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Among the various energy storage technologies under development, the lithium-sulfur (Li-S) battery has
considerable promise due to its higher theoretical energy density, small environmental footprint, and low pro-
jected costs. One of the main challenges posed by Li-S is the need for a battery management system (BMS) that
can accommodate the system's complex multi-step redox behaviours; conventional approaches for lithium-ion
batteries do not transfer. Most existing approaches rely on equivalent circuit network models, but there is
growing interest in ‘zero-dimensional’ electrochemical models which can potentially give insights into the
relative polysulfide species concentrations present at any given time. To be useful for state estimation, a model
must be ‘observable’: it must be possible to uniquely determine the internal state through observation of the
system's behaviour over time. Previous studies have assessed observability using numerical methods, which is an
approximation. This study derives an analytic expression for the observability criterion, which allows greater
confidence in the results. The analytic observability criterion is then validated against a numerical comparator. A
zero-dimensional model from the literature is translated into an ordinary differential equation (ODE) form to
define the state variables matrix A, the output matrix C, and subsequently the observability matrix O. These are
compared to simulated numerical equivalents. In addition, the sensitivity of the numerical process has been
demonstrated. The results have the potential to offer greater confidence in conclusions around observability,
which in turn gives greater confidence in the effects of any algorithms based on them.

The dissolution of intermediate Li»S; in the liquid electrolyte can lead
to migration through the separator. This subsequently creates a

1. Introduction

Lithium-sulfur (Li—S) is considered to be a promising technology for
the next generation of batteries due to properties such as high theoret-
ical specific energy of 2600 Wh/kg (practically around 300 Wh/kg
today, projected to rise in the future), low toxicity, low cost, and the
abundance of sulfur [1,2]. The high specific energy of Li—S batteries is a
consequence of multi-step electrochemical conversion reactions of pol-
ysulfides in different valence states where sulfur is reduced on the
cathode to produce lithium polysulfides (Li»S;) intermediates (e.g. LizSe,
LisS4, LisS»). Despite lithium-sulfur batteries' promise, several problems
make the commercialization of Li—S batteries difficult, as is acknowl-
edged in the literature [1,3,4]. The use of Li—S battery is currently
limited by its low charge efficiency and relatively high self-discharge
rate, however, its inherent safety is an advantage in some niche appli-
cations [3]-[5]. In the following, some of the technical challenges of the
Li—S battery are listed:
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shuttle effect and leads to Li»S deposition on the Li anode, resulting
in a loss of active substances and poor cycle life.

The low electrical conductivity of sulfur (ca. 10~3° Sm’l) as well as
the associated discharge products (e.g. Li»S, ca. 10714 Sm™1) greatly
hinder the transportation of e~ /Li" and decelerate the reaction ki-
netics in batteries.

The conversion reaction between sulfur (2.07 gcm’S) and li»S (1.66
gem ™) upon the delithiation/lithiation process involves a volume
change of around 76 %, leading to severe disintegration of the
electrodes and deterioration of the prolonged cycling performance.
Li—S batteries inevitably face the intrinsic issues of mossy metal
deposits and dendrite generated on the surface of the Li anode, as
well as the unstable solid electrolyte interface (SEI), resulting in low
coulombic efficiency (CE), terrible cycling, and severe safety
concerns.
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There has been wide research focused on the selection of materials
and architecture of electrodes and electrolytes to overcome the above-
mentioned issues. The key aspect has been the interface between elec-
trodes and the electrolyte. Different solutions have been suggested, and
the use of solid-state electrolytes (SSEs) seems to be a promising route,
as these can avoid leakage, reduce flammability and chemical instability
and also provide a physical barrier to the polysulfide shuttle toward the
Li anode [1].

Another challenge for the implementation and commercialization of
Li—S batteries is the prediction of their performance during usage. In
that regard, several researchers have investigated models to simulate the
behaviour of Li—S batteries. Good examples are the Zero-Dimensional
(OD) model, the One-Dimensional (1D) model, and other higher-
dimensional models which are mentioned in the following. The first
zero-dimensional model was proposed by Mikhaylik and Akridge [6]
and it considered a 2-step reaction and the heat generation from the
polysulfide shuttle effect. Some comprehensive models including diffu-
sion limitations, activation of overpotentials, and precipitation of spe-
cies have also been suggested in [7]. The zero-dimensional model
developed by Marinescu et al. [3] is also based on the 2-step electro-
chemical reaction but with low computational requirements. That
model is capable of simulating the typical features of this type of battery
such as the two plateaus during discharge, the initial sharp increase in
voltage during charge, the dynamic response of cells, the effect of cur-
rent and power limitations, and information on the amount of stored
energy. However, diffusion limitations are not considered in their
model. In another study by Zhang et al. [8], a lumped model is devel-
oped for Li—S battery which includes precipitation and kinetics of the
reactions and it considers the concentration dependency of electrolyte
resistance. In that study, they extended the reaction mechanism to
include all the generated polysulfide (S, 2. n=0,2,4,6,8).

In addition to the zero-dimensional model, a number of Li—S battery
modelling studies were focused on the 1D model which was originally
proposed by Kumaresan et al. In that model, the Li—S cell was assumed
to consist of two half cells where the electrochemical reactions take
place at the two electrodes simultaneously. This modelling approach has
been also supported in a study by Ghaznavi and Chen [9]. Following
that, Zhang et al. developed a 1D model for Li—S battery based on
Kumaresan's framework to study the transport limitations during
discharge and also to analyze the capacity recovery at different rates
[10].In [11], Yoo et al. studied both discharge and charge processes by
extending the precipitation/dissolution expressions in Kumaresan's
model. They showed that the model can predict capacity loss, but it
cannot be replicated, and the physics is not fully modelled using kinetics
at the anode. In another study by Ren et al. [12], only the discharge
process is considered in the 1D model by incorporating the surface
nucleation and growth dynamics to study the precipitation of Li;S. The
charging process was also studied by Hofmann et al. [13], which
assumed a simplified reaction mechanism by two-step redox reactions
and a chemical precipitation reaction on the cathode side in their 1D
model. Finally, Xiong et al. proposed a 1D transient mathematical
model, which incorporates the size-dependent Li»S dissolution and
redox mediation reaction between dissolved polysulfides and Li,S par-
ticles into the charging process [14].

One of the unique features of Li—S battery is its poor state observ-
ability [15]. Recent studies have looked into the application of the zero-
dimensional electrochemical model proposed by Marinescu et al., [3] to
address the observability of Li—S batteries. Huang et al., [16] applied
the zero-dimensional electrochemical model and nonlinear differential
equations for estate estimation and suggested an extended Kalman filter.
They confirmed that the states are locally observable and that the
observability is weak in the so-called “low plateau” region. On the other
hand, Xu et al. [17] proposed a reformulation into ordinary differential
equations (ODEs) to simplify the estate estimation, as well as the
development of an unscented Kalman filter. They also concluded that
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the “low plateau” region has poor observability. However, both these
studies were constructed on numerical calculations for the observability
of the system. To the best knowledge of the authors, an analytical
formulation of the Li—S battery system's observability has not been
addressed in the literature yet, which is considered here as a research
gap. The difference between [16] and this study is that the observability
has been evaluated here both numerically and analytically. Our research
formally confirms this. The model in this paper is accurately expressed
as an ODE without loss of information. DAEs have applications in
modelling constraints, but here — where the only constraints are equiv-
alence - there is an exact one-to-one mapping, and such is used in [16].
In fact, [16] converts from DAE to ODE, though the observability cri-
terion is evaluated numerically. Our conclusion supports the methods in
[16] by filling a gap in the formal proof. For a battery management
problem, it is the local observability that is important. It might well be
that a formal extension using Lie algebra and local sets could be of in-
terest, but we are responding to techniques already under discussion in
the literature. We are providing a formal proof of the observability cri-
terion in [16].

The poor observability of the Li—S battery system has been also re-
ported in some other previous studies using an equivalent circuit model.
In [15,18], an observability analysis is performed in order to predict the
state of charge (SOC) of Li—S batteries, and it is demonstrated that the
system is not locally observable due to the characteristics of the open-
circuit voltage (OCV) curve. They also worked on the development of
an equivalent circuit model for a Li—S cell, validating against experi-
mental results and concluding that the poor observability made this
approach impractical. That highlighted the need for the generation of a
new framework to address the observability of Li—S batteries.

The aim of this work is to provide an analytical solution to the
evaluation of the Li—S battery system's observability. It is well-
recognised that numerical approximations of mathematical problems
are sensitive to the size of numerical perturbations, whereas analytic
expressions are not [19]. An analytic model can therefore identify
sensitivity problems or confirm they are not present. A zero-dimensional
electrochemical model [3] has been used as a baseline for the devel-
opment of the analytical formula for the state matrix A, and the output
matrix C. Each step of the process has been validated against numerical
solutions. Firstly, the numerical model for Li—S batteries has been
compared to published data. Once verified, this numerical model has
been used to determine the observability of the system, i.e. the observ-
ability matrix O, and to validate the analytical solution. The contribu-
tions of this study can be summarized as follows:

e A fundamental investigation of the Li—S battery system's observ-
ability is performed using the physics-based zero-dimensional model.
An analytical state-space model is developed for observability anal-
ysis of the Li—S battery system.

The results of the proposed model are compared against the nu-
merical model's data. The authors' observation here is that it is al-
ways desirable to justify a numerical technique based on an
algorithm — sometimes this can give useful insights into edge cases
and it is perhaps less vulnerable to irregular numeric issues, but if
there is good confirmation, it supports the decision to use a numer-
ical technique.

A sensitivity analysis is performed on the numerical results.

The main impact of this study is expected to be on the next-
generation Li—S battery management systems (BMS). Present-day
state estimation methods are heavily reliant on equivalent circuit
models. This study helps us to achieve greater knowledge of the species
concentrations and consequently provides greater insight and confi-
dence about local observability in Li—S battery systems. The proposed
state-space version of the physics-based zero-dimensional model has the
potential to be implemented in BMS boards and consequently be utilized
in real-time applications. Although the battery electrochemical models
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are usually better in terms of accuracy, they might not be easily used in
real-time applications because of their computational and memory re-
quirements. The authors believe this study can contribute to achieving
quicker commercialization of Li—S BMS technologies, which contrib-
utes in its way to overall efforts for electrification and decarbonization
to support climate action and enable clean growth.

The structure of this paper is as follows, The modelling approach is
described in Section 2, including: (a) the zero-dimensional electro-
chemical model for Li—S batteries, (b) the analytical model for the
observability of the Li—S battery system, i.e. mathematical equations for
A, Cand O; and (c) description of the numerical model for the validation
of the results. In Section 3, the results, validation and analytical and
numerical calculations are explained; and finally, the conclusion and
future work are discussed in Section 4.

2. Li—S battery model

The zero-dimensional electrochemical model developed by Marine-
scu et al. [3] and previously suggested by Mikhaylik and Akridge [6], is
based on a two-step electrochemical reaction chain:

S§+4de” <283 @

82 fde” 28 (1) +82 @)

The first reaction represents the reduction of sulfur (sg) and is related
to the high voltage plateau shown in Fig. 1. This reaction will be denoted
as reaction H in the following equations. Meanwhile, the second reac-
tion, the reduction of S2-, is linked to the low voltage plateau and
denoted as reaction L in the following. The equilibrium potentials for
each of the reaction (Ey and E; ) are given by the Nernst equations below:

By = By + <f,, 53 ) @)
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S3-
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where EY and E? are the standard potentials for each reaction; F is the
Faraday's constant; R is the ideal gas constant; T is the temperature; S;
represents the mass of each polysulfide; and fy and f; are constants to

convert the concentration of the sulfur species to mass, calculated as
follows:

n Mg, v
fH:ﬁ 5)

ns,

n2ng, M2 V?
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where v is the volume of electrolyte, Mg, is the molar mass of sulfur and
n; are the atoms in each of the polysulfides (i.e. sulfur species).
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Fig. 1. Discharge voltage measurement of Li—S.
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This model considers the kinetic limitations via the Butler-Volmer
relation, so that the current linked to each reaction (i.e. iy and i; for
the high and low plateaus) are given by:

, . o nFny

= -2 ,sinh 7
iy o ino @ a,Sinh— o @)
. . . n
ip= —2ei,ea,sinh ZR;L 8)

where iy and ir o are the exchange current densities for the high and
low plateau reactions, respectively, a;, is the active surface of the cell,
n. is the number of electrons transferred in the reaction (in this case ne is
4 for both reactions), and, iy and i; are current related to each reaction.
The total current of the cell I is the summation of the currents for each
reaction:

I'=iy+ip 9

The surface overpotential is the driving force for the reactions, and it
is defined as the difference between the voltage of the cell V and the
equilibrium potential (Ey, E.):

Ny =V—Ey (10)

n,=V-E 11)

This zero-dimensional model considers the loss of efficiency due to
the precipitation of sulfur as well as the shuttle phenomenon, which
happens at high order polysulfides. That is related to the migration/
diffusion of dissolved high-order polysulfides to the anode to form
shorter polysulfides and return to the cathode. This process is repeated,
resulting in deposition of non-conductive layers on the anode surface,
thus reducing efficiency and capacity [20,21]. These processes are
represented in the kinetic equations via kinetic constants ks for the
shuttle effect; and kj, for the precipitation. However, this model does not
account for double layer effect/formation at the electrode/electrolyte
interface.

The kinetic equations for variation of the amount of sulfur species
with time, including the shuttle (k) and precipitation (kp) effects [3],
are:

d;; - ikps,, (8> —52) (16)

where Sp is the mass of precipitated sulfur, pg is the density of sulfur and
S2- is the saturation mass of sulfur (assumed to be constant, as long as
the volume of the electrolyte, v, remains constant).

All the previous Egs. (3)-(16) are used to describe the electro-
chemical behaviour of the Li—S battery during charge and discharge
processes. A list of the model's parameters is provided in Table 1, which
is available in the literature [3]. It is not within the scope of this work to
obtain these parameters, but this study responds to the existing models
and shows how they might be used [22]. The ‘big picture’ for zero-
dimensional lithium-sulfur model developments is nicely captured in
[23]. We have used the model structure and parameters from a stable
point in the literature [3]. As our contribution is based on algebra, the
work that we do here will be generalizable as the model progresses, and
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Table 1
Constant parameters for the Li—S battery model [3].
Parameter Value Units
F Faraday's constant 9.649 x 10* C/mol
Mg Molar mass of sulfur 32 g/mol
Na Avogadro number 6.0221 x 1/mol
1023
n, Electron number per reaction 4 -
ngs, nsy, ns2, Number of S atoms in polysulfide 8,4,2,1 -
ng
R Ideal gas constant 8.3145 J/K mol
X Density of sulfur 2x 103 g/L
a, Active reaction area per cell 0.960 m?
fu Dimensionally factor for reaction H ~ 0.7296 gL/mol
fL Dimensionally factor for reaction L~ 0.0665 g2L2 /mol
v Volume of electrolyte per cell 0.0114 L
mg Total mass of active sulfur per cell 2.7 g
EY, Standard potential of reaction H 2.35 v
Eg Standard potential of reaction L 2.195 1%
ino Exchange current density reaction 1 A/m?
H
iro Exchange current density reaction 0.5 A/m?
L
s+ Saturation mass for S~ 0.0001 g
ky Precipitation rate 100 1/s
)/ Shuttle constant 0.0002 1/s
T Temperature 298 K

the methods and findings of this work will hold equally true for other
parameter values. It should be noted that the parameters presented in
Table 1 [3], are obtained for a fresh 3.4 Ah Li—S cell. Therefore they
might not be valid for another type of Li—S cell or either for the same
cell once it gets aged. Therefore, before any real-time application of this
model, off-line parameterisation of the model is necessary.

3. Analytical/mathematical model for the observability of Li—S
batteries

The general formulation of a continuous linear dynamic system is:

x(t) = A()x(¢) + B(t)u() a7)
y(#) = C()x(t) + D(t)u(t) (18)

where t (¢ R) denotes the time, x(t) (¢ R") is the state, u(t) (¢ R™) is the
input or control, y(t) (¢ RP) is the output, A(t) (¢ R™*™) is the dynamics
or state matrix, B(t) (¢ R™™) is the input matrix, C(t) (¢ RP*™) is the
output or sensor matrix, and D(t) (¢ RP*™) is the feedthrough matrix.
The system would be observable if (and only if) the value of the initial
state (x(tp)) can be determined from the system output (y(t)) that has
been observed through the time interval (to < t < tg). If the system is
observable, then the internal state variables (x(t)) can be externally
measured.

The observability of the system only depends on the state matrix A
and the output matrix C. The observability matrix O is defined as
follows:

C

CA
o= | caA? (19)

CAn—l

The system would be observable if the rank of this matrix is the same
as the order of the state variable (x(t)), in this case “n” (as x(t) € R™.
In the case of Li—S battery, the system can be formulated as follows:

. (3S,
Silr) = o

ASi(1);Si € R (20)
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V() =CSi(1);VER (21)

where S;(t) represents variation of the sulfur species' mass with time (S;
= [Ss, S37, S2~, S271), which is the state vector; and the cell's voltage,
V(t), which is the output. It should be noted that the precipitated sulfur
(Sp) is omitted from the state vector since it can be calculated from the
mass balance equation. In this case, the observability matrix O is given
by:

C

o=|“ (22)
[0 = CA?

CcA®

In order to determine the observability matrix, analytical formula-
tions for the state and output matrices have been obtained based on the
zero-dimensional electrochemical model presented by Marinescu et al.
[3]. In Li—S batteries, ‘state of charge’ is not a scalar quantity — the
states are a list of species concentrations. The current zero-dimensional
models in the literature do not represent spatial dynamics. On the other
hand, an equivalent circuit network (ECN) model is an approximation of
the time lags associated with spatial dynamics and is usually parame-
terized as a function of the SOC. There is not a straightforward rela-
tionship between the two models at this time. Consequently, the existing
observability analyses using ECN models in the literature [15] are not
useable here.

3.1. Analytical definition of the state matrix A

The terms of the state matrix A can be calculated as the partial de-
rivatives of the variation of the input variables with respect to the time
as follows:

0 [ds;
=35 () @

The kinetic equations Egs. (12)-(16) represent variation of the mass
of sulfur species with respect to the time. In this formulation, the ele-
ments 1, 2, 3 and 4 are assigned to the sulfur species 3, S3-, S5~ and $>-,
respectively (Egs. (12)-(15)). As an example, the first element of the
matrix A is obtained as follows:

0 (ds? 2} ng, Mg .

Therefore, the terms of the state matrix A can be mathematically
obtained using the partial derivatives of these equations as follows:

ks 0 0 0
ks 0 0 0

A= (25)
oo O 1?
%,
S,
0 0 Vﬂsl

3.2. Analytical definition of the output matrix C

To define the elements of the output matrix C, the following defini-
tion is used:

o8
ox
081 o8p
C = : C=|=>= ... 26
e Lsx &J (26)
o8
ox

where “g” is a function that relates the output (y) with the state variables
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(x) and the input (u), i.e. y = g(x,u). Following this definition, the
output matrix C is obtain by deriving the output variable (V) with
respect to each of the state variables (S;):

dv
dSy
dv
C= dsi” orC = v dvdv - dv.
dv dss dS7  dS3  dS*

(27)

L dS27 -

Using the relation of voltage (V) with the equilibrium potential for
the oxidation of sulfur (Sg) (i.e. Ey) and the overpotential (), it is
possible to determine the partial derivatives of the voltage during the
discharge process as follows:

V= Ey+n, 28)
v  d dE, dny,
as, ~ as, Bt ) = et 29

Partial derivatives for the equilibrium potential (%’:) can be obtained

from the Nernst equation that relates the equilibrium potential of the
reaction with the chemical species (Egs. (3) and (4)):

%: = disg (EEH—%M (fH(S‘;g)z> > = %%8 (30)
i (52, X <ﬁ1%> ) o3 a1
jgi = d;l%, (EQ, +%ln <fH (S;gf) ) = (32)
ﬁi_d;(ﬁ+gzn<m(§g)z>> =0 (33)

On the other hand, the partial derivatives of the overpotential (‘%‘i’)

can be derived from linearization with respect to the current intensity (I)
and the properties of the battery cell. The linearization equation is
presented below:

11 -
Wy =1 —,+—,\/IZ+4kk} 34
" "{2k, 2%, % @39

where
Ny =Qeny, (35)
nJF
~ 2RT (36)
. 1
kl = z (kH + kLmd,) (37)
, 1 kr
ky = 3 (kH +m—®> (38)
my = e? (39)
bD=Qe(Ey—E)=QeE, (40)
ky= —2eiygea, 41

k= —2eigea, (42)
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The parameters in Egs. (35)-(42) have been previously defined in
Table 1. Differentiating Eq. (34) with respect to the sulfur species, we
can obtain the following expression for the partial derivatives of the
overpotential:

dny 1 dﬂ/H
das. T Qds, 43
ds;, Q ds; 43)
dr]/ d 1 1 T dii(iJri I +4klkz)
i i ; . T
b e VI Ak
44
i [Pk K, & . K,
o 2% % K Pk | S0\ frrai 9
o = (45)
i I 1
T + % I? + 4k k,
/ dk, dk,
dﬂ _ a d—S: +b d_Sf 46

dS,’ C

where the parameters a, b and c are defined as follows:

_] /P +4kk '
2y u (47)

T 2w / %
i i KAJP o+ 4k,
oL (48)
Ny
1o -
=P Ak 49
EEETAETH e “9

Replacing Eq. (46) in the partial derivatives of the voltage, we
obtain:
v d dEy dn, dEq 1dj, dEy 1 a%+bi
as, a5, T s Tas, T as Tads T das e o
(50)

From these expressions, only k; and k, depend on the concentration
of sulfur species (S;), and their partial derivatives are:

dk, ki e, o RT 1

ad} - 51
ds? 2 4F 50 (51)
dk, ki _qp, RT 1
0 _ 7L —_0)— — 2
s 2¢ 9w (52)
dk,  ky gp, RT =3

— LB T
ass- ~ 2¢ Tur s (53)
dk, ki _qp, RT -3
s 2¢ Vs (54)
dk, ki g RT 1
B B DY o p i 55
s~ 2¢ ur s (55)
dk, ki o, RT 1
s 20 U9 (56)
dh o, oRT 2 -

ds?>= 2 4F S
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dky ki _on, RT 2
_k _o 2 58
e 2¢O (58)

By replacing the expressions of (‘%) and <%> in each of the partial
derivatives of Eq. (50), the partial derivative of the voltage for each of
the sulfur species is obtained.

After obtaining the analytical solutions for the state matrix A and the
output matrix C as explained above, evaluation of observability of the
system is possible using Eq. (22). This is analysed by calculating the rank
of the matrix as discussed in Section 4.

3.3. Validation of the mathematical model

The mathematical equations for calculating the state matrix A and
the output matrix C have been validated against numerical models.
Firstly, a numerical model, developed in MATLAB Simulink, is validated
against the predictions from the zero-dimensional model for Li—S bat-
teries [3]. The same model is used to determine numerically the partial
derivatives of the voltage. Small disturbances are introduced in the input
signal (i.e. mass of the sulfur species), affecting one variable at a time,
and the effects on the variation with time of input variables (mass of
sulfur species) and output signal (i.e. voltage) are evaluated. This allows
to obtaine the elements of the A and C matrices as follows:

)

= 59

ajj AS; (59)
AV

——d 60

€ =3 (60)

where ajj are the terms of the state matrix A, ¢; are the terms of the
output matrix C, AS is the disturbance introduced in each of the input

variables (i.e. mass of sulfur species), A(%) is the variation in the de-

rivative with time of the input variables, and AV is the variation in the
voltage generated by AS.

4. Results and discussion
4.1. Validation of the numerical model
The numerical model, developed in Simulink, is based on the zero-

dimensional model [3] and the linearization of the overpotential with
respect to the total current of the system. This model predicts the
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evolution of the sulfur species with respect to the time, as well as the
voltage. The results from the numerical model are compared to the ones
obtained from the zero-dimensional model in a case of discharge at
current rate of 0.5C (or 1.7 A). Figs. 2 and 3 present a comparison be-
tween the results obtained from both models. According to the results,
the voltage and mass of the sulfur species, obtained from the two
models, are in a good agreement. When we looked at the zoomed sub-
plots, we can see a bit of difference between the two models, which is
related to a small time elapse between them. Actually, there is 8 s elapse
between the two models over a simulation of 4000 s of discharge (0.2 %
delay). This is caused by the way in which the calculations are per-
formed in the numerical and analytical models. Despite using the same
initial conditions for the concentration of the sulfur species (specified in
terms of mass percentage), both models predict different values for the
mass content of sulfur species at the start of the process (t = 0):

Analytical model: Sy = [Sg, S3~, S37, S>°] = [2.6730, 0.0128,
4.3321 x 107°, 1.6321 x 107°]

Numerical model: So = [Ss, S37, S37, $2°] = [2.6872, 0.0128,
4.4529 x 107%, 1.6408 x 107°]

This small difference (0.53 %) in initial mass of the S8 species, leads
to the small delay (0.2 %) in the results.

4.2. Validation of the mathematical equations of state matrix A

The results obtained from the numerical model, i.e. variation of the
sulfur species (S;(t)) and voltage (V(t)) in the 0.5C discharge case, are
used as a baseline for demonstration of the analytical equations to
calculate the state matrix A and the output matrix C. Numerically
calculated values of the state matrix A (i.e. Eq. (59)) are compared to the
analytical solution, which was presented in Eq. (25). The numerical
results calculated for a disturbance value of AS = 2.7 x 10719, confirm
the accuracy of the elements with only three non-zero elements: a;1, az;
and ay4. The values of a;; and ay; coincide with the value of the shuttle
kinetic constant k;. In addition, a comparison of the analytically and
numerically calculated values of element a44 is presented in Fig. 4,
proving the suitability of the analytical equations for calculation of the
state matrix A.

4.3. Validation of the mathematical equations of output matrix C

For validation of the analytical solution of the output matrix C, the
numerical solution is developed using Eq. (60). A disturbance AS is
applied to each of the input variables (i.e. mass of sulfur species, Si(t))
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|
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| |
3000 4000 5000 6000

Time (s)

Fig. 2. Comparison of the voltage curve obtained from the zero-dimensional model and the numerical model at discharge rate of 0.5C.
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Fig. 4. Comparison between the analytical and numerical solutions of element
a4y in the state matrix A.

and its effect on the output (i.e. voltage, V(t)) is quantified. A sensitivity
analysis is conducted on the output of the numerical calculations. The
disturbance AS is varied, starting from 2.7 x 10~* and then decreasing
in steps of one order of magnitude down to 2.7 x 10~1° when no changes
in the results are observed. This sensitivity analysis (shown in Fig. 5)
demonstrates that there is a significant difference in the magnitude of
three elements of the output matrix C depending on the value of the

disturbance. Surprisingly, the element Cy (%) showed no sensitivity to
4

the disturbance while the element C4 (%) presents sensitivity in both

high and low plateaus.

As with the elements of the state matrix A, variation of the sulfur
species with time (S;(t)) obtained from the numerical model in the 0.5C
discharge case, were used to corroborate the analytical solution for the
elements of the output matrix C. These results are compared to the ones
determined using a numerical approach presented in Eq. (60), with a

disturbance value of AS =27 x 1071° at discharge rate of 0.5C as
illustrated in Fig. 6. The results demonstrate a very good correlation
between the analytical and the numerical solutions for all the elements.
These results are in agreement with the literature such as the work done
by Huang et al. [16] in which the zero-dimensional model [3] is studied
and the output matrix C is calculated numerically.

4.4. Observability of the Li—S battery model

Analytical calculation of the observability matrix, presented in Eq.
(22), and its rank is conducted here by applying the numerical variation
of the input variables (S;(t)) and the analytical solutions for A and C. The
rank of the observability matrix O resulted in a value of 3 for the
discharge process. As it was stated earlier, the system would be
observable if the rank of the observability matrix is the same as the order
of the state variable. In this study, the state variable (S;(t)) has been
defined with order of 4 by considering the four sulfur species. Therefore,
we can conclude that the system is not locally observable. This outcome
is in accordance to the previous studies based on numerical models or
equivalent circuit models that had already identified and reported this
problem for Li—S batteries, which leads to shaping a very unique
voltage curve for them [15,18]. In the present study, the same result is
obtained however, by using a completely different approach.

There are still a few residual irregularities, and it is tempting to
explain these away as ‘numerical issues’ —however given the complexity
of the mathematics involved, the possibility of small errors should not be
disregarded.

5. Conclusions

One of the limitations for commercialisation of the Li—S battery
technology is the development of a suitable battery management system
for it. That is mainly due to the complexity of Li—S battery's voltage
curve, which remains unchanged in a wide range of the battery state of
charge (that is within the low-plateau area). As it was demonstrated in
this study, such a flat voltage curve makes the system locally unob-
servable. An analytical evaluation of the observability of a Li—S battery
system was presented using a baseline zero-dimensional electrochemical
model. For that purpose, analytical equations to determine the state and
output matrices were developed and validated against the numerically
calculated solutions. The validation results demonstrated a very good



V.M. Rodriguez et al.

10000 T T . .
AS=2.7-10"*
AS=2.7-10"°
8000 AS=2.7-10" |
AS=2.7.10"
6000 A8=2.7.10"10 1
4000 | ]
2000 1
1980 2000 2020 2040 2060 2080
Time(s)
0 .
5t J
—— AS=2.7-10"
& -10 ———AS=2.710% | 1
(@) AS=2.7-10
AS=2.7-10
-15 ——As=2710%
— AS$=27.10""°
-20 : : : :
500 1000 1500 2000 2500 3000
Time(s)

0
-0.005
N 0.017 —— As=2.7.10"
[ — -5
0.015 AS=2.7-10
AS=2.7-10°
-0.02 AS=2.7-10C |1
AS=2.7-10710
-0.025 ———— : : :
500 1000 1500 2000 2500 3000 3500
Time(s)
0 .

Journal of Energy Storage 87 (2024) 111442

-10

AS=2.7.10"*
AS=2.7.10"
AS=2.7.10
AS=2.7.10
— AS=27.107"°

C4

2500 3000

Time(s)

1500 2000 3500

Fig. 5. Sensitivity analysis of the effect of the disturbance on the results of the numerical model in the calculation of the output matrix C.

() (b
10000 0 10000 G| 0107
——C, analyt ——C, analyt
1 = = =C, num
8000 - —C.num - = =C,num 8000 :
-0.2 2
6000 6000
4000 4000
04 “ C, analyt
—_— ana
2000 b 2000 2 analy
| - —= =C,num
0 -0.6 0 -6
0 2000 4000 6000 0 2000 4000 6000 1900 2000 2100 2200 1000 1500 2000 2500 3000
Time (s) Time (s) Time (s) Time (s)
0 0 0 0
——C, analyt ——C, analyt[*
-10 - = =Cynum -100 = = =C,num -2
-20
-4
-20 -200
® 40 I
——C, analyt ) C, analyt
-30 -300 8 3 C, num
- - = =Cynum R
-40 -400 -10 -60
0 2000 4000 6000 0 2000 4000 6000 500 1000 1500 2000 2500 3000 0 1000 2000 3000
Time (s) Time (s) Time (s) Time (s)

Fig. 6. Comparison of the elements of the output matrix C obtained from the analytical model (‘C; analyt’) and the numerical model (‘C; num’): (a) the whole

simulation, (b) selected zoomed areas.

match between the two models. In addition, sensitivity of the numerical
solution was investigated by applying different levels of disturbance to
the input signal. Finally, an observability analysis was performed. Ac-
cording to the observability analysis, the Li—S battery system was
shown not to be locally observable, which is in agreement with the
previous studies in the literature however, by using a completely
different approach.
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