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Abstract

Over-parameterised modern neural networks owe their success to two
fundamental properties: expressive power and generalisation capability.
The former refers to the model’s ability to fit a large variety of data
sets, while the latter enables the network to extrapolate patterns from
training examples and apply them to previously unseen data. This
thesis addresses a few challenges related to these two key properties.

The fact that over-parameterised networks can fit any data set
is not always indicative of their practical expressiveness. This is the
object of the first part of this thesis, where we delve into how the input
information can get lost when propagating through a deep architecture,
and we propose as an easily implementable possible solution the
introduction of suitable scaling factors and residual connections.

The second part of this thesis focuses on generalisation. The reason
why modern neural networks can generalise well to new data without
overfitting, despite being over-parameterised, is an open question that
is currently receiving considerable attention in the research community.
We explore this subject from information-theoretic and PAC-Bayesian
viewpoints, proposing novel learning algorithms and generalisation

bounds.
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Chapter 1

Introduction

Since the first conception of a programmable computer, people have been curious about the
possibility of machines acquiring intelligence (Lovelace, 1842). At present, it has become clear
that computers can efficiently perform calculations and tasks practically unsolvable for any
human. However, implementing algorithms to execute simple actions that are part of our
daily life, such as recognising objects or comprehending spoken sentences, presents a more
significant challenge, as it requires expressing our intuitive and subjective understanding in a
formal manner. Indeed, early attempts to build a computer, whose knowledge of the world is
directly hard-coded in a formal language by a human developer, so far has fallen short of a
major success: in order to learn a machine must “acquire |[...] knowledge by extracting patterns
from row data” (Goodfellow et al., 2016), a capability known as machine learning.

Neural networks have shown the ability to encode knowledge from external environments
autonomously. Behind this success is the development of the backpropagation algorithm, which
allows to efficiently train multi-layer architectures capable of learning their own representations
rather than relying on human-engineered features. Indeed, modern neural networks are
structured as the sequential composition of simple parameterised functions, enabling different
layers to learn increasingly complex relationships between inputs and outputs. This hierarchical
architecture allows the network to extract and combine different types of information from the
input, leading to the emergence of more abstract and useful features (LeCun et al., 2015).

For the vast majority of the current state-of-the-art neural networks, the model parameters
outnumber by far the training examples available for their tuning. From a mathematical

perspective, this translates into a highly complex setting, for which finding rigorous statistical
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performance guarantees is still a major open problem (Zhang et al., 2017). Nevertheless, the
tremendous empirical success has made multi-layer over-parameterised neural architectures
the standard first choice for several learning tasks in various fields, including medicine, email
filtering, speech recognition, computer vision, and marketing, among others (LeCun et al.,
2015).

Neural networks with millions of parameters can accurately approximate a wide range of
functions, a property named ezpressiveness (or expressivity). This is usually a desirable quality
as it allows the network to learn complex patterns and exhibit great flexibility. However,
conventional wisdom suggests that if a model can approximate any function easily, it is likely
to overfit the training examples and perform poorly when presented with new data. The
ability to extrapolate knowledge from a training data set and apply it effectively to previously
unseen instances is called generalisation. Despite being over-parameterised, neural networks
have demonstrated impressive generalisation capabilities across several tasks. The current lack
of a sound theoretical understanding of this phenomenon, and the subsequent difficulty in
providing a priori statistical performance guarantees, has resulted in the study of generalisation
properties of neural networks being an active area of research (Zhang et al., 2017, 2021).

The main focus of this thesis is on the analysis of expressive and generalisation properties

of over-parameterised neural networks.

1.1 Swupervised learning framework

There are several approaches to machine learning, often divided into the three main categories
of supervised learning, unsupervised learning, and reinforcement learning, each suited to
different types of tasks and applications. In this context, supervised learning involves training
models on labelled data, unsupervised learning deals with finding patterns in unlabelled data,
and reinforcement learning entails trial-and-error interactions with an environment. The
present thesis will focus on the supervised learning framework.

We consider a space Z = X x ), whose elements are pairs z = (x,y) called examples or
instances, made of a feature x € X and its label y € ). According to the nature of the label
space, we speak of classification when ) is a discrete set, and of regression when the task

consists in predicting a continuous quantity. In the simplest scenario there is a ground truth
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deterministic map that associate each z € X’ to a unique correct label y = f*(x). However, we
consider the general case where (x,y) are correlated via a probability measure Pz on Z.

The learning task is to build a function f : X — ) that, given a feature z, can predict its
label y. Usually, the algorithm’s output is a hypothesis h (belonging to some given space H),
which is understood to parameterise a function fj : X — Y. In order to gauge how well each
hypothesis performs on the examples in Z, we are given a loss function £: H x Z — R. We
can interpret £(h,z) as a measure of how far the model prediction fj,(z) is from the actual
label y of x. Typical loss functions are the 0/1 loss (sometimes called misclassification loss) for
classification, which is defined as ¢(h, z) = 1 if fj,(z) # y and 0 otherwise, and the quadratic
loss £(h,z) = || fn(z) — y||?/2 for regression. Ideally, one would like to find a hypothesis h that
minimises the population loss

Lz(h) =Ep,[t(h, Z)]. (1.1)

In practice, the law Py is unknown and for our task we are only given a data set s =
{(xi,yi)}, € 2™, consisting of m labelled examples, typically drawn from a distribution Pg
on Z™. Often, we will assume that the training data set consists of m independent samples
from Pz, or from some noisy version of it. As we have only access to a reduced amount of
information about Pz, we cannot directly evaluate the population loss. A common proxy for

this quantity is the empirical loss, obtained by averaging ¢ on the training data set s,

Lo(h) = %Zé(h, 2. (1.2)

zZES

A typical machine learning strategy is to consider an algorithm that attempts to minimise

the empirical loss, namely to find a hypothesis hy such that, for all h € H,
Ls(hy) < Ls(h).

From a practical perspective, computing exactly a global minimiser is intractable for most
problems of interest, as L, is often a highly non-convex function of h. Consequently, the
standard approach consists of running computationally efficient optimisation algorithms that
return a proxy for hs.

In the training of neural networks, a typical choice is to opt for iterative first-order methods,
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which use the derivative of the optimisation objective Cs (usually equal to L or a regularised
version of it). A vanilla example is the gradient descent algorithm, where one fixes an initial

hypothesis hg and then updates it iteratively as

his1 = hp —nVCs(hy),

where 7 is a hyper-parameter fixed before the training and called learning rate. Under suitable
regularity and convexity conditions on Cs, it is known that the gradient descent converges
to the global minimum h, of the optimisation objective at a fast rate, ¢.e., polynomial time
(Bubeck, 2015). Although these assumptions are known not to hold in many practical settings,
in the context of machine learning, first-order methods are often highly effective and typically
sufficient to achieve good model performance. Variants of gradient descent, such as stochastic
gradient descent (SGD) or AdaGrad, are the de facto standard choice for the training of neural

networks (Goodfellow et al., 2016).

1.2 Neural networks

In a nutshell, a neural network is a parameterised function with a characteristic structure,
consisting in the sequential composition of elementary building blocks. To give a concrete
explicit example, we consider the case of a fully-connected feed-forward architecture. The input
vector z is mapped to its output y = F'(z) by going through a sequence of transformations,

typically an affine map composed with a non-linear function. More precisely, let

ul(x) = wlo(u! () + b (1.3)

uw(z) = wz +0°.

Each u! is a network’s layer, a vector whose component are usually referred to as nodes. The
internal layers {u’,...,ul~1} are the so-called hidden layers. The width of the layer [ is
defined as the number of nodes of u!, and often denoted as n;, while the depth is the number
of hidden layers (i.e., L). The parameters of the model are h = {(w!,b')}F ;: each w' is a

matrix, named weight, while every b is a vector, called bias. ¢ denotes the activation function
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of the network, usually a real mapping that is applied component-wise to all the nodes of the
hidden layers. A typical example of activation function is the rectified linear unit (ReLU),
defined as ¢(z) = max{0, z}.

As a matter of fact, most of neural networks used for practical applications have considerably
more complex architectures than the basic one outlined above. They often employ convolutional
layers, residual connections, batch normalisation, pooling, as well as other methods and
techniques. Nevertheless, at their core, they all rely on a sequential structure, where the input
undergoes a series of elementary transformations to produce the output.

As mentioned earlier, the training is usually performed via some gradient-based optimisation
method, which requires the practitioner to select an initial configuration hg for the parameters.
Typically, this is done by drawing hg from some simple distribution, as choosing its value
deterministically could potentially bias the networks towards unwanted symmetries (Goodfellow
et al., 2016). The network’s parameters are then updated in the direction of steepest descent

of the optimisation objective.

1.3 Infinite-width limit and Gaussian behaviour

Modern neural networks are made of layers featuring millions of parameters, making an exact
analysis of their learning dynamics unfeasible in practice. To address this issue, numerous
studies have attempted to identify effective strategies to gain a better understanding of the
learning process. One promising approach relies on analysing an approximation of the actual
model, which still retains its general behaviour but has the great advantage of being tractable
in practice. One example in this sense is the infinite-width asymptotics.

For a simple fully-connected feed-forward network in the form (1.3), the infinite-width
limit consists in taking each layer’s width n; to infinity. However, alternative width definitions
allow extending this framework to more general architectures. Different asymptotic regimes
for a neural network’s behaviour are observed depending on how the parameters and learning
rate scale with the width (see the discussion in Yang and Hu, 2021). This thesis will primarily
focus on the Gaussian regime, where the network’s output behaves, at the initialisation, as a
Gaussian process.

The first connection between neural networks and Gaussian processes was drawn by Neal
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(1995), who considered a fully-connected single-hidden-layer network whose parameters are
initialised following independent normal distributions. They showed that, before the training,
the output behaves as a centred Gaussian process', labelled on the input space. This property
allows for the study of the output in terms of a covariance function, which only depends on the
network’s activation function and on the variances of weights and biases at the initialisation. In
a later work, Lee et al. (2018, 2019) established that a similar conclusion holds for multi-layer
fully-connected architectures, where the covariances can be computed recursively. These results
were then extended to networks with convolutional layers by Arora et al. (2019), Novak et al.
(2019), and Garriga-Alonso et al. (2019), and to more general architectures by Yang (2019b)
(introducing the tensor program formalism later expanded and popularised by a series of
papers on wide networks by the same author; Yang, 2019a, 2020a; Yang and Littwin, 2021;
Yang, 2020b; Yang and Hu, 2021; Yang et al., 2021). From a practical perspective, wide (but
finite-size) networks exhibit an almost Gaussian behaviour. This fact was shown empirically
by Lee et al. (2019, 2020) and various subsequent papers, while several works give finite size
corrections to the asymptotic limit (e.g., Antognini, 2019; Basteri and Trevisan, 2022).

In a nutshell, the output and each hidden node of an infinitely wide neural network behave
like independent Gaussian processes at the initialisation. The idea behind this result is quite
intuitive. To see things more explicitly, we consider a simple fully-connected feed-forward
architecture (1.3), where the parameters are initialised as

wh ~ N(0, 002 /1) ; bl ~ N(0,032),

)

with o, and o} denoting some positive standard deviations, n_; the input dimension. In this
way, each node in the layer [ is a sum of independent identically distributed random variables
coming from the previous layer. If the number of nodes in the layer [ — 1 tends to infinity, by
the central limit theorem we get that, for each fixed input, the output has a Gaussian law.
However, as pointed out by Matthews et al. (2018), things are more delicate if we want to
conclude on the Gaussianity of the whole process. In particular, one shall pay attention to

the order with which the widths of different layers are taken to infinity, and to which type

'A Gaussian process labelled on X is a family of random variables {T, : = € X'} such that for any
finite set {z1,...,2n} C X, (T%,,...,Ts,) follows a multinormal distribution. Interestingly, the law of a
Gaussian process is entirely determined by its mean function M(z) = E[T;] and its covariance function
Q(z,2') = E[TxTy] — M(x)M ().
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of convergence holds. Then, one has to deal with the fact that the input space might be
infinite, in general even uncountable, a question often neglected in the literature. In Matthews
et al. (2018), the authors formally proved that, when all the widths of the layers [ € [1: L]
are brought to infinity simultaneously, the network’s output converges in law to a centred
Gaussian process, provided that the input space is countable. Further rigorous analysis can be
found in Yang (2019b,a), where the convergence is proven using the tensor programs formalism
for a wide range of architectures but under the hypothesis of a finite input set. Finally, in
later works, Hanin (2021) and Bracale et al. (2021) provided convergence proofs holding with
uncountable input spaces.

Having a good understanding of wide networks at the initialisation can be helpful in
practice. For instance, it can help set the optimal hyper-parameters for the training. For
example, a careful choice of o, and oy, (the standard deviation for the parameters at the
initialisation) can lead to faster and better training for deep architectures (Schoenholz et al.,
2017; Hayou et al., 2019b). More recently, Yang et al. (2021) built on the infinite-width
asymptotic analysis to propose a hyper-parameter tuning strategy for large models.

As a final remark, when the learning rate is small enough (scales inverse-proportionally
with the width), an infinitely wide neural network obeys simple linear dynamics in functional
space. Indeed, the training evolution follows a kernel gradient descent governed by the so-called
neural tangent kernel (NTK). This result was first established by Jacot et al. (2018) and later

extended, refined, and generalised (e.g., Lee et al., 2019; Yang and Littwin, 2021).

1.4 Expressiveness

Intuitively, a large number of parameters leads to high expressive power. It has been known
since the late ‘80s that shallow neural networks (i.e., with arbitrary width and bounded depth)
are universal approximators (Cybenko, 1989; Funahashi, 1989; Hornik et al., 1989). This
means that for a variety of relevant functional classes F and for any required level of precision,
a wide enough shallow neural network can approximate all functions in F. Similar results
were later shown for architectures with fixed width and unrestricted depth (Lu et al., 2017;
Hanin and Sellke, 2018; Kidger and Lyons, 2020).

Recently, a popular research trend has been to compare the expressive power of deep versus
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shallow neural networks. For instance, Montufar et al. (2014) and Poole et al. (2016) showed
that a network’s expressiveness scales exponentially with the depth, whilst several works have
pointed out that it is possible to construct functions easily approximable by deep networks
but requiring far much more complex shallow architectures to achieve the same accuracy (e.g.,
Telgarsky, 2015, 2016; Cohen et al., 2016; Eldan and Shamir, 2016; Safran and Shamir, 2017,
Rolnick and Tegmark, 2018).

Although the above universality results imply that a deep and large network can almost
perfectly fit any data set, practical issues can arise when training very deep architectures.
This suggests that mere universal approximation results are not always enough to gauge the
actual expressiveness that a model can practically achieve (see Section 1.6.1 and Chapter
2 for further discussion). In a seminal work, Schoenholz et al. (2017) pointed out that the
network-equivalent Gaussian process of a wide architecture becomes trivial at the initialisation,
as the number of layers approaches infinity. In simple terms, each randomly initialised layer
adds noise to the input, and for a large number of layers this can cause the output to forget
about its input, becoming a constant or mere noise. This loss of input information during
the forward propagation is exponential in the depth and brings about trainability issues
(Schoenholz et al., 2017). Interestingly, a careful choice of the variances of the parameters at
the initialisation (Schoenholz et al., 2017; Hayou et al., 2019b), or conditions of orthogonality
on the initial weight matrices (Hu et al., 2020), allow the input information to propagate

deeper through the network and lead to better training results in practice.

1.5 Generalisation

In machine learning, generalisation refers to a model’s ability to perform accurately on new and
unseen examples after training on a limited data set. Until recently, conventional wisdom had it
that there must be a trade-off between expressiveness and generalisation, since a model with too
high expressive power could easily overfit noise in the training data, thereby failing to capture
the underlying meaningful patterns. Nonetheless, modern neural networks have challenged
this traditional belief: in spite of their over-parameterisation, they can generalise extremely
well. This fact has made apparent that a more comprehensive theoretical framework is needed,

as our current mathematical tools are insufficient to provide a satisfying understanding of this
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phenomenon.

Generalisation bounds are a fundamental tool that aims at quantifying the gap between
the expected performance of the algorithm on new data (the population loss £z defined in
(1.1)) and the one on the training examples (the empirical loss L5 given by (1.2)). These
bounds are useful in practice, since they can help assess the effectiveness of machine learning
algorithms, compare different models, and guide the hyper-parameters tuning. Furthermore,
they play a crucial role in understanding theoretical underpinnings of machine learning, such
as the interplay between model complexity, input distribution, and sample size.

The first generalisation bounds relied on measures of the hypothesis space’s complexity,
such as VC dimension or Rademacher complexity (Vapnik, 2000; Bousquet et al., 2004).
However, these bounds are algorithm-independent by nature (i.e., they hold even for the
worst algorithm on the given hypothesis space), a fact that often makes them unsuitable for
dealing with over-parameterised neural networks (Shalev-Shwartz and Ben-David, 2014; Zhang
et al., 2017). To address this issue, recent approaches aim at providing algorithm-dependent
generalisation bounds, which differ from the traditional methods in that they focus on the
hypotheses likely to be selected instead of considering the complexity of the entire hypothesis
space H.

A number of these generalisation bounds rely on the concept of algorithmic stability, which
builds on the intuition that a hypothesis less dependent on the specific data set used for the
training is less susceptible to overfitting and will therefore generalise better. This thesis will
mainly focus on two approaches inspired by this principle, namely information-theoretic and
PAC-Bayesian bounds, which will be introduced in greater detail in the upcoming sections.
Several other methods that leverage the perspective of stability consider how much the output
of a learning algorithm is affected if a single element of the training data set is modified
or removed. This idea was put forth in the late ‘70s by Devroye and Wagner (1979) for
leave-one-out cross-validation and has more recently led to the concept of uniform stability,
proposed by Bousquet et al. (2004). Uniform stability has been shown to hold for a variety of
problems and algorithms (including support vector machines for regression and classification),
and can lead to generalisation bounds in high probability on the draw of the training data set
(Bousquet et al., 2004; Feldman and Vondrak, 2019; Bousquet et al., 2020). Several recent

studies have further refined this technique to establish bounds for iterative algorithms (e.g.,
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Elisseeff et al., 2005; Hardt et al., 2016; Charles and Papailiopoulos, 2018).

It is worth mentioning that the generalisation literature offers several approaches other than
stability, which can also be used in combination with the aforementioned methods. Among
these, we recall bounds based on margin arguments, where not only the predictor’s error
but also its confidence is taken into consideration (e.g., Novikoff, 1962; Cortes and Vapnik,
1995; Bartlett et al., 1998; Langford and Shawe-Taylor, 2002; Bartlett et al., 2005, 2017).
Additionally, there are bounds that leverage the chaining method (Dudley, 1967; Talagrand,
1996), a high-dimensional probability tool that has recently been applied to the PAC-Bayesian
(Audibert and Bousquet, 2004) and information-theoretic (Asadi et al., 2018; Asadi and Abbe,
2020; Clerico et al., 2022b) frameworks (see Section 1.6.3 and Chapter 4 for more details).
Lastly, it is worth mentioning the use of local complexity measures for the hypothesis space,
such as the local Rademacher complexity (Bartlett et al., 2005).

As a final remark, we shall note that the literature on generalisation bounds includes
other results that could not find space in the above overview, such as lower bounds on the
generalisation gap or excess risk bounds that estimate the discrepancy in performance between
the algorithm’s output and the optimal hypothesis h, that minimises the population loss.
However, a discussion of these topics is beyond the scope of the present thesis and has hence

been omitted.

1.5.1 PAC-Bayes

The PAC-Bayesian theory provides a framework to establish generalisation guarantees for
randomised predictors. This entails considering an extension of the setting introduced in Section
1.1, dealing with stochastic algorithms that, given a training set s, produce a distribution
Pp|s on H, rather than a hypothesis h. The PAC-Bayesian bounds are upper bounds on the
expected population loss, Ep,, s[Lz(H)], that hold with high probability on S, the randomly
drawn training data set. The guiding principle is the idea of stability introduced earlier: a
distribution Pgg that does not depend too heavily on the specific training set S is likely to

yield good generalisation. In practice, this ‘dependence’ is often measured via the relative
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entropy,

KE Epy s [logﬁ,%w] it APy s < dPy;
H|SIIFy) =

400 otherwise,
between an arbitrary distribution P}, (whose choice cannot rely on S) and the final distribution
Prs. Py and Ppg are usually referred to as prior and posterior respectively, in analogy
with the Bayesian literature (see Germain et al. (2016) for a discussion on connections and
differences between the PAC-Bayesian framework and Bayesian inference).

The PAC-Bayesian theory originated in the seminal work of Shawe-Taylor and Williamson
(1997) and McAllester (1998). Its bounds are usually classified as either empirical or oracle.
In this thesis, we will concentrate solely on the former ones. We refer to Alquier (2021) for an
overview of the latter ones, which were introduced by Catoni (2003, 2004, 2007) and compare
the randomised predictor of interest to the hypothesis minimising the population loss.

It is often possible to explicitly evaluate the empirical PAC-Bayesian bounds, as long the
expected empirical loss Ep,, <[Ls(H)] and the relative entropy between prior and posterior

can be computed. The earliest of these results were derived by McAllester (1998, 1999) and

typically scale as O ( \/ KL(PgslP%)/ m), where m is the dimension of the training set. Later
works (Langford and Seeger, 2001; McAllester, 2003a; Maurer, 2004; Catoni, 2007; Tolstikhin
and Seldin, 2013; Mhammedi et al., 2019) proposed and discussed new bounds that scale at
the “fast rate” % for small enough empirical losses. A more formal theory and a broader
framework, as well as novel bounds and techniques, were developed in Catoni (2004, 2007),
which after almost two decades still remain major references in the field, while Germain et al.
(2009) provided a “general recipe” to establish PAC-Bayesian bounds. The framework was also
applied to Gaussian process classification by Seeger (2002) and coupled with margin techniques
(e.g., Langford and Shawe-Taylor, 2002; McAllester, 2003b; Neyshabur et al., 2018; Biggs and
Guedj, 2022; Biggs et al., 2022), chaining methods (Audibert and Bousquet, 2004; Clerico
et al., 2022b), and sparsity argument (e.g., Dalalyan and Tsybakov, 2008; Alquier and Lounici,
2010; Alquier and Biau, 2013; Guedj and Alquier, 2013; Chérief-Abdellatif, 2020). Most of the
results mentioned so far apply to bounded losses for classification. Among the works dealing
with regression and unbounded losses, we mention Audibert (2004), Alquier (2008), Audibert
and Catoni (2011), Rivasplata et al. (2020), and Haddouche et al. (2021). We refer to Gued;

(2019) and Alquier (2021) for recent surveys of the PAC-Bayesian literature.
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Recently, Dziugaite and Roy (2017) prompted a new surge of interest in the PAC-Bayesian
framework. They implemented the training of a stochastic neural network, whose parameters
follow independent Gaussian variables with learnable means and variances, by using a PAC-
Bayesian bound as the optimisation objective. Actually, the idea of training an algorithm by
optimising a PAC-Bayesian bound over a simple family of posterior (variational PAC-Bayes)
was not a novelty (e.g., Langford and Caruana, 2002; Germain et al., 2009; Alquier et al.,
2016). However, Dziugaite and Roy (2017) were the first to successfully apply it to obtain
non-vacuous bounds for over-parameterised multi-layer architectures. Follow-up works have
further improved these empirical bounds, with experiments on image recognition tasks, such
as MNIST, CIFAR, and ImageNet (e.g., Zhou et al., 2018; Pérez-Ortiz et al., 2021b,a; Clerico
et al., 2022a, 2023a). Chapter 3 focuses on some algorithms and techniques for this kind of
PAC-Bayesian training.

The tightest bounds from these experiments were achieved with the use of data-dependent
priors, which can be obtained by splitting the data set into two: one part is used to choose
a prior, and the other to tune the posterior and evaluate the bounds (a method originally
proposed by Seeger (2002) and Parrado-Hernandez et al. (2012)). Other possible approaches
to make the prior data-dependent are the localisation technique (Catoni, 2007) and differential
privacy (Dziugaite and Roy, 2018). We refer to Dziugaite et al. (2021) for further discussion
on the role of data in the choice of the prior.

As a last remark, we mention disintegrated PAC-Bayesian bounds, holding in high proba-
bility for a realisation of a predictor drawn from the posterior distribution. They will be the

object of Chapter 5 and will be introduced in Section 1.6.4.

A simple concrete example To give a more tangible idea of what a PAC-Bayesian
bound looks like, we give an example that can be seen as the result of a refined union bound.
Assume that ¢ is bounded in [0, 1], fix § € (0,1) and A > 0, and let Pg = PZ™. By Hoeffding’s

inequality (see, e.g., Boucheron et al., 2013), for any fixed h € H (chosen independently of S)

Pg (Eg(h) g/;g(h)+\/;7m (A+bg(;/‘”>) S1-5.

For a finite hypothesis space H = {h ... hy}, via a simple union argument, we can obtain a

generalisation bound that holds uniformly for all the hypotheses, so that we can choose the



1.5. GENERALISATION 13

best h according to the training set. We have

Ps <Vh, L2(h) < Ls(h) + \/;Tn <>\+ 10%N+;0g(1/5)>) >1-5.

Refining the argument, one can extend the bound to the countable case (Bousquet et al., 2004).

This involves defining a prior measure Py on H, and yields

P (wl’ o) Sﬁs(h)ﬂt\/;fm <A+ log(l/PH(hi\)+log(1/5)>> 15,

Note that this generalises the previous result: when H is finite, the uniform distribution
(Pg (k) = 1/N for all h) leads to a factor log N.

In the uncountable case, things get somewhat trickier, as most hypotheses will likely have
a zero probability mass under Py. However, we can find something meaningful by considering
a stochastic algorithm that picks a distribution Ppg instead of selecting a single hypothesis.

We can then upper bound the expected value of the population loss as

Pg <VIP>H|S, Ep,, s[Lz(H) — Ls(H)] < \/;% <A+ KL([PH|SHP}§\) +10g(1/5))) >1-4,

which was originally derived by Catoni (2003) and whose proof’s main ingredients are the
sub-Gaussianity” of the bounded loss ¢ and the variational formulation of the relative entropy
(see, e.g., Boucheron et al., 2013). From this last result, we recover the bound for the countable

case by looking only at posteriors in the form P g = dp, for h € H.

1.5.2 Information theoretic bounds

The PAC-Bayesian bounds introduced in the previous section hold with high probability on
the draw of the training data set. An alternative approach to control the generalisation is to
look at guarantees in expectation under Pg. This is the case for several information-theoretic
generalisation bounds. As the name suggests, this approach considers the generalisation
problem from an information-theory standpoint, viewing the algorithm as a noisy channel
connecting the training data set and the hypotheses. Inspired by the concept of stability

introduced earlier, these bounds build on the intuition that an excessive amount of shared

2

22 for all A > 0.

2A random variable U is o-sub-Gaussian if log E[e*V] < AE[U] + 2
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information between h and s will likely result in poor generalisation.
Mathematically, the idea is quite simple: one needs to compare the joint law of H and .S
(which we denote as P g) with the product of the two marginals, Pygs = Py ® Pg.” The

starting point is to notice that we can write the expected generalisation gap as

G =Ep,[Lz(H) - Ls(H))] =Epy s[Ls(H)] — Epyyps[Ls(H)]-

Under suitable regularity conditions on the loss, we can control this object in terms of how
much Py s and Pygg are ‘far apart’.

The first bound of this kind, due to a 2016’s version of Russo and Zou (2019) and then
re-derived by Xu and Raginsky (2017) in a more general setting, is in the form

I(H;9)

<
91 = om

(1.4)

where I denotes the mutual information I(H;S) = KL(Pg,s

IPrgs), and holds under the
assumption of sub-Gaussianity” of £(h, Z), under the examples’ distribution P for all h.
Several variants of (1.4) have been proposed in the literature, often to overcome the fact
that the mutual information bound is infinite for a deterministic algorithm. On the one hand,
different measures of the shared information between H and .S have been proposed. For
instance, under suitable Lipschitz regularity for the loss, we can obtain bounds based on the
Wasserstein distance (Lopez and Jog, 2018; Wang et al., 2019), while conditions weaker than
sub-Gaussianity yield bounds building on Rényi a-divergences (Esposito et al., 2021). On
the other hand, several strategies allow for sharpening the mutual information bound. In
this line, we find bounds based on conditioning on a supersample (Steinke and Zakynthinou,
2020) or considering the mutual information between h and each training input (Bu et al.,
2019). Another possible approach makes use of the chaining technique, an idea first proposed
by Asadi et al. (2018) and that we further developed in Clerico et al. (2022b) (see Section
1.6.3 and Chapter 4 for more details). Connections with the PAC-Bayesian literature have
also been explored, for instance in Grunwald et al. (2021). Finally, Lugosi and Neu (2022)

uses arguments from convex analysis and online learning to build novel information-theoretic

*Here, the marginal Py is defined as the measure satisfying Py (A) = Epg [P |s(A)], for any event A on H.
4See footnote 2.
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results.

We remark that these information-theoretic bounds are mostly theoretical tools, as they
are hard to evaluate in practice and involve expectations under the unknown training data
distribution Pg. Nevertheless, they provide natural intuition on the mechanism of the learning
process, and, as a result, they represent a very active research area. Moreover, recent works
have built on them to derive empirical bounds for specific algorithms, such as Langevin
dynamics, stochastic gradient Langevin dynamics, and stochastic gradient descent (Bu et al.,
2019; Haghifam et al., 2020; Rodriguez-Gélvez et al., 2020; Neu et al., 2021).

A notable line of research around information-theoretic bounds concerns whether they can
characterise min-max rates’ for specific learning problems. For binary classification, although
the vanilla mutual information bound from Russo and Zou (2019) fails in this task for specific
hypothesis classes (Bassily et al., 2018), the conditionally mutual information bound by Steinke
and Zakynthinou (2020) achieves this goal (Haghifam et al., 2021). However, for problems
outside binary classification, Haghifam et al. (2023) recently showed that these bounds cannot
obtain min-max rates for stochastic convex optimisation. This fact has raised concerns on
whether information-theoretic and PAC-Bayesian approaches are suitable tools for the study
of generalisation for over-parameterised models and if refining and combining these approaches

with other techniques would overcome this issue.

1.6 Contributions

Overall, this thesis contributes to various aspects of deep learning and statistical learning theory,
introducing novel methods to enhance model performance and deepen our understanding of
the behaviour of over-parameterised neural networks.

The work presented in the chapters that follow led to five separate papers. The work on the
expressive power of infinitely wide and deep residual architectures that we published in Hayou
et al. (2021) is revisited in Chapter 2, with some omissions and supplementary results included
to emphasise my contributions. On the other hand, Chapters 3 to 5 report four papers in their

entirety. Chapter 3 includes Clerico et al. (2022a) and Clerico et al. (2023a), both discussing

5The min-max rate is a classical way to measure the ‘learnability’ of a problem. It characterises how fast the
population loss goes to zero, with the number of available training examples, for the best learning algorithm in
the worst-case scenario (i.e., when the target is the most difficult to learn given the available data).
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PAC-Bayesian training techniques that exploit the Gaussianity of a network’s output. Chapter
! (Clerico et al., 2022b) establishes a framework to derive information-theoretic bounds based
on the chaining technique. Chapter 5 (Clerico et al., 2023b) proposes disintegrated PAC-
Bayesian bounds that leverage the network’s randomness at the initialisation of models trained
via descent algorithms. Finally, Chapter 6 summarises this thesis’s key results and outlines

possible avenues for future research.

1.6.1 Stable ResNets (Hayou et al., 2021)

The equivalent Gaussian process of a wide network’s output becomes trivial in the limit of an
infinite number of layers (Schoenholz et al., 2017). From an information-theoretic perspective,
the network is a noisy channel connecting input and output, the noise due to the random
initialisation sums up layer by layer and, as the depth of the architecture diverges, causes the
final output to forget its original input completely. This phenomenon manifests as follows: the
output is either a random constant or entirely chaotic (i.e., discontinuous almost everywhere),
a dichotomous behaviour often referred to as order-chaos phase transition. A consequence
of the output’s triviality at the initialisation is that networks in the infinite-depth regime
cannot be trained, at least with gradient-based algorithms: heuristically, a network which is
‘blind’ about its input cannot learn anything. More rigorously, as the number of layers goes
to infinity, the output’s gradient (with respect to the parameters) can be shown to vanish or
explode almost surely.

A reasonable attempt to prevent the input information’s loss is the introduction of skip
connections” that map the identity from one layer to the next one. An architecture with this
property is usually called a residual network (ResNet). However, a vanilla implementation of
this approach translates into the output’s explosion as the depth grows.

In our work, we propose to overcome this issue by adding suitable layer- and depth-

dependent scaling factors to the architecture. As a simple example, consider a ResNet

5This means modifying (1.3) as u' = u'~! + w'p(u'~") + b
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F : RP — RY, defined as

u(z) = wlz +0°,

where, at initialisation, w! ~ N(0,0,2/n;_1) and b ~ N(0,032), with n_; = p.

In the infinite-width limit, each layer is associated with a centred Gaussian process, labelled
on the input space X. The covariance functions can be evaluated by recursion and, in the case
of a ReLLU network (i.e., with ¢ : u +— max{0,u}), we can get explicit expressions for them.

In our work, we focus on studying the expressiveness of the output at the initialisation,
in the limit of infinite depth (L — o0). Using functional analytic tools (reproducing kernel
Hilbert spaces and compact self-adjoint operators theory), we show that skip connections and
scaling factor together allows one to obtain a non-exploding and fully expressive output, in the
sense that the limiting Gaussian process can approximate any function in L?, with non-zero
probability. We then also show that the neural tangent kernel, describing the network’s
evolution during the training, is fully expressive, meaning that the model can fit any dataset.

Lastly, our empirical results, over a range of image recognition tasks, show that introducing

the scaling that we propose can improve the performance of the trained networks.

1.6.2 Gaussian PAC-Bayes (Clerico et al., 2022a, 2023b)

Several recent works (e.g., Dziugaite and Roy, 2017; Pérez-Ortiz et al., 2021a,b) have obtained
generalisation guarantees for stochastic classifiers trained by optimising a PAC-Bayesian
bound via gradient descent methods. Often, the model considered is a neural network, whose
parameters H are independently normally distributed, and the training consists in tuning their
means m and standard deviations s (let us call them hyper-parameters). The PAC-Bayesian
prior distribution is defined by the values of m and s at the initialisation, while the final values
of these hyper-parameters characterise the posterior.

On the one hand, in this simple setting, evaluating the relative entropy between prior and
posterior is particularly easy, as we are just considering multivariate normal distributions. On

the other hand, computing the expected empirical loss can be extremely tricky since, in general,
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the law of the output can be very complex. Consequently, the standard practice consists of
sampling, at each training training iteration, a realisation of the parameters H. Then, in the
training objective the expected empirical loss is replaced with its realisation. However, this
approach cannot work if we want to use the 0/1 loss’, which is constant almost everywhere
and hence yields a null gradient for each realisation of the parameters. As a practical solution,
a surrogate loss is often used in the training. However, it is worth noting that if we could
compute the expected empirical loss exactly, we would not need to rely on any surrogate loss,
as the 0/1 loss would bring a non-zero gradient. To have a more concrete intuition of this, we
can imagine what happens if we try to go down the stairs via gradient descent: a single point
(i.e., single realisation) on a horizontal step cannot decide the correct direction to go down,

but a continuous distribution of points has a global view of the stairs.

Wide stochastic networks (Clerico et al., 2023a) We establish that a shallow
stochastic network with a single hidden layer has a Gaussian output in the infinite-width limit.

More precisely, consider a sequence {F (n)}nEN of stochastic networks RP — R? with increasing

width n, defined by

FO)(z) = %Wf o <\/13W(§ )$> :

where ¢ is the activation function, and Wl(n) (respectively Wo(n)) is a ¢ x n (respectively
n X p) weight matrix, whose components are independent normal random variables with means

mgn) (respectively m(()n)) and standard deviations 5&71) (respectively 5(()")). If we initialise all

components of mgn) and mén) independently from a standard normal N(0,1), and all the

components of sgn) and 5(()71) at 1, then we have that for each input z

F™(z) = N(M(z),Q(x))

as n — oo, in probability with respect to the random initialisation and in distribution with
respect to the intrinsic stochasticity of the network. The g-vector M (z) and the (g X ¢)-matrix
Q(z) are limits of analytic functions of the hyper-parameters.

Under the assumption of a lazy training regime, namely when the hyper-parameters do

not move too much from their initial values, the Gaussian limit holds true even during the

"U(h,z) = 1if fr(z) #y and 0 otherwise.
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training. For instance, this occurs when the relative entropy between the prior and posterior
distributions (defined by the initial and final values of the hyper-parameters, respectively)
stays of order O(1) as n — oo. In particular, if the optimisation objective penalises the growth
of the relative entropy (as is the case with a PAC-Bayesian bound), then the network’s output
will be Gaussian throughout the whole training procedure.

Interestingly, we can exploit this Gaussian limit to perform a PAC-Bayesian training on
the 0/1 loss directly, without the need of a surrogate loss. Indeed, knowing the exact output
distribution allows one to compute both the expected empirical loss on the training data set
and its gradient with respect to the hyper-parameters. However, when we use a finite-width
network, the output’s law is only approximately Gaussian. In our work, we propose to train a
wide network as if its law was exactly Gaussian and analytically compute the gradient descent
step in this approximation. Then, once the training is complete, sampling multiple realisations
of the parameters we can obtain a probabilistic upper bound on the expected empirical loss,
and hence a rigorous generalisation guarantee. Our experiments on the MNIST dataset show
that this approach leads to tighter bounds than the standard PAC-Bayesian methods proposed

in previous studies (Dziugaite and Roy, 2017; Pérez-Ortiz et al., 2021a).

Conditionally Gaussian PAC-Bayes (Clerico et al., 2022a) A significant limitation
of the approach that we just presented is that it only ensures the output’s Gaussianity for a
shallow neural network with a single hidden layer. This is because the convergence result is
based on a central limit theorem that assumes the independence of the hidden nodes, which is
no longer true for a network with multiple hidden layers.

However, if the last layer’s parameters are normally distributed, the output is still Gaussian
when conditioned over all the hidden parameters (an idea also exploited in Biggs and Guedj,
2021). Leveraging this, we propose to sample the hidden layers’ parameters at each iteration.
Conditioned on this realisation, the output is Gaussian, and we can perform a gradient step
avoiding the need for a surrogate loss.

This conditionally Gaussian PAC-Bayesian training approach works for rather general
multi-layer stochastic architectures. In our experiments with MNIST and CIFAR10 with
convolutional networks, our method outperformed the previous state-of-the-art PAC-Bayesian

training results reported in Pérez-Ortiz et al. (2021a).
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1.6.3 Chained generalisation bounds (Clerico et al., 2022b)

Many of the information-theoretic bounds from the literature do not consider the dependencies
between different hypotheses. Indeed, it is often the case that if two hypotheses h and h’ are
“close” (according to some notion of distance on H), then they lead to similar generalisation
gaps (i.e., Lz(h) — Ls(h) ~ Lz(h') — Ls(h')), for most of the training data sets. In order to
take into account this property, Asadi et al. (2018) introduced a mutual information bound
that builds on the chaining technique.

Given a sequence of finer and finer discretisations H; of the space H, we write as hj the
projection of a hypothesis A on Hi. The main idea behind the chaining is to rewrite the

quantity of interest (here, the generalisation gap) as a telescopic sum. Formally, we have
Lz(h) = Lo(h) = Lz(ho) — Ls(ho) + Y _[(Lz(hw) — Lo(h)) — (Lz(hr—1) — Ls(hr—1))],
k=1

where one shall make a rigorous sense of the convergence. Asadi et al. (2018) established a

mutual information bound in the form

G = Ep, ([Lz(H) - i 2I(Hy: S)/m,
k=1

where each ¢y, is the “length-scale” of the discretisation H. The main assumption for this
result is that the differences ¢(Z, h) — £(Z, 1) are ||h — h’||-sub-Gaussian® under Pz. In this
way, we consider the dependencies between different hypotheses. Note that each term in the
right hand side contains the mutual information between a discretised hypothesis and the
training data set. These quantities are finite (as long as # is bounded), so this chained mutual
information bound can be finite even for a deterministic algorithm.

In our work, we investigate whether it is possible to obtain chained bounds that are not
based on the mutual information. First, we build an abstract framework encompassing several
information-theoretic bounds from the literature. Then, we show that a chained counterpart
corresponds to each of these results.

In order to make things more explicit, let us introduce a notion of function regularity.

Given a generic mapping ® that takes two probability distributions P and P on some space

8See footnote 2.
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A, and returns a positive real value (which we might interpret as a measure of dissimilarity

between P and I@’), we say that f: A — R is D-regular with respect to P if, for any PP, we have

A~

[Ep[f] — Ep[f]| < D(P,P).

If one can establish that the loss follows this definition of regularity, it is almost straightforward

to deduce a generalisation bound.

Theorem 1. Assume that s — Ls(h) is ®-regular with respect to Pg, Vh € H. Then
1G] = [Epyes[Ls(H)] = Epy s[Cs(H)]| < Epy [D(Ps, Pgin)] -

Different choices of © allow for recovering several results from the literature. For instance,
the mutual information bound from Russo and Zou (2019) follows from the fact that a sub-
Gaussian function is D-regular with D (P, P) = 1/ 2KL(P||P), while we can obtain a Wasserstein
bound from Lopez and Jog (2018) by using that a Lipschitz function is ®-regular when D is
the 1-Wasserstein distance.

In order to obtain chained bounds, we need to control how much the loss changes when we
consider two distinct hypotheses. Under suitable conditions, it is enough to ask for a regularity
assumption on the loss’s gradient. Here, we extend the previous definition of ®-regularity by
saying that a g-vector-valued function f is ®-regular with respect to P if, for every v € RY

with ||v]| =1, v- f is D-regular with respect to P.

Theorem 2 (Informal). Let H be convexr and compact, and let { be regular enough. If

s+ ViLs(h) is ©-regular with respect to Pg, Yh € H, then
1G] = [Bryos[Ls(H)] = Epy s[Ls(H))| < er1Bp, [D(Ps, Py, )] -
k=1

In particular, this result shows that lifting the regularity assumption from the loss to its
gradient makes it possible to obtain a chained bound. This way, we can recover the chained
mutual information bound (Asadi et al., 2018) and establish the novel chained counterpart of
the Wasserstein bound from Lopez and Jog (2018).

The other main point addressed in our work is whether the chained bounds are tighter

than their unchained counterparts. There is no general answer to this question. However,
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although the assumptions required for the chained bounds are somewhat stronger, there are
situations where the chained bound performs much better. For instance, with the help of a
few simple toy models, we show that this is the case when Py is highly concentrated in a tiny

region of H.

1.6.4 Deterministic PAC-Bayes under gradient descent (Clerico

et al., 2023b)

One peculiarity of the PAC-Bayesian bounds is that they require the model to be stochastic,
which is not the standard setting in many cases. However, if we consider the case of the
so-called “deterministic” neural networks, the initialisation is usually drawn from some simple
distribution. In our work, we propose a PAC-Bayesian bound that only requires the model’s
initialisation to be random.

Most PAC-Bayesian bounds in the literature are in expectation (under the posterior).
However, there are also disintegrated results, which hold with high probability with respect
to the joint law of the training data set and the parameters (under the posterior). A simple
example is the following bound (Alquier, 2021), which requires the loss to be bounded in [0, 1]

and holds with probability higher than 1 — ¢ on the pair (S, H):

dPp s 1
A log —p+ (H)—l—logg
Lz(H) < Lg(H)+ — H )
2(H) < Ls(H) + - + )

Here, P73, is a data-agnostic prior, while P any arbitrary posterior distribution absolutely
H \
continuous with respect to P%;.

Let us consider a training performed by continuous time gradient descent:

0,H, = —VC(Hy), (1.5)

where C denotes some objective function (e.g., Lg). This ODE defines a flow in the hypothesis
space and, in particular, induces a family of probability measures Pg,, obtained as the push-
forwards of Py, under this flow: for all ¢ we have H; ~ Pg,. Now, fix a time horizon 7' > 0
and consider the algorithm that outputs Hy. If we say that Hy ~ P}, (i.e., the prior coincides

with the initialisation Pp, ), we get that the posterior Pp g coincide with Pp,., and sampling
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Hyp from it can be obtained by first sampling Hy from the prior Pp,, and then following the
ODE dynamics up to time T
For simplicity, let us assume that, for all ¢, Py, admits a Lebesgue density p;. Fixed T', we

have that with probability higher than 1 —§ on (5, Hy) ~ Ps ® P,

log prfr) o log 1
La(Hr) < Ls(Hyp) + St — 20 T80

From the continuity equation dyp¢(h) = V - (p(h)VC(h)), with a little algebra we obtain

that O0¢(log pt(H:)) = AC(H;), with A denoting the Laplacian. This allows us to rewrite

T
log 22T _ 100 ”g((g;)) + /0 AC(Hy)dt

po(Hr) p
and hence obtain the bound

po(Ho) T )
Ca(Hy) < Lo(Hp) + > 18 Lol + [y AC(Hy)dt + log §

8m A (16)

po(Ho)
po(HT)

initialisation density pg. Moreover, in principle, the integral is computable as well, as we only

Usually, the term log can be easily evaluated, as it solely requires the knowledge of the

need the value of a local quantity (the Laplacian) along the trajectory followed by H; during
the training.

The bound (1.6) is a simple instance of the more general results that our approach can
produce for the continuous-time dynamics. In our work, we also show that under suitable
smoothness conditions on the training objective, it is possible to obtain similar bounds for
discrete-time dynamics, such as the often-used stochastic gradient descent algorithm. We

discuss these and other results, and compare them with others from the literature.



Chapter 2

Stable and expressive ResNets

2.1 Preamble

Most of this chapter constitutes the core of Hayou et al. (2021), a paper accepted at AISTATS
2021, which is the outcome of a collaboration with two other graduate students in the Statistics
department: Soufiane Hayou and Bobby He. I contributed to the theoretical side of the project,
in particular, mostly on the study of expressiveness and universality.

My major contributions to Hayou et al. (2021) are probably Proposition A1 (corresponding
to Proposition 2 here), allowing for the extension of the universality results from the sphere to
a generic compact K € RP, the whole discussion about the uniform scaling and its continuous
limit, and the rigorous formulation of the duality universality /expressiveness (see Lemma 3 in
Hayou et al. (2021) and its stronger versions, Lemma 2 and Lemma 4, in this chapter).

In order to emphasise my actual contribution to the project, some of the results of Hayou
et al. (2021) are omitted: the study of a PAC-Bayesian bound for Gaussian process kernel
regression and the discussion on the explosion and stabilisation of the gradient, which were
entirely due to Soufiane. Also, the empirical results of Hayou et al. (2021) are only quickly
summarised at the end of this chapter, as they were mainly performed by Bobby, with solid
help from Soufiane.

In contrast, the findings presented in Section 2.5.1 are unpublished and were obtained
before our collaboration began. At that time, I was considering the expressiveness of uniformly
rescaled infinitely deep ResNets, by examining the network-equivalent Gaussian process

with elementary tools from functional analysis, without resorting to reproducing kernels.

24
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Additionally, the discussion on the equivalence between expressiveness and universality, as
well as some other expressiveness results presented here, are extensions of what was reported
in Hayou et al. (2021).

The details of my contribution to the paper can also be found at the end of this chapter.

2.2 Introduction

A popular approach for studying over-parameterised networks involves focusing on the limit of
infinite width. For fully-connected multi-layer architectures, this means taking the number
of nodes in each hidden layer to infinity. Although this is impossible to achieve in practice,
infinitely wide networks possess many interesting properties that can help grasp the complex
behaviour of large (but finite-size) networks. One remarkable fact is that, at the initialisation,
infinitely wide networks behave like Gaussian processes, a result first established by Neal
(1995) for the 1-layer case and later extended to multi-layer architectures (Lee et al., 2018;
Matthews et al., 2018; Lee et al., 2019). From a theoretical standpoint, a remarkable feature
of Gaussian processes is that their behaviour is fully captured by their mean and covariance
functions, which can be evaluated recursively layer by layer (Lee et al., 2018).

Interestingly, contrary to the naive belief “deeper is more expressive”, Schoenholz et al.
(2017) pointed out that the network-equivalent Gaussian process becomes trivial as the number
of layers of a network goes to infinity: the output forgets about the input, thus lacking
expressive power. From an information-theoretic perspective, each randomly initialised layer
acts as a noise source, and consequently, the output of the last layer loses all information from
the original input.

One natural way to tackle this issue is to introduce skip connections to propagate the input
information deeper into the networks. Architectures of this kind are usually referred to as
residual networks (in short, ResNets). However, standard ResNets are not a viable solution in
the large width and depth regime, primarily because the output tends to explode with depth.
Even when normalisation factors are added to prevent divergence, the dependence on the input
remains trivial. This fact implies the impossibility of effectively training deep networks unless
more involved and computationally expensive normalisation techniques are used (e.g., batch

normalisation).
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To address the above concerns, we introduce in Hayou et al. (2021) a new class of residual
networks, named stable ResNets, which we show to preserve expressiveness and trainability
even for diverging depth. The key idea is to introduce layer- and/or depth-dependent scaling
factors to the ResNet blocks, allowing for better control over the noisy contribution of each
layer. It is worth mentioning that the idea of a depth-dependent scaling had already been
previously proposed in the literature (De and Smith, 2020; Zhang et al., 2019). However, to the
best of our knowledge, prior to our work no analysis of the expressiveness of the infinite-depth
limit had been performed in this setting, and no layer-dependence had been considered.

This chapter provides a detailed exposition of our main theoretical findings. Section 2.3
presents basic definitions and properties of reproducing kernels and Gaussian processes. It
mainly serves as a recall of results from the related literature, an exception being the discussion
on kernels’ expressiveness (Definition 7, Lemma 2, and Lemma ). Section 2.1 considers the
Gaussian limit of wide networks. Most of the results therein are well-known in the literature,
except for Section 2.4.3, where Proposition | is based on one of the main results (Proposition
A1) of our paper Hayou et al. (2021). The core of this chapter is Section 2.5, which introduces
and analyses stable ResNets. Section 2.5.6 briefly introduces the neural tangent kernel and
gives a quick overview of the behaviour of the stable ResNets in the NTK regime. Finally,
Section 2.5.7 quickly summarises the experimental results from Hayou et al. (2021), validating

our theory.

2.3 Mathematical preliminaries

For this whole section, unless otherwise specified, we let K be a compact set in RP (with p a
positive integer) and p a finite Borel measure on K. Moreover, = and 2’ will always denote
arbitrary elements in K. Finally, the notation [a : b] denotes the set of integers in [a, b], where

a,b e Nand b > a.

2.3.1 Kernels

The literature is rich in different (and sometimes contradicting) definitions of kernel. Usually,
given a set S, one defines a kernel as a real (or complex) function @, on S x S, which is

symmetric and non-negative definite. However, in the present work, we will limit ourselves to
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studying continuous kernels on compact subsets of RP (often referred to as Mercer’s kernels).

We have hence opted (as in (Hayou et al., 2021)) for a less general definition.

Definition 1 (Kernel). A kernel on K is a continuous function Q : K? — R that is symmetric
in its arguments (i.e., Q(z,2") = Q(2',x) for all x,2' € K) and non-negative definite, meaning
that for all positive integers n > 1, for all subsets K = {z1...2,} C K, the Gram matriz

(Q(z4,4))ij is non-negative definite.'
Kernels are closely related to integral operators.

Definition 2 (Induced integral operator). Let Q be a kernel on K and p a finite Borel measure

on K. We define the induced integral operator T,(Q) on L?(K, u) as

T(Q) olz) = /K T, 2') p(a') dule’)

Lemma 1. Let Q : K2 — R be a continuous symmetric function. Given any finite Borel
measure j1 on K, the induced operator T,,(Q) is bounded, compact, and self-adjoint.” Moreover,
Q is a kernel if, and only if, for all finite Borel measures p on K, T,,(Q) is non-negative

definite, which means (T,(Q) ¢, ) >0 for all ¢ € L*(K, ).

We refer to Section 2.6.1 for a proof of the above characterisation.

A classical result is the following decomposition (e.g., Paulsen and Raghupathi, 2016).

Theorem 3 (Mercer). Let Q be a kernel on K and p a fully supported finite Borel measure
on K. Denote as {¢n}tnen and {&,}nen the eigenfunctions and eigenvalues of T,,(Q). The
operator T, (Q) is trace-class (i.e., Y, & < 00), ils eigenfunctions ¢, : K — R are all

continuous, and we can write

Q(:U,m/) = Z &n on(T) @n(m/) )

neN
for all x,x' € K, the convergence of the sum being uniform on K2.

Note that the above decomposition depends on the choice of the measure . Moreover, the

result easily extends to the case of a not fully supported measure p. Indeed, denoting with K

'We recall that a n x n matrix M is non-negative definite if for every n-vector v we have v" Mv > 0.

2A bounded self-adjoint compact operator is a linear map T : L*(K, ) — L?(K, i) that maps bounded sets
to bounded sets whose closure is compact, and such that for every o, € L*(K, u) we have (T, ) = (¢, T1).
We refer to Lang (2012) for an overview of the theoretical properties of this class of operators.
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the support of u, we have that K is a closed subset of a compact set, and so it is compact.
Applying Theorem 3 to the restriction of Q on K, and extending its eigenfunctions continuously
to the whole K, we see that the only modification to be made is that the convergence will be
on the support of u only.

There is an interesting link between kernels and Hilbert spaces.

Definition 3 (RKHS). For each kernel Q on K, there exists a unique (up to isomorphisms)

real Hilbert space Hg, with the following properties (Paulsen and Raghupathi, 2016):
e The elements of Hg are functions K — R.

e Denoting as (-,-)q the inner product of Hg, for each x € K there exists an element

ky € Hg, such that h(xz) = (h, ky)q for all h € Hg.
o Forallz,x’ € K, (ky,ky)g = Q(z, ).
Hq is called the reproducing kernel Hilbert space (RKHS) of Q.

Generally, giving a concrete description of the RKHS associated with a kernel @) is not easy.
However, we can easily find an explicit form for the elements k, appearing in its definition, as
we have that k; : 2’ — Q(z,2’). In particular, we can say that H¢ contains the linear span of
{a’ = Q(z,2')}sek, which turns out to be a dense subset of H, with respect to the norm
of Hg. Moreover, for any finite Borel measure p on K, it can be shown that the RKHS of
@ contains the range of 7,,(Q). We refer to Paulsen and Raghupathi (2016) for proofs and
discussion of these properties.

We conclude this section by introducing the concept of feature map.

Definition 4 (Feature map). Let Q be a kernel on K and H an arbitrary real Hilbert space.

A feature map for Q is a continuous map ® : K — H such that, for all x,2’ € K,

Note that the request of continuity in the above definition is unnecessary, as || ®(z) — ®(z)||3, =
Q(z,z) + Q(2',2') — 2Q(x, 2"), which vanishes whenever x — 2’ thanks to the continuity of

the kernel.
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It is straightforward that ® : x — k, is a feature map for @, where k, : 2’ — Q(z,2’). This
is usually called the canonical feature map. Moreover, as a corollary of Theorem 3, we can
find feature maps K — ¢2, usually referred to as Mercer’s representations (Kanagawa et al.,

2018): for any finite and fully supported’ yu, we consider

Dz {\VE onlx) ey € 2. (2.1)

2.3.2 Gaussian processes

We recall that a Gaussian vector is a finite collection of Gaussian random variables, such
that any linear combination of its elements is still normally distributed. This concept can be
extended to a family of Gaussian random variables indexed on a generic set S. In particular,

we will be interested in the case where S is a compact K C RP.

Definition 5 (Gaussian process). A Gaussian process on K is a random function U : X — R,
such that for any finite subset K C K, the family {U(2)},c i s a Gaussian vector. A Gaussian

process U is said to be centred if E[U(x)] =0, for all z € K.

A Gaussian process can be fully characterised by its mean and covariance functions (Dudley,

2002). In particular, we can associate to each kernel @) a centred Gaussian process.

Definition 6 (Induced Gaussian process). Given a kernel Q on K, we define the induced
Gaussian process Ug as the centred Gaussian process on K whose covariance function is Q.

More explicitly, E[Ug(x)] = 0 and E[Ug(z)Uq(z')] = Q(z,2’) for all z,2’ € K.

Mercer’s theorem (Theorem 3) allows us to write the Gaussian process induced by a kernel

as a converging sum, usually called Karhunen-Loéve expansion.

Theorem 4 (Karhunen-Loeve). Consider a kernel Q on K and fix a fully supported finite
Borel measure p on K. Let {pn}nen and {&n} nen be the eigenfunctions and eigenvalues of

the induced operator T, (Q) on L?(K, u). Then, we can write

Ug = Zn /& ¢n, (2:2)
n=0

3Note that for a compact set K C RP a fully supported finite Borel measure always exists. For instance,
we can find a sequence {x, }nen C K which is dense in K, and then define =3 27 "0, , where 0, is the
Dirac measure with unit mass on x.

neN



30 CHAPTER 2. STABLE AND EXPRESSIVE RESNETS

with {Zy }nen a family of independent standard normal random variables. The convergence is
uniform on K and in squared mean: imy oo sup,e i E[(Ug(x) — SN Zi/Tm @n(2))?] = 0.

Moreover, the sum converges in L?(K, 1) almost surely.

A proof of the above theorem can be found in the last chapter of Paulsen and Raghupathi
(2016), with the exception of the last statement (almost sure convergence), for which we refer

to the preliminary discussion in the introduction of Steinwart (2019).

2.3.3 Expressiveness and universality

The main focus of this chapter is to discuss the expressiveness of neural networks in their
Gaussian limit. Intuitively, the expressiveness of a Gaussian process can be interpreted as the
potential of the process to express a wide range of functions. In this section, we will make this
concept more rigorous.

A consequence of the almost sure L?-convergence in Theorem 4 is the fact that, for any
finite Borel measure p on K, the samples from Ug are in L?(K, uu) with probability 1.* We
might wonder how much of this space can be explored by the process. This is the motivation

for the next definition of expressiveness.

Definition 7 (Expressiveness). Fiz a finite Borel measure p over K. A kernel Q on K is

p-expressive when, for all ¢ € L*>(K, 1) and all € > 0, its induced Gaussian process Ug satisfies
P(|Uq — ¢l2 <€) > 0.

A kernel p-expressive for all non-zero finite Borel measure i on K is said to be fully expressive.

Theorem 4 implies that the p-expressiveness of @) is directly linked to the strictly positive

definiteness of the operator 7),(Q), as stated in the next lemma (see Section 2.6.1 for a proof).

Lemma 2. Let Q) be a kernel and p a non-zero finite Borel measure on K. @ is p-expressive
if, and only if, T,,(Q) is strictly positive definite, namely (T,(Q) ¢, ¢) > 0 for all non-zero
p € L*(K, ).

Another way to characterise the expressiveness of a kernel is to look at the size of its

RKHS. In line with the previous literature (Micchelli et al., 2006; Steinwart, 2001), we call

4Note that this is true even if z has not full support since the theorem applies on the support of p, which is
compact.
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universal a kernel whose RKHS can approximate arbitrarily well any continuous function. To
make sense of this, first notice that the continuity of @ implies that Hgo C C(K), the space of

continuous functions on K (Paulsen and Raghupathi, 2016).

Definition 8 (Universality). A kernel Q is said universal on K when its RKHS Mg is dense

in C(K), with respect to the uniform norm.

We stated in Lemma | that a kernel can be characterised by the fact that it induces non-

negative definite integral operators. Strictly positive definiteness corresponds to universality.

Lemma 3 (Sriperumbudur et al., 2011). Let Q be a kernel on K. @ is a universal kernel if,
and only if, for all non-zero finite Borel measures p on K, T,,(Q) is strictly positive definite,

namely (T, (Q) ¢, ) >0 for all non-zero ¢ € L?(K, ).

As a corollary of Lemma 2 and Lemma 3, universality and full expressiveness are equivalent.
Lemma 4. A kernel Q on K is universal if, and only if, it is fully expressive.

We conclude by a useful characterisation of universality from Micchelli et al. (2006).

Lemma 5. Let Q be a kernel on K and ® = {¢, }nen : K — 02 a feature map, namely

Z ¢n($)¢n($/) = Q(l‘, 33,)

neN

for all x, 2’ € K. Assume that the convergence of the above sum is uniform on K? and that,
for alln € N, ¢, : K — R is continuous. Then Q is universal if, and only if, the linear span

of the family {¢n}nen is dense in C(K), with respect to the uniform norm.

We remark that the above lemma can be applied to the Mercer’s representation (2.1) induced

by a fully supported finite Borel measures on K.
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2.4 Gaussian limit for neural networks

2.4.1 Simple fully-connected neural networks

Consider a simple feed-forward fully-connected neural network F': RP — R, defined via

F(J}) = ’U’L(x) )
ul(z) = j%wl¢<ul—1<w>> + b (2.3)
u(z) = T 00 + oy’

VD

with both o}, and oy, strictly positive. We denote the width of u; as n; (so np = q) and we
assume that all the parameters are randomly initialised as independent draws from a standard
normal distributino N(0,1).

Since all the weight matrices and the bias vectors are random objects (at least at the
initialisation), every node u! maps the input x to a random variable u!(z). It easy to check
by induction that the components of u!(z) share the same distribution and are independent.
Hence, for each layer [ € [0 : L], we can define a random process U P on RP, such that for every
input = and index i € [1 : N;], we have y!(z) ~ Ul(z).

Clearly, at the initialisation U is a Gaussian process, since it is a finite linear combination
of independent Gaussian processes, while for [ > 1 in general U' can be non-Gaussian.
However, we can always compute recursively means and covariances. First of all, as long as
E[p(U'1(z))] < oo, we are granted that E[U!(z) = 0]. Hence, under some weak hypothesis on
the tails of ¢, U' is centred for all | € [0: L]. Moreover, we can get recursively the covariance
functions, at least when we can ensure that E[¢(U'~!(x))¢(U'~1(2'))] stays bounded. Denoting

as @ the covariance function of U!, we have

Ow?

Qo(z,2") = E[U(2)U°(a")] = 'y z-a + o2 (2.4)

Qu(z,2") = E[U'(2)U'(2')] = 0 E[p(U' () o (U ()] + o”.
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2.4.2 Gaussian limit

Every node of an infinitely wide neural network behaves like a Gaussian process at the
initialisation. Intuitively, the idea behind this limit is quite simple. Each node in the layer [ is
a sum of identically distributed random variables coming from the previous layer. When the
number of nodes in the layer | — 1 tends to infinity, we have a sum of infinitely many terms
and hence Gaussianity, thanks to the central limit theorem.” The covariance of each layer can
be expressed recursively via (2.1).

This chapter focuses on ReLU networks, whose activation function is the rectified linear
unit ¢ : z — max(0, z). In this case, there is an explicit form for E[¢(U(z))p(U(z'))], where U
is a centred Gaussian process with covariance @ (Daniely et al., 2016). To clarify this point,

let us first define the correlation kernel of the process U, which is given by

’ Q(x,2)
C(z,2') = . 2.5
)= e ) 29
For all z,z' € RP, when ¢ is the rectified linear unit we have
ny _ Qz,2') f(C(z,2))
Blo(U ()o@ = 25T (14 FERED)
where f:[—1,1] — R is defined via
f:v»—>%( 1 —~92 — ~arccosv) . (2.6)

Hence, the equivalent Gaussian processes of an infinitely wide ReLLU network have covariances
given by
o
Qolw,7) =2 + 2o
p

2
Q120b2+0120<1+f(5111)>62l—1,

where Cj is defined as in (2.5).

®As a side note, we recall that things are more delicate as we want to show the convergence of a sequence of
stochastic processes; cf. the discussion in Section 1.3. However, to avoid unnecessary technicalities that are
out of the scope of this thesis, in the following we will freely speak of the equivalent Gaussian processes of the
layers of an infinitely wide network, meaning centred Gaussian processes whose covariance functions @); can be
derived recursively, a la (2.4).
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2.4.3 Expressiveness for finite depth

We now focus on the expressiveness of each layer of an infinitely wide ReLLU network. We
fix as input space a compact set K C RP. For all [ € [0 : L], the covariance and correlation
functions (Q; and Cj) are kernels, as in Definition | (see Lemma 10 in Section 2.6.2).
Recalling the results and definitions of Section 2.3.3, we focus here on whether the kernels
QQ; are universal, and hence fully expressive by Lemma 4. For sure, this is not the case for Q).
Indeed, for any finite Borel measure p on K, T),(Qo) has at most rank two. So, by Theorem 4,
the realisations of its induced Gaussian process lie in a 2-dimensional space. However, it turns

out that for all layers [ > 1, the kernel @); is universal.

Proposition 1. Fized any compact K C RP, forl € [1: L], Q; is a universal kernel on K, as

in Definition &.

The above proposition is a slight modification of Proposition 3 in our paper Hayou et al. (2021).
The proof (see Section 2.6.2) can be decomposed into two parts, which are peculiar to most of
the proofs of universality in this chapter. First, we show that ()1 is universal, then that the
universality of ();_1 implies the universality of ();. The first step is the most challenging and

can be seen as a corollary of the next result.

Proposition 2. Let K C RP be compact. Let f:~ 24 f(7) be defined on [-1,1]. Then
f(Co), defined point-wise as f(Co)(z,z') = f(Co(x, ")), is a universal kernel on K.

The proof of the above proposition can be found in Section 2.6.1. The main idea is to use
the Stone-Weirstrass theorem (Lang, 2012) to show the density, in the space of continuous

functions, of the linear span of a feature representation of f(Cj), and conclude by Lemma 5.

2.4.4 Infinite-depth limit

As mentioned earlier, having an excessively large number of layers in a wide neural network
often results in the output being either a random constant or almost certainly discontinuous,
thereby losing its connection with the input (Schoenholz et al., 2017; Hayou et al., 2019b). To
explain this phenomenon mathematically, we can look at the behaviour of the functions
and Cy as | — oo. All the diagonal elements of Q; (i.e., Q;(x,x) for x € K) tend to some fixed

value ¢, > 0, independent of x. At the same time, for z # 2/, Cj(z, ") approaches a fixed
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value ¢, € [—1,1], which is independent of z and 2’ (Schoenholz et al., 2017). The fact that
the final kernels lose their dependence on x and 2z’ implies that the input information gets
lost in the propagation through the network. The ordered behaviour (i.e., a random constant
output) comes about when ¢, = 1, whilst ¢, < 1 is at the origin of a highly discontinuous
output. The values of ¢, and ¢, are determined by the parameters o, and o,,. However, for a
ReLU network only the ordered case is present.

Before proceeding further, it is worth clarifying how the completely inexpressive infinitely
deep network can relate to its fully expressive finite-depth counterpart. Indeed, the claims of
Section 2.4.3 might even be strengthened: one can show that there is an increasing hierarchy
for the RKHSs of the covariance functions, in the sense that Hg, , € Hq, (cf. the proof of
Proposition 1). However, there is no contradiction. To clarify this, recall Theorem 4 and its
notations. The contribution of each eigenfunction ¢,, in the expansion (2.2) is weighted by
the square root of the eigenvalue &,. When a kernel is fully expressive, all the £,’s must be
strictly positive. This is indeed the case for all the Q);’s. However, a limit of strictly positive
definite operators is not necessarily strictly positive and might have null eigenvalues. This is
precisely what happens here, where only the first eigenvalue of the limiting kernel is non-zero.
As we add more and more layers to the network, the output collapses on ¢q (here, the constant
function) since the weighted contributions from all the other eigenfunctions vanish.

All the results discussed so far regard the state of the network at its random initialisation,
and one might think that the problems mentioned above become irrelevant after the training.
However, these same issues make it extremely difficult to train extremely deep networks, at
least with gradient-based algorithms. A very heuristic justification for this claim is that a
network that is unable to see its input cannot learn anything. More rigorously, this is reflected
by the fact that, as the number of layers goes to infinity, the gradient of the output (with
respect to the parameters) vanishes or explodes with probability 1, depending on whether
the network is in the ordered or chaotic phase (Schoenholz et al., 2017; Hayou et al., 2019b).
Moreover, the neural tangent kernel (see Section 2.5.6), describing the network’s evolution

during the training, becomes trivial as the depth diverges (Hayou et al., 2019a).
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2.4.5 Residual networks

A natural attempt to prevent the loss of input information is the introduction of skip connections.
An architecture with this feature is usually called a residual network (ResNet). As a simple

example, let us consider

u¥(z) = oy by + \U}ng;
P (2.8)

Ow

ul(z) = ul 71 (z) + oy by + wy p(ul () .

-1

=1 in the evaluation of «!, which

The only difference from (2.3) is the addiction of the term wu
will help propagate the input information through the network. However, we will soon see
that this is not enough to prevent a trivial limit as L — oo.

First, notice that the introduction of the skip connections does not affect the fact that each

layer of the network becomes a Gaussian process.” We get, however, a slight modification for

the recurrence relation of the covariance functions, which now reads (see Hayou et al., 2021)

2
a.
Qo(z,2") = TZ z-1 + oy

Qu(z,2") = Qi (w,2) + 0, E[p(U" (2))p (U (a")] + o” .
As before, things can be stated more explicitly for a ReLLU network:

Qo(x, ') = op2 + UL:E cx’
b (2.9)

2
Q=Qi1+0°+ U% <1 + f(cc,l’:l)> Qi—1 -

We want to focus on the infinite-depth limit. Nevertheless, the diagonal elements of Q)
explode as | — oo. To see this, note that Cj(z,x) = 1 by (2.5), for all x € RP. Noticing
that f(1) = 0, we get that, for the diagonal elements of the covariance, the recursion reads

Qr=op>+(1+ ";’2 )Qi—1. This leads to Q; > (1 + %2)1 Qo, which clearly diverges for [ — co.

We might fix this problem by considering a slightly different architecture. Fix a strictly

5The results in Yang (2019a) hold for a large class of architectures, including residual networks.
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positive parameter A € (J, 1), with § = 2/(1 + %2), and consider the network

ud(z) :JbBO+UlWOx;

VP

(2.10)
Ow _
Wl (@) = (1= \) ul = (2) + A <ab B+ — 2 Wig(u! 1<x>>) .
-1
Now, the second equation in (2.9) becomes
2
Qi = (1-A2Qy + X2 (aﬁ o <1 ; f(CCl‘l)> Ql_1> . (2.11)
-1

It is not hard to check that, in this case, the covariance ); does not diverge. Also, the output’s
gradient (with respect to the network’s parameters) that explodes for the architecture (2.9))
is now stabilised. Nevertheless, a problem still occurs. For both (2.9) and (2.11), C; tends to
the constant 1.” As a consequence, even in this stabilised setting, an infinitely deep network
at the initialisation produces a trivial output, lying in the two-dimensional space spanned by
the constant function 1 and the function x — \/m . Moreover, a constant correlation also
leads to a trivial neural tangent kernel, and hence, despite the bounded gradient, the network

can only fit functions belonging to some small class.

2.5 Stable ResNets

In the previous sections, we have discussed how the output of an infinitely wide neural network
becomes trivial in the limit of infinite depth because too many noisy layers corrupt the input
information. Introducing skip connections is insufficient to solve the problem and yields a
divergent limit unless scaling factors are added. In this section, we show that it is possible
to rescale the contribution of each layer in a way that solves both the expressiveness and
trainability issues. We start with discussing a toy model, where we can show that the output
is fully expressive in the infinite-depth limit with elementary tools from functional analysis.
Later on, using the results of kernel analysis introduced in Section 2.3.3, we will establish the
universality for networks acting on a generic compact K C RP. The whole analysis always

focuses on ReLU networks.

"It is enough to see that there is a single fixed point for the diagonal terms of @ in (2.11), and hence a single
fixed point (C = 1) for the correlation.
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2.5.1 A toy model

Let I C (0,400) be a compact interval and denote as ¢ : z — max(0, z) the ReLU activation

function. For each L > 1, we consider the following residual architecture, where all the layers

have width NV,

uo(x) = wo x;
u(r) = w—1(z) + L (Ub b+ —2 ¢(Ull(x))> )
VL VN
with z € I. A part from the technical assumption that the layer 0 has no bias”, the difference
with the architecture (2.8) is the fact that now there is a factor 1/v/L that weights the
contribution of each layer. Taking the limit L. — oo, the introduction of this scaling brings a
renormalisation which allows for a finite and expressive output.

Note that now the recursion (2.9) gets slightly modified as

o=
] o2 F(C) (2.12)
Qr=Q1+ I <Ub2 + % (1 + Cll) Qll) .

As L — oo, the above relation can be seen as the discretised version of an ODE. Indeed, we
can rescale the index [ as ¢(I) = l/L, so that t(0) = 0 and ¢(L) = 1. It is then natural, in the
limit of infinite depth, to consider ¢ as a continuous variable, spanning the whole interval [0, 1],

and look at the continuous limit of (2.12):

2
. /
go(z,7') = 02 T2 (2.13)
b
ci(x,2') = a(,2')

a \/Qt(x, r)q (2!, x') .

! (14 Lot

: N g2y Jw
Gi(z, ") = op” + e

>Qt(x7$,)7

In Section 2.5.3, we will state results of existence and uniqueness of the solution of the above
Cauchy problem, as well as uniform convergence in ¢ and z of the discretised problem (2.12)

to (2.13). Moreover, we will show that, for all ¢ € [0, 1], both ¢; and ¢; are kernels in the sense

8This technical assumption is due to the elementary techniques involved in the proofs of the main results of
this section. However, the case with bias in every layer is a particular case of the analysis in Section 2.5.3.
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of Definition 1.

The existence and continuity of ¢ — ¢(x,2’) in [0,1] (for all inputs z,z’) is enough to
claim that the output kernel ¢; keeps bounded, despite the infinite number of layers. But what
about the expressiveness? It turns out that, denoted by p the standard Lebesgue measure on

1, the following holds.
Theorem 5 (Universality). For all t € (0, 1], the kernel g, solving (2.13) is p-expressive.

Proof’s sketch. We refer to Section 2.6.3 for a full proof of the above result and only present a
brief sketch here. The idea consists of first showing that there is some expressiveness for small
t, then that the result can be preserved as t grows. By Lemma 2, the p-expressiveness of ¢ is
equivalent to the fact that the integral operator T),(g;) on L?(I, p) is strictly positive definite.
Hence we need to show that, for all non-zero ¢ € L?(I, p), we have (g o, ¢) > 0 if t > 0. First,
we can look at what happens when ¢t ~ 07, namely when ¢ is greater than 0 but still very
small. Using the fact that ¢ = 1 (at least with the current definition of ¢p) and f(1) =0, we

can expand ¢; around £ =0 as

2 34 2 13
Qt(fL',[E/) = eaw2t/2xx/ + 20’7w(er2t/2 . 1) + 0p Ow ‘«'17 — T ‘ t5/2

5/2
op2 1570 (za’)? +olt"").

|7/‘3

A direct study the integral operator induced by (x,z’) — g(ﬁmg,c)z leads to the next result.

Proposition 3. For any non-zero ¢ € L*(I, p), there is at, € (0,1] such that (T,(g:) ¢, ) > 0,
for allt € (0,t,).

Once established that there is some sort of strictly positive definiteness near ¢ = 0, we need to
show that this is preserved as t grows. However, this is not hard since it can be proven that ¢, is a
kernel, so T},(q;) is non-negative definite. We can then show that % (Th(qr) v, o) = (Tp(de) p, ),

and hence the next proposition follows.
Proposition 4. For all ¢ € L*(1,p), the map t — (T,(q:) ¢, ) is non decreasing on [0, 1].

Propositions 3 and 4 are enough to prove the positive definiteness of g;. ]

To give a more concrete idea of the behaviour of our toy model, we report empirical results

from a network with depth 200 and width 200, mapping inputs in [0.1,0.5] to real values.”

9Here, ny, = 200 and the output of the network is y = u” - v, where v is a random vector whose elements are
independent and identically distributed as A(0,1/L), so that the covariance function of the output corresponds
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Looking at the eigendecomposition of the final kernel @1, obtained numerically from (2.12), we
see in Figure 2.1 that the eigenvalues &, decays polynomially, without vanishing. Moreover, it
is interesting that the eigenfunctions are reminiscent of the Fourier basis. We can compare the
analytical results with the actual behaviour of the network. The output can be decomposed
on the eigenbasis of ;. From Theorem 4, we expect the coefficients of this decomposition
to be independent realisations of centred Gaussian random variables whose variances are the
eigenvalues of (J7,. Hence, renormalising each coefficient by the square root of the respective
eigenvalue, we should obtain a list of independent draws from a standard normal distribution.

This is shown graphically by the histogram in Figure 2.2 (blue bins).

2.5.2 Layer- and depth-dependent coefficients

The previous toy example shows that getting a finite and expressive limit as the depth
grows is possible. The main idea is to rescale the various layers’ contributions to control the
initialisation’s noise. We achieved this by introducing a scaling factor 1/ VL for all layers.
However, we can now consider a more general setting, where the scaling factors can depend

both on the depth of the network and on the layer index. We hence introduce the following

to the one of the last layer, namely Q.

Eigenvalues of Q; The first 4 eigenfunctions of Q,

103 q
. — = 3.62e402 — ;= 3.12e-02

— £ = 479400 — &= 421e-03

101 4
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Figure 2.1: Eigendecomposition of the output kernel. The input space I = [0.1,0.5] has been
discretised in 251 points, and the eigenvalues and eigenvectors of the Gram matrix of r on this
discretisation have been evaluated numerically. On the left are the eigenvalues plotted against their
rankings. Notice the asymptotic polynomial decay. On the right are the principal four eigenvectors,
showing a Fourier-like behaviour.
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Figure 2.2: On the top left the absolute value of the coefficients y - ¢,,, where y is the network’s output,
is plotted against n + 1, showing an average decrease proportional to v/&,. The same coefficients are
renormalised on the bottom left, looking like independent draws from N (0,1). This fact is confirmed in
the histogram on the right, where the blue bins represent the distribution of the normalised coefficients.
Noticing that the nodes of the outer layer L are independent random processes with the same law as
the output, we expect the renormalised coeflicients of all the outer-layer nodes to be independent draws
from N(0,1). This is confirmed by their empirical distribution (orange bins).

ResNet architecture:

uo(:l;) =abb0+a—ww0m;

VP

(2.14)
(@) = u' =M @) + A (o0 b+ —2

Ve o'~ ().

for some depth L > 1 and non negative scaling coefficients {1 }e[1.1)-
We are interested in the Gaussian infinite-width limit and, fixed L, we can find the

covariance functions of the network recursively:

2
o
Qo(z,2) = 0p* + 5 &7

2
Q= Qi1+ N> (%2 + U;U (1 + f(CCll_ 1)) Q- 1) .

(2.15)

Recall that, for a standard ResNet architecture, the diagonal elements of the covariance
function explode exponentially with the depth: we had found in Section 2.4.5 that Q;(z,z) >
1+ "“’ )!Qo. This behaviour also entails that the network’s gradient (with respect to the
parameters) explodes with the depth (Zhang et al., 2017). The following Proposition shows
that introducing the scaling factors can stabilise the network’s output. We proved a similar

result for the network’s gradient in Hayou et al. (2021).

Proposition 5 (Output’s stability). Let K C RP be a compact set. There exists a constant
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[' > 0 such that, for all integers L > 1, for any non-negative coefficients {\ir}icn ), the

kernels Qy, given by (2.15), satisfy

L 2
ow L
sup sup Q7)< [T+ Y Mg ? | ™8 Zm e’
l€[0:L] (z,2")eK? =1

Proof. Fix the depth L > 1 and the scaling factors {\; 1 }e[1.z)- It is enough to show our

claim for the diagonal terms since |Q;(z,2')| < \/Qi(x,x)Q;(z',2’) by the Cauchy-Schwarz
inequality. Fix x € K and let I = sup,/cx Qo(z’, 2"). Define oy = %2)\[% and fB; = 0327,

so that Q;(z,x) = (14 «;) Q;—1(x,z) + F;. By induction, one can show that for all [ € [1: L]

l l

k L L
Qu(z,z) = Qolz,2) [[A+ ) + D _ B [[(1+ ) < (Qo(%@ + Zﬁk) [T+ ).
j=1

k=1 k=1
Hence we conclude using the fact that Hézl(l + ag) < exp Eé:l Q. O

Now, let us consider a sequence of infinitely wide networks with increasing depths: for
each depth L > 1, we fix the scaling factors {\; 1 };e[1.7) and we consider the infinite-width

limit of (2.14). We say that this is a stable sequence when

L
sup Z >‘l27L < 00. (2.16)
L=l

As a corollary of Proposition 5, this condition means that there is a uniform bound for all the
kernels of all the networks in the sequence. In particular, if we can define an infinite-depth
limit for this network sequence, we can expect all its kernels to be bounded.

However, in general, it can be hard to define a “limit” for a sequence of networks, no
matter whether or not it is a stable sequence. We will restrict our analysis to two kinds of
scalings, allowing us to easily make sense of the limit of infinite depth. The first case is the
uniform scaling, given by A\ = 1/v/L, for all L > 1 and | € [1 : L]. Since oL )\127L =1
for every L, (2.16) holds and hence the sequence is stable. Note that this setting is as in
Section 2.5.1. The other possibility that we consider is what we call a sequential scaling: we
fix a non-negative sequence {\;};en, and for all L > 1 and [ € [1: L] we set A\;;, = A;. The
corresponding sequence of networks will be stable if, and only if, 72, )\12 < 0.

In the next two sections, we will discuss the uniform and sequential scalings, showing that
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the infinite-depth limit is well-defined (at least in terms of covariance functions) and fully

expressive.

2.5.3 Uniform scaling

We consider a sequence of infinitely wide ResNets with increasing depth, whose architectures
are given by (2.14) with scaling coefficients A, = 1/VL, for all [ € [1 : L]. As we are

considering the Gaussian limit, from (2.15) we know that the kernels follow

o 2

R

2
Q= Qi1+ % (%2 + % (1 + f(c,cj:1)> Qll) .

(2.17)

As we discussed for the toy model of Section 2.5.1, the layer index [ can be rescaled as
l—t(l) =1/L. When L — o0, it is natural to consider ¢ as a continuous variable spanning the

interval [0, 1]. With this in mind, it makes sense to look at the continuous version of (2.17):
2 /

— 2, Ow CICED))

) = -\t =

Gi(z,2") = op” + 9 ( + or(z.7)

. /
qo(z,2') = 0 + 04> a:p:z , (2.18)

)Qt(%l’,),

/
T, x
ci(z,2') = i ) :
Va(z, x)q (2, 2')
As stated in the following results, for any inputs x, 2’ in a compact domain K, the solution
of the above Cauchy problem exists and is unique. Moreover, it is regular enough to ensure

that ¢; and c¢; are kernels, in the sense of Definition 1, for all .

Lemma 6 (Existence and uniqueness). For any x,z’ in K, the solution of (2.18) is unique
and well defined for all t € [0,1]. The maps (z,2') — q(z,2') and (xz,2') — c(z,2") are
Lipschitz continuous on K2 and c; takes values in [—1,1]. Moreover, both q; and ¢; are kernels,

in the sense of Definition 1.
Clearly, for finite L, (2.18) is an approximation of (2.17). However, we have the following.

Lemma 7 (Convergence to the continuous limit). Let Q; 1, be the covariance function of the
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layer 1 in a net of L+ 1 layers [0 : L], and q; be the solution of (2.18), then

lim sup  sup |Qyr(z,2") — quy/r(z,2")| = 0.
L—=00i€[0:1) (z,2')EK?2

The two statements above are proved in Section 2.6.4. Note that equivalent claims can be
stated (with analogous proofs) for the slightly different setting of Section 2.5.1.
The next result shows that the kernel ¢; is universal for ¢ > 0. In particular, by Lemma 4,

these kernels are fully expressive, in the sense of Definition 7.

Theorem 6 (Universality). Let K C RP be compact. For any t € (0,1], the solution ¢ of

(2.18) is a universal kernel on K.

Theorem 6 is proved in Section 2.6.5. The main idea is to show that the integral operator
T,.(q¢) is strictly positive definite for all finite Borel measure px on K, and then use Lemma
3. For the proof of the positive definiteness of the integral operator, the main approach is
similar to the one of Theorem 5’s proof: first, one looks at the case t ~ 0™; then, shows that
the property is not lost for larger t. The major difference, always referring to the proof of
Theorem 5, is in the technique used for studying the case ¢t ~ 0T, which is based on the fact

that ¢g is universal, as a consequence of Proposition 2.

2.5.4 Sequential scaling

We fix a non-negative sequence {\; };en, such that lel )le < oo,andlet A, = A\ forall L >1

and [ € [1: L]. The recursion (2.15) now reads

o 2

Qo) = or? + o'

2
Q= Qi1+ N* (sz + % (1 + fg?) Ql1> .

(2.19)

Note that the discussion of Section 2.4.3 applies, so we have an equivalent of Proposition 1,
stating that, for all [ € N, the kernel @Q); is universal. However, the stability of our sequence

implies that, as L — oo, we get the convergence to a universal kernel.

Proposition 6 (Convergence and universality). Fiz a compact K on RP, consider the sequence
of kernels on K defined in (2.19), with )~ )‘12 < 0o. The sequence converges uniformly on

K to a universal kernel (.
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The proof does not present major technical difficulties and is reported in Section 2.6.6. We
remark that it leverages that @; — Q;—1 is a kernel, which was not true for the stabilised

ResNet (2.11).

2.5.5 Expressiveness with no bias

So far, we have been considering only networks with biases. For ReLLU architectures, this is a
fundamental assumption in order to achieve expressiveness on a generic compact. Indeed, the
output of a ReLU network with no bias is a positive homogeneous function of its input, which
means that F(ax) = a F(x) for all a > 0. However, when restricting to the case K = S
the unit sphere of RP (for d > 2), it is possible to obtain the same universality results for the

kernels, even when no bias is present.

Proposition 7. Let q; be the solution of the Cauchy problem (2.18) with o, = 0. Then, for
all t >0, q; is universal on S¥"1. Let Q; be the solution of (2.19) with o, = 0. The sequence
{Q1}1>0 converges uniformly to a universal kernel Qoo on S1, and for all 1 > 2, the kernel

Q; is universal on S¥1.

Contrary to most of our previous results of universality, we cannot rely on Proposition 2
to show the above claims. Indeed, our proof (see Section 2.6.7) relies on the expansion in

spherical harmonics, which, as suggested by its name, is peculiar to the sphere.

2.5.6 Neural tangent kernel

Most of the results discussed so far are limited to a network at its initialisation. However,
Jacot et al. (2018) showed that a particular choice of parametrisation for an infinitely wide
neural network leads to simple dynamics under a continuous time gradient descent training.
Indeed, it is possible to study the time evolution of the network’s output, which is governed
by a kernel gradient descent via the neural tangent kernel (NTK). The expressiveness of this
kernel is linked to the one of the network at the initialisation, and it is crucial to determine
which functions can be learnt.

The NTK of a neural network is defined as

O (z,2') = VFj(z)- VFl (), (2.20)
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where Ffl and F}Jl are the ¢-th and j-th components of the network’s output, and V denotes
the gradient with respect to the network’s parameters h. When trained via gradient descent

to optimise the empirical loss L5 (i.e., dshy = —V Ls(hy))'", the network follows the dynamics

OF (@) =~ 3 Y6}y hy)
(' y')Es ]
where m is the dimension of the training data set s.

Jacot et al. (2018) showed that the NTK of a suitably randomly initialised feed-forward
architecture tends to a deterministic kernel, independent of h and constant during the training.
The limiting NTK is diagonal in the indexes ¢ and j, and all its diagonal elements are equal.
In particular, we can represent it with a single scalar function ©, which is symmetric in its
two arguments and, if continuous, is a kernel in the sense of Definition 1.

For completeness, we mention that the previous results hold under some additional technical
assumptions. In particular, a relevant role is played by the gradient independence assumption
(GIA), which requires the parameters used for the forward propagation to be independent of
those used in the backward propagation used to evaluate the gradient. However, for a broad
range of architectures, Yang (2020a,b) showed that this hypothesis holds if the parameters of
the network’s last layer are not shared with the other layers (simple GIA check). This is the
case for all the networks that we consider here.

The NTK characterises the class of functions that an infinitely wide network can learn. To
see this, consider the simple setting of a network with a real output that is trained with a
quadratic loss function: £(h, 2) = $(F(z) — y)?, where 2 denotes the instance-label pair (z,y).
Let us write as O(X, X) the Gram matrix of © on s, namely the matrix (0(z,’)), es. The
network can fit any dataset s such that ©(X, X) is non-singular. Indeed, denoting as g(X)
the vector {g(x)}.es (for a generic mapping g) and as Y the vector of labels {y}.cs, we have
(Jacot et al., 2018)

th(x) - Fho(x) = 6(x7X) @(X7X>71(Id - eig(X’X)t)(Y - Fho(X)) >

which implies that Fj, (X) converges to Y as t — co. As a corollary of Lemma 3, whenever

0Here t represents the “training time”. hg is the initial value of the parameters, which evolves as h; under
the training.
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O is a universal kernel (and s is a set of distinct elements), the matrix ©(X, X) is strictly
positive definite (and hence non-singular), namely the network can learn any finite dataset.
As shown by Jacot et al. (2018), for an infinitely wide feed-forward network it is possible to
evaluate the NTK O recursively, by suitably defining a kernel ©; for each layer [. By slightly
adapting this approach, in Hayou et al. (2021) we showed that the NTK of a stable ReLU

ResNet is given by © = ©p, where

0 = Qo;
2.21)
OTw? C OTw? (
O =06+ >\12+1,L <0'b2 + % (1 + f(c,ll)> Q1+ %(1 + /() @l> )
With arguments equivalent to those in the proof of Lemma 10, we showed in Hayou et al.

(2021) that, for all [, ©; is a kernel, in the sense of Definition 1.

In the infinitely deep limit, the same problems affecting the covariance functions also occur
for the NTK: the limit becomes trivial for both residual and feed-forward architectures, and
it explodes in the unnormalised residual case (Hayou et al., 2019a). This is not the case for
the stable ResNets, which achieve a finite and fully expressive limit in both the uniform and
sequential case. We state this in the next proposition, which we proved in Hayou et al. (2021)
(see Propositions 8 and 9 therein) using the same techniques described in this thesis to prove

the results of universality.

Proposition 8 (Universal NTK; Hayou et al., 2021). Let o > 0 and K C RP be an arbitrary
compact, or op, = 0 and K = S?1. For the sequential scaling, ©1, converges uniformly over K>
to a universal kernel O on K. For the uniform scaling, the NTK recursion (2.21) admits the

continuous formulation

: O'w2 / / /
Ol ') = Go(x,2") + —=(1+ fl(ci(w, 2))) Ou(2, @)

90:(10)

where f':y —% arccosy. For everyt > 0, 6, is a universal kernel on K.
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2.5.7 A few comments on the empirical results

For the sake of conciseness, in this chapter we have focused on the theoretical results of
expressiveness that we established in Hayou et al. (2021). However, the paper also discusses a
few experimental results, highlighting the performance improvement brought about by uniform
and sequential scalings. The stable ResNets are compared with standard residual architectures
on three standard image-recognition tasks: CIFAR-10, CIFAR-100, and Tinylmagenet. We
tested convolutional ResNets of different depths (32, 50, and 104) and found that the stable
ResNets consistently outperform their standard counterparts, with a performance gap which
tends to increase with the depth.

Moreover, we gave further experimental support to our theoretical findings in the context
of Gaussian process kernel regression, which can be applied directly to the kernels of the
infinite-width limit. We have compared the output covariance function of scaled and unscaled
ResNets architectures. The results on MNIST and CIFAR-10 show that the performance of
the kernels generated by our scaled architectures keeps almost unchanged while the depth
varies from 50 to 1000 layers. On the hand, the results coming from the kernels obtained via
standard ResNets suffer from degradation in test accuracy as the depth grows.

More details on the experimental settings and results can be found in Section 7 and

Appendix A7 of Hayou et al. (2021).

2.6 Omitted proofs

2.6.1 Kernels

Lemma 1. Let Q : K2 — R be a continuous symmetric function. Given any finite Borel
measure f1 on K, the induced operator T,,(Q) is bounded, compact, and self-adjoint. Moreover,
Q is a kernel if, and only if, for all finite Borel measures p on K, T,(Q) is non-negative

definite, which means (T,(Q) ¢, ) >0 for all ¢ € L*(K, ).

Proof. Let Q : K — R be continuous and symmetric. Then, 7,,(Q) is a bounded compact
self-adjoint operator (Lang, 2012). Assume that @ is a kernel and fix a finite Borel measure p

on K. Let K denote the support of 1, which is a compact set since it is closed and in K. By
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Theorem 3, we can find continuous real functions {Fj }reny on K, such that for all z, 2’ € K
oo
Q(z,a') =) Fir(x)Fr(2')
k=0

and the convergence is uniform on K2. The continuity of the U¥’s implies that they can be
seen as elements of L2(K, u). Moreover, the uniform convergence on the support of u, along
with the fact that u(K) < oo, implies the convergence of the sum with respect to the L?(K, 1)
operator norm. In particular, 7),(K) is a limit of non-negative definite operators, and hence it
is non-negative definite.

Now, assume that, for all finite Borel measure 1, 7),(Q) is non-negative definite. Chosen a
finite set {z1...2,} C K, in particular we have that g = >"" | 0,, is a finite Borel measure
(where 6, is the Dirac measure with unit mass on = € K). Hence 7),(Q) is equivalent to the

matrix (Q(z;,z;)); ;. We conclude that @ is a kernel. O

Lemma 2. Let Q) be a kernel and p a non-zero finite Borel measure on K. Q) is p-expressive
if, and only if, T,,(Q) is strictly positive definite, namely (T,,(Q) ¢,¢) > 0 for all non-zero
p € L*(K, ).

Proof. Without loss of generality, we can suppose that p is fully supported on K since, if
this is not the case, it is enough to consider the restriction to the support of u, which is
still a compact set. Denote as {&, }nen and {¢, }nen the eigenvalues and the orthonormal
eigenbasis of T,(Q). For any ¢ € L?*(K, ), by Theorem 4 we have that || Zivzo ZoNEn on— 0|3
converges in squared mean to |[Ug — ¢||3, for N — oo, where {Z,, }nen are iid standard normal
random variables. Now, let ¢ = ZnN:() an @y for some integer N > 1 and some real coeflicients

{ag...an}. We have (with convergence in squared mean)

N 0o
Vo —elB=3 (2Va ) + Y &2z
n=0 n=N-+1

For n € [0 : N|, we can define the interval I, = [ , so that,

an_ __ € _Qn_ £
Ven  \2(N+1)E, T VEn + V2(N+1)én

for all z € I, we have (2v/&, — an)? < Since all these intervals are non-empty, we get

_e?
2NTL)

N 2 2 N
[P’(Z (Zn\/{n—an> g2> > [[B(Z. € L) > 0.
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On the other hand, we have that

n=N+1

5N:E[ f: & 72

n=N-+1

By Theorem 3, T'(Q) is trace class and hence d vanishes as N — oo. By Markov’s inequality

P 3 e P
and we can conclude that P(||Ug — ¢|l2 <€) > 0 for N large enough.

For a general ¢ = >~ | anpn, let pn = 21]1\;0 anpn. Since {on bnen is a basis of L?(K, i),
fixed e > 0, it is possible to find an N such that [[o—¢n|j2 < /2 and P(||lon—Ugll2 < e/2) > 0,
and so we conclude that ) is u-expressive.

To show the other implication, assume that there is m € N such that &,, = 0. Let V be the
closure in L?(K, 1) of the linear span generated by the eigenfunctions {¢y, }nzm. By Theorem

1, we know that P(Ug € V') =1, and so P(||Ug — ¢m|l2 < 1) = 0 and we conclude. O

Lemma 8. Let C be a kernel on K, such that |C(z)| < 1 for all z € K. Consider a

non-negative real sequence {am nen, and assume that
oo
k
9(v) = ary
k=0

converges uniformly on [—1,1]. Then, for all finite Borel measure . on K, T,,(g(C)) is a

non-negative definite compact operator, and in particular, g(C) is a kernel.

Proof. Fix a finite Borel measure p on K and notice that g(C') is continuous and symmetric (as
a uniform limit of continuous and symmetric functions). Moreover, since the Taylor expansion
of g around 0 converges uniformly on [—1,1], and since |C(z)| < 1 for all z € K, we have
that 7,,(9(C)) = ey @k Tu(CF), the sum converging with respect to the operator norm on
L?(K,p). Due to the Schur product theorem, the product of two kernels is still a kernel.
Consequently, it is easy to prove by induction that T, M(C’k) is non-negative definite for all k.
Hence T,,(g(C)) is the converging limit of a sum of compact non-negative definite operators.

We conclude by Lemma 1. O
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Lemma 9. The function f:[—1,1] — R is an analytic function on (—1,1), whose expansion
J(7) = X enn ™ converges uniformly on [—1,1]. Moreover, o, > 0 for all even n € N,

a1 =—1/2 and ay, =0 for all odd n > 3.

Proof. All claims are not hard to prove and are well known (e.g., Daniely et al., 2016). O

Proposition 2. Let K C R be compact. Let f:y+ %+ f(7) be defined on [—~1,1]. Then
f(Co), defined point-wise as f(Co)(z,z') = f(Co(x, ")), is a universal kernel on K.

Proof. First notice that co(z,2’) = \/(1+C||1;i§)z('icllx’\\2)’ where ( = 0,2/0%. For n € N,

21 with the convention that py = 1. It is easy to verify that ¢ is

define p, : (z,2') — co(x,2’)
a kernel. Consequently, p,, is a kernel for all n since it is a product of kernels. From Lemma 9,

we can write

f(CO) = Zanpna

neN

the sum converging uniformly on K2, with oy, > 0 for all n € N. By Lemma 8, f (co) is a

kernel. Now, for each n, we have

AN 1 =L Nk
Pl ) = e T e 2 @)

where the coefficients wy,,, are all strictly positive, explicitly wy, = ¢k (Z) Expanding the

inner product z - 2/, we can express p, in the form

pn(:c, fE/) = Z ﬁJ,n AJ,n(l‘)AJ,n(x/) s

JETn

where J,, = {(j1 ... jq) € N¢: Z?Zl Ji € [0 : 2n]}, all the coefficients (;,, are strictly positive

and the A, are defined as

ﬂ?ljl...xdjd
Ajp(r) = — =4
1n(®) = ATl

Hence we can write f(co) as

f(CO)(xa $/) = Z Z Oln/BJ,nAJ,n(-T)AJ,n(x/) .

neNJeT,
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For any n,n’ € N, J € J,, J' € J, it is clear that Ay, Ay v = Ayr piy, where J” is some
element in J,,1,/. As a consequence, the linear span of the family {A;,, }nen je7, is an algebra
A (which is a subalgebra of C'(K) since all the A, are continuous). Moreover, A 00 =1,
so that A contains a constant, and it is straightforward to check that A separates points,
which means that for all distinct z, 2’ € K there exists a € A such that a(z) # a(2’). Then,
from the Stone-Weierstrass theorem (Lang, 2012), A is dense in C(K) with respect to the
uniform norm.

For all n € N, all J € J,, let 0, = m. Define a bijection ¢ : N — {(n,J) : n €
N,J € Jn} and let @, = 0,,)A, (). For all 2 € K, we have that ®(z) = {®y(x)}nen € (2,
since py(x,x) < co. We conclude that @ is a feature map for f(co), and the density of the
linear span of {®, },cn allows us to claim that the kernel is universal on K (cf. Theorem 7 in

Micchelli et al., 2006). O

2.6.2 Finite depth

Lemma 10. Define by recursions the functions Q; and C; (from K? to R) as

2
o
Qo(z,2') = 0p” + %w-w’;

2
a=a@ua+5 (a2 + % (1478 ) o)

/ Ql(l‘,l‘/)
Ciz,2") = ,
) = e e )

where a > 0 and > 0. For any [, Q; and Cy are kernels on K, in the sense of Definition 1.

Proof. 1t is straightforward to prove that g is a kernel. Now let us show that if J; is a kernel
for some [, then C} is a kernel. Since (); is symmetric, so is C;. Moreover, one can easily check
that the diagonal elements of ); are continuous and do not vanish. Hence Cj is continuous.
Moreover, the non-negative definiteness of 7),(Q);) implies that 7,,(C;) is non-negative definite
for any finite Borel measure u, and so Cj is a kernel if Q) is.

We proceed by induction and assume that @;—; and C;_; are kernels. Then f(C;_q) is

a kernel as well, by Lemmas 8 and 9, and Q;—1/Cj—1 : (z,2) = /Q(z,2)Q(2’,2) is also a
kernel. We conclude using the fact that the sum of two kernels is a kernel, and multiplying a

kernel for a positive constant also gives a kernel (Paulsen and Raghupathi, 2016). ]
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Proposition 1. Fized any compact K C RP, forl € [1: L], Q; is a universal kernel on K.

Proof. Fix | € [1 : L]. From Lemma 8 and Lemma 9, we know that, f(Cj_1) is a kernel.
Moreover, using the fact that finite sum and point-wise multiplication of kernels are kernels
(Paulsen and Raghupathi, 2016), we obtain that o2 + ‘”” ( oy (Ccll 11 ) Q;_1 is a kernel.
Now, notice that given two kernels, @ and @', their sum is a kernel whose RKHS satisfies
Hot+q 2 Ho and Hgiqr 2 Hegr (Paulsen and Raghupathi, 2016). Moreover, for any kernel @,
for all & > 0, « @ is a kernel, and its RKHS coincides with the one of @ (up to a rescaling of
the norm). We hence conclude from (2.7) that Hg, 2 Hq, ,. Thus, if we can show that Q) is
universal, we also get the universality of Q;. From Proposition 2 (proved in the next section),

we have that Cy + f(Cp) is universal. In particular, by Lemma 3, for all non-zero finite Borel

measure p on K, T,(Cy + f(Cop)) is strictly positive definite. Define Ry = Qo/Cp. For all

x,2' € K, we have Ry(z,x’) \/Qo (z,z)Qo(x’,x"), which is easy to check to define a kernel.

Now, let us show that Ro(Cy + f(Cp)) is universal by Lemma 3. Indeed, for any non-
zero finite Borel measure p on K, we have that T),(Ro(Co + f(Cp))) is strictly positive
definite, since (T,(Ro(Co + f(C0))) ¢, ) = (Tu(Co + f(Co)) b, ) for all p € L*(K, u), where
Y(x) = /Qo(z,x) p(x). We conclude by noticing that Q1 — %ZRO(CO + f(Cp)) = 0% is a
kernel, and so the RKHS of )1 must contain the one of Ry(Co + f(Cp)). O

2.6.3 Toy model

We recall that I C (0,00) is a compact interval, and p is the standard Lebesgue measure on I.
Since p will be the only measure involved in the whole discussion on the toy model, we will
omit its explicit dependence. Moreover, to simplify the notations, we will make no distinctions
of notations between kernels on I and their induced operators, namely we will denote as )

the integral operator T,(Q) induced by a kernel Q.

Proof of Proposition 3

Lemma 11. Let L*(I) = Ho ® Hi1, where Ho = Span(1,id) in L*(I), with the notation

l:x—1andid: x+— x. For allt € [0,1] we can write a decomposition of q; as

@ = ®kt"*(E + By)
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where k is a real positive constant, q? :Ho — Ho, F: H1 — Hi, By : H1 — Hi, and the

following properties hold:

e ¢V is non-negative definite for all t € [0,1] and there exists a T € (0,1) such that ¢ is

strictly positive for all t € (0,T);
e I is strictly positive definite;
L] limt_m HBtH2 =0.

Proof. Recall that f(c) = % <\/ 1 — ¢2 — carccos c) can be expanded around 1 as

2v2

flo ==

1-¢p32+0 ((1 - 0)5/2) .

This allows us to write an expansion of ¢; around ¢ = 0. For any (z,y) € I? and t > 0

2 32 3
_ ow?t/2 200 ( cwlt/2 1) op 0w’ |z —yl 45/2 £5/2
q(z,y) =e xy + ok e + e ()2 + o(t”4).

Let us define the integral operators ¢ and FEonlI , via

. 20,2
ql(f)(x7y) — 60w2t/2l‘y + U; (engt/Q . 1) :
Op
- |z —yf
E(x,y) = . 2.22
(@9)= "oy (2.22)

We can then write,
@ =G +kt"?(E+ By),

where k > 0 and for all (z,y), B;(z,y) — 0 by definition. Moreover, ¢ — By is a continuous
map with respect to the L? operator norm, since ¢; is continuous (by a result equivalent to
Corollary 1). Hence lim;_, ||Bt||2 =0. ¢¥ is supported in Hg and have range R(¢?) C Ho, so
it is well defined as an operator Ho — Ho. Furthermore, ¢? is strictly positive definite, on H,
for all ¢ € (0,1].

However, we cannot conclude yet, since E and B, are supported on the whole L?(I) and E

is not positive definite. Let us denote as Py and P; the projectors on Hy and H;p respectively.
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Deﬁnqu:?-[()‘)?‘(o,E:/Hl %Hl,Bt:/Hl*)/Hl as
@ = PPy = + kt??Py(E+ B)Py; E=PEP; B ,=PBP.

Clearly q; = ¢ ® kt°/2(E + B;). We now need to check that the decomposition satisfies the
required properties. First, notice that ||By|la < ||Billa = 0, so ||Billa = 0 for t — 0. Let us
now focus on E. By Lemma 12 (proved in a later section), Eis compact and self-adjoint. The
same holds for F since it is (the restriction of) a conjugate of E under a compact self-adjoint
projector. Now consider ¢ € H; such that E ¢ = 0. We have that F ¢(z) = o + Sz for some
real a and 3. Now, applying the left inverse F, defined in Lemma 12, we get p= FE p=0
and thus FE is injective. We need to show that E is strictly positive definite, which is true
if and only if all its eigenvalues are strictly positive, by the spectral theorem for compact
self-adjoint operators (Lang, 2012). Let ¢ € H; be a normalized eigenfunction of E with
eigenvalue A. Using the fact that ¢; is non-negative definite (by an equivalent of Lemma 0),

we have for all ¢t > 0

(@, ¢) = kt2(E+ By) o, ) = kt” (A + (Byp,9)) > 0.

Since (By ¢, ) — 0 for t — 0, we conclude that A > 0. The previously proven injectivity of E
shows that A > 0.
Finally, as for ¢, it is straightforward to see that it is non-negative definite since ¢; is. On

the (non orthogonal) basis {1,id} of Ho, ¢¥ is represented by by a matrix in the form

Sw

e 2 0
. | To®),
0 Zurt

which has rank 2 for ¢ > 0 small enough. Hence the asymptotic strict positivity follows. [

Lemma 12. The operator E defined by (2.22) induces a compact self-adjoint operator on
L2(I). The operator E given by F p(x) = 22 %(w%p(w)) is well defined on the range R(E)

and is a left inverse of E on the whole L2(I).

Proposition 3. For any non-zero ¢ € L*(I, p), there is a t, € (0,1] such that (g ¢, p) > 0,

for allt € (0,t,).
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Proof. With the notation of Lemma 11, it is enough to show that the statement holds for
p € Ho and ¢ € Hy. For ¢ € Hy, it is a straight consequence of the strict positivity of
q) for t > 0 small enough. Now, fix a non-zero ¢ € H; and let p = (Ep,¢) > 0. Define
£:[0,1] — R as g(t) = supsejo || Bsll2. By definition, € is non-increasing and vanishes for
t — 0. Then, there exists a t, > 0 such that p > £(t,) [|¢||3, for all ¢ € [0,t,). It follows that

((E+ Bt)p,p) >0, and so (g p, ) > 0 for all t € (0,t,). O
Proposition 4. For all p € L*(I,p), the map t — {(q; @, ) is non decreasing on [0, 1].

Proof. Tt is enough to show that for ¢ € [0, 1], ¢; is a non-negative definite operator, and then
conclude with the same argument we will use in the proof of Corollary 1. Notice that
O’ O’ flct)

5 T,

G = op® + qt

also holds with the derivative taken with respect to the operator norm (by an equivalent of
Corollary 1).

Now fix ¢ € L?(I). Since ¢; is non-negative (by an equivalent of Lemma (), we can write

2 2
. o o fle
(G0, 0) = o”[(L,0)|* + — <qt¢,w>+w< (ct)oqw,90>

2 2
Ow? ow? /)2 + fle
— o2l + T (g, )+ D (G2
4 2 Ct
2
zaw<g<ct)oqtso,s0>,
2 Ct

where g(c;) is the integral operator defined by g(ct)(z,y) = ct(z,9)/2 + f(ct(x,y)).

With a slight abuse of notation we denote with g the map [—1, 1] — R given by g(z) = z/2+ f(2).
It is not hard to prove (see Lemma A8 in Hayou et al. (2021)) that the Taylor expansion of g
around 0 is convergent on [—1,1], and all its coefficients are non-negative. Hence Lemma 8
applies, and g(c¢;) is non-negative definite.

To conclude it is enough to notice that %C;) oqr = g(er) o Z—z. By definition of ¢, %(m’ y) =
V@ (z,x) ¢(y,y). Hence we have

Ow?

(G, ) > 7<9(Ct)¢ﬂ/f> >0,

where ¥(z) = \/qi(z, x) p(z). O
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Lemma 12. The operator E defined by (2.22) is a compact self-adjoint operator on L?(I).
The operator F given by F o(z) = 2 %(aﬂgp(:r)) is well defined on R(E) and is a left inverse
of E on the whole L*(I).

jo—y]® is a continuous real symmetric
222 Y

Proof. Eis clearly compact and self-adjoint since (z,y) —
map on 2.
Let A denote the L?(I) isomorphism A o(z) — ¢(z)/x2. With the notations of Lemma 13, we

have £ = AE3A and F= A~'F3A~!. By Lemma 13, we conclude. ]

Lemma 13. Forn € N, let E,, be the integral operator on L*(I) defined via

Enp:z— /I(w —y)"sign(z —y) ¢(y) dy.

The following properties hold:

(a) The range R(E,) is contained in C™(I). If n > q, for any ¢ € L3*(I), denoting
= FEnp € C"(I), for k € {1...n}, ¥’s k-th derivative is given by

n!

k) — =

(b) For all ¢ € L*(I), ¥ = Egyp is absolutely continuous and ¢’ = 2p. As a consequence
R(En) C Hn+1 (I) — Wn+1,2(1)‘

(¢) On the whole L*(I), E,, admits a left inverse F,, defined on H""1(I) as

1 (n+1) )

FnSD:Tn!SD

(d) E, is injective.
Proof. Let I = [A, B] and notice that the action of E,, can be rewritten as

T

Bu(o)= [ o=+ [ @)l dy.

B

(a) For n > 1, since z — 2" sign z is C"~!, standard tools from functional analysis show

that ¢ = E, o € C" 1 and v = (nfi!k)!En,kap for k € {1...n —1}. Then, to show that E,
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has range in O™, it is sufficient to prove that E; ¢ is C' for all squared integrable . This can

be done explicitly from the definition of derivative since

T+e
Eip(x+¢e)— Erp(x)=cEyp(x+e)+ 2sign€/ (y —x)o(y)dy .

T

Ej is continuous since both [ ¢(y)dy and [5 ¢(y)dy are, and by Cauchy-Schwartz the last
term is bounded by 2||¢||21/€3/3 = o(e).

(b) The first statement is a straight consequence of Lebesgue’s differentiation theorem.
Then, applying (a), we get that the n-th derivative of ¢ is absolutely continuous and so
Y € HPU(T).

(¢) It follows directly from (a) and (b).

(d) For all ¢ in L?(I), E, ¢ = 0 implies ¢ = F,E,p = 0. O

2.6.4 Continuous limit

Lemma 6. For any z,2’ in K, the solution of (2.18) is unique and well defined for all
t €[0,1]. The maps (z,2") = q(x,2') and (x,2") > c;(z,2") are Lipschitz continuous on K?

and ¢, takes values in [—1,1]. Moreover, both q; and ¢; are kernels in the sense of Definition 1.

Proof. First, notice that from (2.18) we can find, with few algebraic manipulations, an explicit
recurrence relation for the correlation Cj, defined in (2.5). For any x,2’ € K we have
/ / / o’ Ow’ - / /
Cip1(z,2') = Apya(z,27) Gy, 2') + oL \L T o Ay (z, 2') f(Ciz, 27))

1 op2

Lo o)

D (2.23)

i = (1~ Taies) (- tatem)

We can find a Cauchy problem for the correlation directly from (2.18), or by noting that

o o2 1 1
Al(l'al'/) =1- ﬁ (Ql(m,x) + Qu(x',x")

) +o(1/L), for L — oo. With both approaches, we have

0.2
éo(m,2') = oy’ (Ge(z,2) — Az, ") er(z, 2')) + % flei(x, ),

2 (2.24)

o+ ol
V(0 + 02 2] (0% + 02 ['[?)

co(w,2’) =
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where f is defined in (2.6) and

/ 71 1 1 : X x' == L
A, a7) = 2 <Qt(x,a?) - Qt(aﬁ’,x')> ’ Gl ) \/Qt(%x) g(z', x") '

Note that for the diagonal terms g;(x, z), (2.18) reduces to ¢; = 03> + %2 ¢+, whose solution is

ou? 20,2 [ ou? ow? 2012 [ ou?
qt(ﬂf7$):€2tQO(%$)+Jb2<€ 2 t—l) =e 5 o + 0w’ !06H2)+0b2<e p t—1> .
w

w

Now, fix z = (z,2') € K? and let 79 = co(2) € [~1,1]. Consider f : R — R, an arbitrary

Lipschitz extension of f to the whole R and define H : [0,00) x R — R as
2 0w’ ;
H(t,v) = 0p"(Ge(2) — Au(2) 7) + TN f()-

H is Lipschitz continuous in v and C* in ¢, so there exists 7 > 0 such that the Cauchy

problem

(@)= H(t,v®);  v(0) =2

has a unique C! solution defined for ¢t € [0, 7). Noticing that

gt(a:,x’)—At(a:,x’):—l <qt(1 — } ,)>2§0,

2 l’,l’) Qt(x’x

we get that for all 1 such that v(¢1) = 1 we have 4(¢1) < 0, since f(1) = 0, and for all ¢_; such
that y(t_1) = —1 we have §(t_1) = 02(Gi(z,2') + A(x, 2")) + %’2 > 0. As a consequence
v(t) € [-1,1] for all t € [0,7) and we can take 7 = co. In particular we get that (2.24) has a
unique solution ¢ — ¢(z), defined for t € [0, 1] and bounded in [—1, 1]. Consequently, (2.18)
has a unique and well-defined solution for all ¢ > 0.

Now notice that z +— co(z) is Lipschitz on K2. let us denote as Lg a Lipschitz constant for
co. Since both G; and A; are C!, we can find real constants Lg, L4 and M4 such that for all

z, 7' elements of K?

1G:(2) = Ge() < Lallz =2l [Au(2) = A&) < Lallz = 25 [ Ae(2)] < Ma.
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Let Ly be a Lipschitz constant for f. Using the fact that |¢;| < 1, we can write
|6e(2) — &()| < Lu |z = 2/l + La Jee(2) — eu(2)]

where L1 = abQ(LG + Ly) and Ly = o2 My + ”17“2Lf. Now fix z and 2’ and consider

A(t) = ci(z) — er(2'). We have
A < Lz = 2l + Lo |AM]: |A0)] < Lol =2 -

So,

A0 < (7 @ =1) + Loek! ) o= ).
2

meaning that ¢; (and so ¢;) is Lipschitz on L2.

Since the mapping (z, ') — q(z,2’) is continuous, it defines a compact integral operator
T(q:) on L*(K) (Lang, 2012). Since ¢; is real and symmetric under the swap of z and 2, the
operator is self-adjoint. The same holds for ¢;. The fact that T'(¢;) is a non-negative operator
can be seen as a corollary of Lemma 7. Indeed, since a kernel induces it, every T(Q ) is
a non-negative definite operator. Hence, for each ¢ € [0, 1] it is enough to find a sequence
{lp, Ln}nen (where L, > 1 is an integer and [,, € [0 : L,]) such that L, — oo and I,,/L,, — t.
By Lemma 7, T(Qy,z,,) — T(q:) in the L norm, and hence in L?, as we are on a compact
set. By Lemma 10, for all n € N we have that T'(Q;,,|z,) is non-negative definite. Since the
subspace of non-negative definite operators in L? is closed with respect to the L? operator
norm, we conclude. Now that we have established that T'(¢g;) is non-negative definite, it follows
immediately that T'(¢;) is also non-negative. Since these results hold for any arbitrary finite
Borel measure p on K, we can thus conclude by Lemma 1 that both ¢; and ¢; are kernels, in

the sense of Definition 1. O

Corollary 1. Fiz any finite Borel measure j1 on K and recall the notation T, introduced
in Section 2.5.1, for the integral operator induced by a kernel. The maps t — T,(q;) and
t — T,(ct), defined on [0,1], are continuous and twice differentiable with respect to the operator
norm in L*(K, ). Moreover, $T,,(q) = Tu(dr), $Tu(ct) = Tylér), %Tu(qt) = T,(G) and

2 .
Tu(cr) = Tu(é).

Proof. Consider the map (¢, z) + q(z), defined on [0, 1] x K2, which is continuous with respect
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to z and C? with respect to ¢, as one can easily check. Since K2 and [0, 1] are compact sets, it

follows that for any ¢

lim sup M — ¢(2)| = sup lim M—q}(z) -0.
5=t o2 s—t se2 st s—t
4s—qt

= ¢, uniformly on K2, and hence lim,_,; Tiulas)=Tula) _ T,(g¢) in the

Hence limg_; —

t—s
L?(K, ;1) norm for operators, since K is compact. The proof for the second derivative works
similarly, using the fact that (¢, 2) ~— ¢/(z) is continuous in z and C*! in t. As a consequence
of the above results, t — T),(¢;) is continuous and twice differentiable, with %T w(a) = Tu(qr)
and 37, (¢) = Tpu(di)-

The proof for T),(c;) is analogous. O

Lemma 7 (Convergence to the continuous limit). Let Q1 be the covariance function of the

layer 1 in a net of L + 1 layers [0 : L], and q; be the solution of (2.18), then

lim sup  sup |Qyp(z,2") — q—y/p(x,2")| = 0.
L—=00€[0:1) (z,a') K2

Proof. We will show that the relation holds for ¢; and hence for ¢;. Let H, defined on [0, 1] x K2,

be such that ¢(z) = H(z,t,¢i(2)). Explicitly, with the same notations as in (2.24),

2

H(z,t,7) = 00*(Gu(=) = A(2)7) + 75~ 1(3).

Define

7(h) = Stuzp Ct—Hl(Z)h_Ct(z) — H(z,t,c(2))] -

Since t and z take values on compact sets, by uniform continuity, we can write

sup sup ’H(Z7 S, CS(Z)) - H(Zata Ct(z))| = O(h) )
t selt,t+h]

[ H (2, 5, 04(2)) — H(z,t,¢(2)) ds], it

as h — 0. Since 7 can be written as 7(h) = 4 sup; , | [;

is clear that 7(h) — 0 for h — 0. Now, for any integer L > 1, let Hy : K2 x [0: L —1] x [-1,1]
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be given by

- O AN
A1) = Gl - 1) 2+ %5 (145 Ayl o )
o>

+ )
\/Ql\L(xa z)Qur(z', 2')

where,

, 1 o2 ) < 1 o2 >
A S U I I S
L) ¢ (1 LOpo ) \' " L. o)

It is clear from (2.23) that Hj, has been defined so that Crian(2) = Cyr(z) = %ﬁL(z, l,7), for
all L€ [0: L —1] and all z € K2. Using the explicit form of the diagonal terms of @ and ¢, it

can be easily shown that, for L — oo,

2
gy
sup sup Al+1|L($71’/) =1+ T At:l/L(x,x') +O(1/L?);
(z,2)€K?1€[0:L—1]
op2

= Gz, 2') + O(1/L?),

sup  sup

(z,2)eK?1€[0:L] \/Ql|L(1’7 I)Q”L(x’, x’)

where A; and G, are defined as in (2.21). As a consequence, we can find a constant M; > 0

and an integer L, > 0 such that, for all v € [~1,1], for all z € K2, for all L > L*

- M
HL(z,0,7) = H(z /L) < 7 (2.25)

Moreover, there exists a constant My > 0 such that for all 2 € K2, all ¢t € [0, 1] and all pairs

(777/) € [_17 1]2
|H(z,t,7) — H(z,t,7)| < Ma|ly —+|. (2.26)

Thanks to the two above uniform inequalities, we will now show that, for L > Ly,

eMz _ q

sup sup [Cyyp (. 2') — ey py (@, )| < 7(1/L) , (2.27)

1€[0:L] ze K2 M,

where 7 : h + 7(h) + Mih. To do so, fix L > L, and define Ay = sup,¢ g2 |Cyp(z,2) —
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¢y, (z,2")]. Using the definition of 7, (2.25) and (2.26) we get

1-\42 1 lwl 1M2 1 ~
< — - — = — —7(1/L).
A1) < <1+ I > |A| + LT(l/L) + I (1—1— I ) |A| + LT( /L)

At this point, using the fact that Ag = 0, it is easy to show by induction that

(1) 1

A< (/L)

and so (2.27) follows. Finally, the uniform convergence of C' to ¢ implies the one of @ to g, so

we conclude. O

2.6.5 Universality for the uniform scaling

To prove Theorem 0, the idea is to prove that for any finite Borel measure p on K, the operator
T,.(qr) is strictly positive definite if ¢ > 0, and then use the characterization of universal kernels
from Lemma 3. To prove the strict positive definiteness, we will proceed in two steps. First we
show in Proposition 9 that, for all non-zero ¢ € L*(K, ), (Ty(qt) ¢, ) > 0 for ¢ small enough.

Then we use Proposition 10, which shows that %T#(qt) is non-negative definite.

Proposition 9. Fix any finite Borel measure p on K, and assume that op > 0. Given any

non-zero ¢ € L*(K, ), there exists a t, € (0,1] such that (T, (q:) p,p) >0, for all t € (0,t,).

Proof. From Corollary 1, we can expand 7),(¢q;) around ¢t = 0 as

2
T30 = Tulan) + 0 Tyio) + 0(0) = ¢ (2 + T30 ) + Tullco + £ co)) o) + o0

o(t) being with respect to the operator norm, where we have defined the kernel Ry via

Ro(z,2) = 2° 1+ C||z|?)(1 + ¢||z'[|?). Since T,(qo) is non-negative, for any ¢ € L?(I),
2 1

we have

t

(Tl 919) 2 (Tl (o + TR0 1) + 0(0) = (1= ) Tutew) )

+ 1 (Tu(f(c0))) ¥, 1) + o(t)

where (x) = our\/(1+ C[lz][2)/20(z). We conclude by the strict positivity of f(co) on
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L?(K, it), thanks to Proposition 2 and Lemma 3. O

Proposition 10. For any finite Borel measure p1 on K, for any t € [0,1], the operator T,,(g;)

on L?(K, ) is non-negative definite. In particular, for all ¢ € L*(K, ) we have

d
a(TM(Qt)(PaSO> >0.

Proof. Fix p and ¢ € L?(K, u). From (2.18) we can write

. o
TM(Qt) =1, <O’b2 + = q +
By Lemma 6, T),(q;) is non-negative definite, so we can write

(Tu(dr) s ) = o[ {1, ) |* + 7 <Tu (CtJrf(ct) %) ¢,¢>

7 Ct

> 2 (13 (Fleo &) ) = 2 Fe) .00,

Ct

where f: 7y 1+ f(v), for v € [~1,1], and ¢ (2) = \/q:(z, z) p(z). By Lemma 9, the Taylor
expansion of f around 0 converges uniformly on [—1, 1], and all its coefficients are non-negative.
We conclude by Lemma & that T},(¢¢) is non-negative definite. Finally, to prove the inequality,
it is enough to recall that %Tu(qt) = T,(4¢:) by Corollary 1, the derivative % being with

respect to the operator norm on L?(K, ). ]

Theorem 6 (Universality of ¢;). Let K C RP be compact. For any t € (0, 1], the solution g

of (2.18) is a universal kernel on K.

Proof. By Lemma 3, it suffices to show that for any finite Borel measure pu on K, T),(¢;) is
strictly positive definite for all ¢ € (0, 1]. Fix any nonzero ¢ € L?(K, 11), define the map F on
[0,1] by F(t) = (T,(qt) ¢, ). For any fixed t € (0,1], by Proposition 9 we can find s € (0,t)
such that F'(s) > 0. Since F' is non decreasing by Proposition 10, we get that F; > 0. Hence

T,(q¢) is strictly positive definite. O
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2.6.6 Univerality for the sequential scaling

Proposition 6. Fix a compact K on RP, consider the sequence of kernels on K defined in

(2.19), with Y ;<4 )\12 < 00. The sequence converges uniformly on K to a universal kernel Q.

Proof. By Proposition 5 we know that A = sup;>qsup, ,cx |Qi(z,2")| < oo. In particular,

from (2.15) we get that for each [ > 1

sup |Qu(z,2") — Qi1 (z,2")| < NP (0p” + 0,°A),
' €K

where we used that |C;_1/Q;—1| < A. From this, we conclude that the limiting kernel (QQ is

well defined, and

sup |Quel,2) — Qil,a)| < (00 + 0 *A) SN2,

z,x' €K V1

which vanishes as | — oco. Moreover, it is straightforward to show that Q is a kernel, as it is
the unicorn limit of kernels.

Now, with the same arguments used for proving Proposition 1, we get that for any fixed [y,
the kernel ;, is universal. It now suffices to notice that for all [ > 1, Q; — Q;_1 is a kernel (cf.
the proof of Proposition 1), and that this fact implies that Qo — @y, is a kernel, as it is the
uniformly convergent sum of kernels. We can then conclude by the classical result that, given
two kernels () and R, their sum ) + R is a kernel, and its RKHS Hg4 r includes both Hg

and Hp (see for instance Theorem 6.24 in Paulsen and Raghupathi, 2016). O

2.6.7 Universality on the sphere

Throughout this section, we denote as v the standard spherical measure on S~!1. To prove
Proposition 7, since o, = 0, we cannot use Proposition 2. We will hence state some preliminary

results.

Lemma 14. Let { Ay, }nen be a family of compact non-negative operators on a separable Hilbert

space H. Let Ry, be the range of Ay, and assume that V = Span({J,cn Rn) is dense in H. Let
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{antnen be a strictly positive sequence such that the sum

A:Z%An

converges in the operator norm. Then A is a compact strictly positive definite operator.

Proof. A is the convergent limit of a sum of compact self-adjoint operators; hence, it is compact
and self-adjoint. Now, fix an arbitrary non-zero h € H. In order to prove that A is strictly
positive, it is enough to prove that (A h,h) > 0. Denote by Vx the linear span of Une[O:N] R,.
Since Viy € Viy41 for all N, and |y Vv = V is dense in H, there exists a sequence {hy} yen
converging to h and such that hy € Vy for all N.

Now let us show that there must exist n* € N such that A,« h # 0. Since limy_,oo(h, hy) =
(h,h) > 0, there must be a N* such that (h, hn«) > 0 and so there exists n* € [0 : N*] and
hpx € Vs such that (h, hpx) # 0. In particular, h is not orthogonal to Ry« and can not lie in
the nullspace of A+, using the fact that A,« is compact and self-adjoint and so its range and
its nullspace are orthogonal (Lang, 2012). Using the spectral decomposition of non-negative
compact operators, it is straightforward that A, h # 0 implies that (A« h, h) > 0. Now, since

A, is non-negative and «a,, > 0 for all n, we have

(Ah,h)y =" an(Anh,h) > aps(An b, h) >0,
neN

and so we conclude. O

Lemma 15. For all n € N, consider the kernel p, on S%1, defined by p,(z,2') = (z - 2')",
and let T, (p,) be the induced integral operator on L*(S™1,v). Denoting as R, the range
of Ty (pn), the subspace V. = Span (UneN Rn) is dense in L*(S%"',v). Moreover, letting
V' = Span (UnEN Rgn) and V" = Span (UnEN R2n+1), we have L2(ST1,v) = V' @ V", the

overline denoting the closure in L*(S%1, v).

Proof. To prove that V is dense, first notice that for each spherical harmonic Y''', we can find
an operator in the form T,(P(z - 2’)), for a polynomial P, which has Y in its range. Since

the range of such an operator is trivially contained in V, it follows that V' contains all the

'We recall that a useful orthonormal basis of L?(S?~!, ) is given by the spherical harmonics (see Appendix
H in Yang, 2019b for the derivation of several properties of these functions).
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spherical harmonics, and so it is dense in L?(S?!, ). Now, note that for any even n and odd

n' we have

/ (z-2)"(z-2")"dv(z) =0,
S(i—l

by an elementary symmetry argument since it is the integral on the sphere of a homogeneous
polynomial of odd degree n + n’ in the components z; of z. It follows that V’ and V" are

orthogonal. Since their union V is dense, we conclude that L2(Sd*1, V)=V e V" ]

Corollary 2. With the notations of Lemma 15, assume that a sequence {anen} is such
that A=, .y anT,(pn) converges with respect to the operator norm on L*(S41 v). Then

A=A+ A", where A" : V' = V' and A" : V" — V. Such a decomposition is unique and

Al = Z aon Ty, (an) ) A" = Z A2n+41 Tu(p2n+1) s
neN neN

both sums converging with respect to the operator norm.

Proof. Tt is clear that A = A’ 4+ A”, when both A’ and A” are defind on the whole L?(S%!, v).

Consider any ¢ € L2(S?1,v). We have A'p € V', since T, (p2,)¢ € V’ for all n. Analo-
gously, we can show that A”¢ € V”. In order to conclude that we can consider the restrictions
of A" and A” to V’ and V" respectively, it is enough to recall that, for compact self-adjoint
operators, the nullspace is the orthogonal of the closure of the range (Lang, 2012), so that the

nullspace of A’ contains V” and the nullspace of A” contains V. O

Corollary 3. Consider a kernel Q on the unit sphere S*=1 C RP, such that for all z, 2’ € ST

Q(i‘, lj) = Z Oéi(l’ ) xl)i ’
i>0
where the o;’s are strictly positive coefficients, and the convergence is uniform on S*~1. Then,

T,(Q) is strictly positive definite.

Proof. This is a classical result (Schoenberg, 1942) that we can recover as a consequence of

Lemma 14 and Corollary 3. O
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Lemma 16. The function f : [—1,1] — R, defined in (2.6), is an analytic function on (—1,1),
whose expansion f(v) =Y, cxyon " converges uniformly on [—1,1]. Moreover, o, > 0 for all
evenn € N, a1 = —1/2 and oy, = 0 for all odd n > 3. Moreover, the function g : [—1,1] = R,

defined as g(v) = f(7)f'(7), is analytic on (—1,1) and its expansion g(v) = >, cnBnY" has

all the coefficients strictly positive and converges uniformly on [—1,1].

Proof. The claims for f have already been proven in Lemma 9. As for g, the analyticity of f
implies the one of f’, and it is easy to check the convergence on [—1,1]. Moreover, all the odd
Taylor coefficients of f’ are strictly positive, as the even coefficients of f are. It follows that

B > 0 for all odd n. O

Proposition 11. Given any non-zero ¢ € L?(SY"1,v), there exists a t, € (0,1] such that

<TIJ(Qt) ®, @) > 0; fO’)” all t € (O’ttp)

Proof. The case op > 0 has been already established in Proposition 9, hence suppose that

op = 0. First recall (2.24), which now reads

o 2

6 = % fler). (2.28)
Deriving once more, we have
ét = g(Ct), (229)

where ¢ = ff’ as in Lemma 16. Define the kernels p,, and the subspaces V' and V" of

L?(S™ 1 v), as in Lemma 15. By (2.28) and (2.29) we can write

12 12
¢ =co+tég+ 3 éo 4+ o(t?) = co+t f(co) + 3 g(co) + o(t?).

Since o, = 0, we have that co(x,2’) = = - 2/, so that ¢ = p;. From Lemma 16, T,(¢y) =
> men @ Ty (pn) and T, (¢o) = >, cn Bn Ty (pn), both sums converging in the operator norm.
Moreover, a,, > 0 for all even n and «a,, = 0 for all odd n > 3, whilst 5, > 0 for all odd n. In
particular, by Corollary 2 and Lemma 14, we deduce that the restriction of T}, (¢o)|g7 : V/ — V/
is well defined and strictly positive, and the same holds for the restriction T, (¢)|g : V7 — V.

Now fix a non-zero ¢ € L*(S%"!,v). By Lemma 15, we can write ¢ = ¢’ +¢", with ¢’ € V7,
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¢" € V" uniquely determined. First, suppose that ¢’ # 0. Using Corollary | and recalling

that cg = p1, we get

(Ty(ct) @, 0) = H{T, (Co)lyr s ') + (1 +tar)T,(p1) ¢, ") +o(t) >0,

for t small enough. On the other hand, for ¢’ = 0, we have ¢ = ¢” and so

2
(Tu(ct) p,0) = (1 +tar)T(p1) ", ") + % (T, (é0) g ", ") + o(t?) > 0

for t small enough. So, there is a t, such that, for t € (0,t,), (T, (ct) ¢,¢) > 0. It follows

immediately that the same property is true for T, (q;). ]

Lemma 17. Let Q be a kernel on S*~1. Then Q is universal on S*' if, and only if, T,(Q)

is strictly positive definite on L*(ST1,v).

Proof. If Q is universal, T,(Q) is strictly positive definite by Lemma 3. On the other hand, if
T,(Q) is strictly positive definite, it is known that its range contains all the spherical harmonics
(Yang and Salman, 2019). Since the RKHS generated by @ contains the range of 7, (Q) (see
Proposition 11.17 in Paulsen and Raghupathi, 2016), it contains the linear span of the spherical

harmonics, which is dense in C(S~!) (Kounchev, 2001). Hence @ is universal. O

Proposition 7. Let q; be the solution of the Cauchy problem (2.18) with o, = 0. Then, for
all t > 0, q; is universal on S¥1. Let Q; be the solution of (2.19) with o, = 0. The sequence
of these kernels converges uniformly to a universal kernel Qoo on S%=1, and for all 1 > 2, the

kernel Q; is universal on S 1.

Proof. For the uniform scaling, we can proceed as in the proof of Theorem 6, using Proposition
10 and Proposition 11 we can show that T}, (g;) is strictly positive definite on L?(S?!,v) for
all t € (0,1]. We conclude by Lemma 17 that ¢ is universal on S%~1.

For the sequential scaling, first, we establish the universality of @;, for [ > 2. To do so, we

first notice that for o, = 0, the recurrence relation (2.19) for the correlation kernel reads

Ci(z,2") = i(Ci1 (2, 2")),
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where
Al 2 Ow?

hi(c) = ¢+ (1 + A’20w2>1 f(o),

2 2

-1
(cf. (2.23)). Since (1 + #) < 1, by Lemma 16, we see that

hi(c) = a1 c+ Z agp
k>0

where all the coefficients « that appear are strictly positive, and the convergence is uniform

on S%1. Moreover, it follows that for any { > 1, we have that

higa(hu(e) = Brac®,

k>0

where all the coefficients 3;; are strictly positive, and again the convergence is uniform on
S%1. Since Cy = ho (h1 (“Tjﬂpl)), we conclude by Corollary 3 and Lemma 17 that Cs is
universal, and so is (J2. Using the same arguments of the proof of Proposition 1, we conclude
that for all [ > 2, Q; is v-universal, and the sequence of these kernels converges to a v-universal

limit Qoo O
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Abstract

The limit of infinite width allows for substantial simplifications in the analytical study of over-
parameterised neural networks. With a suitable random initialisation, an extremely large network
exhibits an approximately Gaussian behaviour. In the present work, we establish a similar result
for a simple stochastic architecture whose parameters are random variables, holding both before
and during training. The explicit evaluation of the output distribution allows for a PAC-Bayesian
training procedure that directly optimises the generalisation bound. For a large but finite-width
network, we show empirically on MNIST that this training approach can outperform standard PAC-
Bayesian methods.

Keywords: Infinite width; Gaussian limit; PAC-Bayes; Stochastic networks.

1. Introduction

In recent years, overparameterised artificial neural networks with millions of nodes have shown
remarkably good generalisation capabilities. This behaviour contradicts the traditional well-rooted
belief that overfitting is unavoidable when the trainable parameters far outnumber the size of the
training dataset. It also highlights how the complexity bounds from classical statistical learning
theory (Vapnik, 2000; Bousquet et al., 2004; Shalev-Shwartz and Ben-David, 2014) are manifestly
inadequate tools to assess the generalisation properties of modern neural architectures (Zhang et al.,
2021). As a consequence, the last couple of decades have seen the flourishing of novel results and
techniques, aiming to explain the undeniable success of overparameterised models.

A large number of trainable parameters makes the direct study of a network’s training dynamics
extremely challenging. However, things become more manageable when approximations are made,
as is the case in the limit of infinite width (Neal, 1995; Schoenholz et al., 2017; Yang, 2019; Hayou
etal., 2019; Lee et al., 2019; Sirignano and Spiliopoulos, 2020; De Bortoli et al., 2020; Hayou et al.,
2021). For a fully-connected feed-forward network, this limit consists in assuming that each layer
includes an infinite number of nodes, while alternative definitions of width allow for extensions of
this idea to encompass a vast range of architectures (Yang, 2019). Although unachievable in prac-
tice, infinitely wide networks feature the interesting property of behaving like Gaussian processes
at initialisation, when all the parameters are suitably randomly initialised. This fact enable us to
capture the output’s behaviour of large (but finite-size) models, both before (Matthews et al., 2018;
Lee et al., 2018) and during the training (Jacot et al., 2018).

In this work, we establish a similar asymptotic result for a simple stochastic architecture, featur-
ing a single hidden layer. For a stochastic network, the randomness is not limited to the initialisation
but is intrinsic in the parameters, which are treated as random variables. Specifically, here we as-
sume that each parameter follows an independent normal distribution. As the architecture’s width

© 2023 E. Clerico, G. Deligiannidis & A. Doucet.



WIDE STOCHASTIC NETWORKS

approaches infinity, we show that the network’s output becomes Gaussian, with mean and covari-
ance that can be derived from the means and standard deviations of the random parameters. We also
show that under a lazy-regime assumption, where the parameters stay close to their initial values,
this Gaussian behaviour is preserved throughout the training.

Part of the interest in studying stochastic networks is their role in the context of learning with
guarantees, where the goal is to provide an upper-bound on the generalisation error without making
use of any held-out test dataset. For long, in the overparameterised regime tight bounds could only
be achieved under strong, and often hardly verifiable, hypotheses (Allen-Zhu et al., 2019). However,
some promising non-vacuous results have been recently obtained by applying PAC-Bayesian meth-
ods to the training of stochastic classifiers (Dziugaite and Roy, 2017; Zhou et al., 2019; Pérez-Ortiz
et al., 2021; Biggs and Guedj, 2022; Clerico et al., 2022).

The PAC-Bayesian theory originated from the seminal work of Shawe-Taylor and Williamson
(1997), Shawe-Taylor et al. (1998), and McAllester (1998, 1999). We refer to Catoni (2007) for an
extensive monograph on the topic, and to Gued;j (2019) and Alquier (2021) for recent introductory
overviews. It is a framework that provides upper bounds on the expected generalisation error of
stochastic classifiers, with high probability over the random draw of the training dataset. The un-
derlying idea is that if the distribution of the network’s parameters does not change much during the
training, then the learnt model should not be prone to overfit.

We call PAC-Bayesian training a procedure that aims to optimise a PAC-Bayesian bound. Often
this optimisation cannot be tackled directly, as the distribution of the network’s output is unknown,
and one needs to sample multiple realisations of the stochastic parameters (Dziugaite and Roy,
2017; Pérez-Ortiz et al., 2021). In this paper, we propose to train a shallow wide stochastic network
by exploiting the fact that it has an approximately Gaussian output. Notably, this approach allows
for the direct optimisation of PAC-Bayesian bounds, even when a non-differentiable loss function,
such as the O1-loss, is considered. We show empirically that the procedure that we present can bring
tighter bounds and outperform standard PAC-Bayesian training methods.

As a final remark, it is worth mentioning that this is not the first work suggesting to exploit the
output’s Gaussianity to train a stochastic network. For instance, Alquier et al. (2016) uses a similar
approach, but limited to a linear model for binary classification. Also, Clerico et al. (2022) built on
a preprint of the current paper to develop a Gaussian training method for multilayer architectures.

2. Stochastic networks
We consider a simple network R” — R?, consisting of a single hidden layer made of n nodes:
F(z) = W' (W), (1)

where W' is a ¢ x n matrix, W° a n x p matrix, and ¢ the activation function. The network is
stochastic. This means that W° and W' are random variables and each time a new input is fed to
the network a new realisation of them is used to evaluate the output. Concretely, we let

1 11 A1 1 0 1,.0 0 0
Wi = ﬁ(ﬁij@j +m;;); Wi = ﬁ(sjijk +my),

where ( le)f;l g and ( ]Ok)f;l P are independent families of iid standard normal random variables.
We will henceforth call hyper-parameters the means m and the standard deviations s, which are

deterministic quantities when conditioned on their values at initialisation (possibly random).
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We are interested in the infinite-width limit of large n. We aim at showing that, as n — oo, for
each fixed input x the network’s output F'(x) converges to a multivariate normal, whose covariance
matrix Q(z) € R? x RY and mean vector M (z) € R? are deterministic functions of the hyper-
parameters m and s. In short, for any fixed input =, we want to establish that

F(z) = N(M(z),Q(x)) .! 2)

Note that, for two different inputs x and 2/, F'(z) and F'(z') are independent, as we assume that the
stochastic parameters of the model are re-sampled every time that a new input is provided.

As a remark, by taking the limit n — oo we mean considering a sequence of distinct networks
of increasing widths, all initialised and trained in the same way. To be rigorous, one ought to add
explicit superscripts \" (") to the various quantities to stress their dependence on the network’ s width.
So, one should actually write F("), and say that its mean and covariance M (™) and Q™) can be
expressed in terms of m(™) and s(" ) What we will show i 1s that, for each z, F™(z) — F(z) ~
N (M (z),Q(x)), where M and Q are the limits of M (™ and Q™). However, we believe that
stressing this explicit dependence on n would result in an excessively heavy notation. Therefore,
we will always omit the superscript (™), and we will freely speak of “infinite-width limit” of a
network, with the understanding that this has to be intended as the limit of a sequence of networks.

2.1. Infinite-width limit

We start by focusing on the hidden layer, which we denote as Y'°. Its nodes can be expressed as

Z Tk = \[ Zﬁjkcjkxk T Z W
for any fixed input z € RP. As the ¢; k’s are iid standard Gaussian random variables, we have that

YO () ~ N(M°(2),Q%(2)).

This means that Y is a n-dimensional multivariate normal, with mean vector and covariance matrix

given by
P

1 ¢ 0 0 1 0 2
= E m;.Tk ; (@) =04 E 5kTk) -
\/ﬁk ‘ ]k j]() jjp (]k )

k=1
As Q°(x) is diagonal, all the components of Y'?(x) are independent, and we can actually write

P(x) = 1/Q%(x) §§ + M} (), 3)

where the fjo’s are independent standard normals.
Now, define the random variable

®f(z) = ¢(Y;(2)) .

Clearly, we have F;(z) = »_7_; W,;®9(z). Expanding the components of W we can write

1 n
Fi@) = —= 3 ;G ®)() me j

1. Clearly, to be rigourous one needs to specify which kind of convergence is intended; see Propositions 3 and 4.
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For any fixed input z, in the limit n — oo, we have an infinite sum of independent random vari-
ables, which are not identically distributed. In order to establish the convergence to a multivariate
normal distribution, we need to control the variance and some higher moment of these variables,
and hence require that the hyper-parameters have the correct order of magnitude. This is the case
when the network is suitably initialised, and the result remains true during the training, as long as
the hyper-parameters stay close enough to their initial values.

Note that for any finite width n, we can explicitly evaluate the network’s mean M and covariance
Q. For the mean, we have

M;(x) = E[Fy(z)] VﬁXFﬁE@ )
As for Q(z), we have Qi (x) = Cijp[F(z)] = E[Fi(z) Fy ()] — E[F;(z)]E[Fy (x)], which becomes
Qi) = b (sl B[ @)?] + - S mhmd V[@)()] )

j=1 j=1

where we used the fact that the nodes of the hidden layer are independent and so the covariance of
®Y(x) is diagonal. Once we will have established that the limit of infinite width leads to a Gaussian
output, its mean and covariance will be given by the limit n — oo of the above expressions.

We now state some rigorous results. The next proposition (see Appendix A for the proof) builds
on a central limit theorem for triangular arrays, due to Bentkus (2005).

Proposition 1 For any fixed input x and width n, define M (x) and Q(x) as in (4) and (5). Let
Z(x) ~ N(M(zx),Q(x)) and denote as C the class of measurable convex subsets of R%. Let F be
defined as in (1). Then

sup [P(F(z) € C) ~F(Z(x) € O)] < qu/43%5) ,

where k < 4 is an absolute constant and
1 2 (2lsh P+ 8lmy P E[99(2) %]
1 0 : 132 8/2
(4527 E[@9(2)?) minimr..q(s})?)

In particular, if B(m,s) = o(y/n) for n — oo, then F(x) — Z(x) — 0, in distribution.

B(m,ﬁ) <gq 1/2 n

As a corollary of the above result, if the stochastic network acts as a classifier, its performance is
related to the one of its Gaussian approximation.

Corollary 2 Assume that the network deals with a classification problem, where for each instance
x there is a single correct label y = f(x) € {1...q}. With the notation of Proposition 1, for each

fixed input x # 0, define as f(x) = argmax;_, , F;(z) and f(r) = argmax;_;_ g Zi(x). We have

1 /4B (m, 5)

Vo
Proof Foreach k = {1...q}, the set {z € RY : z; > max; .y 2;} is convex. Hence the claim
directly follows from Proposition 1. |

IB(f(x) = f(2)) = P(f(2) = f(2))| < rq
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2.2. Initialisation and lazy training

With a suitable random initialisation of the hyper-parameters, and in a lazy training regime, we show
that, as n — oo, our stochastic network has a Gaussian limit, in the sense that the quantity B/+/n
of Proposition 1 vanishes as n — oo. For simplicity, we shall assume that the activation function
¢ : R — R is Lipshitz continuous (although we do not need to specify the Lipschitz constant).

We let all the network hyper-parameters be independently initialised in the following way:

0 1
0 1
S k= 1 5 5ij =1 s
For convenience we write IP for the probability measure representing the above initialisation, while
IP is the probability measure describing the intrinsic stochasticity of the network. These two sources
of randomness are always assumed to be independent.

Proposition 3 (Initialisation) Consider a sequence of networks of increasing width initialised ac-
cording to (6), and whose activation function ¢ is Lipshitz continuous. For any fixed input x # 0,

defining B as in Proposition I, we have % — 0, as n — oo, in probability with respect to the

random initialisation P. More precisely, B(m,s) = O(1) wrt B, as n. — oc. In particular; at the
initialisation the network tends to a Gaussian limit, in distribution wrt the intrinsic stochasticity P
and in probability wrt P.

Proof’s sketch The proof is deferred to Appendix A. The main idea is that, since all the hyper-
parameters are independent under (6), the standard central limit theorem yields that the upper-bound
for B stated in Proposition 1 tends to a finite limit as n — co. |

The next proposition states that the limit will still be valid as long as the hyper-parameters do not
move too much from their initialisation (lazy training).

Proposition 4 (Lazy training) Fix a constant J > 0 independent of n, and assume that ¢ is
Lipshitz. For a network of width n, with initial configuration (m,s) drawn according to P as in (6),
denote as B the ball

By={(mys) : [m®—m"F, +[lm" —mFy + I8 — Y, + [ls" —5[[F, < J7}

where || - || 2 denotes the 2-Frobenius norm of a matrix. Let B be defined as in Proposition 1. For
any fixed input x # 0 we have B(m,s) = O(1) as n — oo, uniformly on B, in probability with
respect to the random initialisation P.

Proof’s sketch The proof is rather long and technical, and is deferred to Appendix A. However,
the idea is simple and consists in showing that, under the lazy training assumption (m,s) € B, B
undergoes a change of order O(1) during the training. Since by Proposition 3 we know that B is of
order O(1) at the initialisation, we can conclude. [ |

In the next section, we will see that the lazy training constraint can be restated in terms of a
bound on the Kullback-Leibler divergence between the initial and final distributions of the stochastic
parameters. This fact will allow us to ensure that the constraint is satisfied when training the network
to optimise a PAC-Bayesian objective.
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3. PAC-Bayesian framework

Consider a standard classification problem, where to each instance x € X C RP corresponds a
unique correct label y = f(x) € Y = {1...¢}. The goal is to build an algorithm that is able to find
a good prediction of y given x. We assume that the x’s are distributed according to some probability
measure Px on X'. To train our algorithm, we have access to a sample S = (X},)p=1....m, Which is
correctly labelled (for every X, € S we know f(X},)). Each X} is an independent draw from Py,
so that Pg = ]P’?}m. We let ¢ be the 01-loss:

0 ify=uy;
Uy, y) =
(9.) {1 otherwise.

We let fw (z) denote the prediction for the instance x, for a network with parameter configuration
w. The empirical loss Lg(w) = £ 3 ¢ ((fw(x), f(x)) is the average of the 01-loss on the
training set, while the true loss is Lx (w) = Ex [¢(fu(X), f(X))].

The PAC-Bayesian framework (McAllester, 1998, 1999; Catoni, 2007; Guedj, 2019; Alquier,
2021) deals with stochastic neural classifiers. We consider a prior probability measure P on the
random parameters, which has to be chosen independently of the specific realisation of the random
dataset S used for the training. After the training, the parameters will be described by a new proba-
bility measure Q (the so-called posterior), clearly S-dependent. The idea is that if P and Q are not
too “far” from each other, then the network will generalise well.

Under the posterior, we define the expected true loss Lx(Q) = Ew.g[Lx(WW)] and the ex-
pected empirical loss Lg(Q) = Epwo[Ls(W)]. The PAC-Bayesian bounds are upper bounds on
Lx(Q), which hold with high probability on the random draw of the training set S. They usually
involve the expected empirical error Lg(Q) and a divergence term in the form of the Kullback-
Leibler divergence between Q and P: KL(Q||P) = Eg[log(dP/dQ)]. We will use the following
result, due to Langford and Seeger (2001) and Maurer (2004).

Proposition 5 Fix a data-independent prior P. With probability higher than 1 — § on the choice
of the training set S = (Xh)h:1...m2,

(7)

2y
Lx(Q) <K (LAQ)‘WQ”P)JI‘% 7 )

for any posterior Q. Here, we have defined k1™ (u|c) = sup{v € [0,1] : kl(u|jv) < c}, where
kl(ul[v) = ulog 2 + (1 — u)log =2

We can hence devise the following training algorithm (McAllester, 1998):
* Fix § € (0,1) and a prior P for the network stochastic parameters;
¢ Collect a sample S of m iid datapoints;

» Compute the optimal posterior Q minimising (7);
* Implement a stochastic network characterised by the law Q.

In practice, in essentially any realistic scenario the algorithm above cannot be implemented. Hence,
one has to simplify the problem requiring that P and Q belong to some simple class of distributions.

2. Here we assume that the training set S has size m > 8.
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3.1. PAC-Bayesian training

Following the approach of Dziugaite and Roy (2017), we assume that both P and Q are multivariate
normal distributions with diagonal covariance matrices. In other words, the random parameters of
the network are independent normal random variables. For the posterior, m and s denote the N-
dimensional vectors of the means and the standard deviations, while m and s refer to the prior. In
short, P = N(m, diag(s?)) and Q = N (m, diag(s?)). In this Gaussian setting, KL(Q||P) takes a
simple form:

1 50 2 My — Mg \ 2 5o
KL(Q|IP) = 5 (Za: (%) N+Za:< = ) +2Za:10g5a> : (8)
where the index « runs over all the components of the hyper-parameters.

Now, the most troublesome term in (7) is Lg(Q), which in general cannot be computed explic-
itly. However, we can obtain a Monte Carlo (MC) estimate f/s(Q) of this quantity, by sampling a
few realisations of the parameters from Q.

Now, the idea is to perform a gradient descent (GD) optimisation on the PAC-Bayesian objective
(Dziugaite and Roy, 2017; Pérez-Ortiz et al., 2021). Note that (8) is differentiable with respect to
m and s (which are the trainable hyper-parameters of the posterior). However, L 5(Q) has a null
gradient almost everywhere, as this is the case for Lg(w) for each realisation w used in the estimate.
The standard way to overcome this issue is to use a surrogate of the 01-loss for the training, such
as some variant of the cross-entropy (Dziugaite and Roy, 2017; Pérez-Ortiz et al., 2021). Notably,
although Lg(Q) has a null gradient, this is not the case for Lg(Q) (see Section 4.1 and Figure 1
for more details). Hence, if we know exactly the output’s distribution of the stochastic network, we
might be able to use the 01-loss directly without the need of any surrogate. This is indeed the case
for the Gaussian limit, as we will see in the next section. In a similar spirit, Alquier et al. (2016)
studied the training of a linear binary classifier with Gaussian parameters.

It is worth mentioning that similar considerations hold when using an almost everywhere con-
stant activation function to train a stochastic network. In this regard, Germain et al. (2009); Letarte
et al. (2019); Biggs and Guedj (2021) developed an interesting variant of PAC-Bayesian training for
binary classifiers with the sign activation function (¢ = sign). In that setting, the simple form of the
output of each layer allows for a more explicit expression of the distribution of the hidden nodes,
which permits overcoming the fact that the binary activation function is non-differentiable.

4. PAC-Bayesian training in the Gaussian limit

Instead of doing the standard PAC-Bayesian training with a surrogate loss, we can train our wide
stochastic network by assuming that its Gaussian approximation is exact. However, once completed
the training, we will need to evaluate the final bound without such an assumption.

At the initialisation, for a network initialised according to P as in (6), the Gaussian approxima-
tion is asymptotically exact for large n. Moreover, the following lemma ensures that controlling the
KL divergence is enough to claim that the network is in the lazy training regime of Proposition 4.
Hence, a wide stochastic network is asymptotically Gaussian throughout its PAC-Bayesian training.

Lemma 6 Define the multivariate Gaussian distributions P = N (m, diag(s?)) = N (m,Id) and
Q = N (m, diag(s?)) for the parameters of a stochastic network. We have

lm® — @0 Fp + [[m' = ml[Fy + fls” =50 Fp + [l =5, < 2KL(Q|IP).
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Proof From (8), we conclude noticing that u? — 1 — 2logu > (u — 1)2, for all u > 0. [ |

The rest of this section is organised as follows. First, we show that it is possible to get a non-
zero gradient from the expected O1-loss in the Gaussian limit. Then, we discuss how to evaluate
the gradients of the output’s mean and covariance with respect to the hyper-parameters. Finally, we
deal with how to obtain a rigorous PAC-Bayesian bound after the training.

4.1. Training with the 01-loss

For x € X C RP, we want to find the correct y = f(z)

among ¢ possible labels : = 1, ..., q. We consider a Gaussian 2 /
network with output F'(z) ~ N(M(x),Q(z)), whose ran- =
dom prediction is f(z) = argmax;_; , Fi(x). Denoting as £ «— \

the 01-loss, it is natural to aim at minimising E[¢( f(z), f(x))]
(where the expectation is over the stochastic parameters), since
this quantity is actually equal to the probability of making a
mistake for z: P(f(z) # f(z)). As we want to tackle the
problem by performing gradient descent optimisation, if we
assume that we are able to differentiate M (x) and Q(x) with
respect to the network trainable hyper-parameters, all we need

A~ A~

is to evaluate V /E[/(f(z),y)] and VQE[((f(x),y)].
Note that £( f (), y) has a null gradient almost everywhere
for any random realisation of the network. For this reason, a . .

) . ) ; lies on a horizontal step and has an
non-stochastic network cannot be trained directly with the 01- . o' . . gradient, but the
loss. However, this is not the case for a stochastic network. hole distribution has a global view
The reason for that can be intuitively explained by thinking of  of the stairs and can find the good di-
what happens if we try to “go down the stairs” with GD, as rection.
illustrated in Figure 1. A single realisation of the network will
be a point on a horizontal step: there is no way to understand the right direction in order to go
down. However, if we consider the whole stochastic distribution of the network, it spreads over all
the steps, and it has a global view of the stairs. It is hence not surprising that the gradient of the
expected loss is non-zero.

For binary classification tasks, the expected 01-loss reads E[¢(f(z),1)] = P(Fy(z) > Fy(z))
and E[((F(z),2)] = P(Fy(z) > F»(x)). These quantities can be computed exactly:>

o M)~ M) ) .
VQ11(z) + Q2(z) — 2Q12(z) )
Mg(x) — M1 (QZ) ) .

Figure 1: When “going down the
stairs” via GD, each single realisation

E[(f(2), 1)] = Peop(o (

¢> VQ11(z) + Q22(x) — 2Q12(x)

Clearly, the two expressions above can be written explicitly in terms of the error function erf, as ¢
is distributed as a standard normal and P(¢ > u) = $(1 — erf (u/+/2)). Itis then straightforward to

A~

E[(f(2),2)] = Peor(o (

see that E[¢(f(z),y)] is differentiable with respect to M and @, with non-zero derivatives.

3. A similar result was already derived in Alquier et al. (2016) for a simpler linear classifier.
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When there are more than two classes, things become more complicated. It is however possible
to exploit the Gaussianity and obtain a MC estimator of the expected loss, whose gradient with
respect to M and () is computable and not trivially zero. We refer to Appendix B for details.

4.2. Derivatives of M and @

We have so far established that we can effectively differentiate the expected loss with respect to
M and @. Still, to train the network we will need to evaluate the gradients with respect to the

hyper-parameters m and 5. Now, recall that ®9 (z) is in the form ¢(a¢ + b), with a = 1/QY, (z),
b= M}(z), and ¢ ~ N(0,1). When the activation function ¢ is simple enough, E[¢(a( + b)] and
E[¢(a + b)?] have closed-form expressions. Exploiting this fact, it is possible to evaluate the m°-
and s°-derivatives of M and (), needed in order to train the network with gradient-based methods.
This if for instance the case for ¢ = ReLLU and ¢ = sin (see Appendix C).

4.3. Final computation of the bound

Once completed the training, we need to abandon the Gaussian approximation to compute the final
bound. We will follow the same approach as Dziugaite and Roy (2017) and Pérez-Ortiz et al. (2021).

Let W1, ..., Wy be N independent realisations of the whole set of network stochastic parame-
ters, drawn according to Q. For ¢’ € (0, 1), with probability at least 1 — ¢’ (Langford and Caruana,
2002)

Ls(Q) <k (Ls(Q)|h 108 3) . ©)

where kI~! is defined in Proposition 5 and we have defined Lg(Q) = + th1 Lg(Wp). Since

k1=t is increasing in its first argument, Proposition 5 yields that with probability at least 1 — § — &’

(10)

2ym
Lx(Q) <kI™! (kll (fls(Q)\%log %> 'IGJ(QIIP)H::— log =% ) |

This method is often computationally very expensive, especially for large values of N. However,
using a standard re-parameterisation trick from Kingma et al. (2015) helps to speed-up the evalu-
ation, as it makes possible to obtain a realisation of the network by sampling only d + n standard
normals, instead of all the p x n? x ¢ stochastic parameters.

As a final remark, an alternative way to get an exact result from the Gaussian approximation
is to use an upper bound, such as the one in Corollary 2, to control the finite-size correction to the
expected empirical loss. However, for networks with O(10?) hidden nodes, like those that we used
in our experiments, this last approach gives looser bounds compared to the method described above,
at least when the number N of samples used for the MC estimate Lg(Q) is of order O(10).

5. Experimental results

In this section, we present some empirical results to validate our theoretical findings. First, we
compare the Gaussian predictions with the distribution of the output nodes of a wide stochastic
network. Then, we report the results obtained by training a stochastic network on MNIST, and
on a binary version of it, with our Gaussian method and with standard PAC-Bayesian procedures
like those from Dziugaite and Roy (2017) and Pérez-Ortiz et al. (2021). On both datasets, the
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Gaussian method led to tighter final generalisation bounds. The PyTorch code developped for this
paper is available at https://github.com/eclerico/WideStochNet. For the sake of
conciseness, we refer to Appendix D for an exhaustive account of the experimental details.

In order to keep the experimental setting as simple as possible, we opted for training only the
means m (keeping the standard deviations s fixed at their initial value), similarly to what was done in
Letarte et al. (2019). Moreover, coherently with the rest of this paper, all the networks that we used

had no bias. The PAC-Bayesian pri-

Node 1 before training Node 1 afer raiing ors were chosen in a completely data-

0s /\ independent fashion, and coincided

o / with the distribution of the network

at initialisation, as suggested by Dz-
iugaite and Roy (2017).

D erbescwms D e We start by considering a toy

0s A dataset, whose datapoints were sam-

| / pled from three multivariate standard

o / normal distributions (labelled as 1,

" 2, 3) in R?*, and then projected on

T e 7 esmewms  the unit sphere in R*. A stochas-

o A tic network with one hidden layer of

os \ n = 1200 nodes was trained to pre-

os \ dict from which of the three Gaus-

sian clusters each point comes. The

coo e = > ¢+ = > histograms in Figure 2 represent the

Figure 2: Distributions of the three output nodes of a wide distributions of the network’s output

stochastic network trained on a toy classification task. In black POdeS’ both before and aftelj the train-
the theoretical predictions. ing. They have been obtained for a

single example by sampling 10° real-
isations of the random parameters. The theoretical predictions of the Gaussian profiles are plotted
in black. The agreement with the histograms is striking, showing that the network is essentially
Gaussian already for O(10%) hidden nodes.

We now focus on the experiments on a binary version of the MNIST dataset, where the training
dataset consisted of m = 60000 images. We considered a stochastic network with n = 1200 hidden
nodes and ReLLU activation function, initialised as in (6). We tried four training methods, based on
different training objectives. The three “standard” PAC-Bayesian procedures used the objectives

2ym
veAtt — Lo(0) - w@(QHP)Hog 7

2m

Ls(Q)  KL(Q|P) +log 24"
(1-7/2) mA(1—\/2) D

1bd =

2
m@WHmﬁ@+¢m@WHmﬁ@
2m

quad = \/LS(Q) +

2m

where Lg(Q) is the expectation under Q of the empirical cross-entropy loss divided by log 2. The
objective McA11 is from Dziugaite and Roy (2017), while quad comes from Pérez-Ortiz et al. (2021)
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and 1bd was originally derived by Thiemann et al. (2017) and later used by Pérez-Ortiz et al. (2021).
In 1bd, A € (0, 1) is also a trainable parameter.

As we are dealing with binary classification, for the “Gaussian” method (described Section 4),
the expected value Lg(Q) of the 01-loss can be evaluated directly (see Section 4.1). We could hence
directly optimise (7), using the objective

(12)

2v/m
invkl = kI™! (Ls(Q)’KL(QHP) *log 5) .
m

Table 1 illustrates the results of the experiment. The column “Bound” reports the values of the
PAC-Bayesian bound (10). For the upper bound (9) on the empirical error, we used N = 150000
independent realisations of the net, &’ = 0.01, and § = 0.025, so that the final generalisation bounds
hold with probability higher than
0.965 on the random selection of the Table 1: Binary MNIST

training set. The colum “Test Er-
ror” reports the average test error on ~ Method ‘ Bound  Test error ‘ G Bound G Loss Penalty

a held-out dataset and its standard  inykl | 1773 06940040 | 1741 0676 0492
deV‘gtlon'l These galuez were el‘,'al' McA1l | .1978 .0456.005 | .1947  .0428  .1006
uated on 10000 independent realisa- 144 1856 .0543.000 | 1825 0520 0752

tions of the test error. The two next quad 1855 .05334 0030 1823 0515 0757
columns refer to quantities computed

within the Gaussian approximation:
“G Bound” is the bound given by Table 2: MNIST
(7) and “G Loss” is the expected

01-loss. “Penaltyips the quantity — Method | Bound  Test Error | GBound GLoss Penalty
2/m
(KL(Q||P) +log =5=)/m. invkl | 2807 1083.0039 | 2773 1114 0821

The “"Gaussian™ method yielded - =/70"= = e 4120 3265 0155
. 13 _ C . . +.0097 . . .
a tighter final bound than the “stan- ', 3736 26390085 | 3699 2717 0216

dard” ones. Yet, the best testerroris o\ 5 | 3735 2637, 05 | 3698 2716 0217
achieved by McAll. It is worth not-

ing that the final bound obtained with
McA11l is slightly worse than the one from Dziugaite and Roy (2017), where for a similar network
of 1200 hidden nodes a final bound of .179 was obtained, whilst our result is .1921. However, our
setting is simpler: our network has no bias, the standard deviations are not trained, and there is no
choice of the optimal prior among different initialisations.

Finally, we report the results of a similar experiment on the full MNIST dataset (with the original
10 labels). The network is essentially the same one used for binary MNIST, with 1200 hidden nodes
and ReL.U activation function. The main difference is that now we have 10 output nodes. For the
“standard” methods, we trained on the same objectives (11) as before, although this time we used
a bounded version of the cross-entropy loss, as in Pérez-Ortiz et al. (2021). Lg(Q) is the expected
value under Q of this bounded cross-entropy, averaged on the training set. The “Gaussian” method
used the objective (12), where Lg(Q) is again the expected empirical 01-loss. Actually, as we were
dealing with more than two classes, we could not exactly compute the expected 01-loss, since we
do not have a simple closed-form expression for it, and we proceeded as described in Appendix B.

Table 2 reports the results of the experiment on the full MNIST dataset, where for the estimate
of the final bounds we again used N = 150000, 6’ = 0.01, and § = 0.025. Once more, the
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“Gaussian” method obtained a tighter result, with almost a 0.1-gap with the bounds achieved by
the other procedures. This time, the “Gaussian” method also attained the tightest test error. It is
worth noticing that the PAC-Bayesian penalties of the standard methods are much lower than the
respective losses*, something that did not occur in Table 1. We conjecture that this behaviour is due
to the different rescaling of the cross-entropy loss. On the other hand, this is not the case for the
Gaussian method, as the loss does not require any rescaling.

6. Conclusions and perspectives

In the present work, we derive a Gaussian limit for a simple one-layer stochastic architecture, and
point out how this result can be used in practice for the PAC-Bayesian training of wide shallow
networks. First, we rigorously prove the validity of the limit at the initialisation and in a lazy
training regime. Then, we show empirically that the proposed training method can outperform
some standard PAC-Bayesian training procedures.

A main limitation of our approach is that it is limited to shallow networks with a single hidden
layer. Indeed, our approach to establish the Gaussian limit relies on the fact that the hidden nodes
are independent. This is not true anymore for any subsequent layer, and hence the CLT result that
we use is no longer applicable. It is however worth mentioning that all the covariance matrices of
the hidden layers are almost diagonal at the initialisation (as it is easy to check that the non-diagonal
elements scale as 1/+/n) and a lazy-training constraint equivalent to the one in Proposition 4 might
be enough to help establishing a rigorous Gaussian limit holding for multilayer architectures. In
any case, even if one were able to use a limit theorem holding for the sum of weakly dependent
nodes, evaluating the output’s law of the network would require the knowledge of the (non-diagonal)
covariance matrices of the hidden layers.> As we are looking at wide networks, the storage of these
matrices would require a considerable amount of computational memory. Nevertheless, it is still
possible to exploit our Gaussian PAC-Bayesian training ideas for multilayer architectures. This was
recently done by Clerico et al. (2022), which built on our work to obtain PAC-Bayesian bounds
using the fact that the network’s output is Gaussian when conditioned on the hidden layers.

As a final remark, in the present work we did not treat the case of a network with biases. This is
likely to be an elementary extension, which should not require much additional work.
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4. Training with longer time did not bring any relevant improvement, as the GD descent appeared to have already
stabilised.

5. Although the non diagonal elements are expected to scale as 1/4/n, the fact that they usually appear in sums of O(n)
terms can make their contribution non negligible. This was confirmed by a few empirical tests were we tried to only
consider the diagonal elements of the covariance matrices of the central layers, and obtained inconsistencies between
the predicted and the empirical output laws.
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Appendix A. Omitted proofs

Throughout this section we use several notations for the norms of vectors and matrices. For v > 1
and a vector v, [[v]l, = (3, |vi|?")¥/7. If A is a matrix, we define || A||F, = (>4 |A;;[7)/7 and
| Ally = supyjy|, =1 [[Av]|y. We also recall that I denotes the intrinsic stochat1c1ty of the network,

while P is the randomness due to the initialisation. These two sources of stochastlclty are always

supposed to be mutually independent. We denote as E the expectation wrt P, and as [ the one wrt

I« % in probabilit P, and
y wrt I, an

P. Moreover we write I' = O3(n7) to mean that lim sup,, ., 15

I' = Qp(n”) for limsup,,_,, |7ﬂ| > 0 in probability wrt P.
We want to prove a rigorous result of convergence to the Gaussian limit of wide stochastic

networks. We will essentially make use of the next result, due to Bentkus (2005).

Theorem 7 Ler X1,..., X, be independent random vectors in RY, such that E[X;] = 0 for all
j. Let Y = ﬁ > j—1 Xj and assume that the covariance matrix C[Y] is non singular. Let Z ~

N (0, (C[Y}) Denote as \/<El[Y] the inverse of the positive square root of the matrix C[Y], and let

E[|l f ] X;|3] and B = 1 > j—1 Bj. Let C denote the class of all convex subsets of RP.

Then there exzsts an absolute positive constant k. < 4 such that
wMMYem—Pwecn<mWfi. (13)
cec B vn

Our goal is to prove a Gaussian limit as n — oo for F'(x), whose components are given by

1 n
Fi@) = NG ngjgilj@? me j
j=1
Let us denote by X; the g-dimensional vector X; = (X1, ... Xg;), with

Xij = 5525 (@) + mj; (@] () — E[®F(2)]) .

Since all the le’s and the <I>O’s are independent, the X;’s constitute a family of n centred indepen-
dent g-dimensional random Vectors (wrt the intrinsic network stochasticity P).

Clearly, we have F'(z) = E[F(x)] + ﬁ > -1 Xj. Letus define Y = ﬁ > -1 Xj. Note that,
for all , the covariance matrix C[Y] is given by Q(z) (defined in (5)), no matter if Y is Gaussian
or not. Using the same notations of Theorem 7, assuming that C[Y'] is non-singular, we have

sup |[P(Y € C) —P(Z € C)| < kg'/*—

ceC
To prove that the Y behaves as a Gaussian for large n, we will show that B = O(1) for large n. We
can easily upperbound each B; as

B;

1
J — )\[ ]3/2 [”X]H%]a

where A[Y] > 0 is the smallest eigenvalue of C[Y']. For simplicity, we have omitted the dependence
of these quantities on m and s. We will often do so throughout this section, in order to lighten the
notation.
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Define G = 1 w2 E[IIX; 3] and A = L w 25— A[Xj]. Clearly, as the X;’s are independent,

we have C[Y] = 1 = 2=y C[Xj;]. In particular, we can easily find that A[Y] > A.
We summarise what we have so far in the next lemma.

Lemma 8 With the notations introduced above, assuming that C[Y] is not singular, we have

1< G
B < ;Z X103 = 575 -
Now, from Hélder’s inequality we have || X2 < || 14/l6/| X3 = ¢/®||X;]|3, and so
15113 < ¢'/211X;5113 = 1/QZIXUF‘ (14)

Then, with some simple algebraic manipulation, and applying Jensen’s inequality, we obtain
E[|Xi;°] < (s E(IG5 ) + 8|m;[*)E[| @5 (2) ] -

For convenience, we introduce the following notations
L 1
Hl] - (2’51]’3+8’ml]‘ ) [@9(37)’3]7 Hj :ZHU; H = 7ZHJ7

so that we have G < ¢'/2H, since E[|¢|?] = 21/2/7 < 2 for ¢ ~ N(0, 1).
On the other hand, we can find a lowerbound for A as well. Indeed, first we can notice that

Ciir[X5] = b (55)*E[@5 (2)?] + myjmy V[ ()] .

The first term is a diagonal matrix, while the second one is non-negative definite. Hence we can
write

Defining
ZE [@9(x min (si)* <A (15)

we have the following corollary of Lemma 8.

Corollary 9 With the same notations as above, if C[Y'| is non singular, we have

B < ql/ QW .
Note that both H and © can be evaluated explicitly, given the parameters of the networks, as
long as ¢ allows for an explicit evaluation of E[|®°(x)|?], for v = 1,2, 3. This means that we can
give an exact upper bound to the finite-size error of the predicted 01-loss, for any configuration of
the network.
We can now prove Proposition 1 and Corollary 2 from the main text.
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Proposition 1 For any fixed input x and width n, define M (x) and Q(x) as in (4) and (5). Let
Z(x) ~ N(M(x),Q(x)) and denote as C the class of measurable convex subsets of RY. Let F be
defined as in (1). Then

B
sup |[P(F(z) € C) —P(Z(z) € O)] < Hq1/4M7
cecC \/’ﬁ
where k < 4 is an absolute constant and
1 n q 113 113 0 3
B(m,s) < g2 2zi=1 2oz (2l 1 8l >E[|<1>j<;>2 ]
(4527 Bl@9(x)?) minicy.(s])?)

In particular, if B(m,s) = o(y/n) for n — oo, then F(x) — Z(x) — 0, in distribution.

Proof The result is a straight consequence of Theorem 7 and Corollary 9. Note that C[Y] is non
singular as long as all the components of s are non-zero, so as long as the bound in the statement is
finite. .

In the next section we show how, with a suitable random initialisation, we can assure that the
network has an almost Gaussian behaviour. Successively, we will show that this behaviour is pre-
served during training, as long as the hyper-parameters do not move too much from their initial
values.

A.l. Initialisation

We consider the random initialisation:

0 1
My, ~ N(0,1); m;; ~ N(0,1); ©)

0 1
As now we have two sources of randomness (the initialisation and the intrinsic stochasticity of the
network) to avoid confusion we will denote as [E, P, V the expectations, probabilities and variances

with respect to the initialisation, whilst E, " and V refer to the network intrinsic stochasticity.

Lemma 10 Define H and © as in the previous section for a network with parameters (m, s) dis-
tributed according to P, as in (6). Assume that ¢ is Lipshitz continuous. Then, for any fixed x # 0,
H — h > 0and © — 0 > 0 in probability as n — oo, with respect to the random initialisation,
where both h and 0 are finite.

Proof First notice that, fixed an input z # 0 and fixed n, all the <I)9’s are iid, with respect to I@), as

all the components of m" and the sq are. As a consequence all the H ;j’s are iid with respect to P
(note that they have different distribution for different n as the law of the <I>?’s depends on n). Now,

thanks to the fact that ¢ is Lipshitz continuous, we have that lim sup,,_, . V[H;] < co. Hence, by a
standard application of the CLT for triangular arrays, we get that

H-E[H] = Tlli(Hj ~E[H]) =0
7=1

89



WIDE STOCHASTIC NETWORKS

in distribution, and hence in probability, as 0 is a constant. It is quickly verified that the limit
h = lim,,_, E[H] exists, finite and positive. The proof for © is analogous. [

Now we can easily prove Proposition 3.

Proposition 3 Consider a sequence of networks of increasing width initialised according to (6),
and whose activation function ¢ is Lipshitz continuous. For any fixed input x # 0, defining B as in

Proposition 1, we have % — 0, as n — oo, in probability with respect to the random initiali-

sation P. More precisely, B(m,s) = O(1) wrt P, as n — co. In particular, at the initialisation the
network tends to a Gaussian limit, in distribution wrt the intrinsic stochasticity P and in probability
wrt P.

Proof It is a straight consequence of Lemma 10. |

A.2. Lazy training

We have established that the Gaussian limit holds at initialisation. In the present section we will see
that, as far as the hyper-parameters of the network do not move too much from their initial values,
the limit keeps its validity.

Proposition 4 Fix a constant J > 0 independent of n, and assume that ¢ is Lipshitz. For a network
of width n, with initial configuration (m,s) drawn according to P as in (6), denote as B the ball

By={(mys) : [m®—m"|F, +[lm" —m'Fy + I8 =517y + [ls" —5'[lFo < J7}

where || - || .2 denotes the 2-Frobenius norm of a matrix. Let B be defined as in Proposition 1. For
any fixed input © # 0 we have B(m,s) = O(1) as n — oo, uniformly on B, in probability with
respect to the random initialisation P.

Proof For convenience we will write with a tilde all the quantities relative to the network at initiali-
sation. We denote with a A the difference between the ﬁnal and the initial values of these quantities.

For instance, © = %ZyzlE[ég(x)z] mini—1_4(s;), © = 1 DI [CIDO( )?Jmini—y_4(53;)%,
and A®@ =© — O.

We will show that for n — o0, © = Q3(1) and G = Op(1) uniformly on B, so that we can
conclude using that A > © and Lemma 8.

Fix an input z. First, we need a bound on |[A®°(z)||2 = [|®°(z) — ®°(x)||2. We have that
®O(x) = ¢(Y'(x)). Hence, letting L be the Lipshitz constant of ¢, we have ||[A®%(z)|ls <
L||AY(z)]|2. Now, as AYO( ) = f S Am?kxk + % >y As;?kg;’kmk, we have

1AR° ()2 < f(IIAmonﬂLHAﬁ © Cll2)llll2

where ® denotes the Hadamard product.
Notice that we have

n

p
E[As® © ¢°l3] < E[As® 0 ¢Clffa] = D Y (Asf)’El((G)?] = 1287, < 2
Jj=1k=1
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uniformly in B;, where as usual the expectation E is the one with respect to the intrinsic stochasticity
of the network, due to the (’s. We can define a constant C' > 0, independent of n, such that

4L2J%||z|3

E[A2°(x)||3] < =C?

uniformly in By, as [|Am®||s < [|AmY||p2 < J.
Now, recalling the definition of © and using that s' = 1 + As', we have

ZE <I>0 min Z]E <I>O 1—2 mln \Asm\)

We will show that 1 37| E[®9(x)?] — © and 1 37| E[®9(x)?] minj—;. 4 |As)| — 0.
First notice that

B2 8]~ B8 @)3]] < SE[#°() - A ()] + E[IAS )3

We know that 2E[[|®°(z)||3] = © by definition. On the other hand we have

2R (18 (x) 2 A2°() ]

20 Y2 9001/
3" = =03(1 :
2 (GEIR@R) =20 = 0p1/vA)
Since %E[HA@?(JE)H ] < C?/n, we have that * e IE[(I)O( )2] — © — 0 uniformly in By, in
probability with respect to the random initialisation P.

We still need to show that 1 D E[@O( )2 min;—1_, \As .| = 0. Again we can decompose
the term in ®° and we have

| A

2E[18(r) - AB(2)]

’Lj|

1~ o
EZE[QJ(J:) IIllIl \As

—Z )] + 2E[3Y () A®Y(2)] + E[AY(2)?)) min Asl] .

Clearly, for every j we have min;—1. 4 |A5 /| < J, and so we can write

1 n
ﬁZE[cbg(x) min |A5U| <= ZE [@9(x ]Zmlln |As)|

] 1

+ 2 B]3°(@) - A2 ()] + E[|A2° () 3)

uniformly in B ;. We know already that %(2E[\<T>O(x) - ADY(2)]] + E[| A®%(x)||3]) = Op(1/v/n).
As for the other term, we have

2 o, 1/2
0y &0 : 142
it ZE [®5( mln ’AEZ]’ < — ZE [®5( )4 Z;ilznll.{lq(Aﬁij)
j:
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Using an argument analogous to that in the proof of Proposition 3, we have that X a D E[@O( )4
has a finite limit (in probability wrt PP). On the other hand, we have

Z HllIl Aﬁw < ZZ Asm = |As? ||2 < J%.

J=11i=1

We have thus obtained that + Y%, E[E)?(x)Q] min;—; _q|As};| = Op(1/4/n), and so we can con-

clude that © = (1), uniformly in B and in probability wrt the random initialisation P.
Now, we will show that G = O(1). We have

1 & 4
= EZE[HX]'H%] < EZ [11X;113] ZE IAX;]13]
j=1 j=1

Let us write X; = U; + V;, with U; = (gu ®Y(x))i=1..q and Vj = (mj;(®Y(z) — E[®)(2)]))i=1..4-
Then [|AX;[3 < 4(]|AUI3 + [|AV;I3).
First, denoting as le and Asjl- the vectors (;; 1)iz1.qand (As )i=1...q» WE can write

AU; = A (2)¢) + B () As) © (] + AP (2)As) © ¢,

where © represents the Hadamart product. ®° and ¢! are independent and E[|¢|?] = 2,/2/7 < 2
for ¢ ~ N(0,1), so we have

E[||AT;13] < 54(¢**E(|A20(2)[%] + E[|29 () |E[| As}[13] + E[| A®) (2) PJE[| Asj 13])
Using that || A®°(z)[|3 < |A®Y(z)||3 < C3, we have that

PI2C3

n

Zw%mw>us

uniformly in B;. Then we can notice that [|As}|la < [[14]ls]|As}lls = ¢'/3||As}|ls by Holder’s
inequality. Hence

1/2
n

qllA 1HF6 1
fZEW) Ellast] < 2 L)

1/2

3 n ~
S B CHON I

uniformly in B, where the last equality comes from the usual argument that D [|<I>0( )[9]
has a finite limit in probability (with respect to the random initialisation).
Finally, we can notice that |<I>?(a:)| < ||®%(x)||2 < C for all 4, so that

1/2 1/2¢:3 3
fZEmw [ As}3] < T-C?ast iy < T———

92



WIDE STOCHASTIC NETWORKS

uniformly in B, where we used that HAs} ll2 < H1q||6HA5]1‘ I3 = q1/6||A5} ||3 by Holder’s inequal-
ity, and that || As! | p3 < ||As!||p2 < J. We can hence conclude that

S ElIAT ] = 05(1/vA)
j=1

uniformly in B;.
Now we need to bound || AVj]|o. Letting m} = (mj;);=1._4 and §0%(z) = &9 (z) — E[®Y(z)], it

ij
can be easily shown that

1AVll2 < [699 ()| Am 2 + | 2620 (z) [} |2 + [ Am][|2| A6@Y ()] -

So we have
1 n
= S B ZM@O R
j=1
ZE [A6@5 ()] ]H”Hﬁ*ZE [A6@5 () )| Amj]3.
J=1
Starting from the first term, we have that
. 2 1/2
ZEI5‘1’° Pllamjl3 < | Y E[609(x)|% > lamjs
j=1 j=1

From Holder’s inequality we have HAm}HQ < |I14ll3l1Am; |6 = ¢*/3||Am;||¢ and hence

1/2

l

1/2

% SEI6@ | = 0p01/vi)
j=1

uniformly in B, as 2 3" [\5&)9(1’”6] tends in probability (wrt the random initialisation) to a
finite limit.
Proceeding analogously, and noting that the L-Lipschitzianity of ¢ implies that E[|A¢ @9 (2)]?] <

3 0()|3
SLE[|AY(x)[°], we get

7=1

1/2

%ZEHM@?( )P]l@ 13 <5 ZE (w3 15) = Op(1/vn)
j=1

uniformly in B, and again we used the fact that 1 > i1 E[Hﬁjl 1$] converges in probability (wrt the
random initialisation) to a finite quantity to show that the above expression is of order Op(1/4/n).
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Finally, in a similar way we get
1 n
= 3 E[26@)(x) ]| Am] |} < =
j=1

uniformly in ;. We can hence conclude that

n

S BV = 05(1/v)

=1

and so that, as n — oo, G < Op(1), uniformly in B and in probability with respect to the random
initialisation. This ends the proof. |

Appendix B. Multiclass classification (¢ > 2)

In the framework of Section 4.1, things get more complicated when there are more than two classes.
We can write

E[¢(f(z),i*)] =P (Fi*(x) < max FZ(:r)> =1-P <Fi* (x) > max Fz(x)> .
1A 1£L*
Hence, given a g-dimensional Gaussian vector Y ~ N(M,Q), we need to find an estimate of
P(Y;* > MaX;£i Y;)

The most trivial estimator would consist of sampling different realisations of Y and then give a
MC estimate. However, as we are interested in the gradient of the expected loss, this method will
not work. Indeed, the gradient of this estimate is the sum of the gradients of the 01-loss of each
sample. As all these gradients are null, we do not obtain anything informative. We have thus to
proceed in a less naive way.

Let us assume that i* = ¢ (the largest label). Hence, we will focus on P(Y, > max;,Y;).
With a Cholesky-like algorithm, we can find a lower triangular matrix A such that Y ~ AX + M,
where X ~ N(0,1d). We have Y; = >°%_, A;# Xy + M; and Ajg = Ofori =1...(¢ — 1), while
Agq > 0. For ¢ < g, we can write

q—1
A — Agy M; — M
P(Y,>Y:) =P (X, > Xy + e
=1 Agq Aqq

Let us define the (¢ — 1) dimensional random vector X as X = AX + M, where Aisa (¢—1) x ¢
matrix and M is a (¢ — 1) vector, whose elements are given by lezuy = A“'/A;qfqi' and Mi = MA%MM(’
repectively. With this notation, we have P(Y; > Y;) = P(X, > X;). Now, we have gained that X,
is independent from all the other X;’s, and so from all the X;’s. In short, (X,|X) = X, ~ N(0,1).

So, we can write

P (Yq > main> =P (Xq > max)?i) =E [IP’ (Xq > max X;

i<q 1<q 1<q
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Now, if we let ¢(u) = 3(1 — erf (u/V/2)), we get

P (Yq > maxY}) =E [¢ (maxf(&} .
i<q 1<q
We can estimate the above expression with MC sampling. Note that it is almost everywhere differ-
entiable with respect to the components of M and @ (as the Cholesky transform is differentiable)
and the gradient with respect to M and @) is not trivially null.
Finally, for a general i* € {1,..., ¢}, we can get P(Y}+ > max;;» Y;) by simply performing a
swap of the two labels ¢* and ¢, and then apply the method for ¢* = q.
Appendix C. Expected values for ReLLU and sin activations

Leta > 0,b € R, ¢ ~ N(0,1). The following formulae are easily verified by direct calculations:
E[sin(al + b)] = e " sinb;

E[sin(a¢ + b)?] = %(1 — e cos(2b)) ;

EIReLU(ac + 5] = 2/ b (1L e b
[ReLU(al +b)] = NG +2<+era2>,
beb?/(2a%) 1 b
E[Rel 9% 1 T 224 (14 erf .
[ReLU(a¢ + b)7] Nors +2( +0%) (1+er %

Appendix D. Experimental details

In all the experiments, the training consisted of optimising some PAC-Bayesian bound via SGD
with momentum parameter 0.9. The PAC parameter o was always chosen equal to 0.025. We only
performed the training of the means m and all the networks considered had no bias. The priors
corresponded to the initialisation of the network (6). Note that in our implementation, the scaling
factors 1//p and 1/+/n were absorbed in the hyper-parameters, so that we performed the gradient
descent on ;¥ = m?/ /P and p' = m!/\/n (the standard deviations were kept fixed).

For the binary MNIST experiments, the digits from O to 4 were relabelled as 0 and those from 5
to 9 as 1. The training dataset used was the standard one for MNIST, consisting of m = 60000 dat-
apoints. For the “standard” PAC-Bayesian methods, the objectives used are those reported in (11).
For the objective 1bd we proceeded by alternating the optimisation of the network hyper-parameters
with that of A, as in Pérez-Ortiz et al. (2021), always enforcing A € (0, 1). The “Gaussian” training
was performed with the optimisation objective (12). All of these methods were used to train the
same stochastic network, initialised as in (6). We tried two different learning rate (LR) schedules,
the first consisting of 10000 epochs with LR 77 = 10~ and the second of 100 epochs with = 1072,
followed by 1000 epochs with 7 = 10~3 and 5000 epochs with 7 = 10™%. In Table 1 in the main
text we report the results of the training schedule achieving the tightest bound, that is the multi-LR
schedule for invkl and quad, and the single-LR schedule for McA11 and 1bd.

For the full MNIST experiments, again we used the standard training dataset with m = 60000
datapoints. For the “standard” methods, Ls(Q) in (11) was a bounded version of the cross-entropy:
we fixed po = 107> and constrained the probabilities in the definition of the cross-entropy to be
greater or equal than pg, see (Pérez-Ortiz et al., 2021) for more details. In this way, the loss is
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bounded by log(1/po), and by rescaling it of the same factor we can get a loss bounded in [0, 1].
Lg(Q) is the empirical average of this quantity on the training dataset. As we previously did for the
binary MNIST experiment, during the training we estimated Lg(Q) by sampling once per iteration
the hyper-parameters of the network. The “Gaussian” method used the objective (12), where Lg(Q)
is the expected empirical O1-loss. As we are dealing with multiclass classification we do not have
a simple expression for the O1-loss, so we used the method described in Appendix B. Per each
iteration, the loss was evaluated by an MC estimate averaging 10* independent realisations. For all
the methods, the training consisted of 10000 epochs with learning rate n = 107°.
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Abstract

Recent studies have empirically investigated
different methods to train stochastic neural
networks on a classification task by optimis-
ing a PAC-Bayesian bound via stochastic gra-
dient descent. Most of these procedures need
to replace the misclassification error with a
surrogate loss, leading to a mismatch be-
tween the optimisation objective and the ac-
tual generalisation bound. The present paper
proposes a novel training algorithm that op-
timises the PAC-Bayesian bound, without re-
lying on any surrogate loss. Empirical results
show that this approach outperforms cur-
rently available PAC-Bayesian training meth-
ods.

1 INTRODUCTION

Understanding generalisation for neural networks is
among the most challenging tasks for learning theo-
rists (Allen-Zhu et al., 2019; Kawaguchi et al., 2017;
Neyshabur et al., 2017; Poggio et al., 2020; Zhang
et al., 2021). Only a few of the theoretical tools devel-
oped in the literature can produce non-vacuous bounds
on the error rates of over-parametrised architectures,
and PAC-Bayesian bounds have proven to be among
the tightest in the context of supervised classification
(Ambroladze et al., 2007; Langford and Shawe-Taylor,
2003; McAllester, 2004). Several recent works have
focused on algorithms aiming to minimise a general-
isation bound for stochastic classifiers by optimising
a PAC-Bayesian objective via stochastic gradient de-
scent; see e.g. Alquier et al. (2016); Biggs and Gued;
(2021); Clerico et al. (2021); Dziugaite and Roy (2017);
Letarte et al. (2019); Pérez-Ortiz et al. (2021a,b); Zhou

Proceedings of the 25" International Conference on Artifi-
cial Intelligence and Statistics (AISTATS) 2022, Valencia,
Spain. PMLR: Volume 151. Copyright 2022 by the au-
thor(s).

et al. (2019). Most of these studies use a surrogate loss
to avoid dealing with the zero-gradient of the misclas-
sification loss. However, there are exceptions, such
as Biggs and Guedj (2021) and Clerico et al. (2021),
which rely on the fact that an analytically tractable
output distribution allows for an estimate of the mis-
classification error with a non-zero gradient with re-
spect to the trainable parameters of the classifier.

Clerico et al. (2021) treat the case of a stochastic net-
work with a single hidden layer. They prove a Central
Limit Theorem (CLT) ensuring the convergence of the
output distribution to a multivariate Gaussian, whose
mean and covariance can be evaluated explicitly in
terms of the network deterministic hyper-parameters.
However, this result cannot be straightforwardly ex-
tended to the multilayer case, as the nodes of the
deeper layers are not independent and so the CLT
might not apply. Moreover, even assuming that the
output is Gaussian, the computational cost of this
method is prohibitive for deep architectures.

In Biggs and Guedj (2021), the focus is on a stochastic
binary classifier whose output is of the form sign(w-a),
where w is a Gaussian vector and a is the output of
the last hidden layer. The explicit form of the con-
ditional expectation of the network’s output (condi-
tioned with respect to a) allows for a PAC-Bayesian
training method applicable to arbitrarily deep net-
works. Nevertheless, this approach is only suitable for
binary classification and cannot be easily extended to
the multiclass case.

In the present work, we conjugate the two above ideas:
in order to train the network with a method inspired
by the Gaussian PAC-Bayesian approach from Clerico
et al. (2021), we exploit the output’s Gaussianity that
can be obtained by conditioning on the previous layers,
as in Biggs and Guedj (2021). This training procedure
can be applied to a fairly general class of stochastic
classifiers, overcoming some of the main limitations of
the two aforementioned works, namely the single hid-
den layer and the binary classification setting. The

* Correspondence to: clerico@stats.ox.ac.uk
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main requirement for our method to be valid is that
the parameters of the last linear layer are indepen-
dent Gaussian random variables. Additionally, as we
are not relying on any CLT result to obtain the Gaus-
sianity, we do not need the network to be very wide
for the algorithm to work. Consequently, the approach
we propose can be computationally much cheaper than
the one from Clerico et al. (2021).

We empirically validate our training algorithm on
MNIST and CIFARI10 for a range of architectures,
testing both data-dependent and data-free PAC-
Bayesian priors. We compare our results to those
from Pérez-Ortiz et al. (2021a), as, to our knowl-
edge, these are currently the tightest empirical PAC-
Bayesian bounds available on these datasets. Our
novel approach outperforms their standard PAC-
Bayesian training methods in all our experiments.

2 BACKGROUND

2.1 PAC-Bayesian framework

In a standard classification problem, to each instance
x € X C RP corresponds a true label y = f(x) €
Y ={1,...,¢}. A training set S = (Xj)k=1,...m I8
correctly labelled: for every X € S we have access to
Yr = f(Xy). Each X is an independent draw from
a fixed probability measure Px on &', so that S ~
Ps = ]P’?}m. We consider a neural network, namely a
parameterised function F? : R? — R?. For each input
x, the network returns a prediction g, defined as the
largest output’s node index:

j= fe(x) = argmax;e(;

.....

The goal is to train the net to make good predictions,
exploiting the information in S to tune the parameters.

Define the misclassification loss as

0 ify=y;
Ly, y) =
9) {1 otherwise.

(1)
For a given configuration 6 of the network parame-
ters, we call empirical error the empirical mean of the
misclassification loss on the training sample: Eg(6) =
L5 esl(f?(x), f(z)). This quantity can be explic-
itly evaluated, as we have access to the true labels
on S. Therefore, it can be seen as an estimate for the
true error &p(6) = Ex[¢(f(X), f(X))] = Px (f*(X) #

f(X)), which in general cannot be computed exactly.

The PAC-Bayesian bounds are upper bounds on the
true error, holding with high probability on the choice
of the training sample S; see e.g. Alquier (2021);
Catoni (2007); Guedj (2019); McAllester (1998, 1999).
A main feature of the PAC-Bayesian framework is that
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it requires the network to be stochastic, that is we are
dealing with architectures whose parameters 0 are ran-
dom variables.

Let us fix P, a probability measure for the parame-
ters #. We assume that P is data-independent, in the
sense that it has to be selected without accessing the
information in the training sample S. In line with
most PAC-Bayesian literature, we will refer to P as
the prior distribution. For a stochastic network, the
training consists in efficiently modifying the distribu-
tion of #. This leads to a new distribution Q@ on the
parameters, usually referred to as the posterior dis-
tribution. The main idea behind the PAC-Bayesian
theory is that if the posterior Q is not “too far” from
the prior P, then the network should not be prone to
overfitting. The essential tool to measure this “dis-
tance” between the prior and posterior distributions is
the Kullback—Leibler divergence, defined as

Ego~o [log %(G)] it Q<P

+00 otherwise.

KL(Q[P) = {
The PAC-Bayesian bounds are upper bounds on the
expected value of the true classification error &p with
respect to the posterior @. Two main ingredients con-
stitute these bounds: the expected empirical error un-
der Q and a complexity term, involving the divergence
KL(QJ|P). For simplicity, we will introduce the nota-
tions SP(Q) = ]EQNQ[&F(QH and 55(Q) = ]EGNQ[gs(Q)].
The next proposition states some frequently used
PAC-Bayes bounds (Langford and Seeger, 2001; Mau-
rer, 2004; McAllester, 1999; Pérez-Ortiz et al., 2021a;
Thiemann et al., 2017).

Proposition 1. Fiz § € (0,1), a data-independent
prior P, and a training set S = (Xg)g=1,..,m drawn
according to Pg. Define

Pen = %(KL(QHP) + log @) ;
kl_l(u|c) = sup{v € [0,1] : kl(uljv) < ¢},

(2)
(3)

where kl(ul|v) denotes the KL divergence between two
Bernoulli distributions, with means u and v respec-
tively. Then, with probability at least 1 — & on the
random draw of the training set, for any posterior Q
each of the following quantities upper bounds Ep(Q):!

By =kl (£5(Q)| Pen) ; (4a)
By = E5(Q) + \/Pen /2; (4b)
By = (VEs(Q) + Pen /2 + v/Pen /2)°;  (do)

i, PR R

'For (4a) we additionally assume that S has size m > 8.
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In the above proposition, the bound B; is always the
tightest. Moreover, all the above bounds are still valid
if the empirical classification error £g is replaced by
the empirical average of any loss function ¢ in [0, 1].

So far, we have assumed the prior P to be data-
independent. However, empirical evidence shows that
using a data-dependent prior can lead to much tighter
generalisation bounds, see e.g. Ambroladze et al.
(2007); Dziugaite and Roy (2018); Dziugaite et al.
(2021); Parrado-Hernéndez et al. (2012); Pérez-Ortiz
et al. (2021b). Indeed, the actual requirement for the
bounds (4) to hold is that P is independent of the sam-
ple S used to evaluate £5(Q). Hence, one can split the
dataset S into two disjoint sets, S and S, use S
to train the prior, and obtain the data-dependent ver-
sions of the PAC-Bayesian bounds from Proposition
1, by redefining Pen = (KL(Q|Ps)) + log 2472) /m
and replacing Es(Q) with Eg2) (Q). For instance (4a)

becomes
) )

()

KL(Q||Pg)) + log 24
(Q) -

&p(Q) <kl <€S<z>

where ms > 8 is the size of S(2).

2.2 PAC-Bayesian training

Ideally, one would like to implement the following pro-
cedure (McAllester, 1998):

e Fix the PAC parameter § € (0,1) and a prior P
for the network stochastic parameters;

e Collect a sample S of m iid data points, according
to Pg = P}e}m, and label it correctly;

e Compute an optimal posterior @ minimising a
generalisation bound, such as (4a);

e Implement a stochastic network whose random
parameters have distribution Q.

Unfortunately, in most realistic non-trivial scenarios,
it can be extremely hard to compute and sample from
an optimal posterior @ (Guedj, 2019). A possible ap-
proach consists in using Markov chain Monte Carlo
(Alquier and Biau, 2013; Dalalyan and Tsybakov,
2012; Guedj and Alquier, 2013), sequential Monte
Carlo or variational methods (Alquier et al., 2016),
in order to approximately sample from the Gibbs pos-
terior, which can be shown to be the optimal Q when
the PAC-Bayesian bound is linear in the empirical loss
(Catoni, 2007). However, these methods can often be
inefficient, especially in the case of deep architectures
and large datasets.

An alternative approach relies on simplifying the prob-
lem by constraining P and Q to belong to some sim-
ple distribution class. A common choice is to focus on
the case of multivariate Gaussian distributions with
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diagonal covariance (Dziugaite and Roy, 2017; Pérez-
Ortiz et al., 2021a): all the parameters are indepen-
dent normal random variables. Conveniently, in this
case the law of the random parameters can be easily
expressed in terms of their means and standard de-
viations. These are deterministic trainable quantities
that we will call hyper-parameters and denote by p.
Furthermore, with this choice of P and Q, the KL di-
vergence between prior and posterior takes a simple
closed-form. Denoting as m and s (resp. m and §) the
means and standard deviations of the posterior (resp.
prior), we have

KL(Q|P) = 2 3

5p
+ log
% Sk

where the index k runs over all the stochastic param-
eters of the networks.

Now, the idea is to tune the hyper-parameters p
(m,s) to minimise a PAC-Bayesian bound, such as
(4a). A natural way to proceed is to perform a numer-
ical optimisation via stochastic gradient descent, an
approach originally proposed by Germain et al. (2009)
and Dziugaite and Roy (2017), and referred to as PAC-
Bayes with BackProp by Pérez-Ortiz et al. (2021a).
First, we fix a PAC-Bayesian bound as our optimi-
sation objective. As previously mentioned, this will
be an expression involving a complexity term and the
empirical error (Pen and £g(Q) respectively). We will
hence denote it as B(Es(Q),Pen). Generally, an ex-
plicit form for £s(Q) is not available, but sampling
from Q easily provides an unbiased estimate f:'s(Q) of
this quantity. However, we cannot perform a gradient
descent step on B(£5(Q),Pen). Indeed, £5(Q) has a
null gradient almost everywhere, as it is the average
over a finite set of realisations of the misclassification
loss, which is constant almost everywhere (Pérez-Ortiz
et al., 2021a). In order to overcome this problem, it
is common to use a surrogate loss function (usually a
bounded version of the cross-entropy) instead of the
misclassification loss; see e.g. (Dziugaite and Roy,
2017) and (Pérez-Ortiz et al., 2021a,b). However, this
creates a mismatch between the optimisation objective
and the actual target bound.

It is worth noting that the zero-gradient problem is
due to the particular form of the estimate £g(Q) and in
general £g(Q) has a non-zero gradient (Clerico et al.,
2021). Indeed, as it will be shown in Section 3, a dif-
ferent choice of estimator for £¢(Q) can allow training
the network without the use of any surrogate loss.
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2.3 Stochastic network and notations

Consider a stochastic classifier featuring several hidden
layers and a final linear layer. We denote H(x) the
output of the last hidden layer when the input is z, ¢
the activation function (here applied component-wise),
and W and B the weight and bias of the linear output
layer. The output of the network will be

Wo(H (6)

where we wrote F' instead of F? to simplify the nota-
tion. Since the network is stochastic, W, B, and H (z)
are random quantities. We denote F* the o-algebra
generated by the last layer’s stochasticity, and F* the
one due to the hidden layers.

F(x) = Wo(H(x)) + B,

We will henceforth assume the following:

e F£ 1l F™M, that is the two o-algebras are inde-
pendent;
e W and B have independent normal components.

We can thus express the stochastic parameters of the
last layer in terms of a set of deterministic trainable
hyper-parameters m and s:

Wi =G =(Psf +mf,

Z] +m1j ’

where the ( are all independent standard normal ran-
dom variables N'(0,1).

For the hidden layers, we do not require any strong
assumption: essentially, we need to be able to sample
a realisation h(z) of H(x), to evaluate the KL diver-
gence between prior and posterior, and to differentiate
both KL and h(z) with respect to the trainable deter-
ministic hyper-parameters. However, for the sake of
simplicity, in the rest of this paper we will assume that
all the parameters of the hidden layers have indepen-
dent normal laws, as in Clerico et al. (2021); Dziugaite
and Roy (2017); Pérez-Ortiz et al. (2021a). All the ar-
chitectures used for our experiments are indeed in this
form. We refer to the supplementary material (Section
SM3) for the extension of our results on more general
architectures.

3 COND-GAUSS ALGORITHM

We present here a training procedure to optimise a
PAC-Bayesian generalisation bound without the need
for a surrogate loss. The two main ideas are the fol-
lowing:

e An unbiased estimate of £g(Q) and its gradient
can be evaluated if the output of the network is
Gaussian, as in Clerico et al. (2021);

o If the parameters of the last layer are Gaussian,
the output of the network is Gaussian as well
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when conditioned on the nodes of the last hidden
layer, as pointed out by Biggs and Guedj (2021).

3.1 Gaussian output

Fix an input « and assume that the network’s output
F(x) follows a multivariate normal distribution, with
mean vector M(x) and covariance matrix Q(z). For
our purposes, we can suppose that Q(z) is diagonal,
meaning that the components of the output are mu-
tually independent (we refer to Section 4.1 in Clerico
et al. (2021) for the discussion of the general case). Let
us denote V (x) the diagonal of Q(x), consisting of the
output’s variances, so that

Eg[Fi(z)] = M;(z);

VolFi(z)] = Vi(z) .

The stochastic prediction of our classifier is § = f (z)
argmax;c1, o1 Fi(z). In order to compute £5(Q), for
each input = € S we shall evaluate Eg[(f(z), f(z)].
As ¢ is the misclassification loss (1), this is simply the
probability of making a mistake for the input z. Let-
ting y = f(«) and § = f(z), we have

N ( (7)

In the case of binary classification, the above expres-
sion has a simple closed-form. Indeed, if we consider
for instance the case y = 1, we have

M, (@) )

Po(g # 1) = Po(F2(z) — Fi(z) =
M.
_p (C 2(7) —
Vi(z) + Va(x)
where ¢ ~ N(0,1). This can be expressed in terms
of the error function erf, as the cumulative distribu-
tion function of a standard normal is given by ¥(u) =
P(¢ < u) = (1 + erf(u/v2)). Notice that the above
expression no longer suffers from vanishing gradients,

as ¢’ # 0.

For multiple classes (¢ > 2), (7) does not have a simple
closed-form. However, we can easily find Monte Carlo
estimators that also bring unbiased estimates for the
gradient with respect to M and Q.

Eolt(9,y)] = Po(§ # y) = Fy(z) < max Fi(z)

i#y

0)

Proposition 2. Denote the cumulative distribution
function of a standard normal random variable as 1 :

— (1 + erf(u/v2)). Fiz z, let y be its true label,
and gy the network’s stochastic prediction. Define

b= )

Ly=1-[Jw(" Mi(x)),

i#y Vi(z)

Fi(z) — My (x)

Vy(x)

max
17y
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where F(z) ~ N (M (z),diag(V(z))). Then
Eg[L1] = Eg[Ls] =Po(§ # v)
Eo[VLi] = Eq[VLs] = VPo(§ # y),

where the gradient is with respect to all the components
of M(z) and V(x).

In particular, by sampling realisations of Ly or Lo, we
can get unbiased Monte Carlo estimators of the mis-
classification loss and its gradient.

3.2 Conditional Gaussianity

In practice, the output of a stochastic network is gen-

erally not Gaussian. However, we can overcome this

issue by conditioning on the hidden layers, similarly to

what was done by Biggs and Guedj (2021).

Recall that the network’s output is given by (6):
F=W¢(H)+ B,

where the explicit dependence of H on x is omitted
to make the notations lighter. Conditioned on the
stochasticity of the hidden layers F*, F' follows a nor-
mal multivariate distribution, as

F=W¢(H)+B~N(M(H),QH)).

H) and Q(H
ZEQ 1]
:Zm” Hj +mf3

J

We can easily evaluate M ( ) in terms of m

and s. We have
M;(H) =

Eo[Fi| F*] Hj) + Eo[B;]

and QU(H) = (sUV;(H), with
ZVQ il
-y
J
Finally, we note that by iterated expectations

Eo[t(f(), f(x))] = Eo[Eq[t(f(2), f(2))|F™]].

In particular, if we draw the hidden parameters and
get a realisation h of H, we obtain an unbiased esti-
mate 3", s E[0(f(2), f(2))|H(z) = h(z)] of £5(Q),
where each term E[¢(f(x), f(z))|H(z) = h(z)] can be
estimated with the methods from Section 3.1, since
F(z) is a multivariate Gaussian when conditioned on

Vi(H) = Vo[F|F™] H;)* +Vo[Bi]

)2+ (sP)?%.

3.3 Training algorithm

We sketch here the Cond-Gauss training algorithm.
First, we fix a PAC-Bayesian bound B as the opti-
misation objective. Then, we initialise the determin-
istic hyper-parameters of our network, and we select
this configuration as the prior. Finally, we split our
dataset into batches S1, ..., Sk. To train the network,
we iterate over the batches and, similarly to what is
done in most PAC-Bayesian training methods based on
stochastic gradient descent, we sample the network’s
parameters at each batch iteration. However, we only
perform this sampling for the hidden layers and not
for the final linear layer. In this way, for each = in the
batch, we have a realisation h(x) of the last hidden
layer’s output. Conditioned on H = h, the output is

Algorithm 1 Cond-Gauss PAC-Bayesian training

Require:
p= (")
S
de(0,1)
n,T
Ensure:
Optimal p parameterizing the posterior

1: procedure COND-GAUSS

2 p’t — pH

3 pf=(ms) < p°

4 fort«+ 1:T do

5 Sample 6% ~ Q;{H

6: h(s,o™)

7 M M(h m) = mWo(h) + m?
8: V =V(hs) = (s"o(h)* + (s7)
9: Es(Qp) = E(M,V)

10: B= B(és(Qp),Pen)

11: p—p— anB’

12: return p

> Initial hyper-parameters (defining the prior)
> Training set of size #S

> PAC parameter

> Learning rate and number of epochs

> Sample the parameters of the hidden layers

> Evaluate the last hidden layer’s output for all x € S
> Evaluate the conditional mean of the output

> Evaluate the conditional variance of the output

> Evaluate £5(Qy) from M and V as in Section 3.1

> Evaluate the estimate B of the PAC-Bayesian objective B

> Perform the gradient step
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Gaussian and we can proceed as discussed earlier to
get an estimate £, (Q,h) of £5(Q). After that, we
can obtain an estimate B of the target bound B, by
replacing Es(Q) with ffsk (Q,h). Finally, we compute
the gradient of B with respect to the trainable hyper-
parameters, and we perform the gradient step.

If we want to use a data-dependent prior, we simply
split the dataset into two subsets S() and S, and
then use SN to learn P. For instance, we might train
the prior using £ga)(Q) as optimisation objective or
tuning only the prior’s means by treating the network
as if it was deterministic, similarly to what was done in
Pérez-Ortiz et al. (2021a). Once the prior’s training
is complete, we perform the Cond-Gauss algorithm,
replacing S with S(2).

The training procedure is summarised in Algorithm 1,
where, for the sake of simplifying the notation, it is as-
sumed that the whole training set forms a single batch.
For convenience, we introduce the superscripts 7 and £
to refer to the hidden layers and the last layer, respec-
tively. Thus, we denote as § = (0*,6%) the random
parameters of the network, where 67 are the parame-
ters in the hidden layers, while 6% = (W, B) are those
of the last layer. Similarly, p?* are the deterministic
hyper-parameters relative to the hidden layers, whilst
p~© = (m,s) are those of the last layer. We introduced
the subscript , for the posterior Q, to stress the fact
that it is determined by the hyper-parameters, and we
denoted by Q™ the marginal posterior distribution for
the hidden layers. Finally, the tilde notation repre-
sents the values at initialisation.

As a final remark, kI™! is currently not implemented
in most of the standard deep learning libraries. Yet,
it can be easily computed numerically with few iter-
ations of Newton’s method, as in Dziugaite and Roy
(2017). Nevertheless, most of the empirical studies
on PAC-Bayesian gradient descent optimisation (see
e.g. Dziugaite and Roy (2017) and Pérez-Ortiz et al.
(2021a)), do not use as objective (4a), in order to avoid
computing VklI™!. However, since this gradient can be
expressed as a function of k17! itself, we were able to
optimise (4a) in our experiments (see Section SM4 in
the supplementary material for further details).

3.4 TUnbiasedness of the estimates

One might wonder whether the estimates of B and its
gradient are actually unbiased. Notably, this is indeed
the case if the chosen PAC-Bayesian objective B is an
affine function of the empirical error, as (4b) and (4d).

Proposition 3. Assume that B is locally Lipschitz in
the hidden stochastic parameters 0™, and that Vg B
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Figure 1: Experimental evidence that the bound (4a) is

almost affine in the region where és(Q) concentrates. The
network used was the one achieving the best generalisation
bound in our experiment on MNIST with data-dependent
priors. 10000 realisations of gs(Q) were sampled. Their
distribution is summarized by the histogram above the
zoomed portion of the plot. The black dot is the bound for

the average value found for gs(Q), while the green error
bar has a total width of 4 empirical standard deviations.

In the region where c‘fs(Q) concentrates, the bound and its
linearised version almost coincide. Along the green error
bar, the bound’s slope has a relative variation of £0.8%.

is polynomially bounded.” If B(Es(Q),Pen) is affine
in Es(Q), then we have E[B] = B and E[VB] = VB,
the gradient being with respect to the trainable hyper-
parameters p.

Although this unbiasedness property does not hold for
objectives not affine in £5(Q), if £5(Q) concentrates

enough around Es(Q) we can linearise B as
BB+ (£s(Q) - £5(Q) 9eB.

Then, both B and VB are essentially almost unbiased
estimates. Considering the good performance of our
method in the experiments we ran, we conjecture that
this is indeed what happens in practice with (4a) and
(4¢c). Figure 1 gives some empirical support to this
hypothesis. We refer the reader to the supplementary
material (Section SM2) for additional discussion and
empirical evidence on this subject.

3.5 Final evaluation of the bound

In order to evaluate the final generalisation bound, we
need the exact value of £5(Q) once the training is com-
plete. As this cannot be computed, we use an empirical
upper bound, as done for instance in (Dziugaite and
Roy, 2017).

2These are mild technical assumptions, verified in all
the experimental settings considered in this paper.
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Let 61,...,0N5 be N independent realisations of the
whole set of the network stochastic parameters, drawn
according to @. An unbiased Monte Carlo estimator
of £5(Q) is simply given by

_ 1 X
Es(Q) = N D Es(bn).

As shown by Langford and Caruana (2002), for fixed
§" € (0,1), with probability at least 1 — §’ we have,

£s(Q) <1 (Es(Q)|hlog 2)

where k1! is defined in (3). We conclude from Propo-
sition 1 that, with probability higher than 1— (§ 4 ¢'),
we have

&r(Q)
(8)

~ 2vm
<kl™! <k11 (SS(Q)% log 62) KL(Q||P)+log 2%
as kI™! is an increasing function of its first argument.

m

4 NUMERICAL RESULTS

We tested the Cond-Gauss algorithm empirically on
the MNIST and the CIFAR10 datasets (Deng, 2012;
Krizhevsky, 2009). In the literature, several works
benchmark various PAC-Bayesian algorithms on these
and other datasets (Biggs and Guedj, 2021; Clerico
et al., 2021; Dziugaite and Roy, 2017, 2018; Letarte
et al., 2019; Pérez-Ortiz et al., 2021a,b). To our knowl-
edge, in the case of over-parameterised deep neural
networks, the bounds from Pérez-Ortiz et al. (2021a)
are currently the tightest on both MNIST and CI-
FAR10. Thus, in order to assess our Cond-Gauss
method by comparing their results with ours, we de-
cided to mimic some of their multilayer convolutional
architectures®, although our training schedules, as well
as the prior’s training procedures and the choice of
initial variances, differed from theirs. All the gener-
alisation bounds obtained with our training algorithm
were tighter than those reported by Pérez-Ortiz et al.
(2021a).

We illustrate below some of our main empirical re-
sults. All the final generalisation bounds are obtained
from (8), or its natural variant based on (5) for data-
dependent priors. We always use 6 = 0.025 and
§ = 0.01 as in Pérez-Ortiz et al. (2021a), so that

3The only difference between their architectures and
ours is that we sometimes swapped the order between the
application of the activation function and the max pooling.
This fact was merely accidental, but we believe that it did
not significantly affect our results.
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the final generalisation bounds hold with probability
greater or equal to 0.965. For all the bounds but those
in Figure 2, we fixed N = 150000 as in Pérez-Ortiz
et al. (2021a).

We refer to Section SM5 in the supplementary ma-
terial for the full results and the missing experimen-
tal details. The PyTorch code developed for this pa-
per is available at https://github.com/eclerico/
CondGauss.

4.1 MNIST

For our experiments on MNIST, we only used the stan-
dard training dataset (60000 labelled examples) for
the training procedure. We tested a 4-layer ReLLU
stochastic network, whose parameters were indepen-
dent Gaussians. The architecture was composed of
two convolutional layers followed by two linear layers.

We first experimented on data-free priors. We com-
pared the performance of the standard PAC-Bayes
with BackProp training algorithm (S), where the mis-
classification loss is replaced by a bounded version of
the cross-entropy loss as in Pérez-Ortiz et al. (2021a),
and the Cond-Gauss algorithm (G). We used the four
training objectives from (4):

invKL:  kl7'(£5(Q)|Pen,);

McAll:  &s(Q)+ /Pen,/2;

quad : (v/Es(Q) + Pen,. /2 + \/Pen, /2)?;
1bd : 7572 (Es(Q) +Pen,/N),

where the KL penalty is defined as

2/m
5

Pen,

K
“ (se(@ip) +10s 257
m
The factor  in (9) can increase or reduce the weight
of the KL term during the training. For the last objec-
tive, 1bd, the parameter A takes values in (0, 1) and is

optimised during training, similarly to what was done
in Pérez-Ortiz et al. (2021a).*

(9)

The network was trained via SGD with momentum.
During training, at the end of each epoch, we kept
track of the bound (4a)’s empirical value to pick the
best epoch at the end of the training.

In Figure 2 we report the values of the bounds for
different training settings with data-free priors on
MNIST. As evaluating the true bound via (8) can be
extremely time-consuming when N = 150000, the val-
ues reported in the figure are obtained for N = 10000.

4In our experiments, we initialised A at 0.5 and then
doubled the number of epochs, alternating one epoch of
A’s optimisation with one of optimisation for m and s.
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Figure 2: Results for MNIST with random prior. Each
dot is the PAC-Bayesian bound obtained via (8) with
N = 10000. The marker shape represents the training
method (in the legend, ‘G’ stands for our method, ‘S’ for
the standard one), and the colour represents the training
objective. Different columns indicate different momentum
values, penalty factor x, and initial variance for the prior.
The initial prior’s means were the same for all the different
training possibilities. The values higher than 0.285 are not
reported.

The Cond-Gauss algorithm always achieved the best
performance. Note that some of the bounds in the
figure are substantially tighter than the best value re-
ported in Pérez-Ortiz et al. (2021a), namely .2165.
Perhaps unexpectedly, this is sometimes the case even
for the standard PAC-Bayes with BackProp algorithm,
although it happened for training settings that were
not tried therein, namely with the invKL objective or
K =0.5.

In Table 1 we report the final generalisation bounds
with N = 150000, evaluated via (8). For each method,
we selected the training achieving the best bound in
Figure 2. The Cond-Gauss procedure achieved bet-
ter results than the standard algorithm with all the
objectives. Quite surprisingly, the tightest bound was
achieved by the 1bd objective. The column ‘emp err’
reports the empirical error on the training dataset, ob-

Table 1: PAC-Bayesian bounds for MNIST - data-free

prior
method | emp err test err Pen (2) | bound
S McAll .0670 .09004+ 0047  -0320 .1916
S 1bd .0636 .0623 4+ 0013 .0413 .1606
S quad .0622 .05771 0031 .0420 .1594
S invKL .0438 .0407 1 0022 .0560 .1495
G McAll .0472 04351 0024 0477 .1446
G 1bd .0279 02724 o016 .0669 .1348
G quad .0399 .0374 4 0021 .0518 .1380
G invkL .0356 .03404 0019 .0556 1355
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tained when computing the final bounds. The test er-
rors provided in the column ‘test err’ are evaluated on
the standard held-out test dataset of MNIST, by aver-
aging over 1000 realisations of the random network’s
parameter. We also report the empirical standard de-
viation of this estimate. Interestingly, the test error
on the held-out dataset often resulted smaller than
the empirical error on the training dataset. We do
not have an explaination for this fact, which might be
a mere coincidence and did not occur in most of the
experiments with data-dependent priors.

For the data-dependent priors, we used 50% of the
dataset to train P and the remaining 50% to train
Q. We always used the Cond-Gauss algorithm for
both prior and posterior. All the posteriors were
trained with the invKL objective and « = 1, whilst
for the prior, we experimented with different objec-
tives, penalty factors k, and dropout values. The final
best generalisation bound was .0144, about 7% better
than the tightest one from Pérez-Ortiz et al. (2021a)
for the same architecture, .0155. However, it is inter-
esting to note that the role of the posterior’s training
seems to be quite marginal, as, in our experiments,
the prior already achieved a quite low empirical er-
ror on the posterior’s dataset, .0108, which could be
improved only to .0104 by tuning the posterior. The
results of the whole experiment can be found in Table
SM1 in the supplementary material.

4.2 CIFARI10

As we had done for the MNIST dataset, for CIFAR10
we used only the standard training dataset (50000 la-
belled images) for the training procedure. We trained
a 9-layer architecture (6 convolutional + 3 linear lay-
ers) and a 15-layer architecture (12 convolutional + 3
linear layers). We experimented with data-dependent
priors only, training P with 50% of the data for the
9-layer classifier, and with both 50% and 70% of the
data in the case of the 15-layer one.

The results for the 9-layer architecture are reported
in Table 2. Note that the best bound that we ob-
tained in this setting was .2066, a result much tighter
than the one reported by Pérez-Ortiz et al. (2021a),
.2901. After some preliminary experiments, we chose
to train both priors and posteriors via the Cond-Gauss
algorithm with the invKL objective. We used a small
factor x for the prior to avoid regularising too much,
whilst k was 1 for the posterior. We tried different val-
ues for the dropout and the factor x in the training of
the prior, as reported in Table 2. We trained via SGD
with momentum for both prior and posterior. For P,
we used a schedule much longer than the one usually
chosen for the prior in the literature. Essentially, this
is because we were not just training the means of the
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Table 2: CIFARIO0 - 9 layers - Prior learnt on 50% of the dataset

Prior H Posterior
tm? do? pf° ivd 11° 12f pe H tm? ‘ 11° 12f th pe bl
G invKL 0 .01 .001 | .0196 .2233 3.778 || G invKL | .0196 .2211 .22514 921 4.696 | .2376
G invkKL 0 .005 .001 | .1127 .2797 3.778 || G invKL | .1126 .2782 .28144 9019 4.319 | .2953
G invkKL .1 .01 .001 | .0536 .1930 3.778 || G invKL | .0536 .1912 .19524 920 4.484 | .2066
G invkKL .1 .005 .001 | .0266 .1930 3.778 || G invKL | .0266 .1913 .19331 019 4.520 | .2067

# tm: Training method.

> do: Dropout probability for the prior’s training.

¢ pf: Penalty factor k for the prior’s training objective.
4 iv: Initial value of the prior’s variances.

¢ 11: Empirical error estimate on the prior dataset.

random parameters, but the variances as well. How-
ever, in this way we could already obtain for the priors
competitive empirical errors on the posterior’s dataset.
Like with the MNIST dataset, the improvement due
to the posterior’s training was minimal.

For the 15-layer architecture, the full results and de-
tails are reported in Table SM2 in the supplementary
material. Quite interestingly, to train P, it was neces-
sary to introduce an initial pre-training for the prior’s
means, as the Cond-Gauss algorithm alone could not
significantly decrease the training objective. First,
we initialised the means with an orthogonal initiali-
sation, as suggested in Hu et al. (2020). Then we opti-
mised them by training a deterministic network (with
the same architecture) using the cross-entropy loss on
the prior’s dataset. Finally, via the Cond-Gauss algo-
rithm, we completed the prior’s training and proceeded
with the posterior’s tuning. The best final bounds ob-
tained were .1855, with the prior learnt on 50% of the
dataset, and .1595, when 70% of the dataset was used
to train P. Again, these values are tighter than those
from Pérez-Ortiz et al. (2021a).

4.3 Summary

To summarise our results, Table 3 compares our best
PAC-Bayesian generalisation bounds with those from
Pérez-Ortiz et al. (2021a). The column ‘C-G’ features
the best bounds we could obtain with the Cond-Gauss

Table 3: Comparison of our PAC-Bayesian bounds with
those from Pérez-Ortiz et al. (2021a)

dataset  architecture prior ‘ C-G ‘ P-O
MNIST 4 layers data-free | .1348 | .2165
MNIST 4 layers 50% .0144 | .0155
CIFAR10 9 layers 50% .2066 | .2901
CIFAR10 15 layers 50% 1855 | .1954
CIFAR10 15 layers 70% 1595 | .1667

f

g
h

i
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12: Empirical error estimate on the posterior dataset.
t: Test €ITOr+standard deviation (from 1000 realisations).

p: KL penalty Pen (2) in 10™* units.
b: Final PAC-Bayesian bound.

algorithm in our experiments. The figures in the col-
umn ‘P-O’ are the tightest bounds reported in Pérez-
Ortiz et al. (2021a) for the same architectures and
datasets. All the PAC-Bayesian generalisation bounds
in the table hold with probability at least 0.965 on the
choice of the training dataset.

5 CONCLUSION

We have introduced the Cond-Gauss training algo-
rithm, which allows the optimisation of PAC-Bayesian
bounds without relying on the use of a surrogate loss.
Taking an estimate of the actual target bound as the
optimisation objective is a natural choice. As con-
firmed by our experiments on the MNIST and the
CIFARI0 classification tasks, it also leads to tighter
bounds than the current state-of-the-art bounds ob-
tained via PAC-Bayes with BackProp.
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Supplementary material

SM1 PROOFS

Proposition 2. Denote the cumulative distribution function (CDF) of a standard normal as ¢ : u — (1 +

2
erf(u/v/?2)). Fiz a pair z,y and let

L (max Fi(z) - Mym) |

ity Vy ()
Fy(z) — Mi(x)
LQ =1 = - s )
()
where F(x) ~ N (M(z),diag(V(x))). Then
E[L1] = E[L2] = P(§ #y), (SM1)
E[VL] = E[VLy] = VE(§ #3). (SM2)

where the gradient is with respect to all the components of M(x) and V().

Proof. We start by showing that E[L;] = P(§ # y). We have

P(j £ y) = P (Fy(x) < max Fi(z)> —E [IP’ (Fy(z) < max Fy(x)

(Fainy )| =B

Fy(x))] .

For L, again we first use conditioning w.r.t. Fy(x)

Fy(x)>] =1-E [P (Fy(x) > max F;(z)

i#y

P@g#y)=E {P (Fy(w) < max Fy(z)

As the events {F,(z) > F;(z)|Fy(x)}izy are independent, we can write

P(j#y)=1-E HP(Fi<x><Fy<x> Fy@c)) — E[Ly).

7Y
and so (SM1) is proved.

Now, to show (SM2), we need to prove that it is possible to swap expectation and differentiation for both Lq
and Ly. For Ly everything is straightforward, as it is a smooth function of M and V (as all the components of
V are assumed to be strictly positive) and its gradient can be easily bounded (uniformly in some neighbourhood
of (M;(x),Vi(x))izy) by a function of F,(z) with finite expectation. Hence we can apply Leibniz integral rule.
For Ly, this is the case only for 9y, and dy, , as max;-, Bulw) My (@) _ maxizy{Fi (@)} =My (@) g smooth in M, and
VVi(@) VV(2)
Vy, and its gradient can be easily bounded (uniformly in some neighbourhood of (My(x), V,(x))) by a function
of (F;(z))izy with finite expectation. However, for any j # y, the integrand is not everywhere differentiable wrt

M; and Vj. Yet, we can still swap expectation and differentiation using Proposition SM1, detailed below. O

The two results that follow are well known in the literature, and restated here for convenience. For completeness
we give a proof for both of them. Denote as p,, s the density of a normal random variable with mean m and
standard deviation s. For convenience we let p = pg 1. All integrals [ are over R.

The next proposition is essentially a reformulation of Price’s theorem (Price, 1958).

Proposition SM1. Let Z ~ N(0,1) and X = sZ +m. Let g : R — R be a locally Lipschitz function with a
polynomially bounded derivative. Then

vm,SEXNN(m,SZ) [g(X)] = ]EZNN(O,l) [Vm,sg(SZ + m)] .
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Proof. Recall that Oppms(x) = = p,, (z) and Ospm s(x) = (x_yz#pm’s(m). Let 2 = sz + m, then

S
Pm,s(x)dx = p(z)dz. Note that by the local Lipschitzianity ¢’ is defined almost everywhere. Since it is polyno-
mially bounded, the expectation E[V,, sg(sZ +m)] makes sense. Note moreover that g is polynomially bounded
as ¢ is.

We start by proving the equality for the m-derivative. We have

OmElg(X)] = b, / Pra(@)g () d = / (B (2))g (@),

by Leibniz integration rule, as p,, s is smooth in its arguments and the continuity and polynomial boundedness
of g ensure that [z — 9p,pm,s(2))g(x) dz is well defined and finite. Now, we have

J@upma@ng@ite = [ L0 @g)s = [ Zpliglss +mps.

S

From Lemma SM1 below, we get

/ gp(z)g(sz +m)dz = / %p(z)sg'(sz +m)dz = /p(z)g'(sz +m)dz.
Now, as ¢'(sz +m) = Oyug(sz +m) we conclude that
OmE[g(X)] = E[Omg(sZ +m)].

For the s-derivative, the proof is essentially analogous. Proceeding as above, we have

2 2

(x—m)*—s 2

z¢—1

O.E[g(X)] = / (Dupm o (2))g(x)dz = / P o (2)g () = / p(2)g(sz +m)dz.

3

s
Again from Lemma SM1 we find that
2?2 -1 ,
. p(2)g(sz+m)dz = [ p(2)zg'(sz +m)dz.
We conclude that
9sE[g(x)] = E[0sg(sz + m)],
since 0s9(sz +m) = zg'(sz + m). O

The next lemma states Stein’s identity (Stein, 1981) and a straightforward corollary.

Lemma SM1. Let Z ~ N(0,1), and g : R — R a locally Lipschitz function with a polynomially bounded
derivative. Then

E[Zg(2)] = Elg'(2)],
E((Z* - 1)g(2)] = E[Zg'(Z)].

Proof. The first equality, known as Stein’s identity, is established using integration by parts:

0= [ ds = [ # @9+ [ o))z =~ [0zl + [ o2)g' (e,

where we used that ¢’ exists almost everywhere as g is locally Lipschitz, and that both g and ¢’ are polynomially
bounded, so all integral are finite and well defined. Now take h(z) = zg(z). Then we have h'(z) = z¢'(2) + g(z)
and so

E[Z*¢(Z)] = E[Zh(Z)] = E[I(Z)] = E[Z¢'(Z)] + E[g(Z)],

which is the second equality. O

Proposition 3. Assume that B is locally Lipschitz in the hidden stochastic parameters 6™, and that VouB is
polynomially bounded. If B(Es(Q),Pen) is an affine function of Es(Q), then we have E[B] = B and E[VB] = VB,
the gradient being with respect to the trainable hyper-parameters p.
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Proof. By linearity it is sufficient to show that E[£s(Q)] = £5(Q) and E[VEs(Q)] = VEs(Q). Note that,
following the discussion of Section 3.1, we can write £5(Q) = >, g & where

éa: = E(M(x7 9H7p£)a V(J}, 9?—[, pﬁ)v g) )
for some suitable function E. If we are dealing with binary classification the variable £ can be omitted, otherwise
it represents the random draws needed to obtain the estimate L; or Lo (defined in Proposition 2).

Define &, = E[é‘m], the expectation being over ¢ and #*. By Proposition 2 (if we are dealing with multiclass
classification, otherwise by definition) we get that £5(Q) = > . E». Consequently we have

£5(Q) = E[&] =E[£s(Q)].
zeS

Now, to show the unbiasedness of the gradient, it is enough to show that for all x € S
Vple = E[V,E,].
First, again by Proposition 2 we can write

E[V,és] = E[VLEE | FH)) = E[2GeVEV v & FH) = E[2GEA Y, yEE, | FH] = E[V,EE,|FY]).

Now, E[£,|F™] is the probability that a component of a Gaussian vector with mean M and covariance diag(V)
is smaller than the maximum of the other components (cf. Section 3.1). This is a smooth function of M and V,
which in turn are smooth functions of the last layer’s hyper-parameters p“. As a consequence we can write

V& = E[V e E[E,|FM) = E[V,c&,] .

As for the hidden hyper-parameters, since we are assuming that all the hidden stochastic parameters are inde-
pendent Gaussian random variables, we can apply Proposition SM1, which brings

Vs = B[V nE[E | FH)] = E[V,n&,],

thus concluding our proof. O

SM2 A NOTE ON UNBIASEDNESS

The previous results state that the gradient estimates used in the Cond-Gauss algorithm are unbiased, as long
as the bound is affine in the empirical error. Under suitable regularity conditions, this ensures that stochas-
tic gradient descent algorithms converge to a stationary point of the objective (Khaled and Richtarik, 2020).
However, among the four bounds (4) that we used in our experiments, only (4b) and (4d) are actually affine.
We argue here that in most cases of interest £5(Q) is concentrated enough that the bounds (4a) and (4c) are
approximately affine in the empirical error. In the following, we detail this heuristic idea and then give some
empirical evidence on MNIST in the case of (4a). This almost affine behaviour ensures that the gradient used
by our stochastic optimisation procedure is almost unbiased, and hence we can expect the algorithm to converge
to a point close to a stationary point of the objective (Tadi¢ and Doucet, 2017).

Consider a generic bound B = B(Es(Q)), where B might be a non-affine function. Our estimate is of the form
B = B(Es(Q)). We can now consider a linearised version B of B, defined as

B(£) = B(£s(Q)) + (€ — €5(Q))B'(£5(Q)) -

Clearly, in a sufficiently small neighborhood of E5(Q), we can expect B and B to almost coincide. In particular,
if the law of £g(Q) concentrates around Eg(Q), we can expect that with high probability

B(€5(Q)) ~ B(£s(Q)) -
As B is affine, we can apply Proposition 3 and get

E[B] = E[B(£5(9))] ~ E[B(€5(Q))] = B(€s(Q)) = B(Es(Q)) = B,
E[V, 5] = E[V,B(Es(Q)] ~ E[V, B(€s(Q))] = V,B(Es(Q)) = V,B(Es(Q)) = V,B.
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To empirically justify the above, we consider the bound (4a), which was used for most of our experiments. Figure
SM1 and Figure SM2 show that indeed f:'S(Q) is sufficiently concentrated around its mean to see the bound as an
affine function of the empirical error. Figure SM1 reports the data from the network achieving the best bound
in our experiments with data-dependent priors on MNIST. On the other hand, among the networks trained with
the invKL objectives on MNIST with data-free priors, the one achieving the tightest bound was used for Figure
SM2. In both figures, the histogram represents the distribution of 10000 realisations of és(Q). It is clear that in
both cases the bound is essentially affine in the empirical loss, in the region where SS(Q) concentrates (zoomed
portion of the plot).

Similar observations hold when the objective is derived from (4c).

0.10 0.30
—— Bound —— Bound
---- Linearised bound Linearised bound
0.25 4
0.08 -
0.20
0.06 -
E 2
3 3 0.15
3] [2]
0.04 -
0.10
0.02 -
0.05 1
0.00 f T T T T T T 0.00 T T T T T — — —
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175

Empirical loss Empirical loss

Figure SM1: (Same as Figure 1 from the main text.) Ex-
perimental evidence, from a network trained with a data-
dependent prior on MNIST, that the bound (4a) is almost
affine in the region where :‘:‘S(Q) concentrates. The net-
work used was the one achieving the best generalisation
bound in our experiment on MNIST with data-dependent
priors. 10000 realisations of c‘:'S(Q) were sampled. Their
distribution is summarised by the histogram above the
zoomed portion of the plot. The black dot is the bound for
the average value found for £g(Q), while the green error
bar has a total width of 4 empirical standard deviations.
In the region where c‘:'S(Q) concentrates, the bound and its
linearised version almost coincide. Along the green error
bar, the bound’s slope has a relative variation of £0.8%.

Figure SM2: Experimental evidence, from a network
trained with a data-free prior on MNIST, that the bound
(4a) is almost affine in the region where £5(Q) concen-
trates. Among the networks trained with the invKL objec-
tives on MNIST with data-free priors, the one achieving
the tightest bound was used in this experiment. 10000
realisations of £s(Q) were sampled. Their distribution is
summarised by the histogram above the zoomed portion
of the plot. The black dot is the bound for the average
value found for £5(Q), while the green error bar has a to-
tal width of 4 empirical standard deviations. In the region
where és(Q) concentrates, the bound and its linearised
version almost coincide. Along the green error bar, the
bound’s slope has a relative variation of £2%.

SM3 PAC-BAYESIAN TRAINING FOR GENERAL ARCHITECTURES

In the main text we focused on the case of a network whose stochastic parameters are all Gaussian. This is not
a necessary condition for the Cond-Gauss algorithm. What we need is actually to be able to express the KL
between prior and posterior as a differentiable expression of the hyper-parameters, and to evaluate the gradient
(wrt the hyper-parameters) of a single empirical loss’s realisation. We can satisfy this last requirement if we are
able to rewrite the stochastic parameters as a (differentiable) function © of the hyper-parameters p and of some
random variable 7 (independent of p) such that O(p,7) has the same law of 6, namely Q,. In short, for any
measurable function ¢,

Eg~o, [¢(0)] = E-[0(O(p,7))].
In particular, to sample a realisation ¢ of ¢(6) we can sample a realisation 7 of 7 and then define
¢ =¢(O(p,7)).
As long as ¢ o O is differentiable in p, we can evaluate the gradient of ¢ wrt p.
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For the Cond-Gauss algorithm to be implementable, we require that there exists a p-differentiable reparametri-
sation © for the hidden parameters 7. Clearly, this is the case if 7 is a Gaussian vector with independent
components. Indeed, if we denote by m? and s the vectors of means and standard deviations, we have

ot =m" +sM o,

where T is a vector with independent standard normal components and ® denotes the component-wise product.
This is what was used for the networks in our experiments.

SM4 NUMERICAL EVALUATION OF kI™' AND ITS GRADIENT

When the training objective is invKL, it is necessary to evaluate k1! and its gradient, in order to implement the
Cond-Gauss algorithm. Many of the most popular deep learning libraries, such as PyTorch and TensorFlow, do
not provide an implementation for kI™*. However, as pointed out by Dziugaite and Roy (2017), a fast numerical
evaluation can be done via a few iterations of Newton’s method. This is what we used in our code.

We show here that the gradient of kI™! can be expressed as a function of kI™!, so that the implementation of
the latter allows the evaluation of the former. Recall that

1
kl(u|lv) = ulogE + (1 —u)log . <.
v

0,1]% : v > u},

For u > 0, the mapping v — kl(u||v) is not injective. However if we restrict its domain to {(u, v) € |
(3) for kKI™1). Tt

then we find a bijective map, whose inverse coincides with ¢ — k17! (u|c) (with the definition

follows immediately that
~(F-0)
v=kl~ ! (ulc) I-v v

To find an expression for 9,kl ™" (u|c) we can proceed as follow. Let k™" (ulc) = v and kI~ (u+¢lc) = v+¢’, with
e’ = 0,k (u|c) + o(g). This means that kl(u + ¢l|v + &) = kl(u||v), so that ed,kl(u|v) + £'d,kl(u|v) = o(e).

Taking € — 0 we find
1—u U 1—u wu
= | log — log — - —
o=k~ (ulc) 1—w v 1—-v v

SM5 ADDITIONAL EXPERIMENTAL DETAILS AND RESULTS

1
N = —
Ok (ule) = H o)

v=kl~ ! (ulc)

~ Oukl(uflv)
Oukl(u||v)

k1™ (ule) =

v=kl~ ! (ulc)

In this section we give additional details about our experiments. The PyTorch code written for this paper is
available at https://github.com/eclerico/CondGauss. In all our experiments we used the average of 100
independent estimates of L' (defined in Proposition 2) to evaluate the empirical error. To keep the standard
deviations ¢ positive during the training, we trained the parametersp defined by o = |p|3/2. We found empirically
that this transformation allowed for a much faster training compared to the usual exponential choices (Dziugaite
and Roy, 2017; Pérez-Ortiz et al., 2021a).

SM5.1 MNIST

For our experiments on MNIST, we only used the standard training dataset, which consists of 60000 labelled
examples. We ran our experiments on a 4-layer ReLU stochastic network, whose parameters were independent
Gaussians with trainable means and variances. The architecture used was the following:

x—y=Lsopoliopo foCyopoCi(x),
with

e (: convolutional layer; channels: IN 1, OUT 32; kernel: (3, 3); stride: (1, 1);
e (5: convolutional layer; channels: IN 32, OUT 64; kernel: (3, 3); stride: (1, 1);
e [;: linear layer; dimensions: IN 9216, OUT 128;
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e [5: linear layer; dimensions: IN 128, OUT 10;
o f: max pool (kernel size = 2) & flatten;
e ¢: ReLU activation component-wise.

All convolutional and linear layers were with bias.

SM5.1.1 Data-free priors

We first experimented on data-free priors, whose means were initialised via the Pytorch default initialisation.
We tried different values for the initial prior’s variances: .01, .001, and .0001. We compared the performances
of the standard PAC-Bayesian training algorithm (S), where the misclassification loss is replaced by a bounded
version of the cross-entropy loss as in Pérez-Ortiz et al. (2021a), and the Cond-Gauss algorithm (G). We used
the following four training objectives from (4):

invKL : kI~ (£5(Q)|Pen,) ;

McAll : Es(Q) + \/Pen,/2;

quad : (v/Es(Q) + Pen,. /2 + /Pen,/2)*;
1bd : 573 (Es(Q) + Peny /),

where the KL penalty is defined as

pen, = - <KL(Q||7?) +log 2@) . )

The factor x in (9) can increase or reduce the weight of the KL term during the training. We experimented three
different values for this parameter: 0.5, 1, and 2. For the last objective, 1bd, the parameter A takes values in
(0,1) and is optimised during training®.

For all the different training settings, the network was trained via SGD with momentum for 250 epochs with a
learning rate 7 = .005 followed by 50 epochs with n = .0001. We tried using different values for the momentum:
0.5, 0.7, and 0.9. During the training, at the end of each epoch, we kept track of the bound (4a)’s empirical
value in order to pick the best epoch at the end of the training.

Figure 2 and Table 1 in the main text report our results.

SM5.1.2 Data-dependent priors

For the data-dependent priors, we used 50% of the dataset to train P and the remaining 50% to train Q. We
always used the Cond-Gaussian algorithm for both prior and posterior. All the posteriors were trained with the
invKL objective and x = 1, whilst for the prior, we experimented with both invKL (with x = 0.1) and with direct
empirical risk minimisation (ERM), meaning that the objective was simply £s(Q). The initial prior’s variances
were set at 0.01, while the means were randomly initialised (via the default PyTorch initialisation for each layer).
We used different dropout values, as shown in Table SM1. The prior’s training consisted of 750 epochs with
n = .005, followed by 250 epochs with = .0001, the posterior’s training of 750 epochs with n = 10~?, followed
by 250 epochs with 7 = 1076, We used SGD with a momentum of 0.9 for both priors and posteriors. The results
of the experiment can be found in Table SMI.

SM5.2 CIFAR10

As we had done for the MNIST dataset, for CIFAR10 we used only the standard training dataset (50000 labelled
images). We trained a 9-layer architecture (6 convolutional + 3 linear layers) and a 15-layer architecture (12
convolutional + 3 linear layers). We experimented with data-dependent priors only, training P with 50% of the
data for the 9-layer classifier and both with 50% and 70% for the 15-layer one.

5In our experiments, we initialised A at 0.5 and then doubled the number of epochs, alternating one epoch of X’s
optimisation with one of optimisation for m and s.
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Table SM1: MNIST - Prior learnt on 50% of the dataset

Prior | Posterior
tm? do® pfc ivd ‘ 11°¢ 12f pe H tm? ‘ 11° 12f th pe b!
G ERM 0 - .001 | .0010 .0126 3.179 || G invKL | .0010 .0122 .01224 g0 3.671 | .0164
G invkKL 0 .01 .001 | .0008 .0125 3.179 || G invKL | .0008 .0119 .01154 ggo7 3.882 | .0162
G ERM 1 - .001 | .0010 .0111 3.179 || G invkKL | .0010 .0107 .01104 o0 3.688 | .0148
G invkKL .1 .01 .001 | .0006 .0113 3.179 || G invKL | .0006 .0107 .01094 9006 3.944 | .0149
G ERM 2 - .001 | .0011 .0111 3.179 || G invkKL | .0011 .0107 .01014ggo5 3.742 | .0148
G invkKL .2 .01 .001 | .0010 .0108 3.179 || G invKL | .0010 .0104 .01014 gpos 3.801 | .0144
# tm: Training method. £12: Empirical error estimate on the posterior dataset.
> do: Dropout probability for the prior’s training. & p: KL penalty Pen (2) in 10~* units.
¢ pf: Penalty factor « for the prior’s training objective. " t: Test errorisiandard deviation (from 1000 realisations).
4 iv: Initial value of the prior’s variances. ! b: Final PAC-Bayesian bound.

¢ 11: Empirical error estimate on the prior dataset.

SM5.2.1 9-layer architecture

The 9-layer architecture had the following structure:
x> LzogolaogpoliopofroCsopols0¢ofrolCiopoCzopofioCropolCi(z).

Here are detailed the different layers:

, 3); stride: (1, 1); padding(1, 1);
3, 3); stride: (1, 1); padding(1, 1);
(3, 3); stride: (1, 1); padding(1, 1);
, 1); padding(1, 1);
1
1

C1: convolutional layer; channels: IN 3, OUT 32; kernel: (3
Cy: convolutional layer; channels: IN 32, OUT 64; kernel: (3,
Cj5: convolutional layer; channels: IN 64, OUT 128; kernel: (3
Cy: convolutional layer; channels: IN 128 OUT 128; kernel: (
C'5: convolutional layer; channels: IN 128, OUT 256; kernel: (
Cs: convolutional layer; channels: IN 256, OUT 256; kernel: (
L;: linear layer; dimensions: IN 4096, OUT 1024;

Lo: linear layer; dimensions: IN 1024, OUT 512;

Lj: linear layer; dimensions: IN 512, OUT 10;

f1: max pool (kernel size = 2, stride = 2);

e fy: max pool (kernel size = 2, stride = 2) & flatten;

e ¢: ReLU activation component-wise.

, 1); padding(1, 1);

1
, 3); stride: (
(
(1, 1); padding(1, 1);

3,3
3, 3); stride:
3,3

1
1
, 3); stride: (1

All convolutional and linear layers are with bias.

The results for the 9-layer architecture are reported in Table 2 in the main text. After some preliminary
experiments, we chose to train both priors and posteriors via the Cond-Gauss algorithm with the invKL objective.
We used a small factor k for the prior, to avoid regularising too much, whilst x was 1 for the posterior. We tried
different values for the dropout and & in the prior’s training (see Table 2). We used SGD with momentum 0.9
for both prior and posterior. For P the training consisted of 1500 epochs with n = .005 followed by 500 epochs
with n = .0001, whilst Q was trained for 1500 epochs with n = 1077, plus 500 epochs with n = 1076.

SM5.2.2 15-layer architecture
The 15-layer architecture had the following structure:
23Lz0hpoLleodoliohofaoCipodoCiopoCipopoCyodofiolsod
oCro¢ofaoCgogpoCsopofroCiopoCzopofrolCyodolC(x).
Here are detailed the different layers:

e (: convolutional layer; channels: IN 3, OUT 32; kernel: (3, 3); stride: (1, 1); padding(1, 1);
e (5: convolutional layer; channels: IN 32, OUT 64; kernel: (3, 3); stride: (1, 1); padding(1, 1);
e (5. convolutional layer; channels: IN 64, OUT 128; kernel: (3, 3); stride: (1, 1); padding(1, 1);
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Table SM2: CIFARIO - 15 layers - Prior learnt on 50% and 70% of the dataset

Prior H Posterior
tm? do® pfe  ivd 11¢ 12f p8 H tm? ‘ 11¢© 12f th pe ‘ bi
Prior trained on 50% of the dataset

% _ G ERM 0 - .001 | .0090 .1946 3.778 || G invKL | .0090 .1924 .19331 0020 4.775 | .2082
& GinvkL 0 .01 .001|.0085 .1937 3.778 || G invKL | .0084 .1909 .19224 go2o 4.913 | .2068
$ 8 GERM 1 - .001 | .0139 .1722 3.778 || G invKL | .0139 .1709 .17364 0015 4.386 | .1855
A G invkKL .1 .01 .001 | .0222 .1746 3.778 || G invKL | .0222 .1725 .17604 o020 4.703 | .1875
.% ~ G ERM 0 - .001 | .0214 .1996 3.778 || G invkKL | .0214 .1974 .19394 0020 4.734 | .2133
& GinvkL 0 .01 .001|.0169 .1963 3.778 || G invKL | .0169 .1941 .1930+0022 4.859 | .2100
-8 GERM 1 - .001 | .0240 .1772 3.778 || G invKL | .0240 .1758 .17914 o017 4.474 | .1907
A G invkKL .1 .01 .001 | .0394 .1764 3.778 || G invKL | .0393 .1747 173440019 4.606 | .1897
Prior trained on 70% of the dataset
.% _ G ERM 0 - .001 | .0057 .1616 6.127 || G invKL | .0057 .1602 .16434 0020 6.882 | .1774
& GinvkL 0 .01 .001|.0062 .1634 6.127 || G invKL | .0062 .1617 .16484 0021 7.203 | .1793
¢ -8 GERM 1 - .001 | .0098 .1443 6.127 || G invKL | .0098 .1430 .14704 0017 7.006 | .1595
A G invKL .1 .01 .001 | .0180 .1467 6.127 || G invKL | .0178 .1446 .15064 o019 7.374 | .1616
.% ~ G ERM 0 - .001 | .0151 .1639 6.127 || G invKL | .0151 .1622 .16964 o018 7.161 | .1797
& GinvkL 0 .01 .001|.0127 .1629 6.127 || G invKL | .0127 .1611 .16561¢020 7.293 | .1787
¢ 8 GERM 1 - .001 | .0175 .1484 6.127 || G invkKL | .0175 .1471 .15064 0016 7.043 | .1638
A G invkKL .1 .01 .001 | .0306 .1500 6.127 || G invKL | .0305 .1484 .14981 9015 7.090 | .1652
# tm: Training method. f 12: Empirical error estimate on the posterior dataset.
> do: Dropout probability for the prior’s training. & p: KL penalty Pen (2) in 10™* units.
¢ pf: Penalty factor x for the prior’s training objective.  ® t: Test errortsandard deviation (from 1000 realisations).
4 iv: Initial value of the prior’s variances. ! b: Final PAC-Bayesian bound.

¢ 11: Empirical error estimate on the prior dataset.

e (,: convolutional layer; channels: IN 128, OUT 128; kernel: (3, 3); stride: (1, 1); padding(1, 1);
e (5: convolutional layer; channels: IN 128, OUT 256; kernel: (3, 3); stride: (1, 1); padding(1, 1);
e Cg: convolutional layer; channels: IN 256, OUT 256; kernel: (3, 3); stride: (1, 1); padding(1, 1);
e (C7: convolutional layer; channels: IN 256, OUT 256; kernel: (3, 3); stride: (1, 1); padding(1, 1);
e (5: convolutional layer; channels: IN 256, OUT 256; kernel: (3, 3); stride: (1, 1); padding(1, 1);
e (y: convolutional layer; channels: IN 256, OUT 512; kernel: (3, 3); stride: (1, 1); padding(1, 1);
o (yo: convolutional layer; channels: IN 512, OUT 512; kernel: (3, 3); stride: (1, 1); padding(1, 1);
e (4;: convolutional layer; channels: IN 512, OUT 512; kernel: (3, 3); stride: (1, 1); padding(1, 1);
e (5: convolutional layer; channels: IN 512, OUT 512; kernel: (3, 3); stride: (1, 1); padding(1, 1);
e [: linear layer; dimensions: IN 2048, OUT 1024;

e [5: linear layer; dimensions: IN 1024, OUT 512;

e [L3: linear layer; dimensions: IN 512, OUT 10;

e fi: max pool (kernel size = 2, stride = 2);

e f5: max pool (kernel size = 2, stride = 2) & flatten;
e ¢: ReLU activation component-wise.

All convolutional and linear layers are with bias.

For the 15-layer architecture, we experimented different prior trainings, with 50% and 70% of the training
dataset. In both cases, it was necessary to introduce an initial pre-training for the prior’s means, as otherwise
the Cond-Gauss algorithm alone could not significantly decrease the training objective. First, we initialised the
means with an orthogonal initialisation, as suggested in Hu et al. (2020). Then we optimised them by training
a deterministic network (with the same architecture) using the cross-entropy loss on the prior’s dataset, for 50
epochs with n = .005. Finally, via the Cond-Gauss algorithm, we completed the prior’s training and proceeded
with the posterior’s tuning following the same learning rate schedule as for the 9-layer case. We always used
SGD with momentum 0.9. Different objectives and dropout factors were used for training the prior, as detailed
in Table SM2, which also reports the results of our experiment.
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Abstract

This work discusses how to derive upper bounds for the expected generalisation error of super-
vised learning algorithms by means of the chaining technique. By developing a general theoretical
framework, we establish a duality between generalisation bounds based on the regularity of the loss
function, and their chained counterparts, which can be obtained by lifting the regularity assumption
from the loss onto its gradient. This allows us to re-derive the chaining mutual information bound
from the literature, and to obtain novel chained information-theoretic generalisation bounds, based
on the Wasserstein distance and other probability metrics. We show on some toy examples that the
chained generalisation bound can be significantly tighter than its standard counterpart, particularly
when the distribution of the hypotheses selected by the algorithm is very concentrated.

Keywords: Generalisation bounds; Chaining; Information-theoretic bounds; Mutual information;
Wasserstein distance; PAC-Bayes.

1. Introduction

In the supervised setting, a learning algorithm is a procedure that takes a training dataset as input
and returns a hypothesis (e.g., regression coefficients, weights of a neural network, etc.). Ideally, the
learned hypothesis should perform well on both the input dataset and new data, which were not used
for the training. There is hence interest in providing generalisation bounds, namely upper bounds
on the algorithm’s gap in performance for seen and unseen instances.

The first generalisation bounds were based on characterisations of the hypothesis space’s com-
plexity, such as the VC dimension or the Rademacher complexity (Bousquet et al., 2004; Vapnik,
2000; Shalev-Shwartz and Ben-David, 2014). However, due to their algorithm-independent nature,
these bounds must hold even for the worst algorithm on the given hypothesis space. Consequently,
they are often inadequate for modern over-parameterised neural networks, with the complexity mea-
sure usually scaling exponentially with the architecture’s depth (Anthony and Bartlett, 2002; Zhang
et al., 2021; Belkin et al., 2018).

To address this issue, recent approaches aim at providing algorithm-dependent generalisation
bounds. The underlying intuition is that if the output hypothesis is less dependent on the input
dataset, it would be less prone to overfitting, and so generalises better. Among the results building on
this idea, there are bounds based on uniform stability (Bousquet and Elisseeff, 2002) and differential
privacy (Dwork and Roth, 2014), PAC-Bayesian bounds (Guedj, 2019; McAllester, 1998, 1999),
and information-theoretic bounds.

In this paper, we shall mainly focus on the information-theoretic framework, where the learn-
ing algorithm is seen as a noisy channel connecting the input dataset and the chosen hypothesis.

© 2022 E. Clerico, A. Shidani, G. Deligiannidis & A. Doucet.
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Russo and Zou (2019) and Xu and Raginsky (2017) were the first to introduce this approach. They
upper-bounded the expected generalisation error via the Mutual Information (MI) between the input
sample and the learnt hypothesis. This bound is simple and can be applied to a broad class of learn-
ing algorithms. However, a major drawback is that it becomes infinite if the choice of the hypothesis
is deterministic in the input. Motivated by this problem, several strategies have been proposed.

Bu et al. (2019) gave an individual-sample MI bound, while Steinke and Zakynthinou (2020)
introduced a conditional version of the MI, which is always finite. Rodriguez-Galvez et al. (2020),
Haghifam et al. (2020), and Hellstrom and Durisi (2020) extended and merged these results. Al-
ternatively, different measures of algorithmic stability can replace the MI: Lopez and Jog (2018),
Wang et al. (2019), and Rodriguez-Gaélvez et al. (2021) proposed bounds based on the Wasserstein
distance, while others focused on total variation, f-divergences, and lautum information (Wang
et al., 2019; Rodriguez-Gélvez et al., 2021; Esposito et al., 2021; Palomar and Verdd, 2008).

Adopting a different perspective, Asadi et al. (2018) observed that several information-theoretic
bounds fail to exploit the dependencies between hypotheses. They hence proposed to combine the
original MI bound with the chaining method, a powerful tool from high dimensional probability
originally aimed at upper-bounding the expected supremum of random processes. First introduced
by Kolmogorov (see van Handel (2016)), the chaining technique has been successfully extended
and developed (Dudley, 1967; Talagrand, 2005, 2014). In their Chaining Mutual Information (CMI)
bound, Asadi et al. (2018) take finer and finer discretisations of the hypothesis space and rewrite the
generalisation error as a telescopic sum, whose terms can be controlled by exploiting the dependen-
cies between the hypotheses. Subsequently, Asadi and Abbe (2020) adapted the CMI technique to
the architecture of deep neural nets, while Zhou et al. (2022) introduced bounds based on a stochas-
tic version of chaining. However, it is worth mentioning that previous works had already applied
the chaining method to algorithm-dependent bounds. For instance, Audibert and Bousquet (2004)
combined the generic chaining from Talagrand (2005) with the PAC-Bayesian approach.

As a final comment, it must be noted that the generalisation bounds from the information-
theoretic literature are hard to evaluate in practice, involving expectations with respect to the un-
known sample distribution. Nevertheless, they provide useful intuition on the mechanism of the
learning process and, as a result, they represent a very active research area. Moreover, recent works
have built on them to derive computable analytical bounds for specific algorithms, such as Langevin
dynamics, stochastic gradient Langevin dynamics, and stochastic gradient descent (Bu et al., 2019;
Negrea et al., 2019; Haghifam et al., 2020; Rodriguez-Gélvez et al., 2020; Neu et al., 2021).

1.1. Our contributions

The CMI bound is an interesting multi-scale reformulation of the original MI result by Russo and
Zou (2019). However, in the information-theoretic literature on generalisation bounds, the chaining
method has been coupled only with the MI (Asadi et al., 2018; Asadi and Abbe, 2020; Zhou et al.,
2022). Two questions then naturally arise. Is it possible to derive chained versions of other kinds of
generalisation bounds? Can these chained bounds be tighter than their original counterparts?

In the present work, we establish a duality that reads as follows. Each bound, based on (a certain
notion of) regularity of the loss function, corresponds to a chained bound that can be obtained
by lifting the regularity condition from the loss to its gradient. To make sense of this, we first
introduce a general framework, standardising the main step in the proof of several information-
theoretic bounds from the literature. We then discuss how to extend this framework leveraging the
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chaining technique, and we provide a simple method to derive novel chained generalisation bounds.
We show indeed that in our framework each unchained bound corresponds to a chained one (see
Theorems 2 and 4), in a way reflecting the connection between the MI and CMI results.

The framework introduced in this work encompasses several information-theoretic backward-
channel' bounds, and allows us to derive their chained counterparts. However, due to space limita-
tions, many explicit results are deferred to Appendix G (see Table 1) and in the main text we focus
on four bounds to concretely illustrate how our framework works: the MI bound from Russo and
Zou (2019) and the CMI bound from Asadi et al. (2018) serve as a motivation for our general result,
while as an application of our framework we derive a novel Wasserstein bound (see Proposition 15),
which is the chained counterpart of a bound from Lopez and Jog (2018).

Moreover, we discuss some possible extensions of our work. On the one hand, our information-
theoretic framework can be restated with weaker regularity assumptions on both the loss and the
hypothesis space. On the other hand, we present an additional bound that does not fit our theo-
retical framework but can still be derived using essentially the same technical machinery. It is a
chained PAC-Bayesian generalisation result, which has the interesting features of being finite even
for deterministic algorithms and not requiring the loss to be bounded by a small constant.

As a final remark, there is no generic answer on whether the chained bounds are tighter than
their unchained counterparts. However, the chaining technique turns out to be particularly effective
when the hypotheses’ distribution is very concentrated. In fact, many of the standard bounds do not
exploit this feature, the most pathological case being the MI bound, which can even be infinite. In
contrast, the chained bounds can be significantly tighter, intrinsically leveraging the dependencies
between different hypotheses. We illustrate this phenomenon through some simple toy examples.

2. Preliminaries

Let the input space (X', dx) be a separable complete metric space, and 3 y the corresponding Borel
o-algebra. We define S = X™ and consider a metric ds inducing the product o-algebra ¥ 5 = E%m.
We denote the training dataset as s = {x1,..., 2y} € S. Let Px be a probability measure on X’
and X a random variable with law Px. S = {Xy,...,X,,} € S denotes the random training
sample, with law Pg. We will always assume that the marginal Py, = Px, for each index 7. This
is of course the case if the X; are i.i.d. (Pg = P?}m). We will suppose that the hypothesis space W
is a closed subset of R?, endowed with its Borel o-algebra Xyy. A learning algorithm consists in a
Markov kernel that maps each s € S to a probability measure Py g—s on W. In turn, this defines a
joint probability Py, s on W x S. We denote as Py and Pg the marginal distributions of Py g, and
we let s — Py s— and w — Pgy—,, be regular conditional probabilities?.

In the supervised framework, the goal is to approximate a map = — f,(x) by making use of the
information contained in the training sample s (the value of f*(z;) is known for each z; € s). Each
hypothesis w represents a parameterised mapping x — fy,(z), and the training process consists in
tuning w, so as to approximate f*. The loss £ : W x X — R, allows to assess how far each f,,(z) is

1. In the information-theoretic literature, the forward-channel connects the sample to the hypothesis, while the
backward-channel goes the other way. Chaining on the hypotheses combines naturally with the backward-channel.
2. The existence of these is ensured by the fact that S and WV are Polish spaces, cf. Theorem 10.2.2 in Dudley (2002).
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from f*(z). We will always assume that {(w, -) € L*(Px). Define the empirical and the true loss
1 m
Zi(w) = — Z;K(w, ;) ; ZLy(w) = Ep, [f(w, X)].
1=

We call generalisation error the difference gs(w) = Zx(w) — Zs(w). In this work, we are essen-
tially interested in upper-bounding its expected value G = Ep,, ;[gs(W)].

The equality Ep,, ;[Lx(W)] = Epy,,;[-Ls(W)], where Pyygs = Py @ Pg, follows from
Zx(w) = Ep [ ZLs(w)] and is the starting point of several information-theoretic bounds. Indeed,

G = Epyyys[Ls(W)] = Epyy o [Ls(W)]

can be upper-bounded in terms of how “far apart” Py g and Py g g are.

2.1. Further notation and conventions

The following notation will be used throughout the rest of the paper. (Z,¥z) denotes a generic
separable complete metric space, endowed with the Borel o-algebra induced by its metric dz. We
endow 2, the space of all the probability measures on (Z,Yz), with the topology of the weak
convergence, and we denote the corresponding Borel o-algebra as > 5. For two coupled random
variables Z, Z' on Z, we write Pz for the independent coupling Pz ® Pz:. For v,v" € R? (for
a generic ¢ € N) we write ||v|| and v - v for the Euclidean norm and the standard dot product in
RY respectively. For a random vector V' € RY, we write that V € L' if Ep,, [||V||] < +00. When
we need to specify the integrability of V' with respect to a particular law p, we explicitly write
V € LY(u), thatis E,[||V||] < +oc. Finally, £ denotes an arbitrary non-negative real number.

3. General framework

3.1. Bounds based on the regularity of the loss

Both the standard MI and Wasserstein bounds from Russo and Zou (2019) and Lopez and Jog
(2018) (see Propositions 10 and 11 in Section 4 for the explicit statements) build on some regularity
condition on the dependence of £ in x, holding uniformly on WW. As this is a common assumption
for various backward-channel bounds in the literature, we will now introduce a unified abstract
framework, which allows us to re-derive several information-theoretic bounds, such as many of
those based on MI, Wasserstein distances, and other probability metrics. Due to the limited space,
in the main text we only give a few concrete applications of our framework (see Section 4). A wide
range of additional explicit examples, listed in Table 1, can be found in Appendix G.

Definition 1 (D-regularity) Let ® be a measurable’ map & x & — [0, +o00]. Fix u € & and
&> 0. We say that f : Z — R has regularity Ry (), with respect to p, if f € L' () and, for every
v € & such that Supp(v) C Supp(p) and f € L' (v),

[Eulf(2)] = Eu[f(2)]] <€D (p,v) .

We can extend the definition to functions taking values in RY, for ¢ > 1. We say that F' : Z — R?
has regularity Ro (&) (wrt ) if z — v - F(w) has regularity Ry (&]|v]|) (wrt ), for all v € RY.

3. The measurability wrt ¥ g is a technical assumption that is required in order to ensure that expressions, such as
fw D(Ps,Psjw=w)dPw (w) in Theorem 2, make sense. The reader can be assured that it holds whenever D is a
measurable function of an f-divergence, or the Wasserstein distance. We refer to Appendix F for more details.
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The concept of ©-regularity is intrinsically connected to the choice of the measure ;1 € &7, in the
sense that f might be R5 (&) regular with respect to u, but not with respect to some other p' € 2.
For two simple concrete examples of ®-regularity, we refer to Lemma 9, in Section 4.

Now, let Z = S and recall that WV is a closed subset of R%, with Borel o-algebra Yyy. On the
product space (W x S, ¥y ®Xs), we consider a probability measure Py, g, with marginals Py and
Ps. Recall that since S is a Polish space, w +— Pgyy—,, defines a regular conditional probability
(cf. Theorem 10.2.2 in Dudley (2002)). The next result, which follows easily from the definition of
regularity, is a powerful tool to derive generalisation bounds.

Theorem 2 Assume that s — Zs(w) has regularity Ro(§) wrt Pg, Yw € W. Then we have
9] = [Epy o5 [Ls(W)] = Epy, s [Ls(W)]| < EEpy, [D(Ps, Pgjw)]

where Ep,, [D(Ps, Psiw)] = [, D(Ps, Psjw—w) dPw (w).*

By specialising the concept of ®-regularity, we can leverage the framework introduced so far
and obtain generalisation bounds based on various probability divergences (cf. Table 1). Moreover,
individual-sample bounds such as those from Bu et al. (2019) can fit in our framework, as well as
bounds based on the random sub-sampling from a super-sample, in the same spirit of the conditional
MI bound from Steinke and Zakynthinou (2020). We refer the reader to Appendix G for a more
detailed discussion of these results.

3.2. Bounds based on the regularity of the loss’s gradient

The bounds based on the chaining technique, such as the CMI bound from Asadi et al. (2018) (see
Proposition 12 in Section 4), do not fit naturally in the framework presented so far. We are thus
motivated to find an alternative setting that naturally gives rise to chained bounds, thus establishing
new generalisation results.

As a starting point, let us notice that the main idea behind the CMI bound is to lift the regularity
assumption from z — ¢(w, z) onto x — ({(w,z) — ¢(w’, x)). A natural guess is that this approach
could provide chained bounds also in our general framework, and this is indeed the case (cf. Theo-
rem 22 in Appendix B.1). However, if £ is regular enough we can focus on the gradient V,,¢(w, x)
instead. Since this leads to more intuitive and compact statements, we chose to consider this case in
the main text.

Assumptions &

o The set W C R% is convex, compact, and with non-empty interior.

e The function w — {(w, x) is of class C* on W, Px-a.s.

e We have sup(,, zyeywxx [(w, )| < +00 and sup ,, pyewxx | Vul(w, z)|| < +o0.

Let us stress once more that the above assumptions are not necessary in order to obtain the duality
chained-unchained bounds. In Appendix B.1 we discuss a more general setting: V' can be non-
convex and with empty interior, ¢ continuous on W (Px-a.s.) and only bounded in expectation.

The chained bounds involve a sequence of finer and finer discretisations of the hypotheses’
space, which can be formalised as follows.

4. Note that w — D (Ps, Ps|w=.) is measurable, since both w +— Pgjw=,, and (i, v) — D(u,v) are Borel measur-
able (see Appendix F).
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Definition 3 (Nets and refining sequences of nets) Given ¢ > 0, we define an s-projection on VW
as a measurable mapping ™ : W — W such that 7(W) has finitely many elements and, for all
weW, ||m(w) —w|| < e. The image (W) is called an c-net on W.

Consider a positive, vanishing, decreasing sequence {ey } nen, and assume that there is a wy € W
such that ||w — wo|| < e for each w € W. We call {m,(W) }nen an {e }-refining sequence of nets
if (W) = {wo} and, for all k > 1, we have that 7y, is a eg-projection and Tj_1 © T = Tp_1.

To simplify the notation, for all w € W we let wy = m,(w), and similarly W), = 7, (W) and
Wy, = m(W). Note that for all k, wy is determined by wy, whenever k' < k, as wy = 7 (wy).
Moreover, for all £ > 1, ||wg, — wi—1|| = [Jwr — Tr—1(wi)|| < €r—1.

The next theorem is the main result of this work. Together with Theorem 2, it establishes the
duality between chained and unchained generalisation bounds, which can essentially be obtained by
lifting the regularity from the loss onto its gradient.

Theorem 4 Assume & and that s — YV, % (w) has regularity Ro(§) wrt Pg, Yw € W. Then, for
any {ey }-refining sequence of nets on W,

1G] = [Bpyygs [Ls(W)] = Epy o [Ls (W] <€ er1Epyy, [D(Ps, Py, )]
k=1

where Ep,, [D(Ps, Psjw, )] = [, D (Ps, IP’S|W€7T;1(w)) dPy (w).

Proof’s sketch Here is a sketch of the proof; see Appendix A.3 for the details. Following the
standard chaining argument, we control .Z;(w) by the telescopic sum ) ;- (-Zs(wy) — Ls(wi—1))-
The upper bound will then follow from the fact that the R (&) regularity of s — V., (w) implies
the Ro(e;—1§) regularity of w — (ZLs(wy) — Ls(wi—1)). [

Both Theorem 2 and 4 are stated under uniform regularity conditions, in the sense that the
value of the regularity’s parameter £ has to be the same for all w € V. However, we can still
achieve generalisation bounds under less strict assumptions. In Appendix B.2 we discuss the case
of a measurable map w — &, such that, for some p € [1,+o0], {i is bounded in LP(Py) (or
LP(Pyw, ), Yk € N). Note that choosing p = 400 brings back the uniform condition.

In a similar spirit, one might try to relax the definition of e-net, by mimicking the stochastic
chaining idea from Zhou et al. (2022). We defer this approach to future work.

4. A few concrete examples: MI and Wasserstein bounds

In the current section we give a few concrete applications of the abstract framework that we have
presented so far. We recover some simple generalisation bounds from the literature and establish a
novel chained bound, based on the Wasserstein distance.

First, we need to state a few standard definitions.

Definition 5 (Subgaussianity) A real random variable Z € L' is &-SubGaussian (£-SG) if
logEp, [M] < ABp,[Z] + £, VYA>0.

A random vector V- € RY is €-SG if, for allv € R, V - v is (||v||£)-SG. Finally, a stochastic process
{FyYwew is €-SG if, for every pair (w,w') € W2, F, — Fy is a (||lw —w'||€)-SG random variable.
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Note that any bounded random variable Z € |[a, b] is b;“ -SG. Moreover, a normally distributed

random variable Z ~ N (0, &) is £-SG.

Definition 6 (Lipschitzianity) A function f : Z — RY is £-Lipschitz on Z if, for all z, 7' € Z,
1f(2) = ()] < €dz(2,7) .

Definition 7 (Kullback—Leibler divergence and mutual information) Let i1 and v be two prob-
ability measures on Z. We define the Kullback—Leibler divergence

E, [logdv/du] ifv < p;

+00 otherwise.

KL(v[|p) = {

For two coupled random variables Z, 7', the Mutual Information (MI) is defined as
1(Z;2") = KL(Pz,2 [Pzs2)-

The KL divergence is non-negative, with KL(v||u) = 0 if, and only if, = v. Similarly the MI is
always non-negative, and null if, and only if, Z 1L Z’.

Definition 8 (Wasserstein distance) Given two distributions p and v on Z and fixed p > 1, their
p-Wasserstein distance 20, is defined as

wp(/": V) = Treil_?[ﬂ J IE(Z,Z’)Nﬂ' [dZ(Zv Z/)p]l/p )

where T[p, v] is the set of all probability measures, on (Z%,%z @ ¥.z), with marginals j1 and v.

It can be shown that for p > p’ we have 20, (p,v) > 2, (i, v), so that in particular 20 is the
weakest. For this reason, henceforth we will focus on 20, which we will simply denote 2.

Using the concepts that we have just introduced, we can give two simple and concrete examples
of ®-regularity.

Lemma9 Let®; : (u,v) — /2KL(v||n) and D2 : (u,v) — W(u, v). Consider a measurable
map f : Z — RY(withq > 1). If f(Z) is £-SG for Z ~ p € P, then f has regularity Ry, (§) wrt
w. If f is &-Lipschitz on Z, then f has regularity R, (€), wrt any p € & such that f € L' ().

4.1. Standard MI and Wasserstein bounds

We state two simple generalisation bounds that were previously mentioned in the introduction. The
proofs that we give leverage the abstract framework of Section 3.1. The first result (Russo and Zou,
2019; Xu and Raginsky, 2017) is an upperbound on G based on the mutual information between W
and S.

Proposition 10 (Standard MI bound) Let Pg = ]P’?}m. If t(w, X) is £-SG, Yw € W, then

01 <62,
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Proof First, since Pg = P}@}m, Zs(w) is the average of m independent £-SG random variables, so
itis (¢/4/m)-SG. In particular, with © : (p,v) — /2KL(v|/), Lemma 9 shows that s — Z(w)
has regularity Ro(£/+/m), Vw € W. We conclude by Theorem 2 and Jensen’s inequality. [ |

The next bound is from Lopez and Jog (2018) and is close in spirit to the previous one, as again it
tries to measure how much information about S is enclosed in W. However, now the Ml is replaced
by an expected Wasserstein distance. In order to get an explicit dependence on 1/4/m, we assume
that the metric dgs on S is related to the one on X via

m 1/2
ds(s,s") = (Z dax (s, x;)2> : )
=1

where s = {z1,...,2n,} and ' = {2, ...,2},}. Note that we do not need Pg = PY"".

Proposition 11 (Standard Wasserstein bound) Suppose that dx and ds are related by (1). If,
Yw € W, x — l(w, x) is {-Lipschitz on X, then
§

G| < NG Epy, [20(Ps, Pgjy)] -

Proof First notice that

m 1/2 m
1
d5(378/) = (de(ml7‘r;)2> > 726&;{‘(%1‘,1‘;),
=1 \/m =1

where we used the Cauchy-Schwartz inequality. Consequently, s — Z;(w) is (£/+/m)-Lipschitz
Vw € W. In particular, if we let ® : (u,v) — 2(u,v), then s — Z;(w) has regularity
Ro(£/+/m) by Lemma 9. We conclude by Theorem 2. [

4.2. Chained MI and Wasserstein bounds

As we mentioned in the introduction, one of the main issues with the standard MI bound is that it can
easily be vacuous, as it is the case when the learning algorithm defines a deterministic map S — W.
To address this issue, Asadi et al. (2018) proposed to build on the chaining technique and established
the bound below. The setting here is quite different from the one of the standard MI bound, as the
process’s subgaussianity takes into account the dependencies between different hypotheses. Letting
{ek }ken be a vanishing decreasing positive sequence, we consider an {g }-refining sequence of
nets {Wx }ken = {m(WV) }ren and recall that Wy, = 7, (W).

Proposition 12 (CMI bound) Let Pg = P?}m and W be a compact set, with an {e,}-refining
sequence of nets defined on it. Suppose that w +— £(w,x) is continuous, for Px-almost every x,’
and that {{(w, X ) }wew is a §-SG stochastic process. Then we have

5 0
1G] < ——= 1 V/2I (Wi S) .
ﬁmkzl ko1 A

5. Note that in Asadi et al. (2018) the result is stated under a weaker assumption of separability of the process. To avoid
introducing further definitions and technicalities in the proofs, we decided to focus on the case of a.s. continuity.
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We provide a proof of Proposition 12 within the extended general framework of Appendix B.1,
while here we establish a similar result, under the more restrictive assumptions é.

Leveraging the machinery developed in Section 3.2, we can expect that lifting the subgaus-
sianity from £ to V¢ we can find a chained version of the MI bound in Proposition 10. Perhaps
unsurprisingly, we simply re-obtain the CMI bound of Proposition 12.

Proposition 13 Let Pg = P?}m and assume &. If V,l(w, X) is £&-SG, Yw € W, we have that for
any {ey }-refining sequence of nets on VW

5 o
1G] < —= er_1V/2I(W; 9).
\/R]; k—1 k

Proof As in the proof of Proposition 10, we have that V,,.Zs(w) is ({/1/m)-SG, Yw € W. In
particular, by Lemma 9 we have that s — V,,.%s(w) has regularity Ro(§/+/m), Vw € W, where
D : (u,v) — /2KL(v||1). Hence, we conclude by Theorem 4 and Jensen’s inequality. [

The next lemma shows that, under the assumptions &, Propositions 12 and 13 are equivalent.

Lemma 14 Under the assumptions &, the stochastic process ({(w, X ))wew is £-SG if, and only
if, Vl(w, X) is a £-SG vector for all w € W.

Once again, the main point of the abstract framework presented so far is to underline a duality:
to each bound based on the ®-regularity of the loss corresponds a chained bound based on the
®-regularity of its gradient. We can hence apply this idea to the standard Wasserstein bound of
Proposition 11 and obtain its chained counterpart, which is a novel result.

Proposition 15 (Chained Wasserstein bound) Ler dy and ds be related by (1). Under the as-
sumptions &, suppose that v +— V., 0(w,x) is -Lipschitz on X, Yw € W. Then, for any {ej}-
refining sequence of nets on W,

G| < \/fm ka—lEIF’W [W(Ps, Psw, )] -
k=1

Proof Let® : (u,v) — 2W(u,v). Proceeding as in the proof of Proposition 11, we have that
Vuws(w) is (£//m)-Lipschitz, Vw € W. In particular, by Lemma 9, s — V,,.%s(w) has regu-
larity Ro(£/+/m), Yw € W. Hence, we conclude by Theorem 4. [

We conclude by recalling once more that, in our framework, any bound based on the regularity
of ¢ gives rise to a chained bound. We refer to Table 1 in the appendix for several explicit examples.

5. A chained PAC-Bayesian bound

The framework introduced in Section 3 focuses on the backward-channel information-theoretic
setting. However, the chaining ideas behind Theorem 4 can fit in a broader context. As an example,
we discuss here a PAC-Bayesian result. Although Audibert and Bousquet (2004) have already
combined the PAC-Bayesian approach with the chaining technique, their use of an auxiliary sample
and of the average distance between nets makes their bounds conceptually different from ours.
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The PAC-Bayesian bounds are algorithmic-dependent upper bounds on the expected generalisa-
tion error Ep,, .[95(WW)] of stochastic classifiers (McAllester, 1998), holding with high probability
on the random draw of the training sample S (see Guedj (2019) and Alquier (2021) for recent intro-
ductory overviews). They share the same underlying idea with the information-theoretic bounds: the
less Py 5 is dependent on S, the better the algorithm generalises. However, in the PAC-Bayesian
setting we compare Py g not with the marginal Py, but rather with a fixed probability measure
[P}y, which can be chosen arbitrarily but without making use of the training sample S.

We state here a very simple classical PAC-Bayesian result from Catoni (2009).

Proposition 16 Assume that ¢ is bounded in [—&,&]. Let P}y, be a fixed probability measure on W,
chosen independently of S. Fix 6 € (0,1) and A > 0. Then, with probability Pg = ]P’?}m larger than
1 — 0 on the draw of S, we have

EIP’WW{QS(W)] < \/Tim h\

A chained version of the above can be obtained by lifting the boundedness hypothesis from £ to V,£.
This is quite peculiar, as most PAC-Bayesian bounds hold for bounded loss functions ¢ C [—¢, &].

3 <A+ I@(PMSHP%)JFIOE-’;};) ‘

Proposition 17 Under the assumptions &, consider a {ey}-refining sequence of nets on YV and
assume that V0 is bounded in [—&, €. Let Py, be a fixed probability measure on W, chosen
independently of S. Fix two sequences {0y} ken and {\ } ken, such that 6, € (0,1) and A\, > 0 for
all k. Assume that ), 0x = 6 € (0,1). Then, with probability Ps = PS™ larger than 1 — & on
the draw of S, we have

oo * 1
e (T KL(Py 5By, ) + log &
< — — .
EPW\S[QS(W” = \/% 2 IOg 50 + ;gkl )\k‘ + )\k

The PAC-Bayesian bound in Proposition 16 is infinite for a deterministic algorithm (that is when
IPW‘ g—, is a Dirac delta for all s € §). Remarkably, for suitable coefficients A\, dx, and e, the
chained bound of Proposition 17 is always finite, since all the terms KL(Py, |5||Pjy, ) are bounded
by log [Wy|. However, the best choice of the parameters A and )\ is delicate, as it cannot depend
on S (and hence on the KL term). We refer to Appendix C for further discussion on this last point.

6. Comparison of chained and unchained bounds

Having established the duality, we are left with the Hamletic question: chained or unchained, what
is the best? First, we notice that the requirements for the chained bounds are somewhat stronger.

Lemma 18 Under the assumptions &, let o and wo be such that ||w—wy|| < o, Yw € W. Assume
that s — V%5 (w) has regularity Ro (&) wrt Pg, Yw € W, and define D?S(w) = Zs(w)—Zs(wp)
and G = EW@S[G?S(W)] _EW,S[G?S(W)]- Then, G = G, and s — ,ﬁ(w) has regularity Ro (o),
wrt Ps and Vw € W.

Hence, whenever we derive a chained bound |G| < £} 772 | ex1Ep,, [D(Pg, Pgyy, )] in our frame-
work, we can always state an unchained counterpart in the form |G| < o€ Ep,, [D(Ps, Py )].
Nevertheless, the next result shows that conditioning on Wy, instead of W can often be helpful.
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Lemma 19 Assume that u — ©(Pg, ) is convex. For any {ey }-refining sequence of nets on W,
the sequence {Ep, [D(Ps, Pgy, )]} ken is non-decreasing and, ¥k € N, we have

IE[FDW [9(P57 PS|Wk)] < EPW [© (]P)S? PS\W)} .

KL(v||u) is convex in both v and p (Erven and Harremoés, 2014), and the same holds for 20 (u, v)
(Villani, 2009). Thus, I(Wy; S) < I(W; S)® and Ep,, [20(Ps, P, )] < Epy, [20(Pg, Pgjir))-

Lemma 19 alone is not enough to ensure that the chained bound is tighter than its unchained
counterpart. However, if Py is very concentrated on a tiny region of W, so that S is almost inde-
pendent of W, up to a small scale (i.e., large k), then one can expect the chained result to be the
tightest. We will clarify this intuition by means of two simple toy examples. Since Asadi et al.
(2018) have already shown that the CMI bound can be much tighter than the MI one, here the focus
is on the Wasserstein bounds.

6.1. Comparison of the chained and unchained Wasserstein bounds

In the following we denote by 5, the standard Wasserstein bound (Proposition 11) and by Byy its
chained counterpart (Proposition 15). For simplicity, we mainly focus on the case m = 1, so that
we can write s = x and G = Ep,;,,  [{(W, X)] — Ep,,  [((W, X)].

Example 1 LetW =X = [-1,1], {(w,z) = (w — 2)% and e, = 27, for k € N. We can find
mappings 7, that define an {¢;, }-refining sequence of nets, with Wy, = {217%j . j € [-2F—1 .
2k=111, where [a : b] = [a,b] N Z. Fix k* € N and define # = 27", Let X be uniformly distributed
on (—6,60). We choose an algorithm that, given x, selects the w minimising ¢(w, z). This means
that Py x—, = 0z, where d, is the Dirac measure centred on z. Note that V£ is 1-Lipschitz and
¢ is 2-Lipschitz (on X, uniformly on W). However, thanks to Lemma 18 we know that we can
consider the loss ¢ (w,x) = l(w,z) — %, which leads to the same generalisation and is 1-Lipschitz.
In this simple example, we can compute exactly everything we need (see Appendix E.1):

—_

2 24
By =B; = §0:0.679; By, = 1T L 93592,

_ 1y 2.
9] = 5 6° = 0.336%; —

2
Note that, as # decreases, Py becomes more and more concentrated, since W lies with probability
1 in (—6,6). In particular, X and W}, are independent for £ < k* = —log, 6, and so the first k*
terms in the chaining sum are null. For this reason, By, captures the right behaviour O(6?) of G for
¢ — 0, which is not the case for B, and ;.

Quite interestingly, it is possible to explicitly evaluate the CMI bound (Bcwmp) as well. We
find Bevr >~ 3.50 6, meaning that in this example the chained MI bound fails to capture the right
behaviour of G as 8 — 0. We refer to Section 7 for a few comments about this. On the other hand,
the unchained MI bound is infinite, since W is a deterministic function of X.

Finally, if we consider a larger random sample S = { X1, ..., X, }, with m > 1, we still have
that the ratio By ¢ /B.» (between the chained and unchained Wasserstein bounds) vanishes as O(0)
for § — 0. Again, this is a consequence of the fact that S and W}, are independent for £ < k*, since
W is the empirical average ) . X;/m and lies in (—6, ) with probability 1.

6. This can also be seen as a trivial consequence of the data-processing inequality.
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Example 2 This toy model is inspired by Example 1 in Asadi et al. (2018). Let W = {w € R? :
|w| = 1}7 and X = R2. Fix a > 0 and let X ~ A((a,0),1d), a normal distribution centered
in (a,0), with the identity matrix as covariance. The algorithm aims at finding the direction of

the mean of X (that is (1,0)), by choosing the w that minimises the loss {(w,r) = —w - z. Let
wo = (1,0) and g9 = 4. For k > 1, let Wy, = {w = (cos éik?,sin 22%3) cje[-2kt 2kl )}

and 5, = 4/2%. We can then easily find projections 7, that make {W;, }ren an {e; }-sequence of
refining nets. Both £ and V¢ are 1-Lipschitz in X', Vw € W. Although it is hard to find the analytic
expressions for By and By, we can study their asymptotic behaviour for ¢ — oco. In this limit, Py
becomes highly concentrated around (0, 1), as it tends towards a Dirac delta. So, for a large enough
we expect the chained bound to be the tightest. Indeed, we find

Gl=0(1/a);  Be=0©(1);  Bve=O((loga—logloga)/a).*

Up to logarithmic factors, By, can capture the correct behaviour of |G| as a — occ.
As a final remark, note that in this example the loss ¢ is not Lipschitz on W, uniformly on X,
and so the forward-channel Wasserstein bound from Wang et al. (2019) does not apply.’

6.2. High concentration is not always enough

In both the previous examples, the chained bound was much tighter than its unchained counterpart
when Py, was highly concentrated in a small neighbourhood U of a single point w,. In particular,
if 2¢ is the diameter of U, we can expect that just knowing that W & U is not informative up to
a length-scale of order . However, this can easily fail when W concentrates around two far apart
points (say w; and ws). Indeed, if for small k we already have that 71 (w1 ) # 7, (w2), knowing that
the chosen hypothesis is next to w; might bring a lot of information about .S. On the other hand,
one can still imagine situations in which there are multiple points around which W concentrates,
yet which one is the nearest to the chosen hypothesis is not informative about the sample.

In Appendix E.1.1, we discuss a high-dimensional version of Example 1, where W does not
concentrate around a single point, but in a thin neighbourhood of a one-dimensional line. We show
that when 0 (the parameter describing the size of the support of W) has the right scaling with the
dimension d of W, the ratio By, /B, vanishes as d — 0.

7. Comparison between MI and Wasserstein bounds

We conclude this paper with a few comments on the relation between the MI-based (Proposi-
tions 10 and 13) and the Wasserstein-based bounds (Propositions 11 and 15). The problem comes
down to comparing the KL divergence with the 1-Wasserstein distance, a task closely related to
transportation-cost inequalities (see Raginsky and Sason (2013) for a pedagogical overview). Let i
be a probability measure on the Polish space (Z, ¥ z). Forn > 0, u is said to satisfy a L' transport-

cost inequality with constant 1 (in short . € T7(n)) if, for any v < p, W (p, v) < /2nKL(v||p).
Hence, whenever Pg € T7(1) we are assured that each one of the two Wasserstein-based bounds is

7. This is not a convex set. However, one can either suitably extend £ to the unit disk in R?, or easily check that the
hypotheses of the extended framework of Theorem 22 in Appendix B.1 are verified (see Section E.2).

8. Here f = O(g) stands for limg— | f(a)/g(a)| < oo, while by f = ©(g) we mean that f = O(g) and g = O(f).

9. Of course, {(w,x) = —w - z/||z|| would bring the same algorithm and is 1-Lipschitz in w. However this is just
due to the radial symmetry. Changing the problem slightly and considering for instance ¢(w, ) = —w - ¢(x), for a
general 1-Lipschitz map ¢ : X — X, would not allow to easily find an equivalent loss that is 1-Lipschitz in w.
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tighter than the corresponding MI-based one. For instance, this is the case when Pg is a multivariate
normal whose covariance matrix is the identity (Talagrand, 1996), as in Example 2. However, there
is a price to pay: whenever the L' transport-inequality holds, then Lipschitzianity is stronger than
subgaussianity. More precisely, Bobkov and Gotze (1999) showed that p € T1(1) if, and only if,
for every {-Lipschitz function f : Z — R, f(Z) is {-subgaussian for Z ~ p.

It is worth noticing that, if the size of the support of X is particularly small, the Wasserstein
bounds can be much tighter than the MI ones. This is for instance the case in Example 1, where
the length-scale of the support of X is given by 6. There, the chained Wasserstein bound goes as
6%. A factor 6 is brought by the chaining technique, which allows us to neglect the contributions
of the larger length-scales, whilst the other factor 6 is due to the use of the Wasserstein distance,
which intrinsically takes into account the considered length-scale. In contrast, since the MI is scale-
invariant, the CMI bound has only a linear dependence in  coming from the chaining method.

7.1. Scaling with the sample size

It is worth mentioning the different roles that the factor 1//m plays in the MI and the Wasserstein
bounds. In the MI bound this scaling is linked to concentration properties, since it comes from the
fact that the average of m independent £-SG random variables is (£ /+/m)-SG. The requirement that
S is made of independent draws is hence essential in this case. On the other hand, in the Wasserstein
bound the factor 1//m has a merely geometric origin and follows from the relation (1) between the
metrics dy and ds. In particular, an alternative choice of ds might yield a different factor in front
of the bound, but also change the scaling with m of the Wasserstein distance. A priori, it is not easy
to say which ds would bring the tightest bound. Once more, let us stress that the Wasserstein bound
does not require that Pg = P$™. Indeed, 20(Pg, P syw) will take into account the dependencies
between the training inputs, and we can expect it to scale poorly with m if the different X; in S are
strongly correlated. However, even in the case of independent X, it is hard to say in general what
is the exact dependence with m, for both I(W; 5) and W(Pg, Py ).

As a final remark about the case Pg = P?}m, just by looking at Px it is sometimes possible to
establish that both the standard and chained Wasserstein bounds are tighter than their MI counter-
parts, no matter the size of the training dataset and the choice of the algorithm. To this purpose,
we can again exploit some classical results on the transport-cost inequalities (Raginsky and Sason,
2013; Gozlan and Léonard, 2010). For a probability measure p, we say that p € To(1) if, for any
v <y, Wo(p, v) < /2KL(v||p). It is known that p € T5(1) implies that u®™ € Th(1), Vm > 1.
In particular, if Py € T5(1), then we are ensured that Pg = P?}m € T5(1). Since W = W; < Wo,
Px € T»(1) actually implies Pg € T1(1), which (as we discussed the beginning of this section)
means that each Wasserstein-based bound is tighter than the corresponding MI-based one.

8. Conclusion

We introduced a general framework allowing us to derive new generalisation results leveraging on
the chaining technique. By doing so, under suitable regularity conditions we established a duality
between chained and unchained generalisation bounds. Although the chained bounds usually come
at the price of stricter assumptions, sometimes they better capture the loss function’s behaviour,
especially in cases where the hypothesis distribution is highly concentrated. We hence believe that
combining the chaining method with other information-theoretic techniques is a promising direction
in order to tighten the bounds on the generalisation error.
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In this work we have mainly focused on the backward-channel information-theoretic perspec-
tive, as we believe that it combines naturally with the chaining on the hypotheses’ space. However,
the chained PAC-Bayesian result that we presented is an example of a forward-channel bound, as
it considers the distribution of the hypotheses, conditioned on the sample. A future direction of
study could be to extend our general framework to include forward-channel bounds. We believe
this should not present major technical difficulties and might bring new interesting results.

Although information-theoretic bounds are usually hard to evaluate in practice, recent works
have derived computable analytic bounds for specific algorithms, such as Langevin dynamics or
stochastic gradient descent, by upper-bounding information-theoretic generalisation results. We
believe that combining these ideas with the chaining technique is a venue worth exploring.
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Appendix A. Omitted proofs of Sections 3 and 4

Here (Z, dz) is a separable complete metric space, with Borel o-algebra 3 z induced by the metric.
W x Z is endowed with the product o-algebra ¥y ® X z. & denotes the space of probability
measures on Z and is endowed with the o-algebra induced by the topology of weak convergence.

A.1. Proof of Lemma 9

Lemma9 Let ©; : (u,v) — /2KL(v||p) and D2 : (u,v) — W(w,v). Consider a measurable
map f: Z2 — R (withq > 1). If f(Z) is &-SG for Z ~ p € 2P, then f has regularity Ry, (§) wrt
. If f is &-Lipschitz on Z, then f has regularity Ry, (€), wrt any i € & such that f € L*(u).

Proof First, notice that Lemmas 28 and 29 ensure that both ©; and - are measurable, as required
by Definition 1.

Assume that f(Z) is £&-SG for Z ~ p. Then, by definition f € L' (). Fix v suchthat f € L'(v)
and Supp(v) C Supp(p). If ¢ = 1, the Donsker-Varadhan representation of KL (Donsker and
Varadhan, 1983) and subgaussianity yield

KL(v) 2 sup AEL(2)] - (7)) - vt 2 = L AT il
AER

from which the ©-regularity of f follows immediately. The case of a generic ¢ > 1 is trivial, since
v- f(Z)1is (&]|v]|)-SG by Definition 5, for all v € RY.

Now, let f € L'(u) be &-Lipschitz. If ¢ = 1, let 7 be any coupling with marginals z and v. We
have that

Eulf(2)] = Eu[f(D)]] = [Ez,20)nr[f(Z) = F(Z)| < EB(z,2)nrld(Z, Z7)] .

The ®q-regularity can be established by taking the inf among all the couplings 7 with marginals p
and v. The case ¢ > 1 follows from the fact that z — v - f(z) is (£||v||)-Lipschitz. [

A.2. Proof of Theorem 2

Theorem 2 is equivalent to the following result.

Theorem 20 Consider a measurable map F : W x Z — R, such that z — F(w, z) has regularity
Ro (&) wrt Py and for all w € W. Then we have

’EPW®Z[F(VV7 Z)] - EPW,Z[F(W7 Z)” < éEPW [Q(PZ> IP>Z|W)] :

Proof First, note that Supp(P 7y =.,) € Supp(Pz) by Lemma 30 and Ep,,, . [[F(w, Z)[] < oo,
Pyy-a.s, since Epy, , [|F(W, Z)|] < +o0c. In particular, for Py, -almost every w € YV we have that

|E]PZ [F(w7 Z)] - E]PZ\W:w [F(w, Z)” S fQ(PZJP)Z\W:w) .

Then the conclusion follows by taking the expectation wrt Py and using Jensen’s inequality. |
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A.3. Proof of Theorem 4

Theorem 4 follows from the next result, which is a direct corollary of Theorem 22 and Lemma 23,
proved in Appendix B.1.

Theorem 21 Let WV be a compact convex subset of R® with non-empty interior. Consider a measur-
ablemap F : Wx Z — R, suchthatw — F(w, ) is C1, Pz-a.s. Assume that SUP (w2 ewxx [F(w, 2)| <
+00 and sup, yewxx Vol (w, 2)| < +oo. If 2 = Vi F'(w, 2) has regularity Ro(§) wrt Pz,

Yw € W, then we have that for any {ey, }-refining sequence of nets on YW

|EIPW®Z [F(VV’ Z)] - EIPW,Z [F(VV? Z)” < gz Ek—lEIP’W [Q (PZ, PZ|Wk>] :
k=1

Proof By Lemma 23, the regularity of V,, F’ implies that the map z — (F(w, z) — F(w', 2)) has
regularity Ro (&||jw — w'||), wrt Pz and for all w,w’ € WW. We conclude by Theorem 22. [ |

A.4. Proof of Lemma 14

Lemma 14 Under the assumptions &, the stochastic process (¢(w, X))wew is £-SG if, and only if,
Vwl(w, X) is a £&-SG vector for all w € W.

Proof First, notice that, without loss of generality, we can consider the case of a one-dimensional
W C R. Indeed, if W is higher dimensional, for any two given points w and w’, we can always
restrict to a line connecting them, making the problem 1D. Moreover, letting £(w, z) = {(w,z) —
Ep, [¢(w, X)] we have that the assumptions in & ensure that V,,¢ = V,,¢ — Ep, [V,,¢]. So, we just
need to show that the lemma holds for .

Now, let £ be a £-SG process, so that for ¢ # 0 and A € R

E]px [eA(Z(w+€,X)*l7(w,X))/5] < 621-722 £2¢2 _ €>\227§2 .

In particular, by Fatou’s lemma we have

Ep <e 2

)\aw[(’u) X) . A )\Z(1u+E,X)—Z(w,X)i|
e ] =Ep, [lime E
N | = Ep, [lim

. . L(w+e, X)—L(w,X) )\252
<liminf Ep, [6)\ E } <
e—0

For the reverse implication, assume that 0,,¢(w, X ) is £-SG for all w € W. Fix w,w’ € W. By
the assumptions & we have that, Px-a.s.

/

l(w' z) — l(w,z) = /w Owl(u, x)du .

w

Fix a positive integer NV and let u; = w + j(w’ — w)/N. We have

N
’_ — w —w —
E]P’X e)\wNw Zé\;l 8w€(u3-,X):| — E]P’X H e)\Tawf(Uj,X)
7=1

N
< H EIP’X [ek(w’fw)awZ(Uj,X)]l/N < 6()\252(1”7“/)2)/2 ‘
j=1
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Now let Yy (z) = “’
Px-a.s. that

N ", Owl(uj,z). Since w — L(w,z) is C! (Px-a.s.) by &, we have

lim Yn(z / Owl(u, z)du = (v, ) — l(w,z) .

N—oo

We conclude that

9

wl—w
lim Ep, [eA N

SN Owl(uj@) | _ A(w' z)—b(w,z))
N—o0 = ’ } EPX [e }

since by & 0,/ is bounded. [ |

Appendix B. Extended general framework
B.1. Weakening the assumptions for the chained bounds

The framework that we presented in the main text required the assumptions & for ¢ (or F' in the
setting of Theorem 21) for the chained bound. Actually a result equivalent to Theorem 4 can be
obtained with weaker assumptions, namely just requiring almost sure continuity and boundedness
in expectation for ¢, and dropping the convexity hypothesis for V.

Theorem 22 Let W be a compact subset of R and {W} a {} }-refining sequence of nets on W.
Consider a measurable map F : W x Z — R, such that w — F(w, z) is continuous on W, Pz-a.s.,
and Ep , [sup,,cyy | F(w, Z)|] < +00. Moreover, assume that the function z — F(w, z) — F(w', z)
has regularity Ry (&||w — w'||) wrt Py, for every (w,w') € W2. Then, we have

|E]PW.,Z[F(VV7 Z)] - EPW@Z [F(VV, Z)” < gz Ek—lEPW [Q(PZa PZ|Wk)] ’
k=1

where EIP’W [Q(PZ’PZWVI@)] = fWQ(PZ’PZ\WEWIZI(w))dPW(w)‘

Proof First notice that w — F'(w, z) is uniformly continuous on W, Pz-a.s., since W is compact.
It follows that z — sup,,cyy | F(w, 2) — F(wg, 2)| = 0, Pz-a.s., and so, using the fact that this map
is dominated by z — 2 sup,,cyy |F(w, 2)|, which is in L' (Pz) by hypothesis, we get that

E]P’ Sup ]F(w,Z)—F(wk,Z)] _>07

wew

zZ

as k — +o0, by dominated convergence. In particular, Ep, ,[|F(W,Z) — F(Wy,Z)|]] — 0
and Ep,, , [|[F(W,Z) — F(Wg, Z)|] — 0. Moreover, recalling that Wy = {wo} we see that
EPW@Z [F(Wo, Z)] - EPW,z[F(Wﬁv Z)] = 0. It follows that

}EPW@@Z[F(W? Z)] - EPw,z[F(W» Z)H

< Z |Epyy oy [F (Wi, Z) — F(Wi—1, Z2)] — Epyy , [F(Wi, Z) — F(Wy—1, 2)]| o
k=1

o0

Z ‘EPW,C®Z Wk7 ) F(Wk—laz)] - EPWk,Z[F(kaz) - F(Wk—bz)]‘ .
k=1
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Now, notice that Supp(P |y, —v,) S Supp(Pz) Pw-a.s. by Lemma 30. Moreover, by the fact
that Ep,, [sup,,c)y |F(w, Z)|] < 400 we have Ep 1w, [sup,,eyw |[F(w, Z)|] < 400, and so in
particular Ep,,, _, [|F(wg, Z) — F(wg—1,2)|] < +o0, for Py, -almost every wy. Thus, using

the regularity of F' we find that

‘EPZ[F(wk’Z) - F(wkflﬂZ)] [F(wk7z) - F(wk*hZ)H

< Elwg — w1 [|D(Pz, Pziw=wy ) »

- EIPZ\Wk:wk

3)

for Py, -almost every w;. We can hence conclude by taking the expectation wrt Py, and using
Jensen’s inequality. |

It is easy to see that the current framework includes the one in the main text.

Lemma 23 Let W C R? be a convex set. Consider a measurable map F : W x Z — R
with the following properties: w — F(w, z) is C1 Pz-a.s., sup(, yewxz |F(w, z)| < +oo, and
SUP(w,2)ewx 2 | Vu ' (w, 2)|| < 400. If 2 = Vi F(w, 2) has regularity Ry (§) wrt Pz, Vw € W,
then z — (F(w, z) — F(w', 2)) has regularity Ro (&||w — w'||) (wrt Pz and Vw,w' € W).

Proof Fix a probability P, on Z such that Supp(ﬁ”z) C Supp(Pz). Now, notice that since W is
convex, and F is C1, for P, -almost every z we have

1
F(w,2) — F(w',2) :/0 VuwF(wg, 2) - (w—w')dt,

where wy = w’ + t(w — w'). Since F is uniformly bounded, we can use Fubini-Tonelli’s theorem
and Jensen’s inequality to write

B, [F(w, 2)]-Ep [F(uw', Z)]]

1
< / [Ee, [VuF (s, 2) - (w—w)] ~ Eg, [VuF (i, 2) - (w—w)]| dt
0

Using the fact that z — F(wy, 2) is in both L'(P) and L'(P) since F is bounded, we conclude
by the regularity of V,, F'. |

All the bounds of this paper can be restated in this more general framework. We will only give a
direct proof of Proposition 12.

Proposition 12 Let Pg = P}e}m and W be a compact set, with an {ey}-refining sequence of
nets defined on it. Suppose that w v+ ((w,x) is continuous, for Px-almost every z,'° and that
{l(w, X) }wew is a £&-SG stochastic process. Then we have

é. o
\Q!g—E ep1V/2I(Wy; S).
\/meI k—1 k

10. Note that in Asadi et al. (2018) the result is stated under a weaker assumption of separability of the process. To avoid
introducing further definitions and technicalities in the proofs, we decided to focus on the case of a.s. continuity.
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Proof By standard arguments, {.Zs(w)}ses is a (§/y/m)-SG process. Hence, Lg(w) — ZLs(w') is
(&/+/m)-SG for every w, w’ € W. By Lemma 9, s — % (w) — Zs(w') has regularity Ro (£/1/m)
wrt Pg (Vw € W), with ® : (pu,v) — +/2KL(v||p). Finally, let g(w,s) = ZLy(w) — ZLs(w).
Clearly g has the same regularity of .. It is not hard to show that Ep[sup,,cy |g(w, S)|] < 400
(this is a straight consequence of Remark 8.1.5 in Vershynin (2018)). We conclude by Theorem 22
and Jensen’s inequality. |

B.2. Bounds for non-uniform ©-regularity

As mentioned at the end of Section 3, the results given so far are stated under uniform regularity
assumptions. The next two results show that this is not strictly necessary, and that slightly different
bounds can be obtained relaxing these assumptions.

Theorem 24 Consider a non-negative measurable function w +— &, such that |§w || r ) = &
for some p € [1,+00|. Assume that a measurable map F : W x Z — R is such that z — F(w, z)
has regularity Ro(§w) wrt Pz and for every w € W. Then we have

|EPW®Z[F(VV7 Z)} - EPW,Z[F(W Z)” < gEPW [@(Pz, IP>Z|W)T]1/r )
where 1 is such that 1/p + 1/r = 1 (with the convention 1 /o0 = 0).

Proof The proof is essentially the same as for Theorem 20, the only difference being that now we
have

UEPZ [F(w’ Z)] - EPz\wzw [F(’Uj, Z)” < fu) ZD(]P)Z7 IP)Z|V[/=w) ,

whose expectation under Py, can be upperbounded via Holder’s inequality |

Theorem 25 Let W be a compact subset of R% and {m,(W)} a {e}-refining sequence of nets
on W. Consider a measurable map F : W x Z — R, such that w — F(w, z) is continuous
on W, Pz-a.s., and Ep,, [sup,cp |F(w, Z)|] < +o00. Fix £ > 0 and consider a measurable map
w > & > 0 such that ||Ew, || e py,) < & for all k € N and for some p € [1,+oc]. Assume that
for every (w,w') € W2 the function z — F(w, z) — F(w', ) has regularity Ro (£,||w — w'|]), wrt
Py,. Then, we have

[Epyy, [F(W, Z)] = oy, [F(W, 2)]| <€ ep1Epy [D (P2, Py, )17
k=1

where 1 is such that 1/p + 1/r = 1 (with the convention 1/00 = 0).

Proof The proof is essentially analogous to the one of Theorem 22, but instead of (3) now we have

BB, o, (Wi Z) = F(wi—1, Z)] = Ep, [F(wy, Z) — F(wy—1, Z)]|

< k1D Pz, Py —w,,) -

The conclusion follows easily by Holder’s inequality. |
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Appendix C. PAC-Bayesian bounds

The next result (Catoni, 2009) is a classical PAC-Bayesian bound. For the sake of completeness we
give here a standard proof.

Proposition 16 Assume that { is bounded in [—§,§]. Let P}y, be a fixed probability measure on W,
chosen independently of S. Fix § € (0,1) and A > 0. Then, with probability Pg = P?ém larger than
1 — 6 on the draw of S, we have

EPWlS[gS(W)] < \/ﬁ \

Proof We define Py, = Pj; ® Ps. Fix A > 0. Using the Donsker-Varadhan representation of
the KL divergence (Donsker and Varadhan, 1983), we have that for all s € S

; (H KL (s [Pjy) +1og3;> |

Ep 5. [95(W)] (KL(Pyws—slIPiy) + log By, [V o= (W)/S])

¢
= Jamn

By Markov’s inequality, we have that

PS (]EIP"*,V [e\/%kgs(w)/f] < EEP*

<3 W®S[6\/%/\QS(W)/§]) >1-96.
Now, for all w € W we have that (w, X) C [=§,£] is £-SG. In particular ggs(w) is (£/y/m)-SG,
as Pg = PY™. Since Ep, [gs(w)] = 0 we have

log Eg, _ [eV2mA9s (Ve < 32,

from which we conclude. |

Note that although Proposition 16 is valid for all A > 0, we cannot optimise the final bound wrt A.
Indeed, we have that such a choice of A would depend on KL(Pyy|g, Py;,) and hence on the particular
sample used. A possible strategy to overcome this issue consists in selecting a few possible values
A1, ..., A for A, before drawing the sample .S. Then, by mean of a union bound, one can say that
with probability Pg higher than 1 — ¢ the generalisation is bounded by the best PAC-Bayesian
bound among the ¢ ones obtained.

Proposition 17 Under the assumptions &, consider a {c}-refining sequence of nets on W and
assume that V0 is bounded in [—&,€]|. Let Py, be a fixed probability measure on W, chosen
independently of S. Fix two sequences {Jy }en and {\i }ken, such that o, € (0,1) and A\, > 0 for
all k. Assume that .. 6 = 0 € (0,1). Then, with probability Pg = PY™ larger than 1 — & on
the draw of S, we have

o) * 1
e (T KL(By 5By, ) + log &
E < —==124/log — _ .
PW\S[QS(W)} = \/% og 50 + ggk 1 )\k + )\k

Proof By the assumptions in &, w — Z;(w) is uniformly continuous on W, Pg-a.s. In particular,
SUPew |-Ls(w) — ZLs(wy)| = 0as k — oo, Pg-a.s. As a consequence sup,,cyy |Epg[-Ls(w)] —
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Ep,[-ZLs(wr)]| — 0 (Ps-a.s.) since the loss is uniformly bounded. It follows that, for Pg-almost
every s,
klglc}o EPW\S:S HQS(W) - gs(Wk)H =0.

Hence, recalling that Wy = wg, we have that, Pg-a.s.,

EPW|S=S [9s(W)] = gs(wo) + Z]EIPWMS:S [9s(Wg) — gs(Wi—1)] -
k=1

On the one hand, by Hoeffding’s inequality (Hoeffding, 1963), the first term in the RHS can be
upper-bounded with high probability, as

Pg (gs(wo) > &4/ 2 log %) <do.

On the other hand, proceeding as in the proof of Proposition 16, for each term in the telescopic sum
we can write, for Pg-almost every s,

Epyey . [95(Wi) — 92 (W)

ex—1§ i VA (9s(Wi)—gs (Wi—1))/(e1-16)
< . « k\Gs k)—3s k—1 kE—1 .
< o (KB =l Piv,) + log By, [e )

Now, V¢ C [—€,¢], and hence V,0(w, X) is £-SG, for all w € W. By Lemma 14, we have that
{l(w, X) }wew is a £-SG process. In particular, {gs(w) }wew is a centred (£/1/m)-SG process, as
Ps = ]P)?}m. We have thus obtained that

log Eps [e\/%/\k(QS(Wk)_QS(Wk—l))/(ak—lg)] <A,

W, ®S5

By Markov’s inequality we have that

£ KL (Pyy, 5P}y, ) + log 3
Ps (EPWkS[QS(Wk) — gs(Wi_1)] > =~ 18 (Ak + WY W O < 0y, .

V?2m Ak

We conclude by a union bound. |

As for the standard PAC-Bayesian result, here as well we cannot directly optimise the parameters
Ak. Clearly one can again proceed by fixing few possible values for each parameter and then use
a union argument to select the best bound. However, in this case this might become particularly
hard, due to the large number of parameters. A possible way to address this problem consists in
doing some optimisation that does not rely on the value of KL(Py, s, ]P’*Wk), to reduce the num-
ber of parameters. For instance, we can proceed in the following way. One might suppose that
KL(Pyy, s, ]P"Ijvk) increases linearly with k. Note that this is for instance the case if the algorithm is
deterministic and Py, is uniform. So, let us say that we believe that KL(Pyy, |5, Py, ) = ok, for
some « > (0. Then we are allowed to optimise all the )\, in the chained PAC-Bayesian bound where
KL(Pw, s> P*V‘Vk) is replaced by ak. This leads to

00 * 1
13 [ 1 KL(Pyy, 5[ Py, ) + log 5
E W) < —[24/log — + E Eh o,

,/ozk—i—logi
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which is a valid bound, holding with probability higher than 1 — 4, for all & > 0. Now we have
essentially replaced the \; with a single parameter cv. Again we cannot optimise directly wrt «, but
we can proceed as for the unchained bound, finding a good e by means of a union bound.

As a final remark note that one might want to optimise in terms of J; as well. This should
be possible, but the constraint )}, 6, = J and the non-convexity of the problem can make the
minimisation quite hard in practice. Yet, one can probably resort to numerical methods.

Appendix D. Omitted proofs of Section 6

Lemma 18 Under the assumptions &, let £ and wq be such that ||w—wy|| < o, Yw € W. Assume
that s — V%, (w) has regularity Ro (€) wrt Pg, Yw € W, and define Zy(w) = Z,(w) — Zs(wo)
and G = By s Ls(W)|—Ew.s[Ls(W)). Then, G = G, and s — ZLs(w) has regularity Ro (£0€),
wrt Pg and Yw € W.

Proof The fact that Ep,, ([ Ls(wo)] = Epy,,s[-Ls(wo)] implies that G = G. The regularity of

s — Z,(w) is a direct consequence of Lemma 23. [

Lemma 19 Assume that v — ©(Pg,v) is convex. For any {e }-refining sequence of nets on W,
the sequence {Ep, [D(Ps, gy, )]} ken is non-decreasing and, ¥k € N, we have

IF‘J]P’W [Q(PS> PS|Wk)] < EPW [Q (PSa PS\W)] :

Proof Fix k > 0 and wy, € W such that Py (W, = wy) > 0. For any measurable set U on S , we
have

Pgiwy—uw, (U) = /W P —u (U) APy 1, =y (W)

dPy (w)

. . —1 . .
= B (W W € T (wy), and 0 otherwise. Hence, we can write

where dPyy |y, =, (W)

D(Ps, Pgjw,—w,) =D (Ps,/w ]P’swzw(')dpwwkzwk(w)) :

Since v — ©(Pg, v) is a convex function, we can use Jensen’s inequality to obtain

D(Ps, Pgjw,—w,) < /W D(Ps, Poyw—w) APy w, =, (W) -
By taking the expectation wrt [Py, we conclude that

IEIPJW [Q(P57 ]P)S|Wk)] < EPW [Q (]P)Sv PS\W)] :

Now, for any k&’ > k, the same proof can be used to show that

Epy, [D(Ps, Psyw, )] < Epy, [D(Ps, Psyw,, )]

by simply replacing W with Wy and Py with Pyy,,. |
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Appendix E. Toy Models
E.1. Example 1

Let W =X = [-1,1], {(w,z) = 3(w — z)?, and g = 27", for k € N. We can find mappings y
that define a {} }-refining sequence of nets, with Wy, = {2'7%;j . j € [-2F=1 : 2F=1]}, where
[a : b] = [a,b] N Z. Fix k* € N and define §# = 27*". Let X be uniformly distributed on (-6, 6),
thatis X ~ U(_g ). We choose an algorithm that, given z, selects the w minimising ¢ (w, x). This
means that Py y—, = d,, where d, is the Dirac measure on z. Note that V¢ is 1-Lipschitz and
{ is 2-Lipschitz (on X, uniformly on W). However, thanks to Lemma 18 we know that we can
consider the loss /(w,z) = {(w,z) — %, which does not affect the algorithm, leads to the same
generalisation, and is 1-Lipschitz. The marginal distribution of W is W ~ U_g g). Moreover, we

have Ep,,  [((W, X)] = 0 and Ep, [((w, X)] = ( 24 ) So,

G = By LV, X)) = By [0V, )] = By |5 (W24 ‘;ﬂ _”

Recall that we denote as B the bound in Proposition 11 and as By, the chained bound from
Proposition 15. We denote as B; the unchained bound obtained using { instead of /. Clearly we
have B; = B,/2. We will now evaluate B; and By,. As a starting point, note that the 1-Wasserstein
distance between two uniforms measures, on the intervals (A, B) and (a,b) C (A, B), is given by

(A—a)’+ (B —b)?
2(B-A)—(b—a))’

W(Ua,B), Uap)) =

Note that choosing a = b € [A, B] in the RHS above gives the 1-Wasserstein distance between a
uniform distribution and a Dirac measure. Now, leta = b = w, A = —0 and B = . We find that

0 w?
W(Px, Pxjw—w) = B <1 + 02> :

It follows that
2
B; = Ep,, [W(Px, Pxjw—w)] = 3 0.

Comparing G and Bj, we realize that the standard Wasserstein bound becomes loose for small 6.
Now, fix k € N. If & < k*, then m;(w) = wo = 0 with probability 1. In particular, we have
that Wy, 1L X and hence W(Px, Py, ) = 0. We will hence focus on the case k > k*. Let

k = k* 4+ k’. Now, notice that 7, defines 2¥ + 1 intervals in (—6,0). We will denote them as I},
where j € [~2¥~1: 2¢'~1]. We have I_,u_, = ( L2y and Ty s = (2572, 2 ), while,
for j € [—2’“'*1 +1:2K-1 - 1], I; = ( 2k ) 2 . Note that the two outer intervals will have
probability Pyy (W € I_ow_1) =Py (W € I_ju_y) = 2~ (K+1) "while for the inner intervals, we
have Py (W € I;) = 2%

Now, for j € [—2F~1+1: 28~1 — 1] we define a; = 25 and b; = 2.EL. Note that for
all these inner intervals we have b; — a; = 2'%, (b; — a;)/0 = 2%, a;/0 = (25 — 1)/2¥, and
b;/0 = (2§ +1)/2¥". So, the contribution brought by the inner intervals to Ep,, [20(Px, Pxw, )]
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is given by
, N2 ) 2
; #oo (1425 4 (-1 2
LT oW 4(1—2)
j=—(2F~1-1)
9 / ! !
:m@—mm—k +11 x 272 — 3 x 273%)

On the other hand, the contribution of the two outer intervals (j = +2F'~1) is given by

2
9_ L
1 7 1 | ,
Ey=2x o ( 2'“) 0 <2—2):9<2_k—2x2_2k>.

oK' +1 9 (2_ 1 ) T 2R K

ok
We conclude that, for ¥’ > 1 and k = k* + &/, we have

Epy, [W(Px, Pxw, )] = E1 + E2

0 / , ) o1 /
= (4—12x2F p11x 2 _3x 2y pg(oF — 2 x|
61—z %) xa X x 27 + 5 %
We can finally compute Byy, as we have
=1
Byi=) i1 B [W(Px, Py, )]
k=1
L 1 247 )
- 2? Z WEWI@*+M [w(]P)X)]P)X|Wk*+k,)] = ﬁg ~ 2.356~.
k=1

Now, it is interesting to compare these results with the CMI bound. For this purpose, we need to
compute I (Wy; X) for a fixed £ € N. Similar to the chained Wasserstein bound, for £ < k* we have
that I(Wy; X) = 0 as Wy, 1L X. Therefore, we focus on k = k* 4+ k/ where &’ > 1. First, notice
that the KL divergence between two uniform measures, on the intervals (A, B) and (a,b) C (A, B),
is given by

B-A
KL(U(a)[IU(4,m)) = log 7—~.

As a consequence, we have that for the inner intervals I; (with j € [—2’“'_1 + 12K -1 1))
KL(IPX|Wkte HPX) - log(Qk_k*) - k/ 1Og 2 )
while for the two outer intervals we have
m(PX‘WkEI_lefl ||Px) = m(PX|Wke]_2k/71 ||Px) = 10g(2/€+1—k*) — (k’/ + 1) 10g2 )

Taking the expectation wrt Py we obtain

lefl
I(Wi; X) = Epyy [KL(Px 1w, IIPx)) = Y Pw(Wi € [)KL(Pxw,er, IPx)
j:_gk’fl
=2 x 27 F D £ 1) log2 4+ (1 — 2 x 2= FF D)k 10g 2 = (K 427 ) log 2.
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Therefore, the CMI bound is given by

— 1
Bemr = ZT\/ (Wi; X)
k=1

k'=1

For & — 0 (i.e., k* — 00) Byy is much tighter than By and Bewy, as it captures the asymptotic
behaviour of G = 62 /3.

Finally, let us consider the case of a random sample S = { X1, ..., X,,}, form > 1. We denote
as By ¢ the chained Wasserstein bound, and as B ¢ the unchained one. Minimising .Zs leads to

Since each X lies in (—6, #) with probability 1, in particular we have that
Pw (W € (—0,0)) =

So, for k < k*, W}, is deterministic and hence .S 1L Wj. We get

1 1 1 1
- — IP’ P E Pq. P <2
By o — kZ:: o s, Psjw, )] = — ];/ 1 ok T “Pw (W(Ps, Py, )] 0By,

where we used Lemma 19 and the fact that # = 27*". We have thus seen that even for large samples
we still have that for § — 0

By .y
B =00).

E.1.1. HIGHER DIMENSIONAL VARIANT FOR A GENERIC LOSS

We discuss now a higher dimensional version of the above toy model. Fix a positive integer integer
d>1. Let W= X = [~1,1]% Fix an integer k* > 1 and define §# = 27*". We will assume that
the choice of k* scales with d so that § = ©(d~ ) for some o > 0. Let X be uniformly distributed
on Ry = (60,0)%1 x (=1,1). For k € N we let ¢, = 27%1/d (the rescaling /d is necessary as
now W has diameter 21/d) and we consider a {e }-refining sequence of nets Wy = W,‘?d, where
Wi = {2'%j . j e [-2F1 : 28-1]}. We consider a generic loss function ¢ satisfying the
assumptions in &, and such that V¢ is 1-Lipschitz in X', uniformly in W. From Lemma 18 we
know that we can find a loss £ which is \/&—Lipschitz (asep = \/&), and in general we cannot assume
the Lipschitz constant to be smaller. As in the 1D example, we assume that we have an algorithm
that given x, selects w = x. This means that IPW| x—z = Oz, Where 9, is the Dirac measure on x,
and so the marginal distribution of W is Ug,.

As we are interested in evaluating the Wasserstein bounds, we will need to compute quantities
like W(Px, P x| —w) and W(Px, P x|y, —w, ). This can be a pretty hard task if we use the standard
2-norm on R? as the distance on X'. To give an idea of the challenge, note that already in dimension
d = 2 computing the expected distance between two uniform distributions on rectangles is far from
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being trivial (Marsaglia et al., 1990). For this reason, everything is much easier to compute if we
endow X with the distance given by the 1-norm on RY, that is

d
dx(z,2') =Y |wi — aj],
=1

where z; and z are the components of  and z’. We will denote the Wasserstein distances computed
in this way as 20, and the bounds based on this distance as 3. Note, however, that we always have
that 20 < 2, where 27 is the Wasserstein distance with cost

dx(x,2') = ||z — 2,

as dy(z,2') < dy(z,z') for all z, 2. Moreover, when z and 2’ are in Ry, we have that dy (z, ') —
dx(x,2") = O(#v/d — 1). For this reason, since § = ©(d~), we obtain that B, — By = O(d'~®)
and ng — Bye = O(dl_a).

Now, for the Wasserstein distatence between Px and Pxy—,,, thanks to the fact that we are

using dy, we have
d

WPx, Pxjwew) = > Wi (Px,, Px,jwew) ,
=1

where 201p is the Wasserstein distance wrt the 1D distance dy;,(x;, 2;) = |z; — «}|. Taking the
expectation wrt Py we find

57 = Vd Bz, [W(Px, Pxjw)] = Qf (1= (d=1)9) = O(d"/? +d%2).

Since Bg — B; = O(d'™?), if follows that
B; = ©(d"? + d** ).

We are now left with the task of estimating By,. Fix wy, such that Py (W), = wy) > 0. Now,
we have that P x|y, =, 1s the uniform distribution on the rectangle 7r,;1 (W). Up to sets of measure
0, we can find d intervals (a;, b;) such that

T ' (W) = (a1,b1) x -+ X (ag, bg) -

We can choose a transport plan that is composed of d steps. First we squeeze all the probability
mass from X to (a1, b;) x (—1,1)%1. Then we squeeze the second component, and so on. In this
way we find that

d
m](]P)Xa PX\Wkak) < Z QﬂlD(]P)Xw ]P)Xi\szwk) .

i=1
On the other hand, we have that
WPx P, —wr ) = inf E(x xryorldr (X, X'
( X Xkaiwk) WEH(PX}ﬂglx|Wk:wk) (XX ﬂ—[ X( )]
d d
= inf E N1 X — X > Wip(Px,,Px. 1w, — .
By B 0 S0 P
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We conclude that

d
WP, Pxjwy—w) = D W(Px, P, jwy—w,) -
i=1

We are now back at evaluating Wasserstein distances between uniform distributions on invervals.
Proceeding as in the 1D version of the toy example we find

247v/d
105

Byi = ex1Bpy, [W(Ps, Py, )] = (14 (d—1)6%) = O(dY/? + g3/2-2)
k=1

Again, since By, — By, = O(d'~®) we have that if ¢ > 1/2
By, = ©(d"/?).
In general, as o might be in (0, 1/2), we can say that (since By, < Byy)
Byy = O(d"/? + d3/2722) .
Now, we want to compare the two bounds. We have

@_O 1+d1—2a
B; 14+di-o )’

If € (0, 1), we have that this ratio vanishes for d — oo, meaning that the chained bounds becomes
much tighter than its unchained counterpart. On the other hand, for o > 1 the ratio is of order 1.

E.2. Example 2

Let W = {w € R? : |w|| = 1} and X = R2. Fix @ > 0 and let X ~ A(A,Id), a multivariate
normal distribution centered in A = (a,0), with covariance matrix given by the identity. Let the
loss be {(w,z) = —w - . As in Example 1, the algorithm selects the w minimising the loss. In
practice, we are trying to find the direction of the mean of X, which is (1,0). Let g, = 4/2" (for
k € N), wp = (1,0), and W), = {w = (cos %,sin %gf)) cje[=2k 1 2kt 1) for k > 1.
We can easily define projections 7, that make {Wj, }ren a {ex }-sequence of refining nets. With no
difficulty one can verify that ¢ is 1-Lipschitz in X, Yw € W. Since W is not convex, we want to
use Theorem 22 to give our chaining bound. It is easy to verify that £ satisfies the © regularity with

D =92, as
[(U(w, z) — £(w,2")) = (£(w',2) — L(w',2"))] < [l — 2[|[w — w']|.

Since the values of G, By, and By, depend on a, we will explicitly write them as functions of a. We
will start by finding the exact expression of |G (a)].

Denote as a the Cartesian axis on which A lies. For v € R?, denote as o (v) be the angle between
v and a. Since the learnt w is parallel to z, we have that, with probability 1, a(X) = «(W). Thus,
the distribution of «(W) is the distribution of the angle of an isotropic Gaussian centred in A,
whose density is given by (Cooper and Farid, 2020)

o(a) acosaP(acosa)

(e = G (14 )

148




CHAINED GENERALISATION BOUNDS

where ¢(t) = ﬁe‘ﬁm and ®(t) = 3(1 + erf(t/v/2)).

Now, we can actually give an explicit form for |G(a)|. Indeed, we have

l a) [T a cos o
|G(a)| = a/ (1 —cosa)py(a)da =a — ib/(% 3 (acos a)Q(Q};((acosoz))da

Performing a change of variable we get

T s ®(acosa) . “ w2 P(u)
/_ﬂ(acosa) 7¢(QCOSOA) da =2 —aif —UQW U

_a26a2/4ﬂ.3/2 o 2
_T(O(a /a) + I (a®/4))

where I,,(t) denotes the modified Bessel function of the first kind. So, we have

1 Ip(a*/a) + 11(a®/4)

2 26“2/4
T a

G(a)] =a |1

We can now use the asymptotic expansions

2 e0*/4 1 _
Io(a?/4) = \/; - <1+M+O(a 4)) ;

Ii(a2/4) = \/ZGQZM (1 - % + O(a4)> :

G(a) = 5 +0(a™).

Now, we want to show that, as a — oo, By is of order 1. We start by computing a lower
bound. For each w, let us consider a new set of Cartesian axes (u(w) and v(w)), such that the
angle between v(w) and a is a(w), and u(w) is the normal axis which contains the point A. We
choose the orientation of the axes so that in this reference framework we have A = (a sin a(w), 0).
Since X, conditioned on W = w, has support contained in the axis v(w), the Wasserstein distance
W(Px,Px|w—y) is lower-bounded by the transport cost of moving every point in RR? to the closest
point on v(w). We thus have

to get that

1 _ (u—asin a(w))2+u2

W(Px, Pxw—y) > |ule 2 dudv

2T R2

1 / ’ | _ (u—asin a(w))2 du > | . ( )‘
= — ul|e 2 u ajsimolw)| .
V2 Jr o

We can now explicitly compute a lower bound for By(a) by taking the expectation wrt Py We get

4 2 a
B, > ind a@d@z\/7 f—.
e<a>_/_7ra\sm 1pal0) St 7
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In particular, we have established that

liminf By(a) > \/5
a—00 T

We can now look for an upper bound on By (a). Fixed w, we can consider the following transport
plan from Px to Py y—,,. First, we transport all the probability mass on v(w), then we arrange
the mass on v(w) so as to reach the correct density. For the first step, notice that we are simply
projecting Px on v(w). It is not hard to realise that in this way the linear density obtained on v(w)
is a centred standard normal distribution. The transport cost for this step is given by

1 (u—asina(w))2 v2

— lule™ 2 dudo <1+ alsina(w)].

2w R2
Now let V' ~ N(0,1). The actual distribution of Px|y;7—,, on v(w) is actually given by V', condi-
tioned on V' > —a cos a(w), as —a cos a(w) is the coordinate on v(w) of the origin of the standard
R? Cartesian framework and so Py y—,, has support {v € v(w) : v > —acosa(w)}. We can
easily evaluate
¢(acos a(w))
W(Py, P _ =——.

( VL, Iviv> acosa(w)) @(acosa(w))

So we have found that

¢(acosa(w))

Px,Pxiw—y) <1 I Dlacosalw)
W(Px, Pxjw=w) < Jra‘sma(w)“r<§(acosoz(w))

Averaging on w we get that

2
6&

2 a
Bi(a) = Ep,, [W(Px, Pxw)] <1+ \/;erf 7 + =

®(—a)’
. 2
limsup By(a) <1+ \/>
a—00 ™

In particular, we have found that B,(a) = ©(1), for a — oc.

We are now left with the task of evaluating Byy(a). Recall that, for each & > 1, we have
Wi = {w = (cos %,sin 22%]) g€ [=2F 1 281 1]} and wo = (1,0). Denote as U, the
partition on } induced by 7y, that is

and so

U, = {U:ﬂ'lzl(w): w e W}

We can certainly suppose that each U € U}, is the circular arc enclosed by two adjacent elements of

Wh. Now, let Uy, = {U € Uy, : (1,0) # U} and define 6, = 7/2". Then, we have that, up to points

of null measure, {Wy, = (1,0)} = {|]a(W)| < 0;}. As a consequence
EPW [m(PXv ]P)X|Wk)] = z:UeZ,{,C ]EIP’W [m(]P)Xa PX\WEU)]-U(W)]

4)
=Pw(la(W)| < 00)W(Px, Pxjwi=w,) + 2pemg, Pw(W € U)W(Px, Pxjwev) ,

where 1y is the indicator function of the event U. We need now to upper-bound the terms of this
sum.
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Let us define Z = X — A. Clearly Z ~ N(0,1d). Let p be the density of Z, a centered standard
multivariate normal, and p be the density of Z conditioned on |a/(TV')| < 6. We have that

() = {0 if [a| > 0;
P p(2) P (Ja(W)| < 6)  otherwise.

Let ¢ = || Z|| and note that ¢ ~ o, the Rayleigh distribution. We notice that

WPx, Pxjwi=wy) = WPz, Pzjjaw)<oy) -

We can upper-bound this quantity by the transport cost of moving the mass Py (|a(W)| > 6;) away
from {|a(W)| > 6}, bringing it all on A, and finally redistributing it in the slice {|a(W)| < 0},
proportionally to p. We hence have

WPz, Pzjaw)<o,) < Pw(la(W)] > 0k)(W(Pz,0a) +2W(a, Pzjjaw)<6,)) -

We can evaluate
s

WEz6a) = [ ello(:)dz = Beld) =5

On the other hand,

W Prjaqwn) = [, 12171

1 B /2
= B (o) < 0) JRELOIE B (W) < 00)

Now notice that
Pw (|a(W)| < 0) > Pe(¢ < asinby) = Fe(asinby),

where F¢:u— 1 — ¢"*/2 is the cdf of (. As a consequence we eventually find

W(Px,Px|w,=wo)

<Putlo) > 00 (14 5z ) Vis & F<<1nek>> 2

Now, for U € Uy, we have that {W € U} C {|a(W)| > 6;}. We can upper-bound
W(Px,Pxjwer) = WPz, Pzwer) as

WPz, Prwer) < W(Pz,0a) +W(oa,Priwer)-

We have already computed 20(P, 04 ) = +/7/2. For the other term we have

=),
Py (W €U) Ji4a)/)24A)cU
1 / 1 — Fe(asin6y)
R — z||p(z)dz =
PW(W € U) ||z]|>a sin 6y, || ” ( ) P(W € U)

W(oa, Pzwev) = I2lp(2)d=
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We have thus obtained that

71— F(asin6y)
Px,P <4/= .

Going back to (4), we can now write

Ep,, [2(Px,Pxw,)] < (1 — Fe(asinby)) <(2 + w) \/§+ ok 1) NG

where we used that 2/, has 2¥ — 1 elements and that Y ey, Pw(W € U) < (1 — Fe(asinby)).
Now, by plugging into (5) the explicit expressions of F and ¢ we obtain

. 1
Epy [P, Pxjw, )] < a2 <2k T <2 * _Ig2 sin2(ﬂ'/2k)) 72r> =Bila).

1—e¢e2

Fix £ > 1. By Lemma 19, we have that for all k£ < k*, Ep,, [20(Px, Px, )] < Bk« (a), and
for k > k* we have Ep,,, [20(Px, Px |y, )] < By(a). So we have that

k* 0o
Byi(a) < ex1Bis(a) + Y exBi(a) < 8Bys(a) +4 x 27 By(a).
k=1 k=k*

Now the idea is that we want to choose k* = k; as a function of a, in a way that makes the
bound vanish for a — +oc. Note that if

2log 24/ kX
a> " BEVI (6)
sin (7 /2ka)

* * 1
-k —2k% - n
Bys(a) < 27Fa 42 <2+1 > 2%)\/’ 721

Notice we can choose a + k such that (6) holds and a = O(27%a/k%), for a — o0, which

implies
o=k _ 0 <loga - logloga>
. )

then

This proves the asymptotic behaviour for large a

log a — loglog a
Bw(a,):0< & 5108 )

a

In particular, up to logarithmic factors, the chained bound can capture the correct behaviour of G(a).

Appendix F. Technicalities

Lemma 26 The mapping w — P zyy—,, is measurable.

152



CHAINED GENERALISATION BOUNDS

Proof Recall that ¥ 4 is the o-algebra on & induced by the weak topology. > 4 is generated by
the maps ¢y : & — [0, 1], given by p — ¢y () = p(U), for U ranging in ¥z (cf. Theorem 17.24
in Kechris (1995)). By definition of regular conditional probability, for every U € Xz the map
w > Pz y—,, (U) is measurable. Hence w + IPz|y—,, is a measurable map W — Z wrt ¥ ». B

Definition 27 Let f : (0,+00) — R be a convex lower semi-continuous map such that f(1) = 0
and limy 4o f(z)/2 = 400. For pu,v € & we define the f-divergence

E.Lf(E)) ifv <
+o00 otherwise.

Dy(v|lp) = {

Examples of f divergences are the KL divergence (f : u — wulogu) and the p-power divergence
(f :ur—uP —1).

Lemma 28 O : % x & — [0, +00|, defined by ® (1, v) = D¢ (v||p), is measurable.

Proof The measurability follows from the fact Dy is weakly lower semi-continuous (see Corollary
2.9 and Remark 2.1 in Liero et al. (2018)). |
Lemma29 ©: % x & — |0,+], defined by D(u,v) = W(u,v), is measurable.

Proof The measurability follows from the weak lower semi-continuity of 20 (see Villani (2009),
Remark 6.12). u
Lemma 30 Supp(Pz—,,) € Supp(Pz), Py -a.s.

Proof We start by recalling that given a measure u € &2, Supp(u) is the smallest closed subset K
of Z such that y(K) = 1. Let U C W be defined as

U={weW:Pzw=u(Supp(Pz)) < 1}.

First, we notice that U is measurable. Indeed, Supp(PPz) is closed, and hence measurable, so
w + Pzip—y,(Supp(Pz)) is a measurable map, by definition of regular conditional probability.
Now note that

1 = P(Supp(Py)) = /W B 1y —o (Supp(P2)) dPyy (w)
<1-Pw(U)+ / P 2w (Supp(P2)) APy (w)
U

As a consequence, we must have that [;; Py~ (Supp(Pz)) dPyw (w) > Py (U). However, by
definition Pz, (Supp(Pz)) < 1 for w € U, and so we necessarily have Py (U) = 0. We
conclude by noticing that Supp(PPz|y—,,) O Supp(PPz) if, and only if, w € U. [ |
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Appendix G. Explicit bounds

In this section we present several bounds that can be derived via the framework of Section 3. To
our knowledge, all the chaining bounds that we present here are new, the only exception being the
one in Proposition 43, which was recently established in Zhou et al. (2022). However, most of the
unchained counterparts were already derived in the literature. The reader can find the bibliographic
references in Table 1. Henceforth, all the chained bounds that we state are valid for any {ej }-
sequence of refining nets on W.

G.1. A few examples of ©-regularity

Definition 31 (Power divergence) Let p > 1. Given two probabilities |1 and v on Z, we define the
p-power divergence
dv)? : .
g - {2 [(8] -1 7o
+o00 otherwise.

For p = 2, we denote D@ (v||i) as x> (v||p).

Lemma 32 Fixp > landletr =p/(p—1). Let® : (u,v) — (D@ (v||p)+ 1) P and f : Z — R4
be measurable. Assume that f € L'(u) and write f,, = B, [f(Z)]. B f(Z) — ful")V7" <€
then f has regularity Ro (&) wrt pu.

Proof Notice that © is measurable by Lemma 28. First, we consider the case ¢ = 1. Fix v € &
such that Supp(v) C Supp(p) and f € L'(v). If v is not abslutely continuous wrt g, than the
claim is trivially true, so assume v < p. Define f,, = E,[f(Z)]. We have

BA£(2) - BLADN S BAAE) = 5] = [ 17G) = £ (2002
< BAIF(2) — ful 17D o) + )17,

by Holder’s inequality.
The case ¢ > 1 follows form the one-dimesional case, since E,[|(f(Z) — f.) - v|" ]1/7“ <
[l E[II(f(Z) = fu)lI"]H" for all v € RY. -

Corollary 33 Fixp > land letr = p/(p —1). Let ® : (u,v) — (DP(v|u) + 1)/? and
f 2 — R? be measurable. Assume that f(Z) is £&-SG for Z ~ p. Then f has regularity

Ra(e!/\/r &) wrt
Proof Simply use that E,,[||f(Z) — Ez,[f(Z)]|"]V/" < el/e\/r€if f(Z) is £&-SG to conclude
by Lemma 32. |

Lemma34 Let ® : (u,v) — /X2(v||w). Let f : Z — RY be measurable. Assume that
ICLIF(D)]|| < &2, where C,[f(Z)] is the covariance matrix of f(Z) for Z ~ . Then, f has
regularity Ro(&).
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Proof For ¢ = 1, the claim is a direct consequence of the HCR bound (Lehmann and Casella,
1998). The case ¢ > 1 follows easily. |

Definition 35 (Total variation) The total variation of two probability measures p,v € & is de-
fined as
V(1,v) = sup [u(U) - v(U)].
UeXz

Lemma 36 Let® : (p,v) — 2TV (u,v). Let f : Z — RY be a measurable map, bounded in
[—&,&]. Then f has regularity Ro (&) wrt any pu € 2.

Proof First, we need to show that v — TV (i, /) is measurable. We have that for all U € Xz, the
map v — |u(U) —v(U)| is continuous in the weak topology. In particular, taking the supremum wrt
U we get a weakly lower semicontinuous map, which implies the measurability. Now, notice that
asking f C [—¢, €] is equivalent to ask for f to be 2¢-Lipschitz wrt the discrete metric on Z. We can
then proceed as in Lemma 9 using the fact that the total variation coincides with the 1-Wasserstein
distance when the transport cost is the discrete metric (Villani, 2009). |

Corollary 37 Let® : (u,v) — /2KL(p||v). Let f : Z — RY be a measurable map, bounded in
[—€&,&]. Then f has regularity Ro(§).

Proof The measurability of © is a obvious consequence of Lemma 28. Then, the claim follows
directly from Lemma 36 by Pinsker’s inequality; see e.g. van Handel (2016). |

G.2. Some simple bounds based on the ®-regularity

Definition 38 (Power information) Consider two coupled random variables Z,7' on (Z,%z).
For p > 1 we define their p-power information (Guntuboyina et al., 2014) as

I(p) (Z, Z/) = D(p) (]PZ,Z’HPZ(@Z’) .
Proposition 39 Fixp > 1, let v = p/(p — 1) and suppose that Ps = P$™. On the one hand, if
lw, X) is £&-SG for X ~ Px, forall w € W, then

/e
61 < S (0 (5, w) + 1)

On the other hand, under the assumptions & if V.,(¢, X) is £-SG for X ~ Px, for all w € W, then

1/e 0
G| < e\/\%;gZé?k—l(I(p)(S; W) +1)/7.
k=1

Proof First notice that the £-subgaussianity of ¢ (respectively V,,¢) implies that of .Z (respectively

V) is (£/4/m)-SG. Then, the first claim follows by Corollary 33, Theorem 2, and Jensen’s
inequality, while the second one by Corollary 33, Theorem 4, and Jensen’s inequality. |
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Proposition 40 Suppose that Pg = ]P’?ém. On the one hand, if Vp [((w, X)] < &2, for allw € W),
then

9] < [/ @ IPs)

§
—F
N
On the other hand, under the assumptions & if |Cp [Vwl(w, X)]|| < &2 for all w € W, then

g o0
91 < —= D er—1Epy [\/X*Psw, [IPs)| -
m;k1p [ S|W; S}

Proof The claims follow combining Lemma 34 with Theorems 2 and 4. Note that the variance of
& is re-scaled by a factor 1//m wrt the one of £, as Pg = P$"". The same is true for the covariance
of V,.Z. [ |

G.3. Individual-sample bounds

Recall that S = {X;,...,X,,}. In this section we will consider a probability measure Pg on
(S,Xs) such that the marginals Py, = Py for all ¢ € [1 : m], but we do not require that the
draws are independent. Note moreover that W might depend in a different way on each Xj;, so
that we can have that Py x;, # Pw,x;, fori # j. Now, we specialise Theorems 2 and 4 to obtain
individual-sample bounds, such as those from Bu et al. (2019).

Proposition 41 Assume that x — {(w, z) has regularity Ro(§) wrt Px, Yw € W. Then we have

01 < 53 By [0(Px Py
=1

Proof Just write

1 m
g= % Z(EPW@»{ [E(VV, X)] - EPW,Xi [Z(W7 Xl)]) :
i=1
and then conclude by applying Theorem 20 to bound each term of the sum. |

Proposition 42 Assume & and suppose that x — ((w, ) has regularity Ro (&) wrt Px, Yw € W.
Then we have

01 < 303 ek iBe, [D(Bx, Py, ).

i=1 k=1
Proof Just write .
1
G = — 3 (Eryen [0V, X)] = Epy . [((W, X))
i=1
and then conclude by applying Theorem 21 to bound each term of the sum. |

We can now state several individual-sample generalisation bounds. For the sake of brevity, we will
omit the proofs, as they are all direct applications of Propositions 41 and 42, and of the previously
established results of ©-regularity.
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Proposition 43  On the one hand, if {(w, X) is £-SG uniformly on W, then

G| <—Z~/2[W X;)

On the other hand, if V., {(w, X) is £&-SG uniformly on W, then

G| < 7225,6 W2I (W X;) .

=1 k=1

Proposition 44 On the one hand, if v — ((w, x) is {-Lipschitz uniformly on W, then

91 < *ZEPW (Px, P, jw)] -

On the other hand, assume &. if v — ¥V ,l(w, x) is £-Lipschitz uniformly on W, then

61 < S35 e 1By [90(Bx, P, )]
i=1 k=1
Proposition 45 Fixp > 1 and letr = p/(p — 1). Write {(w) for Ep,, [l(w, X)] and V ,t(w) for
Ep, [Vwl(w, X)]. On the one hand, if, for allw € W, Ep, [|[{(w, X) — l(w)|"] < &, then

Z YW X;) + 1)/P,

On the other hand, assume &. If Ep  [||V ,l(w, X) — Vo, l(w)||"] < &, for all w € W, then
G| < =~ ZZ P) (Wi X;) + 1)1/1?.
i=1 k=

Proposition 46 On the one hand, if, for all w € W, Vp, [((w, X)] < €2, then

g1 < *Z Epy, [\/X (Px,wllPx) J :

On the other hand, assume &. If ||Cp [Vl(w, X)]|| < &2 for all w € W, then

G| < *Zzék 1Epy, [\/X (Px, |Wk||PX)J :

=1 k=1

Proposition 47 On the one hand, if |[{(w, z)| < & forallw € W and all v € X, then

2 m
61 < 23 By, [TV(Px, Pxyw)] -
m =1

On the other hand, assume &. If |V, l(w, x)|| < & forallw € W and all x € X, then

2 m (o]
G| < % DY ekaEry [TV(Px, Py, w,)] -

i=1 k=1
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Definition 48 (Lautum information) Consider two coupled random variables Z, 7' on (Z,% z).
We define their lautum information (Palomar and Verdu, 2008) as

L(Z, Z/) = KL(]P)ZQZJZ’”IP)Z,Z’) .

Proposition 49 On the one hand, if |[{(w, z)| < & forallw € W and all v € X, then
é. m
gl <> > V2L X))
i=1
On the other hand, assume &. If ||V, ¢(w, x)|| < & forallw € W and all x € X, then

gl< S D3 V2L (Wi X5) -

m
1=1 k=1

G.4. Bounds based on random sub-sampling from a super-sample

We can derive in our framework bounds in the same spirit of the conditional MI bound from Steinke
and Zakynthinou (2020).

Let s* = (z7,...,z},) denote a (2m)-sample, made of m pairs ] = (z;0,2;1). The training
sample is in the form s = (x1,...,x,,). The choice of s, given s* is determined by a variable
u € {0,1}", in the sense that x; = z, , where u; determine which one of the two components

of x7 is chosen as x;. In practice we can write s = s, with u € {0,1}". We let u = 1 — u (the
difference being component-wise), and § = s;. We denote as S* the random super-sample and we
assume that each X € S* has marginal distribution Px« = P$?. Morover, we let Py = Py ~
Bernoulli(%)@)m, and we assume that U 1L S*. Note that this implies that if the super-sample is
made of independent pairs (Pg+ = P?}T) then all the X; € S are independent.

Proposition 50 Let Pg« = PYT. Assume that s — %s(w) has regularity Ry (€), wrt Pg|sr—s+»
for Pg«-almost every s* and Vw € W. Then, we have that

1G] < EEpyy, ou [D (P54 Psjs+) + D (Pgjw, g5 Pgjse)] -
Proof Let g(w,s*,u) = Ly (w) — L (w). Now, recalling that S = S} and S = Sg» we
have that Pg|g+ is the law of Sf; and Pgg. is the law of S, both under Py and given S*. Since
Pg. =PI = PP, then S AL 5. In particular S 1L W, and hence Py, = P = Pg, so that
EPW,S*,U[”?SF] (W)] = Epw,é[gg(w)] = EPW@S[XS(W)] .

It follows that G = Ep,,, .., [§(W, S*, U)]. Moreover, it is shown in Rodriguez-Galvez et al. (2021)
(cf. proof of Theorem 3 therein) that

Epy o [§(W, 8™, U)] = Epg. [Epyy 50 [Lst, (W] = By g 50 [ Lo (W]
— Epg [Epy 50 [ Lot (W)] = Epyy gy 50 [ Loz (W)]] -
We hence have

0] < Es,, |

IE]P)W®U|S* ["zﬂs;} (W)] - EPW7U|S* [D%S;} (W)] ‘

+ ‘EPWQ@U\S* ["%55 W)] - Epw,ms* [355 (W)]” ’
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which can be rewritten as

1G] < Epyy g [|Epg g0 [ L5 (W)] — By o0 [Ls (W] + [Epg o, [L5(W)] — Epgy, o [Zg(W]]] -

(7)
Now, notice that, since Py = P, we have Pg| g+ = Pg)g+. In particular, s — Zs(w) has regularity
Ro (&) wrt Pg|ge—s+ as well (Vw € W and Pg+-a.s.). From (7) and Theorem 2, we have that

1G] < EEpyy ou [P (Psyw,5+5 Psjs+) + D(Pgjw, g5 Pgjse)]

as requested. |

Proposition 51 Let Pg« = P, Assume & and suppose that s +— V,.%Ls(w) has regularity
Ro(§), wrt Pgigr—gx, for Pg«-almost every s* and Yw € W. Then, we have that

o0
1G] <€D er1Ery o [DPsw, 5 Psjse) + D (Paw s+ Pjse)] -
k=1

Proof We proceed just as in the proof on Proposition 50 until the last step, where we use Theorem
4, instead of Theorem 2, to conclude. [ |

We give now some explicit example of bounds that can be obtained via the above two propositions.

Definition 52 (Conditional mutual information, power information, and lautum information)
Let (Z,Z', W) be a random variable on (Z x Z x W,¥z @ Xz @ Ny ). We define the conditional
MI (Wyner, 1978) as

I(Z; Z'|W) = Epy, [KL(Py 21w P2z w)] -

For p > 1, we define the conditional p-power information as
1W(Z; Z'\W) = Ep,, [DP)(Py 2w 1P 2602/ w)] -
Finally, we define the conditional Lautum information (Palomar and Verdu, 2008) as

L(Z; Z|W) = Epy, [KL(Pzg 2w P2 2/ yw)] -

Proposition 53 Let Pg« = P, On the one hand, assume that |((w, x)| < &, for all w € W and
all x € X. Then, we have that

27 . *
1G] < 2¢ ) 2LOVESISY).
m

On the other hand, assume & and suppose that |V ,0(w,x)| < &, forallw € W and all v € X.
Then we have
[e.e]
21(Wy; S|.S*
G| < 2§Z€k—1 21(Wi; 515%) ‘

m
k=1
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Proof Assume that [¢| < §. Note that £(w, X) is £-SG, for all w € W, for X ~ Px|x«—,» (for
all x*). As the elements of S are independent (even when conditioning on S* since U L S5%),
we have that, Vw € W and Vs* € S8, Lg(w) is (£/1/m)-SG for S ~ Pgjgs_s. We can then
conclude by Lemma 9 and Proposition 50, using the fact that I(W;S|S*) = I[(W;S|S*), as 5 is
fully determined by s (given s*). The proof for the chained bound is analogous. |

The proofs for the next propositions are essentially analogous of the one of Proposition 53 and hence
are omitted.

Proposition 54 Let Pg« = P?}T and assume that dy and ds are related by (1). On the one hand,
suppose that x — {(w, x) is §-Lipschitz, for all w € W. Then, we have that

G| < (W (Ps|s5+, Psjw,s+) + W(Pg) g5 Pgjw,g0)] -

§
ﬁ ]E']PW,S*

On the other hand, assume & and suppose that x — YV l(w,z)|| < & for all w € W and all
x € X. Then we have

5 o0
G| < NG > ek 1Bpy, o [W(Psise, Poyw,s¢) + W(Psi50, Paypry, 0] -
pst

Proposition 55 Fixp > 1, let 7 = p/(p — 1) and suppose that Ps« = P, On the one hand,
assume that |[{(w, )| <&, forallw € W and all © € X. Then, we have that

1}[5( Y(W;5]5*) +1)77.

On the other hand, assume & and suppose that |V ,0(w, x)|| < &, forallw € W and all x € X.
Then we have

191 <

1 e
IG] < \F‘[gzak L(IT®(Wy; 818*) +1)1/P.

Proposition 56 Suppose that Pg» = PT'. On the one hand, if |{(w, z)| < &, for allw € W and
all x € X, then

2€

G| < ﬁEPW,S* [\/XQ(PS|W7S*HPS|S*) + \/X2(P§|W,S*HPS|S*)J :

On the other hand, under the assumptions & if |V, l(w, z)|| < &, forallw € W and all v € X,
then

2 —
G| < N > exaBry g [\/XQ(PSIW;C,S*HPSW*) + \/XQ(P§|Wk,S*"PS\S*)J :
=1

One issue with this random sub-sampling approach is that in order to controll Z5 wrt Pg)g«—+,
almost uniformly in s*, one needs essentially to control the random binary variables ¢(w, X*) under
Px|x+= (z3,27) (thatis X * = xf with probability 1/2, and 27 with probability 1/2). This can be
easily done 1n the case of the Wassersteln distance, as the Lipschitzianity guarantees 20-regularity
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wrt any measure. However for the subgaussianity things are more complicated, and one essentially
needs to ask that ¢ is bounded.

It is however possible to restate Proposition 50 (and Proposition 51) without asking that the
same regularity holds Pg«-a.s. The proof of both results follow closely the ones of Propositions 50
and 51, the only difference being a final application of Holder’s inequality.

Proposition 57 Let Pg« = IP’_‘?}T. Let p € [1,+00] and r = p/(p — 1) (with the convention that
1/0 = +00). Assume that s — Ls(w) has regularity Ro(&s+ ), wrt Pg|gx—g+, for Pgs-almost every
s* and Yw € W, where ||{s+||1pp g, = & Then, we have that

1G] < €Bpy, . [[D(Pspwse: Psjse) + D(Pgjuse> Pgjse) 17

Proposition 58 Let Pg« = IP’}@}T. Let p € [1,+00] and r = p/(p — 1) (with the convention that
1/0 = +00). Assume & and suppose that s — V.,.ZLs(w) has regularity Ro(§s), wrt Pgjgs—gx,
for Pgs-almost every s* and Vw € W, where ||§s+|| 1p(pg.) = §. Then, we have that

o0
1G] <€) eb1Bpy, 6. [D (P, 50, Psjse) + D (P, 50 Pajse) 17
k=1
G.5. Individual-sample bounds based on random sub-sampling
We can merge together the ideas of the last two sections.

Proposition 59  Assume that x — ((w,x) has regularity Ro (&), wrt Px|x«—g, for Px«-almost
every x* and Yw € W. Then, we have that

f m
gl <~ > Eryy o OPxwixs Pxifxy) + D P g wxe Py xp)l-
=1

Proof Note that Py x+—.~ = Px; Xp=a*- Proceeding as in the proof of Proposition 50, we can
show that, fori € [1 : m],

’EPW@@xi [6(W, X3)] — EPW,xi (W, X3)]
< EIPW,X; [@(PXAW,XZMPXAX;) + Q(P)’Q\W,X;,P)Zi\x;)] .

We can immediately conclude by writing G as in the proof of Proposition 41. |

Proposition 60 Assume & and suppose that x — ¥V, l(w, ) has regularity Ro (), wrt P x| xs—+,
for Px«-almost every x* and YVw € W. Then, we have that

é. m o0
gl <~ > Z5k—1EPXi*,W[@(Pxi\wk,X;,Pxi\X;) + P, w,xr Pxpx:)] -
=1 k=1

Proof We proceed as for proving Proposition 59, but following the proof Proposition 51 instead of
50. |

Clearly one can generalise the two results above by using the same observations as in Propositions
57 and 58.

We can now restate all the individual-sample bounds from Section G.3 in the random sub-
sampling framework.
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Proposition 61 On the one hand, if |{(w, x)| < &, uniformly on W and X, then

61 < 2557 21w x| X7)
m =1

On the other hand, if |V ,(w, z)| < & uniformly on W and X, then
2§ m o0 -
G <= D en1y/ 2T (Wi Xl X7).
i=1 k=1

Proposition 62 On the one hand, if x — ((w, x) is {-Lipschitz uniformly on WV, then

5 m
gl <~ > Epy x: (WP, x5 Pxywxs) + WP, x5 Px,wxs)]-
i—1

On the other hand, assume &. if x — YV, l(w, ) is £-Lipschitz uniformly on W, then

g m oo
gl < = DD er By x: (P xr Pxywixs) + WP, v P x)] -
=1 k=1

Proposition 63 Fixp > 1 and letr = p/(p — 1). On the one hand, if |{(w, x)| < &, uniformly on
W and X, then

26 m
<5 IO (W X, | X5) + 1)V/P.
G| < ;1( (W X4 X7) + 1)
On the other hand, assume &. If |V ,t(w, x)| < &, uniformly on VW and X, then

25 m o0
01 < > D03 e (D (Wi Xl X2) + 1)1
1=1 k=1

Proposition 64 On the one hand, if |{(w, x)| < &, uniformly on W and X, then

f m
gl <~ > Epyy s [\/X2(PX1-|W,XZ.*H]P)XZ-|X;) + \/X2(Pxi\w,x;||PXi|x;)J :
-1

On the other hand, assume &. If |V ,0(w, x)| < &, uniformly on W and X, then

§ m o
gl <~ > ZEk—lEPW,X; [\/X2(Pxi\wk,xﬂ|19’xi|x;) + \/XQ(PXAWIC,X;HPX”X;)} -
=1 k=1

Proposition 65 On the one hand, if |{(w, x)| < &, uniformly on W and X, then
26
gl < > Epyy s [W(PXZ-IXZMPXZ-\W,X;) + TV(PXAX;:PXAW,X;)} :
i=1
On the other hand, assume &. If |V ,f(w, )| < &, uniformly on W and X, then

25 m o
G| < - D) ek [W(Pxi|X;7PXi\Wk,Xi*) +'IV(]P)_(1'|X;’PXZ‘|WIC»X;)] :
=1 k1
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Proposition 66 On the one hand, if |{(w, x)| < &, uniformly on W and X, then

G| < %Zw/2L(W;Xi|X;).
m =1

On the other hand, assume &. If |V ,0(w, )| < &, uniformly on W and X, then

2 m o0
IG| < éZZ%J\/W-

i=1 k=1

G.6. Summary table

Several explicit bounds that can be derived within our general framework of Section 3 are reported
in Table 1. The first column states the regularity condition required on the loss. However, we
refer to the corresponding propositions for the detailed assumptions of each bound. All bounds are
stated for & = 1. The last columns give the literature references for each bound, to the best of our
knowledge. However, this bibliography should be taken as a mere guideline, as there might possibly
be missing references. Those bounds that we could not find in the literature are marked as “New”.
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Table 1: Some bounds that can be derived with the framework from Section 3

Assumption (Vw € W) Bound Prop Ref

l(w, X) 1-SG 2I(W;S)/m 10 Russo and Zou (2019)
Vul(w, X) 1-SG >k Er—1V/2I(Wy: S)/m 13 Asadi et al. (2018)

£(w, -) 1-Lipschitz Ep,, [2(Ps, Pgy)]/v/m 11 Lopez and Jog (2018)
Vuwl(w,-) 1-Lipschitz Yok eh-1Epy [W(Ps, Pgyw, )] /v/m 15 New

{(w, X) 1-SG el/e pIP (W3 S) + 1)V/?/\/m(p — 1) 39 Aminian et al. (2021)
Vl(w, X) 1-SG eV B k1 (1P (Wi S) + 1)VP/\/m(p — 1) 39 New

Ve [0(w, X)] < 1 Ezy, [2(Psyw [Ps) /2] /v/m 40  Rodriguez-Gilvez et al. (2021)
ICex [Vl (w, X)J| <1 i en-1Epy [ (P [Ps) ]/ v/m 40 New

L(w, X) 1-SG SoiV2A(W; X;)/m 43 Buet al. (2019)
Vol(w, X) 1-SG S S ek 18/ 2T (Wi Xq)/m 43 Zhou et al. (2022)

£(w, -) 1-Lipschitz > i Bpy [W(Px, Py, )] /m 44 Rodriguez-Galvez et al. (2021)

Vul(w,-) 1-Lipschitz > 2k er—1Ery, [W(Px, Px,jw, )l/m 44 New

Epy [|£(w, X) — £(w)|P/P~D] < 1 S, IP(W; X)) 4+ 1)V /m 45 New

Epy [Vl (w, X;) — Vo l(w) [P/ P=D] < 1 3 ka1 (TP (Wi; X;) + 1)YP /m 45 New

Ve [f(w, X)) < 1 S Eryy (B, [Px) 2] /m 46 New

[Cry [Vul(w, X)]| < 1 i e Bry (P, [Px)Y2)/m 46 New

<1 > i By [TV(Px, Px,jw)]/m 47 Rodriguez-Galvez et al. (2021)
[Vwtl <1 225 2 Er—1Ery [TV (P, Py )] /m 47 New

<1 >V 2L(W; X;)/m 49  Rodriguez-Gilvez et al. (2021)
IVl <1 5 S0 ek 1/ 2L Wi Xo)fm 4 New

<1 2,/21(W; S[S%)/m 53 Steinke and Zakynthinou (2020)
IVl <1 23 ek—1V/ 20 (W S|5%) /m 53 New

£(w, -) 1-Lipschitz Epyy, o0 [W(Pgi5+, Psjwse) + - - - n/ym 54 Rodriguez-Gdlvez et al. (2021)
Vuwl(w,-) 1-Lipschitz ok k1B, o [W(Ps 0, Py, 50) + - 1/vV/m 54 New

<1 2e!/e /p(IP) (W3 81S%) + 1)Y7/\/m(p — 1) 55 New

[Vol] <1 2eVe DS eno1 (TP (Wi S1S*) + VP /\/m(p—1) 55 New

<1 2Bp,, o D Psjw.s: [Psis) /2 + ... 1/vm 56 New

Vot <1 235 1By, o D (Popw,se [Psjs) /2 +...]/v/m 56 New

[ <1 23 VAW XX ) /m 61 Haghifam et al. (2020)
(IVut] <1 23 Yok 2I(Wh; X XF) /m 61 New

{(w, -) 1-Lipschitz 2o Bryy o (WO(Px, x, Pxywx) + - ]/m 62  Rodriguez-Gilvez et al. (2021)
Vuwl(w,-) 1-Lipschitz 20 2k eh-1Bry, o [P xz, P,y x2) + - 1/m 62 New

<1 237, (IP (W X3 XF) + 1)Y7 /m 63 New

(V]| <1 23 S ekt (TP (Wi X X7) + D)VP/m 63 New

el <1 ¥iEry D @x wx: IPx, x) V2 + . 1/m 64 New

IVwl <1 i Sk enBry o [ (Pxwi x; IPx,x: )2+ ]/m 64 New

o<1 23 Epy o [TV(Px, xs, Py wx) + -2 ]/m 65  Rodriguez-Galvez et al. (2021)
[Volll <1 2% 2 en—1Bry o [TV (Pxxz Py xp) - 1/m 65 New

<1 230/ 2L(W; X5 X)) /m 66 New

IVl <1 23 > ek—11/2L(Wi; X5 X[)/m 66 New

11. Here and in the following, .. .” should be read as: “Take the same expression on the left and replace Py, s+« with

PS'\W,S* (OI' PX7\W,X: with IP}XHW,X:) .
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Abstract

We establish disintegrated PAC-Bayesian generalisation bounds for models trained with gradient
descent methods or continuous gradient flows. Contrary to standard practice in the PAC-Bayesian
setting, our result applies to optimisation algorithms that are deterministic, without requiring any
de-randomisation step. Our bounds are fully computable, depending on the density of the initial
distribution and the Hessian of the training objective over the trajectory. We show that our frame-
work can be applied to a variety of iterative optimisation algorithms, including stochastic gradient
descent (SGD), momentum-based schemes, and damped Hamiltonian dynamics.

1. Introduction

Effectively upper-bounding the generalisation error of modern learning algorithms is an open prob-
lem of great importance to the statistical learning theory community (Zhang et al., 2016). Originally,
properties of the hypothesis space, such as VC dimension and Rademacher complexity (Vapnik,
2000; Bousquet et al., 2004; Shalev-Shwartz and Ben-David, 2014), were used to establish worst-
case generalisation bounds, holding uniformly over all possible algorithms and training datasets.
However, as these results are often vacuous in over-parameterised settings, the modern perspective
focuses on algorithm and data-dependent bounds (McAllester, 1998; Bousquet and Elisseeft, 2002;
Hardt et al., 2016; Xu and Raginsky, 2017; Clerico et al., 2022b; Lugosi and Neu, 2022).

Among the various approaches, the PAC-Bayesian framework (Guedj, 2019; Alquier, 2021)
has obtained particularly promising empirical results (Dziugaite and Roy, 2017; Zhou et al., 2019;
Pérez-Ortiz et al., 2021a,b; Biggs and Guedj, 2022b; Clerico et al., 2022a). Typically, a PAC-
Bayesian bound is an upper bound on the expected population loss of a stochastic algorithm, hold-
ing with high probability on the random draw of the training dataset. Beyond the popularity of this
framework is the fact that it has led to non-vacuous empirical bounds in overparameterised regimes,
such as modern neural networks (Dziugaite and Roy, 2017; Zhou et al., 2019; Pérez-Ortiz et al.,
2021a; Clerico et al., 2022a). Since the standard PAC-Bayesian framework relies on the randomness

* Equal contribution

© E. Clerico, T. Farghly, G. Deligiannidis, B. Guedj & A. Doucet.



CLERICO FARGHLY DELIGIANNIDIS GUEDJ DOUCET

of the trainable parameters, this type of analysis is typically applied to specifically designed stochas-
tic models. For instance, in the setting of neural networks, this requires an architecture featuring
stochastic weights and biases, instead of the standard deterministic ones. To extend these ideas to
deterministic settings, de-randomisation techniques are used. One possibility consists in exploit-
ing stability properties to approximate a model by randomly perturbing its parameters. While this
approach has shown promising results for feed-forward neural networks (Neyshabur et al., 2018;
Nagarajan and Kolter, 2019; Miyaguchi, 2019; Banerjee et al., 2020), it relies on specific archi-
tectural assumptions. Other approaches provide bounds for the predictor obtained by averaging a
stochastic one, an approach started by Germain et al. (2009). However, this leads to bounds for
a deterministic models with very specific structures: for instance, Letarte et al. (2019), Biggs and
Guedj (2021), and Biggs and Guedj (2022a) extended this approach to get bounds for particular
deterministic networks with a rather unusual erf activation function. Finally, besides PAC-Bayesian
bounds in expectation, there are disintegrated results that hold with high probability on a random
realisation of the stochastic model (Catoni, 2004, 2007; Blanchard and Fleuret, 2007; Alquier and
Biau, 2013; Guedj and Alquier, 2013; Rivasplata et al., 2020; Viallard et al., 2021). To the best of
our knowledge, this last approach has not been applied to study standard non-stochastic algorithms,
such as neural networks trained via gradient-descent methods.

In the present work, we consider models trained by gradient descent-type methods and leverage
the framework of disintegrated PAC-Bayesian bounds. Our starting point is noticing that often
training with a deterministic optimisation scheme does still involve some randomness due to the
initialisation, which features a random draw of the initial values of the parameter (for instance,
this is usually the case for neural networks (Goodfellow et al., 2016)). Our analysis applies to this
setting, where we show that it is possible to exploit this source of noise and obtain disintegrated
PAC-Bayes bounds, holding with high probability on the random training dataset and initialisation.
To the best of our knowledge, this is the first PAC-Bayesian result that directly applies to standard
non-stochastic settings, without strong requirements on the model or the need for any randomness
other than the initialisation. Besides, unlike bounds based on de-randomisation, ours apply with
only limited assumptions made about the smoothness of the training objective and can be computed
in closed form using information collected along the trajectory of the parameters during training.

We compare our bounds with other known results, including some outside the scope of the PAC-
Bayesian literature. When compared to uniform stability bounds (Elisseeff, 2005; Hardt et al., 2016;
Bousquet et al., 2020), we find that ours have sharper rates with respect to the size of the training
dataset, and grow slower with the number of iterations. With regards to the recently popularised
information-theoretic bounds (Xu and Raginsky, 2017; Negrea et al., 2019; Neu et al., 2021; Clerico
et al., 2022b), ours are noticeably easier to compute and are not limited to bounds in expectation.
Evaluating our bound only requires knowledge of the density of the initial distribution and of the
Hessian of the training objective over the optimisation trajectory. The latter captures the flatness
of the optimisation objective along the training path and can be seen to agree with the notion that
flatter minima generalise better (Hochreiter and Schmidhuber, 1997; Keskar et al., 2017; Izmailov
etal., 2018; He et al., 2019; Neu et al., 2021). We also highlight how this term relates to the implicit
regularisation occurring in algorithms known to result in improved generalisation (Blanc et al.,
2020; Damian et al., 2021). We demonstrate that this framework is easily extended to almost all
iterative schemes, including stochastic variants of gradient descent (Kiefer and Wolfowitz, 1952),
and iterative procedures based on auxiliary variables, like momentum schemes (Qian, 1999) or
damped Hamiltonian dynamics (Hairer et al., 2006; Franca et al., 2020).
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2. Notation and setting

In the standard supervised learning framework, examples are pairs z = (z,y) € X x Y = Z,
where x denotes the features of the example and y its label. A learning algorithm takes a training
dataset s = {z1,...,2n} of m examples and outputs a function f : X — ). More specifically,
we consider algorithms that choose a hypothesis A € H, which is understood to parameterise a
map fp : X — ) (e.g., h could be the weights of a neural network). We will always assume that
H C R, for some dimension d > 0. We call the algorithm stochastic when its output / is a random
variable on H whose law can depend on s.
Given a loss function ¢ : ‘H x Z — R, we define the empirical risk on a dataset s by

1
Lo(h) == U(h,z).
m e
However, what often matters is how well h predicts the labels of features outside of s. Assuming
that the population of examples follows a distribution u, the relevant quantity is the population loss,

Lz(h) = /Zé(h, z)dp(z) .

Upper-bounding £ z while only having access to L is the subject of focus in this paper and in the
literature on generalisation bounds more broadly. We assume that each example in the training set s
is sampled i.i.d. from p (i.e., s ~ ™ = p®™). We are interested in upper bounds on £z (h) (where
h is the hypothesis picked by the algorithm) that hold with high probability on the random draw of
s (or on (h, s) in the stochastic setting).

Our results are inspired and naturally find their place within the PAC-Bayesian framework. Al-
though the main focus in the PAC-Bayesian literature has been on bounds in expectation, Rivasplata
et al. (2020) and Viallard et al. (2021) have recently brought back interest in disintegrated bounds,
which actually date back to the works of Catoni (2004, 2007) and Blanchard and Fleuret (2007).
We refer to Alquier (2021) for an introductory exposition on PAC-Bayes that also discusses a few
disintegrated results. PAC-Bayesian bounds deal with a stochastic model that, given s ~ p'”, re-
turns a random hypothesis h ~ p*, where the superscript  here stresses explicitly p’s dependence
on s.! We will call p® the posterior distribution and denote the joint law of (s, h) as u™ * p*, that
is d(u™ * p®)(s,h) = du™(s)dp®(h). A disintegrated PAC-Bayesian bound is an upper bound
on Lz(h) that holds with high probability over (s,h) ~ u™ % p°. A fundamental ingredient in
this framework is the comparison of the posterior p® with a prior distribution 7 on H, whose only
requirement is to be data-agnostic, namely it cannot depend on the specific s used for the training.
We write 1™ ® 7 for the law of a pair (s, h), where s ~ p™ and h ~ 7 are independent.

The purpose of this work is to provide generalisation bounds for algorithms whose output is
obtained optimising an objective C; : H — R via gradient-based descent methods. We can let C,
depend on the training dataset s and, in practice, it can coincide with the empirical loss. However,
this is not necessarily the case, as one might use a surrogate loss for the training or add some
regularising term. In our analysis, we use h; (or hy) to denote the value of the parameters at time ¢
(or iteration k) and similarly, we use p; (or pg) to denote its marginal distribution. All the measures
that we consider will always be absolutely continuous with respect to the Lebesgue measure, and we
will use the same notation to denote their density. The random initialisation is given by the measure
po, that we assume to have strictly positive density on the whole H.

1. To be rigorous, one should actually require that s — p° is a Markov kernel.
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3. Disintegrated PAC-Bayes for continuous-time gradient flows

We begin by considering the continuous-time dynamics of the gradient flow. While this setting is
less realistic than that considered in the discrete-time analysis to follow, the analysis is considerably
cleaner and will help expose some of the primary ideas of the framework we propose. We define
the gradient flow (hg,t) — ®§(ho) € H as the solution of the dynamics

0P (ho) = —VCs(Pt(ho)) ; G (ho) = ho - (1)

We will assume that this solution exists until a fixed time horizon T > 0, for all initial conditions and
training datasets. As hg and s are fixed before starting the training, we will often omit the explicit
dependence on them, and simply write the solution of (1) as h;. Given a random initialisation pg we
can obtain p; as the push-forward of py under the gradient flow:

Pt = q’f#PO-

In the following result, we take a PAC-Bayesian approach to deriving generalisation bounds by
selecting pg as the prior. On the other hand, fixed T" > 0, p7 depends on s through C,, and plays the
role of posterior. Sampling the model’s initialisation hg from pg and following the flow dynamics up
to T', we get a hypothesis hr that is a sample from pr. Building on this last point, we can now state
a PAC-Bayesian generalisation bound for an algorithm that, once drawn s and hy, is deterministic.

Theorem 1 Consider the dynamics O;hy = —VCy(hy), with Cs : H — R twice differentiable. Let
VU : R? — R be a measurable function. Fixed § € (0,1) and T > 0, with probability at least 1 — §
on the random draw (s, hg) ~ p™ ® po, we have

po(ho) 4 £
U(Ls(hr), Lz(h7)) < log po(hr) —l—/o ACs(hy)dt + log 5 ()

where A denotes the Laplacian with respect to h and § = [ ... 5, eV (Ls(h).L2 (M) qym (5)dpg(h).

Proof The proof is based on two steps. First we keep track of how the density evolves during the
training along the trajectory, by means of the “instantaneous change of variable” trick (Chen et al.,
2018). Then we conclude with a classical Markov argument from the disintegrated PAC-Bayesian
literature (Rivasplata et al., 2020), using the fact that we can explicitly express the posterior density.
For the first step, the gradient flow’s continuity equation states d;p:(h) = V - (p+(h)VCs(h)),
for all h € H, which also shows that p; admits a Lebesgue density for all ¢ € [0, 7. In particular,

Or(pe(he)) = Opi(he) + Vpi(he) - Othy = pi(he) ACs(hy)

and so

pr(hr) _ [T
log 2o (ho) —/0 ACs(hy)dt .

For the second step, by Markov’s inequality,

(h) (h)
e‘I’(Es(hT)vﬁz (hr))—log g(h;) < 1 / e\I](L‘@(h):ﬁZ (h))—log %dﬂm(g)dp’f(h) )
ZMxH
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with probability at least 1 — § on (s, hy) ~ p™ % pp. Forall s € Z™,

/ e\y(ﬁg(h),ﬁz(h))—log ng[j) dpr(h) = / e\lf(cg(h),ﬁz(h))dpo(h),
) {pr>0}

and so in particular

pr(hr) £
W(Ls(hr),Lz(h <lo + log =,
(Ls(hr), £2(hr)) < log CTES 4 1og
with probability at least 1 — § on (s, hr) ~ u™ * pp. But since sampling (s, hp) from "  pp is
equivalent to drawing (s, hg) ~ pu™ ® po and following the dynamics up to 7', we can equivalently
say that the bound holds with probability at least 1 — § on (s, hg) ~ ™ & po. Using that

pr(hr) . polho) pr(hr)
o8 ) ~ "% polhr) %% o)

we conclude. [ |

log / ACs(hy)d

Note that the time horizon 7" must be chosen a priori, as it cannot depend on the specific s and
ho used for the training. However, adding a penalty log K to the RHS of (2) (i.e., replacing the
term log% with log % ) allows us to pick the best time horizon among a pool {T1,...,Tx} of
K potential candidates. This follows from an elementary union argument, as for each 7} we can
consider a bound holding with probability at least 1 — 6 /K. Finally, it is worth noticing that the
RHS of (2) will diverge for large T'. This is due to the fact that p; is will tend to a sum of Dirac
deltas, centred on the local minima of the objective, and hence is somehow related to the fact that
standard PAC-Bayesian bounds are vacuous if the posterior is degenerate.

In order to get a more readable result from Theorem 1, one need to specialise the choice of ¥
and provide some additional hypotheses on /, in a way that make possible to explicitly upperbound
¢ in (14). A simple possible choice is to set ¥ (u,v) = y/m(v — u), which works for a loss function
sub-Gaussian in & for each input z. If the loss £ is bounded in [0, 1], then a tighter bound is obtained
with W(u,v) = mkl(u|lv), where kl(ul[v) = ulog¥ + (1 — u)log {=% is the relative entropy
between two binary Bernoulli distributions. We define k1™ (u|c) = sup{v € [0, 1] : kl(u||v) < c}.
We remark that these choices of ¥ are common in the PAC-Bayesian literature (Bégin et al., 2016;
Alquier, 2021), and we refer to Rivasplata et al. (2020) for alternative regularity hypotheses for ¢
and choices of W that still allow to control the quantity £ appearing in our bound (14).

Corollary 2 If((h, ) is R-sub-Gaussian® for each h € H, the bound (2) takes the form

T 1 R2
ﬁg(hT) < £s<hT) + ACS(ht)dt + log g + > .

1 po(ho)
Vvm (log polhr) 2

Moreover, if { is bounded in [0, 1] we have the tighter bound

log 204M0) 4 1og 2\/> + [ ACs(hy)dt
Lz(hy) <KV Ly(hy)| —2oP1) = I 3)
2. We say that £(h, -) is R-sub-Gaussian if for all A € R we have log [, et dp(z) < Sz lh (2) + RZAQ.

171



CLERICO FARGHLY DELIGIANNIDIS GUEDJ DOUCET

The presence of k1~* in (3) might puzzle some readers. It was introduced by Langford and Seeger
(2001) and Maurer (2004) to the PAC-Bayesian community, and has by now become standard.
A useful property is that kI~ (u|c) < min{2(u + ¢),u + y/c/2} (Lemma 7 in Appendix B). This
translates to the fact that Corollary 2 leads to a fast-rate bound O(log m/m) for small enough values
of the empirical loss, £; < O(1/m); see also Tolstikhin and Seldin (2013) and the discussion and
references therein.

As a final comment for this section, an interesting feature of the bound (2) is the integral of the
Laplacian of the optimisation objective along the training path. Under the gradient flow dynamics,
ACs(hy) is keeping track of how the probability density is locally varying. Indeed, from a PAC-
Bayesian perspective, for the bound to be small we need to end up in some point where the posterior
density is not too high compared to the initial one. If we follow a trajectory characterised by a large
Laplacian, we see a sharp increase of the density. Intuitively, we can picture the situation as if we
were attracting the nearby paths and bringing further probability mass around us. In such a case,
the final pr is likely to be much larger than the initial pg and lead to a loose bound. Note that we
can rewrite

T \|vc
ACs(hy)dt = log T——+——+ / V 7(h) ||oh 4)
Here 7(h) = —7&&%” is the unit tangent vector to the trajectory in h, and |, ho ||0h|| denotes

the line integral along the path hp.7). The last term has a clear meaning, as it quantifies how much
hio.1) is attracting the nearby trajectories. We refer to Appendix C for a derivation of (4).

4. Discrete time dynamics

When trying to restate the results of the previous section for a discrete time gradient descent algo-
rithm, the main obstacle comes from the fact that we cannot anymore use the gradient flow con-
tinuity equation to keep track of the density change along the trajectory. However, the change in
density can still be computed exactly as long as we can ensure that the update map is injective and
differentiable. To make things more concrete, let G, denote the map

Gp(h) = h—nVCs(h).
We fix the total number of steps K > 1 and a training schedule {nk}kK:_Ol. We consider the updates
i1 = G (he) -

As usual we denote as py the law of hj, and we assume that pg admits a positive Lebesgue density
on the whole H.

Theorem 3 Consider the dynamics hyy1 = Gy, (hi). For each dataset s € Z™, denote as Ay
a Borel set on which Cs is twice-differentiable and M-smooth®, with sup,ne, < 1/(2M). Let
U : R? — R be a measurable function. Fix K € N and choose § € (0,1), such that the trajectory

3. A function f is said M-smooth on a set A if its Jabobian is M-Lipschitz, that is for any h,h’ € A we have
IV f(R) — Vf(R)| < M||h— 1|
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{hk}fg{:_ol lies in A with probability at least 1 — §/2, under (s,hg) ~ pu™ ® po. Then, with a
probability of at least 1 — § on (s, hy) ~ ™ & po,

po(ho)
po(hx)

K-1 2
— Z trlog (Id —nkVQCS(hk)> +log—=+06/2, (5
k=0

U(Ly(hr), Lz (hr)) < log 5

where € = [, 5, €Y EsML20)dum (5)dpo(h).

We refer to Appendix A for the proof. We note that the term — trlog(Id —n, V2Cs(hy)) in (5) can
be upper bounded in various ways, using the fact that C, is smooth around hj. From this, we see
that the continuous time bound of Theorem 1 is recovered when one let the learning rates tend to 0.

Lemma 4 With the notation of Theorem 3, let hy, € A,. Then

3
—trlog (Id —nkV2Cs(hk:)) < meACs(hiy) + il VZCs (i) |17 < §7lk\|V2Cs(hk)||TR,

where || - || is the Frobenius norm and || - || TR the trace norm.*

From the final inequality, it follows that this term scales at worst as O(d), as the smoothness assump-
tion ensures that 7 ||V2Cs(ht)||7r < d/2. However, it is likely that in many cases this translates
in an over-pessimistic estimate. For instance, we will show in the next section that for a simple
random feature model one can upper-bound ||V2C||Tr with a term that is of order O(1) for large
d. It is also worth mentioning that — tr log(Id —1; V2Cs(hy,)) can be directly expressed in terms of
the spectrum {\;}¢_; of V2C,(hy), as we have

1

d
—trlog <Id —nkv2cs(hk)> = Z log o
i=1 ’

5. Discussion and examples

In this section, we discuss various aspects and consequences of the results given in the previous
sections. As part of this, we consider two examples that allow for further theoretical inspection.

5.1. Random feature model

To start, we investigate how ||V2Cs||Tr scales with d in practice, by considering a simple feature
model for classification. In this setting, we let ¥ C RP and ) = {1, ..., q}. We consider the class
of mappings Fj, : X — R? defined as
Fi(e) = -hd(2),°
) = —=h®(z),
h Va
for h € R7*?, where ® : R? — R is a feature map fixed during training. The label predicted
by the model will be f;, = argmax; F}¢, the index of the largest component of F},. We consider

4. For a matrix U with singular values {o;}, let |[U|tr = 3, s and ||U||r = /3, 02 = tr[UUT]/2.
5. The factor 1/+/d is a standard choice for this kind of models, as it brings ||k/+/d|| ~ O(1) at initialisation, when the
components of h are independently initialised NV (0, 1) (e.g., see Ghorbani et al., 2021 for random feature models).

173



CLERICO FARGHLY DELIGIANNIDIS GUEDJ DOUCET

an optimisation objective Cy(h) = L > ((Fy(z),y), where ¢ denotes the cross-entropy loss
U(F,y) = log(Y>, ") — F¥, with F* and F" respectively denoting the i-th and y-th component of
F. Since this is convex in F' and the model is linear in h, we get that £(F},(z),y) is itself convex in

h, and so ||V2Cs||Tr = ACs. The Laplacian can be explicitly evaluated (see Appendix D.1):

2F(x)
AC () = = 37 <o) (1 - ém)> <=3 le@)?.
FASE] 7 FASES

To further investigate this quantity, we consider the setting of random feature models (Rahimi
and Recht, 2007; Mei and Montanari, 2022), where the features are given by ®(x) = ¢(Wx). Here
¢ is a non-linearity acting component-wise, and W is a d X ¢ matrix whose rows are sampled inde-
pendently. Assuming that |¢(r)| < |r|, we can further bound the Laplacian by -1 |[W[|> 3, [|z[|%,
with ||| denoting the matrix operator norm of W. If we consider the case where the components
of W are independently drawn from a standard Gaussian distribution, we get that ||V || = O(+/d)
for large d, and so ACs(h) = O(1). Thus, it is concluded that the trajectory-dependent term in (5)
can be controlled using

trlog(Id —nV2Cs(h)) = O(n) .

5.2. Wide neural networks

Next, we investigate the first term of the bound, log po(ho)/po(ht), by considering the setting of
wide feed-forward neural networks. For simplicity, we assume that each layer has the same activa-
tion and the hidden layers have the same width n, and that each of the weights and bias parameters
are initialised with a centred Gaussian distribution with variance o2 /n and ag, respectively. We also
assume the learning rate decays faster than O(1/n) so that the NN enters the NTK regime in the
large width limit (see Appendix D.2). We consider the case of an optimisation objective quadratic
in the network’s output.

Borrowing the analysis of Lee et al. (2020), we obtain two properties of the large n setting:
(i) with high probability, hg (the initial value of all weights and biases) is such that C, is smooth
and bounded in a region around it and (ii) with the same probability, gradient descent stays close to
initialisation. In combination with Theorem 3, we obtain the generalisation bound in the proposition
that follows. We refer to Appendix D.2 for the proof.

Proposition 5 (Informal statement) For each n, consider a training schedule {nk}kK;Ul such that
Nk < Nmax/N, Where Nmax > 0 is a constant independent of n. Under suitable regularity conditions,
forany § € (0,1), there exists n% . € N such that whenever n > n? . | the assumptions of Theorem

3 are satisfied. In particular, with a probability of at least 1 — 6 on (s, ho) ~ 1™ ® po,

K-1
C 2
U(Ls(hg),Lz(hk)) < — (C/2 + || ho||n'/?) — § trlog (Id —nkVZCs(hk)) + log % +6/2,

)
k=0

where § = [ 3, eV(Ls(M):Lz(h)qy™(5)dpo(h) and C > 0 is some constant that is independent
of n, § and m.

Note that ||hg|| ~ (n.L)'/? and thus, if we were to employ the bound (3) of Corollary 2, the first
term of the above bound would contribute a term of order O(nL'/2/m). This is notably sharper
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than what follows from the naive deduction that it scales at worst linearly with the number of
parameters, which is d = O(n?L) in this case. As for the Hessian-dependent term, although in
general it is difficult to characterise the spectrum of the Hessian, empirical studies on deep neural
networks suggest that in the later stages of training, the Hessian has only a few dominant positive
Hessian eigenvalues (Sagun et al., 2018; Ghorbani et al., 2019; Sankar et al., 2020), meaning that
|V2Cs(hs)||Tr Will typically be much smaller than d times the largest eigenvalue of the Hessian.

5.3. Implicit regularisation in first-order methods

In this section, we consider some modifications of gradient descent that are known to lead to better
generalisation and we relate this improvement to the bound given in Theorem 3.

The role of noise in both optimisation and generalisation is a topic that has received considerable
attention recently. The Langevin dynamics, as well as its discrete-time approximations, have proved
to be a popular model for investigating this (Raginsky et al., 2017; Mou et al., 2018; Farghly and
Rebeschini, 2021; Erdogdu et al., 2018). The evolution of the Langevin diffusion is most often
described by a stochastic differential equation of the form,

dht = —VCS(ht)dt + O'dBt N (6)

where B; is a Brownian motion process. Its generalisation properties have been studied using
uniform stability and information-theoretic bounds (see sections 7.2 and 7.3). By analysing the
associated Fokker-Planck equation (Pavliotis, 2014), one can show that the evolution of the marginal
density is identical to that of the deterministic flow,

~ ~ 0'2 o ~
Othy = =V <Cs(ht) + 5 log Pt(ht)> , ho ~ po, @)

where we denote as p; the density of hy. This idea was recently exploited in Song et al. (2021) in
the context of generative modelling, for example. We compare this to Theorem 1 which, with the
choice of ¥ (u,v) = %(v — u) (for an arbitrary o > 0) and with a bounded loss ¢ C [0, 1], leads to
a bound in the form

1 o pr(hr) 1
< - .
Lz(hr) < Ls(hr) + o T g <log oo (hr) + log 6)

Using this bound as an optimisation objective is equivalent to following the dynamics (7) with
Cs(h) = L (h) = % log po(h).

On another note, it has been shown that applying uniformly distributed label noise during train-
ing can improve generalisation results (Blanc et al., 2020; Damian et al., 2021). Damian et al. (2021)
established that in certain settings this improvement is characterised by the following implicit regu-
larisation term that is added to the optimisation objective:

o N2

Here o is the scale of the label noise and B is the batch size. Indeed, up to a scaling factor, this is
precisely the term that is summed over in the bound given in Theorem 3.
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However, we note that these algorithms are not optimising our PAC-Bayesian bounds. Indeed,
if one were to try to use the bound as an optimisation objective, then the generalisation guarantee
provided by our theory would change (as it would involve the Hessian of this new objective). We
defer to future work for deeper analysis of how our bounds relate to the generalisation properties of
these algorithm.

6. Extension to other algorithms

While we have focused on gradient descent, the analysis can be extended to any iterative scheme of
the form

hi41 = hy + Vi(hi; k),

where Vs : H x N — H can be any iteration-dependent vector field. This leads to the following
generalisation of Theorem 3, which differs only the trajectory dependent sum, where the Jacobian
of the vector field now replaces the Hessian of C,. As one might expect, a similar result is found for
continuous flows (see Theorem 10 in Appendix E).

Theorem 6 Consider the dynamics hy1 = hi + Vi(hg; k). For each dataset s € Z™, denote as
Ag a Borel set on which Vs is differentiable and M -Lipschitz, with M < 1/2. Let ¥ : R? — R be
a measurable function. Fix K € N and choose § € (0,1), such that the trajectory {hk}fzz)l lies in
As with probability at least 1 — 0/2, under (s, hg) ~ ™ & po. Then, with a probability of at least
1—0on(s,hy) ~u™ & po,

—_

2
3

U(Ls(hk), Lz(hi)) < log po((;;‘i)) - 2 trlog (Id +VVs(hk;k)) +log == +6/2,

K
o i

where NV (h; k) denotes the Jacobian of Vs(+; k) and § = [z, 5, eV (Es(M).L2 (M) q ™ (5)dpo(h).

Stochastic gradient descent An immediate corollary of this is that our theory applies to noisy
variants of gradient descent with little modification. For example, we can consider a version
of gradient descent that only evaluates C on a mini-batch s C s at each iteration &k € N, by
simply setting Vi(h; k) = —ngVCs, (h). The resulting generalisation bound applies identically
for stochastic variants of this scheme, including stochastic gradient descent, where the result-
ing bound is a function of the instance of the sampled mini-batches. To make things more ex-
plicit, we consider a surrogate loss function ¢ : Z x H — R and for a batch s;, C s, we write
Cs.(h) = \T1k| > ses, {(z,h). For a sequence of batches {s;} (potentially randomly selected), we
consider the dynamics hy1 = hy — 7 VCs, (hi). Then, under suitable smoothness assumptions
for £, we can derive from Theorem 6 the following bound

K-1
po(ho) 28 0
< — 2 —

\IJ(,CS(hK), EZ(hK)) < log po(hK) E tr log (Id +nkAC8k(hk)) + log 5 + 5

k=0

which holds with a probability higher than 1 — § on the randomness of the training dataset s, the
initialisation hg, and the choice of the batches. We refer to Proposition 11 in Appendix E.1 for a
rigorous statement.
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Momentum dynamics We can also use Theorem 6 to consider settings in which auxiliary vari-
ables are used to compute the update. We do this by replacing hj with the pair (hg, vy ), where vy,
denotes the auxiliary variable. Indeed, this setting applies to a wide range of optimisation schemes.
Note that in this scenario, the initial density po must refer to the pair (hg, vg).

An interesting example consists in the momentum dynamics

hi+1 = hg + Vs, Vg1 = prpvE — M VCs(hy)

for some momentum schedule {4 }. In such a case we obtain a high probability bound in the form

po(ho,vo) § o
U(Ly(hi), Lz(hi)) < log LON0:%0) § 1 log 2= 4+ 2.
(Ls(hr), Lz(hr)) < log 2001 d og - + g5+

We refer to Appendix E.2 for further details and discussion.

Damped Hamiltonian dynamics For damped Hamiltonian dynamics (Franca et al., 2020), we
can exploit the fact that the joint density of the pair ‘position-momentum’ pair (h,v) is conserved
under the Hamiltonian flow, a property that is preserved for discrete time-steps by suitable sym-
plectic integrators (Hairer et al., 2006). Using this property, we obtain bounds for discrete-time
algorithms without any smoothness assumptions on the objective C,, other than twice differentiabil-
ity. We refer to Appendix F for the details.

7. Comparison with the literature

7.1. Comparison with other PAC-Bayesian bounds

Contrary to many PAC-Bayesian results, our bound has the remarkable feature of applying to neural
networks with deterministic parameters, trained via standard gradient-descent methods. Yet, this is
not a complete novelty. For instance, a few previous works in the literature propose to study the
generalisation of a deterministic neural network by analysing, via PAC-Bayesian methods, a noisy
stochastic perturbation of it. This idea was exploited by Neyshabur et al. (2018), and later Biggs
and Guedj (2022a), for a L-layer fully connected neural network with a 1-Lipschitz homogeneous
activation function, and a 1-Lipschitz loss. In these works, margin arguments were combined with
PAC-Bayesian techniques to find a bound that (up to logarithmic factors) scales as

La(h)— LI(h) < O <, /%) , ®)

where n is the width of the network, £ the margin empirical loss with margin v > 0,° and

= > <||‘/Vl”%“ [ls HVVyH), with {W;}£ | the weights of the network, || - || denoting the
spectral norm, and || - || the Frobenius norm. One of the main issues of this result is R’s ex-
ponential dependence on the depth, due to the product of the norm of the weights. On the other
hand, our bounds involve the Hessian term, which are at most of order d (see Lemma 4), and the

contribution log %. When the weights are independently initialised as N(0, 1), this last term is

6. The margin +y is a standard measure of the confidence of the network’s prediction. We refer to Neyshabur et al. (2018)
or Biggs and Guedj (2021) for a definition of the margin loss. Note however that we always have £] > L.
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upperbounded by % ZZL: L IW1]/%. Moreover, as discussed in Section 4, for low values of L, our
bound can have a fast-rate dependence of O(1/m) with the training dataset size.

Later, building on the ideas from Neyshabur et al. (2018), Nagarajan and Kolter (2019) obtained
a bound that does not suffer of the exponential dependence on the depth. However, this comes at
the price of a bound that scales inversely with the smallest absolute value of the pre-activations on
the training data, a fact that leads to vacuous bounds in practice. We mention that a result similar to
that of Neyshabur et al. (2018) had previously been established by Bartlett et al. (2017), without the
use of PAC-Bayesian techniques.

The bounds discussed so far only take into account the final output of the algorithm, while our
result looks at the evolution of the model during the training. A similar spirit is shared by Miyaguchi
(2019), where the author focuses on the continuous time setting and studies the evolution of the
generalisation gap under the gradient flow training dynamics. Applying this result to a multilayer
network, it is possible to re-derive (8) under slightly weaker assumptions.

Other PAC-Bayesian results that hold for deterministic models usually cannot be applied to
standard training algorithms, as they require strong, and often unusual, assumptions on the model
architecture (e.g., Letarte et al., 2019; Germain et al., 2009; Biggs and Guedj, 2021), or the sample
of the parameters from the posterior distribution (e.g., Zantedeschi et al., 2021; Viallard et al., 2021;
Rivasplata et al., 2020).

7.2. Comparison with the stability literature

Another method for obtaining algorithm-dependent generalisation bounds is the framework of uni-
form stability Hardt et al. (2016); Pensia et al. (2018); Farghly and Rebeschini (2021); Raj et al.
(2023), proposed by Elisseeft (2005). This approach has recently received attention due to its appli-
cation to fundamental optimisation methods, such as gradient descent and its stochastic counterpart
(Hardt et al., 2016), while other works have leveraged it to obtain bounds in high-probability (Feld-
man and Vondrak, 2018, 2019; Bousquet et al., 2020). Hardt et al. (2016) considered the training
of SGD on non-convex training objectives. Under the assumption that C, is M-smooth in A (uni-
formly on Z), ¢ is L-Lipschitz and bounded in [0, 1], and the step-size satisfies ny, < ¢/(k + 1), the
combined analysis of Hardt et al. (2016) and Bousquet et al. (2020) leads to the bound,

(K/c)#illog(m/é) log 61
£a(h) 5 o)+ PO I/ flosd ©)

which holds with probability § € (0, 1).”
To compare with these results, we recall that under the same assumptions, Theorem 3 leads to
the bound,

lOg po(ho) 4 K_*l nkACS hk +772 v2cs hk 2 +10g 2w /s
Lz(hg) S Ls(hi) + po(hr) Zk_o( ( )m k|| ( )”F) ( /)’

for GD and, using a Proposition 11, a similar bound is obtained for SGD.

As a first point of comparison, we note that our analysis does not require the Lipschitz assump-
tion and only requires smoothness to hold along the path of GD with high probability. Additionally,
our analysis holds in both the stochastic and non-stochastic setting, whereas the technique used by

7. The notation < denotes that the inequality holds up to a multiplicative constant.
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Hardt et al. (2016) fundamentally requires random mini-batches to have bounds that decay with m.
While the bound of (9) decays at a rate of m~'/2, our bound decays faster with rates log(m)/m
(given that the training loss is small — see the discussion following Corollary 2). The fact that
ZkK:_Dl N ~ clog K suggests that our bound may scale better with K, though this would require
the ACs(hy) and || V2Cs(hy)||F terms to not grow too quickly with k. In the worst case, the smooth-
ness can be used to upper bound these terms by 3dM /2.

Lastly, we note that one of the main criticisms to the uniform stability approach is that it is solely
related to the algorithm and does not consider specifics of the data or the distribution of the labels,
raising doubts on its ability to distinguish whether a model has been trained on true or random labels
(Zhang et al., 2016). On the other hand, our bound can depend on the data distribution trough the
optimisation objective C, and its landscape along the training trajectory.

7.3. Comparison with information-theoretic bounds

Another popular direction within the literature on generalisation bounds uses ideas from information
theory to upper bound the expected generalisation error in terms of the mutual information (Xu and
Raginsky, 2017; Russo and Zou, 2019). This has been particularly practical for developing data-
dependent bounds for noisy iterative methods, such as stochastic gradient Langevin dynamics and
SGD (Mou et al., 2018; Negrea et al., 2019; Neu et al., 2021).

The general approach to this requires controlling the mutual information between the training
data and the update of each iterate. Therefore, this technique is restricted to settings where noise is
applied at each iteration, and the bounds explode when the amount of noise is reduced. To apply this
to GD and SGD, Neu et al. (2021) consider a surrogate model trained by a Gaussian perturbation of
these iterates. They show that when the loss is R-sub-Gaussian, the expected generalisation error is
bounded by

R2 &
— > nZEA(hy) + [EB(hk)],
k=1

ELz(hk) S ELs(hi) +

where A(h) and B(h) measures the sensitivity of the gradient and the loss function, respectively,
to perturbations in the parameters and dataset at h. A notable difference between this technique
and our method is that this can only provide bounds in expectation. This comes with the downside
that the right-hand side can usually not be computed exactly and the expectation of A and B should
be approximated using a Monte Carlo average. In contrast, our bound is based on the instance
of the optimisation trajectory, it can be computed exactly. Furthermore, our bounds have better
dependence on m but worse dependence on 7.

8. Conclusion

We derive novel high-probability generalisation bounds for models learned via optimisation algo-
rithms such as gradient descent. Contrary to the standard PAC-Bayesian framework, our guaran-
tees apply to models whose only randomness lies in the initialisation without requiring any de-
randomisation step. To the best of our knowledge, our results are the first to leverage the disinte-
grated PAC-Bayesian framework to analyse such settings. We make this explicit by stating a bound
that holds for wide neural networks trained via gradient descent.
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A strength of our bounds is that it assumes little about the model or training procedure. For the
continuous gradient flow dynamics, we require only that the optimisation objective be twice differ-
entiable. For the discrete-time algorithm, we require smoothness and twice differentiability only in
high probability on the trajectory. Additionally, we show that our results can be extended to settings
more general than gradient descent and give explicit bounds for SGD, momentum schemes, and
damped Hamiltonian dynamics. We foresee that this should motivate further work into developing
generalisation bounds for other optimisation algorithms.

A promising direction for future work could be designing computationally efficient methods
for computing these bounds. We would also like to evaluate the tightness of our guarantees and
compare them with other results known in the literature with thorough empirical investigation. We
also believe that our results can be improved by identifying more easily verifiable assumptions to
make the framework more broadly applicable.
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Appendix A. Omitted proofs
Corollary 2 If¢(h, X) is R-sub-Gaussian for each h € H, the bound (2) takes the form

h T 1 R?
Lz(hr) < Ls(hr) + log po((hO)) + / AC,(hy)dt +log < + ) .
T 0

1
vm ( Po 52
Moreover, if { is bounded in [0, 1] we have the tighter bound

h m T
log % + log % + Jo ACs(hy)dt

Lz(hr) <K [ Lo(hy)

m

Proof The first bound follows from Theorem 1 with ¥ (u,v) = /m(v — w). In this case { <
R?/(2m) by the definition of sub-Gaussianity. The second bound follows from Theorem 1 with
U(u,v) = mkl(u||v), after using the fact that with this choice one has ¢ < 2,/m if the loss is
bounded in [0, 1] (Bégin et al., 2016). [

Theorem 3 Let K € Nand § € (0,1), and let ¥ : R?> — R be a measurable map. For each
dataset s € Z™, denote as As a Borel set on which C; is twice-differentiable and M -smooth, with
supy, M < 1/(2M). For (s,hg) ~ u™ ® po, assume that the trajectory {hy}r—" lies in A, with
probability higher than 1 — 0 /2. Then, with a probability of at least 1 — § on (s, hg) ~ p™ ® po,

—_

K—
h 2

W(Lahr). £2(hr) < log P21 S tr1og (14 V2, (1)) +105 20 + /2,
polhe) = 0

where § = [ 4, eV (Ls(h).L2(h)qym (5)dpg(h).
Proof First, for any s € Z™ define
A ={hgeH: hy € Asforallk € {0,..., K —1}},

which is a Borel set thanks to the regularity of G on A;.
We start by noticing that for all &, the restriction of G, to A, is injective. Indeed, if h and A’
are in A,, we have that

1
1G (h) = Gy (W)} = [[B = | = e[ VCs(R) = VC(R)| = 5lIh — ]I

For any fixed s, if we condition on hg € A9, we have that this condition is satisfied for all k €
{0,...,K — 1}. Now let pi = pg(-|ho € AY) be the law of hy, conditioned on hy € AY. If
we denote as C?k the restriction of Gy, to supp pj, we have that G & is a differentiable bijection
supp pj, <> suppp; ;- In particular, we see by induction that this implies that pj_ ; admits a
Lebesgue density (since p;, < po), and by the change of variable formula

Pria(h) = 77 o G (R) det [Id V2,0 GY(W)| . Wh e supp i,
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Since ék(hk) = hy.q for hy € A, we get

1
Drs1(hii1) = Pi(hy) det | Id = V2Co (hy)

In particular, we have that for hg € A?

. —
log p};(h[() _ o pki;( k+1)
potho) = pi. ()
K-1 K-1 (10)
- 1ogdet[1d e V2Cs(hy) } — trlog{IdfnkV%S(hk) .
k=0 k=0

where the last equality follows from the Jacobi formula for positive definite matrices, namely
log det = trlog.

We now use the same Markov argument as in Theorem 1, with posterior pj, and prior po.
Explicitly, we have that with probability at least 1 — % on (s,hg) ~ "™ pg

Pic (i) Pic ()
SV (Ls(hio). Lz (hic))~log TKGHG 2 / Y (Es(h),L2(h))—log TKG d™(5)d5% (h) .
ZMmxH

PK

Since for every 5 € Z™ we get

(h)
/ o V(Ls(h),L2(h))~log pfo((m dpic(h)
H
P (h)

:/ em(,cg(hmz(h))flogp(h) 45 (h)</ eV LMLz qpo (R,
{50} *

we get that

P (hi)
po(hi)

2

W i (ws(fm), Lz(hk) < log .

+ log

hoeAg) >1-6/2..

Now, we note that for any kg € A9, the following holds:

og pirlhi) log pr(hi) po(ho)
po(hK) Po(ho) po(hK)

which is further bounded noticing that —log(1 — §/2) < §/2. In particular, using the change of
density formula (10) we get that

—log po(A7)

+ log

1" x pc <‘P(ﬁs(hf<), Lz(hk))

%
(5

< log po(fo) Z trlog [Id —neV2C,s (hk)] +log —=

s
h eAO) >1-4/2.
= " po(hk) 0 - /

(11)
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Now, note that for any event ¥ we have

p"x prc(B) = /m (px (Elho € AD)po(AT) + 1™ * pic(Elho € AJ)(1 = po(AY))) dp™ (s)

5
< "™ pr(Elhg € AY) + 3

since 1™ ® po(ho ¢ A§) < 6/2 by hypothesis. Applying this to (11), we get that

K-1
trlog [Id —nV2Cs(hi) | + log
k=0

2 )
g, 0

5 Ty U2

U(Ly(hi), Lz(hK)) < log 500((}10) B

with probability at least 1 — § on (s, hg) ~ pu™ x px. Since sampling from pg for a given s is
equivalent to sample from pg and follow the dynamics until the K-th step, we can claim that (12)
holds with probability at least 1 — d on (s, hg) ~ ™ ® po. |

Lemma 4 With the notation of Theorem 3, let hy, € Ag. Then

3
— trlog (1d—nV2Cs(hi) ) < meACs (i) + | V2Ca(ha)lIf < il V2C(he) 1,
where || - ||r is the Frobenius norm and || - | TR the trace norm.

Proof To obtain the first upper bound, denote as {\;(hy)}L; the spectrum of V2Cs(hy). Then we

have that
K—

d
—trlog (Id —1V2Cs(hy) ) Zlog (T —neAi(hg)) -
k=0 =1

,_A

Using that — log(1 — u) < u(u + 1) for |u| < 1/2, we obtain that for each k

d
—Zlog (1 —npAi(hy)) < Ukz)\ he) + Z i(hi)? = meACs(hee) + ni IV Co(hi) |5 -
=1 =1 =1

For the second upper bound, note that ACs(hy,) < || V2Cs(hy)||Tr and

d

Ai(hr)? < e Y Il [ s ()| = *UkllVQCs(hk)HTR,
k: k=1

M&

77kHVZC hk:

where we used that [ \; (k)| < ni]|V2Cs(hy)|| < 1/2 since Cs is 1/(2n;)-smooth in by, € As. W

Appendix B. Upper bounding kl~*

Recall that kl(ufv) = ulog® + (1 — u)log =% is well defined on (0, 1)? and has range (0, 1).
If we restrict to the region {v > u}, then the functlon is injective and we can define the inverse
k1™!(u|c), which returns the only v > u such that kl(u||v) = c. Here, we upper bound this inverse.
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Lemma 7 kI~ (u|c) < min{2(u + ¢),u + 1/c/2}.
Proof It is well known in the literature that
Kl (ule) < u++/c

(see for instance Dziugaite and Roy (2017)). Now we want to show that k1~ *(ulc) < 2(u + ¢). Fix
u € (0, 1) and define on (u, 1) the map

hy 2 v = Kl(ul|v) .

We have that ), (v) = =% — % and h{](v) = (11__;32 +z- In particular, h,, is convex. Define the
straight line

oy v (v—"2u)/2.

We want to show that h,(v) > o (v) for all v € (u,1). Indeed, if this is the case, then hy,!(c) <
o, (c) = 2(u + ¢) and the statement of the lemma follows. Since h,, is convex, it is enough to
show that o, lies below the tangent of h, with slope 1/2, which we denote as 7,. Let v, be the
value of v such that !, (v, ) = 1/2 (which always exists in (0, 1) since h},(v) — 0 for v — u and
W, (v) — oo for v — 1). We have that v, = (/T + 8u — 1). Now, note that u — v, is strictly
concave, increasing in (0, 1), and tends to O for u — 0 and to 1 for v — 1. In particular, we have
that v, > w for all u. We hence know that kl(u||v,,) is well defined and positive. This means that
Tu(vy) > 0. On the other hand, we have that

u s oy (vy) = i(\/l +8u—1)—

is a strictly concave function that vanishes in 0. As its derivative for v — 0 tends to 0, we have
0y (vy) < 0 forall w € (0,1). In particular 7, (v,,) < oy (vy). Since 7, and o, have the same slope,
we get that o, lies below 7, and so we conclude. |

Appendix C. Rewriting the Laplacian’s integral

We explicitly derive here (4). First, notice that d; log||VCs(ht)| = —”ggii% - V||VCs(hy)]|-
Since, for all h, '
VCs(h) > VCs(h)
ACy(h) =V -VCs(h) =V - < VCs(h)|| + w777 - VIIVCs(h)]|,
we get
VCs(hy)
ACs(hy) =V - | =575 s(ht)]| — O L s(he)l| -
) =5+ (1oe g7 ) IVl - artog €. ()|

We conclude that

VGl | (7o (Ve
I o o R A (e LA RS
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The integral in the RHS is a line-integral along the path k(g 71, as || VCs(h)]| is the norm of the flow’s

“velocity” in h. Moreover, 7(h) = — Hggz%\\ is the unit tangent vector to the gradient flow in h.
We can thus write
V(s
/ AC ()t = log 1Y Cx(m)ll v -7(h)||oh]l,
IV S

which is (4).

Appendix D. Examples

D.1. Calculations for the random feature model

We derive here the formula for AC, for the random feature model of Section 5.1. We let

1
F(x)=—h®(x),
() = Joh(x)
where the % is a ¢ x d learnable matrix and ® : RP? — R? is a fixed feature map, chosen randomly
at initialisation. R
In general, for a generic model with a twice differentiable ¢ one has that

Aé = Zz aaFZz AFZ Zzz 8F(?ZZF‘ZI VF'. VFZ

which follows easily from the chain rule. Here the model is linear in h and so we are simply left
with 1

Al = g||<1>|;2AF2,
where Apl = > 02,0

When / is the cross entropy loss, we get

Fi 2F" 2F"

Apl = S" 02,0 = c___° —1- =i <
RS gey) TR

and so

e2F(x)
IV2Co(h) e = ACy (1) = — 3™~ () (1 - (Z> < Y L@

2
zZESs Zz eFl(x)) m FASE]

D.2. Wide Neural Networks

We consider a fully connected neural network Fj, : R™ — R, for some ng € N. For simplicity, we
let each hidden layer have identical width n € N and activation function ¢ : R — R. We assume
that the inputs are coming from a compact set X C R™°.

The network output is determined by an input 2 € X, weights {IW' lL:_21 c R Wt ¢
R™0*" and W € R™*!, and biases {b'}' € R” and b* € R. We use h to denote the vector of
all weights and biases. The network’s output is

Fi(2°) = 227wt ol
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where we define
2 = (W 161t | forl=0,...,L -2,

where ¢ is applied component-wise. We consider a dataset s = (x;,y;)/"; € 2" sampled from the
measure 4. We consider a square loss objective in the form
1 & 5
Cs(h) = o Z(Fh(fﬂi) - i)
i=1
We consider a Gaussian initialisation pg, where the all of the parameters are independently drawn

as
2

o
Wh o N (0.22), b~ N(0,07),
for some positive o, and oy,
If the training step-size is scaled appropriately, the large width limit is known to reduce to the
neural tangent kernel (NTK) dynamics (Jacot et al., 2018). Given z, 2’ € X, the value of the NTK
O(z, ') € Ris given by the limit (in probability) as n — oo of the quantity

é(x7xl) = <VFho($)7VFho<x/)>7

1
n
with hg ~ pg. We borrow the analysis of Lee et al. (2020), who use this fact to study the convergence
on the finite width NN under training with gradient descent. To leverage ideas from this analysis,
we must make the following additional assumptions:

1. The analytic NTK O is full-rank with minimum and maximum eigenvalues satisfying 0 <
Amin < Amax < 00.

2. Z = X x Y is compact and the data distribution p has no atoms.
3. The activation function ¢ has Lipschitz continuous and bounded gradients.

Lemma 8 (Lemma 1, Lee et al. (2020)) Suppose assumptions 1-3 are satisfied, then there exists
a constant R > 0 such that, for any fixed C > 0 and ¢ € (0, 1), for n sufficiently large we can find
a convex subset A(C,0,n) C H, such that po(A(C,0,n)) > 1 —05/2 and

IVEy(2) = VEy (2)llp < VaR|[h = K5 [VE(2)]r < VRR,
forall h,h' € B(ho,Cn=/?), hg € A(C,6,n) and x € X.

Here we use the notation B(h, ) to denote the ball about h of radius r. As usual, the notation V
denote derivatives with respect to the parameters. The result is not stated so explicitly in the paper
of Lee et al. (2020), but can be deduced easily by following the proof therein. The convexity of the
set A(C, 6, n) follows from its construction by upper bounding the operator norms of the weight
matrices. Similarly, we state more formally another result from this work.

Lemma 9 (Theorem G.1, Lee et al. (2020)) Suppose assumptions 1-3 are satisfied, s € supp(u™)
and let 1y, = 2(Amin + Amax)il. Then there exists constants C, Ry > 0 such that for sufficiently
large n, whenever supy, ni, < 1nx/n and hg € A(C,6,n),

|hi — holl < Cn™Y2,  Cy(hy) < Ry, foreach k € N.
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Now we state Proposition 5 more formally.

Proposition 5 (Rigorous statement) Suppose assumptions 1-3 are satisfied and let n, = 2(Amin +
Amax) . Then, there exists positive constants C, R, and Ry such that, for any § € (0,1) and
sufficiently large n, whenever supy, n < %min{m, (2R(R + Ré/Q))_l}, with a probability of at

least 1 — § on (s, hy) ~ '™ ® po

=

1
c 2
(L), £2(hr)) < o (Iholln? + C/2) = 3 triog (14 —V2Cu(h)) +log 25 +5/2,

w 0

>
Il

where § = [ 4, eV (Ls(h).L2(M)qpm (5)dpo(h).

Proof Let C' be the constant given in Lemma 9 and suppose n is sufficiently large so that its
conclusion is satisfied. We construct the set A as the set containing all points visited by gradient
flows starting in A(C,d,n). By construction, the entire trajectory {hy}=_, lies in this set with
probability at lest 1 — 4. To show that Cs is smooth on this set, we note that for any h,h’ €
As(C,6,n),

IVCs(h) = VCs ()]

< % > (1Fn(wi) = vl VEu(xi) — VEw (@)l + Vo Fy () [ Fn(2:) — Fp (2)])
=1
1 & .
= > (1Fu(i) = willVFu(i) = VEw (@)l + IV F (@) | [V E, () [[I|h = 2]
=1

for some h € {Th+ (1 —7)W/ : 7 € [0,1]}.

From Lemma 8, it follows that ||V Fp/(x;)||lr < /nR. In fact, this holds for all parameter
values of distance C'n~'/2 from A(C, 8, n). Since this is a convex set which both k and &’ belong
to,  must belong to this set also, and so ||V F. i (z9)||r < v/nR. Additionally, we apply Lemma 8 as
well as the Cauchy-Schwarz inequality to deduce,

1 m
— > 1F(wi) — il IV Fi () — Vi (29)| € VAR C,(0)Y2h = || < VRRRY? |1 — 1|
=1

From this, we deduce that
IVCa(h) = VC(R)|| < (Ry*Ry/n + R*n)|[h — || < R(Ry/* + Rynllh — 1|,

which means that the optimisation objective is M -smooth on As(C, d, n), with M = R(R(l)/ 2 +R)n.
Since, by hypothesis, we consider a schedule such that sup;, nx < 1/(2M), Theorem 3 applies.

Moreover, we have

po(ho) <"

po(hy) ~ 203

Thus, using Lemma 9,

n
log 1hsl® = [lhol[*| < 252 1M = holl(llh% = holl + 2[[oll) -

po(ho) 1/2
lo < C/2+ ||ho|ln ,
& o) = (C/2+ [|ho|In/7)

e Q

192



GENERALISATION UNDER GRADIENT DESCENT VIA DETERMINISTIC PAC-BAYES

from which the statement follows. |

Asnoted in Lee et al. (2020) and Yang and Littwin (2021), the NTK analysis of wide neural net-
works can be performed in settings where the hidden layers have different widths and on networks
with different architectures. Therefore, we should expect a similar argument to that given above can
be reproduced in these settings.

Appendix E. The analysis for general iterative methods

The proof of Theorem 6 follows immediately from the proof technique of Theorem 3 as soon as
—VCs is replaced by the vector field. Similarly, we obtain the following result for the continuous-
time flow dynamics.

Theorem 10 Consider the dynamics Oyhy = Vs(hy;t), with Vs : H x RT — H differentiable in h.
Let ¥ : R?2 — R be a measurable function. For any § € (0,1) and T > 0, with probability at least
1 — § on the random draw (s, hg) ~ ™ ® po, we have

po(ho) T : £
U(Ls(hr), Lz(hT)) < log oolir) —/0 V- Vi(hys t)dt +log <,

where N refers to derivatives with respect to h and § = [, 5, eV (Ls(h).L2(M) Q™ (5)dpg(h).

E.1. Mini-batches

We can consider here a version of gradient descent that only evaluates the training objective on a
mini-batch s;, C s at each iteration k¥ € N, as already discussed in Section 6. Note that the choice of
the mini-batch can be random and doesn’t need to be known a priori. Our result will always apply
on the specific realisation of the sequence of batches used for the training.

We consider an objective in the form

Colh) = S0z, h)

zES

for some surrogate loss function ¢ : Z x H — R. For a batch s C s of my elements, we write

Cop(h) = n}bk S i h).

ZESE

Proposition 11 For a sequence of batches {sy}, consider the dynamics hy11 = hi, — niCs,, (i)
We denote as '™ the law of (s, {s}), which takes into account the potential randomness in the
choice of the batches. For each k, let As be a Borel where g(z, -) is twice differentiable and M -
smooth for every z in s, with maxy, ng < 1/(2M). Let ¥ : R? — R be a measurable function. Fix
K € Nand let § € (0,1), such that the trajectory {hk}gg)l lies in A, with probability at least
1 — 0/2 on the randomness of the training dataset s, the initialisation ho, and the choice of the
batches. With probability at least 1 — § on the same randomness, we have

K1
po(ho) 5 )

U(Ls(hg), h <1 — trl Id s (R log = + —,
(Ls(hk), Lz(hK)) < log PR g:o r 0g< +1mkVCs), ( k)) +log ==+

with € = [ o, eV Es Lz qum(5)dpg(h).
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E.2. Momentum

We can consider the use of auxiliary variables: instead of having just hg, we take the pair of pro-
cesses (hg, vy ). If the updates of these processes are of the form

<hk+1> = <hk> + V:e(hka (7 k) )
Vk+1 Vg

for some iteration-dependent vector field V;, then the usual analysis applies immediately. For ex-
ample, let us consider the momentum scheme

hiy1 = hg + vy, Vg1 = vk — Mk VCs(hy)

where € [0, 1] is the momentum schedule.
This corresponds to the vector field

. B ,Ukv —_ nkVCs(h)
Vi(h,vi k) = <(Mk — 1w — kacs(h)) 7

whose Jacobian reads

v (—meVZCs(h) i 1d
vvs(h’v’k)_<—77kv20s(h) (e —1)1d) -

We can easily compute

det(Id +VVi(h, v k)) = det (Mk(Id —nkV2Cs(h)) + NknkVQCs(h)) = det (i 1d) = 1",

and so
K-1 K-1 K—-1 1
~ Y trlog (Id Vs (b, g k)) — — %" log det (Id FVVy (hye, vk k)) —d log—.
k=0 k=0 =0 Mk

If we consider the schedule p, = 1 — a(k + 1)~!, for some fixed & < 1, then we obtain
that this sum scales with ad log K, and this is made dimension independent by choosing o ~ 1/d.
Curiously, when p;, = 1, the sum vanishes. As a final remark, note that one must initialise the pair
(ho, vo) by drawing it from a fixed distribution pp, that we assume to have full support on H x R
This excludes the case of a deterministic initial value for the velocity.

Appendix F. Discretised damped Hamiltonian dynamics

Here, we consider a Hamiltonian approach, and hence we introduce d additional variables v, repre-
senting the velocities (momenta) of the parameters h. The idea is to exploit the fact that the joint
density of the pair (h,v) € H? is conserved under the Hamiltonian flow, a property that is preserved
for discrete time-steps by suitable symplectic integrators (Hairer et al., 2006). In order to solve an
optimisation problem, we can alternate conservative Hamiltonian steps with dissipative ones, which
only involve v and entail an exactly computable change in density.

Let us make things more concrete. For the rest of this section, we denote as pj, the joint density
of (hg,vx). We consider an increasing differentiable map ¢ : R — R, such that ¢)(0) = 0, and
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we fix 7 > 0. We denote as W, (v) the value at t = 7 of the solution of 0;0y = —(7;) satisfying
Uy = vg, where with a slight abuse of notation we are here implying that ) is acting component-wise
on 9y € R From (hy,vy,), to evaluate (hy 1, g, 1) we first proceed with a dissipative step:

his1/2 = hi; Vg2 = Wn(vr) -

Since this step involves the exact solution of a continuous-time gradient descent evolution, we can
appeal to the usual continuity arguments to show that

h )
log Pk+1/2( k+1/2 k+1/2 Zlog (13)

pr(hi, vk) k,+1/2)

with v* denoting the i-th component of v. Indeed, we see that for each component of ¥;

() _ ()
o0t} (@)

/n ¥ (61)dt = log ‘Z’(f’é) _ log 20
0 n

W (0]) = = —0,(log ¥ (})),

and so

from which (13) follows.
After this dissipative step, we apply a symplectic Hamiltonian integrator, such as

hit1 = hyy1/2 + N0k Vk+1 = Vgy1/2 — NVrCs(hi) -

This step conserves the density:

Pr41(hkr1,V611) = Prg1/2(Pigi /2, Vg1 /2) -

Indeed, we are applying to (hg, vy ) the tranformation

<h> N <h + v — nzVCs(h)>
v v —nVCs(h) ’
1—n?ACs(h) n
_nACs (h) 1
Following the above dynamics for K steps and applying the usual Markov argument we obtain
the following result.

whose Jacobian ( ) has determinant 1 for all A and v.

Proposition 12 Consider the damped Hamiltonian dynamics described above, with C4 twice differ-
entiable on the whole H. Let U : R? — R be a measurable function. Fix K € N and let § € (0, 1).
With probability at least 1 — 6 on the random draw (s, hg, vg) ~ ™ ® po, we have

W(Lz(hie), La(hie)) < log & + log LU0V zdzlogw.
e Y po(hx,vi) ;

With € = [z 302 eV(Ls(MLz(M)qp™ (5)dpo(h, v).
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As a concrete example, we can choose 1(v) = ¢|v|Pv, forp > 0 and € > 0, where |-| denotes the
absolute value computed component-wise. The case p = 0 corresponds to the standard conformal
damped Hamiltonian dynamics (Franga et al., 2020), and yields to

Rit1 = g + N0k41 5 Vg1 = € o —nVipCo(hy),

with a density that increases exponentially as

h
1o Pk+1( k+1, Uk+1)

=den.
Pk (P, vk) K

Note that this last term goes linearly with the dimension of the hypothesis space, a behaviour that is
likely to bring poor bounds in over-parameterised settings. To avoid this, one can choose p > 0 and
get

Uk
1+ penjuy[P)!/»

hi+1 = hg + N0k ; Vg1 = ( —nVipCs(hy)

and

d

Pr+1(Pkt1, Vkt1) ( 1) i

lo =|14- log (1 + penl|v,|?P) .
s log p. (A, vk) P ; 8 ( eil”)

With this choice, if the components of v are smaller than 1 (e.g., when they are sampled from a

Gaussian with small variance) the last term in the RHS of (14) will likely have a better behaviour
with d. However, this improvement might come at the price of a larger log %, due to the fact
that less dissipative dynamics allow the model to explore a wider region of the hypothesis space,
potentially ending up with a final state (hx, vk ) with a pg density much lower than pg(hg, vg). It
is unclear so far what is the optimal choice of 1) that can lead to tightest bounds. We leave the

investigation of this open problem as future work.
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Chapter 6

Discussion

This thesis explores several mathematical machine learning theory topics, leveraging the
Gaussian limit of infinite-width networks and information-theoretic approaches to study
generalisation and expressiveness for over-parameterised models.

Regarding expressiveness, Chapter 2 discusses the universality of networks with finite
and infinite depth in the infinite-width limit, showing how the introduction of scaling factors
allows for stable and expressive deep residual architectures. Adding to the theoretical analysis
reported in this thesis, the empirical evidence in Hayou et al. (2021) highlights the potential
practical value of the stable ResNets we introduced, which are shown to outperform their
unscaled counterparts in several image recognition tasks.

Generalisation was the main focus of all the other chapters. Some of the results that
we presented were merely theoretical, as is the case for the abstract framework underlying
the duality between chained and unchained bounds (Chapter 4) and of the disintegrated
PAC-Bayesian bounds that can apply to deterministic algorithms (Chapter 5). On the other
hand, the discussion on the Gaussian PAC-Bayesian training (Chapter 3) is a clear example
of how theoretical results can lead to the development of learning algorithms: the Gaussian
limit that we establish for the infinitely wide shallow stochastic network not only has a direct
application in the PAC-Bayesian method of Section 3.1, but has also later inspired the training
algorithm of Section 3.2, which applies to a much broader range of architectures and achieved
state-of-the-art PAC-Bayesian bounds.

In the rest of this section, we outline some of the open questions and potential avenues for

further research that the analysis in this thesis has uncovered.
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6.1 Limitations and open questions

6.1.1 Stable and expressive ResNets

The expressiveness analysis of Chapter 2 focuses on ReLU networks. However, we believe
that most results would apply to more general settings. For instance, for “regular enough”
non-polynomial activation functions, one would expect that the kernels (); become universal
after a finite number of layers. Leveraging results from Daniely et al. (2016) and the proof
techniques that we introduced in Section 2.6, one can find a power series for C; of the form
Yol gan(z - 2’)". For a suitable class of activation functions, we conjecture that after a
few layers the coefficients a will become all strictly positive, a sufficient condition for the
universality of the kernel (Schoenberg, 1942). With a similar approach (maybe mimicking the
proof of Proposition 2), we think it would be possible to get analogous results on any compact
K C RP (at least for o, > 0) and we conjecture that introducing depth- and layer-dependent
scaling factors would allow for a stable and fully expressive infinite-depth limit for ResNets.
Another direction for future work is to look at expressiveness from a different perspective.
So far, we have called expressive a process whose support is dense in L?. When the NTK
governs the training dynamics, our definition is enough to ensure that any L2-function can be
approximated with arbitrary precision. However, as extensively discussed in Yang and Salman
(2019), the values of the eigenvalues in the Karhunen-Loeve expansion of the Gaussian process
play a crucial role in defining the performance of an algorithm. Indeed, having only a few
eigenvalues consistently larger than the others leads to a process whose samples essentially
lie in some low-dimensional space, potentially requiring a very long time to achieve good
agreement with the data. Conversely, if there are too many dominant eigenvalues of the same
order, the network has a tendency to overfit, as the implicit regularisation is extremely weak. It
would be interesting to study the spectrum of the kernels and its dependence on the activation
function ¢, which could also contribute to the analysis of the activation function’s impact
on the learning process. Moreover, examining the decay of the eigenvalues could provide
interesting insights about the RKHS of the kernels. Recent research in this area includes Bietti
and Bach (2021), which studies the asymptotic behaviour of some network-induced kernels on

the sphere.
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Finally, another interesting question is what happens to the expressiveness when the
architecture’s width is finite and far from the kernel regime. Several works have studied the
infinite-depth limit for finite-width architectures (e.g., Peluchetti and Favaro, 2020; Li et al.,
2022; Hayou, 2023), showing that there is not a universal law for the output (contrary to the
Gaussian case). However, when the output is non-Gaussian, it is unclear if looking at the
RKHS of the covariance kernels would yield any meaningful information about the expressive

power of the model.

6.1.2 Gaussian PAC-Bayes

In Section 3.1, we establish a Gaussian limit for the output of an infinitely wide stochastic
network. The result is based on a central limit theorem that relies on the independence
of the hidden nodes, a property that is lost for architectures with more than one hidden
layer. A natural question is whether it is possible to describe the limit output distribution
for multi-layer stochastic models. A few empirical tests suggest that, at the initialisation,
the output remains Gaussian, consistently with the fact that the non-diagonal elements of
all the covariance matrices tend to zero as the width grows. However, it is not yet clear if
there is a learning regime where the correlation between hidden nodes stays weak enough to
ensure the Gaussianity of the output throughout the network’s training. In any case, even if a
Gaussian limit could be established, obtaining a practical learning algorithm (as the one that
we propose for the shallow case) would require finding a suitable compressed approximation of
the covariance matrices of the hidden layers, as their large size (n x n for a network of width
n) would be a severe bottleneck for the algorithm’s implementation.

Another interesting question is whether it is possible to describe the learning dynamics of
an infinitely wide stochastic network via the neural tangent kernel. The standard derivation
of the NTK evolution (Jacot et al., 2018) relies on the fact that the optimisation objective
Cs depends on the parameters h only through the network’s output F', making it possible to
expand VCs = VF -V Cs. Nevertheless, when the learning objective is a PAC-Bayesian bound,
it contains a relative entropy term that depends directly on the trainable hyper-parameters. We
are currently working on establishing alternative NTK dynamics for a “regularised” learning.

It turns out that if the objective is in the form Cs = L, + 3[|h — h||? (where h is the value of
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the parameters at the initialisation), then the evolution is governed by

OuFi(r) = ~A(Fi(x) — Fi(e)) — S0 3 (o, 2)0m, 0" w),
Z/Es j
where F' is the network’s output at the initialisation. Under suitable assumptions, this result
can be used to study the dynamics of a shallow wide stochastic network from an NTK
perspective. We remark that Huang et al. (2022) also tackled the NTK evolution for the
PAC-Bayesian training of a shallow stochastic network, but used a different approach that
heavily relies on the specific setting considered (i.e., real output, quadratic loss, and training

of the hidden layer only).

6.1.3 Chained generalisation bounds

The general framework of Chapter 4 encompasses several information-theoretic results from
the literature and establishes how each can be associated with a chained bound. However, from
a practical perspective, it is not yet clear how powerful the results brought by this framework
can be. For instance, computing these information-theoretic bounds is not feasible in most
problems of interest: they require evaluating the expectation under the unknown training data
set distribution Pg. Yet, upper bounds on the mutual information have allowed for empirical
bounds for some stochastic iterative optimisation algorithms (Bu et al., 2019; Haghifam et al.,
2020; Rodriguez-Galvez et al., 2020; Neu et al., 2021). However, the chaining technique has
not yet been exploited in this context and might lead to interesting results.

Recently, Haghifam et al. (2023) demonstrated that several variants of the mutual infor-
mation bound from Russo and Zou (2019) cannot achieve min-max rates in the context of
stochastic convex optimisation. This raises concerns about whether these results are the right
ones to pursue in order to gain a better understanding of generalisation for over-parameterised
models. In any case, they did not consider the chaining technique or bounds based on
information-theoretic measures other than mutual information. Future research may extend
their analysis to these settings as well.

Finally, Chapter 4 is mainly focused on the backwards-channel (from the data set to the
hypothesis) information-theoretic perspective, which seemingly pairs more naturally with

the chaining on the hypotheses’ space. However, the chained PAC-Bayesian result that we
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present is an example of a forwards-channel bound, as it considers the distribution of the
hypotheses conditioned on the sample. A future direction of study could be to extend our
general framework to include forwards-channel bounds. We believe this should not present

significant technical difficulties and might bring new valuable insights.

6.1.4 Deterministic PAC-Bayes under gradient descent

The final chapter of this thesis (Chapter 5) presents novel bounds that are completely com-
putable but have not yet been adequately tested empirically. Future research will involve
conducting experiments on benchmark learning tasks to draw a deeper comparison between
our results and existing literature. However, the smoothness condition, which is necessary for
our bound to hold, may be difficult to check for general settings. Thus, further investigation is
needed to identify more easily verifiable assumptions.

Another direction for research would involve focusing on the infinite width limit, where
the network’s output behaves as a Gaussian process at the initialisation and is described by
the neural tangent kernel dynamics during the training. In this setting, the results from Jacot
et al. (2020), characterising the network’s Laplacian, could contribute to the analysis of our
bounds. Moreover, one could adopt a functional perspective by examining how the output
density evolves. While PAC-Bayesian bounds in expectation for Gaussian processes exist (e.g.,
Seeger, 2002), we are not aware of any disintegrated versions of them. For this approach, one
major challenge is the need for well-defined densities of distributions on functional spaces,
which often requires a high degree of technical sophistication.

Lastly, it should be noted that the bounds proposed in Chapter 5 explode as the training
time approaches infinity. One potential solution to this problem is introducing noise to the
training dynamics (e.g., stochastic gradient Langevin dynamics), which would cause the output
density to converge towards the Gibbs posterior. However, this would also make evaluating
the final density for a finite time horizon 1" much more challenging and may render the bound
not explicitly computable. An alternative approach to achieve finite generalisation bounds
would be to impose additional regularity assumptions on the optimisation objective. For
example, one could use our results to obtain a finite bound for a time 7" and then leverage
other techniques to analyse how the population loss for Ay differs from that of Ap, for any

arbitrarily large time horizon 7.
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