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Abstract

The Standard Model (SM) of particle physics coupled to gravity is a phenomenologi-

cally successful effective field theory (EFT) with a number of input parameters which

are arbitrary - if not severely tuned from an IR perspective - but are presumably fixed

by an underlying UV theory. Several open problems guide the pursuit of new physics

just beyond its borders which might or might not exist. On the other hand, the SM

along with any additions, is expected to be eventually embedded within a framework

that includes quantum gravity. How vast is the landscape of effective field theories

- the SM one of them - which can be consistently derived therefrom and what con-

ditions establish its boundary is currently unknown and a topic of intense research.

The Standard Model landscape is defined as the space of EFTs obtained from the

structure of the SM while allowing its input parameters to scan all possible values,

and should correspond to exploring our neighbourhood of a supposed UV landscape.

In this thesis I review in detail the structure of the SM, and the successful standard

cosmological history based on it. I then explore the SM landscape by varying Yukawa

couplings, the QCD theta parameter and the Higgs mass squared parameter, focusing

on whether the ensuing vacuum potentials admit long-lived meta-stable states with

positive vacuum energy, a property which is conjectured to be incompatible with

quantum gravity, and thus partially explain the puzzling hierarchies observed.

The only known setting to probe the existence of de Sitter meta-stable states is the

possibility that during its cosmological history, the universe as a whole was once in a

meta-stable state and proceeded to decay through the nucleation of bubbles of true

vacuum in a first order phase transition. This can lead to observable signals such as

a stochastic gravitational wave background, with a number many dedicated detectors

planned to come online over the next decades. Making contact between theoretical

predictions and potential signals however requires a better understanding of friction

forces acting on the expanding bubbles. In this thesis I highlight the singularly

peculiar reflective properties of longitudinally polarised vector particles and discuss

their significant source of friction.
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Chapter 1

Introduction

1.1 The Standard Model and Beyond

By the Standard Model of particle physics we refer to the theory of fundamental

microscopic physics that was established theoretically in the 1970s. In layman’s terms,

the SM is a list of the known ‘things’ in our world that can be taken to be elementary,

their essential properties and the fundamental rules by which they interact. Its claim

to truth lies first and foremost in its power to make quantitative predictions that agree

with experiments within the current uncertainties of measurement despite our best

efforts to find it amiss. Its much celebrated degree of success is measured by the vast

and diverse range of those tests - often coupled with extraordinary precision - ranging

from low energy atomic, to our most powerful particle accelerators, to astrophysical

probes as well as its consistency with observations of the past history of our universe

at large (see section 1.2).

1.1.1 Basic elements

The list of known elementary particles that happen to exist in our world are a set of

(Weyl) fermions - primarily interacting through a number of vector bosons - and an

additional scalar field, the Higgs boson, responsible for selecting the vacuum. As we

will see, the fermions are grouped into leptons, such as the electron e 1, and quarks

such the ‘up’ u and ‘down’ d 2 whose bound states form protons and neutrons and

pions (as well as other hadronic states).

The vectors are associated to generators of the gauge group of the SM: a Lie group

of local (meaning arbitrarily space-time dependent) transformations often referred to

1as well as its heavier cousins the muon µ and tau τ , plus a (left-handed) neutrino ν each.
2and heavier cousins charm & strange c, s and top & bottom t, b.
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as gauge symmetries, although they are not proper symmetries of the theory in the

sense of relating physically inequivalent states but rather field re-definitions describing

redundancies of the field description. To every gauge symmetry there is associated

however a proper symmetry when the transformation is taken to be global - i.e. space-

time independent.

For the SM the gauge group comes in the form of a direct product of three separate

groups

GSM = SU(3)c × SU(2)W × U(1)Y , (1.1)

where the first stands for colour, the second for weak and the third for hypercharge.

The gauge boson associated to the Abelian U(1)Y will be denoted Bµ, while those

associated to the non-Abelian groups live in the adjoint representation of the cor-

responding algebra, meaning they are packaged as a general element of the algebra

itself,

Wµ = W i
µ

σi

2
, Gµ = Ga

µ

λa

2
, (1.2)

where λa and σi are the eight Gell-Mann and three Pauli matrices respectively -

generators of the su(2) and su(3) algebras respectively. 3

The fermionic fields are organised in three generations - three identical copies - as

characterized by their transformations with respect to the three different sectors of

the gauge group. Assigning a generation index i to each copy, these are

ℓi ≡
(
eiL
νiL

)
, eiR , Qi

L ≡
(
uiL
diL

)
, uiR , diR , where i = 1, 2, 3 , (1.3)

where again we have made a separation between leptons and quarks. Each ui, di field

listed lives in a fundamental representation of SU(3)c - I am and will continue to

suppress these colour indices. Qi
L and ℓi, along with the Higgs field H transform as

SU(2)W doublets. These representations, as well as the U(1) charge assignments are

summarized for convenience in fig. 1.1.

1.1.2 The Lagrangian

Not all interacting quantum mechanical theories admit a local Lagrangian description.
4 The SM does. What this means is that the theory has a weakly coupled description

3Generally the generators T x
r of the representation r of a Lie algebra satisfy TrT x

r T
y
r = C(r) δxy.

It is conventional in particle physics to choose C(r) = 1/2 when r is the fundamental representation.
4For example, strongly interacting conformal field theories, which don’t possess a weak coupling

limit
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Figure 1.1: Matter content of the SM and their representations with respect to the
gauge group heading each column. For the non-Abelian groups, ‘1’ signifies the trivial
singlet representation. The ‘3’ and ‘2’ stand for the fundamental representations of
SU(3) and SU(2) respectively. For the Abelian U(1) groups what is tabulated are
the associated charges. Color indices have been suppressed. Figure adapted from [1].

at some energy scale. There will be more to say about this later. The Standard Model

Lagrangian is given by

LSM = − 1

4
BµνB

µν − 1

2
TrWµνW

µν − 1

2
TrGµνG

µν

+ iQ
j

L
/DQj

L + iujR /Du
j
R + id

j

R
/DdjR + iℓ

j
/Dℓj + iejR /De

j
R

+DµH
†DµH − VH(|H|)

+ Y ij
u Q

i

Liσ
2H∗ujR + Y ij

d Q
i

LHd
j
R + Y ij

l ℓ
i
HejR .

(1.4)

I will presently proceed to somewhat unpack this expression line by line, with subse-

quent subsections dedicated to further details. I will also highlight what are the SM

input parameters - those constants which are not calculable from principle at present

but have to be taken from experimental measurement.

The first line above represents the kinetic terms for the gauge bosons, written in

terms of the rank-2 anti-symmetric ‘field strength’ tensors

Wµν = ∂µWν − ∂νWµ − ig[Wµ,Wν ] ,

Gµν = ∂µGν − ∂νGµ − igs[Gµ, Gν ] ,

Bµν = ∂µBν − ∂νBµ ,

(1.5)

and the trace operation acts over algebra elements. Notice that the field strengths

for the weak and strong gauge bosons contain the coupling constants g, gs reflecting
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the well-known fact that non-Abelian gauge theories are intrinsically self-interacting.

These, along with the hypercharge coupling g′, are the input parameters of the gauge

sector.

The second line represents the kinetic terms for the fermionic matter fields as well

as their interactions with the gauge bosons. These are neatly condensed in simple

format by using the gauge covariant derivative5 Dµ = ∂µ− igxAx
µT

x where T x are the

generators of the gauged group in the representation appropriate to the field that Dµ

is acting on. As an example, for the left-handed quark doublet Qi
L

DµQ
i
L =

(
∂µ − ig′

1

2
qYBµ − igW j

µ

σj

2
− igsG

a
µ

λa

2

)
Qi

L (1.6)

where the factor of qY = 1/6 is the hypercharge of Qi
L.

The third line describes the Higgs boson, the only elementary scalar field in the

SM. Its kinetic term and coupling to gauge bosons is again captured simultaneously

via covariant derivative. The potential VH(|H|) is a function of the gauge singlet

quantity H†H . We will have much more to say about this in section 1.1.3.

The fourth and final line are the Yukawa couplings between the Higgs boson and

the fermionic matter fields. The three Yukawa matrices Yu,d,l account for most of the

input parameters in the SM. Although not often highlighted in this way, these terms

can be thought of as a new fundamental force between matter states in addition to

the usual four taught in school.

Notice that as written in eq. (1.4) none of the fermionic degrees of freedom have

any mass terms. This is because eq. (1.4) is not actually the correct field basis to

describe our world, as discussed in the next section. The physics of the SM can

be separated into two qualitatively different sectors, which will be the subject of

section 1.1.3 and section 1.1.5.

1.1.3 The Electroweak Sector

I will continue this introduction to the SM by first discussing in more detail the

dynamics associated to the SU(2)W × U(1)Y part of the gauge group known as the

‘electroweak’ sector. Its characteristic length scales ∼ (102 GeV)−1 are the smallest

in the SM. Moreover, in contrast to SU(3)c, it affects both leptons and quarks.

5The term is justified by a geometric interpretation.
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The first thing to notice is that the theory is chiral - it distinguishes between

left and right-handed fields. In fact, the SU(2)W part of the group only talks to the

left-handed quarks and leptons. By this I mean that only the uiL, d
i
L and eiL, ν

i
L are

in non-trivial representations as can be seen from fig. 1.1. This simple fact means

that parity is ‘maximally’ violated in microscopic interactions. This came as an

extraordinary shock when it was first discovered in beta decay [2].

In addition to the fermionic matter, we have a scalar field in the doublet rep-

resentation of SU(2)W - the Higgs boson - which plays a fundamental role in the

theory of electroweak interactions, in that it is responsible for spontaneously break-

ing SU(2)W × U(1)Y down to U(1)em. This follows from the fact that the gauge

invariant quantity H†H, as we will motivate further down, has a non-zero vacuum

expectation value (vev) in the true vacuum of the theory:

⟨H†H⟩ =
v2

2
, where v ≈ 246.22 GeV . (1.7)

Because of this non-trivial background, we cannot make sense of perturbation theory

in terms of the Higgs field as written in the basis eq. (1.4). We must rather expand

H around a field configuration H0 satisfying eq. (1.7) and thus successfully treat

its fluctuations as perturbative quantum fields. There is not a unique H0 however,

but rather a three-parameter continuous family of vacua - labelled by different H0

- related by the SU(2)W transformations. Our embarrassment in choosing which

specific H0 to expand around is the manifestation of spontaneous symmetry breaking

(SSB). Although the theory is invariant under a symmetry group, a choice of vacuum

has to be made, which breaks the symmetry. Despite the fact that all choices lead

to equivalent physics (by symmetry), the vacuum is no longer invariant under those

transformations. A very common choice is

H0 =
1√
2

(
0
v

)
, =⇒ H =

1√
2

(
h1 + ih2

v + h+ ih3

)
, (1.8)

where the hi are the three massless ‘Nambu-Goldstone boson’ (NGB) field directions,

while h describes the massive Higgs boson proper - the one discovered at the LHC .

As is well known, Goldstone’s theorem predicts that in theories with SSB there exist

a number of massless scalar fields equal to the number of symmetry generators broken

by the vacuum. Examining the action of SU(2)W × U(1)Y on H0 it easy to see the

surviving generator is

Q =
σ3

2
+ Y , (1.9)
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which defines the familiar U(1) of electromagnetism. Thus arise the electric charge

assignments in fig. 1.1. In theories of SSB of gauge theories the massless scalars of

Goldstone’s theorem are not actual physical dof but are ‘eaten’ by the gauge bosons

associated to the broken generators. In the process, those gauge bosons become

massive and the total number of dof remains constant, as it should. The new mass

terms are found in the Higgs kinetic term

LSM ⊃ DµH
†DµH (1.10)

⊃ 1

8
v2
(
g2W 1

µW
1,µ + g2W 2

µW
2,µ + g2W 3

µW
3,µ − 2gg′W 3

µB
µ + g′2BµB

µ
)

=
1

2

(
m2

WW
∗
µW

µ +m2
ZZµZ

µ
)

(1.11)

where in going to the third line I have diagonalised the mass matrix, defining the Zµ

boson and familair photon Aµ in terms of the weak angle tan θW = g′/g as

Zµ = cos θWW
3
µ − sin θWBµ ,

Aµ = cos θWW
3
µ + sin θWBµ ,

(1.12)

as well as thee electrically charged Wµ = (W 1
µ + iW 2

µ)/
√

2 vector boson, and defined

their masses in terms of the original parameters.

m2
W =

1

2
g2v2 , m2

Z =
1

2
v
√
g2 + g′2 . (1.13)

The electromagnetic coupling associated to the surviving photon Aµ instead is given

by e = g sin θW .

Expanding around the Higgs vev, mass for all the fermions (except the neutrinos)

emerge from the Yukawa interactions in eq. (1.4)

LSM ⊃ − v√
2

(
Y ij
u u

i
Lu

j
R + Y ij

d d
i

Ld
j
R + Y ij

l e
i
Le

j
R

)
+ h.c. . (1.14)

Each of the mass matrices Y in principle are completely arbitrary. They can be

diagonalised via bi-unitary transformations. Focusing on the quarks, the change of

basis is

uiL,R → U ij
L,Ru

j
L,R , diL,R → Dij

L,Rd
j
L , (1.15)

Yu → Yu = U †
LYuUR , Yu → Yd = D†

LYdDR , (1.16)

where UL,R and DL,R are unitary matrices and Yu,d are real and diagonal. While the

analogous diagonalisation of Yℓ for the leptons leaves the rest of LSM invariant,6 this

6This fundamentally a consequence of neutrinos being massless in the SM.
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is not so for the quarks, resulting in the inter-generation mixing reappearing in the

weak interactions

LSM ⊃ g√
2
V ij
CKMu

iγµW ∗
µd

j + h.c. (1.17)

where VCKM = U †
LDL is the Cabibbo-Kobayashi-Maskawa (CKM) matrix. The latter

is characterised by four independent angles, one of which is the only known source

of CP -violation in the SM. The basis of eq. (1.17), is referred to as the ‘mass basis’

(in virtue of the mass matrix being diagonal) while the previous one (where flavour

interactions are diagonal) is the ‘flavour basis’.

The Higgs potential: We have discussed the consequences of the non-zero Higgs

vev. In practice, the vacuum is selected by the minimum of the Higgs potential

VH(|H|) so that the statement of eq. (1.7) is equivalent to

VH(|H|) has a minimum at |H| = v/
√

2 (1.18)

I have thus far delayed the discussion of the explicit form of VH because, beyond this

crucial role in spontaneous symmetry breaking, the Higgs potential is currently the

least experimentally constrained and theoretically understood ingredient of known

particle physics. In the context of the Standard Model, the usual Landau-Ginzburg

form is implied

VH(|H|) = −m2
HH

†H + λ(H†H)2 = λ

(
H†H − v2

2

)2

, (1.19)

where v = mH/
√
λ. This indeed is fixed if we demand renormalizability of the SM.

Notice a ‘cubic’ |H|3 term would naively be renormalizable but would introduce non-

analyticity to the potential, essentially making the theory strongly coupled at the

origin [3]. After expanding around a proper vacuum eq. (1.8) the potential of the

physical Higgs is of the form

VH =
1

2
m2

Hh
2 + k3

m2
H

2v2
h3 + k4

1

4

m2
H

2v2
h4 + . . . , (1.20)

where I have parameterised possible deviations of the cubic and quartic self-interactions

from those fixed by SM potential of eq. (1.19) by the dimensionless coefficients k3, k4

as is the convention, where k3 = k4 = 1 corresponds to the SM. mH has been measured

at the LHC with the present precision of 125.25 ± 0.17 GeV, while v is known very

accurately via Fermi’s constant from weak decays. In fig. 1.2 I graphically compare

the usually quoted potential of eq. (1.19) with the actual experimental bounds.7 The

7This way of thinking about the Higgs potential arose from discussions between the author and
Nathaniel Craig and will appear more rigorously in forthcoming work.
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potential for BSM hints coming from precise measurements of the Higgs self-coulings

is a topic of growing interest [4, 5].

1.1.4 Beta functions

A fundamental fact in perturbative quantum field theory is that interaction couplings

are not fixed numbers but should be thought of as functions of renormalization scale

µ - loosely, the characteristic energy scale of processes we wish to describe. This

‘running’ of a coupling is captured by its beta function.

The one-loop beta function for the gauge coupling g(µ) of a gauge theory based

on the non-Abelian group G with nf (ns) active8 Weyl fermions (complex scalars) in

representation r is given by

dg2

d lnµ2
= − g4

(4π)2

(
11

3
C2(G) − 2

3
nfC(r) − 1

3
nsC(r)

)
, (1.21)

where C2(G) is the quadratic Casimir operator for the adjoint representation of the

group.9 The same expression can be applied to the abelian U(1), with C2 → 0 and

for each separate contribution C(r) → q2/2, where q is the charge of the field.

It is thus straightforward to compute the one loop beta functions for the SM gauge

couplings above the scale of electroweak symmetry breaking

dg′2(µ)

d lnµ2
=

g′4

(4π)2
41

10
, (1.22)

dg2(µ)

d lnµ2
= − g4

(4π)2
19

6
, (1.23)

dg2s(µ)

d lnµ2
= − g4

(4π)2
7 . (1.24)

where particular attention should be payed to the difference in signs. The beta

functions require an initial condition - the value of the couplings at a particular scale

µ0 - which is extracted from experiment. For example, at the top mass mt ≈ 173 GeV

we have the values [9]

g′(µ = mt) = 0.35830 , (1.25)

g(µ = mt) = 0.64779 , (1.26)

gs(µ = mt) = 1.16660 . (1.27)

8Meaning their mass is ≲ µ.
9Defined by T x

adjT
x
adj = C2(G)1. For SU(N), we have C2(G) = N .
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(a)

(b)

Figure 1.2: Above is the usual ‘Mexican-hat’ schematic picture for the Higgs poten-
tial. In reality, our knowledge of the exact shape of VH(h) is currently quite limited.
Combining the latest CMS and ATLAS measurements [6] gives k3 ≈ 4±10 at present.
The ‘High Luminosity’ (HL) upgrade of the LHC is projected to increase sensitiviy to
k3 ≈ 1 ± 0.5 [7]. A direct measurement of k4 at accelerators for now seems hopeless
(see however [8] for the possibility of indirect constraints at future colliders.) and the
only absolute bound (naively) comes from unitary. Fixing k4 = 1, the uncertainty in
the potential arsing from k3 alone is shown at present (left panel) and at HL (right
panel).
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Consider first the positive sign in the running of the hypercharge coupling g′(µ). Its

obvious consequence is that the strength of the coupling grows with energy - in the

UV. It is easy to integrate eq. (1.22) and find that g′ blows up at some large finite

scale. What this means is that the theory is becoming strongly coupled and already

before it blows up when g′2 ∼ 4π the perturbative result we are integrating should

no longer be valid. Not much fuss is usually made of this as it lies above the Planck

scale.10

The negative sign of the beta functions for g, gs on the other hand means that

these couplings are growing in the IR. However, at scales when g is still small, the

Higgs mechanism described in section 1.1.3 means that g is no longer the proper

coupling to track further down. The combination of g and g′ giving the coupling of

the surviving abelian U(1)em then shrinks in the UV until the scale of the lightest

charged particle - the electron - and remains constant thereafter.

The colour coupling gs on the other hand continues to grow in the IR, where it

indeed becomes strongly coupled. This will be the subject of the following section.

1.1.5 QCD

In this section I shall focus on the dynamics of the SU(3)c colour sector of the gauge

group known as quantum chromo-dynamics (QCD). Only quarks partake in its inter-

actions, so we shall ignore all other degrees of freedom and study the quark sector

after the SSB of EW interactions has taken place. I will start by introducing new

notation to describe the left and right-handed quarks in terms of a single multiplet

qL = (uL, dL, cL, sL, tL, bL)T , (1.28)

and similarly for qR. In these terms the QCD Lagrangian is neatly packaged as

LQCD = i qL /DcqL + i qR /DcqR − qLMqqR + h.c. (1.29)

where Mq is the quark mass matrix and I have stressed that /Dc = γµ(∂µ − igsGµ)

only contains gluons.

As mentioned at the end of section 1.1.4, the negative sign of the QCD beta

function means the coupling grows in the IR. Integrating eq. (1.24) and defining the

true perturbative coupling αs = g2s/(4π)2 gives

αs(µ) =
α0
s

1 + 14(α0
s/2π) ln(µ/µ0)

(1.30)

10Moreover, new physics is generally expected to kick in well below Mpl.
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which relates the coupling at arbitrary scale µ to the coupling α0
s = αs(µ0) at an

initial fixed scale µ0. Choosing µ0 = mt as in eq. (1.25) we can see that QCD

becomes strongly coupled αs ∼ 1 at a scale ΛQCD ≡ µ ≈ 100 MeV. Beyond this

point, the description of QCD dynamics in terms of quarks becomes hopelessly non-

perturbative. Indeed, we do not observe free (color-charged) quarks around us but

rather their color-singlet bound states of three quarks (baryons, such as protons and

neutrons) and two quarks (mesons, such as pions). In this sense, the strong force is

said to be confining.

On top of confinement, the vacuum of QCD exhibits chiral condensation, captured

by the non-zero vev of the following quark bilinear

⟨qjRqiL⟩ = C0δ
ij , (1.31)

where C0 ∼ Λ3
QCD. If we momentarily ignore in eq. (1.29) the mass terms of the three

lightest quarks u, d, s (for which it makes sense to treat their mass as perturbations

on top of the QCD dynamics , set by the scale of ΛQCD), QCD has a symmetry group

given by

GQCD = SU(3)L × SU(3)R × U(1)V , (1.32)

where SU(3)L,R acts on the left and right handed fields independently, U(1)V is a

vectorially acting11 common phase redefinition, while its axial counterpart U(1)A

does not appear since it is anomalous (i.e. broken at the quantum theory level, which

can be seen for instance by the non-invariance of the path integral measure). The

chiral condensate is said to induce (spontaneous) chiral symmetry breaking by the

fact that, the vacuum section 1.1.5 is not invariant under the entirety of GQCD, but

breaks it down to the vectorially acting subgroup HQCD

GQCD → HQCD = SU(3)V . (1.33)

Thus, again by Goldstones theorem, we expect 8 Nambu-Goldstone bosons in the IR

of the theory. Although some of the symmetry transformations of GQCD are gauged

in the SM by the weak interactions, they are spontaneously broken by the Higgs

potential at the much higher scales of v, so that in practice GQCD should now be

thought of as a purely global symmetry. Therefore these NGBs are indeed real and

identified with the lightest spectrum of mesons. The small explicit breaking of GQCD

11In the sense of acting identically on left and right handed fields. In contrast, for axial transfor-
mations the transformation on right handed fields is the inverse of the transformation on left-handed
fields.
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by the non-zero mass terms for u, d, s in eq. (1.29) means these PNGBs (P for Pseudo)

are not exactly massless. Further details of this will be developed in chapter 2.

In section 3.3 we will discuss in depth what happens if the Higgs were not present

and QCD was the sole responsible for the breaking of SU(2)W × U(1)Y .

Before moving on I will discuss an extra term which might have appeared in the

SM lagrangian but does not. We shall be particularly interested in its use in chapter 2

when we start exploring worlds with slightly different physics.

The Theta term. Gell-Mann is said to have coined the phrase ‘anything that is

not forbidden by symmetry is mandatory’. Therefore, given the symmetries of the

SM as a whole, we would seem compelled to add the following parity and CP violating

term

LSM

?⊃ g2s
32π2

θ GµνG̃
µν (1.34)

where G̃µν = ϵµνρσGρσ is the dual field strength tensor and θ0 is a new coupling -

an angle . Although eq. (1.34) can be written as a total derivative and therefore has

no classical effect, in quantum mechanics it does contribute non-perturbatively - for

example, to an eletric dipole moment (EDM) for the neutron [10]. One theoretical

reason for not including eq. (1.34) in our Lagrangians eqs. (1.4) and (1.29) is that

there is always a basis where it can be set to zero, moving the phase θ0 into the

quark mass matrix (the Yukawa matrices in the basis of eq. (1.4)), specifically into

Arg(detM). The basis-independent P and CP violating parameter in QCD is

θ = Arg
(
eiθ0detM

)
=

if detM ̸=0
θ0 + Arg (detM) , (1.35)

where I have written it first in a slightly unconventional way to highlight that if any

of the quarks were massless (detM = 0) then θ = 0. The evidence strongly opposes

this however. The experimental non-observation of a neutron EDM [6] sets a very

tight constraint on the size of θ

θ < 10−11 , (1.36)

which, in light of eq. (1.35) would imply a bizarre cancellation between two seemingly

independent phases and sources of P,CP violation whose (naturally expected) values

would be O(1), especially since this is observed for the CP violating phase in the

CKM matrix.
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1.1.6 Effective Field Theory

We saw in section 1.1.5 that the description of QCD dynamics in terms of quarks

became impossibly non-perturbative at low energies. We also saw however that the

IR spectrum of the theory included a set of 8 PNGBs, the lightest bound states of

quarks. We shall see that it is possible to write down a weakly coupled Effective Field

Theory (EFT) for these degrees of freedom despite our ignorance of strongly coupled

QCD.

The point of an EFT is precisely to describe the dynamics of a theory at energies

below a certain cut-off Λ, by using only those degrees of freedom that are light (with

respect to Λ) and therefore active. From a field theory point of view, one starts

by identifying the proper dof and symmetries. One then proceeds to write down all

Lagrangian terms consistent with those symmetries, including non-renormalisable in-

teractions, with unknown coefficients of expected size order one, suppressed by the

appropriate powers of Λ to make dimensionful sense. Despite thus being techni-

cally non-renormalisabile, loop diagrams can be computed and physical parameters

are renormalised, as long as a so-called mass-independent renormalisation scheme is

adopted, the prime examples of which are the MS and MS schemes.

1.1.7 Beyond the Standard Model

The theory described in the sections above along with the classical theory of general

relativity (GR) (see section 1.2) is the current rock on which we base our science. The

pursuit of new physics, in addition to the micro-physics elements described above, is

the field of Beyond the Standard Model (BSM) theory. Despite the great success of

the SM, there are several open problems suggesting the existence of BSM physics.

One should make a distinction between physical problems associated with the

failure of the SM to include observed phenomena and aesthetic problems of the theory.

We first address the former.

Experimental Shortcomings

It is important to realize that the following shortcomings do not mean that the SM is

wrong. Rather they point to the fact that it is incomplete; an invitation for soon-to-be

graduating physics doctorates to work and think hard.
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Neutrino oscillations. Neutrinos are massless in the SM. Thus, the basis of gen-

eration diagonal weak interactions can also be thought of as their mass basis, unlike

with quarks as we saw in section 1.1.3 (which resulted in the CKM matrix). On the

other hand, the detection of neutrinos produced in the sun, Earth’s atmosphere and

man-made nuclear reactors have demonstrated that neutrinos produced at source in

definite weak eigenstates (νiL above), after travelling macroscopic distances can reg-

ister as different weak eigenstate at detection. The observations indicate that three

distinct neutrino mass eigenstates exist,12 each picking up a slightly different phase

under time evolution. Therefore, a linear combination of the latter corresponding to

a definite weak eigenstate at some initial time will oscillate between all the νiL as a

function of distance travelled. It is still an open question whether massive neutrinos

are Majorana or Dirac and how to accommodate them into the SM.

Dark Matter. The most serious shortcoming of the SM plus GR is the current in-

ability to explain the observation that the amount of matter in galaxies - as measured

by gravitational effects - is roughly 5 times larger than what can be estimated judging

by all luminous matter detected by astronomers. The inferred existence of a cold,

inert, abundance of dark matter (DM) is now supported by galaxy rotation curves,

strong and weak gravitational lensing as well as synergy with large scale cosmological

structure formation and the CMB, as mentioned further on in section 1.2. Note that

while DM dominates the galaxy’s overall mass, it is spread thinly over a large spheri-

cal ‘halo’ so that locally in our surroundings inside the galactic disk baryonic matter

is far more abundant. Beyond its gravitational presence there is no evidence towards

any non-gravitational interactions. The failure of the SM is to provide a candidate

microscopic particle with the right properties. A lot of BSM physics has thus been

motivated by studying possible DM candidates and their production mechanisms in

the early universe. In chapter 4 we will encounter one candidate: the dark photon,

an extra massive vector field very weakly coupled to the SM.

Standard Model Hints of Beyond

Some features of the SM, despite being perfectly predictive, offend the principle of

naturalness, which, in general terms, disfavours unexplained hierarchies of scales and

couplings. A distinction is made for the value of a parameter y when the theory

recovers a symmetry in the limit where the parameter in question is set to zero.

This is because quantum corrections will shift the value of y(µ0) (in the sense of

12With current upper bound m ≲ 1 eV [6].
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section 1.1.4) at some reference scale by corrections proportional to y(µ) itself. Such

a parameter is said to be ‘technically natural’. Large hierarchies in these still beg

for an explanation but should be considered less puzzling than when no restorable

symmetry is present.

The highest energy scale in fundamental physics naively is the Planck scale Mpl =

1.2 × 1019 GeV. In the SM, there are two scales, many orders below Mpl, driving

the physics: the EW scale v of eq. (1.7) and the QCD strong scale determined by

eq. (1.30). The latter is technically natural because the beta function is proportional

to the coupling itself. The logarithmic running of αs(µ) found in eq. (1.30) means

that given an underlying scale, such as Mpl, where the αs is perturbative, it becomes

∼ 1 at a scale exponentially smaller.13

The electroweak hierarchy problem: As we saw in section 1.1.3, in the SM the

EW scale is set by the Higgs mass term v = mH/
√
λ ≈ 246 GeV. The unnaturalness

of the m2
H term arises in BSM theories with new ingredients at energies Λ ≫ v that

couple to the Higgs. Interactions between these heavy particles and H generically

lead to quadratically divergent quantum corrections to the Higgs mass term which

naively would set m2
H ∼ Λ2. The qualitative difference of the Higgs mass term, in

contrast to the QCD scale, can be seen in its beta function not being proportional

to m2
H itself. For example, the contribution from an active heavy complex scalar of

mass M≫ mH marginally coupled to the Higgs with coupling y is

dm2
H(µ)

d lnµ2
=

y

(4π)2
M2 , (µ >M) , (1.37)

with contributions differing only by O(1) numbers for other dof. Assuming an initial

condition m2
H(ΛUV) at some scale ΛUV ≫ M, integrating the beta function down to

the EW scale gives

m2
H(v) = m2

H(ΛUV) − y

8π2
M2 ln (ΛUV/M) . (1.38)

Thus in order for mH(v) ≪M one requires a fine-tuned cancellation between the UV

initial condition and the quantum correction to to an increasing order of precision as

the scale of the new physics Λ ∼M becomes larger.

The general expectation of new physics, coupled with the naturalness principle

strongly suggesting its scale could not be too far from the EW scale, formed a target

for BSM for a long time, pointing squarely at the energy frontier of more powerful

colliders as the path to progress.

13This dynamical generation of a mass scale, such as Λqcd from an order one dimensionless coupling
is known as ‘dimensional transmutation’.
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The strong CP problem: We have already encountered in section 1.1.5 a different

apparent puzzling cancellation to at least one part in 10−11 eq. (1.35). The current

leading solution to this conundrum is essentially to promote the parameter θ to field

a(x)/fa - called the axion - which is the PNGB of a spontaneously broken U(1)PQ at

some large scale ∼ fa. The particle is typically very light ma ≈ Λ2
QCD/fa but also

very weakly coupled to the SM. As these are the opposite characteristics of particles

at the energy frontier described above, the axion is the prime suspect in the pursuit

of new physics at the so-called intensity frontier.

1.2 The Standard Cosmological History and Be-

yond

Given the known laws of physics today, as embodied in the SM of section 1.1, plus

whichever completions remain to be discovered at higher energy and/or weaker cou-

pling, we are still faced with the physical but qualitatively different question of ‘how

did we get here?’ [11]. The field of Cosmology attempts to address this question in a

quantitative way.

Strictly speaking, the history of the Universe is not a controlled repeatable ex-

periment which we can test against our scientific theory.14 However, it also not just

an exercise in telling a story consistent with the known laws for the satisfaction of

our musing curiosity and retrospective anxiety. In the modern era of fundamental

physics, cosmology has more and more become a complementary - and often leading

- tool to constrain and guide our quest for physics beyond the Standard Model The

theory is successful enough that adding BSM elements can spoil it in unacceptable

ways. Or, the other way around, particularly elegant solutions to cosmological prob-

lems can further motivate the existence of certain BSM theories. In addition, many

cosmological observables and potential signals are beyond the grasp of our current

technology but will not be in the future.15 This delay in data acquisition allows com-

peting theories to make distinguishable predictions for those observables and prove

their worth or misery.

An interesting case is that of dark matter. Although its true microscopic nature

remains a mystery as described in section 1.1.7, its purely gravitational presence

is a key element in the standard theory of the early universe; as we will see, its

14At least for those of us who live in it and for a fraction of a moment at that.
15As well as improvements in the precision and accuracy of measurements of existing observables

of course.
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name even takes after it. More precisely, its role - along with contributing its energy

density to the total - is to kick start the growth of small overdensities, the seeds of

all self-gravitating structures which eventually become galaxies and clusters thereof.

Simulations consistently show incompatibility between observations and structure

formation involving baryonic matter alone. Thus, the theory of the history of the

universe can be taken both as further independent evidence for the existence of dark

matter, and as an opportunity - due to its critical role - to further study its nature.

The Big Bang and ΛCDM. Two fundamental statements lay the foundations for

the theory of the universe. Firstly, the observation initially made by Edwin Hubble,

that everything beyond our local neighbourhood of gravitationally bound galaxies

appears to be moving away from us, properly interpreted as space itself expanding.

Secondly, the assumption that at very large scales, put roughly at ≳ 300 Mpc, the

universe starts to look homogeneous and isotropic, as best indicated by the observed

statistical isotropy16 of the Cosmic Microwave Background (CMB) and the success of

structure formation theories based on the assumption of a homogeneous and isotropic

universe with tiny (statistically homogeneous and isotropic) initial perturbations.

In the following sections I shall describe what has come to establish itself as

the standard history, which, by inverting the observed expansion today, traces the

current universe and its current energy density back to a rapidly expanding and fiery

stage known as the hot Big Bang, the subject of section 1.2.3, a plasma state of

temperatures at least a few MeV, when neither atoms nor nuclei existed yet but

electrons, neutrons and protons were unbound. The greatest validations of the Big

Bang theory comes from two sources: 1) the 1962 discovery and subsequent analyses

of the CMB, a near-thermal spectrum of microwave radiation with temperature T0 ≈
2.7 K coming from every corner of the sky, which has been travelling undisturbed

apart from redshifting since the universe first became transparent to light (the epoch

of so-called recombination at then temperature T ≈ 0.1 eV); and 2) the success of the

theory of Big Bang Nucleosynthesis (BBN) in describing the observed light-element

ratios as they result from the initial T ≈ 1 MeV plasma.

The standard theory in its latest form is nowadays referred to as ΛCDM, which

emphasises the late-time roles of cold dark matter (as mentioned above) and ‘dark

energy’, essentially the energy density of our current vacuum ρ0 ≈ 3.7 × 10−47 GeV.

The latter is the latest major addition to cosmology, initially born out the obser-

vation that the Hubble expansion is accelerating at the present, apparently due to

16With, possibly, some caveats on the very largest scales due to cosmic variance uncertainties in
the lowest multipole moments of the CMB fluctuations.
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an approximately constant vacuum energy being dominant at the present time (see

eq. (1.44)). This inferred measurement of the vacuum energy presents the most severe

fine-tuning problem (in the language of section 1.1.7). We will return to the subject

of this vacuum energy, and whether it is actually a constant, in later sections of this

thesis.

The study of cosmology requires understanding gravity and the structure of space

and time at the largest scales for which the appropriate theory is that of General

relativity (GR), to which we turn to next.

1.2.1 General Relativity for Cosmology

General Relativity is first and foremost a theory-framework for the statement that

the laws of physics should be independent of coordinate system. More precisely,

fundamental equations should be organised as equalities between tensorially identical

objects in the language of differential geometry. The metric tensor gµν defines the

concept of distance (between two events / coordinate points) that of course enters

into all force laws. Given a system of coordinates {xτ} which spans a space-time

manifold, the invariant distance infinitesimal (line element) is given by

ds2 = gµν(xτ )dxµdxν . (1.39)

Generalising Newton’s law of inertia, test particles are assumed to follow geodesics of

the metric in the absence of net forces. The great conceptual break with Newton is

that, in this language, gravity is not a force at all but simply the presence of intrinsic

curvature in the space-time described by eq. (1.39); free-fall is geodesic motion. Said

curvature is captured by the Riemann tensor Rµνρσ(xτ ), which has a well known form

in terms of the metric components and its derivatives [12]. Finally, the sourcing of

gravity (curvature) by matter is dictated by the Einstein field equation

Rµν −
1

2
(gµνR + Λc) = 8πGN Tµν (1.40)

where Rµν = Rσ
µσν is the Ricci tensor, R = Rµ

µ the Ricci scalar,17 Λc is a (cosmological)

constant - included because it is not forbidden18 - and Tµν is the energy-momentum

tensor of matter. Thus Einstein gives Newton’s constant GN = 1/M2
pl a new home.

17Not to be confused with the general chiral transformation on right-handed fields of sections 1.1.6
and 3.3. The context should be self-explanatory.

18See for example Lovelock’s Theorem [13].
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To describe a homogeneous and isotropic universe we should start with the most

general metric with the same level of symmetry. These are given by the Friedmann-

Lemaitre-Robertson-Walker (FLRW) space-times, which can be described by the line

element

ds2 = dt2 − a2(t)

(
dr2

1 − k r2/r2c
+ r2dΩ2

)
(1.41)

where a(t) is the so-called ‘scale-factor’ capturing the relative measure of distance

between space-like separated points as a function of time19 t and is usually normalised

to a(t0) = 1, with t0 present time. k is a discrete geometric parameter with three

possible values −1, 0, 1 describing an open, flat or closed universe respectively at the

largest scales and rc is the corresponding radius of curvature (when |k| = 1).

1.2.2 Expansion

The simple metric eq. (1.41) has a single undetermined function a(t) whose evolution

is driven by the matter content of the universe via the dynamical law of gravity

eq. (1.40). To a very good approximation the different forms of matter in the universe

can be taken to be in the form of a (homogeneous & isotropic) perfect fluid with total

energy density ρ(t) and pressure p(t) related by the constraint ∇µT
µν = 0. Given the

symmetries, Einstein’s equation boils down to the Friedmann equation

H ≡ ȧ

a
=

√
8π

3
GNρtot(t) +

k

a2
, (1.42)

where we have defined the Hubble parameter H(t) giving a measure of the rate of

expansion of the universe at a given time. Specifying the equation of state p = p(ρ)

of the matter we wish to describe, one can solve for ρ = ρ(a(t)), giving

ρ(t) = ρ(tref)





1 , vacuum energy

(a(t)/a(tref))
−4 , radiation (relativistic matter)

(a(t)/a(tref))
−3 , dust (cold matter)

(1.43)

where ρ(tref) is the energy density at some reference time tref and I have listed the

three important types of matter for cosmology (each will have its moment dominating

the energy budget of the universe). It should be obvious why the energy density of the

vacuum remains constant with expansion. For dust, which we will henceforth refer

to simply as ‘matter’, ρ = n m and the scaling simply reflects the dilution of number

19The coordinate t corresponds to the time measured by a so called ‘fundamental observer’ living
on a geodesic corresponding to the rest frame of the cosmic matter, observing the universe to be
homogeneous and isotropic at every moment.
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Figure 1.3: Effective degrees of freedom g∗(T ) in the standard model as a function of
temperature. Figure taken from [14].

density n. For radiation - on top of the latter dilution - there is an additional ‘redshift’

scale-factor of the energy that can heuristically be thought of a the ‘stretching’ of its

wavelength.20 Notice, it is possible for massive particles to be relativistic at one stage,

loose energy by redshifting until their momentum is comparable to their mass and

thus scale as matter from then onwards.

As our universe is observed to be flat today and the scaling of both matter and

radiation energy densities means that they dominate the right side of the Friedmann

equation even more in the past, I will from now on set k = 0. eq. (1.43) allows

one to easily solve the Friedmann equation for periods when a single type of matter

dominates the energy density. This gives

a(t) ≈ a(tref)





eHt , V.D. (inflation)

t−1/2 , R.D.

t−2/3 , M.D.

(1.44)

where V.D., R.D. and M.D. stand for vacuum, radiation and matter domination

respectively.

1.2.3 Hot Big Bang

It is a marvellous - as well as convenient - thing that the whole observable universe

was once in a hot plasma state well described by thermal equilibrium. Thus, to first

approximation, its state was completely characterised by a single thermodynamic

quantity, the temperature T , its makeup determined by the known particle content

20For a proper discussion the reader is directed to [1].
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Figure 1.4: Timeline of the standard cosmological history of the universe. Good evi-
dence exists for our present state deriving from a plasma of temperatures ≳ 1−3 MeV.
At temperatures above this the QCD and EW phase transitions occur. Although each
were once suspected to be of first order, with potential observational signals as per
subject of section 1.3 and chapter 4, there is now strong evidence that they are both
crossovers. Before the hot phase - though at what scale is still unknown - it is gen-
erally believed that a period inflation was responsible for setting the right initial
conditions for subsequent evolution. There is some tension however between this and
conjectures mentioned in section 2.1 regarding quasi-de Sitter phases motivated by
quantum gravity. Figure adapted from [1].
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of nature21 plus chemical potentials associated to the conserved quantities of their

microscopic interactions.

The plasma has sufficient energy only to significantly excite those particles whose

mass is m < T , otherwise the number density is Boltzmann suppressed n ∝ exp(µ−
m)/T , where µ is a possible chemical potential. Although the largest temperatures for

which we have evidence are around a few MeV, it is natural to believe that T could

have started at much higher values. For T above the electroweak scale of eq. (1.7),

all SM particles are massless and active. The energy density is that of radiation in

thermal equilibrium

ρSM =
π2

45
g∗(T )T 4 , (1.45)

where g∗ counts the number of effective relativistic degrees of freedom in the plasma;

g∗ = 106.75 for the full SM spectrum, while fig. 1.3 shows the explicit dependence on

temperature. More specifically, allowing for multiple decoupled sectors,

g∗(T ) =
∑

b

gb

(
Tb
T

)4

+
7

8

∑

f

gf

(
Tf
T

)4

(1.46)

where the indices b and f sum over bosonic and fermionic dof respectively, gb,f count

helicities as usual and Tb,f are the respective decoupled temperatures. Note that

in presence of different temperatures the reference T is always given by the sector

connected to the SM photons.

As discussed in the previous section, the universe is actually expanding - more

and more rapidly as we go back in time. Consequently the gas is cooling: T is

changing. The statement of equilibrium is thus an instantaneous feature applicable

to a particular particle species as long as the interaction rate Γ at the characteristic

energies involved - also a function of time - for the relevant equilibrating process

satisfies Γ ≫ H, where H(t) is the Hubble parameter measuring the rate of expansion

as defined in eq. (1.42). When the contrary becomes true, the particle - or at least

the process in question - is said to have ‘frozen out’ of equilibrium. An important

example is that of neutrino decoupling, the most weakly coupled SM particles. Taking

characteristic energies to be of order ∼ T and number densities ∼ T 3, the integrated

cross section for electron-neutrino scattering is σeν ∼ G2
FT

2 and the corresponding

interaction rate is Γeν ∼ G2
FT

5, where GF ≈ 1.27 × 10−5 GeV−2 is Fermi’s constant

of the weak interactions. Comparing this to the Hubble rate in radiation domination

21which was the subject of section 1.1
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H ∼ T 2/Mpl it is easy to find the neutrino freeze-out temperature

Γeν(T dc
ν )

!∼ H(T dc
ν )

=⇒ T dc
ν ∼ (G2

FMpl)
−1/3 ∼ 3 MeV (neutrino freeze-out) .

(1.47)

After this the neutrinos become completely inert and simply ‘free-stream’ till the

present, forming a cosmic relic far beyond our current detection reach.

It is important to note that g∗(T ) evolves non-trivially as the temperature evolves

below the mass of heavy particles22 and freeze-out temperatures, spoiling the simple

scaling ∝ a−3 of radiation energy density given in eq. (1.43), valid for a perfectly

adiabatically evolving thermal bath of same dofs. An often more convenient quantity

is the entropy density

s =
2π2

45
g∗,s(T )T 3 , (1.48)

where g∗,s(T ) is given by a formula just like eq. (1.46), except for the power in temper-

ature ratios going like 3 rather than 4. Its evolution for the SM is also shown in fig. 1.3.

Unlike ρ, throughout the standard thermal history of the universe s(T ) does actually

follow the simple a−3 scaling to a very good approximation.23 Since s a3 = constant,

we have a relatively simple relation between scale factor and temperature

a(t) = a(tref)
Tref
T

(
g∗,s(Tref)

g∗,s(T )

)
. (1.49)

Underlying the established thermal history is the asymmetric abundance of baryons

versus anti-baryons (plus electrons versus positrons by overall charge neutrality),

eventually reflecting the present observation that our world is almost entirely made

up of the former .24 At temperatures below ≲ 100 GeV there are no known active (i.e.

not exponentially slowly occurring) baryon violating processes25 thus the asymmetry

is to be taken as an initial condition - a chemical potential in practice, as mentioned

above. The size of the asymmetry is best captured by the time invariant quantity

∆B ≡ nB − nB

s
≈ 0.88 × 10−10 , (1.50)

22For example, in descending order, t, h, Z, W , b, τ , ...
23Fundamentally this is a consequence of Liouville’s theorem for phase space. See [15] for the

curved space-time generalisation.
24With such little naturally occurring antimatter that it took a theorist in 1931 to point out it

might be there.
25Above the EW phase transition non-perturbative SM processes involving B and L anomalous

non-conservation lead to fast, Γ/V ol ∼ T 4, violation of B,L, and (B + L) numbers, though not
(B − L). Below the EW phase transition the anomalous non-conservation rate is dominated by
sphaleron configurations, with a very large exponential Boltzmann suppression when T ≪ mW .
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where nB and nB are the number density of baryons and anti-baryons respectively.

The dynamical origin of ∆B - known as baryogenesis - is one of the most serious

outstanding questions in cosmology and also of particle physics since the SM on its

own is insufficient to explain the size of ∆B, despite the presence of baryon number

violation at large temperatures. The reason is that the Sakharov conditions for baryo-

genesis require not only B-number violation but also simultaneous CP -violation and

departure from thermal equilibrium, and in these last two regards the SM is insuffi-

cient during the epoch when B-violation is active. At the time of writing this thesis

there is no compelling BSM baryogenesis theory supported by evidence. I will thus

continue to take eq. (1.50) as an initial condition.

Moving on, at temperatures below neutrino decoupling, the relativistic SM plasma

is made of only electrons, positrons and photons, while the three neutrino generations

free-stream, nonetheless maintaining the thermal spectrum imprinted26 when T ∼
T dc
ν , though redshifted due to expansion. In addition, there are also net abundances

of protons and neutrons - the parents of all present baryonic matter today - as set by

the asymmetry ∆B. These are the protagonists of the first step of the cosmic tale for

which we have direct evidence.

(∼ 1 MeV) Big Bang Nucleosynthesis (BBN): During BBN, temperatures drop

low enough so that bound nuclear states which are formed by the binding of free

neutrons and protons are no longer quickly broken back up by collisions with the bath.

Thus, by the end of BBN the first light elements (in the form of ions) emerge with

relative abundances dictated by the calculable physics at the time. The temperatures

at which this occurs ≲ 1 MeV correspond to timescales of the order of minutes as

shown in fig. 1.4, which is comparable to the lifetime of free neutrons ≈ 15 minutes.

Thus, one should expect appreciably more protons than neutrons in the universe.

Indeed, when the dust settles27 BBN theory predicts that ∼ 75% of baryonic mass

energy is still in the form of free protons - which we can now symbolically think of as

hydrogen ions - while almost all of the remaining ∼ 25% is comprised of two protons

and two neutrons pairing up into α-particles,28 also known as helium-4. Fractions

of order ∼ 10−5 of the total are instead deuterium and helium-3, 10−10 are lithium-

7 with even smaller trace amounts of heavier elements. These predictions of the

standard theory, as a function of the baryon-to-photon ratio at the time, can be

26Also Liouville.
27Pun intended.
28Famous of course in nuclear physics for having a particularly large binding energy per nucleon

among light elements.
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Figure 1.5: BBN predictions of the light element abundances as a function of the
baryon-to-photon ratio (bands indicate 95% CL intervals). Yellow boxes are obser-
vationally inferred primordial element abundances. Vertical band is CMB measure-
ment of baryon-to-photon ratio (with and without BBN D/H ratio determination
included). Figure taken from [16].

tested against the chemical composition of matter - determined from the analysis of

absorbtion spectra - in low-metallicity regions of the Universe where it is believed to

be (approximately) primordial, despite subsequent evolution - see fig. 1.5.

(∼ 0.1 eV) Recombination and transition to matter domination: well after

BBN is complete, the temperature has dropped below the scale of the electron mass

me ≈ 0.5 MeV so that the symmetric part of the electron - positron abundance anni-

hilates leaving a Boltzmann suppressed asymmetric component related to eq. (1.50)

by electric charge neutrality. Photons still remain in equilibrium with the electrons

and light nuclei, and the universe remains radiation dominated but only photons and

decoupled neutrinos are relativistic.
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Recombination is the transition that occurs around 0.3 − 0.2 eV from the state

described above to one where the once-free electrons become captured by the ions,

forming the first neutral atoms of mostly hydrogen and helium, and interactions

between matter and photons freeze out, leaving the latter completely decoupled and

free streaming thereon, all the way to the present time. This is the CMB discovered

in 1964 by Penzias and Wilson. Notice that recombination occurs quite below the

naively right scale of the binding energy of the ground state of hydrogen (13.6 eV).

The decoupling is delayed by a combination of the small number density of baryons

and the effect of high energy photons at the tail of the distribution reionising the

atoms even as T ≪ 13.6 eV [1].

In the meantime, during the same epoch - around ∼ 0.8 eV - the total mass energy

in (mostly dark) matter becomes larger than that in radiation - the photons and

decoupled neutrinos. In the subsequent era of matter domination, the most interesting

dynamics concern the linear growth with scale factor of small over-densities δρ/ρ and

the eventual formation of self-gravitating structures, surely a fascinating topic for a

different thesis.

1.2.4 Cosmological constraints: Dark radiation

The sequence of events described in section 1.2.3 is sensitive to the addition of new

elements so that several non-trivial constraints are obtained from the physics of BBN

and recombination, as well as structure formation, though the latter is not as pertinent

to this thesis. I will focus here on the constraint most relevant to chapter 4.

Dark Radiation: The physics of primordial nucleosynthesis and recombination

depends on the temperature of the visible sector29 as well as the expansion rate at

the corresponding time, determined by the total energy density via the Friedmann

equation. Thus, there cannot be much more dark radiation around the temperatures

of T ∼ 1 MeV and 0.1 eV without spoiling the predictions of standard cosmology.

Before quantifying the bounds on extra dark radiation we must understand the

contribution from the SM. When the symmetric part of the electron and positron

abundances annihilate below T ∼ 0.5 MeV, as mentioned in section 1.2.3, the neutri-

nos have already decoupled, so all the former’s mass energy goes primarily into into

heating up the photon bath. Then onward the neutrinos have a slightly lower tem-

perature Tν = (4/11)1/3T . Thus, using the definition of eq. (1.46), the total energy

29By this I mean the thermodynamic sector in contact with the SM photons.
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density of radiation ρr in the universe after e+e− annihilation is

ρr =

[
1 +

7

8

(
4

11

)4/3

Neff

]
ργ (1.51)

where I have normalised contributions in terms of the energy density in photons ργ

and Neff = 3.046 accounts for the three neutrino species. Notice this is not exactly

three because in reality neutrino decoupling is not instantaneous and occurs at slightly

different times for the different energies in the thermal spectrum, so that some e+e−

energy is indeed transferred to them.

Any additional dark radiation that might be present is quoted as a deviation in

Neff, that is

∆Neff =
8

7

(
11

4

)4/3
ρdr
ργ

(1.52)

This is the quantity to be compared with the exclusions set by BBN ∆Neff ≲ 0.464

and from the CMB ∆Neff ≲ 0.284 at their respective epochs [17].

1.2.5 Inflation, or what made the big bang?

Turning the clock backwards on expansion, the scale factor a(t) → 0 in finite time.

In this limit the metric eq. (1.41) becomes singular as does the energy density in

radiation30 according to eq. (1.43). This is a real curvature singularity, as can be

seen by the blow up of curvature invariants. Of course, when the scales involved

start becoming comparable to the Planck scale a full theory of quantum gravity is

necessary. The current predominant belief however is that a qualitative change occurs

well before ρ ∼M4
pl is reached, still in the realm of field theory.

An early period of exponential expansion, known as inflation, was first proposed

to solve various supposed problems of the Hot Big Bang theory.31 This is usually

achieved by a sufficiently flat scalar field potential leading to an approximately vac-

uum dominated universe while the vev of this field slowly rolls along.

Note that none of the ‘problems’ of the Big Bang concerned an explicit disagree-

ment with observation. Rather, inflation was born as a dynamical explanation for the

peculiar initial conditions of the Big Bang. For example, the fact that the maximum

traversable distance (for light) H−1 ∼ t grows faster than the physical size between

manifold points a(t) ∼ t1/2 or ∼ t2/3 (depending on R.D. or M.D.) means that the

30Strictly speaking, far before Mpl, Hubble becomes so large that no SM interaction rates can
keep up so that the assumption of equilibrium breaks down.

31See the introduction of [18] for a comprehensive list.
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CMB light we receive from different parts of the sky - giving us a photograph of

the universe at the time of recombination - actually comes from ∼ 10000 different

patches that were causally disconnected from each other at the time of last scatter-

ing.32 Yet the CMB is isotropic to one part in ∼ 10−5. This and similar qualms are

resolved if we imagine our entire observable universe as deriving from a tiny, causally

connected patch, stretched to exponentially large proportions a ∼ eHI t, where HI is

the (constant) Hubble parameter during inflation. The duration of inflation is most

conveniently measured in number of efoldings Ne = HIt and the minimum necessary

is given by [19]

N (tot)
e > N (min)

e ≈ 67 + ln(Mpl/Treh). (1.53)

where Treh is the temperature of the universe at the start of the Big Bang phase.

On top of providing a dynamical explanation for the large-scale uniformity and

simplicity of the universe, the inflationary paradigm also successfully predicts the

correct spectrum of primordial density perturbations. These have their origin in the

quantum mechanical fluctuations of the inflaton field vev, which are stretched to

scales beyond the horizon > H−1 and become ‘frozen’ and classical.

The greatest unknown at the present is the scale of inflation HI , which could

be anywhere above ≳ 10−24 GeV (just allowing reheating to ∼ MeV temperatures

suitable for BBN), while an upper bound can be placed for the simplest case of single

field slow-role inflation at HI ≲ 1014 GeV from the non-observation of tensor modes

in the CMB [6].

1.3 Phase transitions in the early Universe

Fig.1.4 shows the timeline of the physics of the standard cosmological history of the

universe, for which there is significant support. As mentioned already in section 1.2,

this presents a singular laboratory, where one can search for evidence of BSM physics.

I will now discuss the generic, well-motivated, BSM possibility that, at some time

during this history, the universe as a whole underwent the non-equilibrium dynamics

of a first order phase transition (FOPT).

Systems changing temperature will often undergo a phase transition - a qualita-

tive change of state, such as water turning into vapour above 100 ◦C (at sea-level

pressure). Boiling water is the most familiar example of a FOPT, which in general

terms is characterised by a discontinuity in heat capacity. In field theory this cor-

responds to a jump in the expectation value of some field order parameter - call it

32The angular size of the apparent causally connected region at CMB decoupling is ∼ 0.03 radians.
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ϕ. The situation is as depicted in fig. 1.6. At some point an effective potential33

Veff (ϕ, T ) exists with two local minima and respective vacuum energy densities V−

and V+, separated by some potential barrier. This is to be contrasted with a second

order phase transition schematically drawn in fig. 1.7 and a smooth cross-over (which

involves no discontinuity in any thermodynamic variable).

FOPTs were long ago proposed as a possibility during the hot big-bang phase of

the universe [21–23]. In the past, it was entertained that even within the SM of par-

ticle physics there might be as many as two: chiral symmetry breaking/confinement

in QCD at temperatures T ∼ 150 MeV and the spontaneous breaking of elec-

troweak (EW) symmetry at T ∼ 160 GeV. Both are now understood to be smooth

crossovers [24, 25]. It is interesting to note that from the currently known laws of

physics there is no conclusively established meta-stable vacuum for any temperature

at zero chemical potential34.

By contrast, FOPTs are ubiquitous in beyond the SM (BSM) theories. This can

be understood firstly in light of a vast richness of important phenomenological conse-

quences, among which baryogenesis, the production of heavy dark matter, primordial

black holes and gravitational waves (GWs), to name a few. In particular, the EW

phase transition is easily made first order in many BSM models [27–38] and the con-

sequent out-of-equilibrium dynamics (in conjunction with B violation in the SM) still

make for an attractive theory of baryogenesis. Perhaps most importantly from a phe-

nomenological perspective, the advent of gravitational wave detectors has re-energised

interest in these violent phenomena with the prospect of upcoming experiments pos-

sibly detecting a stochastic gravitational wave background relic [23,39,40]. Thus even

FOPTs occurring in potential hidden sectors decoupled from the SM and its thermal

history become of interest [41,42].

1.3.1 Bubble Nucleation

In a FOPT the ‘false’ vacuum ⟨ϕ⟩ = 0 is unstable to thermal fluctuations and/or

quantum mechanical vacuum tunnelling. In both cases, the transition to the ‘true’

vacuum occurs locally, through the nucleation and subsequent expansion of bubbles.

33Here I have in mind a completely general, properly approximated, effective potential including
thermal and quantum loop corrections. For details on how to calculate this, see for example [20].

34A possible counterexample is the instability in the Higgs effective potential for central values of
SM parameters when extrapolated to very large field range [26]. However, this is sensitive to possible
- though unknown - UV physics, over many orders of magnitude, so that we certainly cannot count
it as ‘conclusive’.
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Figure 1.6: Schematic of an effective potential Veff (ϕ, T ) at some fixed temperature,
as a function of order parameter ϕ, which can lead to a first order phase transition.
The universe as a whole may get stuck in the ⟨ϕ⟩ = 0 meta-stable state with vacuum
energy density an amount ∆V larger than the true vacuum. Figure adapted from [1].

Figure 1.7: Snapshots of the effective potential at different temperatures, with T
decreasing downwards. The left (right) figure shows the schematic evolution of a
potential in a first (second) order phase transition. The black ball represents the
state of the universe. Figure taken from [1] .
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An expanding bubble of true vacuum is a spherically symmetric solution ϕ(r, t) of

the field equations for the order parameter

∂2t ϕ− 1

r2
∂r
(
r2∂rϕ

)
= −V ′

eff (ϕ) , (1.54)

which interpolates between the false vacuum at ϕ(r → ∞, t) → 0 and the true vacuum

at its centre ϕ(0, t→ ∞) → v.

One can show on general grounds that there is a minimum size of the bubble for

which it is energetically favourable to expand. Denoting the radius and wall width

of the bubble as R and L respectively and working for simplicity in the thin wall

approximation R ≫ L in which these are well distinguished, the total free energy

F = E − TS associated to a static bubble configuration is the sum of two separate

parts

F (R) = 4πR2σ − 4π

3
R3∆V (1.55)

where ∆V ≡ V− − V+ as defined in fig. 1.6 and σ is the surface tension of the bubble

wall. The vacuum energy difference favours larger R, whereas the energy cost of

the interpolating wall favours smaller radius. F (R) has a single, unstable, positive

extremum at Rc = 2σ/∆V , defined as the radius of the critical bubble. Bubbles with

radius smaller than this critical size will shrink and disappear while if R > Rc, the

bubble grows.

Nucleation The critical bubble configuration exists beyond the thin wall limit de-

scribed above for both transitions mediated by thermal fluctuations and quantum

tunnelling. The probability of nucleating such a bubble per unit time per unit vol-

ume in both cases is given by an expression of the form

Γn = A e−B . (1.56)

The exponent B is the free energy of the critical bubble configuration in the thermal

case , while for tunnelling it is the action evaluated for the ‘bounce’ instanton solution

of the Euclidean version of the classical equation of motion eq. (1.54). In both cases

the prefactor is formally a determinant over field fluctuations around the respective

classical configuration, with very roughly, A ∼ T 4 for thermal transitions while A ∼ v4

for tunnelling. Of course, in certain cases bubble formation can be dominated by a

more complicated combination of thermal fluctuation and tunneling.
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Figure 1.8: Progression of events during a FOPT in an expanding universe. Bubbles
are nucleated significantly when Γn ∼ H4, they expand due to the vacuum difference
pressure ∆P ̸= 0 until collisions occur at a typical radius xH−1 and percolate the
entire universe to the true vacuum.

1.3.2 Collision and Percolation

In an expanding universe, even when the true vacuum becomes energetically favourable

and bubbles are nucleating, the universe is not guaranteed to transition to the new

phase. This is because the rate Γn needs to be large enough so that enough bubbles

are nucleated that they collide before being diluted away. Loosely, this yields the

requirement [43]

Γn ∼ H4 , (1.57)

that is, at least one bubble is nucleated in a Hubble volume per Hubble time. These

bubbles then expand and collide before, for a successful FOPT, percolating and finally

converting all the false vacuum phase into true vacuum.35 The bubble expansion and

collision dynamics are of great interest as they are far from equilibrium processes with

gravitational wave signatures and they can in principle be crucial for baryogenesis.

Fig.1.8 describes the progression of events during a successful FOPT in the early

universe

35In principle a close to measure zero fraction of the false vacuum could remain as compact
soliton-like objects.
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1.4 Landscapes and Swamps

In section 1.1 we saw how the SM, despite its success, had several input parameters

with arbitrary, often puzzling values. At present we cannot say why the masses of the

electron and the u, d quarks are what they are, or why they are so much lighter than

their higher generation cousins. We discussed in section 1.1.7 a more serious aesthetic

puzzle of the mass of the Higgs boson and in section 1.2 we mentioned perhaps the

worst fine-tuning problem in science in the cosmological constant.

Presumably some or all of these parameters are explained within an underlying,

more fundamental theory, perhaps by the introduction of new elements that simul-

taneously explain some of the open problems described in section 1.1.7. As it stands

however, the SM is a renormalisable theory, and no compelling anomalies point to its

breakdown.36 The latest runs of the LHC have for now instead failed to produce the

glaring new physics expected from the rationale of the hierarchy problem.

On the other hand, the SM (along with any BSM additions) is expected to be

eventually embedded within a framework that includes quantum gravity (QG) at or

below the Planck scale Mpl and one might legitimately hope a unified description to

be very constraining. This was certainly the expectation in the 80s, when the authors

of [44] concluded their presentation of the free heterotic string with the (in)famous

remarks

“ Although much work remains to be done there seem to be no insuperable

obstacles to deriving all of known physics from the heterotic string.”

Later, the phenomenological significance of QG was challenged by the apparent

discovery of an enormous number of vacua in string theory, our best candidate QG. If

the landscape of all possible resulting low-energy ‘laws of nature’ were so vast it could,

in principle, include any self-consistent effective field theory (EFT), there would be

no definite prediction of QG below the Planck scale.

Large landscapes present other types of opportunities, such as the necessary set-

ting for anthropic arguments. When satisfactory dynamical explanations for the

value of particularly fine-tuned parameters fail, a viable alternative is the presence of

a landscape of different reliasable possibilities where only those fine-tuned instances

are amenable to the formation of observers who ask the question in the first place.37

36Beyond neutrino oscillations which can be added straightforwardly.
37The prime example of this is the ‘coincidence’ of the Earth-Sun distance in our solar system being

just right for the development of life. The answer to this conspiracy is of course that many many
stars with orbiting planets exist in ours and other galaxies and only in those where the distances
are in fact just right are there observers pondering over their unreasonable luck.
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Figure 1.9: A conceptual, sketched map of the theory space of semi-classical effective
field theories (EFTs). The solid black line encloses the space of self-consistent EFTs
from those which are sick already at the semi-classical level. The subset of consistent
EFTs which admit embedding into a theory of quantum gravity is called the Land-
scape (blue regions with dashed boundaries), while the remaining EFTs are said to
be in the Swampland (green region). The relative sizes of the two in this pictorial
representation should not be taken seriously. A more precise quantification of this
is indeed part of ongoing research and debate. The red triangle marks the Standard
Model.

This is the nature of the anthropic principle. To date it is the only option seriously

discussed for the tiny value of Λc.

In more recent years, there has been some push back against the extent of the

landscape. It is again becoming increasingly plausible that EFTs descending from QG

must satisfy at least some non-trivial consistency conditions. The effort to identify

(and prove!) the full set is the so-called Swampland program [45–47], currently in

the form of conjectures with varying degrees of support. The situation is depicted

pictorially in fig. 1.9.

In section 1.4.2 I will discuss the conjecture with strongest support at present and

briefly mention those which are more consequential despite lacking the same level of

rigor. The conjectures I will most focus on will be introduced in section 2.1.

First, however, some general comments on the marriage of relativity and quantum

mechanics.
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1.4.1 Gravity and quantum mechanics

The established laws of microphysics of section 1.1 and of general relativity in sec-

tion 1.2.1 can be described by a single action principle

S =

∫
d4x

√−g
[

1

16πG
(−R + 2Λc) + LSM

]
, (1.58)

where R is again the Ricci scalar, Λc the cosmological constant, LSM is the SM la-

grangian of eq. (1.4) covariantly written by promoting partial derivatives to covariant

ones ∂µ → ∇µ and using the general metric gµν in tensor contractions rather than

that of flat Mikowski space.

At present, we are most confident when treating eq. (1.58) semi-classically, keeping

gµν as a classical field background satisfying the Einstein equations with the right

hand side given by a classical Tµν . The quantisation of perturbative quantum fields

in general space-time background already leads to extremely insightful results, such

as the derivation of the Hawking emission of all existing particles from a black hole

of mass M with a thermal spectrum of temperature

T =
1

8πGM
. (1.59)

Backreaction on the metric from quantum effects can be computed by appropriately

renormalising ⟨Tµν⟩ and adding its contribution (in general perturbatively) to the

Einstein equation.

The geometric ‘Einstein-Hilbert’ part of eq. (1.58) also has a field theory inter-

pretation; infact, it can be shown that its form is the unique lowest dimensional

Lagrangian for a massless spin 2 field. It is famously non-renormalisable but one can

of course actually quantise gµν within an effective field theory. No compelling UV

completion exists to date within the framework of field theory; rather, it is usually

expected that the fundamental quantisation of gravity requires a departure from the

usual tools of quantum field theory.

Our best candidate for quantum gravity is String Theory [48, 49], already men-

tioned above, in essence a first quantisation theory of 1−dimensional ‘strings’ which

replace the ‘traditional’ view of particles as point-like objects. The consistency of

the theory requires at least 10 total space-time dimensions. Thus, to make contact

with our 4d world, 6 or more of those must be compactified. The richness of the

string theory landscape arises from the enormous variety of compactifying geome-

tries, as well gauge fields non-trivially wrapped around the compactified dimensions

(‘fluxes’). In the resulting 4d theory a large number of scalar ‘moduli’ fields emerge
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which parametrise the continuous geometric properties (e.g. total volume) of the

compactified space. It is believed that all couplings, such as the Yukawas in eq. (1.4)

derive from products of vauum expectation values of moduli.

I will generally avoid delving into any string theory details in this thesis as the work

here is focused on exploring IR considerations inspired by very general statements

pertaining to a consistent quantum gravity but not fundamentally reliant on the

explicit machinery of any theory thereof.

1.4.2 No Global Symmetries and Other Conjectures

The conjecture for which there is most evidence is that in any theory coupled to gravity

there can be no exact global symmetry.

This statement can be traced back to the ‘no-hair’ theorems in black hole physics.

Glossing over subtleties, this states that black hole solutions to the Einstein field

equations are completely characterised by their charges associated to gauge symme-

tries, such as mass, angular momentum and electromagnetic charges. I will take as

the prime example of an apparent global symmetry B − L in the SM but the argu-

ments apply completely in general. No stationary solution of eq. (1.58) exists with

field configurations storing the B − L charge. If an observer throws a neutron into

a black hole, its mass will increase but no property of the classical spacetime then

onwards registers a +1 for B − L.

Thus global charge does not register at the semiclassical level. If B − L were

truly a symmetry however, one would expect at the QM level for the BH states to

be labeled by their B − L number. Since it does not register semi-classically one

can construct BHs of mass for instance ∼ 10Mpl with arbitrary high global charge

by throwing in neutrons and then letting it shrink back down by emitting photons.

Thus there would be an infinite tower of distinct states at a given mass scale which

would renormalise GN to infinity.

In perturbative string theory any symmetry of the world sheet is automatically

gauged so that the conjecture is trivial [50]. Recently a proof was put forward in [51]

in the context of AdS/CFT correspondence.

The no global symmetries conjecture does constrain SM parameters - for example,

one should not be able to take the up and charm quark masses equal - but rules

out only a seemingly measure zero space,38 so this is not yet by itself a powerful

explanatory principle.

38Though more likely an exponentially small set, of rough ‘size’ exp(−M2
pl/Λ

2
s), where Λs is a

cut-off related to the tension of strings [52].
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Closely related, is the Weak Gravity Conjecture [53] concerning the limit of small

gauge coupling (in which in some sense a global symmetry is recovered), which de-

mands that for any gauge theory there exists at least one particle in the spectrum

with mass-charge relation Q > M ensuring that ‘gravity is the weakest force’ for it.

Modern swampland conjectures have multiplied in number and decreased in rigor

in recent years - although they are often interconnected - and the reader is directed

to [47] for a review.

In the rest of this thesis I will focus on conjectures constraining the form of the

vacuum potential of any theory coupled to gravity. Made explicit by the swampland de

Sitter conjecture and trans-Planckian censorship conjecture described in section 2.1,

they are in essence a quantitative formulation of the general difficult with marrying

QM mechanics with de Sitter space, corresponding to a stable positive vacuum energy

vacuum.
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Chapter 2

QCD, Flavour and the Stability of
de Sitter

2.1 Introduction

One of the most striking of the conjectured constraints is the swampland de Sitter

conjecture (SdSC) proposed in [54] and then refined [55–57], which states, in the

4-dimensional case, that the total low-energy potential V ({ϕi}) must either satisfy

|∇V | ≥ c
V

Mpl

(2.1)

or min(∇i∇jV ) ≤ −c′ V
M2

pl

(2.2)

for O(1) coefficients c, c′ > 0, and where ∇ denotes a derivative with respect to all

scalar field directions {ϕi}. Thus according to this conjecture potentials possessing

meta-stable de Sitter vacua are in the swampland, as are potentials with regions of

field space that are too ‘flat’ if V > 0.

So far the dominant use of this conjecture has been in the cosmological context,

for example the analysis of Ref. [58]. It has been argued that a possible early epoch

of cosmological inflation is severely constrained, and that the apparent presently-

observed cosmological acceleration must be due to a time-evolving quintessence field,

φ(t), and not a true cosmological constant.

A closely-related conjecture that imposes somewhat weaker restrictions on the

potential is the Trans-Planckian Censorship Conjecture (TPCC) [59], a ‘global’ (in

field space) constraint that states that during the expansion of the universe quantum

fluctuations that start sub-Planckian must remain smaller than the Hubble horizon

and so never freeze-in to become effectively classical. Notably, the TPCC allows meta-

stable de Sitter states if they are sufficiently short-lived. Specifically, the lifetime τV ,
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of a meta-stable dS state with effective cosmological constant V is bounded above by

τV ≤ 1

HV

log

(
Mpl

HV

)
=

1

2

√
3M2

pl

V
log

(
3M4

pl

V

)
(2.3)

where HV is the Hubble constant of the meta-stable state.

The validity of the SdSC is controversial, with arguments being made both for

and against. It is also possible that a further refinement of the conjecture is necessary

beyond fixing the presently unknown, but believed to be O(1), constants c, c′. For the

present purposes I assume that the SdSC is correct as stated and explore its possible

ramifications for low-energy physics.

Specifically, in this section I will make the surprising claim that it is possible that

the SdSC limits the allowed values of the quark masses and QCD-θ parameter. I find

that the observed values of the quark masses and θ-parameter are consistent with the

SdSC, but variations away from the observed values lead to IR-calculable potentials

which, as functions of the light pseudo-Nambu-Goldstone boson (pNGB) fields, πa(x),

possess meta-stable de Sitter vacua. The difference, ∆V , in the value of the potential

energy density between the true ground state and these meta-stable states satisfies,

H4
0 ≪ ∆V ≪ M4

pl, where H0 is the present value of the Hubble parameter. In

addition these meta-stable vacua occur for field values ⟨πa(x)⟩ <∼ fπ ≪Mpl. Because

of this large parametric separation in scales, the effective field theory analysis of

the meta-stable state structure is under good control. Moreover, I am here making

what I believe to be the reasonable statement that if the SdSC makes sense in its

current form then it should apply not only to ‘fundamental’ scalar fields and their

potentials but also composite scalar fields and their potentials arising from strong-

coupling dynamics. (If this were not the case then a straightforward extension of

the results here imply that it would be easy to construct simple strong-coupling

hidden sector models that would lead to a very-long-lived de Sitter phase, and thus

in practical terms invalidate the constraints on early and late cosmology from the

SdSC.)

Thus I make the claim that regions of quark-mass-parameter and θ-parameter

space might be forbidden by consistency with quantum gravity! Indeed, a connection

between quantum gravity consistency and the detailed properties of QCD and the

flavor sector of the SM is in fact already implied by other better established (though

I emphasise not yet proven) swampland conjectures. For example, the Swampland

Global Symmetry Conjecture already states that, for the pure SM, it is inconsistent
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Figure 2.1: The behavior, as a function of θ, of the potential energy density of the
critical points of the three-light-flavor leading-order chiral Lagrangian when quark
masses, m, are equal [62, 63]. Red sections of curves are local minima, dashed green
are saddle points, and black sections local maxima. The true ground state, the
lowest segment of the red curves, is a 2π-periodic, non-analytic function of θ. In the
range π/2 < θ < 3π/2 there are two local minima, with the upper section of the red
curve being a meta-stable state split from the ground state by O(mΛ3

qcd). At θ = π
the Dashen phenomena [64] occurs, CP is spontaneously broken, and there are two
degenerate ground states.

with quantum gravity for any two equally-charged quarks to have Yukawa couplings

that simultaneously vanish or be exactly equal.

Although in its own right this statement regarding the violation of global sym-

metries is a fascinating connection between quantum gravity and low-energy physics,

practically speaking this only excludes only a vanishingly small set of the a-priori

SM parameter space. (Naively of measure zero, but in fact likely a thicker set of

size exp(−M2
pl/Λ

2) where here Λ is a suitable cutoff of the low-energy theory related

to the tension of strings [52, 60].) On the other hand I will argue that the refined

swampland de Sitter conjecture plausibly excludes an O(1) subset of the a-priori al-

lowed SM parameter space, and thus is potentially a much more powerful restriction

on the low-energy features of the SM.

2.1.1 The primary idea

As has been known for some time [61–63] and as I will argue in detail in section

2.2, QCD can exhibit for N > 2 light quarks both a true ground state and meta-

stable states as a function of the light pseudo-Nambu-Goldstone boson fields, πa

(here a = 1, . . . , N2 − 1).

Suppose the QCD- and flavor-sector parameters of the SM which here I collectively
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call {yα}, which include both heavy and light quark masses and the QCD θ-parameter,

are allowed to vary from their observed values.1 Critical points of the QCD-sector

potential will move continuously as a function of the {yα} parameters and may change

their character, between local minimum, saddle point and local maximum. Let the

energy density of these discrete ‘branches’, labelled by n = 0, 1, . . ., be V
(n)
{yα}(π

a).

I choose the convention that at any given value, {yα}, of the SM parameters the

true ground state branch is n = 0 while n = 1, . . . label the potential functions

for the various non-ground-state branches in ascending order of energy density. Note,

importantly, that as the SM parameters {yα} vary the number of meta-stable branches

can change. Branches can also cross or merge. Thus in general the behavior of the

ground state and excited branches is a non-analytic and extravagant function of the

parameters {yα}. I illustrate this behavior in figure 2.1 for the simple case of three

equal mass light quarks as a function of θ, and in figure 2.2 for six light quarks divided

into two groups of three equal mass quarks, as a function of the mass ratio, and for

θ = 0.2

Most importantly, and as is well known, using the power of chiral Lagrangian

techniques the V
(n)
{yα}(π

a) are IR-computable functions of the πa’s not depending on

details of the UV completion. So as to compare hypothetical worlds on a like-for-like

basis, I demand that in the ground state of the SM, so in the branch V
(0)
{yα}(π

a), the

total vacuum energy is (close to – I quantify this in section 2.3) zero for each and

every choice of {yα}. Minimally I do this by tuning a necessarily {yα}-dependent

additive constant in the potential, which may or may not be, for example, the result

of some continuous or discrete neutralization or relaxation mechanism [65–69] as long

as it itself is not in conflict with the SdSC and other swampland constraints. We

of course do not currently have an accepted good theory of this tuning, but this

tuning cannot simultaneously set both the effective vacuum energy density of the

meta-stable state(s) and the stable ground state to zero. The working assumption in

this thesis is that the SM ground state is the state that must have vacuum energy

1For the purposes of this paper I will only consider the quark masses and θ-angle as variable
parameters, and fix all other SM parameters such as the electromagnetic fine structure constant and
the QCD scale Λqcd. Other ‘hidden’ parameters are possible too, e.g. the scale of a spontaneous
breaking SU(Nc) → SU(3)c if we want to smoothly extend consideration to SU(Nc) theories of the
QCD-gauge group.

2Although, strictly speaking, three quarks of exactly equal mass is a point in parameter space
forbidden by the SGSC, it is important to note that the form of the curves is an analytic function of
the {yα}, so if I move very slightly away from exact equality of masses, or special points like θ = 0,
the number and properties of the critical points of the potential is almost everywhere unchanged,
with the exceptions being points where curves cross. So the situation illustrated in figures 2.1 and
2.2 is a good guide as I explicate in detail in section 2.2.
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Figure 2.2: An example of meta-stable states appearing in the vacuum structure
of QCD at θ = 0 as quark masses are varied. Here I divide 6 light quarks into
two sets of three equal mass quarks, m1 = m2 = m3 and m4 = m5 = m6, and
continuously vary the mass ratio 0 ≤ m6/m1 ≤ 1. V

(0)
{yα} in red corresponds to

the global minimum ‘branch’, while V
(1,2)
{yα} in blue are a pair of degenerate branches

which turn from saddle points (dashed line) to meta-stable states (solid line). Some,
but not nearly all, other branches of saddle points are also shown. B0 ∼ Λ3

QCD

is a parameter of the chiral Lagrangian related to the pNGB mass. The typical
difference in energy densities between the ground state and the meta-stable branches
is ∼ few ×B0m6 ∼ few × Λ3

qcdm6.
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close to zero. Then, if the SM plus gravity were a complete description of low-energy,

E <∼ Λqcd, physics, with no ultra-light feebly-coupled fields present, and given the

stated assumptions, the SdSC would immediately forbid those values, {y∗α}, of the

SM parameters for which meta-stable states exist.

Although the vacuum structure of the strong sector is determined by the N ‘light’

quarks, mq ≪ 4πfπ ∼ 4πΛqcd, the value of Λqcd itself, however, is of course sensitive to

the UV initial condition on g3 as well as, to a lesser extent, the masses of the ‘heavy’,

Mq ≳ 4πΛqcd, quarks, which stop contributing to the running at scales µ < Mi.

Concerning this, if Λ(nf )(g3,UV) is the value of the strong scale computed with nf

quarks always active, the effect of a heavy quark mass threshold is, to leading order

[70],

Λ(nf−1) = Λ
(33−2nf )/(35−2nf )

(nf )
M

2/(35−2nf )
1 (2.4)

where M1 is the mass of the heaviest quark. So, as the heavy quark masses are

lowered, the value of Λqcd reduces, and in principle more quarks could become light

as some of the heavy quark masses are reduced, or vice versa. However this effect

is quite weak. In this paper I limit myself to simply considering ‘QCD with N light

quarks’ in its generality, for different mass ratios and vacuum angles, irrespective of

what Λqcd(g3,UV) and the Mi are. In reality, it is of course to be expected that these

parameters and others are set by UV quantum gravity dynamics and it is certainly

possible that one may not freely vary each individually. In fact, if the SdSC were

true, the results here make the surprising point that the correlated dependence of the

low-energy parameters on the underlying UV parameters must be such so that the

values of {yα} I find to be in the swamp could never be attained.

In section 2.2 I delineate, in the case where there are two or more light quarks,

N ≥ 2, the regions of quark mass and θ-parameter space which are excluded by

this criterion. The region of meta-stable states is determined by a function of the

light-quark mass ratios and |θ|. For example, in the limit that the two lightest masses

become degenerate mN−1 → mN (my convention is that mN is the mass of the lightest

quark) the results are captured by the following single condition

N−2∑

i=1

sin−1

(
mN

mi

)
> π − |θ|, θ ∈ (−π, π] . (2.5)

If satisfied, the theory will feature a meta-stable state as derived from the leading

order chiral Lagrangian (if the inequality is saturated a higher-order analysis is nec-

essary). The general condition, valid for arbitrary light quark mass ratios, is made

precise in section 2.2.

45



As the number of light quarks increases, larger and larger regions of the parameter

space possess meta-stable states and so are excluded. For instance, in the case of all

light quark masses equal, I find N > 4 possesses meta-stable states for θ = 0 (N = 4

at θ = 0 requires a higher order analysis that I will cover in a later work). This

continues to hold for a range of mass ratios away from exact equality. For example in

figure 2.2 I show how a branch goes from being a saddle point to a meta-stable state

as a particular combination of masses is changed. As θ becomes non-zero the range

of ratios {mα/mβ} in the swamp increases. The analysis shows that for |θ| > π/2

even for N = 3, close relatives of our world have meta-stable states. For the theory

to be ‘safe’ from the swamp for all θ one requires3

1

m3

>
1

m2

+
1

m1

, (2.6)

a condition curiously satisfied by the SM in the up, down and strange quark masses

(see figure 2.7). As well as providing analytic expressions, I develop a diagrammatic

method (a ‘fan diagram’) for identifying meta-stable states, as well as more general

critical points.

This analysis summarized above assumes the IR theory is the SM plus gravity,

so I have not yet considered the effects of additional ultra-light feebly-coupled fields

which may be motivated for two reasons. First, cosmological observations appear

to demand that we are presently in an epoch of accelerated cosmological expansion.

As mentioned, a net positive cosmological constant term is in contradiction with the

SdSC,4 and therefore the approach taken in the literature has been to assume that

there exists an ultra-light quintessence field, φ(t), which is evolving in a potential

with suitable tiny effective vacuum energy density without a local minimum and

which (marginally) satisfies the SdSC [58]. If this is correct then we must include

the quintessence field in the analysis too.5 In section 2.3 I address this modification

and argue that, unless an extreme fine-tuning is allowed, it is impossible to include

a quintessence field in a manner consistent with the SdSC that does not also lead

to a collapse into an AdS state on excessivley short timescales. Thus the SdSC still

excludes the regions of parameter space with QCD meta-stable states.

3The generalisation to N quarks is straightforward, see eq.(2.29).
4Given the apparent immense theoretical difficulty and fine-tuning implied by such a tiny positive

cosmological term, we do not consider it definitely established that the observations are explained
by an effective non-zero vacuum energy rather than, say, an apparently highly unusual but not so
extremely-fine-tuned alternative cosmology without a positive vacuum energy. For the purposes of
this paper I assume that the observational claims of acceleration are correct and, moreover, there is
at present a tiny positive effective vacuum energy density.

5Here I am ignoring the stimulating “Thermal Dark Energy” proposal of [71] which avoids
quintessence fields.
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Second, I have excluded the possibility of a light QCD axion relaxing the θ angle to

zero [72–74]. This is less of an issue as there are non-Peccei-Quinn-Weinberg-Wilczek

solutions to the strong-CP problem that do not involve adding new states in the deep

IR of the SM [75–79]. Nevertheless, it is interesting to consider the effect of the axion

solution to the strong-CP problem on the reasoning here, and which will be addressed

in future work.

In section 2.2.6 I turn to the question of whether the case of no light quarks,

N = 0, namely, pure SU(3)c Yang-Mills theory, possesses meta-stable states and

thus is in the swampland. There are of course two ways this situation could occur:

Either all the quark Yukawa couplings could be ≫ 0.01 with the electroweak vacuum

expectation value (vev) fixed. Or, most interestingly, the Yukawa couplings can

retain their standard values while the electroweak vev is taken to be ≫ 50 TeV. In

this second case this thesis then possibly leads to a new perspective on the hierarchy

problem. Fascinatingly, as has been known for a long time, large-Nc analysis of the

pure SU(Nc) theory strongly implies an O(Nc) number of meta-stable states (I review

this statement and its refinements in section 2.2.6), though this analysis breaks down

for small Nc. Moreover other, related, semi-classical arguments possibly indicate

that even SU(3) Yang-Mills theory might have meta-stable states at θ = 0. To my

knowledge there are no lattice studies of this issue, so it is not definitively known

whether pure SU(3) has meta-stable states or not.6 If we assume that it does, much

of the a-priori SM parameter space is eliminated by the SdSC, in particular the limit

of large electroweak vev vEW
>∼ 50 TeV is excluded (if quark Yukawa couplings are

kept fixed). I again argue that these statements are robust against the addition of a

quintessence field unless extreme fine-tuning is allowed. Thus it is possible that the

SdSC sheds a significant new light on the hierarchy problem. In section 3.3 I discuss

the limit of large positive Higgs m2
H parameter in light of the Swampland Program.

I now turn to the details of my analysis.

2.2 meta-stable states of SU(3)c with N ≥ 2 light

quarks

I here focus on the study of the meta-stable states of the color and quark sector of the

SM for two or more light quarks (but not so many that UV asymptotic freedom and IR

confinement and SU(N)L×SU(N)R → SU(N)V chiral symmetry breaking are lost).

In this case we may use the power of chiral Lagrangian techniques to investigate the

6JMR and I thank Mike Teper for discussions of this issue.
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vacuum and meta-stable state structure of the theory as a function of the light quark

masses and the QCD θ-angle [61–63, 80]. Written in terms of the Nambu-Goldstone

fields packaged as Σ(x) = exp(2iπa(x)T a/fπ) ∈ SU(N), the relevant terms in the

chiral Lagrangian are

L =
f 2
π

4
Tr
(
∂µΣ†∂µΣ

)
−B0Tr

(
e−iθ/NM †

qΣ + eiθ/NΣ†Mq

)
, (2.7)

where Mq is the N × N quark mass matrix, and B0 > 0 is a mass-dimension three

parameter, O(Λ3
qcd), whose precise value can be related to the pion mass. Using field

redefinitions it is always possible to take, without loss of generality, the quark mass

matrix to be diagonal and real, Mq = Diag(m1,m2, . . . ,mN), with m1 ≥ m2 ≥ . . . ≥
mN .

2.2.1 Critical points of the potential

As shown in [80] all spacetime-independent extrema of the potential eq.(2.7) can be

written in diagonal form

Σ = eiθ/NDiag(eϕ1 , eϕ2 , . . . , eϕN ) . (2.8)

Here an overall exp(iθ/N) has been factored out for convenience. Special unitarity

requires

ϕ1 + · · · + ϕN + θ = 0 mod 2π. (2.9)

Subject to this constraint (ϕi + θ/N)fπ ≡ ⟨πi⟩ defines a useful linear-recombination

of the vacuum expectation values of the neutral (SU(N) Cartan sub-algebra) pNGB

fields. The relevant potential is then

V (ϕi) = −B0

N∑

i

mi cosϕi . (2.10)

Each angle can thus be associated to a quark mass. Differentiating eq.(2.10) subject

to eq.(2.9) gives a condition for a critical point in terms of the tower of identities:

sinϕ1 =
m2

m1

sinϕ2 = · · · =
mN

m1

sinϕN . (2.11)

We see therefore that the angles ϕi must be spread out like an ordered fan, as shown

in fig. 2.3(a).

Taking ϕi<N as independent, the relevant Hessian determining the nature of the

critical points is

Hij = δijmi cosϕi +mN cosϕN , (2.12)

48



where the second term is common to all entries. From this one sees that a necessary

condition for positive-definiteness is cosϕi<N > 0 as in figure 2.3(b). If we also have

cosϕN > 0, the critical point is guaranteed to be a local minimum. The more general

condition is given by7

det (Hij) =
N∑

i

N∏

j ̸=i

mj cosϕj > 0 , (2.13)

=⇒ C(ϕN) = 1 +
mN cosϕN

m1 cosϕ1

+ · · · +
mN cosϕN

mN−1 cosϕN−1

> 0 . (2.14)

C is chosen to depend on ϕN as all other ϕi at a local minimum point unambiguously

follow from eq.(2.11).

2.2.2 meta-stable states at equal quark masses

A particularly simple case in which analytic expressions are straightforward to derive

occurs when all masses are equal, mi = m, ∀i (see figure 2.1 for the N = 3 case).

Then the critical points of the potential eq.(2.10) satisfy ϕi = ϕ or π−ϕ ∀i, for some

angle ϕ which is determined by the unitarity constraint.

At a local minimum, all ϕi are equal

ϕi =
2πn− θ

N
≡ ϕ ∀i , (2.15)

and have positive cosine, so that n ∈ Z satisfies

−N
4

+
θ

2π
< n <

N

4
+

θ

2π
. (2.16)

Note that if the boundary values satisfy θ/2π ±N/4 ∈ Z this does not reliably lead

to extra meta-stable states. This is because the eigenvalues of the Hessian at a local

min are Nm cosϕ (once) and m cosϕ (with multiplicity N − 2), which all vanish at

such a point and so a higher-order analysis including the O(M2
q ) and electromagnetic

terms in the chiral Lagrangian is necessary to determine if there are shallow local

minima in this marginal case. So, to be conservative, I only count those minima

strictly satisfying the condition eq.(2.16).

In any case, the value of the potential at the local minima specified by eq.(2.15)

subject to eq.(2.16) are

V (n) = −NmB0 cos

(
2πn− θ

N

)
, (2.17)

7One way to see this is by studying the characteristic polynomial of the symmetric matrix Hij .
The condition eq.(2.13) can be seen to ensure that there are no negative roots (i.e. eigenvalues) by
Descartes’ rule of signs.
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so if meta-stable local minima exist they are typically split in energy density from the

ground state by O(mΛ3
qcd), apart from the exceptional case of θ = π where there are

two degenerate states [63]. Except in tuned cases, O(mΛ3
qcd) is also a good estimate of

the splitting between the meta-stable states and the ground state in the general case

of unequal masses if the mass parameter is chosen to be that of the lightest non-zero

quark mass.

It is amusing to count the number of local minima in this equal quark mass case

as N ≥ 2 and θ vary. For example one finds that at θ = 0 the total number of reliably

predicted meta-stable minima, Ns (excluding the true ground state), is given as

Ns(θ = 0) = 2[N/4]< (2.18)

where [x]< denotes the integer part of x with magnitude strictly less than |x|. So

for N = 2, 3, . . . , 6 one finds Ns = (0, 0, 0, 2, 2), and thus that five equal mass light

quarks is the first case one definitely finds meta-stable vacua at θ = 0. On the other

hand for, eg, θ = π/2, Ns = [(N + 1)/4]< + [(N − 1)/4]<, giving Ns = (0, 0, 1, 1, 2), so

meta-stable vacua definitely first appear when there are four equal mass light quarks.

The tunnelling rate between these meta-stable states and the ground state (or

a lower meta-stable state if there are many) has been calculated in simple limits in

Refs. [63, 80]. For example, just away from θ = π there are two slightly split vacua

with a difference in energy densities given by ∆V ∼
√

3B0m|δ| where θ = π + δ and

|δ| ≪ 1 is assumed. Then the result of a thin-wall false vacuum decay calculation gives

a zero-temperature decay rate per unit volume [63] (neglecting sub-leading O(1/|δ|2)
terms in the exponent)

Γ

Vol
∼ Λ4

qcd exp

(
−D f 4

π

mB0|δ|3
)
, (2.19)

with a numerical factor D ≃ 4× 103. Because of this large numerical factor, even for

δ ̸≪ 1 (as long as δ does not approach π/2 where the meta-stable state ends) and

relatively ‘heavy’ light quarks with m ∼ Λqcd, the meta-stable state is predicted to

be long lived in this equal quark mass case.

2.2.3 Fan diagrams

Away from the special case of equal masses the analysis is more complicated and an-

alytic formulae are not particularly illuminating. Fortunately, as already indicated,

the general conditions in section 2.2.1 lend themselves to a diagrammatic interpreta-

tion of critical points, a ‘fan’ diagram, which is particularly useful for the qualitative

identification of meta-stable states for any {mi, θ}.
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(a) Critical point (b) Local minima

Figure 2.3: Necessary qualitative arrangements of the ϕi at a general critical point
and a local minimum. The ‘spreadout-ness’ of these ‘fan diagrams’ is determined
by ratios mi/mj via eq.(2.11). As mN was chosen to denote the lightest quark, the
angle ϕN will always be closest to the y axis, with successive angles flattening out
towards the x axis with separations determined by the ratios mi/mj (if mi = mj then
ϕi = ϕj or π−ϕj). Dashed lines in figure (a) denote an equally possible alternative for
each individual angle. Thus there are 2 ·2N qualitativelty different arrangements that
may constitute a critical point. Generally, only a subset of these will be consistent
with the constraint

∑
i ϕi = −θ mod 2π, which determines the absolute value of

the ϕi. The extra requirement of a local minimum picks out the arrangements in
figure (b). Here, for the dashed ϕN to be a valid alternative for a local minimum the
extra constraint eq.(2.21) must also be satisfied.

A local minimum, if it exists, corresponds to an ordered arrangement of angles

as in figure 2.3(b), where the spread between angles is fixed by the respective mass

ratios according to eq.(2.11), so as the mass ratios approach unity the separation

angles between the corresponding elements of the fan become smaller, and conversely

increase as the mass ratios increase.

To find a local minimum one adjusts the value of the ‘leading’ angle ϕN (recall

that mN is the lightest quark), from which all other (subordinate) angles follow via

ϕi = sin−1
(

mN

mi
sinϕN

)
, until the sum of all ϕi hits the ‘target’ angle demanded by

the unitary condition

S ≡
N∑

i=1

ϕi = −θ mod 2π . (2.20)

If the target angle is hit for |ϕN | < π/2 the configuration is guaranteed to be a local

minimum. Otherwise (cosϕN < 0) one also requires eq.(2.14) to ensure minimality,

which in this case can be reformulated in a version suited to diagrammatic analysis

that only depends on the angles

| tan(ϕN)| > | tan(ϕ1)| + · · · + | tan(ϕN−1)|,
(π

2
< ϕN < π

)
. (2.21)
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Figure 2.4: The sum of angles S as a function of leading angle ϕN ∈ (0, π) for different
values of quark masses. S(ϕN) on ϕN ∈ (−π, 0) is inferred, being an odd function.
If S hits the target angle −θ mod 2π while its slope is positive then we have a local
minimum. The position of the maximum value of S(ϕN) is mostly controlled by the
two lightest quark masses. The red curve is characteristic of mN = mN−1, when
ϕmax
N = π/2 always. As their ratio increases S(ϕN) goes from having ϕmax

N ∈ (π/2, π)
(blue line) to ϕmax

N = π, achieved at the boundary (green line).
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Importantly, fan diagrams are useful because if for a given set of parameters, {yα},

two distinct local minimum fan diagrams can be drawn, the theory admits meta-stable

states.

For a quantitative handle it is useful to consider the sum in eq.(2.23) as an explicit

function of the leading angle ϕN

S(ϕN) = sin−1

(
mN

m1

sinϕN

)
+ · · · + sin−1

(
mN

mN−1 sinϕN

)
+ ϕN . (2.22)

For all quark masses, S goes from the ‘closed fan’ configuration S(0) = 0 to S(π) = π.

Clearly S(ϕN) is monotonically increasing for ϕN ∈ (0, π/2) as all other subordinate

angles also become larger. After ϕN > π/2, however, the latter decrease as ϕN

increases: the behaviour of S(ϕN) depends on the mass ratios at hand. Insight is

obtained by differentiating eq.(2.22),

S ′(ϕN) = C(ϕN) , (2.23)

where C(ϕN) was the function whose positivity implied a local minimum, eq.(2.14),

equivalent to eq.(2.21). Thus, the mark of a local minimum is equivalently expressed

as

S(ϕN) = −θ mod 2π, S ′(ϕN) > 0. (2.24)

Note also that C ′(ϕN) < 0 on (0, π). Depending on the values of {mi}, S(ϕN) will

either always monotonically increase or achieve a maximum ∈ (π/2, π) as shown in

figure 2.4.

Notice that here my primary concern is the existence of (multiple) local minima,

rather than their specific location. For any θ ∈ (−π, π) there will always be a first

local minimum with |S(ϕmax
N )| = |θ|. Suppose S achieves its largest value at ϕmax

N . A

sufficient condition for the existence of a second minimum is

S(ϕmax
N ) > 2π − |θ| , (2.25)

which ensures the target angle is hit a second time for some value of ϕN .

2.2.4 meta-stable states at θ = 0

For θ = 0, the global minimum of the potential corresponds to the trivial ‘closed

fan’ arrangement ϕi = 0 ∀i. We will have meta-stable states if there exist other

arrangements satisfying

S(θN) = 2πn, S ′(ϕN) > 0 , (2.26)
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with n ∈ Z/{0}. These will always come in pairs as for θ = 0 we have a ϕj → −ϕj

symmetry. I focus on diagrams with positive angles, unless otherwise stated.

It is natural to start from the case of all masses equal mi = mj, implying ϕi = ϕj

for all i, j, already discussed in section 2.2.2. Even with the maximum values ϕi = π/2

clearly no appropriate fan diagram may be drawn for N ≤ 3. For N = 4, the diagram

ϕ1−4 = π/2 saturates eq.(2.13) and so is sensitive to higher order corrections to our

effective Lagrangian eq.(2.7), and a deeper analysis is required.

As already mentioned, N = 5 is the first case with meta-stable states for θ = 0. For

all masses equal, this corresponds to the diagram in figure 2.5. Analogous diagrams

can be drawn for N > 5, explicitly with ϕi = 2π/N . Moving away from the equal

mass theory point, there will meta-stable states for a range of non-trivial mass ratios,

corresponding to spreading of the angles in figure 2.5. For example, if the lightest four

quarks are degenerate, then it should be clear from the diagram that the remaining

one can be arbitrarily heavier (within the range of validity of the chiral Lagrangian):

ϕ1 can be arbitrarily small, compensated by ϕ2,3,4,5 moving arbitrarily close to π/2. A

full chart of the swamp (by measure of the SdSC) for arbitrary {N,mi} is identified

with the region satisying8

S(ϕmax
N (mi)) > 2π (θ = 0) , (2.27)

where the dependence of ϕmax
N on {mi, N} is non-trivial, though easily implementable

numerically. A good approximation is obtained by replacing ϕmax
N → π/2 as suggested

in figure 2.4, which gives

sin−1

(
mN

m1

)
+ · · · + sin−1

(
mN

mN−1

)
≳

3π

2
(θ = 0) . (2.28)

The latter becomes an exact condition in the limit mN−1 → mN , is an underestimate

when mN ≲ mN−1 and again valid when mN ≪ mN−1 (in which case there are no

meta-stable states).

2.2.5 Non zero θ-angle

As θ ∈ (−π, π) turns on, the global minimum of the potential moves away from the

closed fan to a fan diagram with sign(ϕi) = −sign(θ). At least one meta-stable state

will be present if there exists also an arrangement with sign(ϕi) = sign(θ) as in the

example in figure 2.6. Clearly, the bigger θ is, the larger the space of mass ratios with

meta-stable states is, as less ‘angular power’ is necessary to reach the target angle

8See eq.(2.25) and surrounding text.
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Figure 2.5: QCD at θ = 0 with 5 equal
mass light quarks has a meta-stable state
(blue) as well as the global minimum
(red). There is also another (degenerate
in V ) meta-stable state corresponding to
ϕ1−5 = −2π/5. This behaviour persists
for mass ratios satisfying S(ϕmax

5 {mi}) >
2π.

Figure 2.6: Global minimum (red) and
meta-stable state (blue) in a 6 light quark
theory with θ = 2π/5 and mass ratios
10 : 2 : 1.5 : 1.3 : 1.1 : 1. In general,
for high N and certain mass ratios, there
may also be more minima, corresponding
to diagrams whose angle sum makes an
extra complete revolution before hitting
the target.

−θ. This continues until θ = π, when global and first meta-stable branches become

degenerate and in the neighbourhood of which the space of masses {mi} admitting a

meta-stable state is at its largest, set by9

1

mN

<
1

m1

+ · · · +
1

mN−1

(θ = π) . (2.29)

In particular, the case of two light quarks remains safe from meta-stable states

for any mass ratio m1/m2 and vacuum angle θ. The case of three light quarks (our

world) starts showing meta-stable states after θ > π/2, starting from the equal masses

theory point and expands from there as shown in figure 2.7. It is interesting to note

that the SM ratio of light quark masses satisfies

1

mu

>
1

md

+
1

ms

, (2.30)

where mu,d,s are the up, down and strange quark masses respectively, making the

theory ‘safe’ from meta-stable states for all values of θ. As more quarks are made

light, meta-stable states are encountered more and more frequently. Figure 2.8 shows

a particular section of parameter space for four light quarks, while figure 2.2 shows

9This can be obtained by noting from figure 2.4 that there can be no local minimum other than
the global one in the neighbourhood of θ = π iff S′(π) = C(π) > 0.
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Figure 2.7: For three light quarks, regions
with meta-stable states in the mass ra-
tio plane for different values of θ accord-
ing to the leading order chiral Lagrangian
analysis. Our world, with the values of
mu = 2.16+0.49

−0.26 MeV, md = 4.670.48
−0.17 MeV

and ms = 93+11
−5 MeV is indicated by the red

‘dot’.

Figure 2.8: For four light quarks, fixing
m1 = m2 and m3 = m4, the region in red,
bordered by the equation in figure, corre-
sponds to theory points with meta-stable
states according to the leading order chiral
Lagrangian analysis.

a similar slice for the case of six light quarks. Once again, we can write a condition

mapping out the swamp (by measure of the SdSC) as

S(ϕmax
N (mi)) > 2π − |θ| , (2.31)

which, in its approximated ϕmax
N → π/2 form, appeared as eq.(2.5).

Finally, it is also noteworthy that the theory points at the centre of the regions of

meta-stable states correspond to the lightest quarks being degenerate (equal masses),

the ensuing global symmetry thus simultaneously violating another swampland con-

jecture.

2.2.6 Standard Model with N = 0 light quarks

A question prompted by the proceeding analysis is if the N = 0 light quark limit is

similarly constrained by the SdSC. There are two ways one can achieve this limit.

Either all the quark Yukawa couplings can be taken to be ≫ 0.01 so there are no

quarks with masses less than ∼ 4πfπ ≃ 1 GeV. Or the Yukawa couplings can remain

at their standard values while the electroweak vacuum expectation value (vev) is taken

to be ≫ 50 TeV. In the second case this thesis possibly leads to a new perspective on

the hierarchy problem. This will be the subject of section 3.2.
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2.3 Coupling to quintessence

The swampland de Sitter conjecture has immediate relevance to our present environ-

ment; we must not currently live in a positive energy density local minimum. As a

result, the cosmological constant is eponymously defiant, in that it must not be con-

stant! As I briefly discussed in the Introduction this suggests (but does not uniquely

imply) that there is currently some quintessence scalar φ(t) contributing a positive

energy density which is slowly evolving with time.

It is striking that, when confronted with observed cosmological parameters, simple

models of quintessence are on the cusp of tension with the SdSC [58]. In particular,

eqs.(2.1) and (2.2) imply that either the slope of the potential in the φ-direction

around its present value, φ0, is bounded below by an amount that depends on the

value of the total effective vacuum energy now, V (φ0, . . .) ≡ V0 > 0, or φ0 is a

local maximum in the φ-direction with curvature around that point being similarly

bounded. But the quintessence field must not be so fast evolving that within a

fraction of a Hubble time a deep anti-de-Sitter state is reached, and an associated

“big crunch” occurs.10

Since quintessence may render the known Universe consistent with the swampland

conjectures it is natural to consider whether it may also pose a potential significant

caveat to the inconsistency of meta-stable QCD states with the conjectures. To this

end, let us consider two possibilities

(i) Sequestered quintessence: V ≈ V
(n)
{yα},QCD(πa) + Ṽ (φ)

(ii) Coupled quintessence: V = V
(n)
{yα},QCD(πa, φ)

where as before n = 0, 1, . . . labels all the branches. In the second case there is a non-

trivial coupling between the QCD and quintessence sectors, and thus also between φ

and the SM more generally. For either case there are two further considerations. The

first is whether or not a scenario is consistent with the swampland conjectures. The

second is whether or not it may be consistent with having a Universe that avoids a

big crunch occurring on an extremely short timescale.

10Also in our particular Universe one must be consistent with the observational bound on the
deviation of the equation of state parameter from ω ≃ −1, though I will not need to use this tighter
constraint.
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2.3.1 Sequestered quintessence

The case of sequestered quintessence is straightforward, as the slope and curvature of

the potential in the φ direction are independent of whether the QCD sector is in the

ground state or a meta-stable state. This situation is illustrated in figure 2.9, while a

case of coupled quintessence is sketched in figure 2.10. Applying the SdSC conditions

to the meta-stable state at SM parameter values {y∗α} with large and positive vacuum

energy ∆V{y∗α},QCD ∼ mqΛ
3
qcd (here mq is an appropriate quark mass) gives

|∇φṼ (φ)| ≥ c
mqΛ

3
qcd

Mpl

or ∇2
φṼ (φ) ≤ −c′

mqΛ
3
qcd

M2
pl

(2.32)

where on the RHS of both inequalities I have dropped the tiny corrections from

V0 ≪ mqΛ
3
qcd. But the sequestered form now implies that in the QCD ground state

branch at {y∗α} the slope or curvature is just as large.

Specifically, in the case that the first, slope, condition of eq.(2.32) is satisfied, the

φ equation of motion for the ground state branch is (dropping the Hubble friction

term, 3Hφ̇, as the vacuum energy, V0, and thus H is now tiny)

φ̈(t) >∼ c
mqΛ

3
qcd

Mpl

(2.33)

implying that in a time ∆t ≡ τ/H (here I measure time in fractions of the Hub-

ble time H−1 ∼ Mpl/
√
V0) the quintessence field evolves by an amount ∆φ ∼

τ 2cMplmqΛ
3
qcd/V0 ≫ Mpl unless τ ≪ 1 since mqΛ

3
qcd ≫ V0. Here I have made the

conservative assumption that the initial quintessence field velocity, φ̇ = 0. (Note

that the Swampland Distance Conjecture [57, 81] states that the effective field the-

ory describing the quintessence plus SM system must irrevocably break down once

∆φ >∼Mpl. This limits τ <∼ (V0/mqΛ
3
qcd)

1/2.) During this evolution the value of the

vacuum energy density in the ground state branch becomes

V (φτ , . . .) ≃ V0 − c2τ 2
m2

qΛ
6
qcd

V0
. (2.34)

Thus as c is O(1), within a fraction

τAdS ∼ V0
mqΛ3

qcd

≪ 1 (2.35)

of a Hubble time the Universe evolves to an anti-de-Sitter state. Taking as an example,

the present inferred value of the vacuum energy V0 ≃ 10−47 GeV4, and, conservatively,

mq = mu ≃ 3 MeV gives τAdS ≃ 10−43, so I would collapse essentially instantaneously!
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Figure 2.9: Schematic illustration of sequestered quintessence. The black curve gives
the form of the ground state branch as a function of the vev’s of pNGB fields πa at a
value of the quintessence field φ = 0, while the blue curve shows the first meta-stable
branch possessing minimum (in absence of φ) shifted in πa. Both curves are at the
same values of all SM parameters {y∗α}. The green curve shows the bottom of the
valley in the φ ̸= 0 direction starting from the otherwise-meta-stable minimum, while
the red curve shows the same for the valley starting from the true ground state. For
sequestered quintessence the slope of the red and green trajectories is the same. The
SdSC demands that the slope (or curvature) of the green curve is bounded below
by an amount proportional to the effective positive vacuum energy density of the
would-be meta-stable state.

Only for truly exponentially small mq and thus exponentially small explicit breaking

of the chiral symmetry can we possibly avoid this catastrophe.11

Alternatively the quintessence field φ might be located very close to a local max-

imum of the potential, in which case this is a form of “hilltop quintessence” [83].

Suppose that the initial displacement of the field φ from the exact maximum is δφ,

and again conservatively assume that the initial field velocity φ̇ = 0. One then finds

using the same logic as in the previous paragraph that the curvature SdSC condition

applied to the meta-stable branch implies for the ground state branch that the di-

mensionless timescale (fraction of a Hubble time) until evolution to an AdS state is

11It is amusing to contemplate that there is an interplay between this exponentially small value
of explicit chiral symmetry breaking, the quantitative lower bounds on explicit global symmetry
violation imposed by the Swampland Global Symmetry Conjecture [52, 82], and the size of the
vacuum energy V0.
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Figure 2.10: Same as figure 2.9 except for coupled quintessence. In this case the slope
and curvature of the quintessence valley sloping away from the ground state of QCD
differs from that of the meta-stable valley. In principle this could allow the green
curve valley bottom to satisfy the SdSC while the red valley bottom is not so steep
as to lead to immediate evolution to an AdS state. However such a large change in
slope between the two valleys implies a large coupling between the SM and φ giving
an extreme fine-tuning in the quintessence sector.
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now set by

τAdS ∼ V0
mqΛ3

qcd

log

(
V0M

2
pl

(δφ)2mqΛ3
qcd

)
. (2.36)

This is also an extremely short timescale unless the initial displacement δφ from the

maximum of the potential is tuned to be super-exponentially small. (Moreover, in a

cosmological context, there are automatically fluctuations in φ entering the horizon,

displacing the value of the quintessence field from the maximum of the potential.)

Thus no matter which of the SdSC conditions applies, the presence of a sequestered

quintessence sector does not allow one to evade the SdSC constraint on SM param-

eter values {y∗α} coming from the presence of meta-stable QCD-sector states. The

fundamental reason for this is of course that the difference in effective vacuum energy

between the ground state and the meta-stable state(s) at a particular value of the

SM parameters {y∗α} is large, and it is impossible to satisfy the constraint on the

potential in the quintessence field direction for the meta-stable state without leading

to catastrophic evolution of the ground state.

2.3.2 Coupled quintessence

One can see that this is not just a feature of the sequestered quintessence potential:

To simultaneously satisfy the SdSC constraint in the meta-stable state and avoid the

far-too-steep or curved potential in the ground state requires that the form of the

potential in the φ-direction very significantly changes as one moves from the meta-

stable branch at {y∗α} to the ground state branch at the same {y∗α} (see figure 2.10).

But the only difference between these two branches is the presence of pNGB vacuum

expectation values of typical size ∼ fπ. For the quintessence potential function to

change very greatly in slope or curvature in response to the switching on of these

pion vev’s then requires that the quintessence field couples significantly to QCD.

Parametrically one needs

∂2πa∂φV
(n)
{yα},QCD(πa, φ) ∼

mqΛ
3
qcd

Mplf 2
π

, (2.37)

which then implies that the effective cubic ϵφ(πa)2 coupling is ϵ ∼ mqΛ
3
qcd/Mplf

2
π ∼

mqΛqcd/Mpl. Similarly the quartic coupling λφ2(πa)2 is given by λ ∼ mqΛ
3
qcd/M

2
plf

2
π ∼

mqΛqcd/M
2
pl. There are also of course couplings to higher powers of the pNGB fields

as implied by the non-linearly realised approximate chiral symmetry. These couplings

between the SM and φ imply that even in the ground state branch of QCD there are,

upon integrating out the pions (with mass mpi
2 ∼ mqfπ), radiative corrections to,
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eg, the mass-squared of φ of size δm2
φ ∼ (mqΛqcd)

2/16π2M2
pl. These are enormous

compared to the mass mφ ∼ H0 ∼
√
V0/Mpl required of a successful quintessence field.

Similarly other parameters of the quintessence potential get very large correction. In

other words, one must exponentially tune by an amount ∼ (mqΛqcd)
2/16π2V0 (in our

Universe roughly a 1 part in 1039 tuning) m2
φ, as well as other parameters, to get the

coupled quintessence model not to again evolve very quickly to AdS and a big crunch.

Thus the presence of a quintessence field does not obviously invalidate the ar-

guments concerning the inconsistency of meta-stable QCD states with the SdSC. I

emphasise that in these arguments I have not at all used the observational or ex-

perimental constraints on quintessence fields, such the equation of state parameter

bounds, or the limits on fifth-forces or equivalence-principle violation, which of course

only apply to our Universe. I have only used the fact that the SdSC must, by assump-

tion, be satisfied for the meta-stable states, together with the necessity of having the

putative Universe in a QCD ground state (at the same values of the SM parameters)

survive longer than an exponentially short period of time before entering an AdS big

crunch phase.
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Chapter 3

The Higgs Landscape

In this chapter I will explore the Standard Model landscape as a function of perhaps

its most emblematic parameter: the Higgs mass-squared term.

3.1 Useful Theorems

3.2 Negative Higgs Mass-Squared

Let us first consider the extreme limit of the SM where the EW vev, v → ∞, with

all Yukawa and gauge couplings kept fixed as well as the higgs quartic coupling. In

this limit the IR theory is of course a pure SU(3) × U(1)EM gauge theory with no

matter, as all quarks, leptons, weak gauge bosons, and the higgs boson itself have

become super massive. The question is if this theory has meta-stable states.

Because there is no matter, the color and EM gauge groups are completely decou-

pled from each other, so the question becomes do either, or both, of pure U(1) and

SU(3) theories have meta-stable states. There is no argument that we are aware of

that indicates that U(1) has meta-stable states, but the situation is plausibly different

for SU(3).

3.2.1 meta-stable states of pure SU(Nc) gauge theories

Following early suggestions [61], Witten [84] and Shifman [85] argued that for large

Nc, non-supersymmetric pure SU(Nc) possesses Nc−1 meta-stable vacua, as reviewed

in Ref. [86].1

Why do these pure glue meta-stable states exist, and what characterises them?

Roughly speaking the argument is that the vacuum energy density V (θ) must be, for

1We particularly thank Mike Teper for discussions of the status of meta-stable states in SU(Nc)
theories.
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all Nc, both a 2π periodic function of the topological parameter θ, V (θ) = V (θ+ 2π),

and in the large-Nc limit have the form V (θ) = N2
c f(θ/Nc) with f(x) a 2π-periodic

function, and no other factors of Nc appearing [84]. (We emphasise that here it

is being assumed that there is no light QCD axion in the spectrum to relax the

CP-violating θ-term.) But these demands seem to be contradictory as the second

condition says the period of V should be 2πNc. The resolution, similarly to the case

of the chiral Lagrangian, is that V (θ) must be a multi-branched function. The true

ground state energy density is then given by

V (θ) = minnV
(n)(θ) with V (n)(θ) = N2

c f

(
θ + 2πn

Nc

)
, (3.1)

where n = 0, . . . , Nc − 1. Namely each branch has periodicity 2πNc, but because

of level crossings the true ground state energy density is correctly 2π-periodic. This

multi-branch structure leads at every value of θ to a total of Nc potential vacua,

including at θ = 0, as illustrated schematically in figure 3.1 for SU(6). In fact

Witten [84] argued that in the formal Nc → ∞ limit the function f(x) = x2 and that

all states were local minima. However at finite Nc as the various branches evolve and

cross the character of the local critical point can change from absolutely stable, to

meta-stable, to saddle point to local maximum. So to really enumerate the number of

locally stable states in a finite Nc theory at a given θ one needs a finer classification.

Before turning to this it is worth mentioning that there is a simple expression

for the gap in energy density at θ = 0 between the low-lying states, n ≪ Nc, in the

Nc → ∞ limit:

V (n)(0) − V (0)(0) ≃ (2πn)2

2
χ (3.2)

where χ is the so-called topological susceptibility defined by

χ =

∫
d4x⟨Q(x)Q(0)⟩ where Q =

1

8π2
Tr(GµνG̃µν) . (3.3)

Moreover, in the large-Nc limit an order parameter distinguishing the Nc different

states at a given value of θ is [87]

⟨Q⟩n = (θ + 2πn)χ . (3.4)

(There are other possible order parameters, for example the QCD string tension

in each n-state.) Related to this, the n ̸= 0 states are not invariant under CP

transformations even if θ = 0, π, the two CP -invariant values of the topological

angle. For the SM the topological susceptibility has a value that depends on the η′

mass as χ ∼ (fη′mη′)
2/6, at least in the large-Nc limit [88, 89], while for pure SU(3)
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Figure 3.1: Sketch of branches of V (θ) for pure SU(6) YM theory according to a
large-Nc analysis. The red portions of the curves give the true stable ground state
energy density as a function of the parameter θ. A refined analysis is necessary to
determine if the black sections of the curves include meta-stable states at finite Nc,
and if so how many at each value of θ.

gauge theory lattice simulations indicate χ ∼ (190 MeV)4 [90] (though this depends

somewhat on how the lattice scale is set).

Importantly in the large-Nc limit an O(Nc) subset of these states become highly

meta-stable. They are both locally stable, and have false vacuum tunnelling rates

to lower states which have been argued, using an approach based on softly-broken

supersymmetric QCD, to behave as Γn/Volume ∼ exp(−bN4
c ) for some constant b > 0

and so become absolutely stable in the formal Nc → ∞ limit [85]. (We caution the

reader that the computation of these decay rates in the far-from-supersymmetric

limit is not under good control, so numerical factors and, in our opinion, even the N4
c

scaling are not reliably established.2 In addition there has been only a very limited

study of this large-Nc physics using lattice techniques [92,93].)

In recent work [94] arguments have been presented that, depending on the value

of θ, the number of locally stable vacua, Ns (excluding the true ground state), is by

2See also the discussion of Ref. [91].
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a particular semiclassical analysis given by

Ns =





2
[
Nc

4

]
θ = 0[

Nc

4

]
+
[
Nc+3

4

]
− 1 0 < θ < π/2[

Nc+1
2

]
− 1 θ = π/2[

Nc+1
4

]
+
[
Nc+2

4

]
− 1 π/2 < θ < π

2
[
Nc+2

4

]
− 1 θ = π

where [x] denotes the largest integer ≤ x. So if we take this analysis as a guide then,

naively, at Nc = 3 there are predicted to be, respectively, (0, 0, 1, 1, 1) meta-stable

states as θ varies in the given ranges, while for Nc = 4 there would be (2, 1, 1, 1, 1)

meta-stable states.3 It is particularly interesting that in this case there are meta-

stable states predicted at θ = 0.

However, at small Nc, all the semiclassical arguments that we are aware of break

down, and it is not clear from the analysis that has so far been performed if there

are meta-stable states at low Nc, in particular for SU(3)c. There are (yet) no reli-

able lattice studies of this question, so strictly speaking the situation regarding pure

SU(3)c YM theory is unknown.

3.2.2 Possible relation to the hierarchy problem

If we boldly assume that there are meta-stable states in pure SU(3)c at θ = 0 split

from the true ground state by an energy density ∆V ∼ Λ4
qcd the refined Swampland

de Sitter Conjecture, together with the results on quintessence in section 2.3 (which

equally apply to this case), then plausibly tells us that the SM with electroweak

symmetry breaking scale v ≫ 50 TeV is in the swampland. In other words, there

are no solutions of the full UV gravitational theory (including all possible consistent

compactifications if it is higher dimensional) that lead to the SM with an electroweak

vev v ≫ 50 TeV. This would be a partial resolution to the hierarchy problem and

shares some features with previous attempts to link the hierarchy problem with the

swampland program [96, 97]. In particular there is a failure of effective field theory

reasoning, in that apparently innocuous parameter regions of otherwise consistent

quantum field theories are inconsistent when coupled to gravity.4

3In Ref. [95] the large-Nc effective Lagrangian was modified by including 1/Nc effects, possibly
enabling an improved discussion of the meta-stable states of SU(Nc) at finite Nc. A richer structure
of meta-stable states was found in this analysis, with new meta-stable states being argued to exist
both for pure SU(3)c Yang-Mills theory, and for SU(3)c coupled to N light quarks. If correct this
would strengthen our results. We emphasise that no calculations that are fully under control have
yet been performed in the interesting region of small Nc.

4One of the most studied of the Swampland constraints is the Weak Gravity Conjecture which,
among other things, states that QED with a single Dirac fermion of mass m and gauge charge e
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Of course there are caveats to this statement, even if the SdSC is accepted as fact,

and pure SU(3)c at θ = 0 has meta-stable states. First, we have taken the Yukawa

couplings to be fixed as v → ∞, but if, instead, these couplings were reduced so as

to keep the “hard” quark masses coming from EWSB fixed at their observed values,

then the QCD sector of the theory would not possess meta-stable states, and there

apparently would be no constraint on v. We do not have a strong argument against

this reasoning. However, we note that the limit where all the quark Yukawa couplings

vanish is forbidden by the claimed absence of exact global symmetries in theories

coupled to gravity, which is one of the best supported of all Swampland Program

conjectures. In fact the quantitative Swampland Global Symmetry Conjecture [52,82]

mentioned in the Introduction declares that there is a bound on how small more than

one of the Yukawa couplings can simultaneously be, y >∼ exp(−M2
pl/Λ

2), so if the

cutoff Λ of the effective 4d quantum field theory is close to the Planck scale the option

of scaling all the Yukawa couplings to close to zero is forbidden. This illustrates how

the web of swampland conjectures might intertwine to limit the allowed SM parameter

values.

Second the arguments above have not constrained the case where the Higgs mass-

squared parameter is large and positive so there is no traditional electroweak sym-

metry breaking. This is the subject of the next subsection and future paper.

Third, we presently have poor understanding of the non-perturbative physics of

QCD-like theories, especially as regards “exotic” phenomena such as meta-stable

states. It is logically possible that there are different features of full non-perturbative

QCD (and the SM!) that are constrained by present, or future, swampland program

conjectures/results, and that these constraints are more powerful than the SdSC in

limiting the available SM parameter values.

3.3 Positive Higgs Mass-Squared

I will now discuss the opposite limit in the Higgs mass parameter, that is the large

positive direction m2
H → +M2

pl. My motivation will again be to explore whether this

part of the SM landscape may also lie in the swampland by virtue of SdSC and TPCC-

like criteria. The goal is thus to understand the vacuum structure of the theory in

this limit and in particular test for the presence of meta- stable states.

is inconsistent with gravity if |e| ≤ m/
√
2Mpl [53]. This and the magnetic form of the conjecture

have been suggested to possibly provide an explanation of the weak-to-Planck scale hierarchy in
extensions of the SM [96,97].
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Figure 3.2: Schematically, effective four quark vertices are sourced by integrating out
a Higgs field with positive mass squared. Y and Y ′ are up or down type Yukawa
matrices, depending on the type of external quark lines.

If the Higgs mass-squared parameter is taken to be large and positive compared

to the QCD scale, m2
H ≫ +(1 GeV)2, the Higgs doublet decouples from the low-

energy physics of the remaining Higgs-less theory, and there is (naively) no EWSB.

The IR theory is simply the SM gauge group coupled to naively massless quarks and

leptons. The leptons do not immediately play a central role in what follows; I shall

mention their potential indirect effect at the very end. Thus, the relevant part of the

leading-order effective Lagrangian I will focus on is

L = −
∑

I

1

4
F I
µνF

I,µν + qiLγ
µDµq

i
L + qiRγ

µDµq
i
R . (3.5)

Here the covariant derivative Dµ includes all standard model SU(3)×SU(2)L×U(1)Y

gauge fields, qL = (uL, dL, cL, sL, tL, bL) is a left-handed quark flavor multiplet and

similarly for the right-handed quarks. The presence of the heavy Higgs doublet lingers

in the form of operators of the low-energy Higgs-less effective theory suppressed by

powers of 1/m2
H . The most important of these for our purposes are the dimension six

4-quark terms, of schematic form

∆L =
Cijkl

XY ZW

m2
H

qiXq
j
Y q

k
Zq

l
W . (3.6)

These dimension 6 operators are obtained upon integrating out the Higgs through

tree diagrams as in fig. 3.2 so that the constants Cijkl
XY ZW are linked to the Yukawa

matrices in a straightforward way. Of course, the qL,R are ultimately not the proper

degrees of freedom in the IR as the theory is confining and chiral symmetry breaking

occurs with a vacuum expectation value of the chiral condensate ⟨qLqR⟩ ∼ Λ′3
QCD1.

It has been known for a long time that this chiral condensate itself, even without

a Higgs doublet, breaks electroweak symmetry, meaning that pions can act as a
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substitute for the Higgs boson, giving mass to the electroweak gauge bosons. This

formed the initial motivation for the development of technicolor models [98–102].

More recently the SM in this phase has been studied in [103, 104] with a focus on

particle spectrum and interactions. No proper study of the full pion potential exists

in this regime however.

Of course the EW SSB would occur at the significantly smaller energy scale of

Λ′
QCD however. Moreover, Λ′

QCD ≪ ΛQCD as all 6 quarks are massless and contribute

to the running of the QCD beta function eq. (1.24). Despite a vacuum existing with

the usual pattern of W±, Z0 bosons acquiring mass alongside a surviving U(1)EM , the

IR phenomenology unsurprisingly turns out to be quite different. In section 3.3.1 we

describe in detail the unfolding of the resulting low energy EFT. In brief, the weakly

coupled electroweak gauge interactions act as a perturbation on the strong dynamics

of confining QCD with all 6 quarks massless, while the Higgs induced vertices are

a perturbation weaker still that we can ignore initially. As shown schematically in

fig. 3.3, at the U(1)EM preserving vacuum the chiral symmetry spontaneous breaking

SU(6)L × SU(6)R → SU(6)V produces 35 Nambu-Goldstone bosons, three of which

are eaten by the electroweak gauge bosons and 16 of which acquire mass of order

O(g2g′2) due to the explicit breaking of chiral symmetry by the electroweak gauge

interactions.

I then set out to investigate the full IR potential of pNGBs. Its critical points

turn out to be determined by the pseudo-potential

∆ ∝ − 1

16

3∑

i

Tr2
(
U †(13 ⊗ σi)U(13 ⊗ σ3)

)
, (3.7)

where U describes the pions as per eq. (3.10). I prove the stability of the U(1)EM

preserving vacuum manifold and its connectedness. I then classify and explicitly

construct a possibly exhaustive set of further extrema and prove them to be saddle

points. It is still possible that there are other critical points and I describe how they

would be constructed. I do not however in this thesis definitely prove their existence

or lack thereof, leaving it to future work. I conclude by discussing further effects

complicating the structure of the potential.
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3.3.1 Electroweak symmetry breaking via QCD chiral con-
densate

Ignoring the electroweak sector, QCD is an SU(3)c gauge theory with 6 massless

quarks

LQCD = i qL /DcqL + i qR /DcqR , (3.8)

where /Dc here includes only gluon gauge fields, qL = (uL, dL, cL, sL, tL, bL) is a left-

handed flavor multiplet and similarly for the right-handed multiplet. As their is no

quark mass matrix, eq. (3.8) has a global G = SU(6)L × SU(6)R chiral symmetry

which is spontaneously broken down to the vector H = SU(6)V group by the chiral

condensate

⟨qLqR⟩ = C ′
016, (3.9)

where C ′
0 is expected to be of order Λ′3

QCD. In the absence of anything else, this would

give rise to 35 exactly massless NGB fields πα(x) = f ′
πΠα(x), the generalization

of pions, reflecting the number of broken generators of G, as in fig. 3.3(a). These

perturbative fields can be parametrized as usual in the CCWZ formalism in terms of

the SU(6) matrix

⟨qLqR⟩ = C ′
0U, U = eiΠ

αTα

, (3.10)

where I will take the Tα to be a particular basis of the su(6) Lie algebra with

Tr
(
TαT β

)
= 2δαβ. As usual U transforms non-linearly under G as

U → L†UR, L,R ∈ SU(6) . (3.11)

A convenient basis of su(6) for our application is Tα = {T i
2, T

a
3 , T

jb}, where

T i
2 =

1√
3
13 ⊗ σi,

T a
3 =

1√
3
λa ⊗ 12,

T ia =
1√
2
λa ⊗ σi,

(3.12)

with i = 1, 2, 3 and a = 1...8. λj (σi) are the Gell-Mann (Pauli) matrices and ⊗
stands for the Kronecker matrix product. The 3 × 3 part of the matrices acts on the

space of generations while the 2 × 2 part acts within a generation.

The gauging of a subgroup Gw ⊂ G explicitly breaks G down to S, which is

made of Gw itself plus whatever generators of G that commute with all of Gw. This
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(a) Chiral SSB

(b) EW gauging effect

Figure 3.3: Chiral symmetry breaking G → H in SU(3) Yang-Mills theory with 6
massless quark flavors results in 35 exactly massless NGBs, as shown in (a). The
pattern is complicated in (b) by the explicit breaking of G by the weakly coupled
EW gauge group Gw. At the U = 16 vacuum, three of 4 generators spanning Gw

correspond to fictitious NGBs eaten by the W± and Z through the Higgs mech-
anism; the 4th generates U(1)EM in the low energy theory. The surviving global
exact symmetry is S, which trivially includes Gw, plus the inter-generation mixing
SU(3)L × SU(3)R,u × SU(3)R,d, acting respectively on left-handed doublets, right
handed up-type and down-type quarks separately. This spontaneously breaks down
to the vectorial doublet mixing symmetry SU(3)gen ⊂ H, giving 16 exactly massless
GBs - single dashed region in (b). Finally, there remain 16 explicitly broken gener-
ators of G to which correspond pNGBs with masses proportional to the EW gauge
couplings - double dashed region in (b).
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complicates the symmetry breaking pattern. If the gauge couplings of Gw are weak

however one can assume chiral symmetry breaking and eq. (3.10) to still hold. One

expects however corrections to the effect of

1. pNGBs with mass proportional to the weak gauge couplings for symmetry gen-

erators of G/H not in S,

2. gauge boson masses through the Higgs mechanism for generators in Gw ∩G/H,

3. NGBs remaining exactly massless for generators in S/(Gw ∪H).

We are of course interested in the details of the case of electroweak gauge group

Gw = SU(2)L × U(1)Y , for which the above regions are displayed in fig. 3.3. Such

dynamical symmetry breaking of gauge symmetries has been extensively studied in

the context of technicolor and composite Higgs theories5 [100–102,105].

In practice, gauged subgroups of G acting on the flavor multiplets qL,R in their

fundamental representation enter as

δLw = qLγ
µAI

µP
I
LqL + qRγ

µAI
µP

I
RqR. (3.13)

where the P a
L,R ∈ su(6) are generators of the left/right action of Gw, here defined to

also absorb any coupling constants. Aa
µ(x) are the gauge bosons. For the case of the

SM electroweak interactions we have the three SU(2)L gauge bosons W i=1,2,3
µ as well

as the BY
µ for the abelian hypercharge, with

P i
L = g

1

2
(13 ⊗ σi) , P i

R = 0 ,

P Y
L = g′

1

6
16 , P Y

R = g′13 ⊗
(

2/3 0
0 −1/3

)
= g′

[
1

6
16 +

1

2
(13 ⊗ σ3)

]
, (3.14)

which can be read off from fig. 1.1.

To leading order, the effective IR Lagrangian is uniquely constrained by gauge

invariance to be

L =
f ′2

4
Tr
(

(DµU)† DµU
)
, (3.15)

where the covariant derivative

DµU = ∂µU − iAa
µ

(
P I
LU − UP I

R

)
. (3.16)

5The problem of how exactly the gauged group Gw divides itself between H and G/H is known
as the ‘vacuum alignment problem’.
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ensures said invariance under the non-linear action of eq. (3.11) of gauge transforma-

tions. Notice of course that for Aa
µ → 0 this reduces to the usual chiral Lagrangian

leading term. Expanding eq. (3.15) out more explicitly

L =
f ′2

4
Tr
(
∂µU

†∂µU + 2iAa
µ

(
∂µUU †P I

L + ∂µU †UP I
R

)

+Aa
µA

µb
(
−2U †P I

LUP
J
R + P I

LP
b
L + P I

RP
J
R

))
. (3.17)

Feynman rules for the pNGB fields are obtained by expanding U around its vacuum

value. Around U = 16 these are summarized in fig. 3.4. The field dependent gauge

boson mass matrix is defined as

(M2
A)ab(U) =

f 2

2
Tr
(
−2U †P

{a
L UP

b}
R + P I

LP
b
L + P I

RP
J
R

)
, (3.18)

For the SM values in eq. (3.14), diagonalizing Mab(16) gives the normal pattern of

weak boson masses m2
W = 3g2f 2/4, m2

Z = 3(g2 + g′2)f 2/4 and photon mγ = 0. As

g, g′ < 1 the W and Z consistently appear in the effective theory. I emphasise that

this pattern of symmetry breaking, as also depicted in fig. 3.3, is not the same at

every point in the field space of pNGBs. Infact, at a generic point away from the

locus connected to U = 16 all four EW gauge bosons are massive.

3.3.2 pNGB potential

EW gauge interactions generate an effective potential V(Πα) for the pNGBs. Having

identified the leading term of the confined theory as eq. (3.17), I will now discuss

contributions to V. Within the EFT we must write down all pNGB potential terms

respecting the symmetries. Gauge symmetry under the full GW is particularly con-

straining. It is useful to bear in mind the spurion transformations of the projectors

P a
L,R

P I
L → L†P I

LL , P I
R → R†P I

RR , (3.19)

for L,R ∈ SU(6). Within the EFT, potential terms are also generated perturbatively

by means of loop diagrams with internal gauge bosons. I will only consider one loop

contributions. Working in Landau gauge allows one to ignore all vertices of the form

(c) in fig. 3.4 6. While information about the structure of V can be obtained by

EFT considerations, the relative size between ‘bare’ terms coming from the strong

6In fact, in order to not trivially vanish in the limit of all external momenta going to zero
and therefore contribute something to the potential, the Πα0 line in vertex (c) has to be internal,
forming part of the loop along with the gauge boson line. The propagator for Aa

µ in Landau gauge
then vanishes in said limit and the diagram evaluates to zero.
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Figure 3.4: Feynman rules for the class of confining theories described by eq. (3.15).
The generators of the left (right) action P I

L (P I
R) of the gauged subgroup are defined

to include couplings, e.g. see the SM case of eq. (3.14). Some gauge bosons become
massive through the Higgs mechanism as implied by vertex (b). Their mass matrix
is at this point generally not diagonal. For n = 0, (c) gives momentum-dependent
gauge boson - fictitious pion mixing terms.
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Figure 3.5: One loop diagrams contributing to the pNGB potential at (a) quadratic
and (b) quartic order in weak gauge couplings, in Landau gauge. Wavy lines are
massless gauge bosons, while their mass matrix is treated as a two point vertex
(black blob).

dynamics at energies ∼ Λ′
QCD and corrections from calculable loops in the EFT is not

decidable. In section 3.3.3 the potential will be written in terms of current correlators

of the full theory and enough information will be extracted to classify critical points

with some confidence.

In general, the lowest order - quadratic in gauge couplings - the field dependent

contribution to the effective potential is given by

V ⊃ v2Tr(M2
A(U)) = v2

∑

I

(
−2U †P I

LUP
I
R + P I

LP
I
L + P I

RP
I
R

)
, (3.20)

where v2 ∼ Λ4
QCD is an unknown coefficient. This is renormalised by all diagrams of

the form (a) in fig. 3.5. However, for the SM values of eq. (3.14) this does not give a

non-trivial potential for the NGBs as the SU(2)L action is purely left-handed while the

U(1)Y action is proportional to the identity in its left action, so that U †P Y
L U = P Y

L .

More generally, the only non-trivial elements of Mab
A are cross terms proportional to

O(gg′).

At quartic order in gauge couplings, the potential has a contribution

V ⊃ v4Tr(M4
A(U)) = v4

(
27g4

16
+

9g′2

16
+

9g2g′2

2

3∑

i=1

Tr2
(
U †T i

2UT
3
2

)
)

, (3.21)
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where v4 is another unknown coefficient and I have immediately specialised to the

SM case. This is renormalised by all diagrams (b) in fig. 3.5. Thus, to lowest order in

gauge couplings, the potential has a form O(g2g′2) and we see the first appearance of

the quantity ∆ defined in eq. (3.7). Expanding eq. (3.21) around U = 16 to quadratic

order in pion fields one sees 16 degenerate pNGBs with mass ∼ Λ′
QCDgg

′, associated

to the λa ⊗ σ1 and λa ⊗ σ2 generators of eq. (3.12). Exact NGBs corresponding to

the T a
3 and λa ⊗ σ3 generators remain massless, although those associated to T i

2 are

fictitious, forming the longitudinal part of the W± and Z.

A further term exists at same order in gauge couplings which satisfies all symme-

tries

V ⊃ v′4Tr
(
U †P I

LUP
J
RU

†P I
LUP

J
R

)
, (3.22)

with v′4 another unknown coefficient. Unlike previous terms, this is not renormalised

at one loop but is a pure contact term.

3.3.3 The Potential from First Principles

The full theory7 can be written as

L = −
∑

I

1

4
F I
µνF

I,µν + i qL/∂qL + i qR/∂qR +AI
µJ

I,µ
L +AI

µJ
I,µ
R , (3.23)

where

J I,µ
L = qLγ

µP I
LqL, J I,µ

R = qRγ
µP I

RqR . (3.24)

Then, the effective action to quadratic order in gauge fields in momentum space after

integrating out the fluctuations around a fixed classical background U is given by

L =

(
−1

2
(∆PT )µν p2 +

1

2
i⟨J I,µ

L JJ,ν
L ⟩p +

1

2
i⟨J I,µ

R JJ,ν
R ⟩p + i⟨J I,µ

L JJ,ν
R ⟩p

)
AI

µA
J
ν (3.25)

where

(∆PT )µν = ηµν − pµpν

p2
(3.26)

is the usual projector onto transverse polarisations, and

⟨J I,µ
X JJ,ν

Y ⟩p =

∫
dx4e−ixp⟨J I,µ

X (x)JJ,ν
Y (0)⟩ (3.27)

7Leaving out leptons and Higgs mass suppressed higher dimensional operators.
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are momentum space current correlators, which can be written in terms of self energies

and U as

i⟨J I,µ
L JJ,ν

L ⟩p = (∆PT )µνΠL(p2)Tr
(
P I
LP

J
L

)
, (3.28)

i⟨J I,µ
R JJ,ν

R ⟩p = (∆PT )µνΠR(p2)Tr
(
P I
RP

J
R

)
, (3.29)

i⟨J I,µ
L JJ,ν

R ⟩p = −1

2
(∆PT )µνΠLR(p2)Tr

(
U †P I

LUP
J
R

)
(3.30)

For the SM, given eq. (3.14), we have

LAeff =
1

2
(PT )µν A

IDIJA
J , (3.31)

where

DIJ =




−p2 + 3
2g

2ΠL(p
2) 0 0 −gg′ F

1

2 ΠLR

0 −p2 + 3
2g

2ΠL(p
2) 0 −gg′ F

2

2 ΠLR

0 0 −p2 + 3
2g

2ΠL(p
2) −gg′ F

3

2 ΠLR

−gg′ F
1

2 ΠLR −gg′ F
2

2 ΠLR −gg′ F
3

2 ΠLR −p2 + g′2
[
1
6 (ΠL −ΠLR) +

5
3ΠR

]


 .

The one-loop effective potential for the pNGBs can now we computed as sum of

diagrams in the usual way and is given by

V =
∑

I

∫
dp4

(2π)4
ln
(
dI
)

= π2

∫
dp2p2 ln (det(D)) , (3.32)

= π2

∫
dQ2Q2 ln

(
1 − F 2 3g2g′2Π2

LR

(2Q2 + 3g2Π2
L)(6Q2 + g′2(ΠL − ΠLR + 10ΠR))

)
+ FI ,

(3.33)

where dI are the eigenvalues of the D matrix, the integral has become Euclidean

Q2 = −p2 and I have ignored a field independent (FI) piece.

Notice, it is not necessary to know the full form of the potential as what is of

main interest is the classification of critical points. Since V only depends on the

fields through ∆, we have

∂V

∂Πα
=
∂V

∂∆

∂∆

∂Πα

!
= 0 (critical points) . (3.34)

so by simple chain rule the critical points of the potential are either critical points of

∆, which I will classify in section 2.2.1, or an extremum of V(∆). Furthermore, the

Hessian is

∂2V

∂Πα∂Πβ
=
∂2V

∂∆2

∂∆

∂Πα

∂∆

∂Πβ
+
∂V

∂∆

∂∆

∂Πα∂Πα
. (3.35)

Thus, for the critical points of ∆, one just needs information about the sign of V′(∆).
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∂V

∂∆
∝ π2

∫
dQ2Q23g2g′2Π2

LR

Den
, (3.36)

where the denominator is given by

Den = 12Q4 + 2Q2
(
9g2ΠL + g′2(ΠL − ΠLR + 10ΠR)

)

+ 3g2g′2
(
∆ Π2

LR + Π2
L − ΠLΠLR + 10ΠLΠR

) (3.37)

= 48Q4 + 4Q2
(
9g2(ΠAA + ΠV V ) + g′2(9ΠAA + 13ΠV V )

)

+ 3g2g′2( (4∆ + 9)︸ ︷︷ ︸
≥ 0

Π2
AA + (22 − 8∆)︸ ︷︷ ︸

> 0

ΠAAΠV V + (4∆ + 13)︸ ︷︷ ︸
> 0

Π2
V V ) , (3.38)

where I have highlighted expressions containing the fields which are always postitive-

definite given then range of ∆ ∈ (−9/4, 0) (see section 3.3.4). In going to the second

line I have exchanged left/right correlators for vector/axial ones using the relations

[106]

ΠV V =
1

2
(ΠL + ΠR − ΠLR)

ΠAA =
1

2
(ΠL + ΠR + ΠLR)

ΠV A =
1

2
(ΠR − ΠL) ,

(3.39)

and furthermore I have taken ΠV A = 0 from QCD effects when θ = 0 [107]. Account-

ing for effects that contribute a non-zero ΠV A, such as running due to the inclusion

of leptons (and a possible θ) parameter are important future directions of research.

With this assumption however, one can argue for the positivity of the denominator

eq. (3.38) and therefore also the sign of V′(∆). For example, by the large-N form of

the correlators [106]. The conclusion is thus that the stability of the critical points

of V that are critical points of ∆ are the same as if the potential were ∆ itself.

3.3.4 Critical Points

I will now investigate the critical points of ∆ given in eq. (3.7). First, I rewrite it

very slightly to emphasize its geometrical interpretation; it is proportional to the

length-squared of the projection of the conjugation orbit of U(13⊗σ3) onto the su(2)

subalgebra.

∆ = − 1

16

3∑

i

Tr2
(
(13 ⊗ σi)U(13 ⊗ σ3)U †) . (3.40)

Consider an arbitrary point Π0 ≡ U0(13 ⊗ σ3)U †
0 = Πx

0T
x. One can immediately say

that
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• if Π0 ∈ su(2) =⇒ Π0 is a minimum and ∆ ∼ −9/4.

• if Π0 ⊥ su(2) =⇒ Π0 is a maximum and ∆ = 0. An example of such a point is

Umax
0 =

1√
2
16 + i

√
3

8

(
λ3 ⊗ σ1 + λ8 ⊗ σ2

)
. (3.41)

Thus, U = 16 is indeed a minimum as anticipated already and indeed a global mini-

mum of ∆. In reality of course there is a locus of minima, if nothing else connected

to the identity by the remaining exact symmetry group of the theory. The full locus

is

U⊙ = SU(2)L × SU(3)R,u × SU(3)R,d

= ei(13⊗σi)siei(λ
a⊗σ↑)ℓa↑ei(λ

a⊗σ↓)ℓa↓ , (3.42)

where σ↑, σ↓ are defined in eq. (3.46). In the following proof I rule out the possibility

of their being further global minimum points disconnected from this locus.

Proof: Consider the set for a global minimum

U⊙ =
{
U ∈ SU(6) | U

(
1⊗ σ3

)
U † ∈ su(2)

}
. (3.43)

Consider now that for any U ∈ U⊙, there exists a g ∈ SU(2) such that

U
(
1⊗ σ3

)
U † = g

(
1⊗ σ3

)
g† , (3.44)

and therefore

g†U
(
1⊗ σ3

)
U †g =

(
1⊗ σ3

)
, (3.45)

meaning g†U ∈ C, where C is the centraliser of 13 ⊗ σ3. For a compact Lie group C

is connected (see corollary 5 and preceding statements of Chapter IX in [108]) .

End of Proof We conclude by defining shorthand notation for useful matrices.

σ↑ =

(
1 0
0 0

)
, σ↓ =

(
0 0
0 1

)
, (3.46)

σ− =

(
0 0
1 0

)
, σ+ =

(
0 1
0 0

)
.
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3.3.5 Non-global Extrema

What if Π0 has components both parallel and orthogonal to su(2)? are there other

local extrema? To answer this, consider fluctuations around a point of interest U(x) =

Ũ(x)U0 and expand Ũ = 1 + iΠ̃ + ..., where Π̃ = Π̃αTα and demand that the linear

term of ∆ in Π̃ fields vanish. We have

16 ∆ = −
3∑

i

Tr2
(

(1⊗ σi)ŨΠ0Ũ
†
)

= −
3∑

i

Tr2
(

(1⊗ σi)(Π0 + i[Π̃,Π0] + ...)
)

= −
3∑

i

(
Tr
(
(1⊗ σi)Π0

)
+ iTr

(
(1⊗ σi)[Π̃,Π0]

)
+ ...

)2
.

(3.47)

Demanding the linear term in Π̃ vanish becomes

0
!

=
3∑

i

Tr
(
(1⊗ σi)Π0

)
Tr
(

(1⊗ σi)[Π̃,Π0]
)
,

=⇒ 0
!

= Πi
0f

αβiΠ̃αΠβ
0 ,

(3.48)

where fαβγ are the structure constants in the basis of eq. (3.12). We need this to be

true for all possible Π̃x so that the condition for an extremum becomes

0
!

= fαβiΠβ
0Πi

0

= fxiαΠx
0Πi

0, x = 4, ..., 35
(3.49)

where the index x runs through all basis elements orthogonal to su(2) (so everything

except T i
2) and I have used that in the basis eq. (3.12) (as in the generalised Gell-Mann

basis) fαβγ is a totally antisymmetric tensor .

In conclusion we can think of decomposing a general Lie algebra vector Π0 into

its projection onto su(2), call it Π0,∥ = Πi
0T

i
2, and its orthogonal, Π0,⊥ = Πx

0T
x.

Π0 = Π0,∥ + Π0,⊥ , (3.50)

and an extremum of ∆ corresponds to a point satisfying

[Π0,∥,Π0,⊥] = 0 , (critical point) . (3.51)

Thus, non-trivial critical points are points on the conjugation orbit U0(13 ⊗ σ3)U †
0

with components satisfying this commutation.
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What is the most general Π0 to satisfy eq. (3.51)? Consider the most general Π0,∥

and Π0,⊥:

[Π0,∥,Π0,⊥] =

[
1√
3
13 ⊗ σi Πi

0,∥,
1√
3

(λa ⊗ 12)Πa
0,⊥ +

1√
2

(λa ⊗ σj)Πaj
0,⊥

]
(3.52)

∝ i(λa ⊗ σk)Πi
0,∥Π

ajϵijk
!

= 0 , (3.53)

so that the condition is Πaj !
= ℓaΠj

0,∥ and in summary the necessary form for a non-

trivial extremum is

Πe
0 =

(
1√
6
13 +

1

2
λ · ℓ

)
⊗ σ · Π0,∥ +

1

2
λ · k ⊗ 12 (3.54)

where Π0,∥ and ℓ, k are 3 and 8 dimensional vectors respectively. Both Π0,∥ and at

least one of ℓ, k must be non-zero for a non-trivial extremum. The question is whether

such a point can lie on the conjugation orbit of (13 ⊗ σ3), i.e. whether

U0(13 ⊗ σ3)U †
0

?
= Πe

0 for some U0. (3.55)

For now I will disregard k → 0 and discuss the more general case later. The answer

is then in the affirmative as I will show now. As is well known, an SU(6) matrix can

be written in Cayley-Hamilton form as U0 = a016 + iaαT
α.

Statement: A set of non-trivial extrema of ∆ correspond to U0 of the form

U0 =
1

2
16 + i

(
1√
6
13 +

1

2
λ · ℓ

)
⊗ (σ · π) (3.56)

with

(
1 + |ℓ|2

) |π|2
3

!
= 1, (3.57)

(
1√
6
ℓc +

1

4
ℓaℓbdabc

)
!

= 0, ∀ c = 1, ..., 8 (3.58)

π3 = 0 , (3.59)

where d is the totally antisymmetric SU(3) tensor, π is some 3−vector.

Proof: Consider U0 of the form

U0 = a016 + i

(
1√
6
13 +

1

2
λ · ℓ

)
⊗ (σ · π) . (3.60)

Firstly, for U0 to be indeed unitary we must have

U †
0U0 = a2016 +

(
1

6

(
1 + |ℓ|2

)
13 +

1√
6
ℓcλc +

1

4
ℓaℓbdabcλc

)
⊗ 12|π|2 !

= 16 (3.61)
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implying the conditions

(
1 + |ℓ|2

) |π|2
6

+ a20
!

= 1, (3.62)
(

1√
6
ℓc +

1

4
ℓaℓbdabc

)
!

= 0, ∀ c = 1, ..., 8 (3.63)

π3 = 0 . (3.64)

Then, consider the conjugation action of this U0

U0

(
13 ⊗ σ3

)
U †
0 = a20

(
13 ⊗ σ3

)
+ ia0

(
1√
6
13 +

1

2
λ · ℓ

)
⊗
[
(σ · π), σ3

]

+

(
1√
6
13 +

1

2
λ · ℓ

)2

︸ ︷︷ ︸
=(1+|ℓ|2)/6

⊗((σ · π)σ3(σ · π)) (3.65)

where in evaluating the underbrace I have applied the derived unitarity conditions.

Notice that the second term is something of the form of Πe
0 in eq. (3.54), so that we

would like for the first and final terms to cancel. Since πiπjσiσ3σj = 2π ·σπ3−|π|2σ3,

we see that the correct thing to do is to choose π3 = 0, so that we have

U0

(
13 ⊗ σ3

)
U †
0 =ia0

(
1√
6
13 +

1

2
λ · b

)
⊗
[
(σ · π), σ3

]
(3.66)

+

(
a20 −

(
1 + |b|2

) |π|2
6

)

︸ ︷︷ ︸
!
= 0

(
13 ⊗ σ3

)
(3.67)

=

(
1√
6
13 +

1

2
λ · b

)
⊗
[
(σ · π), σ3

]
, (3.68)

where we fixe the value of a0 to cancel. Thus I have proved the statement. Note the

choice of π3 = 0 would seem to imply that necessarily Π3
0,∥ = 0 in eq. (3.54) but a

completely arbitrary Π0,∥ can be reached via an extra SU(2) conjugation.

End of Proof

All 8 equations of eq. (3.58) are listed in fig. 3.6(a). This set of eight (quadratic)

equations in eight unknowns have non-trivial solutions. Notice that the existence of

the dabc tensor is crucial for this to happen. For the 2 generation case where λ → σ

such a term does not exists and one can immediately see that it is impossible to have

a non-global extremum. I do not include the explicit solutions here because all these

critical points turn out to be saddles, as will be argued in the following section.

It will be important to note that all solutions of eq. (3.58)have the same modulus,

given that

ℓc
!

= −
√

6

4
ℓaℓbdabc (3.69)
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(a) Necessary conditions for an extremum.
Alternatively, also ℓa → −ℓa, which can give
different solutions.

(b) Necessary (but not sufficient) conditions
for a minimum

Figure 3.6: Conditions on critical points.

=⇒ |ℓ|2 !
=

3

8

(
ℓaℓbdabc

) (
ℓa

′
ℓb

′
da

′b′c
)

=
3

8

1

3
|ℓ|4 =⇒ |ℓ|2 !

= 8 (3.70)

where I have made use of identities for the contractions of the d tensor given in [109].

3.3.6 Stability of Critical Points

To explore the stability of the critical points given by the different solutions to

eq. (3.58) we must go back to ∆ with U = ŨU0 again, expand and keep terms

second order in Π̃ fields. Thus one can obtain the requirement for a local minimum

to be

−
[
Πe

0,∥, Π̃
]aj [

Πe
0, Π̃
]aj

+
[
Πe

0,⊥, Π̃
]i [

Πe
0, Π̃
]i

≥ 0 , ∀ Π̃ = Π̃αTα , (3.71)

where as usual i = 1, 2, 3 run over su(2) subalgebra indices and aj runs through all

λ ⊗ σ basis vectors. By inspection, the components Π̃i and Π̃a don’t appear in the

final result, cancelling out. One can thus focus on Π̃ = Π̃ajλa ⊗ σj. For simplicity let

us consider each direction one at a time and obtain a necessary though not totally

sufficient set of conditions for a minimum.

Requiring stability along a single λa ⊗ σj direction gives

− Tr
([

Π0,∥, (λ
a ⊗ σj)

]
(λb ⊗ σk)

)
Tr
([

Π0, (λ
a ⊗ σj)

]
(λb ⊗ σk)

)

+ Tr
([

Π0,⊥, (λ
a ⊗ σj)

]
(13 ⊗ σk)

)
Tr
([

Π0, (λ
a ⊗ σj)

]
(13 ⊗ σk)

)

= 4
(
|Π0,∥|2 − (Πj

0,∥)
2
)(

1 − (ℓa)2 +

√
3

2
ℓbdbaa

)
!

≥ 0 ∀ a = 1, ..., 8 and j = 1, 2, 3.
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where only over-lined indices are summed over and I have skipped various steps

evaluating. The prefactor is never negative. So the constraint is on the ℓa and

all 8 inequalities are listed in fig. 3.6(b). For example, the simplest a = 8 gives

−
√

2 ≤ ℓ8 < 1√
2
. Notice that summing up the entire column of inequalities gives

∑

a

(
1 − (ℓa)2 +

√
3

2
ℓbdbaa

)
= 8 − (ℓa)2

!

≥ 0 (3.72)

but we had shown in eq. (3.70) that ℓaℓa = 8 at a non-trivial extremum. Therefore in

general, in order to sum to zero some of the expressions in fig. 3.6(b) will be negative

(implying negative curvature) and others positive (positive curvature). The only way

for there to be no negative mass terms is if all expressions in fig. 3.6(b) are exactly

zero, corresponding to a point where every single basis vector direction is flat to

second order. By inspection, such a point does not exist.

3.3.7 The full conjugation orbit of (1⊗ σ3)

In the previous section we found that the extrema with k = 0 identified in section 3.3.5

are all saddle points. It remains to be conclusively proven whether there exist any

extrema with k ̸= 0 and their stability, which I will leave for future work. I will

comment however on a necessary feature of such a solution, if it exists.

Consider a general SU(6) matrix in the form

U = a16 + it{x}T {x} ≡ a16 + ti(13 ⊗ σi) + ta(λa ⊗ 12) + tai(λa ⊗ σi), (3.73)

with 36 variables a, ti, ta, tbj, and i, j = 1, 2, 3 and a, b = 1, ..., 8 as usual. I have

absorbed the normalisation factors of the basis vectors of eq. (3.12) in the variables

for simplicity. Unitarity of U requires8

U †U
!

= 16

=⇒ a2 + titi +
2

3
tata +

2

3
taitai

!
= 1 , (3.74)

tatai
!

= 0 , (3.75)

tatbdabc + taitbidabc + 2titci
!

= 0 , (3.76)

2titc + 2tatbidabc − tajtbkfabcϵjki
!

= 0 . (3.77)

8You might ask, how is this compatible with there being 35 d.o.f. The answer is these are not
real d.o.f.
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Notice for initial simplicity I have taken all coefficients to be real. Applying this most

general conjugation now to our starting element

U †(13 ⊗ σ3)U = a2(13 ⊗ σ3) − 2a
(
ti13 + taiλa

)
⊗ σkϵi3k

+ 13 ⊗ (2t3tiσi − titiσ3)

+

(
2

3
tata + tatb(dabc + ifabc)λc

)
⊗ σ3

+

(
2

3
δab13 + dabcλc

)
⊗ (2taiσitb3 − taitbiσ3)

+ 2λa ⊗ (t3tajσj + ta3tiσi − titaiσ3) − 2tatbjfabcϵ3jkλc ⊗ σk

+ 2fabctaitbjϵij3λc ⊗ 12 ,

where the d and f tensors are the fully symmetric and antisymmetric tensors of SU(3)

respectively. The last term is the only one proportional to the su(3) subalgebra and

its coefficient is thus the only way to generate ka in eq. (3.54). This is only non-zero

if tai cannot be written as the direct product of two vectors.

3.3.8 Discussion and Future Work

The theory of the SM at large positive Higgs mass has clearly a rich and complicated

structure. In this thesis I have focused on the strongest dynamics, namely that of the

confining SU(3)c sector, treating the EW gauge interactions as a perturbation on top.

The ensuing potential for pNGBs from integrating out gauge bosons is non-trivial. I

have made significant progress in studying the full potential at one loop. At present

I do not find meta-stable states in this theory but I am far from ruling out their

presence either and future work will be able to establish the truth.

As argued in section 3.3.3, the calculable extremum points of the potential are

the extrema of ∆ defined in eq. (3.7). Although it is likely that I have classified all

critical points, this statement requires a definitive proof.

Going beyond the analysis of this thesis, two main ingredients were ignored: the

leptons and lingering effects from the massive Higgs. In the first approximation of

a completely decoupled Higgs the leptons remain massless all the way down to the

IR. They thus contribute at all orders to the running of the electromagnetic coupling

which runs to zero at the U(1)em preserving locus of vacua of eq. (3.42). It is unlikely

that this effect qualitatively changes the potential away from this locus as the photon

is massive and no logarithmic running of the U(1)em coupling occurs below the photon

mass.
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Second, as mentioned already, the leading IR effects of the Higgs are felt through

four-Fermi operators. The Yukawa matrices break all remaining symmetries so no

flat pNGB direction will survive - apart from those fictitious directions eaten by the

gauge bosons - and the vacua go from loci to a single point. Treated as the weakest

perturbation, it remains to compute this degeneracy-lifting effect on the vacuum

locus of eq. (3.42).9 This results in a very rich potential of maximum height of order

y2t Λ′6
QCD/m

2
H for the 16 previous exactly flat physical field directions on this locus.

The details of this potential and its critical points is the subject of future work.

9After integrating out the Higgs, the coefficients of the four Fermi operators will change by
renormalisation group flow, dominantly by SU(3)c interactions. But due to the SU(3)5g inter-
generational symmetry of the SM gauge interactions acting on the SM matter the structure of the
relevant flavour spurions remains set by the Yukawa couplings.
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Chapter 4

Reflections on Bubble Walls

4.1 Introduction

Cosmological phase transitions in the early Universe that proceed via nucleation of

bubbles are a well-motivated possibility in minimal extensions of the Standard Model,

as well as in more general scenarios featuring hidden sectors with their own dynamics.

Such first order transitions result in the emission of gravitational radiation [23, 110–

113] that current and future observatories may be able to detect in the form of a

stochastic background of gravitational waves (see e.g. [114, 115] for reviews). An

observation of this kind would provide unambiguous evidence for the existence of

degrees of freedom beyond the Standard Model. This has spurred significant interest

in the gravitational wave signatures of hidden sectors in recent times [41,42,116–124].

Despite the abundance of particle physics models susceptible of undergoing an

out-of-equilibrium transition, our ability to make use of the resulting gravitational

wave signal to extract information about the relevant dynamics is extremely limited.

The most revealing features concern the frequency peak of the stochastic background,

as well as its spectral shape at high frequencies. The former determines the epoch at

which the transition takes place, whereas the latter contains information about the

dominant source of gravitational radiation. For example, if most of the energy released

during the transition goes into accelerating the bubble walls (as in vacuum [125]),

these become relativistic and continue to expand at ever-increasing velocities. In this

case, collisions of these “run-away” bubbles constitute the main source of gravitational

waves, and the resulting signal falls off as f−1 at high frequencies [126]. Alternatively,

pressure on the bubble walls due to particles in the thermal plasma may cause the

expanding walls to reach a terminal speed. In this case, most of the latent heat gets

damped instead into the thermal fluid, and it is its subsequent motion that provides

the dominant source of gravitational radiation [39]. The high-frequency fall-off of the
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stochastic background is steeper, e.g. decreasing as f−4 for radiation sourced by sound

waves [127–130]. On the other hand, assuming radiation-domination at the time of

gravitational wave production, causal propagation restricts the low frequency shape of

the spectrum to grow as f 3, independently of the dominant production channel [131].1

Understanding the dynamics of expanding bubble walls in the early Universe is

clearly crucial to determine both quantitative and qualitative features of the resulting

gravitational wave signal. But given the intrinsic degeneracy present in any stochas-

tic background, it is equally important to explore alternative probes of the relevant

dynamics. For example, the upcoming LISA experiment will be sensitive to phase

transitions at electroweak to multi-TeV scale temperatures, probing the nature of

the electroweak phase transition and potentially shedding light on the dynamics be-

hind baryogenesis and electroweak symmetry breaking. In this range of energies, the

complementarity between LISA and current and future colliders will no doubt be

key in furthering our understanding of physics at and around the weak scale (see

e.g. [114, 115, 135, 136] for reviews and references). Beyond (and below) the elec-

troweak scale, phase transitions within hidden sectors may occur at virtually any

temperature, and the corresponding stochastic background could fall anywhere from

the low frequency range of PTA observatories [137,138] (10−9− 10−7 Hz), to the high

frequencies probed by LIGO (10 − 103 Hz), and beyond. However, vacuum bubbles

nucleated in hidden sector transitions may feature very different dynamics to those

linked to the weak scale, and the relevant degrees of freedom may be inaccessible

at laboratory experiments. Our work is motivated by the goal to more broadly un-

derstand the potential behavior of expanding bubbles in the early Universe, as well

as to identify alternative predictions that may accompany an observable stochastic

background of gravitational waves.

In a first order phase transition, bubbles of true vacuum are nucleated at rest, and

begin to expand fueled by the difference in free energy densities at either side of the

interface. In vacuum, the velocity of the bubble walls evolves according to [125]

d|v⃗|
dt

=
1

γ3R0

∝ 1

γ3
∆V

σ
, (4.1)

with γ = 1/
√

1 − v⃗ 2 the usual Lorentz γ-factor, R0 ∝ σ/∆V the critical bubble

radius, and where ∆V and σ refer to the difference in vacuum energy densities and

surface tension of the bubble wall. In reality, bubbles do not expand against a sea of

1More generally, the low-frequency shape of the stochastic background depends on the equation
of state [132,133] and on the existence of free-streaming particles [133,134], and could thus provide
non-trivial information about the Universe at early times.
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false vacuum, but rather within a non-trivial environment that in the early Universe

must include the Standard Model plasma as well as, potentially, other ingredients

such as dark matter. As the bubble wall speed grows, friction from the surrounding

environment can exert a pressure on the interface that opposes the expansion of the

bubble walls. Their evolution can still be written as in eq. (4.1), after the replacement

[139,140]:

∆V → ∆V − P , (4.2)

where P refers to the frictional pressure resulting from the interaction between the

interface and the surrounding medium, and is in general dependent on the speed of

the bubble wall.

Two qualitatively different scenarios are thus possible. If ∆V ≫ P during the

entire evolution of the bubble walls, these effectively behave as if they were in vacuum

and most of the energy released as the bubbles grow goes into accelerating the ex-

panding interface. The walls then “run away” – that is, they continue to expand with

ever increasing velocities. Alternatively, if P grows large enough so as to neutralize

the difference in vacuum energies, ∆V = P , the bubble walls reach an equilibrium

regime of constant speed. Once in equilibrium, the fraction of the total energy that

becomes localized on the interface quickly becomes tiny. Instead, most of the energy

gets damped into whatever sector of the surrounding environment is responsible for

halting the acceleration of the bubble walls. Calculating the pressure experienced by

bubble walls as they expand is a classic problem [139–144] that has received renewed

attention in recent times [38,39,145–154].

Within a thermal plasma, particles with phase-dependent mass create a pressure

on the expanding walls that asymptotes to a constant P∞ ∼ ∆m2T 2 in the ultra-

relativistic limit 2, independently of the type of particle [145]. An additional source

of friction may be present if the spectrum contains gauge bosons, of the form P∞ ∼
γg2∆mvT

3, with g the relevant gauge coupling and ∆mv the change in the mass of

the gauge boson at either side of the bubble wall [147, 148, 152]. This effect has its

origin in the transition radiation emitted by charged particles as they cross the wall

and its γ-dependence can easily render it the most significant source of friction on

fast expanding bubbles. Indeed, if the electroweak phase transition were first order,

transition radiation would likely cause the bubble walls to reach an equilibrium γ-

factor as low as γeq = O(10) [147].

2The ultra-relativistic limit refers to the kinematic regime where the energy of the incident par-
ticles in the rest frame of the bubble wall is the largest energy scale. Alternatively, this corresponds
to the limit γ → ∞ for the γ-factor of the bubble wall.
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A crucial aspect of all sources of friction known so far is that the corresponding

pressure is a monotonically increasing function of the wall speed. As put forward

in [145, 147], this allows for a simple criterion to determine whether bubble walls

during a cosmological phase transition become run-away, by comparing the pressure

in the ultra-relativistic limit, P∞, to the difference in vacuum energy density across

the wall:

Run-away criterion: ∆V > P∞ [145,147] . (4.3)

In this article, we discuss a new physical effect that can qualitatively alter the

dynamics of bubble walls during a cosmological phase transition. Namely, the exis-

tence of a transient relativistic regime characterized by an approximately constant

reflection probability of longitudinal massive vectors off an expanding interface. Ef-

fectively, the wall behaves temporarily like an imperfect mirror that reflects a fraction

of longitudinal – but not transverse – modes. Two conditions need to be satisfied for

this regime to be accessible: (i) that the expansion of the bubble walls takes place

against a population of massive vectors whose mass changes across the interface; and

(ii) that the expanding walls are sufficiently “thin”. By thin, we mean that the wall

thickness (in the rest frame of the bubble wall) be much smaller than the Compton

wavelength of the massive vector, i.e.

L≪ m−1 . (4.4)

In this case, the regime of constant longitudinal reflection corresponds to Lorentz

γ-factors in the range

1 ≪ γ ≪ (Lm)−1 , (4.5)

ending when γ is so large that the Lorentz-contracted Compton wavelength of the

dark photon becomes smaller than the wall thickness. We will refer to this kinematic

regime as the region of “inter-relativistic” motion. Eq.(4.4) ensures that (Lm)−1 ≫
1, and that this regime is indeed accessible during the evolution of the expanding

bubbles. Once γ becomes ≫ (Lm)−1, reflection probabilities for all polarizations die

off exponentially – a well-known feature of the ultra-relativistic limit.

Most notably, the effect described above leads to an additional source of friction on

expanding bubble walls. Unlike previously known cases, the corresponding pressure

features a characteristic non-monotonic dependence on the relevant γ-factor, reaching

a maximum at γ ∼ (Lm)−1 before turning-off at larger values. In (superficial) analogy

with the behavior of spacecraft shortly after launch, we will refer to this pressure peak
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as Maximum Dynamic Pressure. Its existence can make it much harder for bubble

walls to become run-away than previously believed, and we will show that eq. (4.3)

can be qualitatively misleading in phase transitions where the bubble walls expand

against an existing population of phase-dependent massive dark photons.

This article is dedicated to deriving the claims made in the previous two para-

graphs, as well as illustrating some of their phenomenological consequences. We will

refer to the temperature of the Standard Model plasma at the epoch of the phase

transition as T∗, and denote the phase transition strength via the usual dimensionless

quantity [114,115]:

α ≡ ∆V

ρSM(T∗)
=

∆V
π2

30
g∗(T∗)T 4

∗
. (4.6)

We will focus on bubble walls that expand against a population of cold and non-

interacting dark photons. Despite its simplicity, this system will be relevant in some

physically interesting cases, such as when the dark photons furnish the dark mat-

ter [155–160] – a well-motivated benchmark that we often refer to throughout this

work. When the bubble walls reach an equilibrium regime as a result of longitudinal

reflections, the fraction of the total energy that goes into accelerating the bubble walls

becomes increasingly small. Instead, most of the available energy goes into making

the reflected dark photons relativistic, turning them into dark radiation. If the dark

radiation remains relativistic until late times, an observable contribution to ∆Neff is

possible. In particular, current bounds on ∆Neff could probe phase transitions with

strength α ≳ 10−1, whereas CMB S-4 measurements could be sensitive to scenarios

down to α ∼ 10−2 for all relevant frequencies.

Extensions of the Standard Model featuring massive vectors are popular both

because of their minimality as well as their potential to furnish the dark matter, with

a variety of production mechanisms spanning a wide mass range [157–160]. Before

we move on, let us summarize why the existence of massive dark photons whose

mass changes in the course of our cosmological history is not only a well-motivated

possibility, but may be an unavoidable feature in a wide class of models. At the

renormalizable level, the physical system that we focus on is described by a lagrangian

of the form

L ⊃ 1

2
(∂µϕ)2 − V (ϕ) − 1

4
FµνF

µν +
1

2
m2VµV

µ , (4.7)

where ϕ is a real scalar field and Vµ is the massive dark photon. By assumption, the

potential for ϕ features two non-degenerate vacua such that the scalar sector under-

goes a phase transition in the early Universe. Without loss of generality (WLOG) we

take the false and the true vacuum to lie at ⟨ϕ⟩ = 0 and ⟨ϕ⟩ = v. V (ϕ) may be a finite
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temperature effective potential, or it may be a zero-temperature potential in which

case the transition proceeds via quantum tunneling. If the scalar sector is in thermal

equilibrium with the Standard Model then T∗ ∼ v, whereas T∗ ≪ v is possible if the

transition is ‘super-cooled’, or if ϕ belongs in a hidden sector that is decoupled from

the thermal plasma. At nucleation, the thickness of the bubble walls is determined

by the features of the scalar potential, and typically L ∼ (
√
λ v)−1, with λ the typical

quartic coupling in V (ϕ). The size of the dimensionless combination T∗L will have a

quantitative effect on our results, as we will discuss when relevant.

At the level of eq. (4.7), the scalar and dark photon sectors are fully decoupled.

Beyond the renormalizable terms of eq. (4.7), this need not remain true. For example,

the following operator

L ⊃ κ

2
ϕ2V µVµ , (4.8)

leads to an additional contribution to the vector mass in the true vacuum, of the form

∆m2 = κv2. As the scalar vev ‘turns on’ in the early Universe the dark photon mass

will shift accordingly. Of course, the scalar field may be complex instead of real, which

can be trivially accommodated by writing |ϕ|2 instead. Indeed, an effective interaction

∝ |H|2V µVµ, with H the Standard Model Higgs doublet, would lead to a shift in the

dark photon mass before and after the electroweak phase transition. We emphasize

that eq. (4.8) cannot be forbidden on the basis of symmetry, and its manifest lack of

gauge redundancy is a moot point given that the theory under consideration already

contains a mass for V µ. Legalistically, one might object to eq. (4.8) on the basis that it

differs from a Stückelberg mass, 1
2
m2V µVµ, in that the former is not a renormalizable

interaction and demands UV-completion. However, upholding the laws of effective

field theory, we have no choice but to overrule this objection. Accepting the existence

of a finite cutoff in our description of nature, a theory with a massive dark photon and

scalar degrees of freedom will in general feature effective interactions as in eq. (4.8).

Indeed, a non-zero κ in eq. (4.8) sets an upper bound on the scale of UV comple-

tion. Provided that the term in eq. (4.8) only accounts for a subleading contribution

to the overall mass of the dark photon in the true vacuum (∆m2 ≪ m2), the upper

bound on the UV cutoff can be conveniently written as [161]

Λ ≲
4πv√

∆m2/m2
. (4.9)

Here, we indeed focus on cases where the change in the dark photon mass is tiny.

This allows for a separation between the scale of the phase transition, v, and the UV

cutoff, allowing us to neglect the effect of heavy degrees of freedom on the dynamics
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of the phase transition and focus instead on the consequences of non-zero ∆m2 on

the evolution of the bubble walls. As we will see, even when ∆m2/m2 ≪ 1, the

implications for the evolution of cosmological vacuum bubbles can be significant.3

An important comment before we proceed. As made clear in the preceding para-

graph, the content of this paper is only relevant in the presence of vector bosons that

are massive at either side of the bubble wall. Our results therefore do not affect the

pressure created by massless gauge bosons that gain a mass as they cross the wall,

and so we have nothing to add to e.g. the pressure created by W and Z bosons during

a first order electroweak phase transition.

The rest of this paper is organized as follows. We begin in section 4.2 with

a summary of the physical set-up that we will focus on in the remainder of this

manuscript. In section 4.3, we present our calculation of the reflection probability for

phase-dependent massive vectors. Fig. 4.2 illustrates the main result of this section:

the existence of a transient relativistic regime characterized by an approximately

constant reflection probability of longitudinally polarized dark photons. Section 4.4

focuses on fleshing out the consequences of our results for the evolution of bubble

walls in the early Universe, including the existence of a Maximum Dynamic Pressure

in section 4.4.1, as well as a self-consistent determination of the equilibrium γ-factor

when this pressure is large enough to halt the acceleration of the bubble walls in

section 4.4.2. The fate of the reflected dark photons depends sensitively on a variety

of considerations, most notably on whether the sector undergoing the phase transition

is hot or cold, as we discuss in section 4.4.3. We summarize our conclusions in section

4.7, and a number of appendices supplement the discussion in the main text.

4.2 Set-up

The rest of this article is dedicated to calculating the pressure on an expanding bubble

wall due to an existing population of phase-dependent massive dark photons and to

discussing the implications of our results. With this goal, we consider an expanding

planar interface, representing a portion of a sufficiently large bubble wall, moving with

local velocity v⃗ and corresponding γ-factor γ ≡ 1/
√

1 − v⃗ 2. The wall is not expanding

in vacuum, but rather against a population of cold and non-interacting massive vector

bosons with number density nV . WLOG, we take the velocity of the bubble wall in the

rest frame of the dark photons to be along the negative z-axis, v⃗ = −|v⃗|ẑ. At leading

3Although most of our subsequent discussion will proceed within the effective theory defined in
eq. (4.7)-4.8, we discuss in section 4.5.1 how this effective description can arise from a UV-complete
model.
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order, to compute the pressure on the wall we need the momentum transfer from

particles that either reflect or transmit across the interface. Our assumption that

the dark photon sector is non self-interacting allows us to consider the individual

interactions of particles with the wall, although this approach is more generally valid

whenever the relevant mean free path exceeds the wall thickness.

Like previous work focused on computing pressure on expanding bubbles, we find

it convenient to work in the rest frame of the interface. In this frame, the scalar

order parameter characterizing the transition varies only as a function of the spatial

coordinates, which in our convention will be along the z-axis. A dark photon wind

moving from the false to the true vacuum hits the bubble wall with velocity −v⃗ = |v⃗|ẑ.

All particles hit the interface at normal incidence and there are no particles traveling

in the opposite direction – both observations follow from our assumption that the

dark photon sector is cold 4. This set-up is depicted in fig. 4.1.
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<latexit sha1_base64="VMDQk67GLoabz7AbvcvYb4VRwIE=">AAACA3icbVC7SgNBFJ31GeMraqfNYBRiE3YloHYBG8sI5gFJCLOTm2TI7Owyc1cMS8DGX7GxUMTWn7Dzb5wkW2jigYHDOfdw5x4/ksKg6347S8srq2vrmY3s5tb2zm5ub79mwlhzqPJQhrrhMwNSKKiiQAmNSAMLfAl1f3g98ev3oI0I1R2OImgHrK9ET3CGVurkDlsID5gUhDKiCxQHQP3Yt+mzcSeXd4vuFHSReCnJkxSVTu6r1Q15HIBCLpkxTc+NsJ0wjYJLGGdbsYGI8SHrQ9NSxQIw7WR6w5ieWqVLe6G2TyGdqr8TCQuMGQW+nQwYDsy8NxH/85ox9i7biVBRjKD4bFEvlhRDOimEdoUGjnJkCeNa2L9SPmCacbS1ZW0J3vzJi6R2XvRKxavbUr58ktaRIUfkmBSIRy5ImdyQCqkSTh7JM3klb86T8+K8Ox+z0SUnzRyQP3A+fwCj55dw</latexit>

(outside the bubble)

<latexit sha1_base64="qOX03LyuAzU2ff0vnlKL9/tIka4=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBRiE3YloHYBG8sI5gHJEmYnN8mQ2Qczd8WwpLDxV2wsFLH1I+z8GyfJFpp4YOBwzj3cucePpdDoON/Wyura+sZmbiu/vbO7t28fHDZ0lCgOdR7JSLV8pkGKEOooUEIrVsACX0LTH11P/eY9KC2i8A7HMXgBG4SiLzhDI3XtQgfhAdNSlKAWPaA4BOonvomfTbp20Sk7M9Bl4makSDLUuvZXpxfxJIAQuWRat10nRi9lCgWXMMl3Eg0x4yM2gLahIQtAe+nsiAk9NUqP9iNlXoh0pv5OpCzQehz4ZjJgONSL3lT8z2sn2L/0UhHGCULI54v6iaQY0WkjtCcUcJRjQxhXwvyV8iFTjKPpLW9KcBdPXiaN87JbKV/dVorVk6yOHCmQY1IiLrkgVXJDaqROOHkkz+SVvFlP1ov1bn3MR1esLHNE/sD6/AGY7pf7</latexit>

false vacuum

<latexit sha1_base64="nW/B6MoUKENRL62/jRmyNtjOI8o=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg1HwFHYloN4CXjxGMA9IQpid9CZDZh/M9AaXJf6KFw+KePVDvPk3TpI9aGJBQ1HVTXeXF0uh0XG+rbX1jc2t7cJOcXdv/+DQPjpu6ihRHBo8kpFqe0yDFCE0UKCEdqyABZ6Elje+nfmtCSgtovAB0xh6ARuGwhecoZH6dqmL8IiZz6QGOmE8SYJp3y47FWcOukrcnJRJjnrf/uoOIp4EECKXTOuO68TYy5hCwSVMi91EQ8z4mA2hY2jIAtC9bH78lJ4bZUD9SJkKkc7V3xMZC7ROA890BgxHetmbif95nQT9614mwjhBCPlikZ9IihGdJUEHQgFHmRrCuBLmVspHTDGOJq+iCcFdfnmVNC8rbrVyc18t187yOArkhJySC+KSK1Ijd6ROGoSTlDyTV/JmPVkv1rv1sWhds/KZEvkD6/MHYpeVLA==</latexit>

true vacuum

<latexit sha1_base64="y/vwl46h/NDmnJ5bCBXCUlhWH14=">AAAB+3icbVDLSgNBEJyNrxhfMR69DEbBU9iVgHoLePEYwcRAsoTZSW8yZPbBTE9IWPIrXjwo4tUf8ebfOHkcNLGgoajqprsrSKXQ6LrfTm5jc2t7J79b2Ns/ODwqHpeaOjGKQ4MnMlGtgGmQIoYGCpTQShWwKJDwFAzvZv7TCJQWSfyIkxT8iPVjEQrO0ErdYqmDMMYMlQE6YtyYaNotlt2KOwddJ96SlMkS9W7xq9NLuIkgRi6Z1m3PTdHPmELBJUwLHaMhZXzI+tC2NGYRaD+b3z6lF1bp0TBRtmKkc/X3RMYirSdRYDsjhgO96s3E/7y2wfDGz0ScGoSYLxaFRlJM6CwI2hMKOMqJJYwrYW+lfMAU42jjKtgQvNWX10nzquJVK7cP1XLtfBlHnpySM3JJPHJNauSe1EmDcDImz+SVvDlT58V5dz4WrTlnOXNC/sD5/AHFcpTX</latexit>

z

<latexit sha1_base64="2QaxYJwy+u0JHkufwJvrJ5purUI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBqPgKexKQL0FvHhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcm6VPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5pl4pVc+yOPJwAqdwAR5cQRXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+QbjOw=</latexit>

incident

<latexit sha1_base64="HVmtVH8PTPXI0D1jzUMYrRxfpOY=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAKnsKuBNRbwIvHCOYByRJmZ2eTIbMPZnrFGPIlXjwo4tVP8ebfOEn2oIkFA0VVF9NdfiqFRsf5tgpr6xubW8Xt0s7u3n7ZPjhs6SRTjDdZIhPV8anmUsS8iQIl76SK08iXvO2PbmZ++4ErLZL4Hscp9yI6iEUoGEUj9e1yD/kjTkTMRMBjnPbtilN15iCrxM1JBXI0+vZXL0hYFpkwk1Trruuk6E2oQsEkn5Z6meYpZSM64F1DYxpx7U3mi0/JmVECEibKvBjJXP2dmNBI63Hkm8mI4lAvezPxP6+bYXjlmavSDHnMFh+FmSSYkFkLJBCKM5RjQyhTwuxK2JAqytB0VTIluMsnr5LWRdWtVa/vapX6aV5HEY7hBM7BhUuowy00oAkMMniGV3iznqwX6936WIwWrDxzBH9gff4AiUmTlg==</latexit>

reflected

<latexit sha1_base64="mNrDDUAC8om4b8ZPrQA3b0dkpxM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BKvgqSRSUG8FLx4r2FpoQ9lsJu3SzSbsTool9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QSq4Rtf9tkpr6xubW+Xtys7u3v6BfXjU1kmmGLRYIhLVCagGwSW0kKOATqqAxoGAx2B0O/Mfx6A0T+QDTlLwYzqQPOKMopH6tt1DeMJcQSSAIYTTvl11a+4czirxClIlBZp9+6sXJiyLQSITVOuu56bo51QhZwKmlV6mIaVsRAfQNVTSGLSfzy+fOudGCZ0oUaYkOnP190ROY60ncWA6Y4pDvezNxP+8bobRtZ9zmWYIki0WRZlwMHFmMTghV+ZfMTGEMsXNrQ4bUkVNBkpXTAje8surpH1Z8+q1m/t6tXFWxFEmJ+SUXBCPXJEGuSNN0iKMjMkzeSVvVm69WO/Wx6K1ZBUzx+QPrM8fRmaUAA==</latexit>

transmitted

<latexit sha1_base64="si7EC05N1A/JjcJuvTqglnieGZ4=">AAAB+3icbVBNS8NAEN3Ur1q/aj16CVbBU0mkoN4KXjxWsB/QhrLZTNqlm03YnUhLyF/x4kERr/4Rb/4btx8HbX0w8Hhvhpl5fiK4Rsf5tgobm1vbO8Xd0t7+weFR+bjS1nGqGLRYLGLV9akGwSW0kKOAbqKARr6Ajj++m/mdJ1Cax/IRpwl4ER1KHnJG0UiDcqWPMMEMFZU64ogQ5INy1ak5c9jrxF2SKlmiOSh/9YOYpRFIZIJq3XOdBL2MKuRMQF7qpxoSysZ0CD1DJY1Ae9n89ty+MEpgh7EyJdGeq78nMhppPY180xlRHOlVbyb+5/VSDG+8jMskRZBssShMhY2xPQvCDrgChmJqCGWKm1ttNqKKMjRxlUwI7urL66R9VXPrtduHerVxvoyjSE7JGbkkLrkmDXJPmqRFGJmQZ/JK3qzcerHerY9Fa8FazpyQP7A+fwAlXJUV</latexit>

{

<latexit sha1_base64="rLBsHNlYq5ZiPn/7t3Ux1UOfGik=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQy/rlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dknOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqserXqzX2tUj/L4yjCCZzCBXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH5ZejVM=</latexit>

⇠ L

<latexit sha1_base64="hclRqgkpcyoms2TxmBPCW4Pe6E8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0JqLeAFw8eIpgHJEuYncwmY+axzMwKYck/ePGgiFf/x5t/4yTZgyYWNBRV3XR3RQlnxvr+t7eyura+sVnYKm7v7O7tlw4Om0almtAGUVzpdoQN5UzShmWW03aiKRYRp61odDP1W09UG6bkgx0nNBR4IFnMCLZOanYNE+iuVyr7FX8GtEyCnJQhR71X+ur2FUkFlZZwbEwn8BMbZlhbRjidFLupoQkmIzygHUclFtSE2ezaCTpzSh/FSruSFs3U3xMZFsaMReQ6BbZDs+hNxf+8TmrjqzBjMkktlWS+KE45sgpNX0d9pimxfOwIJpq5WxEZYo2JdQEVXQjB4svLpHlRCaqV6/tquXaax1GAYziBcwjgEmpwC3VoAIFHeIZXePOU9+K9ex/z1hUvnzmCP/A+fwALiI61</latexit>

<latexit sha1_base64="EvAIO9oTEzm987eLb7cskyj5AeM="></latexit>

|~k(z)| ! kz ⌘
p

!2 � m2

<latexit sha1_base64="LxbtZLz9JlaKojR/EIIV5bwEDbM=">AAACAnicbVDLSgMxFM34rPU16krcBKtQN2WmFHVZcOOygn1AOx0yaaYNTTJDklHqUNz4K25cKOLWr3Dn35i2s9DWAxcO59zLvfcEMaNKO863tbS8srq2ntvIb25t7+zae/sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPh1cRv3hGpaCRu9SgmHkd9QUOKkTaSbx9yv9Etw+LDGexI2h9oJGV0D3m37NsFp+RMAReJm5ECyFDz7a9OL8IJJ0JjhpRqu06svRRJTTEj43wnUSRGeIj6pG2oQJwoL52+MIanRunBMJKmhIZT9fdEirhSIx6YTo70QM17E/E/r53o8NJLqYgTTQSeLQoTBnUEJ3nAHpUEazYyBGFJza0QD5BEWJvU8iYEd/7lRdIol9zzUuWmUqieZHHkwBE4BkXgggtQBdegBuoAg0fwDF7Bm/VkvVjv1sesdcnKZg7AH1ifP15slg8=</latexit>

m2
V (z) ! m2
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<latexit sha1_base64="1K+LKnXbBZ08ZXwwD5ZRqdW4TOE=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMeAF48RzAM2S5idzCZD5rHM9IphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bK62tb2xulbcrO7t7+wfVw6O21ZmhrEW10KYbE8sEV6wFHATrpoYRGQvWice3M7/zyIzlWj3AJGWRJEPFE04JOCns94A9QS65mvarNb/uz4FXSVCQGirQ7Fe/egNNM8kUUEGsDQM/hSgnBjgVbFrpZZalhI7JkIWOKiKZjfL5yVN85pQBTrRxpQDP1d8TOZHWTmTsOiWBkV32ZuJ/XphBchPlXKUZMEUXi5JMYNB49j8ecMMoiIkjhBrubsV0RAyh4FKquBCC5ZdXSfuiHlzVL+8vaw1cxFFGJ+gUnaMAXaMGukNN1EIUafSMXtGbB96L9+59LFpLXjFzjP7A+/wB3pORiw==</latexit>

min<latexit sha1_base64="yNQV0kEZ6gBhFuIzeXVRwyHfF1U=">AAACGXicbVDLSgMxFM34rPVVdekmWIQKWmdKUTdCQRcuK9gHdKYlk6ZtaOZhckcoQ3/Djb/ixoUiLnXl35hpZ6GtJw8O59xLco8bCq7ANL+NhcWl5ZXVzFp2fWNzazu3s1tXQSQpq9FABLLpEsUE91kNOAjWDCUjnitYwx1eJX7jgUnFA/8ORiFzPNL3eY9TAlrq5Exb3UuIC/Y1E0Cw1y7h0+Q+wvZ0HSd7jC+xZbbjE2vcyeXNojkBnidWSvIoRbWT+7S7AY085gMVRKmWZYbgxEQCp4KNs3akWEjokPRZS1OfeEw58WSyMT7UShf3AqmPD3ii/u6IiafUyHN1pUdgoGa9RPzPa0XQu3Bi7ocRMJ9OH+pFAkOAk5hwl0tGQYw0IVRy/VdMB0QSCjrMrA7Bmh15ntRLReusWL4t5ys4jSOD9tEBKiALnaMKukFVVEMUPaJn9IrejCfjxXg3PqalC0bas4f+wPj6AZgXnCY=</latexit>p
(�m2/m

2) = 10
�1

<latexit sha1_base64="1K+LKnXbBZ08ZXwwD5ZRqdW4TOE=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMeAF48RzAM2S5idzCZD5rHM9IphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bK62tb2xulbcrO7t7+wfVw6O21ZmhrEW10KYbE8sEV6wFHATrpoYRGQvWice3M7/zyIzlWj3AJGWRJEPFE04JOCns94A9QS65mvarNb/uz4FXSVCQGirQ7Fe/egNNM8kUUEGsDQM/hSgnBjgVbFrpZZalhI7JkIWOKiKZjfL5yVN85pQBTrRxpQDP1d8TOZHWTmTsOiWBkV32ZuJ/XphBchPlXKUZMEUXi5JMYNB49j8ecMMoiIkjhBrubsV0RAyh4FKquBCC5ZdXSfuiHlzVL+8vaw1cxFFGJ+gUnaMAXaMGukNN1EIUafSMXtGbB96L9+59LFpLXjFzjP7A+/wB3pORiw==</latexit>

min<latexit sha1_base64="yNQV0kEZ6gBhFuIzeXVRwyHfF1U=">AAACGXicbVDLSgMxFM34rPVVdekmWIQKWmdKUTdCQRcuK9gHdKYlk6ZtaOZhckcoQ3/Djb/ixoUiLnXl35hpZ6GtJw8O59xLco8bCq7ANL+NhcWl5ZXVzFp2fWNzazu3s1tXQSQpq9FABLLpEsUE91kNOAjWDCUjnitYwx1eJX7jgUnFA/8ORiFzPNL3eY9TAlrq5Exb3UuIC/Y1E0Cw1y7h0+Q+wvZ0HSd7jC+xZbbjE2vcyeXNojkBnidWSvIoRbWT+7S7AY085gMVRKmWZYbgxEQCp4KNs3akWEjokPRZS1OfeEw58WSyMT7UShf3AqmPD3ii/u6IiafUyHN1pUdgoGa9RPzPa0XQu3Bi7ocRMJ9OH+pFAkOAk5hwl0tGQYw0IVRy/VdMB0QSCjrMrA7Bmh15ntRLReusWL4t5ys4jSOD9tEBKiALnaMKukFVVEMUPaJn9IrejCfjxXg3PqalC0bas4f+wPj6AZgXnCY=</latexit>p
(�m2/m

2) = 10
�1

<latexit sha1_base64="VfsX3n4ahxZ20Ifq4hJf5xcac6k=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSSlqMeCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbc99zC6r036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6RVrXhXldp9rVwneRwFOIUzuAAPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc1oo69</latexit>

10
�2

<latexit sha1_base64="KZX+gbDIgB2fBW+5Dgmpa+E5GLU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRa1GPBi8cK9gPaWDbbSbt0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqzU8tzH7Pxy0iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOyGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhDd+xmWSGpRsvihMBTExmf5O+lwhM2JsCWWK21sJG1JFmbEJFW0I3uLLy6R5UfGuKtX7arlG8jgKcAwncAYeXEMN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w83J46+</latexit>

10
�3

<latexit sha1_base64="InDE42n97lKy/h8eEQ3oTdAO52o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh4LXjxWsB/QxrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKV2p77mF3Upv1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsupdVWv3tUqd5HEU4QRO4Rw8uIY63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w84rI6/</latexit>

10
�4

<latexit sha1_base64="mOJQKjP+1WT7hWz+J7t4hTXp2og=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlPo4BLx4jmAcka5id9CZDZmeXmVkhLPkILx4U8er3ePNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFSy3Mfs/PLSa9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmRcW7qlTvq+UayeMowDGcwBl4cA01uIM6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz86MY7A</latexit>

10
�5

<latexit sha1_base64="K3P9jLh3QQmqa8gRn1TXudZFZPA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRSqseCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbc99zC5r036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6R1VfFqlep9tVwneRwFOIUzuAAPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc7to7B</latexit>

10
�6

<latexit sha1_base64="Lfsi0Vsdc9EhWgZF9gT0SlfNOpc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRSrMeCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbc99zC5r036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6R1VfGuK9X7arlO8jgKcApncAEe1KAOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc9O47C</latexit>

10
�7

<latexit sha1_base64="t257Xydh6l/+dlRwjkKLCEbYAt8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRStMeCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbc99zC5r036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGNb8TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqEijYEb/nlVdK6qnjXlep9tVwneRwFOIUzuAAPbqAOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc+wI7D</latexit>

10
�8

<latexit sha1_base64="OmvmYoDM1NrV+X/wfZp3WREgnqk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHYl+LgFvHiMYB6QrGF20psMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZKLc99zM5vJr1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZuRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUNGG4C2+vEyaFxXvslK9r5ZrJI+jAMdwAmfgwRXU4A7q0AAGI3iGV3hzEufFeXc+5q0rTj5zBH/gfP4AQEWOxA==</latexit>

10
�9

<latexit sha1_base64="VfsX3n4ahxZ20Ifq4hJf5xcac6k=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSSlqMeCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbc99zC6r036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6RVrXhXldp9rVwneRwFOIUzuAAPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc1oo69</latexit>

10
�2

<latexit sha1_base64="KZX+gbDIgB2fBW+5Dgmpa+E5GLU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRa1GPBi8cK9gPaWDbbSbt0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqzU8tzH7Pxy0iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOyGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhDd+xmWSGpRsvihMBTExmf5O+lwhM2JsCWWK21sJG1JFmbEJFW0I3uLLy6R5UfGuKtX7arlG8jgKcAwncAYeXEMN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w83J46+</latexit>

10
�3

<latexit sha1_base64="InDE42n97lKy/h8eEQ3oTdAO52o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh4LXjxWsB/QxrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKV2p77mF3Upv1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsupdVWv3tUqd5HEU4QRO4Rw8uIY63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w84rI6/</latexit>

10
�4

<latexit sha1_base64="mOJQKjP+1WT7hWz+J7t4hTXp2og=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlPo4BLx4jmAcka5id9CZDZmeXmVkhLPkILx4U8er3ePNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFSy3Mfs/PLSa9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmRcW7qlTvq+UayeMowDGcwBl4cA01uIM6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz86MY7A</latexit>

10
�5

<latexit sha1_base64="K3P9jLh3QQmqa8gRn1TXudZFZPA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRSqseCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbc99zC5r036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6R1VfFqlep9tVwneRwFOIUzuAAPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc7to7B</latexit>

10
�6

<latexit sha1_base64="Lfsi0Vsdc9EhWgZF9gT0SlfNOpc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRSrMeCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcX dv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbc99zC5r036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6R1VfGuK9X7arlO8jgKcApncAEe1KAOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc9O47C</latexit>

10
�7

<latexit sha1_base64="j+2AFmDGZ9fU2jX8Gl80aSPgP+I=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXiWjiCXcNUY8kXjxiIo8ENmR2aGDC7CMzvSpZ+RQvHjTGq1/izb9xgD0oWEknlarudHf5sRQaHefbyq2srq1v5DcLW9s7u3t2cb+ho0RxqPNIRqrlMw1ShFBHgRJasQIW+BKa/uh66jfvQWkRhXc4jsEL2CAUfcEZGqlrFwPaoWemOgiPmEJj0rVLTtmZgS4TNyMlkqHWtb86vYgnAYTIJdO67ToxeilTKLiESaGTaIgZH7EBtA0NWQDaS2enT+iJUXq0HylTIdKZ+nsiZYHW48A3nQHDoV70puJ/XjvB/pWXijBOEEI+X9RPJMWITnOgPaGAoxwbwrgS5lbKh0wxjiatggnBXXx5mTTOy+5FuXJbKVWPszjy5JAckVPikktSJTekRuqEkwfyTF7Jm/VkvVjv1se8NWdlMwfkD6zPH6twkug=</latexit>

m
/

eV

<latexit sha1_base64="6/w+jwAALoSTUAVoTXap6HFKFc0=">AAAB/XicbVDJSgNBEO1xjXGLy81LYxTEQ5yRoB4DHvQYIRskYejp1CRNeha6a8Q4BH/FiwdFvPof3vwbO8tBEx8UPN6roqqeF0uh0ba/rYXFpeWV1cxadn1jc2s7t7Nb01GiOFR5JCPV8JgGKUKookAJjVgBCzwJda9/PfLr96C0iMIKDmJoB6wbCl9whkZyc/sV95S26JmpFsIDpjdQG7q5vF2wx6DzxJmSPJmi7Oa+Wp2IJwGEyCXTuunYMbZTplBwCcNsK9EQM95nXWgaGrIAdDsdXz+kx0bpUD9SpkKkY/X3RMoCrQeBZzoDhj09643E/7xmgv5VOxVhnCCEfLLITyTFiI6ioB2hgKMcGMK4EuZWyntMMY4msKwJwZl9eZ7UzgvORaF4V8yXjqZxZMgBOSQnxCGXpERuSZlUCSeP5Jm8kjfryXqx3q2PSeuCNZ3ZI39gff4APhWTvQ==</latexit>

T⇤ / GeV

<latexit sha1_base64="j3D/oGHDsLhR2R62Y1bN0ZQaRTQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9ehgTBi2FXg3oMePEYwTwgWcPsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUA05i7od0qMRAMIpWannuY3p+Oe0Vy27FnYOsEi8jZchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346P3dKTq3SJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAc3fipUnCBXbLFokEiCEZn9TvpCc4ZyYgllWthbCRtRTRnahAo2BG/55VXSvKh4V5XqfbVcK2Vx5OEESnAGHlxDDe6gDg1gMIZneIU3J3ZenHfnY9Gac7KZY/gD5/MHN8GOwA==</latexit>

10�3
<latexit sha1_base64="jDmAgYeRhtnEOpY93XhapFuoA4M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LC2Cp5JIUY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpwXMH5apbcxcg68TLSRVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5NwqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtC9r3lWtfl+vNip5HEU4gwpcgAfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AeHAjNg=</latexit>

10
<latexit sha1_base64="PAePk2mbeFGkrB5SUcXfPhI6mR4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7KrpXosePFYwX5Au5Zsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWwyyXMfr4blqltzF0DrxMtJFXK0huWvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpH51YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10Lmteo1a/r1eblTyOIpxBBS7Ag2towh20oA0EJvAMr/DmCOfFeXc+lq0FJ585hT9wPn8ACJCNfQ==</latexit>

103
<latexit sha1_base64="fPHV/aUQMb/xmWx+HxhmQ6OYbjk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7IrpfVY8OKxgv2Adi3ZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1PY2t7Z3Svulw4Oj45PyqdnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2W3m956o0iySD2YeU1/giWQhI9hkkuc+Nkflqltzl0CbxMtJFXK0R+Wv4TgiiaDSEI61HnhubPwUK8MIp4vSMNE0xmSGJ3RgqcSCaj9d3rpAl1YZozBStqRBS/X3RIqF1nMR2E6BzVSve5n4nzdITHjjp0zGiaGSrBaFCUcmQtnjaMwUJYbPLcFEMXsrIlOsMDE2npINwVt/eZN0r2teo1a/r1dblTyOIlxABa7Agya04A7a0AECU3iGV3hzhPPivDsfq9aCk8+cwx84nz8OoI2B</latexit>

107
<latexit sha1_base64="FOaDssnHgQ7LohRcMSXZkFK9AcA=">AAAB7nicbVBNS8NAEJ34WetX1aOXpUXwYkmkqMeCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1Fip7bmP2YU37ZcqbtWdg6wSLycVyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiEijYEb/nlVdK6rHpX1dp9rVIv53EU4BTKcA4eXEMd7qABTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w80t46+</latexit>

10�1
<latexit sha1_base64="fRT2g85lL5+xj4bhFhQSpjPoit4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7IrrXosePFYwX5Au5Zsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWwyyXMfG8Ny1a25C6B14uWkCjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jc6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvUz8z+snJrzxUybjxFBJlovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8mG4K2+vE46lzXvqla/r1eblTyOIpxBBS7Ag2towh20oA0EJvAMr/DmCOfFeXc+lq0FJ585hT9wPn8AC5iNfw==</latexit>

105
<latexit sha1_base64="fWq8bDMA7asPWc0LllOgJ0RKcg0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7Irpeqt4MVjBfsB7VqyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH8wspr7AY8lCRrDJJM99vBmWq27NXQCtEy8nVcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescnVtlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeG1nzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuax5jVr9vl5tVvI4inAGFbgAD66gCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBEaiNgw==</latexit>

109

<latexit sha1_base64="INRJmYrjqK212FUBGwAQjaikEdI=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCCIYNiVoF6EgBcPHiLkBckaZiezyZDZ2WUeQljyG148KOLVn/Hm3zhJ9qCJBQ1FVTfdXUHCmdKu++2srK6tb2zmtvLbO7t7+4WDw6aKjSS0QWIey3aAFeVM0IZmmtN2IimOAk5bweh26reeqFQsFnU9Tqgf4YFgISNYW6l7j25QvXf2mJ57k16h5JbdGdAy8TJSggy1XuGr24+JiajQhGOlOp6baD/FUjPC6STfNYommIzwgHYsFTiiyk9nN0/QiVX6KIylLaHRTP09keJIqXEU2M4I66Fa9Kbif17H6PDaT5lIjKaCzBeFhiMdo2kAqM8kJZqPLcFEMnsrIkMsMdE2prwNwVt8eZk0L8reZbnyUClVi1kcOTiGIpyCB1dQhTuoQQMIJPAMr/DmGOfFeXc+5q0rTjZzBH/gfP4A5RiQNQ==</latexit>

L = T�1
⇤

<latexit sha1_base64="Lt175e5PYdNvwgahg3CnzonIov0=">AAACDHicbVDLSgMxFM34rPVVdekmtAhVtMxIUTdCwY0LFxX6gs60ZNJMG5p5kNwRytAPcOOvuHGhiFs/wJ1/Y9rOQlsPBA7nnMvNPW4kuALT/DaWlldW19YzG9nNre2d3dzefkOFsaSsTkMRypZLFBM8YHXgIFgrkoz4rmBNd3gz8ZsPTCoeBjUYRczxST/gHqcEtNTNFe7wNbYF86CILbNTxvYprnVPsC15fwDHneTMGuuUWTKnwIvESkkBpah2c192L6SxzwKggijVtswInIRI4FSwcdaOFYsIHZI+a2saEJ8pJ5keM8ZHWulhL5T6BYCn6u+JhPhKjXxXJ30CAzXvTcT/vHYM3pWT8CCKgQV0tsiLBYYQT5rBPS4ZBTHShFDJ9V8xHRBJKOj+sroEa/7kRdI4L1kXpfJ9uVDJp3Vk0CHKoyKy0CWqoFtURXVE0SN6Rq/ozXgyXox342MWXTLSmQP0B8bnD5T2mBk=</latexit>

L =
�
104 T⇤

��1

<latexit sha1_base64="6/w+jwAALoSTUAVoTXap6HFKFc0=">AAAB/XicbVDJSgNBEO1xjXGLy81LYxTEQ5yRoB4DHvQYIRskYejp1CRNeha6a8Q4BH/FiwdFvPof3vwbO8tBEx8UPN6roqqeF0uh0ba/rYXFpeWV1cxadn1jc2s7t7Nb01GiOFR5JCPV8JgGKUKookAJjVgBCzwJda9/PfLr96C0iMIKDmJoB6wbCl9whkZyc/sV95S26JmpFsIDpjdQG7q5vF2wx6DzxJmSPJmi7Oa+Wp2IJwGEyCXTuunYMbZTplBwCcNsK9EQM95nXWgaGrIAdDsdXz+kx0bpUD9SpkKkY/X3RMoCrQeBZzoDhj09643E/7xmgv5VOxVhnCCEfLLITyTFiI6ioB2hgKMcGMK4EuZWyntMMY4msKwJwZl9eZ7UzgvORaF4V8yXjqZxZMgBOSQnxCGXpERuSZlUCSeP5Jm8kjfryXqx3q2PSeuCNZ3ZI39gff4APhWTvQ==</latexit>
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Figure 4.1: In the rest frame of the bubble wall, a dark photon wind hits the interface
from the region of false vacuum. The energy of the incident dark photons, ω = γm,
remains conserved in the interaction with the wall, whereas momentum along the
z-direction changes resulting in a net momentum transfer to the interface. L refers to
the wall thickness, i.e. the typical length scale over which the order parameter varies.
In this article, we focus on the case where the vector mass changes by a small amount
at either side of the bubble wall, i.e. ∆m2 ≪ m2 ≃ m̃2. Much of our work will be
concerned with the dynamics of the inter-relativistic kinematic regime of eq. (4.5)
where m≪ ω ≪ L−1.

By assumption, the dark photon mass depends on the order parameter charac-

terizing the phase transition. As anticipated in the Introduction, and further dis-

4Quantitatively, the assumption of normal incidence requires that, in the wall frame, the normal
component of the dark photon momentum is much greater than the components along the plane
of the bubble wall, i.e. |⃗k⊥| ≫ |⃗k∥|. For a gas of dark photons at temperature Tdp ≪ m and a

relativistic wall, |⃗k⊥| ∼ γm ≫ |⃗k∥| ∼
√
Tdrm provided γ ≫

√
Tdp/m, which is satisfied trivially. It

should be be straightforward to generalize our results beyond these assumptions.
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cussed in section 4.5.1, realistic situations often feature a dependence of the form

m2
V (z) = m2 + κv(z)2, with v the relevant order parameter and κ a constant de-

termined by the underlying model. However, for most of our discussion, it will be

sufficient to just assume that the vector mass-squared parameter is z-dependent, with

asymptotic values m2 and m̃2 for large negative and positive z, as indicated in fig. 4.1.

We define the difference in squared masses as ∆m2 ≡ m̃2−m2 > 0 and we will always

assume that ∆m2 ≪ m2 ≃ m̃2, in keeping with the discussion around eq. (4.9).

Since the wall background is independent of t, the energy of the incident particles,

ω = γm, remains conserved in the interaction with the wall, whereas momentum in

the z-direction changes in a way that results in a net momentum transfer to the

interface. In total, the pressure exerted on the wall as a result of this dark photon

wind can be written as

P = γ|v⃗|nV × 1

3

∑

λ

(Rλ ∆kR + Tλ ∆kT ) . (4.10)

The factor γ|v⃗|nV corresponds to the flux of incoming massive vectors hitting the

wall (in the wall frame), whereas the quantity in parentheses represents the average

momentum transfer to the wall from an incoming particle with fixed polarization

λ, with Rλ and Tλ the corresponding reflection and transmission probabilities. The

momentum transfer from reflected and transmitted particles is given by ∆kR = 2kz

and ∆kT = kz − k̃z, with kz and k̃z the asymptotic transverse momenta at either

side of the bubble wall, as defined in fig. 4.1. The sum over λ includes the three

physical polarizations of a massive vector, and the lack of mixing between different

polarizations in eq. (4.10) follows as a result of normal incidence.

For example, in the regime of ultra-relativistic motion – when ω is the largest

energy scale in the problem, ω ≫ m,L−1 – reflection and transmission probabilities

must asymptote to zero and unity respectively, and eq. (4.10) takes the form,

P∞ = lim
γ→∞

P ≃ γnV ∆kT = ρV
∆m2

2m2
, (4.11)

where we have used ∆kT ≃ ∆m2/(2γm), and ρV = mnV is the energy density of dark

photons. If the massive vector population outside of the bubble wall was instead

described in terms of a fully thermal distribution, with T ≫ m, we would have

ω ∼ γT and nV ∼ T 3, and therefore P∞ ∼ T 2∆m2 as is well known [145]. As seen in

eq. (4.11), the frictional pressure reaches a constant (independent of the wall velocity)

in this limit.
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A comment is in order before we move on. Comparing the asymptotic pressure in

eq. (4.11) to the difference in vacuum energy densities, one finds

P∞

∆V
≃ ∆m2

2m2

ρV
∆V

∼ α
∆m2

m2

ρV (T∗)

ρdm(T∗)

ρdm(T∗)

ρSM(T∗)
, (4.12)

where α is defined in eq. (4.6) and in the last step we have made it explicit that

all the relevant energy densities are to be evaluated at the phase transition epoch.

The ratio ρV /ρdm in eq. (4.12) is 1 if the dark photons account for all of the dark

matter, whereas α and ∆m2/m2 are ≪ 1 as discussed previously. The ratio of dark

matter to Standard Model radiation in the early Universe is ρdm/ρSM ≪ 1, making

eq. (4.12) correspondingly tiny. As per the run-away criterion of eq. (4.3), one would

be tempted to conclude that a small change in the dark matter mass would have a

negligible effect on the evolution of cosmological bubble walls. Our results will show

that – in general – this expectation can be mistaken.

To proceed, we must obtain reflection and transmission probabilities, as a function

of γ, for massive vectors interacting with the non-trivial background of the bubble

wall. This problem reduces to solving the equations of motion for massive electro-

magnetism with a spatially varying photon mass, as we discuss next.

4.3 Reflection and transmission probabilities

We begin in section 4.3.1 with a brief discussion regarding massive electromagnetism

with a spatially varying vector mass. In 4.3.2, we obtain reflection and transmission

probabilities in one the of the few non-trivial cases where an analytic solution is

accessible: a step function change in the mass of the dark photon. This corresponds

to the limit of vanishing wall thickness, and it provides an accurate description of the

system in the regime ω ≪ L−1, where ω is the incoming particle’s energy as shown

in fig. 4.1. Considering a step wall allows us to illustrate one of our main results:

that the reflection probability for longitudinal modes asymptotes to a constant in

the inter-relativistic regime of eq. (4.5). In 4.3.3 we turn to the realistic situation

of finite width, and show that the existence of a relativistic regime of near-constant

longitudinal reflection is a generic feature of thin walls with finite thickness.

4.3.1 Massive electromagnetism

In the absence of charged sources, Maxwell’s equations in the presence of a varying

vector mass read

∂µF
µν +m2

V (x)V ν = 0 , (4.13)
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which, in turn, imply the consistency condition

∂µ
(
m2

V (x)V µ
)

= 0 . (4.14)

As is well known, when the vector mass is constant, m2
V (x) = m2, eq. (4.14) reduces to

the familiar requirement that ∂µV
µ = 0, and Maxwell’s equations admit plane-wave

solutions of the form

V µ(x) = vµe−ik·x (constant vector mass) , (4.15)

for all kµ such that k2 = m2, and the vµ are momentum-dependent complex coef-

ficients satisfying kµv
µ = 0.5 As usual, the vµ can be written as a sum over unit-

normalized polarization vectors, one for each of the three physical degrees of freedom

of a massive spin-1 particle. For k⃗ = ±|⃗k|ẑ, a convenient basis is given by

εµx = (0, 1, 0, 0) , εµy = (0, 0, 1, 0) and εµl =

(
|⃗k|
m
, 0, 0,± ω

m

)
. (4.16)

When the photon mass has a non-trivial profile, analytic solutions to eq. (4.13)-

(4.14) only exist in some special cases. Assuming the vector mass-squared features

no time dependence, as appropriate in the rest frame of the bubble wall, eq. (4.14)

can be written as

∂µV
µ = −

(
∇⃗ logm2

V (x⃗)
)
· V⃗ . (4.17)

If k⃗ ∥ ∇⃗m2
V , as in the case of normal incidence, eq. (4.17) is non-vanishing for the

longitudinal component, whereas ∂µV
µ = 0 for the transverse modes. As summarized

around fig. 4.1, this is indeed the set-up that we focus on in this work.

4.3.2 A step wall

We will first consider a step-function change in the vector mass:

m2
V (z) = m2 + ∆m2

V (z) with ∆m2
V (z) = ∆m2 Θ(z) , (4.18)

where ∆m2 = m̃2 −m2 > 0 and Θ(z) is the Heaviside step function. With this mass

profile, the equations of motion feature plane-wave solutions on either side of the wall

localized at z = 0. These can be written as

V µ
⊥ (t, z) = e−iωt

{
(0, 1, 1, 0)eikzz + r⊥(0, 1, 1, 0)e−ikzz z < 0

t⊥(0, 1, 1, 0)eik̃zz z > 0
(4.19)

5The field V µ is of course real-valued. It is implicitly assumed that only the real part of eq. (4.15)
has physical significance. The same applies to all other expressions of this form in the remainder of
this paper.
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for the transverse modes, 6 and

V µ
l (t, z) = e−iωt

{(
kz
m
, 0, 0, ω

m

)
eikzz + rl

(
kz
m
, 0, 0,− ω

m

)
e−ikzz z < 0

tl

(
k̃z
m̃
, 0, 0, ω

m̃

)
eik̃zz z > 0

(4.20)

for the longitudinal component, with kz =
√
ω2 −m2 and k̃z =

√
ω2 − m̃2 as defined

in fig. 4.1. The overall normalization of eq. (4.19)-(4.20) is arbitrary, and with this

choice the reflection and transmission probabilities are given by

Rα = |rα|2 and Tα =
k̃z
kz

|tα|2 , (4.21)

with α =⊥, l for transverse and longitudinal modes respectively.

We can now obtain analytic solutions for both reflection and transmission proba-

bilities by integrating the equations of motion across the interface. Let us discuss the

transverse modes first. As discussed below eq. (4.17), the transverse modes satisfy

∂µV
µ
⊥ = 0, and eq. (4.13) reads (□ +m2

V (z))V µ
⊥ = 0. We then have:

lim
ϵ→0

∫ +ϵ

−ϵ

dz
(
□ +m2

V (z)
)
V µ
⊥ = 0 ⇒ ∂zV

µ
⊥ is continuous at z = 0 . (4.22)

Combined with the requirement that V µ
⊥ itself remains continuous, we can solve for

r⊥ and t⊥. In particular, the reflection probability is given by

R⊥ = |r⊥|2 =

∣∣∣∣∣
kz − k̃z

kz + k̃z

∣∣∣∣∣

2

ω≫m,m̃−−−−→
(

∆m2

4ω2

)2

= γ−4

(
∆m2

4m2

)2

. (4.23)

Unsurprisingly, R⊥ falls off rapidly in the regime of relativistic motion.

The behavior of the longitudinal mode is starkly different. We can obtain a first

matching condition by integrating eq. (4.14) across the wall:

lim
ϵ→0

∫ +ϵ

−ϵ

dz ∂µ
(
m2

V (z)V µ
l

)
= 0 ⇒ m2

V (z)V 3
l is continuous at z = 0 . (4.24)

Integrating eq. (4.13) provides the second condition we need. Since ∂µV
µ
l no longer

vanishes, expanding Eq.(4.13) we now have (□ + m2
V (z))V µ

l − ∂µ(∂νV
ν
l ) = 0. The

matching condition arising from the µ = 0 equation is degenerate with eq. (4.24).

Instead, focusing on µ = 3, we find

lim
ϵ→0

∫ +ϵ

−ϵ

dz
(
(□ +m2

V (z))V 3
l + ∂z(∂νV

ν
l )
)

= 0 ⇒ ∂tV
0
l is continuous at z = 0 .

(4.25)

6We have taken advantage of rotational invariance in the x − y plane to set tx = ty ≡ t⊥ and
rx = ry ≡ r⊥.
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Given that the time dependence of V µ is of the form e−iωt for all z, the previous

requirement is equivalent to demanding that V 0
l itself remains continuous. The cor-

responding reflection probability now reads

Rl = |rl|2 =

∣∣∣∣∣
m̃2 kz −m2 k̃z

m̃2 kz +m2 k̃z

∣∣∣∣∣

2

ω≫m,m̃−−−−→
(
m̃2 −m2

m̃2 +m2

)2

≃
(

∆m2

2m2

)2

, (4.26)

where the last step assumes ∆m2 ≪ m2 ≃ m̃2. As advertised in the Introduction, in

the regime of relativistic motion the longitudinal reflection probability approaches a

constant, independent of γ.7 8

4.3.3 A smooth wall

In a realistic situation where the wall thickness is finite and the vector mass varies

smoothly, the analytic results of the previous subsection only provide an accurate

approximation to the reflection and transmission probabilities in the regime ω ≪ L−1.

In what follows, we perform a more general analysis of the case of finite width. We

parametrize the dark photon mass as in eq. (4.18), except now

∆m2
V (z) = ∆m2ΘL(z) , (4.27)

where ΘL(z) is no longer a step function, but rather some smooth function that

approaches 0 and 1 for large negative and positive z respectively, and with an appro-

priate step-function limit as L → 0. We will discuss a specific choice of mass profile

at the end of this subsection, but will otherwise keep things general.

Let us start by building some intuition behind the radically different behavior

exhibited by the transverse and longitudinal components discussed in 4.3.2 by taking

a closer look at the corresponding field equations. It will be helpful to factor out the

time dependence of V µ, as follows

V µ(t, z) = vµ(z)e−iωt , (4.28)

7At the level of a Stückelberg theory, a discontinuity in the number of degrees of freedom (dof)
occurs in the limit m → 0, with 2 vs 3 physical polarizations at either side of the interface. The fact
that Rl → 1 as m → 0 in eq. (4.26) reflects the observation that the longitudinal mode would be
unphysical in the region z < 0, and therefore must not propagate into the region z > 0. In an Abelian
Higgs UV-completion, the number of dof of course stays continuous, with the would-be longitudinal
accounted for by the appropriate linear combination of the two real dof of the complex Higgs. The
physical dof are two transverse modes and the suitable combination of the real scalars, and therefore
the treatment presented in this section is not applicable in the massless regime. Scattering with
m = 0 has been studied long ago, e.g. [162]. As emphasized in the Introduction, and in section 4.5.1,
we instead focus on cases where (in the Abelian Higgs language) the Higgs vev is ‘on’ on both sides
of the wall.

8See section 4.6.3 for an alternative derivation of eq. (4.26) making use the of Goldstone nature
of longitudinals at high energies.
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and instead focus on the behavior of the vµ(z). As we discussed previously, the

equations of motion for the transverse modes read (□ + m2
V (z))V µ

⊥ = 0. In terms of

the vµ, this can be written as

(
∂2z + k2z

)
vµ⊥(z) = ∆m2

V (z) vµ⊥(z) , (4.29)

with k2z = ω2 −m2. The transverse components obey a Schrödinger-like equation for

a particle moving in one dimension with “energy” k2z in the presence of a potential

U⊥(z) = ∆m2
V (z). In the L → 0 limit, our problem reduces to one-dimensional

quantum mechanical scattering on a step potential, with energies above the step.

Indeed, eq. (4.23) is just the reflection probability for this classic problem.

On the other hand, the Schrödinger equation governing the behavior of the longi-

tudinal component reads

(
∂2z + k2z

)
λ(z) = Ul(z)λ(z)

with Ul(z) =∆m2
V (z) +

3

4

(
∂zm

2
V (z)

m2
V (z)

)2

− 1

2

∂2zm
2
V (z)

m2
V (z)

,
(4.30)

where we have defined

λ(z) ≡ mV (z)

ω
v3l (z) such that λ(z) →

{
eikzz + rle

−ikzz for z ≪ −L
tle

ik̃zz for z ≫ +L
.

(4.31)

The effective scattering potential for the longitudinal component, Ul(z), depends on

the length scale over which the mass changes not just through the choice of mass

profile but through its derivatives – much unlike its transverse counterparts. It is this

crucial difference that leads to the strikingly different behavior of longitudinal and

transverse modes.

In the relativistic limit, kz ≃ ω ≫ m, we might neglect the first term in Ul(z).

The derivative terms in the effective potential are localized in a region of thickness

∼ L, and the second-derivative term is dominant whenever ∆m2/m2 is tiny. We then

have

Ul(z) ≃ −1

2

(
∂2zm

2
V (z)

m2
V (z)

)
≃ −∆m2

2m2
Θ′′

L(z) . (4.32)

The step-function limit discussed in the previous subsection corresponds to Θ′′
L(z)

L→0−−→
δ′(z), and eq. (4.30) reduces to the Schrödinger equation in a potential Ul(z) =

−∆m2

2m2 δ
′(z). Solving this equation subject to the appropriate boundary conditions,

one indeed recovers the result of eq. (4.26) to leading order in the ratio ∆m2/m2, as

we summarize in appendix 4.6.1.
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Since the longitudinal reflection coefficient in the relativistic regime is Rl ≪ 1

whenever the change in the dark photon mass is tiny, we can go further and leverage

the one-dimensional Born approximation familiar from quantum mechanics to obtain

an analytic expression for the reflection probability in the case of a smoothly varying

mass. As we summarize in appendix 4.6.2, the Born approximation to the longitudinal

reflection coefficient can be written in closed form in terms of the effective scattering

potential in eq. (4.30) as

Rl, Born =
1

4k2z

∣∣∣∣
∫ ∞

−∞
dz e2ikzz Ul(z)

∣∣∣∣
2

. (4.33)

Plugging eq. (4.32) into eq. (4.33) and integrating by parts, we find

Rl, Born ≃ 1

4k2z

(
∆m2

2m2

)2 ∣∣∣∣
[
e2ikzz Θ′

L(z)
]+∞

−∞
− 2ikz

∫ ∞

−∞
dz e2ikzz Θ′

L(z)

∣∣∣∣
2

(4.34)

≃
(

∆m2

2m2

)2 ∣∣∣∣
∫ L

−L

dz
(
1 + 2ikzz + O(k2zz

2)
)

Θ′
L(z)

∣∣∣∣
2

(4.35)

=

(
∆m2

2m2

)2 (
1 + O(k2zL

2)
)
. (4.36)

To get the second line, we used that Θ′
L quickly vanishes for |z| ≳ L, and we Taylor

expanded the exponential for |kzz| ≪ 1. Since ΘL interpolates between 0 and 1,

Θ′
L can be treated as a probability density function. With this interpretation, the

integral in the second line is essentially an average of 1+2ikzz over the region (−L,L),

weighted by this probability density. The average of kzz is bounded in magnitude

by kzL, giving the final line. Eq. (4.36) coincides with the step-function result of

eq. (4.26) provided kz ≃ ω ≪ L−1, as expected. Moreover, it highlights how the

existence of a kinematic regime where the longitudinal reflection coefficient stays

nearly constant is in fact a generic feature of any smooth mass profile, lasting all the

way up to kz ≃ ω ∼ L−1.

Given a specific profile, we can use eq. (4.33) to obtain an analytic approximation

to the reflection probability. For example, for a wall profile of the familiar kink form

ΘL(z) =
1

4
[1 + tanh(z/L)]2 , (4.37)

one finds

Rl, Born ≃
(

∆m2

2m2

)2
π2(kzL)2 [1 + (kzL)2]

sinh2(πkzL)
. (4.38)
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Eq. (4.38) reproduces the result of eq. (4.26) in the regime ω ≃ kz ≪ L−1, up to

corrections of O(k2zL
2), whereas in the ultra-relativistic limit it takes the form

Rl, Born ≃
(

∆m2

2m2

)2

× 4π2 (kzL)4 e−2πkzL for kz ≃ ω ≫ L−1 . (4.39)

Indeed, the longitudinal reflection probability dies off exponentially fast – as expected

– in the regime of ultra-relativistic motion.

The results of this subsection are best summarized in fig. 4.2, where we show the

reflection probability for longitudinal and transverse vectors for the mass profile in

eq. (4.37), obtained by numerically solving the corresponding equations of motion.

As advertised, the longitudinal reflection coefficient features a plateau for γ-factors in

the regime 1 ≪ γ ≪ (Lm)−1, which is well-approximated by the step-function result

of eq. (4.26). The consequences of this behavior for the evolution of bubble walls are

the topic of the next section.

Figure 4.2: Reflection probability for longitudinal (blue) and transverse (orange)
massive vectors scattering off a planar wall in the limit of normal incidence, as a
function of the Lorentz γ-factor. The change in mass across the interface is 1% and
0.1% for the left and right panels respectively. Solid lines show numerical results
for a smooth mass profile of the form m2

V (z) = m2 + ∆m2ΘL(z), with ΘL(z) as
in eq. (4.37). Dashed lines correspond to the step function results of eq. (4.23) and
(4.26). As anticipated, the step-function analysis provides an excellent approximation
up to γ ∼ (mL)−1.
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4.4 Dark photon friction on bubble walls

We now discuss the implications of the results presented in section 4.3 for the dynam-

ics of expanding vacuum bubbles in the early Universe. In section 4.4.1, we compute

the pressure on an expanding wall due to the presence of dark photons, and argue

that the requirement for run-away walls can be much stronger than previously be-

lieved. Section 4.4.2 focuses on the dynamics of bubble walls that reach an equilibrium

regime as a result of longitudinal friction, including a self-consistent determination

of the equilibrium γ-factor. Once in equilibrium, most of the energy released in the

transition goes into making a fraction of the dark photons relativistic. The fate of

this dark radiation depends sensitively on the size of self-interactions among the dark

photons, as well as between the dark photons and particles in the thermal plasma,

as we discuss in section 4.4.3. If interaction rates are negligible – an assumption

more likely to hold if the sector undergoing vacuum decay is cold – we argue that the

reflected dark photons accumulate in a thin “shell” of dark radiation surrounding the

expanding bubbles. If they remain relativistic until late times, their contribution to

∆Neff could be observable for phase transitions with strength α ∼ 10−2−10−1. Alter-

natively, if the scalar sector is in equilibrium with the thermal plasma, interactions

between the reflected dark photons and ϕ particles can easily be efficient, in which

case the energy density in dark radiation gets transferred instead into the thermal

fluid.

4.4.1 Maximum Dynamic Pressure

It is helpful to rearrange eq. (4.10) using the relationship Tλ = 1 −Rλ, as follows:

P = γ|v⃗|nV

{
1

3
Rl(kz + k̃z) + (kz − k̃z) +

2

3
R⊥(kz + k̃z)

}
. (4.40)

In the relativistic limit, kz + k̃z ≃ 2γm and kz − k̃z ≃ ∆m2/(2γm), and eq. (4.40)

reads

P ≃ 2

3
γ2ρVRl + ρV

∆m2

2m2
+

4

3
γ2ρVR⊥ for γ ≫ 1 . (4.41)

The second term above is just the asymptotic contribution of eq. (4.11). The last

term corresponds to reflections of transverse modes. As discussed around eq. (4.23),

R⊥ ∝ γ−4 already in the inter-relativistic regime, and therefore this third term falls

off as γ−2 for large γ. In contrast, the peculiar behavior of the longitudinal reflection

probability, Rl, which stays approximately constant in the region of inter-relativistic

motion, leads to a contribution to the overall pressure on the expanding interface that
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grows ∝ γ2. In total, neglecting the last term above and substituting the expression

for Rl appropriate in the inter-relativistic regime (remember eq. (4.26)), we have:

P ≃ 2

3
γ2ρV

(
∆m2

2m2

)2

︸ ︷︷ ︸
longitudinal reflections

+ ρV
∆m2

2m2︸ ︷︷ ︸
P∞

for 1 ≪ γ ≪ (mL)−1 . (4.42)

We emphasize that this γ2-growing pressure is a transient phenomenon that is only

present for γ-factors within the range indicated in eq. (4.42). Once γ ≫ (mL)−1, the

longitudinal reflection probability dies off exponentially fast, leaving the second term

above as the sole significant contribution to the overall pressure.

A consequence of our previous discussion is that the pressure exerted on the ex-

panding interface will reach a maximum near the end of the inter-relativistic regime,

before dropping down to P∞ ≃ ρV × ∆m2/2m2 in the ultra-relativistic limit. As ad-

vertised in the Introduction, we will refer to this pressure peak as Maximum Dynamic

Pressure. Parametrically, it is given by

Pmdp ≃ 2

3
γ2maxρVRl + ρV

∆m2

2m2
∼ ρV

(Lm)2

(
∆m2

2m2

)2

+ ρV
∆m2

2m2
, (4.43)

where γmax ∼ (mL)−1 is the value of γ at Maximum Dynamic Pressure. As a result,

for bubble walls to become run-away, the following condition must be satisfied:

Run-away criterion: ∆V > Pmdp (this work) . (4.44)

Eq.(4.44) replaces eq. (4.3) as a diagnostic of run-away bubble walls in the presence

of phase-dependent massive dark photons in transitions with access to the regime of

inter-relativistic motion, and is a primary new result of this work.

If the first term in eq. (4.43) is a small correction on top of the asymptotic pressure,

P∞, the effect of longitudinal mode reflections will be largely irrelevant to describe

the dynamics of the expanding bubbles. However, if the first term dominates then

eq. (4.44) can be much stronger than the requirement ∆V > P∞ quoted in eq. (4.3).

Parametrically, the effect of longitudinal reflections will dominate the overall pressure

on the expanding interface provided

mL≪
√

∆m2

m2
. (4.45)

When ∆m2/m2 ≪ 1, this is a stronger requirement than the condition in eq. (4.5) for

the inter-relativistic regime to be accessible, although the main feature in both cases
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is that there must be a significant hierarchy between the mass of the dark photon

and the energy scale L−1 characterizing the thickness of the bubble wall.

Our discussion thus far has only been concerned with the pressure due to a pop-

ulation of cold dark photons. If the sector undergoing the transition is cold, such

that vacuum decay proceeds via quantum tunneling and there is no thermal plasma

that interacts with the bubble walls, this will be a good approximation to the overall

pressure. Alternatively, if the scalar sector is in equilibrium with the thermal fluid, an

additional source of pressure will be present due to interactions between the plasma

and the wall. As mentioned in the Introduction, particles in the plasma that gain

mass across the wall contribute as P∞ ∼ ∆m2T 2 in the relativistic limit [145]. In per-

turbative theories this source of friction can easily fall below ∆V , and therefore won’t

be large enough to obstruct the acceleration of the bubble walls. Potentially more

significant are those cases where the phase transition sector features gauge bosons

that acquire a mass as they cross the wall. As anticipated in section 4.1, this can lead

to an additional source of pressure from the transition radiation emitted as charged

particles cross the interface, of the form P∞ ∼ γg2∆mvT
3 [147, 148, 152]. For this

source of friction to be subdominant to that from longitudinal dark photons, one

would need

γeqg
2∆mvT

3
∗ ≲ ∆V . (4.46)

This condition can be interpreted as an upper bound on T∗ relative to the typical

energy scale of the phase transition. Parametrically, taking for simplicity ∆V ∼ v4

and ∆mv ∼ gv, we find

T∗
v

≲
1

g γ
1/3
eq

(4.47)

∼ 10−3

(
1

g

)(
∆m2/m2

10−4

)1/3(
10−2

α

)1/6(
100 GeV

T∗

)1/6(
ρdm
ρV

)1/6

. (4.48)

If the relevant gauge couplings are g = O(1) – as in the Standard Model – then

neglecting transition radiation would require T∗ ≪ v, i.e. the transition needs to be

significantly super-cooled. More generally, in hidden sectors where the relevant gauge

couplings are g ≪ 1, the above condition could be satisfied even within ‘standard’

thermal transitions where T∗ ∼ v. A more comprehensive analysis of the class of

thermal transitions for which this assumption holds is an interesting direction for

future investigation.

Fig. 4.3 shows the pressure on an expanding interface due to massive dark photons,

relative to its asymptotic value in the limit γ → ∞, in cases where the inter-relativistic
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kinematic regime identified in eq. (4.5) is accessible during the wall’s expansion. The

evolution of bubble walls that fail the run-away condition of eq. (4.44) as a result of

longitudinal friction is the topic to which we now turn.

Figure 4.3: The pressure exerted by massive dark photons on an expanding bubble
wall can feature a non-monotonic dependence on the wall γ-factor due to reflections
of longitudinal modes, reaching a peak at γ ∼ (mL)−1 that is potentially much
larger than its asymptotic value in the ultra-relativistic limit. The criterion for run-
away bubble walls can therefore be far stronger than simply requiring ∆V > P∞,
as discussed around eq. (4.44). Left: increasing the relative change in the dark
photon mass raises the Maximum Dynamic Pressure without significantly altering
its position. Right: decreasing the wall thickness increases both the height and
position of the MDP. This behavior is in qualitative agreement with the discussion in
and around eq. (4.43). Both plots have been obtained by evaluating eq. (4.40) after
numerically obtaining reflection coefficients corresponding to the smooth wall profile
of eq. (4.37).

4.4.2 Equilibrium γ-factor and energy budget

If the Maximum Dynamic Pressure is dominated by the reflection of longitudinal

modes, and the run-away criterion of eq. (4.44) is not satisfied, then bubble walls

will reach an equilibrium regime once P(γeq) ≃ ∆V . Parametrically, the equilibrium

γ-factor is given by

γeq ≃
(

3∆V

2ρVRl

)1/2

(4.49)

∼ 109

(
10−4

∆m2/m2

)( α

10−2

)1/2( T∗
100 GeV

)1/2(
ρdm
ρV

)1/2

. (4.50)

How easy is it for bubble walls to reach an equilibrium regime as a result of

longitudinal reflections? An obvious self-consistency condition on our determination
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of γeq in eq. (4.49) is that it lies below the γ-factor at Maximum Dynamic Pressure, i.e.

γeq ≲
1

mL
. (4.51)

Additionally, a “kinematic” condition is that the expanding walls reach equilibrium

before the bubble walls collide and the phase transition ends. The bubble radius at

collision is set by the Hubble scale at the epoch of the phase transition. Demanding

that the size of the expanding bubbles at the onset of the equilibrium regime is a

fraction x < 1 of the Hubble radius, we find

Req ≃ γeqR0 ≲ xH(T∗)
−1 ⇒ γeq ≲

x

R0H(T∗)
, (4.52)

where R0 is the critical bubble radius.

Eq.(4.51) and (4.52) can be interpreted in various ways, but perhaps the most

relevant for us is to regard them as lower bounds on the fractional change of the dark

photon mass for the effect of longitudinal pressure to be large enough to stop the

acceleration of the bubble walls, as follows:

∆m2

m2
≳

(
∆m2

m2

)

min

≡ 2

(
3∆V

2ρV

)1/2

× Max
{
mL, x−1R0H(T∗)

}
. (4.53)

This is illustrated in fig. 4.4, where we show contours of
√

(∆m2/m2)min for various

choices of the underlying parameters, as described in the caption. As can be seen

in fig. 4.4, even extremely small changes in the mass of the dark photon across the

interface can cause enough friction to halt the acceleration of the bubble walls.

After the bubble walls reach an equilibrium speed, they carry a decreasing fraction

of the total energy available in the transition:

Ewall

Etotal

≃ 4πR(t)2γeqσ
4π
3
R(t)3∆V

∼ γeqσ

∆V R(t)
, (4.54)

where R(t) is the bubble radius at time t. As R(t) grows, Ewall/Etotal quickly becomes

tiny. By comparison, the above ratio is identically 1 for transitions in vacuum, where

all the available energy goes into accelerating the bubble walls [125]. In thermal

transitions where the walls reach an equilibrium speed due to friction from the thermal

plasma, most of the available energy goes instead into producing motion in the form

of sound waves or hydrodynamic turbulence, as mentioned in the Introduction and

summarized in [114,115]. In the case at hand, as we will now show, the energy released

in the transition goes instead into accelerating a fraction of the dark photons, turning

them into dark radiation.
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<latexit sha1_base64="wSVEwYnHoQAOT5yhwQVseoSCTiI=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GYyCB4m7EtRjwIvHCOYB2RBmJ51kyOyDmV4xLPFXvHhQxKsf4s2/cTbJQRMLuimqupme8mMpNDrOt5VbWV1b38hvFra2d3b37P2Dho4SxaHOIxmpls80SBFCHQVKaMUKWOBLaPqjm8xvPoDSIgrvcRxDJ2CDUPQFZ2ikrl0MqHdGz7PmITxiCo1J1y45ZWcKukzcOSmROWpd+8vrRTwJIEQumdZt14mxkzKFgkuYFLxEQ8z4iA2gbWjIAtCddHr8hJ4YpUf7kTIVIp2qvzdSFmg9DnwzGTAc6kUvE//z2gn2rzupCOMEIeSzh/qJpBjRLAnaEwo4yrEhjCthbqV8yBTjaPIqmBDcxS8vk8ZF2b0sV+4qperxPI48OSRH5JS45IpUyS2pkTrhZEyeySt5s56sF+vd+piN5qz5TpH8gfX5A4IQk1Q=</latexit> m
/

eV

<latexit sha1_base64="jwecXRPChyxiMJhvIOU8bEXb6GE=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MURCTOSFCPAQ96jJANkhB6OpWkSc9Cd40Yxhz8FS8eFPHqb3jzb+wsB018UMXjvSq6+nmRFBod59tKLSwuLa+kVzNr6xubW/b2TkWHseJQ5qEMVc1jGqQIoIwCJdQiBcz3JFS9/vXIr96D0iIMSjiIoOmzbiA6gjM0UsveK7VOaOOUno1aA+EBkxuoDFt21sk5Y9B54k5JlkxRbNlfjXbIYx8C5JJpXXedCJsJUyi4hGGmEWuIGO+zLtQNDZgPupmM7x/SI6O0aSdUpgKkY/X3RsJ8rQe+ZyZ9hj09643E/7x6jJ2rZiKCKEYI+OShTiwphnQUBm0LBRzlwBDGlTC3Ut5jinE0kWVMCO7sl+dJ5TznXuTyd/ls4XAaR5rskwNyTFxySQrklhRJmXDySJ7JK3mznqwX6936mIymrOnOLvkD6/MHFfmUKQ==</latexit>

T⇤ / GeV
<latexit sha1_base64="jwecXRPChyxiMJhvIOU8bEXb6GE=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MURCTOSFCPAQ96jJANkhB6OpWkSc9Cd40Yxhz8FS8eFPHqb3jzb+wsB018UMXjvSq6+nmRFBod59tKLSwuLa+kVzNr6xubW/b2TkWHseJQ5qEMVc1jGqQIoIwCJdQiBcz3JFS9/vXIr96D0iIMSjiIoOmzbiA6gjM0UsveK7VOaOOUno1aA+EBkxuoDFt21sk5Y9B54k5JlkxRbNlfjXbIYx8C5JJpXXedCJsJUyi4hGGmEWuIGO+zLtQNDZgPupmM7x/SI6O0aSdUpgKkY/X3RsJ8rQe+ZyZ9hj09643E/7x6jJ2rZiKCKEYI+OShTiwphnQUBm0LBRzlwBDGlTC3Ut5jinE0kWVMCO7sl+dJ5TznXuTyd/ls4XAaR5rskwNyTFxySQrklhRJmXDySJ7JK3mznqwX6936mIymrOnOLvkD6/MHFfmUKQ==</latexit>

T⇤ / GeV

<latexit sha1_base64="M6jM4mEvRAarmc/qynKNIZz+ozs="></latexit>

|~k(z)| ! k̃z ⌘
p

!2 � m̃2

(inside the bubble)

<latexit sha1_base64="VMDQk67GLoabz7AbvcvYb4VRwIE=">AAACA3icbVC7SgNBFJ31GeMraqfNYBRiE3YloHYBG8sI5gFJCLOTm2TI7Owyc1cMS8DGX7GxUMTWn7Dzb5wkW2jigYHDOfdw5x4/ksKg6347S8srq2vrmY3s5tb2zm5ub79mwlhzqPJQhrrhMwNSKKiiQAmNSAMLfAl1f3g98ev3oI0I1R2OImgHrK9ET3CGVurkDlsID5gUhDKiCxQHQP3Yt+mzcSeXd4vuFHSReCnJkxSVTu6r1Q15HIBCLpkxTc+NsJ0wjYJLGGdbsYGI8SHrQ9NSxQIw7WR6w5ieWqVLe6G2TyGdqr8TCQuMGQW+nQwYDsy8NxH/85ox9i7biVBRjKD4bFEvlhRDOimEdoUGjnJkCeNa2L9SPmCacbS1ZW0J3vzJi6R2XvRKxavbUr58ktaRIUfkmBSIRy5ImdyQCqkSTh7JM3klb86T8+K8Ox+z0SUnzRyQP3A+fwCj55dw</latexit>

(outside the bubble)

<latexit sha1_base64="qOX03LyuAzU2ff0vnlKL9/tIka4=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBRiE3YloHYBG8sI5gHJEmYnN8mQ2Qczd8WwpLDxV2wsFLH1I+z8GyfJFpp4YOBwzj3cucePpdDoON/Wyura+sZmbiu/vbO7t28fHDZ0lCgOdR7JSLV8pkGKEOooUEIrVsACX0LTH11P/eY9KC2i8A7HMXgBG4SiLzhDI3XtQgfhAdNSlKAWPaA4BOonvomfTbp20Sk7M9Bl4makSDLUuvZXpxfxJIAQuWRat10nRi9lCgWXMMl3Eg0x4yM2gLahIQtAe+nsiAk9NUqP9iNlXoh0pv5OpCzQehz4ZjJgONSL3lT8z2sn2L/0UhHGCULI54v6iaQY0WkjtCcUcJRjQxhXwvyV8iFTjKPpLW9KcBdPXiaN87JbKV/dVorVk6yOHCmQY1IiLrkgVXJDaqROOHkkz+SVvFlP1ov1bn3MR1esLHNE/sD6/AGY7pf7</latexit>

false vacuum

<latexit sha1_base64="nW/B6MoUKENRL62/jRmyNtjOI8o=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg1HwFHYloN4CXjxGMA9IQpid9CZDZh/M9AaXJf6KFw+KePVDvPk3TpI9aGJBQ1HVTXeXF0uh0XG+rbX1jc2t7cJOcXdv/+DQPjpu6ihRHBo8kpFqe0yDFCE0UKCEdqyABZ6Elje+nfmtCSgtovAB0xh6ARuGwhecoZH6dqmL8IiZz6QGOmE8SYJp3y47FWcOukrcnJRJjnrf/uoOIp4EECKXTOuO68TYy5hCwSVMi91EQ8z4mA2hY2jIAtC9bH78lJ4bZUD9SJkKkc7V3xMZC7ROA890BgxHetmbif95nQT9614mwjhBCPlikZ9IihGdJUEHQgFHmRrCuBLmVspHTDGOJq+iCcFdfnmVNC8rbrVyc18t187yOArkhJySC+KSK1Ijd6ROGoSTlDyTV/JmPVkv1rv1sWhds/KZEvkD6/MHYpeVLA==</latexit>

true vacuum

<latexit sha1_base64="y/vwl46h/NDmnJ5bCBXCUlhWH14=">AAAB+3icbVDLSgNBEJyNrxhfMR69DEbBU9iVgHoLePEYwcRAsoTZSW8yZPbBTE9IWPIrXjwo4tUf8ebfOHkcNLGgoajqprsrSKXQ6LrfTm5jc2t7J79b2Ns/ODwqHpeaOjGKQ4MnMlGtgGmQIoYGCpTQShWwKJDwFAzvZv7TCJQWSfyIkxT8iPVjEQrO0ErdYqmDMMYMlQE6YtyYaNotlt2KOwddJ96SlMkS9W7xq9NLuIkgRi6Z1m3PTdHPmELBJUwLHaMhZXzI+tC2NGYRaD+b3z6lF1bp0TBRtmKkc/X3RMYirSdRYDsjhgO96s3E/7y2wfDGz0ScGoSYLxaFRlJM6CwI2hMKOMqJJYwrYW+lfMAU42jjKtgQvNWX10nzquJVK7cP1XLtfBlHnpySM3JJPHJNauSe1EmDcDImz+SVvDlT58V5dz4WrTlnOXNC/sD5/AHFcpTX</latexit>

z

<latexit sha1_base64="2QaxYJwy+u0JHkufwJvrJ5purUI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBqPgKexKQL0FvHhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcm6VPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5pl4pVc+yOPJwAqdwAR5cQRXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+QbjOw=</latexit>

incident

<latexit sha1_base64="HVmtVH8PTPXI0D1jzUMYrRxfpOY=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAKnsKuBNRbwIvHCOYByRJmZ2eTIbMPZnrFGPIlXjwo4tVP8ebfOEn2oIkFA0VVF9NdfiqFRsf5tgpr6xubW8Xt0s7u3n7ZPjhs6SRTjDdZIhPV8anmUsS8iQIl76SK08iXvO2PbmZ++4ErLZL4Hscp9yI6iEUoGEUj9e1yD/kjTkTMRMBjnPbtilN15iCrxM1JBXI0+vZXL0hYFpkwk1Trruuk6E2oQsEkn5Z6meYpZSM64F1DYxpx7U3mi0/JmVECEibKvBjJXP2dmNBI63Hkm8mI4lAvezPxP6+bYXjlmavSDHnMFh+FmSSYkFkLJBCKM5RjQyhTwuxK2JAqytB0VTIluMsnr5LWRdWtVa/vapX6aV5HEY7hBM7BhUuowy00oAkMMniGV3iznqwX6936WIwWrDxzBH9gff4AiUmTlg==</latexit>

reflected

<latexit sha1_base64="mNrDDUAC8om4b8ZPrQA3b0dkpxM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BKvgqSRSUG8FLx4r2FpoQ9lsJu3SzSbsTool9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QSq4Rtf9tkpr6xubW+Xtys7u3v6BfXjU1kmmGLRYIhLVCagGwSW0kKOATqqAxoGAx2B0O/Mfx6A0T+QDTlLwYzqQPOKMopH6tt1DeMJcQSSAIYTTvl11a+4czirxClIlBZp9+6sXJiyLQSITVOuu56bo51QhZwKmlV6mIaVsRAfQNVTSGLSfzy+fOudGCZ0oUaYkOnP190ROY60ncWA6Y4pDvezNxP+8bobRtZ9zmWYIki0WRZlwMHFmMTghV+ZfMTGEMsXNrQ4bUkVNBkpXTAje8surpH1Z8+q1m/t6tXFWxFEmJ+SUXBCPXJEGuSNN0iKMjMkzeSVvVm69WO/Wx6K1ZBUzx+QPrM8fRmaUAA==</latexit>

transmitted

<latexit sha1_base64="si7EC05N1A/JjcJuvTqglnieGZ4=">AAAB+3icbVBNS8NAEN3Ur1q/aj16CVbBU0mkoN4KXjxWsB/QhrLZTNqlm03YnUhLyF/x4kERr/4Rb/4btx8HbX0w8Hhvhpl5fiK4Rsf5tgobm1vbO8Xd0t7+weFR+bjS1nGqGLRYLGLV9akGwSW0kKOAbqKARr6Ajj++m/mdJ1Cax/IRpwl4ER1KHnJG0UiDcqWPMMEMFZU64ogQ5INy1ak5c9jrxF2SKlmiOSh/9YOYpRFIZIJq3XOdBL2MKuRMQF7qpxoSysZ0CD1DJY1Ae9n89ty+MEpgh7EyJdGeq78nMhppPY180xlRHOlVbyb+5/VSDG+8jMskRZBssShMhY2xPQvCDrgChmJqCGWKm1ttNqKKMjRxlUwI7urL66R9VXPrtduHerVxvoyjSE7JGbkkLrkmDXJPmqRFGJmQZ/JK3qzcerHerY9Fa8FazpyQP7A+fwAlXJUV</latexit>

{

<latexit sha1_base64="rLBsHNlYq5ZiPn/7t3Ux1UOfGik=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoN4KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQy/rlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dknOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqserXqzX2tUj/L4yjCCZzCBXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH5ZejVM=</latexit>

⇠ L

<latexit sha1_base64="hclRqgkpcyoms2TxmBPCW4Pe6E8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0JqLeAFw8eIpgHJEuYncwmY+axzMwKYck/ePGgiFf/x5t/4yTZgyYWNBRV3XR3RQlnxvr+t7eyura+sVnYKm7v7O7tlw4Om0almtAGUVzpdoQN5UzShmWW03aiKRYRp61odDP1W09UG6bkgx0nNBR4IFnMCLZOanYNE+iuVyr7FX8GtEyCnJQhR71X+ur2FUkFlZZwbEwn8BMbZlhbRjidFLupoQkmIzygHUclFtSE2ezaCTpzSh/FSruSFs3U3xMZFsaMReQ6BbZDs+hNxf+8TmrjqzBjMkktlWS+KE45sgpNX0d9pimxfOwIJpq5WxEZYo2JdQEVXQjB4svLpHlRCaqV6/tquXaax1GAYziBcwjgEmpwC3VoAIFHeIZXePOU9+K9ex/z1hUvnzmCP/A+fwALiI61</latexit>

<latexit sha1_base64="EvAIO9oTEzm987eLb7cskyj5AeM="></latexit>

|~k(z)| ! kz ⌘
p

!2 � m2

<latexit sha1_base64="LxbtZLz9JlaKojR/EIIV5bwEDbM=">AAACAnicbVDLSgMxFM34rPU16krcBKtQN2WmFHVZcOOygn1AOx0yaaYNTTJDklHqUNz4K25cKOLWr3Dn35i2s9DWAxcO59zLvfcEMaNKO863tbS8srq2ntvIb25t7+zae/sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPh1cRv3hGpaCRu9SgmHkd9QUOKkTaSbx9yv9Etw+LDGexI2h9oJGV0D3m37NsFp+RMAReJm5ECyFDz7a9OL8IJJ0JjhpRqu06svRRJTTEj43wnUSRGeIj6pG2oQJwoL52+MIanRunBMJKmhIZT9fdEirhSIx6YTo70QM17E/E/r53o8NJLqYgTTQSeLQoTBnUEJ3nAHpUEazYyBGFJza0QD5BEWJvU8iYEd/7lRdIol9zzUuWmUqieZHHkwBE4BkXgggtQBdegBuoAg0fwDF7Bm/VkvVjv1sesdcnKZg7AH1ifP15slg8=</latexit>

m2
V (z) ! m2

<latexit sha1_base64="NVdqa6bzvggBgZtCnOeE4k1OKn4=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSrUS9ktRT0WvHisYD+kXUs2zbahSXZJskJd+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD31W49UaRbJOzOOqS/wQLKQEWysdC96zYcKKj2d9wpFt+zOgJaJl5EiZKj3Cl/dfkQSQaUhHGvd8dzY+ClWhhFOJ/luommMyQgPaMdSiQXVfjo7eILOrNJHYaRsSYNm6u+JFAutxyKwnQKboV70puJ/Xicx4ZWfMhknhkoyXxQmHJkITb9HfaYoMXxsCSaK2VsRGWKFibEZ5W0I3uLLy6RZKXsX5epttVg7zeLIwTGcQAk8uIQa3EAdGkBAwDO8wpujnBfn3fmYt6442cwR/IHz+QNTpY9c</latexit>

m2
V (z)

<latexit sha1_base64="SyV1BUt9tVpuCeOpVzKZ9WcuCoM=">AAACG3icbVDLSgMxFM34tr6qLt0Eq6AIZaaIuhEKunBZwVahM5ZMetuGJjNDckeppf/hxl9x40IRV4IL/8a0nYWvAwkn59zLzT1hIoVB1/10Jianpmdm5+ZzC4tLyyv51bWaiVPNocpjGeurkBmQIoIqCpRwlWhgKpRwGXZPhv7lDWgj4ugCewkEirUj0RKcoZUa+ZJq1K5LO3e71Nei3UGmdXxLfRSyCVRdl+jx6N6j/ilIZMNHI19wi+4I9C/xMlIgGSqN/LvfjHmqIEIumTF1z00w6DONgksY5PzUQMJ4l7WhbmnEFJigP9ptQLet0qStWNsTIR2p3zv6TBnTU6GtVAw75rc3FP/z6im2joK+iJIUIeLjQa1UUozpMCjaFBo4yp4ljGth/0p5h2nG0caZsyF4v1f+S2qlondQ3D/fL5S3sjjmyAbZJDvEI4ekTM5IhVQJJ/fkkTyTF+fBeXJenbdx6YST9ayTH3A+vgDt456/</latexit>

m2
V (z) ! m̃2 = m2 + �m2

<latexit sha1_base64="KZX+gbDIgB2fBW+5Dgmpa+E5GLU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRa1GPBi8cK9gPaWDbbSbt0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqzU8tzH7Pxy0iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOyGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhDd+xmWSGpRsvihMBTExmf5O+lwhM2JsCWWK21sJG1JFmbEJFW0I3uLLy6R5UfGuKtX7arlG8jgKcAwncAYeXEMN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w83J46+</latexit>

10
�3

<latexit sha1_base64="InDE42n97lKy/h8eEQ3oTdAO52o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh4LXjxWsB/QxrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKV2p77mF3Upv1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsupdVWv3tUqd5HEU4QRO4Rw8uIY63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w84rI6/</latexit>

10
�4

<latexit sha1_base64="mOJQKjP+1WT7hWz+J7t4hTXp2og=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlPo4BLx4jmAcka5id9CZDZmeXmVkhLPkILx4U8er3ePNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFSy3Mfs/PLSa9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmRcW7qlTvq+UayeMowDGcwBl4cA01uIM6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz86MY7A</latexit>

10
�5

<latexit sha1_base64="K3P9jLh3QQmqa8gRn1TXudZFZPA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRSqseCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbc99zC5r036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6R1VfFqlep9tVwneRwFOIUzuAAPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc7to7B</latexit>

10
�6

<latexit sha1_base64="Lfsi0Vsdc9EhWgZF9gT0SlfNOpc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRSrMeCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbc99zC5r036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6R1VfGuK9X7arlO8jgKcApncAEe1KAOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc9O47C</latexit>

10
�7

<latexit sha1_base64="t257Xydh6l/+dlRwjkKLCEbYAt8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRStMeCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbc99zC5r036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGNb8TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqEijYEb/nlVdK6qnjXlep9tVwneRwFOIUzuAAPbqAOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc+wI7D</latexit>

10
�8

<latexit sha1_base64="OmvmYoDM1NrV+X/wfZp3WREgnqk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHYl+LgFvHiMYB6QrGF20psMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZKLc99zM5vJr1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZuRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUNGG4C2+vEyaFxXvslK9r5ZrJI+jAMdwAmfgwRXU4A7q0AAGI3iGV3hzEufFeXc+5q0rTj5zBH/gfP4AQEWOxA==</latexit>

10
�9

<latexit sha1_base64="SLBMl2EUq0Ee4B+D+qI/07AT5N0=">AAACF3icbVBNSwMxEM36bf2qevQSLIIerLtF1ItQ0IPHClaFbi3ZdKqhSXZNZsWy7L/w4l/x4kERr3rz35jWHvx6MMPjvRmSeVEihUXf//BGRsfGJyanpgszs3PzC8XFpVMbp4ZDnccyNucRsyCFhjoKlHCeGGAqknAWdQ/6/tkNGCtifYK9BJqKXWrREZyhk1rFcmivDWbr4SFIZFRdVOhWv2+0QoRbzJTQeU73aeBfZJuVvFUs+WV/APqXBENSIkPUWsX3sB3zVIFGLpm1jcBPsJkxg4JLyAthaiFhvMsuoeGoZgpsMxvcldM1p7RpJzauNNKB+n0jY8ranorcpGJ4ZX97ffE/r5FiZ6+ZCZ2kCJp/PdRJJcWY9kOibWGAo+w5wrgR7q+UXzHDOLooCy6E4PfJf8lppRzslLePt0tVOoxjiqyQVbJOArJLquSI1EidcHJHHsgTefbuvUfvxXv9Gh3xhjvL5Ae8t08kG53r</latexit>p
(�m2/m

2)min = 10
�2

<latexit sha1_base64="xhrZptGIlHPuFaAAkvf+zkYXvPk=">AAAB/XicdVDLSgMxFM3UV62v8bFzE1qEKjhkhra2Gym46bJCX9DWkknTNjTzIMkIdSj+ihsXirj1P9z5N6YPQUUPhJyccy/35rghZ1Ih9GEkVlbX1jeSm6mt7Z3dPXP/oCGDSBBaJwEPRMvFknLm07piitNWKCj2XE6b7vhq5jdvqZAs8GtqEtKuh4c+GzCClZZ65pF3E5/bU3gJK9la7+x0/uqZGWQhp5hHJYgsR19OXpM8skuFErQtNEcGLFHtme+dfkAij/qKcCxl20ah6sZYKEY4naY6kaQhJmM8pG1NfexR2Y3n20/hiVb6cBAIfXwF5+r3jhh7Uk48V1d6WI3kb28m/uW1IzUodmPmh5GiPlkMGkQcqgDOooB9JihRfKIJJoLpXSEZYYGJ0oGldAhfP4X/k4Zj2QUrd53LlNPLOJLgGKRBFtjgApRBBVRBHRBwBx7AE3g27o1H48V4XZQmjGXPIfgB4+0TzJSTcg==</latexit>

m�1 > H(T⇤)
�1

<latexit sha1_base64="AvDMwpcL6QwyOJ7ZwhXC72CYEZE=">AAAB/3icbVDLSsNAFJ3UV62vqODGzdAiVNGSSFE3QsGNCxcV+oI2DZPppB06mYSZiVBiF/6KGxeKuPU33Pk3TtsstPXAhcM593LvPV7EqFSW9W1klpZXVtey67mNza3tHXN3ryHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3gz8ZsPREga8poaRcQJUJ9Tn2KktOSaB3fwGhZtq1uGnVNYc0+Ou8mZPXbNglWypoCLxE5JAaSouuZXpxfiOCBcYYakbNtWpJwECUUxI+NcJ5YkQniI+qStKUcBkU4yvX8Mj7TSg34odHEFp+rviQQFUo4CT3cGSA3kvDcR//PasfKvnITyKFaE49kiP2ZQhXASBuxRQbBiI00QFlTfCvEACYSVjiynQ7DnX14kjfOSfVEq35cLlXwaRxYcgjwoAhtcggq4BVVQBxg8gmfwCt6MJ+PFeDc+Zq0ZI53ZB39gfP4ADG6S1g==</latexit>

L = (104 T⇤)
�1

<latexit sha1_base64="I0F8rTLjJemeZBhA7HwYwJESBeY=">AAAB+HicbVBNS8NAEJ34WetHox69LC2CBylJKepFKHjx4KGK/YA2hs120y7dbMLuRqilv8SLB0W8+lO8+W/ctjlo64OBx3szzMwLEs6Udpxva2V1bX1jM7eV397Z3SvY+wdNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQXDq6nfeqRSsVjc61FCvQj3BQsZwdpIvl248x10iVznoYK6p+jGt0tO2ZkBLRM3IyXIUPftr24vJmlEhSYcK9VxnUR7Yyw1I5xO8t1U0QSTIe7TjqECR1R549nhE3RslB4KY2lKaDRTf0+McaTUKApMZ4T1QC16U/E/r5Pq8MIbM5GkmgoyXxSmHOkYTVNAPSYp0XxkCCaSmVsRGWCJiTZZ5U0I7uLLy6RZKbtn5epttVQrZnHk4AiKcAIunEMNrqEODSCQwjO8wpv1ZL1Y79bHvHXFymYO4Q+szx/hgpCN</latexit>

R0 = 102 L

0.1 1000 107

10-16

10-6

104

T / GeV

m
/G
eV

0.1 1000 107

10-16

10-6

104

T / GeV

m
/G
eV

<latexit sha1_base64="KZX+gbDIgB2fBW+5Dgmpa+E5GLU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRa1GPBi8cK9gPaWDbbSbt0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqzU8tzH7Pxy0iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOyGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhDd+xmWSGpRsvihMBTExmf5O+lwhM2JsCWWK21sJG1JFmbEJFW0I3uLLy6R5UfGuKtX7arlG8jgKcAwncAYeXEMN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w83J46+</latexit>

10
�3

<latexit sha1_base64="InDE42n97lKy/h8eEQ3oTdAO52o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh4LXjxWsB/QxrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKV2p77mF3Upv1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrsupdVWv3tUqd5HEU4QRO4Rw8uIY63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w84rI6/</latexit>

10
�4

<latexit sha1_base64="mOJQKjP+1WT7hWz+J7t4hTXp2og=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlPo4BLx4jmAcka5id9CZDZmeXmVkhLPkILx4U8er3ePNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFSy3Mfs/PLSa9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmRcW7qlTvq+UayeMowDGcwBl4cA01uIM6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz86MY7A</latexit>

10
�5

<latexit sha1_base64="K3P9jLh3QQmqa8gRn1TXudZFZPA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRSqseCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbc99zC5r036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6R1VfFqlep9tVwneRwFOIUzuAAPrqEOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc7to7B</latexit>

10
�6

<latexit sha1_base64="Lfsi0Vsdc9EhWgZF9gT0SlfNOpc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRSrMeCF48V7Ae0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKbc99zC5r036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6R1VfGuK9X7arlO8jgKcApncAEe1KAOd9CAJjAYwzO8wpuTOC/Ou/OxaF1z8pkT+APn8wc9O47C</latexit>

10
�7

<latexit sha1_base64="SLBMl2EUq0Ee4B+D+qI/07AT5N0=">AAACF3icbVBNSwMxEM36bf2qevQSLIIerLtF1ItQ0IPHClaFbi3ZdKqhSXZNZsWy7L/w4l/x4kERr3rz35jWHvx6MMPjvRmSeVEihUXf//BGRsfGJyanpgszs3PzC8XFpVMbp4ZDnccyNucRsyCFhjoKlHCeGGAqknAWdQ/6/tkNGCtifYK9BJqKXWrREZyhk1rFcmivDWbr4SFIZFRdVOhWv2+0QoRbzJTQeU73aeBfZJuVvFUs+WV/APqXBENSIkPUWsX3sB3zVIFGLpm1jcBPsJkxg4JLyAthaiFhvMsuoeGoZgpsMxvcldM1p7RpJzauNNKB+n0jY8ranorcpGJ4ZX97ffE/r5FiZ6+ZCZ2kCJp/PdRJJcWY9kOibWGAo+w5wrgR7q+UXzHDOLooCy6E4PfJf8lppRzslLePt0tVOoxjiqyQVbJOArJLquSI1EidcHJHHsgTefbuvUfvxXv9Gh3xhjvL5Ae8t08kG53r</latexit>p
(�m2/m

2)min = 10
�2

<latexit sha1_base64="INRJmYrjqK212FUBGwAQjaikEdI=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCCIYNiVoF6EgBcPHiLkBckaZiezyZDZ2WUeQljyG148KOLVn/Hm3zhJ9qCJBQ1FVTfdXUHCmdKu++2srK6tb2zmtvLbO7t7+4WDw6aKjSS0QWIey3aAFeVM0IZmmtN2IimOAk5bweh26reeqFQsFnU9Tqgf4YFgISNYW6l7j25QvXf2mJ57k16h5JbdGdAy8TJSggy1XuGr24+JiajQhGOlOp6baD/FUjPC6STfNYommIzwgHYsFTiiyk9nN0/QiVX6KIylLaHRTP09keJIqXEU2M4I66Fa9Kbif17H6PDaT5lIjKaCzBeFhiMdo2kAqM8kJZqPLcFEMnsrIkMsMdE2prwNwVt8eZk0L8reZbnyUClVi1kcOTiGIpyCB1dQhTuoQQMIJPAMr/DmGOfFeXc+5q0rTjZzBH/gfP4A5RiQNQ==</latexit>

L = T�1
⇤

<latexit sha1_base64="I0F8rTLjJemeZBhA7HwYwJESBeY=">AAAB+HicbVBNS8NAEJ34WetHox69LC2CBylJKepFKHjx4KGK/YA2hs120y7dbMLuRqilv8SLB0W8+lO8+W/ctjlo64OBx3szzMwLEs6Udpxva2V1bX1jM7eV397Z3SvY+wdNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQXDq6nfeqRSsVjc61FCvQj3BQsZwdpIvl248x10iVznoYK6p+jGt0tO2ZkBLRM3IyXIUPftr24vJmlEhSYcK9VxnUR7Yyw1I5xO8t1U0QSTIe7TjqECR1R549nhE3RslB4KY2lKaDRTf0+McaTUKApMZ4T1QC16U/E/r5Pq8MIbM5GkmgoyXxSmHOkYTVNAPSYp0XxkCCaSmVsRGWCJiTZZ5U0I7uLLy6RZKbtn5epttVQrZnHk4AiKcAIunEMNrqEODSCQwjO8wpv1ZL1Y79bHvHXFymYO4Q+szx/hgpCN</latexit>

R0 = 102 L

<latexit sha1_base64="xhrZptGIlHPuFaAAkvf+zkYXvPk=">AAAB/XicdVDLSgMxFM3UV62v8bFzE1qEKjhkhra2Gym46bJCX9DWkknTNjTzIMkIdSj+ihsXirj1P9z5N6YPQUUPhJyccy/35rghZ1Ih9GEkVlbX1jeSm6mt7Z3dPXP/oCGDSBBaJwEPRMvFknLm07piitNWKCj2XE6b7vhq5jdvqZAs8GtqEtKuh4c+GzCClZZ65pF3E5/bU3gJK9la7+x0/uqZGWQhp5hHJYgsR19OXpM8skuFErQtNEcGLFHtme+dfkAij/qKcCxl20ah6sZYKEY4naY6kaQhJmM8pG1NfexR2Y3n20/hiVb6cBAIfXwF5+r3jhh7Uk48V1d6WI3kb28m/uW1IzUodmPmh5GiPlkMGkQcqgDOooB9JihRfKIJJoLpXSEZYYGJ0oGldAhfP4X/k4Zj2QUrd53LlNPLOJLgGKRBFtjgApRBBVRBHRBwBx7AE3g27o1H48V4XZQmjGXPIfgB4+0TzJSTcg==</latexit>

m�1 > H(T⇤)
�1

<latexit sha1_base64="j3D/oGHDsLhR2R62Y1bN0ZQaRTQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9ehgTBi2FXg3oMePEYwTwgWcPsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUA05i7od0qMRAMIpWannuY3p+Oe0Vy27FnYOsEi8jZchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346P3dKTq3SJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAc3fipUnCBXbLFokEiCEZn9TvpCc4ZyYgllWthbCRtRTRnahAo2BG/55VXSvKh4V5XqfbVcK2Vx5OEESnAGHlxDDe6gDg1gMIZneIU3J3ZenHfnY9Gac7KZY/gD5/MHN8GOwA==</latexit>

10�3
<latexit sha1_base64="FOaDssnHgQ7LohRcMSXZkFK9AcA=">AAAB7nicbVBNS8NAEJ34WetX1aOXpUXwYkmkqMeCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1Fip7bmP2YU37ZcqbtWdg6wSLycVyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiEijYEb/nlVdK6rHpX1dp9rVIv53EU4BTKcA4eXEMd7qABTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w80t46+</latexit>

10�1 <latexit sha1_base64="jDmAgYeRhtnEOpY93XhapFuoA4M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LC2Cp5JIUY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpwXMH5apbcxcg68TLSRVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5NwqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtC9r3lWtfl+vNip5HEU4gwpcgAfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AeHAjNg=</latexit>

10
<latexit sha1_base64="PAePk2mbeFGkrB5SUcXfPhI6mR4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7KrpXosePFYwX5Au5Zsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWwyyXMfr4blqltzF0DrxMtJFXK0huWvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpH51YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10Lmteo1a/r1eblTyOIpxBBS7Ag2towh20oA0EJvAMr/DmCOfFeXc+lq0FJ585hT9wPn8ACJCNfQ==</latexit>

103
<latexit sha1_base64="fRT2g85lL5+xj4bhFhQSpjPoit4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2Cp7IrrXosePFYwX5Au5Zsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWwyyXMfG8Ny1a25C6B14uWkCjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jc6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvUz8z+snJrzxUybjxFBJlovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8mG4K2+vE46lzXvqla/r1eblTyOIpxBBS7Ag2towh20oA0EJvAMr/DmCOfFeXc+lq0FJ585hT9wPn8AC5iNfw==</latexit>
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10�12

Figure 4.4: Contour lines indicating the lower bound on the fractional change of the
dark photon mass for longitudinal reflections to create enough friction to halt the
acceleration of the bubble walls. These contours saturate the inequality in eq. (4.53),
with the choice x = 10−1 for illustration. The energy density in cold dark photons
is taken to be that of the dark matter, and the difference in energy densities, ∆V , is
taken to be 1% of that in the Standard Model bath (i.e. α = 10−2 in eq. (4.6)). The
blue shaded area corresponds to dark photon masses such that the corresponding
Compton wavelength exceeds the Hubble radius, m−1 > H(T∗)

−1 – a regime that
lies outside the validity of our discussion. Left: The wall thickness is related to
the temperature of the thermal plasma at the phase transition epoch as L = T−1

∗ ,
as expected in a ‘standard’ thermal transition. Right: L = (104 T∗)

−1 ≪ T−1
∗ , as

could be the case if the phase transition took place within a cold hidden sector with
a characteristic energy scale ≫ T∗, or for a thermal transition featuring significant
super-cooling (recall discussion below eq. (4.7)).

In the rest frame of the bubble wall, reflected longitudinal modes propagate away

from the interface with Lorentz-factor γeq, while in the rest frame of the dark photons

far away from the wall – loosely, the rest frame of the dark matter – the γ-factor of

the reflected dark photons is given by

γdr =
1 + |v⃗eq|2
1 − |v⃗eq|2

≃ 2γ2eq ≫ γeq . (4.55)

Within a Hubble volume, the average number density of dark photons that become

relativistic as the bubble walls sweep across the dark matter from the onset of the

equilibrium regime until the bubbles collide can be approximated by

⟨ndr⟩ ≃
1

3
RlnV

(
1 − R3

eq

R3
coll

)
. (4.56)

The factor in parenthesis takes care of the fact that we are only interested in keeping

track of the fraction of dark matter that gets converted into dark radiation dur-
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ing equilibrium (before, most of the energy released as the bubbles grow goes into

accelerating the bubble walls). Obviously, if the bubble walls only reach equilib-

rium right before they collide, Req ≈ Rcoll, then ⟨ndr⟩ will be correspondingly tiny.

However, provided the onset of equilibrium takes place well before collision, then

⟨ndr⟩ ≃ 1
3
RlnV . For example, taking Req ≃ γeqR0 and Req ≃ xH(T∗)

−1, we find

R3
eq/R

3
coll ∼ 10−15 ≪ 1, where we have evaluated all parameters as in eq. (4.50), and

for illustration we have taken x = 10−2 as well as R−1
0 = T∗ = 100 GeV. More

generally, notice that having Req ≲ Rcoll is a requirement for dark photon reflections

to affect significantly the evolution of the bubble walls (as per our discussion around

eq. (4.50)), and so we proceed under this assumption.

Right after bubble walls collide, the volume-averaged energy density in dark radi-

ation is therefore

ρdr = ωdr ⟨ndr⟩ ≃
2

3
γ2eqRl ρV at T ∼ T∗ , (4.57)

where ωdr = γdrm and γdr is given in eq. (4.55). Notice the right-hand-side above is

equal to ∆V by eq. (4.49) – consistent with energy conservation in the rest frame of

the dark matter. Thus, in phase transitions where bubble walls reach an equilibrium

regime as a result of friction from the dark photons, most of the difference in vacuum

energy densities goes into turning a fraction of the (cold) dark photons into dark

radiation.

4.4.3 Fate of the dark radiation

The fate of the reflected dark photons depends sensitively on the values of the various

underlying parameters. As a result, general statements about the later evolution of

the dark radiation are not possible, and a comprehensive study spanning all available

parameter space is well beyond the scope of this work. Instead, we will focus on

highlighting the possible outcomes given certain assumptions.

Although sweeping statements are not possible, there are two qualitatively dif-

ferent cases that merit separate consideration, depending on whether the sector un-

dergoing vacuum decay is part of the thermal plasma or belongs in a cold hidden

sector such that the transition proceeds via quantum tunneling. We will focus on

the cold scenario first. In this case, the absence of a thermal population of parti-

cles that will interact with the wall background leaves the dark photons as the sole

source of pressure on the expanding interface, and the evolution of the dark radia-

tion as the bubbles grow and after they collide depends primarily on the strength of

the self-interactions among the dark photons. As discussed in section 4.5.1, quartic
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dark photon self-interactions are generally part of the low energy theory, and in the

context of an Abelian Higgs UV-completion the relevant quartic coupling is as given

in eq. (4.68). Interactions among the dark radiation and the cold dark photons occur

at a center-of-mass energy
√
s/2 ≃ γeqm, which always fall below the cutoff scale of

the effective theory. In this kinematic regime, the relevant cross section is as given in

eq. (4.72), and one finds that the corresponding interaction rate can be tiny compared

to H(T∗) across significant portions of parameter space.

When interactions between the dark matter and the reflected dark photons are

negligible, the following picture emerges. Going back to eq. (4.55), notice that (in

the dark matter frame) the speed of the dark radiation is ever-so-slightly larger than

the speed of the bubble wall:

∆vdr ≡ |v⃗dr| − |v⃗eq| = |v⃗eq|
1 − |v⃗eq|2
1 + |v⃗eq|2

≃ |v⃗eq|
2γ2eq

≪ 1 . (4.58)

As a result, from the beginning of the equilibrium regime until the moment of bubble

wall collisions, reflected dark photons become uniformly distributed on a shell of

thickness ∆L in front of the interface, with

∆L ∼ ∆vdr × ∆t ≃ |v⃗eq|∆t
2γ2eq

≲
Rcoll

2γ2eq
≪ Rcoll , (4.59)

where ∆t refers to the time interval between when equilibrium is reached and collision

of the bubble walls, and we have used |v⃗eq|∆t ≲ Rcoll. Thus, as the bubbles grow

bigger, a shell of dark radiation forms, moving ever-so-slightly in front of the bubble

walls. Although the walls move at constant speed, most of the energy density remains

localized in a thin layer close to the surface of the expanding bubbles.

The fate of these shells of radiation depends on the interactions between relativistic

dark photons as the bubble walls meet. Now, the relevant center-of-mass-energy is
√
s/2 ∼ ωdr ≃ 2mγ2eq, and interactions are often well-described within the high energy

Goldstone regime of eq. (4.74). To estimate the interaction rate, notice that although

the average number density of dark radiation is well-approximated by ⟨ndr⟩ ≃ 1
3
RlnV ,

the distribution of relativistic dark photons is highly inhomogeneous, with ndr ∼
⟨ndr⟩H−1/∆L≫ ⟨ndr⟩ in a thin shell surrounding the bubble walls and zero elsewhere.

This cross section defines a mean-free-path λmfp = (σndr)
−1. Comparing this length

scale to the typical thickness of one of these shells we find, e.g.

λmfp

∆L
∼ 108

λ2Φ

( m

1 eV

)3( 10−4

∆m2/m2

)6(
T∗

100 GeV

)( α

10−2

)2(ρdm
ρV

)3

. (4.60)
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The above expression has a strong dependence on a number of parameters, especially

the fractional change in the mass of the dark photon. But interestingly it can remain

≫ 1 in a large region of the relevant parameter space where longitudinal reflections are

relevant to the evolution of the bubble walls. In this case, the shells of dark radiation

will pass each other without significant dissipation, a process that could last for much

longer than the usual duration of a cosmological phase transitions. The long-lasting

motion of these shells could greatly enhance the strength of the gravitational wave

signal, a possibility that motivates more careful exploration of this potential new

source of gravitational waves. We will return to this topic in future work.

Moreover, it is interesting to consider the limiting possibility that the reflected

dark photons remain relativistic long after the phase transition is over, leading to

a dark radiation signal. Making the optimistic assumption that significant losses to

gravitational radiation and other “inelastic” processes can be ignored, the requirement

that the reflected dark photons remain relativistic at temperatures T ≤ T∗ can be

written as:

γdr(T ≤ T∗) ≃ 2γ2eq
a(T∗)

a(T )
≈ 2 × 1013

(
10−4

∆m2/m2

)2 ( α

10−2

)(ρdm
ρV

)(
T

1 MeV

)
≳ 1 .

(4.61)

Of particular interest are the temperatures of Big Bang Nucleusynthesis (TBBN ∼
1 MeV) and recombination (Trec ∼ 1 eV), when ∆Neff bounds exist. As can be

inferred from eq. (4.61), this is easily the case provided α is not too tiny. When this

is the case, the corresponding contribution to ∆Neff can be written as

∆Neff =
8

7

(
11

4

)4/3(
ρdr(T∗)

ργ,0

)(
a(T∗)

a(T0)

)4

(4.62)

≃ 1.4
( α

0.1

) g∗(T∗)

g∗,s(T∗)4/3
(4.63)

≃ 0.3
( α

0.1

)(g∗(100 GeV)

g∗(T∗)

)1/3

, (4.64)

where ργ,0 refers to the current energy density in (Standard Model) photons. In the

first step above we have used ρdr(T∗) ≃ ∆V , as discussed around eq. (4.56)-(4.57),

and in the final step we have ignored the difference between g∗,s(T∗) and g∗(T∗).

Interestingly, phase transitions with α ∼ 10−1 would already be probed by current

∆Neff constraints – though we emphasize that this is under the assumption that the

highly relativistic dark photons suffer no significant energy loss since the time of the
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phase transition other than redshift due to Hubble expansion. Under this assumption,

fig. 4.5 shows the prediction for ∆Neff as a function of the characteristic temperature

of the phase transition, for various values of α. Strong phase transitions with α > 0.1

would be probed by current measurements, while weaker transitions with α ≳ 10−2

could be probed by CMB-Stage 4 observations [163]. Because bubble acceleration is

Figure 4.5: In phase transitions where bubble walls reach an equilibrium regime as
a result of dark photon reflections, most of the difference in vacuum energy densities
goes into turning a fraction of the (cold) dark photons into dark radiation. If the dark
radiation remains relativistic until late times, an observable contribution to ∆Neff is
possible. Plotted are the maximum possible contributions to ∆Neff, as discussed in
the main text, as a function of the thermal plasma at the epoch of the transition, T∗.
Solid gray lines correspond to current bounds [17], and dashed gray lines show the
projected sensitivities of upcoming observatories [163,164].

stalled by the reflection of particles, this effect is a particularly efficient manner of

converting the latent heat of the false vacuum to relativistic matter, thus leading to

a significant contribution to ∆Neff if the reflected particles remain relativistic until

late times. When instead bubbles of the new phase are run-away or reach a terminal

velocity by dispersing energy into the thermal plasma, only the resulting stochastic

background of gravitational waves contributes towards dark radiation, and ∆Neff is a

less important observable.

The second scenario highlighted early on in this subsection corresponds to the case

where the phase transition sector is in equilibrium with the thermal plasma. In this

case, the reflected dark photons will also interact with the population of ϕ’s in the

thermal fluid via eq. (4.8) (or its UV-complete version, as described in section 4.5.1).

Interactions take place at center-of-mass energies
√
s/2 ∼ √

2T∗ ωdr/2 ≃ γeq
√
mT∗,
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and the corresponding cross section is well-approximated by eq. (4.75) or eq. (4.76)

depending on whether
√
s falls above or below the cutoff scale of the effective theory.

As discussed in section 4.5.2, the corresponding interaction rate can be well above

H(T∗), although once more this depends sensitively on the values of the underlying

parameters. At any rate, interactions between the reflected dark photons and the

thermal plasma provide an additional obstacle for the dark radiation to propagate

undisturbed. It is therefore more likely that the energy density in the dark radia-

tion gets distributed within the primordial plasma, in which case the main source of

gravitational radiation would come from motion within the thermal fluid, similar to

the case of phase transitions that reach an equilibrium regime as a result of thermal

pressure.

Determining more precisely under what circumstances the reflected dark photons

remain relativistic until late times, and therefore contribute to ∆Neff, is an important

question worthy of further attention.

4.5 Beyond the effective theory

In this section, we briefly discuss how the effective Lagrangian of eq. (4.7)-(4.8) may

arise from a more complete framework. Our goal is not to be exhaustive, but rather

to identify the necessary features of underlying models giving rise to our effective

theory.

4.5.1 Abelian Higgs UV-completion

The simplest UV-completion of eq. (4.7)-(4.8) can be written in terms of an Abelian

Higgs model:

LUV = −1

4
FµνF

µν + |DµΦ|2 − VΦ(|Φ|) +
1

2
(∂µϕ)2 − Vϕ(ϕ) +

η

2
ϕ2|Φ|2 , (4.65)

where DµΦ ≡ (∂µ−ig′Vµ)Φ. Assuming a Higgs potential of the usual form: VΦ(|Φ|) =

λΦ/2(|Φ2|−v′2/2)2, the corresponding radial mode gets a mass mρ =
√
λΦv

′, whereas

m = g′v′ is the mass of the dark photon. Integrating out the radial mode, one obtains

a low energy effective theory featuring additional interactions among the light degrees

of freedom. In particular, a term such as eq. (4.8) – repeated here for convenience –

is generated at tree-level:

L ⊃ κ

2
ϕ2V µVµ with κ =

η m2

m2
ρ

=
ηg′2

λΦ
. (4.66)
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Notice in particular that the ratio ∆m2/m2 is independent of g′, and it is therefore

controlled by a different set of parameters of the underlying model compared to the

overall mass of the dark photon. In this context, the scale of UV-completion is

Λ = mρ, which can be written as

mρ =

√
ηv√

∆m2/m2
≲

4πv√
∆m2/m2

. (4.67)

This reproduces our EFT expectation for the upper bound on the cutoff scale in

eq. (4.9) subject to the perturbativity requirement η ≲ 16π2.

Of course, the low energy effective theory contains interactions among the light

degrees of freedom beyond eq. (4.8). Of particular interest are self-interactions among

the dark photons. Indeed, a quartic interaction is generated at tree-level, of the form

L ⊃ λV (VµV
µ)2 with λV ∼ g′4

λΦ
= λΦ

m4

m4
ρ

≪ 1 . (4.68)

Interactions among the dark photons, as well as between the dark photons and a

potential population of ϕ particles in the thermal plasma, are relevant (i) to assess

the extent to which our assumptions that the dark matter is cold and non-interacting

are self-consistent, and (ii) to determine the evolution of the reflected dark photons,

which is the topic of section 4.4.3. For convenience, we summarize the relevant

interaction rates in the next section.

4.5.2 Interaction rates

At low momenta, eq. (4.68) leads to a self-interaction among the dark photons of the

form

σV V ∼ λ2V
8πm2

=
λ2Φ

8πm2
ρ

(
m

mρ

)6

for |⃗k| ≪ m . (4.69)

The corresponding dark matter self-interaction rate is always tiny compared to the

Hubble rate in the early Universe in the region of parameter space relevant to this

work. Potentially more relevant are interactions between the dark photons and ϕ

particles in the thermal fluid. In particular, processes of the form V ϕ → V ϕ could

be efficient at transferring energy from the plasma to the dark matter, unless the

corresponding interaction rates are tiny. The relevant cross section is of the form,

parametrically:

σV ϕ ∼ κ2

8πT 2
∗
∼ 1

8πT 2
∗

(
∆m2

m2

)2
m4

T 4
∗
, (4.70)
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where κ ≃ ∆m2/v2, as discussed below eq. (4.8), and we’ve taken mϕ ∼ v ∼ T∗,

which should be a good approximation at the epoch of the phase transition (barring

a tiny quartic coupling for ϕ). Assuming a thermal population of ϕ particles, with

number density nϕ ∼ T 3
∗ , we find

ΓV ϕ

H(T∗)
∼ 10−39

(
∆m2/m2

10−4

)2 ( m

1 eV

)4(100 GeV

T∗

)5

. (4.71)

Clearly, this ratio can be very small in much of the parameter space of interest (see

left panel in fig. 4.4).

Let us know discuss interactions involving the (highly relativistic) reflected dark

photons. These will be relevant in section 4.4.3 when we discuss the fate of the

dark radiation, and for convenience we summarize the relevant results here. At large

center-of-mass energies, i.e.
√
s ≫ m, the two-to-two scattering cross section among

the dark photons is dominated by the scattering of longitudinally-polarized vectors,

and so it will be sufficient for our purposes to just consider the process VlVl → VlVl.

Two limiting kinematic regimes are of interest. In the region m ≪ √
s ≪ mρ, the

relevant cross section is of the form

σll ∼
λ2V
8πs

(√
s

m

)8

∼ λ2Φ
8πm2

ρ

(√
s

mρ

)6

for m≪ √
s≪ mρ . (4.72)

This will be relevant for scattering between the dark radiation and the cold dark

photons, where the relevant center-mass-energy is given by
√
s/2 ≃ γeqm. Comparing

the relevant interaction rate to H(T∗), we find

Γll

H(T∗)
∼ 10−12 λ

2
Φ

η4

( m

1 eV

)5( 10−4

∆m2/m2

)2(
T∗
v

)8(
100 GeV

T∗

)4 ( α

10−2

)3(ρdm
ρV

)2

,

(4.73)

where we have evaluated the cross section at
√
s/2 = γeqm, and substituted mρ as

given in eq. (4.67). Notice that the ratio T∗/v could be ≪ 1 if the phase transition

sector is cold and decoupled from the thermal plasma, as discussed below eq. (4.7),

which would further suppress the above ratio. If instead
√
s ≫ mρ then the cross

section must be computed in the complete theory of eq. (4.65), and we find

σll ∼
λ2Φ
8πs

for
√
s≫ mρ , (4.74)

as expected by virtue of Goldstone Equivalence. This is the form of the cross section

used in deriving eq. (4.60).
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Another important class of interactions are those between the dark radiation and

the ϕ particles in the plasma when the phase transition sector is thermal. In particu-

lar, if the process Vlϕ→ V ϕ happens efficiently, the energy density stored in the dark

radiation would quickly become distributed among the thermal fluid, as discussed

in section 4.4.3. The typical s-parameter is of the form s ∼ 2T∗ωdr. In the regime
√
s≪ mρ,

σlϕ ∼ κ2

8πs

(√
s

m

)4

for m≪ √
s≪ mρ , (4.75)

whereas in the high-energy limit
√
s≫ mρ,

σlϕ ∼ η2

8πs
for

√
s≫ mρ . (4.76)

As an example, if the there’s a full thermal distribution of ϕ particles with nϕ ∼ T 3
∗ ,

then the relevant interaction rate, relative to H(T∗) is given by

Γlϕ

H(T∗)
∼ 108 η2

(
∆m2

m2

)2(
1 eV

m

)2(
100 GeV

T∗

)2(
10−2

α

)2(
ρV
ρdm

)2

, (4.77)

where we have used eq. (4.76) in obtaining Γlϕ, as appropriate given our choice of

parameters on the right-hand-side. Clearly, interactions between the dark radiation

and the thermal plasma can be very efficient in parts of the relevant parameter space

but – again – this conclusion depends strongly on the choices of the various scales

and couplings.

4.6 Reflection probability: supplemental material

In these sections additional details supplementing the discussion of 4.3 are included.

4.6.1 Scattering on a δ′ potential

As anticipated in 4.3.3, the effective scattering potential for the longitudinal compo-

nent in the limit of vanishing wall thickness takes the form

Ul(z)
L→0−−→ κ δ′(z) with κ ≡ −∆m2

2m2
, (4.78)

and eq. (4.30) reads

(∂2z + k2z)λ(z) = κ δ′(z)λ(z) . (4.79)
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We can obtain matching conditions for λ and λ′ by integrating (twice) over this

equation. First, integrating eq. (4.79) from z0 < 0 to z, we find
∫ z

z0

dẑ
[
(∂2ẑ + k2z)λ(ẑ)

]
=

∫ z

z0

dẑ κ δ′(ẑ)λ(ẑ) (4.80)

⇒ λ′(z) − λ′(z0) + k2z

∫ z

z0

dẑ λ(ẑ) = κλ(z)δ(z) − κ

2

[
λ′(0+) + λ′(0−)

]
Θ(z) .

(4.81)

Integrating eq. (4.81) from z = −ϵ to z = +ϵ and taking the limit ϵ→ 0, we find:

λ(0+) − λ(0−) = −κ
2

[
λ(0+) + λ(0−)

]
. (4.82)

Similarly, taking z0 = −ϵ and z = +ϵ in eq. (4.81), with ϵ→ 0, one finds:

λ′(0+) − λ′(0−) ≃ κ

2

[
λ′(0+) + λ′(0−)

]
, (4.83)

where in the right-hand-side we have only kept terms of O(κ). From the last two

equations, one finds rl ≃ κ, and therefore

Rl ≃ κ2 =

(
∆m2

2m2

)2

, (4.84)

in agreement with eq. (4.26) at leading order in κ≪ 1.

4.6.2 The Born approximation

In section 4.3.3, we found it convenient to recast the equations of motion for both

transverse and longitudinal components as a one-dimensional Schrödinger equation,

of the form

(∂2z + k2z)ψ(z) = U(z)ψ(z) , (4.85)

with U(z) → Ul(z) and ψ → ξ for the longitudinal component (c.f. eq. (4.30)),

and U(z) → U⊥(z) and ψ → vµ⊥ for the transverse modes (c.f. eq. (4.29)). It is

an important feature that the effective scattering potential vanishses in the limit

z → −∞, as will become clear in due time.

As is well-known, it is possible to recast eq. (4.85) as an integral equation, as

follows

ψ(z) = ψ0(z) +

∫ ∞

−∞
dz′ G(z − z′)U(z′)ψ(z′) , (4.86)

where ψ0 is any function satisfying the free particle equation,
(
∂2z + k2z

)
ψ0 = 0,

and G(z) is a Green’s function for the differential operator on the right-hand-side of

eq. (4.85), i.e. (
∂2z + k2z

)
G(z) = δ(z) . (4.87)

117



It is straightforward to check that eq. (4.86) is equivalent to eq. (4.85) by applying

(∂2z + k2z) to both sides and using eq. (4.87). In order to solve for G(z), note that for

z ̸= 0 eq. (4.87) is just the free particle equation. The matching conditions at z = 0

are that G must be continuous and G′ must have unit jump. Putting this together,

the solutions are

G(z) = ± 1

2ikz
e±ikz |z| , (4.88)

up to addition of functions that satisfy the free particle equation. It turns out that

we only need one of these two solutions: the one with the + sign.

To represent an incoming plane wave, we take ψ0(z) = eikzz. Then our integral

equation is

ψ(z) = eikzz +
1

2ikz

∫ ∞

−∞
dz′ eikz |z−z′| U(z′)ψ(z′) . (4.89)

So far, we have made no approximations. However, if the correction to the incoming

wavefunction ψ0 is small (meaning the reflection coefficient is tiny), then we can plug

this equation for ψ into itself in the integral and truncate higher order terms, leaving

ψ(z) ≃ eikzz +
1

2ikz

∫ ∞

−∞
dz′ eikz |z−z′| U(z′)eikzz

′
(4.90)

= eikzz +
eikzz

2ikz

∫ z

−∞
dz′ U(z′) +

e−ikzz

2ikz

∫ ∞

z

dz′ e2ikzz
′
U(z′) . (4.91)

We wish to extract a reflection probability from this ‘first Born approximation’. To

this end, consider the limit z → −∞. The second term above clearly vanishes, given

that U(z′) → 0 as z′ → −∞ as emphasized below eq. (4.85). Furthermore, the third

term can be identified as the reflected plane wave piece, with associated probability

Rl, Born =
1

4k2z

∣∣∣∣
∫ ∞

−∞
dz e2ikzz U(z)

∣∣∣∣
2

. (4.92)

Keep in mind that Rl ≃ Rl, Born only when Rl ≪ 1.

4.6.3 Longitudinal reflection from Goldstone Equivalence

In the main text we described the theory of a massive vector in eqs. (4.7) and (4.13)

in terms of the Proca Lagrangian, featuring three degrees of freedom for the three

physical polarizations of a massive spin-1 particle. However, this is often understood

as a particular choice of gauge, after gauge redundancy is restored via Vµ −→ Vµ−∂µθ.
Although θ = 0 (unitary gauge) is naively simplest, often it is convenient to keep

the ‘Goldstone’ θ. The Goldstone Equivalence Theorem (GET) states that in the

relativistic limit ω ≫ m correct amplitudes can be obtained by identifying the physical
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longitudinal vector with the scalar θ, with an error of order O (m2/ω2). Using the

usual gauge-fixing parameter ξ, the theory is described by

L = −1

4
F µνFµν +

1

2
m2

V (z)(Vµ − ∂µθ)
2 − 1

2ξ

(
∂µV

µ +m2ξθ
)2

. (4.93)

Proceeding with the equation of motion for θ:

∂µ
(
m2

V (z)∂µθ
)

+ ξm4θ = 0 , (4.94)

where we have neglected mixing with V µ in order to test the spirit of the GET in

our context. Working in the step function limit, the scattering solution is simple for

z ̸= 0:

θ = e−iωt

{
eikz + r e−ikz , z < 0

t eik̃z , z > 0
, (4.95)

kz =
√
ω2 − ξm2 , k̃z =

√
ω2 − ξm4/m̃2 , (4.96)

and need only be supplemented by the matching conditions:

m2
V (z)∂zθ and θ are continuous at z = 0 , (4.97)

derived by integrating eq. (4.94) once and twice respectively. A little algebra gives

the reflection probability as

R = |r|2 =

(
k̃zm̃

2 − kzm
2

k̃zm̃2 + kzm2

)2

ω≫m,m̃−−−−→
(
m̃2 −m2

m̃2 +m2

)2

+ O
(
m̃2/ω2

)
(4.98)

which is ξ (gauge) independent and matches the leading order result derived in the

main text eq. (4.26) consistent with the spirit of the GET. This result suggests that

the enhanced reflection of the inter-relativistic limit described in this work might

fundamentally be a property of Nambu-Goldstone bosons more generally, a topic

that we will return to in future work.

4.7 Summary and discussion

In this chapter, we have discussed a new physical effect that can affect the evolution

of cosmological vacuum bubbles expanding against a population of phase-dependent

massive dark photons, with a special focus on the case where the dark photons furnish

the dark matter. Namely, the existence of a transient relativistic regime, for suffi-

ciently thin walls, characterized by a constant reflection probability of longitudinal
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dark photons. The reflection of longitudinal modes creates a pressure on the expand-

ing interface that features a characteristic non-monotonic dependence on the γ-factor

of the bubble wall, reaching a peak at intermediate values of γ that we have dubbed

Maximum Dynamic Pressure. The existence of a MDP that exceeds the asymptotic

value of the pressure in the ultra-relativistic limit can make it much harder for bubble

walls to become run-away, even in the absence of a thermal plasma that interacts with

the wall background.

Our work opens a number of avenues for future exploration. In phase transitions

where bubble walls reach an equilibrium regime as a result of this effect, the later

evolution of the reflected dark photons could modify the features of the resulting

gravitational wave signal and, in some cases, lead to an observable contribution to

∆Neff if the reflected dark photons remain relativistic until late times. As discussed

in section 4.4 (specially 4.4.3), the extent to which this happens depends on a variety

of considerations, most importantly on whether the sector undergoing vacuum decay

is cold or, instead, is in thermal equilibrium with the primordial plasma surrounding

the expanding bubbles. Understanding more generally the possible implications of

the dark radiation for these two broad classes of models is clearly an important topic

that deserves further attention.

Moreover, although we have focused exclusively on the case of phase-dependent

massive dark photons, it is possible that the phenomenon of MDP on expanding

bubble walls could be realized in scenarios beyond this example. Given the impact this

can have on the dynamics of bubble walls, which in turn largely determine the features

of the resulting gravitational wave signal, this is an important question worthy of

further investigation.
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Chapter 5

Conclusions

One of the most striking features of our current, most compelling picture of physics

at the highest energy scales is the existence of vast landscapes of countless vacua

with different infrared physics, all theoretically realizable, with some subset anthrop-

ically favorable. By contrast, the laws of nature inferred so far and codified in the

Standard Model of particle physics, despite all their complexity and apparently arbi-

trary features, imply a unique vacuum, to the best of our knowledge. Furthermore,

the uniqueness of the vacuum persists at all temperatures, with the QCD and Elec-

troweak ‘phase transitions’ now established as smooth crossovers. These facts are

particularly interesting in light of conjectures regarding obstructions to having posi-

tive energy vacua, as described in chapters 1 and 2.

In this thesis, I explored aspects of this contrast. In chapters 2 and 3, I defined and

studied regions of the ‘Standard Model landscape,’ allowing for SM input parameters

to vary in the neighborhood of their experimentally determined values. I explored

whether these neighboring worlds were characterized by the presence of positive en-

ergy meta-stable vacua or not. Non-surprisingly, QCD dynamics play a central role in

this story. I mapped the parameter space where meta-stable states exist as a function

of Yukawa couplings and the vacuum angle θ. These states typically exist more easily

in the limit of (flavor) global symmetries being restored and/or when θ is increased.

The Higgs hierarchy problem was also examined in this context. I described the struc-

ture of the SM in the two natural limits of a large mass term m2
H −→ ±∞. In one

case, the IR of the SM becomes a pure gauge theory, and we find that the presence of

meta-stable states is a question that requires future dedicated lattice studies. In the

other case, progress can be made by the use of chiral perturbation theory, and I clas-

sified most (possibly all) critical points of the non-trivial 35-’pion’ potential. There,

the vacuum appears to be unique, although the current proof does not completely

rule out a more complex class of critical points. Moreover, several effects remain to
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be studied which can very plausibly lead to new vacua. These possible loopholes are

left for future work.

Back in our own world, although we currently have no evidence for meta-stable

vacua, it is possible that a future beyond-the-SM discovery will be made to this ef-

fect, as discussed in chapters 1 and 3. The fast development of gravitational wave

detectors opens up the possibility of measuring the faint stochastic relic of past vac-

uum transitions during a first-order phase transition. This gravitational wave signal,

along with all other phenomenological consequences of such violent out-of-equilibrium

events, is strongly dependent on whether interactions between the bubble walls and

the surrounding matter result in a terminal expansion velocity or not. In chapter 4, I

showed that longitudinally polarized vectors and Nambu-Goldstone bosons can have

uniquely strong reflective properties at leading order when scattering off such domain

walls and explored the consequences for phase transitions, finding that they may eas-

ily dominate friction. I also showed how this special property generally leads to the

reflected particles gaining energy to the extent that they may give a strong dark ra-

diation signal and form a relativistic relic background even today. Fully investigating

the physics of first order phase transitions is important to be able to make predictions

and discover complementary signals. This is a field still largely under investigation,

with much interesting physics still to be discovered.
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