and G(z) is a Green’s function for the differential operator on the right-hand-side of
eq. , ie.

(02 + k2)G(z) = 6(2) . (4.87)

117



It is straightforward to check that eq. (4.86) is equivalent to eq. (4.85]) by applying
(02 4 k?) to both sides and using eq. (4.87). In order to solve for G(z), note that for

z # 0 eq. (4.87) is just the free particle equation. The matching conditions at z = 0
are that G must be continuous and G’ must have unit jump. Putting this together,

the solutions are

1 )
G(Z') = iﬁeilkz‘zl s (488)

up to addition of functions that satisfy the free particle equation. It turns out that
we only need one of these two solutions: the one with the + sign.
To represent an incoming plane wave, we take 1y(z) = e**<*. Then our integral

equation is
) 1 & : /
U(z) = e*=* 4 o / d2' e* U (2) . (4.89)

So far, we have made no approximations. However, if the correction to the incoming
wavefunction 1y is small (meaning the reflection coefficient is tiny), then we can plug

this equation for 1 into itself in the integral and truncate higher order terms, leaving

. 1 o0 . , 0
e o Mkt (4.90)
2k, J_o
— eth=z 4 eik_zz /z dz' U(Z') + e /00 dz k=% U(z) (4.91)
2ik, J . 2ik, J. ' '

We wish to extract a reflection probability from this ‘first Born approximation’. To
this end, consider the limit 2 — —oo. The second term above clearly vanishes, given
that U(2') — 0 as 2/ — —oo as emphasized below eq. (4.85]). Furthermore, the third

term can be identified as the reflected plane wave piece, with associated probability

1 2

e (4.92)

Rl, Born —

/ dz e**% U(z)

o0

Keep in mind that R; ~ R; pomn only when R; < 1.

4.6.3 Longitudinal reflection from Goldstone Equivalence

In the main text we described the theory of a massive vector in eqs. and
in terms of the Proca Lagrangian, featuring three degrees of freedom for the three
physical polarizations of a massive spin-1 particle. However, this is often understood
as a particular choice of gauge, after gauge redundancy is restored via V,, — V,,—0,,0.
Although ¢ = 0 (unitary gauge) is naively simplest, often it is convenient to keep
the ‘Goldstone’ §. The Goldstone Equivalence Theorem (GET) states that in the

relativistic limit w > m correct amplitudes can be obtained by identifying the physical
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longitudinal vector with the scalar @, with an error of order O (m?/w?). Using the

usual gauge-fixing parameter £, the theory is described by

1 1 1
L= =1 F"Fy+ gmi(2)(V, — 0,0)° - % (0,V" +m?¢6)” . (4.93)
Proceeding with the equation of motion for 6:
Oy (M3 (2)0"6) + Em*0 =0, (4.94)

where we have neglected mixing with V* in order to test the spirit of the GET in

our context. Working in the step function limit, the scattering solution is simple for

z #0:

(4.95)

g — it etk + 7;6_““2 2<0
t et 2>0’

k,=+w?—Em2, k= w?— Emr/m? | (4.96)
and need only be supplemented by the matching conditions:

mi(2)0.0 and 7 are continuous at z =0, (4.97)

derived by integrating eq. (4.94) once and twice respectively. A little algebra gives
the reflection probability as

~ 2
bon? — kom?\ wsman (W2 —m2\” N
R=|r]*= (l;: m2+km2) > (m2+m2) + O (m*/w?) (4.98)

which is £ (gauge) independent and matches the leading order result derived in the
main text eq. consistent with the spirit of the GET. This result suggests that
the enhanced reflection of the inter-relativistic limit described in this work might
fundamentally be a property of Nambu-Goldstone bosons more generally, a topic

that we will return to in future work.

4.7 Summary and discussion

In this chapter, we have discussed a new physical effect that can affect the evolution
of cosmological vacuum bubbles expanding against a population of phase-dependent
massive dark photons, with a special focus on the case where the dark photons furnish
the dark matter. Namely, the existence of a transient relativistic regime, for suffi-

ciently thin walls, characterized by a constant reflection probability of longitudinal
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dark photons. The reflection of longitudinal modes creates a pressure on the expand-
ing interface that features a characteristic non-monotonic dependence on the y-factor
of the bubble wall, reaching a peak at intermediate values of v that we have dubbed
Maximum Dynamic Pressure. The existence of a MDP that exceeds the asymptotic
value of the pressure in the ultra-relativistic limit can make it much harder for bubble
walls to become run-away, even in the absence of a thermal plasma that interacts with
the wall background.

Our work opens a number of avenues for future exploration. In phase transitions
where bubble walls reach an equilibrium regime as a result of this effect, the later
evolution of the reflected dark photons could modify the features of the resulting
gravitational wave signal and, in some cases, lead to an observable contribution to
A N.g if the reflected dark photons remain relativistic until late times. As discussed
in section (specially , the extent to which this happens depends on a variety
of considerations, most importantly on whether the sector undergoing vacuum decay
is cold or, instead, is in thermal equilibrium with the primordial plasma surrounding
the expanding bubbles. Understanding more generally the possible implications of
the dark radiation for these two broad classes of models is clearly an important topic
that deserves further attention.

Moreover, although we have focused exclusively on the case of phase-dependent
massive dark photons, it is possible that the phenomenon of MDP on expanding
bubble walls could be realized in scenarios beyond this example. Given the impact this
can have on the dynamics of bubble walls, which in turn largely determine the features
of the resulting gravitational wave signal, this is an important question worthy of

further investigation.
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Chapter 5

Conclusions

One of the most striking features of our current, most compelling picture of physics
at the highest energy scales is the existence of vast landscapes of countless vacua
with different infrared physics, all theoretically realizable, with some subset anthrop-
ically favorable. By contrast, the laws of nature inferred so far and codified in the
Standard Model of particle physics, despite all their complexity and apparently arbi-
trary features, imply a unique vacuum, to the best of our knowledge. Furthermore,
the uniqueness of the vacuum persists at all temperatures, with the QCD and Elec-
troweak ‘phase transitions’ now established as smooth crossovers. These facts are
particularly interesting in light of conjectures regarding obstructions to having posi-
tive energy vacua, as described in chapters [I] and [2|

In this thesis, I explored aspects of this contrast. In chapters[2]and[3] I defined and
studied regions of the ‘Standard Model landscape,” allowing for SM input parameters
to vary in the neighborhood of their experimentally determined values. I explored
whether these neighboring worlds were characterized by the presence of positive en-
ergy meta-stable vacua or not. Non-surprisingly, QCD dynamics play a central role in
this story. I mapped the parameter space where meta-stable states exist as a function
of Yukawa couplings and the vacuum angle 6. These states typically exist more easily
in the limit of (flavor) global symmetries being restored and/or when @ is increased.
The Higgs hierarchy problem was also examined in this context. I described the struc-
ture of the SM in the two natural limits of a large mass term m?% — 4oo. In one
case, the IR of the SM becomes a pure gauge theory, and we find that the presence of
meta-stable states is a question that requires future dedicated lattice studies. In the
other case, progress can be made by the use of chiral perturbation theory, and I clas-
sified most (possibly all) critical points of the non-trivial 35-"pion’ potential. There,
the vacuum appears to be unique, although the current proof does not completely

rule out a more complex class of critical points. Moreover, several effects remain to
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be studied which can very plausibly lead to new vacua. These possible loopholes are
left for future work.

Back in our own world, although we currently have no evidence for meta-stable
vacua, it is possible that a future beyond-the-SM discovery will be made to this ef-
fect, as discussed in chapters [I] and [3] The fast development of gravitational wave
detectors opens up the possibility of measuring the faint stochastic relic of past vac-
uum transitions during a first-order phase transition. This gravitational wave signal,
along with all other phenomenological consequences of such violent out-of-equilibrium
events, is strongly dependent on whether interactions between the bubble walls and
the surrounding matter result in a terminal expansion velocity or not. In chapter 4] 1
showed that longitudinally polarized vectors and Nambu-Goldstone bosons can have
uniquely strong reflective properties at leading order when scattering off such domain
walls and explored the consequences for phase transitions, finding that they may eas-
ily dominate friction. I also showed how this special property generally leads to the
reflected particles gaining energy to the extent that they may give a strong dark ra-
diation signal and form a relativistic relic background even today. Fully investigating
the physics of first order phase transitions is important to be able to make predictions
and discover complementary signals. This is a field still largely under investigation,

with much interesting physics still to be discovered.
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