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ABSTRACT  14 

The problem of wave interaction with multiple adjacent floating solar panels with arbitrary types 15 

and numbers of constraints is considered. All the solar panels are assumed to be homogeneous, with 16 

the same physical properties, as well as modelled by using the Kirchhoff-Love plate theory. The 17 

motion of the fluid is described by the linear velocity potential theory. The domain decomposition 18 

method is employed to obtain the solutions. In particular, the entire fluid domain is divided into two 19 

types, the one below the free surface, and the other below elastic plates. The velocity potential in 20 

the free surface domain is expressed into a series of eigenfunctions. By contrast, the boundary 21 

integral equation and Green function are employed to construct the velocity potential of fluid 22 

beneath the entire elastic cover, with unknowns distributed along two interfaces and jumps of 23 

physical parameters of the plates. All these unknowns are solved from the system of linear equations, 24 

which is established from the matching conditions of velocity potentials and edge conditions. This 25 

approach is confirmed with much higher computational efficiency compared with the one only 26 

involving eigenfunction expansion for the fluid beneath each plate. Extensive results and 27 

discussions are provided for the reflection and transmission coefficients of water waves, maximum 28 
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deflection and principal strain of the elastic plates, especially, the influence of different types and 29 

numbers of edge constraints are investigated in detail.  30 

 31 

I. INTRODUCTION 32 

In recent years, photovoltaic (PV), commonly referred to as the solar panel, has emerged as one of 33 

the most economically viable renewable energy technologies in history1. Typically, the deployment 34 

of solar panels necessitates vast expanses of land to generate a substantial amount of electricity. 35 

However, this can pose challenges in regions where land resources are limited. Furthermore, there 36 

is also significant competition for land that serves multiple purposes, including agriculture for food 37 

production and conservation efforts to protect biodiversity. Consequently, a pivotal consideration 38 

arises regarding the optimal placement of these solar panels2. One of the solutions is to deploy 39 

floating solar panels at seas3. However, ocean waves may pose a substantial challenge to the 40 

effective operation of solar panels. On the one hand, the wave-induced motions of floating solar 41 

panels may adversely impact their energy efficiency. On the other hand, large movements or 42 

deformation caused by waves may carry the risk of structural damage, resulting in significant 43 

economic losses. Therefore, it is necessary to investigate the hydrodynamic properties of floating 44 

solar panels in ocean waves.  45 

 46 

Research based on linear theories has been well applied to hydroelasticity, such as sea-ice dynamics 47 

and wave-ice-structure interactions, where the linearized velocity potential theory is employed to 48 

describe the motion of fluid, and the ice sheet is modelled as a thin elastic plate. In particular, Fox 49 

and Squire4 studied wave transmission and reflection by a semi-infinite floating ice sheet through 50 

the method of matched eigenfunction expansions (MEE), where the edge of the sheet was assumed 51 

to be free to move. Later, a similar problem was considered by Balmforth and Craster5, where the 52 

Timoshenko-Mindlin equation was adopted to describe the ice sheet, and the Wiener-Hopf technique 53 

was used to derive the solution. Meylan and Squire6 proposed an approximated solution based on 54 

an analytical solution of a semi-infinite ice sheet 4. Wu, et al.7 studied the same problem and solved 55 

it exactly through MEE.  56 

 57 

For multiple floating ice plates, Sturova8 studied the water wave diffraction by a semi-infinite 58 
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composite elastic plate, which was modelled as a combination of two ice sheets of different 59 

properties, where one is of finite size and the other is semi-infinite. Evans and Porter9 considered 60 

the problem of wave diffraction by an ice sheet fully covering the water surface with a narrow crack 61 

of infinite extent, where the free edge conditions were imposed at the crack. In their work, MEE 62 

and Green function methods were both employed to derive the solution. Williams and Squire10 63 

investigated the wave scattering by three floating ice sheets of different properties based on the 64 

method of Wiener-Hopf technique and residue calculus. The works mentioned above pertain to 65 

plates that are either interconnected or separated by minimal gaps. However, there are instances 66 

where the spacing between two plates may be obvious. For example, Chung and Fox11 studied the 67 

reflection and transmission of waves across a gap between two semi-infinite ice sheets. Shi, et al.12 68 

studied the problem of wave diffraction by multiple wide-space ice sheets approximately. 69 

Furthermore, if offshore structures such as ships working in polar regions, the effects of structures 70 

should be further considered. Typically, Ren, et al.13 considered the wave-excited motions of a body 71 

floating on water confined between two semi-infinite ice sheets, where the fluid domain was divided 72 

into several sub-regions, and the MEE was applied to match the solution at each interface.  73 

 74 

The thin elastic plate model and linearized velocity potential theory were also used to study the 75 

interaction between water waves and floating offshore structures. For example, Karmakar and 76 

Soares14 derived an analytical solution for a floating elastic plate with two edges moored to the 77 

seabed based on MEE, where the mooring lines were modelled as springs to provide extra vertical 78 

reaction. Mohapatra, et al.15 considered the problem of wave diffraction by a finite floating elastic 79 

plate with an inner compressible force. Karmakar, et al.16 solved the problem of wave interaction 80 

with multiple articulated floating elastic plates fully covering the entire free surface by using MEE. 81 

Later, Praveen, et al.17 further extended it to plates of finite size. A more recent work by Zhang, et 82 

al.18 studied the hydroelastic response of two floating photovoltaic structures over stepped seabed 83 

condition.  84 

 85 

As discussed above, a considerable volume of studies have been conducted to investigate the 86 

hydrodynamic properties of floating elastic structures. In the context of floating solar panels at sea, 87 

it is observed that their hydrodynamic performance do exhibit certain similarities with ice sheets. 88 
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For instance, when an ice sheet or a group of floating solar panels covers a large amount of free 89 

surface region, the structural elasticity in both cases is quite important. Nonetheless, the 90 

hydrodynamic problems for ice sheets and floating solar panels also show discernible differences. 91 

For example, ice sheets inherently exist in nature, and it is common to assume that the edge of sea 92 

ice is free to move19. By contrast, solar panels are human-made, and their edge conditions are much 93 

more complicated, which should be determined based on the connections between each two adjacent 94 

panels, as well as the mooring lines used in the structure. Besides, ice sheets are normally shown in 95 

nature with diverse physical properties20 (e.g., thickness). By contrast, one floating solar farm 96 

usually consists of solar panels with identical properties. These distinct differences suggest that the 97 

solution procedure developed for issues involving ice sheets may not be entirely suitable and 98 

efficient to solve problems of floating solar panels. In particular, when addressing problems 99 

involving ice sheets of different properties, a conventional approach is to treat the fluid beneath each 100 

ice sheet as a subdomain, and the velocity potential in each subdomain is written into a series of 101 

eigenfunctions with unknown coefficients. Subsequently, the velocity potential can be matched at 102 

each interface by using MEE to solve these unknowns, a typical example is given by Ren, et al.13. 103 

Although this approach has demonstrated considerable efficacy in numerous applications, it may 104 

not be so numerically efficient for the current floating panels problem we considered in this work. 105 

In the case of the floating solar panels, the problem will be highly computationally demanding if we 106 

choose to follow the regular procedure above to expand the velocity potential into a series of 107 

eigenfunctions in each subdomain, especially when the numbers of panels and constraints are large 108 

or even huge. Therefore, we develop an alternative and more efficient scheme for floating solar 109 

panels, featured by the combination of Green function technique and MEE. In this scheme, by 110 

modelling each floating solar panel as a thin elastic plate with identical and homogeneous properties, 111 

the velocity potential beneath the entire floating solar panels can be constructed from the boundary 112 

integral equation. Through using the Green function corresponding to fluid fully covered by a 113 

homogeneous elastic plate, only line integrals along two interfaces of the free surface and elastic 114 

covers, as well as the jumps at the edges of the plates need to be remained in the boundary integration 115 

equation. In such a case, unknowns only need to be distributed on the velocity potential on two 116 

interfaces and jumps at the edges of elastic plates. Compared with the conventional MEE 117 

procedure13, the total number of unknowns is significantly reduced. Moreover, the addition of one 118 
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more plate to the system only leads to an increment in unknowns at the newly introduced edge, 119 

which significantly improves the computational efficiency, especially for a floating solar farm with 120 

a significant number of panels. Based on the present procedure, case studies are conducted for three 121 

typical edge conditions, namely, pinned, hinged and free. The effects of edge conditions on the 122 

reflected and transmitted waves, as well as the hydroelastic response of the floating solar panels are 123 

investigated in detail.  124 

 125 

The work is organized as below. The mathematical model or governing equation and boundary 126 

conditions of the problem are formulated in Sec. II. In Sec. III, the solution procedure is presented. 127 

Then the results and discussions are made in Sec. IV. Finally, conclusions are drawn in Sec. V. 128 

 129 

Fig. 1. The sketch of an incident wave interaction with a floating elastic plate. 130 

 131 

II. MATHEMATICAL MODEL 132 

In this study, we examine a floating solar farm covering a large horizontal area of open water. Like 133 

many water wave-related problems, we simplify the analysis by considering a two-dimensional 134 

scenario, as illustrated in Fig. 1. In contrast, when the transverse dimension of the structure or fluid 135 

environment is significant to the problem, the three-dimensional effect is important to be considered 136 

(see Yang, et al.21, Ren, et al.22). A Cartesian coordinate system 𝑂-𝑥𝑧 is introduced, with the 𝑥-axis 137 

along the clam water surface and the 𝑧-axis pointing upwards. The seabed is located horizontally 138 

along 𝑧 ൌ െ𝐻. The water surface region െ𝑑 ൑ 𝑥 ൑ 𝑑 is covered by multiple floating elastic plates 139 

with homogeneous properties. The density and thickness of the plate are 𝜌௘ and ℎ௘, respectively. In 140 

addition to two side edges at 𝑥 ൌ േ𝑑, there are also internal constraints between each two adjacent 141 
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elastic panels. In particular, the internal pins are applied at 𝑥 ൌ 𝑎௜ (𝑖 ൌ 1~𝑁௔) with 𝑎௜ ൏ 𝑎௜ାଵ, two 142 

sides of the plate are hinged to each other at 𝑥 ൌ 𝑏௜ (𝑖 ൌ 1~𝑁௕) with 𝑏௜ ൏ 𝑏௜ାଵ, as well as two sides 143 

of the plate are free to each other at 𝑥 ൌ 𝑐௜ (𝑖 ൌ 1~𝑁௖) with 𝑐௜ ൏ 𝑐௜ାଵ, as given in Table. 1. An 144 

incoming wave comes from 𝑥 ൌ െ∞  to 𝑥 ൌ ൅∞  and will interact with the entire floating solar 145 

panels.  146 

Table. 1. Positions of different types of internal constraints of the floating solar panels. 147 

Edge type Position 

Pinned 𝑥 ൌ 𝑎ଵ, 𝑎ଶ, …, 𝑎ே೎  
Hinged 𝑥 ൌ 𝑏ଵ, 𝑏ଶ, …, 𝑏ே್  

Free 𝑥 ൌ 𝑐ଵ, 𝑐ଶ, …, 𝑐ே೎  
 148 

The fluid with density 𝜌 is assumed to be homogeneous, inviscid, incompressible, and its motion is 149 

irrotational. Under the further assumption made on the small-amplitude motion of the wave, the 150 

linearized velocity potential theory is used to describe the flow. Once the motion is sinusoidal in 151 

time 𝑡 with radian frequency 𝜔, the total velocity potential can be written as  152 𝛷ሺ𝑥, 𝑧, 𝑡ሻ ൌ Re൛𝜙ሺ𝑥, 𝑧ሻ𝑒୧ఠ௧ൟ,        (1) 153 

where the spatial velocity potential 𝜙ሺ𝑥, 𝑧ሻ  contains the incident component 𝜙ூሺ𝑥, 𝑧ሻ  and the 154 

diffracted component 𝜙஽ሺ𝑥, 𝑧ሻ. 𝜙ሺ𝑥, 𝑧ሻ is governed by the Laplace equation in the fluid domain, 155 

which can be written as  156 

డమథడ௫మ ൅ డమథడ௭మ ൌ 0.        (2) 157 

The linearized boundary condition on the free surface region can be expressed as  158 

డథడ௭ െ ఠమ௚ 𝜙 ൌ 0, |𝑥| ൐ 𝑑, 𝑧 ൌ 0,      (3) 159 

where 𝑔 denotes the acceleration due to gravity. The boundary condition on the floating elastic plate 160 

gives  161 ቀ𝐿 డరడ௫ర െ𝑚௘𝜔ଶ ൅ 𝜌𝑔ቁ డథడ௭ െ 𝜌𝜔ଶ𝜙 ൌ 0, |𝑥| ൏ 𝑑, 𝑧 ൌ 0,   (4) 162 

where 𝐿 ൌ ா௛೐యଵଶሺଵିఔమሻ  represents the effective flexural rigidity of the elastic plate, 𝐸  and 𝜈  denote 163 

Young’s modulus and Poisson’s ratio respectively, 𝑚௘ ൌ 𝜌௘ℎ௘ is the mass per unit area of the plate. 164 

In Eq. (4), following the previous assumptions on elastic plates16, 23, the structural damping of the 165 

plate has not been considered. When doing so, an extra damping term may need to be involved in 166 
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Eq. (4), and the Green function used in the current scheme may need to be re-derived.  167 

On the flat seabed, the impermeable boundary condition should be enforced as  168 

డథడ௭ ൌ 0,  𝑧 ൌ െ𝐻.        (5) 169 

At the side edges of the entire system of floating elastic plates, two different conditions are 170 

considered, namely, the free edge and pinned edge conditions. The free edge conditions require zero 171 

Kirchhoff’s shear force and bending moment. The pinned edge conditions require zero deflection 172 

and bending moment, which can be used to model the edge of the plate is completely moored to the 173 

seabed. Based on the above discussion, we have  174 

ቐ డయథడ௫మడ௭ ൌ 0,    
డరథడ௫యడ௭ ൌ 0 Free edgeడథడ௭ ൌ 0,         
డయథడ௫మడ௭ ൌ 0 Pinned edge

, 𝑥 ൌ െ𝑑ା and 𝑥 ൌ 𝑑ି, 𝑧 ൌ 0.  (6a, b) 175 

In addition to the conditions at two side edges of the plates, edge conditions may  also be applied to 176 

the internal constraints. The internal pins are used to model extra moored points of the elastic plate 177 

in addition to these at two sides, where the deflection is zero, the slope and bending moment are 178 

continuous, or  179 

⎩⎪⎨
⎪⎧ ቀడథడ௭ቁ௫ୀ௔೔ ൌ 0ቀ డమథడ௫డ௭ቁ௫ୀ௔೔ష ൌ ቀ డమథడ௫డ௭ቁ௫ୀ௔೔శቀ డయథడ௫మడ௭ቁ௫ୀ௔೔ష ൌ ቀ డయథడ௫మడ௭ቁ௫ୀ௔೔శ

,  𝑖 ൌ 1~𝑁௔.   (7a, b, c) 180 

At the location when two sides of the plate are hinged to each other, the bending moment here should 181 

be zero, as well as the deflection and shear force are continuous, or  182 

⎩⎪⎨
⎪⎧ ቀడథడ௭ቁ௫ୀ௕೔ష ൌ ቀడథడ௭ቁ௫ୀ௕೔శቀ డయథడ௫మడ௭ቁ௫ୀ௕೔ ൌ 0ቀ డరథడ௫యడ௭ቁ௫ୀ௕೔ష ൌ ቀ డరథడ௫యడ௭ቁ௫ୀ௕೔శ

,  𝑖 ൌ 1~𝑁௕.   (8a, b, c) 183 

For internal free edges, we have  184 

൞ቀ డయథడ௫మడ௭ቁ௫ୀ௖೔ ൌ 0ቀ డరథడ௫యడ௭ቁ௫ୀ௖೔ ൌ 0
,   𝑖 ൌ 1~𝑁௖ .     (9a, b) 185 

The far-field radiation conditions should be imposed at infinity to ensure wave propagating 186 

outwards, which gives  187 

lim௫→േஶ ቀడథವడ௫ േ i𝓀଴𝜙஽ቁ ൌ 0,       (10) 188 
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where 𝓀଴ is the wavenumber of the propagation wave, which will be discussed later.  189 

 190 

III. SOLUTION PROCEDURE 191 

The method of domain decomposition is used to derive the solution. As discussed in Sec. II, there 192 

is a total of 𝑁௔ ൅ 𝑁௕ ൅𝑁௖ ൅ 2 edges in the floating solar panels shown in Fig. 1. The entire fluid 193 

domain here is only divided into three parts, where two subdomains with the free surface or Ωଵ 194 

(െ∞ ൏ 𝑥 ൏ െ𝑑 , െ𝐻 ൑ 𝑧 ൑ 0 ) and Ωଷ  (𝑑 ൏ 𝑥 ൏ ൅∞ , െ𝐻 ൑ 𝑧 ൑ 0 ), as well as the subdomain 195 

below the entire elastic plates or Ωଶ (െ𝑑 ൑ 𝑥 ൑ 𝑑, െ𝐻 ൑ 𝑧 ൑ 0). The velocity potential in each 196 

subdomain Ω௜  (𝑖 ൌ 1 , 2 , 3 ) is denoted as 𝜙ሺ௜ሻ . 𝜙ሺଵሻ  and 𝜙ሺଷሻ  can be expanded into a series of 197 

eigenfunctions, while 𝜙ሺଶሻ can be constructed by using the boundary integral equation.  198 

Based on the above discussion, 𝜙ሺଵሻ may be written as  199 𝜙ሺଵሻሺ𝑥, 𝑧ሻ ൌ 𝜙ூሺ𝑥, 𝑧ሻ ൅ 𝜙஽ሺଵሻሺ𝑥, 𝑧ሻ,      (11) 200 

where the incident velocity potential 𝜙ூሺ𝑥, 𝑧ሻ can be expressed as  201 𝜙ூሺ𝑥, 𝑧ሻ ൌ 𝐼𝜑଴ሺ𝑧ሻ𝑒ି୧𝓀బ௫,       (12) 202 

where 𝐼 ൌ െi
஺௚ఠ , 𝐴 denotes the amplitude of the incident wave, 𝓀଴ denotes the wave number along 203 

the 𝑥-direction and 𝜑଴ሺ𝑧ሻ is a mode function corresponding to 𝓀଴. Based on the far-field radiation 204 

condition Eq. (10), 𝜙஽ሺଵሻሺ𝑥, 𝑧ሻ can be expanded in the following series form as  205 𝜙஽ሺଵሻሺ𝑥, 𝑧ሻ ൌ ∑ 𝐴௠𝜑௠ሺ𝑧ሻ𝑒୧𝓀೘௫ାஶ௠ୀ଴ ,      (13) 206 

where 𝐴௠ (𝑚 ൌ 0, 1, 2…) are unknown coefficients, as well as 207 𝜑௠ሺ𝑧ሻ ൌ ୡ୭ୱ୦𝓀೘ሺ௭ାுሻୡ୭ୱ୦𝓀೘ு , 𝑚 ൌ 0, 1, 2…,     (14) 208 

with 𝓀௠ satisfy the following dispersion equation of free surface wave  209 𝐾ଵሺ𝓀௠,𝜔ሻ ≡ 𝓀௠ tanh𝓀௠ െ ఠమ௚ ൌ 0.      (15) 210 

Here, 𝓀଴ is the positive real root, and 𝓀௠ (𝑚 ൌ 1, 2, 3…) are an infinite number of purely negative 211 

imaginary roots.  212 

The velocity potential 𝜙ሺଷሻ in Ωଷ can be also treated in this way, which provides  213 𝜙ሺଷሻሺ𝑥, 𝑧ሻ ൌ ∑ 𝐵௠𝜑௠ሺ𝑧ሻ𝑒ି୧𝓀೘௫ାஶ௠ୀ଴ ,      (16) 214 

where 𝐵௠ (𝑚 ൌ 0, 1, 2…) are unknown coefficients. Due to the internal constraints in the floating 215 

elastic plates, the velocity potential 𝜙ሺଶሻ in Ωଶ cannot simply be written as a series of eigenfunctions. 216 

Alternatively, we may use the Green function method to construct 𝜙ሺଶሻ here. To do that, the Green 217 
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function 𝐺 corresponding to the water surface fully covered by a homogeneous elastic plate is first 218 

introduced24  219 𝐺ሺ𝑥, 𝑧; 𝑥଴, 𝑧଴ሻ ൌ ln ቀ௥భுቁ ൅ ln ቀ௥మுቁ െ ׬2 ௘షഀಹఈ ቂ௉ሺఈሻ௓ሺఈ,௭ሻ௓ሺఈ,௭బሻ ୡ୭ୱఈሺ௫ି௫బሻ௄మሺఈ,ఠሻ௓ሺఈ,଴ሻ ൅ 1ቃ 𝑑𝛼ାஶ଴ .  (17) 220 

where  221 

ቐ 𝑃ሺ𝛼ሻ ൌ ሺ𝐿𝛼ସ ൅ 𝜌𝑔 െ𝑚௘𝜔ଶሻ𝛼 ൅ 𝜌𝜔ଶ𝐾ଶሺ𝛼,𝜔ሻ ൌ ሺ𝐿𝛼ସ ൅ 𝜌𝑔 െ𝑚௘𝜔ଶሻ𝛼 sinh𝛼𝐻 െ 𝜌𝜔ଶ cosh𝛼𝐻𝑍ሺ𝛼, 𝑧ሻ ൌ cosh𝛼ሺ𝑧 ൅ 𝐻ሻ .   (18a, b, c) 222 

𝑟ଵ  is the distance between the field point ሺ𝑥, 𝑧ሻ  and source point ሺ𝑥଴, 𝑧଴ሻ , and 𝑟ଶ  is the distance 223 

between the field point ሺ𝑥, 𝑧ሻ and point ሺ𝑥଴,െ𝑧଴ െ 2𝐻ሻ. 𝐺 in Eq. (17) can be also converted into a 224 

series form, we may first extend the integral range from ሺ0,൅∞ሻ to ሺെ∞,൅∞ሻ, and then apply the 225 

theorem of residue, through some algebra, we have  226 𝐺ሺ𝑥, 𝑧; 𝑥଴, 𝑧଴ሻ ൌ 𝜋i∑ ట೘ሺ௭ሻట೘ሺ௭బሻ఑೘ொ೘ 𝑒ି୧఑೘|௫ି௫బ|ାஶ௠ୀିଶ ,    (19) 227 

where  228 𝑄௠ ൌ ଶ఑೘ுାୱ୧୬୦ሺଶ఑೘ுሻସ఑೘ ୡ୭ୱ୦మሺ఑೘ுሻ ൅ ଶ௅఑೘రఘఠమ tanhଶሺ𝜅௠𝐻ሻ,      (20) 229 

𝜓௠ሺ𝑧ሻ ൌ ୡ୭ୱ୦఑೘ሺ௭ାுሻୡ୭ୱ୦఑೘ு ,  𝑚 ൌ െ2, െ1, 0…      (21) 230 𝜅௠ are the roots of the dispersion equation corresponding to the fluid fully covered by an elastic 231 

plate, or 𝐾ଶሺ𝜅௠,𝜔ሻ ൌ 0. 𝜅ିଶ and 𝜅ିଵ are two fully complex roots with negative imaginary parts 232 

and satisfy 𝜅̅ିଵ ൌ െ𝜅ିଶ , 𝜅଴  is the purely positive real root, 𝜅௠  (𝑚 ൌ 1 , 2 , 3 …) are an infinite 233 

number of purely negative imaginary roots.  234 

 235 

As 𝐺  is symmetrical about coordinates ሺ𝑥, 𝑧ሻ  and ሺ𝑥଴, 𝑧଴ሻ , we may exchange ሺ𝑥, 𝑧ሻ  with ሺ𝑥଴, 𝑧଴ሻ 236 

below. Applying the Green’s second identity, 𝜙ሺଶሻሺ𝑥, 𝑧ሻ can be written as  237 

2𝜋𝜙ሺଶሻሺ𝑥, 𝑧ሻ ൌ ∮ ቂ𝜙ሺଶሻሺ𝑥଴, 𝑧଴ሻ డீሺ௫,௭;௫బ,௭బሻడ௡బ െ 𝐺ሺ𝑥, 𝑧; 𝑥଴, 𝑧଴ሻ డథሺమሻሺ௫బ,௭బሻడ௡బ ቃ ℒ 𝑑𝑠଴,  (22) 238 

where ℒ is comprised of lines 𝑥଴ ൌ െ𝑑, 𝑧଴ ൌ 0, 𝑥଴ ൌ 𝑑 and 𝑧଴ ൌ െ𝐻, 𝜕/𝜕𝑛଴ denotes the normal 239 

derivative with respect to ሺ𝑥଴, 𝑧଴ሻ along ℒ. Since both 𝐺 and 𝜙ሺଶሻ satisfy the boundary conditions 240 

on the seabed, Eq. (22) can be further written as  241 

2𝜋𝜙ሺଶሻሺ𝑥, 𝑧ሻ ൌ ⎩⎪⎨
⎪⎧ ׬ ቂ𝜙ሺଶሻሺ𝑥଴, 0ሻ డீሺ௫,௭;௫బ,଴ሻడ௭బ െ 𝐺ሺ𝑥, 𝑧; 𝑥଴, 0ሻ డథሺమሻሺ௫బ,଴ሻడ௭బ ቃௗିௗ 𝑑𝑥଴െ׬ ቂ𝜙ሺଶሻሺെ𝑑, 𝑧଴ሻ డீሺ௫,௭;ିௗ,௭బሻడ௫బ െ 𝐺ሺ𝑥, 𝑧;െ𝑑, 𝑧଴ሻ డథሺమሻሺିௗ,௭బሻడ௫బ ቃ 𝑑𝑧଴଴ିு൅׬ ቂ𝜙ሺଶሻሺ𝑑, 𝑧଴ሻ డீሺ௫,௭;ௗ,௭బሻడ௫బ െ 𝐺ሺ𝑥, 𝑧;𝑑, 𝑧଴ሻ డథሺమሻሺௗ,௭బሻడ௫బ ቃ 𝑑𝑧଴଴ିு ⎭⎪⎬

⎪⎫
. (23) 242 
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Applying the boundary condition on the elastic plate in Eq. (4) to the first integral on the right-hand 243 

side of Eq. (23), as well as using integration by parts, as in Yang, et al.21, we obtain  244 ׬ ቂ𝜙ሺଶሻሺ𝑥଴, 0ሻ డீሺ௫,௭;௫బ,଴ሻడ௭బ െ 𝐺ሺ𝑥, 𝑧; 𝑥଴, 0ሻ డథሺమሻሺ௫బ,଴ሻడ௭బ ቃௗିௗ 𝑑𝑥଴ ൌ245 

௅ఘఠమ

⎩⎪⎪
⎪⎨
⎪⎪⎪
⎧ ∑ ቀడరథሺమሻడ௫బయడ௭బ డீడ௭బ െ డరீడ௫బయడ௭బ డథሺమሻడ௭బ െ డయథሺమሻడ௫బమడ௭బ డమீడ௫బడ௭బ ൅ డయீడ௫బమడ௭బ డమథሺమሻడ௫బడ௭బቁ௫బୀ௔೔శ௫బୀ௔೔షேೌ௜ୀଵ൅∑ ቀడరథሺమሻడ௫బయడ௭బ డீడ௭బ െ డరீడ௫బయడ௭బ డథሺమሻడ௭బ െ డయథሺమሻడ௫బమడ௭బ డమீడ௫బడ௭బ ൅ డయீడ௫బమడ௭బ డమథሺమሻడ௫బడ௭బቁ௫బୀ௕೔శ௫బୀ௕೔షே್௜ୀଵ൅∑ ቀడరథሺమሻడ௫బయడ௭బ డீడ௭బ െ డరீడ௫బయడ௭బ డథሺమሻడ௭బ െ డయథሺమሻడ௫బమడ௭బ డమீడ௫బడ௭బ ൅ డయீడ௫బమడ௭బ డమథሺమሻడ௫బడ௭బቁ௫బୀ௖೔శ௫బୀ௖೔షே೎௜ୀଵ൅ቀడరథሺమሻడ௫బయడ௭బ డீడ௭బ െ డరீడ௫బయడ௭బ డథሺమሻడ௭బ െ డయథሺమሻడ௫బమడ௭బ డమீడ௫బడ௭బ ൅ డయீడ௫బమడ௭బ డమథሺమሻడ௫బడ௭బቁ௫బୀିௗ௫బୀௗ ⎭⎪⎪

⎪⎬
⎪⎪⎪
⎫

௭బୀ଴

. 246 

(24) 247 

To simplify Eq. (24), we may invoke the conditions at the internal constraints. Using Eqs. (7), (8) 248 

and (9), we have ቀడథሺమሻడ௭బ ቁ௫బୀ௔೔శ௫బୀ௔೔ష ൌ ቀడమథሺమሻడ௫బడ௭బቁ௫బୀ௔೔శ௫బୀ௔೔ష ൌ ቀడయథሺమሻడ௫బమడ௭బቁ௫బୀ௔೔శ௫బୀ௔೔ష ൌ 0 , which means there is no 249 

jump in the deflection, slope and bending moment. ቀడథሺమሻడ௭బ ቁ௫బୀ௕೔శ௫బୀ௕೔ష ൌ ቀడయథሺమሻడ௫బమడ௭బቁ௫బୀ௕೔శ௫బୀ௕೔ష ൌ250 

ቀడరథሺమሻడ௫బయడ௭బቁ௫బୀ௕೔శ௫బୀ௕೔ష ൌ 0 , which alludes no jump in the deflection, bending moment and shear force. 251 

Besides, ቀడరథሺమሻడ௫బయడ௭బቁ௫బୀ௖೔శ௫బୀ௖೔ష ൌ ቀడయథሺమሻడ௫బమడ௭బቁ௫బୀ௖೔శ௫బୀ௖೔ష ൌ 0. We may further define these jumps at 𝑎௜, 𝑏௜ and 𝑐௜ as 252 

the following unknows.  253 

⎩⎪⎪
⎨⎪⎪
⎧ 𝛼௜ ൌ ௅ଶగఘఠమ ቀడరథሺమሻడ௫బయడ௭బቁ௫బୀ௔೔శ௫బୀ௔೔ష

,   𝑖 ൌ 1~𝑁௔𝛽௜ ൌ ௅ଶగఘఠమ ቀడమథሺమሻడ௫బడ௭బቁ௫బୀ௕೔శ௫బୀ௕೔ష
,   𝑖 ൌ 1~𝑁௕𝛾௜ ൌ ௅ଶగఘఠమ ቀെ డథሺమሻడ௭బ ቁ௫బୀ௖೔శ௫బୀ௖೔ష

,   𝜇௜ ൌ ௅ଶగఘఠమ ቀడమథሺమሻడ௫బడ௭బቁ௫బୀ௖೔శ௫బୀ௖೔ష
,   𝑖 ൌ 1~𝑁௖

,  (25a~c) 254 

as well as introduce  255 𝒢ሺ𝑥, 𝑧, 𝑥଴ሻ ൌ డீሺ௫,௭;௫బ;଴ሻడ௭బ ൌ 𝜋i∑ ట೘ሺ௭ሻ ୲ୟ୬୦ሺ఑೘ுሻ௘ష౟ഉ೘|ೣషೣబ|ொ೘ାஶ௠ୀିଶ .   (26) 256 

In Eq. (24), we may apply the Laplace equation, or 
డమడ௫బమ ൌ െ డమడ௭బమ to the terms of 𝐺 and 𝜙ሺଶሻ at 𝑥଴ ൌ257 േ𝑑. Together with the above discussion, Eq. (24) becomes  258 ׬ ቂ𝜙ሺଶሻሺ𝑥଴, 0ሻ డீሺ௫,௭;௫బ,଴ሻడ௭బ െ 𝐺ሺ𝑥, 𝑧; 𝑥଴, 0ሻ డథሺమሻሺ௫బ,଴ሻడ௭బ ቃௗିௗ 𝑑𝑥଴ ൌ259 
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⎩⎪⎨
⎪⎧ 2𝜋∑ 𝛼௜𝒢ሺ𝑥, 𝑧,𝑎௜ሻ ൅ 2𝜋∑ 𝛽௜ డమ𝒢ሺ௫,௭,௕೔ሻడ௫బమே್௜ୀଵேೌ௜ୀଵ൅2𝜋∑ ቂ𝛾௜ డయ𝒢ሺ௫,௭,௖೔ሻడ௫బయ ൅ 𝜇௜ డమ𝒢ሺ௫,௭,௖೔ሻడ௫బమ ቃே೎௜ୀଵ൅ ௅ఘఠమ ቀെ డరథሺమሻడ௫బడ௭బయ డீడ௭బ ൅ డరீడ௫బడ௭బయ డథሺమሻడ௭బ ൅ డయథሺమሻడ௭బయ డమீడ௫బడ௭బ െ డయீడ௭బయ డమథሺమሻడ௫బడ௭బቁ௫బୀିௗ௫బୀௗ ⎭⎪⎬

⎪⎫
. 260 

(27) 261 

Substituting Eq. (27) into (23) and using the following inner product for 𝑧଴25 262 〈𝑓,𝑔〉 ൌ ׬ 𝑓𝑔𝑑𝑧଴଴ିு ൅ ௅ఘఠమ ቀௗయ௙ௗ௭య ௗ௚ௗ௭ ൅ ௗ௙ௗ௭ ௗయ௚ௗ௭యቁ௭బୀ଴     (28) 263 

We have  264 

𝜙ሺଶሻሺ𝑥, 𝑧ሻ ൌ ଵଶగ൞ 〈డீሺ௫,௭;ௗ,௭బሻడ௫బ ,𝜙ሺଶሻሺ𝑑, 𝑧଴ሻ〉 െ 〈𝐺ሺ𝑥, 𝑧;𝑑, 𝑧଴ሻ, డథሺమሻሺௗ,௭బሻడ௫బ 〉൅ 〈𝐺ሺ𝑥, 𝑧;െ𝑑, 𝑧଴ሻ, డథሺమሻሺିௗ,௭బሻడ௫బ 〉 െ 〈డீሺ௫,௭;ିௗ,௭బሻడ௫బ ,𝜙ሺଶሻሺെ𝑑, 𝑧଴ሻ〉ൢ ൅265 

൞∑ 𝛼௜𝒢ሺ𝑥, 𝑧,𝑎௜ሻ ൅ ∑ 𝛽௜ డమ𝒢ሺ௫,௭,௕೔ሻడ௫బమே್௜ୀଵேೌ௜ୀଵ൅∑ ቂ𝛾௜ డయ𝒢ሺ௫,௭,௖೔ሻడ௫బయ ൅ 𝜇௜ డమ𝒢ሺ௫,௭,௖೔ሻడ௫బమ ቃே೎௜ୀଵ ൢ, |𝑥| ൏ 𝑑. 266 

(29) 267 

Based on the derivation in Yang, et al.26, the terms at 𝑥଴ ൌ േ𝑑 in Eq. (29) are equivalent to be 268 

written via a source distribution formula, which gives  269 𝜙ሺଶሻሺ𝑥, 𝑧ሻ ൌ 〈𝐺ሺ𝑥, 𝑧;𝑑, 𝑧଴ሻ,Ψାሺ𝑧଴ሻ〉 െ 〈𝐺ሺ𝑥, 𝑧;െ𝑑, 𝑧଴ሻ,Ψିሺ𝑧଴ሻ〉 ൅270 

൞∑ 𝛼௜𝒢ሺ𝑥, 𝑧,𝑎௜ሻ ൅ ∑ 𝛽௜ డమ𝒢ሺ௫,௭,௕೔ሻడ௫బమே್௜ୀଵேೌ௜ୀଵ൅∑ ቂ𝛾௜ డయ𝒢ሺ௫,௭,௖೔ሻడ௫బయ ൅ 𝜇௜ డమ𝒢ሺ௫,௭,௖೔ሻడ௫బమ ቃே೎௜ୀଵ ൢ,  |𝑥| ൏ 𝑑, 271 

(30) 272 

where Ψേሺ𝑧଴ሻ  are the source strengths along the lines 𝑥଴ ൌ േ𝑑  respectively. We may expand 273 Ψേሺ𝑧଴ሻ as the following series of eigenfunctions 274 

ቐΨାሺ𝑧଴ሻ ൌ ଵగ୧∑ 𝜅௠𝑒୧఑೘ௗ𝐶௠𝜓௠ሺ𝑧ሻାஶ௠ୀିଶΨିሺ𝑧଴ሻ ൌ ଵగ୧∑ 𝜅௠𝑒୧఑೘ௗ𝐷௠𝜓௠ሺ𝑧ሻାஶ௠ୀିଶ .     (31a, b) 275 

where 𝐶௠ and 𝐷௠ are unknown coefficients. Substituting Eqs. (19) and (31) into Eq. (30), as well 276 

as invoking the orthogonality of inner product 〈𝜓௠ሺ𝑧଴ሻ,𝜓௠෥ ሺ𝑧଴ሻ〉 ൌ 𝛿௠௠෥𝑄௠, where 𝛿௠௠෥  denotes 277 

the Kronecker delta function, which gives  278 𝜙ሺଶሻሺ𝑥, 𝑧ሻ ൌ ∑ ൫𝐶௠𝑒ି୧఑೘௫ ൅ 𝐷௠𝑒୧఑೘௫൯𝜓௠ሺ𝑧ሻାஶ௠ୀିଶ ൅279 

൞∑ 𝛼௜𝒢ሺ𝑥, 𝑧,𝑎௜ሻ ൅ ∑ 𝛽௜ డమ𝒢ሺ௫,௭,௕೔ሻడ௫బమே್௜ୀଵேೌ௜ୀଵ൅∑ ቂ𝛾௜ డయ𝒢ሺ௫,௭,௖೔ሻడ௫బయ ൅ 𝜇௜ డమ𝒢ሺ௫,௭,௖೔ሻడ௫బమ ቃே೎௜ୀଵ ൢ, |𝑥| ൏ 𝑑. 280 

(32) 281 
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To solve the unknown coefficients 𝐴௠, 𝐵௠, 𝐶௠, 𝐷௠, 𝛼௜, 𝛽௜, 𝛾௜ and 𝜇௜, we may use the continuous 282 

conditions of the velocity potential and dynamic pressure at two interfaces 𝑥 ൌ േ𝑑, or  283 

⎩⎪⎨
⎪⎧𝜙ሺଵሻሺെ𝑑ି, 𝑧ሻ ൌ 𝜙ሺଶሻሺെ𝑑ା, 𝑧ሻడథሺభሻሺିௗష,௭ሻడ௫ ൌ డథሺమሻሺିௗశ,௭ሻడ௫𝜙ሺଶሻሺ𝑑ି, 𝑧ሻ ൌ 𝜙ሺଷሻሺ𝑑ା, 𝑧ሻడథሺమሻሺௗష,௭ሻడ௫ ൌ డథሺయሻሺௗశ,௭ሻడ௫

.      (33a~d) 284 

To match the velocity potentials at 𝑥 ൌ േ𝑑, from Eqs. (33a) and (33c), we have  285 

൝׬ 𝜙ሺଵሻሺെ𝑑, 𝑧ሻ𝜑௠ሺ𝑧ሻ𝑑𝑧଴ିு ൌ ׬ 𝜙ሺଶሻሺെ𝑑, 𝑧ሻ𝜑௠ሺ𝑧ሻ𝑑𝑧଴ିு׬ 𝜙ሺଷሻሺ𝑑, 𝑧ሻ𝜑௠ሺ𝑧ሻ𝑑𝑧଴ିு ൌ ׬ 𝜙ሺଶሻሺ𝑑, 𝑧ሻ𝜑௠ሺ𝑧ሻ𝑑𝑧଴ିு .   (34a, b) 286 

Substituting Eqs. (11), (12), (13), (16) and (32) into Eqs. (34a) and (34b), as well as using the 287 

orthogonality of 𝜑௠ሺ𝑧ሻ, which gives the following system of linear equations  288 𝑃௠𝑒ି୧𝓀೘ௗ𝐴௠ െ ∑ 𝑋ሺ𝜅௠ᇲ ,𝓀௠ሻ൫𝑒୧఑೘ᇲௗ𝐶௠ᇲ ൅ 𝑒ି୧఑೘ᇲௗ𝐷௠ᇲ൯ାஶ௠ᇲୀିଶ െ289 

൞∑ ℱ௠ሺെ𝑑,𝑎௜ሻ𝛼௜ ൅ ∑ డమℱ೘ሺିௗ,௕೔ሻడ௫బమ 𝛽௜ே್௜ୀଵேೌ௜ୀଵ൅∑ ቂడయℱ೘ሺିௗ,௖೔ሻడ௫బయ 𝛾௜ ൅ డమℱ೘ሺିௗ,௖೔ሻడ௫బమ 𝜇௜ቃே೎௜ୀଵ ൢ ൌ െ𝛿௠଴𝐼𝑃଴𝑒୧𝓀బௗ, 𝑚 ൌ 0, 1, 2…, 290 

(35a) 291 𝑃௠𝑒ି୧𝓀೘ௗ𝐵௠ െ ∑ 𝑋ሺ𝜅௠ᇲ ,𝓀௠ሻ൫𝑒ି୧఑೘ᇲௗ𝐶௠ᇲ ൅ 𝑒୧఑೘ᇲௗ𝐷௠ᇲ൯ାஶ௠ᇲୀିଶ െ292 

൞∑ ℱ௠ሺ𝑑, 𝑎௜ሻ𝛼௜ ൅ ∑ డమℱ೘ሺௗ,௕೔ሻడ௫బమ 𝛽௜ே್௜ୀଵேೌ௜ୀଵ൅∑ ቂడయℱ೘ሺௗ,௖೔ሻడ௫బయ 𝛾௜ ൅ డమℱ೘ሺௗ,௖೔ሻడ௫బమ 𝜇௜ቃே೎௜ୀଵ ൢ ൌ 0, 𝑚 ൌ 0, 1, 2…, 293 

(35b) 294 

where 295 

⎩⎪⎪
⎨⎪
⎪⎧𝑋ሺ𝑥ଵ, 𝑥ଶሻ ൌ ׬ ୡ୭ୱ୦௫భሺ௭ାுሻୡ୭ୱ୦௫భு ୡ୭ୱ୦௫మሺ௭ାுሻୡ୭ୱ୦௫మு 𝑑𝑧 ൌ ቐ௫భ ୲ୟ୬୦௫భுି௫మ ୲ୟ୬୦௫మு௫భమି௫మమ 𝑥ଵ ് 𝑥ଶୱ୧୬୦ଶ௫భுାଶ௫భுସ௫భ ୡ୭ୱ୦మ ௫భு 𝑥ଵ ൌ 𝑥ଶ଴ିு 𝑃௠ ൌ 𝑋ሺ𝓀௠,𝓀௠ሻ ൌ ଶ𝓀೘ுାୱ୧୬୦ሺଶ𝓀೘ுሻସ𝓀೘ ୡ୭ୱ୦మሺ𝓀೘ுሻℱ௠ሺ𝑥, 𝑥଴ሻ ൌ ׬ 𝒢ሺ𝑥, 𝑧, 𝑥଴ሻ𝜑௠ሺ𝑧ሻ଴ିு ൌ 𝜋i∑ ௑൫఑೘ᇲ ,𝓀೘൯ ୲ୟ୬୦൫఑೘ᇲு൯௘ష౟ഉ೘ᇲ|ೣషೣబ|ொ೘ᇲାஶ௠ᇲୀିଶ

. (36a, b, c) 296 

To match the velocity at 𝑥 ൌ േ𝑑, we may apply  297 〈డథሺమሻሺേௗ,௭ሻడ௫ ,𝜓௠ሺ𝑧ሻ〉 ൌ ׬ డథሺమሻሺേௗ,௭ሻడ௫ 𝜓௠ሺ𝑧ሻ𝑑𝑧଴ିு ൅ ௅ఘఠమ ቂడమథሺమሻሺേௗ,଴ሻడ௫డ௭ ௗయట೘ሺ଴ሻௗ௭య ൅ డరథሺమሻሺേௗ,଴ሻడ௫డ௭య ௗట೘ሺ଴ሻௗ௭ ቃ. 298 

(37) 299 

Eqs. (33b) and (33d) gives  300 

൞〈డథሺమሻሺିௗ,௭ሻడ௫ ,𝜓௠ሺ𝑧ሻ〉 ൌ ׬ డథሺభሻሺିௗ,௭ሻడ௫ 𝜓௠ሺ𝑧ሻ𝑑𝑧଴ିு ൅ ௅ఘఠమ ቂడమథሺమሻሺିௗ,଴ሻడ௫డ௭ ௗయట೘ሺ଴ሻௗ௭య ൅ డరథሺమሻሺିௗ,଴ሻడ௫డ௭య ௗట೘ሺ଴ሻௗ௭ ቃ〈డథሺమሻሺௗ,௭ሻడ௫ ,𝜓௠ሺ𝑧ሻ〉 ൌ ׬ డథሺయሻሺௗ,௭ሻడ௫ 𝜓௠ሺ𝑧ሻ𝑑𝑧଴ିு ൅ ௅ఘఠమ ቂడమథሺమሻሺௗ,଴ሻడ௫డ௭ ௗయట೘ሺ଴ሻௗ௭య ൅ డరథሺమሻሺௗ,଴ሻడ௫డ௭య ௗట೘ሺ଴ሻௗ௭ ቃ . 301 
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(38a, b) 302 

We may further define 303 

ቐడమథሺమሻሺേௗ,଴ሻడ௫డ௭ ൌ 𝜁േడరథሺమሻሺേௗ,଴ሻడ௫డ௭య ൌ 𝜉േ,       (39a, b) 304 

where 𝜁േ and 𝜉േ are introduced as additional unknowns to satisfy the edge conditions at 𝑥 ൌ േ𝑑 305 

later. Substituting Eqs. (11), (12), (13), (16) and (32) into Eqs. (38a) and (38b), as well as using the 306 

orthogonality of 𝜓௠ሺ𝑧ሻ, which provides  307 െi∑ 𝑋ሺ𝜅௠,𝓀௠ᇲሻ𝓀௠ᇲ𝑒ି୧𝓀೘ᇲௗ𝐴௠ᇲାஶ௠ᇲୀ଴ ൅ i𝜅௠𝑄௠൫െ𝑒୧఑೘ௗ𝐶௠ ൅ 𝑒ି୧఑೘ௗ𝐷௠൯ ൅308 

൞∑ డ௚೘ሺିௗ,௔೔ሻడ௫ 𝛼௜ ൅ ∑ డయ௚೘ሺିௗ,௕೔ሻడ௫డ௫బమ 𝛽௜ே್௜ୀଵேೌ௜ୀଵ൅∑ ቂడర௚೘ሺିௗ,௖೔ሻడ௫డ௫బయ 𝛾௜ ൅ డయ௚೘ሺିௗ,௖೔ሻడ௫డ௫బమ 𝜇௜ቃே೎௜ୀଵ ൢ ൅ 𝜅௠ tanhሺ𝜅௠𝐻ሻ ሺ𝜅௠ଶ 𝜁ି ൅ 𝜉ିሻ ൌ309 

െi𝑋ሺ𝜅௠,𝓀଴ሻ𝓀଴𝐼𝑒୧𝓀బௗ, 𝑚 ൌ െ2, െ1, 0, 1…, 310 

(40a) 311 

i∑ 𝑋ሺ𝜅௠,𝓀௠ᇲሻ𝓀௠ᇲ𝑒ି୧𝓀೘ᇲௗ𝐵௠ᇲାஶ௠ᇲୀ଴ ൅ i𝜅௠𝑄௠൫െ𝑒ି୧఑೘ௗ𝐶௠ ൅ 𝑒୧఑೘ௗ𝐷௠൯ ൅312 

൞∑ డ௚೘ሺௗ,௔೔ሻడ௫ 𝛼௜ ൅ ∑ డయ௚೘ሺௗ,௕೔ሻడ௫డ௫బమ 𝛽௜ே್௜ୀଵேೌ௜ୀଵ൅∑ ቂడర௚೘ሺௗ,௖೔ሻడ௫డ௫బయ 𝛾௜ ൅ డయ௚೘ሺௗ,௖೔ሻడ௫డ௫బమ 𝜇௜ቃே೎௜ୀଵ ൢ ൅ 𝜅௠ tanhሺ𝜅௠𝐻ሻ ሺ𝜅௠ଶ 𝜁ା ൅ 𝜉ାሻ ൌ 0, 𝑚 ൌ െ2, െ1, 0…, 313 

(40b) 314 

where 315 𝑔௠ሺ𝑥, 𝑥଴ሻ ൌ 〈𝒢ሺ𝑥, 𝑧, 𝑥଴ሻ,𝜓௠ሺ𝑧ሻ〉 ൌ 𝜋i tanhሺ𝜅௠𝐻ሻ 𝑒ି୧఑೘|௫ି௫బ|.   (41) 316 

The remaining equations can be established from the edge conditions at 𝑥 ൌ 𝑎௝, 𝑏௝, 𝑐௝ and 𝑥 ൌ േ𝑑. 317 

In particular, applying Eq. (7a) to Eq. (32), the edge condition at 𝑥 ൌ 𝑎௝ (𝑗 ൌ 1~𝑁௔) gives 318 

∑ ൣ𝑓௠ି ൫𝑎௝൯𝐶௠ᇲ ൅ 𝑓௠ᇲା ൫𝑎௝൯𝐷௠ᇲ൧ାஶ௠ᇲୀିଶ ൅ ൞∑ 𝒲൫𝑎௝ ,𝑎௜൯𝛼௜ ൅ ∑ డమ𝒲൫௔ೕ,௕೔൯డ௫బమ 𝛽௜ே್௜ୀଵேೌ௜ୀଵ൅∑ ቂడయ𝒲൫௔ೕ,௖೔൯డ௫బయ 𝛾௜ ൅ డమ𝒲൫௔ೕ,௖೔൯డ௫బమ 𝜇௜ቃே೎௜ୀଵ ൢ ൌ 0, (42) 319 

where 320 

൝ 𝑓௠േሺ𝑥ሻ ൌ 𝜅௠ tanhሺ𝜅௠𝐻ሻ 𝑒േ୧఑೘௫𝒲ሺ𝑥, 𝑥଴ሻ ൌ డ𝒢ሺ௫,଴,௫బሻడ௭ ൌ 𝜋i∑ ఑೘ ୲ୟ୬୦మሺ఑೘ுሻ௘ష౟ഉ೘|ೣషೣబ|ொ೘ାஶ௠ୀିଶ .   (43a, b) 321 

Applying Eq. (8b) to Eq. (32), the edge condition at 𝑥 ൌ 𝑏௝ (𝑗 ൌ 1~𝑁௕) gives 322 

∑ ቂௗమ௙೘ష൫௕ೕ൯ௗ௫మ 𝐶௠ᇲ ൅ ௗమ௙೘శ൫௕ೕ൯ௗ௫మ 𝐷௠ᇲቃାஶ௠ᇲୀିଶ ൅ ൞∑ డమ𝒲൫௕ೕ,௔೔൯డ௫మ 𝛼௜ ൅ ∑ డర𝒲൫௕ೕ,௕೔൯డ௫మడ௫బమ 𝛽௜ே್௜ୀଵேೌ௜ୀଵ൅∑ ቂడఱ𝒲൫௕ೕ,௖೔൯డ௫మడ௫బయ 𝛾௜ ൅ డర𝒲൫௕ೕ,௖೔൯డ௫మడ௫బమ 𝜇௜ቃே೎௜ୀଵ ൢ ൌ 0. (44) 323 

Using Eqs. (9a, b) to Eq. (32), the edge condition at 𝑥 ൌ 𝑐௝ (𝑗 ൌ 1~𝑁௕) gives 324 
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∑ ቂௗమ௙೘ష൫௖ೕ൯ௗ௫మ 𝐶௠ᇲ ൅ ௗమ௙೘శ൫௖ೕ൯ௗ௫మ 𝐷௠ᇲቃାஶ௠ᇲୀିଶ ൅ ൞∑ డమ𝒲൫௖ೕ,௔೔൯డ௫మ 𝛼௜ ൅ ∑ డర𝒲൫௖ೕ,௕೔൯డ௫మడ௫బమ 𝛽௜ே್௜ୀଵேೌ௜ୀଵ൅∑ ቂడఱ𝒲൫௖ೕ,௖೔൯డ௫మడ௫బయ 𝛾௜ ൅ డర𝒲൫௖ೕ,௖೔൯డ௫మడ௫బమ 𝜇௜ቃே೎௜ୀଵ ൢ ൌ 0, (45a) 325 

∑ ቂௗయ௙೘ష൫௖ೕ൯ௗ௫య 𝐶௠ᇲ ൅ ௗయ௙೘శ൫௖ೕ൯ௗ௫య 𝐷௠ᇲቃାஶ௠ᇲୀିଶ ൅ ൞∑ డయ𝒲൫௖ೕ,௔೔൯డ௫య 𝛼௜ ൅ ∑ డఱ𝒲൫௕ೕ,௕೔൯డ௫యడ௫బమ 𝛽௜ே್௜ୀଵேೌ௜ୀଵ൅∑ ቂడల𝒲൫௖ೕ,௖೔൯డ௫యడ௫బయ 𝛾௜ ൅ డఱ𝒲൫௖ೕ,௖೔൯డ௫యడ௫బమ 𝜇௜ቃே೎௜ୀଵ ൢ ൌ 0. (45b) 326 

If the edges at 𝑥 ൌ േ𝑑 are free to move, substituting Eq. (32) into Eq. (6a), similar equations shown 327 

in Eqs. (45a, b) need to be satisfied, or 328 

∑ ቂௗమ௙೘షሺേௗሻௗ௫మ 𝐶௠ᇲ ൅ ௗమ௙೘శሺേௗሻௗ௫మ 𝐷௠ᇲቃାஶ௠ᇲୀିଶ ൅ ൞∑ డమ𝒲ሺേௗ,௔೔ሻడ௫మ 𝛼௜ ൅ ∑ డర𝒲ሺേௗ,௕೔ሻడ௫మడ௫బమ 𝛽௜ே್௜ୀଵேೌ௜ୀଵ∑ ቂడఱ𝒲ሺേௗ,௖೔ሻడ௫మడ௫బయ 𝛾௜ ൅ డర𝒲ሺേௗ,௖೔ሻడ௫మడ௫బమ 𝜇௜ቃே೎௜ୀଵ ൢ ൌ 0, (46a) 329 

∑ ቂௗయ௙೘షሺേௗሻௗ௫య 𝐶௠ᇲ ൅ ௗయ௙೘శሺേௗሻௗ௫య 𝐷௠ᇲቃାஶ௠ᇲୀିଶ ൅ ൞∑ డయ𝒲ሺേௗ,௔೔ሻడ௫య 𝛼௜ ൅ ∑ డఱ𝒲ሺേௗ,௕೔ሻడ௫యడ௫బమ 𝛽௜ே್௜ୀଵேೌ௜ୀଵ∑ ቂడల𝒲൫௖ೕ,௖೔൯డ௫యడ௫బయ 𝛾௜ ൅ డఱ𝒲ሺേௗ,௖೔ሻడ௫యడ௫బమ 𝜇௜ቃே೎௜ୀଵ ൢ ൌ 0. (46b) 330 

By contrast, if the edges at 𝑥 ൌ േ𝑑 are pinned to the seabed, the zero-shear force condition in Eq. 331 

(46b) should be replaced by the zero-deflection condition as  332 

∑ ൣ𝑓௠ି ሺേ𝑑ሻ𝐶௠ᇲ ൅ 𝑓௠ᇲା ሺേ𝑑ሻ𝐷௠ᇲ൧ାஶ௠ᇲୀିଶ ൅ ൞∑ 𝒲ሺേ𝑑,𝑎௜ሻ𝛼௜ ൅ ∑ డమ𝒲ሺേௗ,௕೔ሻడ௫బమ 𝛽௜ே್௜ୀଵேೌ௜ୀଵ∑ ቂడయ𝒲ሺേௗ,௖೔ሻడ௫బయ 𝛾௜ ൅ డమ𝒲ሺേௗ,௖೔ሻడ௫బమ 𝜇௜ቃே೎௜ୀଵ ൢ ൌ 0. (47) 333 

If the infinite series in Eqs. (13), (16) and (31) are truncated at 𝑚 ൌ 𝑀 , there will be 𝑀 ൅ 1 334 

unknowns for 𝐴௠, 𝑀 ൅ 1 for 𝐵௠, 𝑀 ൅ 3 for 𝐶௠ and 𝑀 ൅ 3 for 𝐷௠. Besides, the edge condition at 335 𝑥 ൌ 𝑎௜ ሺ𝑖 ൌ 1~𝑁௔ሻ provides 𝑁௔ unknowns for 𝛼௜. The edge condition at 𝑥 ൌ 𝑏௜ (𝑖 ൌ 1~𝑁௕) gives 336 𝑁௕  unknows for 𝛽௜ . The edge condition at 𝑥 ൌ 𝑐௜  (𝑖 ൌ 1~𝑁௖ ) gives 2𝑁௖  unknows for 𝛾௜  and 𝜇௜ 337 

respectively. The edge conditions at 𝑥 ൌ േ𝑑  also provides 4 additional unknowns for 𝜁േ  and 𝜉േ 338 

respectively. In such a case, we have 4𝑀 ൅ 12 ൅ 𝑁௔ ൅ 𝑁௕ ൅ 2𝑁௖ unknowns. Eqs. (35a, b) and (40a, 339 

b) provide 4𝑀 ൅ 8 equations, Eqs. (42), (44) ~ (47) offers 𝑁௔ ൅ 𝑁௕ ൅ 2𝑁௖ ൅ 4 equations. Hence, 340 

the total number of unknowns is equal to the total number of equations, and all the unknowns can 341 

be fully solved. By contrast, if we employ the procedure of MEE in Ren, et al.13 instead, there will 342 

be a total of 2ሺ𝑀 ൅ 1ሻ ൅ 2ሺ𝑁௔ ൅ 𝑁௕ ൅ 𝑁௖ ൅ 1ሻሺ𝑀 ൅ 3ሻ unknown coefficients to solve. It can be 343 

found that the number of unknowns is significantly reduced by using the present method.  344 

 345 

IV. RESULTS AND DISCUSSION  346 

The typical values of physical parameters of an elastic plate are selected based on the data in Xia, 347 

et al.27,  348 𝐿 ൌ 1.96 ൈ 10ଵଵ N ⋅ m,   𝜌௘ ൌ 1000 kg/mଷ, ℎ௘ ൌ 5 m, 𝑑 ൌ 150 m.   (48) 349 
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Other parameters are chosen as 𝜌 ൌ 1025 kg/mଷ , 𝑔 ൌ 9.81 m/sଶ  and 𝐻 ൌ 50 m . Those 350 

parameters outlined above will be applied in subsequent computations unless specified otherwise. 351 

The infinite series in Eqs. (13), (16) and (31) are truncated at 𝑚 ൌ 𝑀 ൌ 100 , which has been 352 

confirmed to be convergent. 353 

 354 

A. Validation of the method 355 

Let |𝑥| → ൅∞ in the velocity potential in Eqs. (11). (12), (13) and (16), all the decay terms will be 356 

zero, and we have  357 𝜙ሺ𝑥, 𝑧ሻ ൌ ቊ𝐼൫𝑅𝑒୧𝓀బ௫ ൅ 𝑒ି୧𝓀బ௫൯𝜑଴ሺ𝑧ሻ 𝑥 → െ∞𝐼𝑇𝜑଴ሺ𝑧ሻ𝑒ି୧𝓀బ௫ 𝑥 → ൅∞,     (49) 358 

where 𝑅 ൌ 𝐴଴/𝐼 and 𝑇 ൌ 𝐵଴/𝐼 denote the reflection and transmission coefficients respectively. The 359 

approach applied here is validated by comparing with the results of |𝑅| and |𝑇| in Williams and 360 

Squire10 for water wave diffracted by a single floating ice cover in deep water, which was solved 361 

via the Wiener-Hopf technique28. |𝑅| & |𝑇| versus the wave period are plotted in Fig. 2, and a very 362 

good consistency can be observed.  363 

 364 

Fig. 2. The reflection and transmission coefficients for an incident wave diffracted by a single 365 

floating elastic plate: (a). reflection coefficients; (b). transmission coefficients. 366 

 367 

In the following sections, all the numerical results will be presented in nondimensionalized forms, 368 

based on the water density 𝜌 , acceleration due to gravity 𝑔 , and the mean water depth 𝐻 . 𝜏 ൌ369 𝒯ඥ𝑔/𝐻   is used to represent the dimensionless wave period 𝒯 , where 𝒯 ൌ 2𝜋/𝜔 . Similar with 370 

Williams and Squire10, we may display the results of 𝜏 ൐ 1 here, and much attention is paid to long 371 

waves.  372 
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 373 

B. Wave interaction with floating elastic plates with same type of internal constraints 374 

In this section, all the internal edges of the plates are considered as a single type, namely pinned, 375 

hinged or free. For each type of edge, we aim to understand how the number of edges affects the 376 

reflected and transmitted waves at the far-field, as well as the deflection and strain in the elastic 377 

plates. Notably, the waves at infinity can be used to assess the environmental impact of deploying 378 

solar panels at sea. The deflection and strain provide insights into the hydroelastic response of solar 379 

panels to ocean waves.  380 

 381 

Fig. 3. The reflection and transmission coefficients versus the wave period under different 382 

numbers of internal pinned supports: (a). reflection coefficients; (b). transmission coefficients. 383 

Here, two edges at 𝑥 ൌ േ𝑑 are pinned, 𝑁௕ ൌ 𝑁௖ ൌ 0. 384 

 385 

1. All internal constraints are pinned supports 386 

The pinned supports are assumed to be distributed uniformly along the plate, which gives  387 𝑎௜ ൌ െ𝑑 ൅ ଶௗேೌାଵ 𝑖,  𝑖 ൌ 1~𝑁௔,      (50) 388 

where 𝑎௜ is defined in Table 1. The results of reflection and transmission coefficients are shown in 389 

Fig. 3. It should be noted that when 𝜏 is small (corresponding to short waves), very highly rapid 390 

changes on |𝑇| and |𝑅| are expected10, 16, which is not included in the figures. On the curve of 𝑁௔ ൌ391 

0, 𝑇 first decreases to a very small value as 𝜏 increases, and then quickly increases to a peak value 392 

around 𝜏 ൎ 4.88 . As 𝜏  continues to increase, |𝑅|  decreases to a value close to 0 , and then |𝑅| 393 

increases and varies much more slowly. When there is a pined support in the elastic plate (𝑁௔ ൌ 1), 394 
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the result becomes quite different. Specifically, |𝑅|  ( |𝑇| ) generally decreases (increases) as 𝜏 395 

increases within the range considered in Fig. 3. Besides, at a fixed value of 𝜏, if more pinned points 396 

are imposed on the plate, there will first be a slight increase (decrease) in |𝑅| (|𝑇|). However, as 𝑁௔ 397 

increases, the curves of |𝑅| (|𝑇|) under 𝑁௔ ൌ 4 and 8 are nearly identical, which means the effect 398 

of 𝑁௔ on |𝑅| (|𝑇|) becomes quite weak after 𝑁௔ ൒ 4. In fact, more pinned supports in the structure 399 

means more 0-deflection points on the plate. When 𝑁௔ is sufficiently large, the floating elastic plate 400 

will behave similarly to a rigid plate. Furthermore, from the aspect of wave energy, when pinned 401 

supports are imposed on the plate. For long waves, compared with the panel without any pin, the 402 

wave energy on reflected waves will increase and the on transmitted waves will decrease.  403 

 404 

Fig. 4. The maximum deflection and principal strain in the elastic plate versus the wave period 405 

under different numbers of internal pinned supports: (a). maximum deflection; (b) maximum 406 

principal strain. Here, two edges at 𝑥 ൌ േ𝑑 are pinned, 𝑁௕ ൌ 𝑁௖ ൌ 0. 407 

 408 

The deflection 𝜂  and principal strain 𝜀  of the elastic plate are also considered, which can be 409 

calculated from 29 410 

ቐ𝜂ሺ𝑥ሻ ൌ ଵ୧ఠ డథሺమሻሺ௫,଴ሻడ௭𝜀ሺ𝑥ሻ ൌ ௛೐ଶ ቚௗమఎሺ௫ሻௗ௫మ ቚ .      (51a, b) 411 

Substituting Eq. (32) into (51a), 𝜂ሺ𝑥ሻ gives  412 

𝜂ሺ𝑥ሻ ൌ ଵ୧ఠ∑ ሾ𝐶௠𝑓௠ି ሺ𝑥ሻ ൅ 𝐷௠𝑓௠ାሺ𝑥ሻሿାஶ௠ୀିଶ ൅ ଵ୧ఠ൞∑ 𝛼௜𝒲ሺ𝑥,𝑎௜ሻ ൅ ∑ 𝛽௜ డమ𝒲ሺ௫,௕೔ሻడ௫బమே್௜ୀଵேೌ௜ୀଵ൅∑ ቂ𝛾௜ డయ𝒲ሺ௫,௖೔ሻడ௫బయ ൅ 𝜇௜ డమ𝒲ሺ௫,௖೔ሻడ௫బమ ቃே೎௜ୀଵ ൢ. (52) 413 

We may define 𝜂௠௔௫ ൌ maxିௗஸ௫ஸௗ|𝜂ሺ𝑥ሻ| as the maximum plate deflection and 𝜀௠௔௫ ൌ maxିௗஸ௫ஸௗ 𝜀ሺ𝑥ሻ as 414 
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the maximum principal strain. 𝜂௠௔௫/𝐴 and 𝜀௠௔௫𝐻/𝐴 versus the wave period 𝜏 are given in Fig. 4. 415 

In Fig. 4 (a), when 𝑁௔ ൌ 0 , 𝜂௠௔௫/𝐴  initially increases with 𝜏 , and reaching a peak 𝜂௠௔௫/𝐴 ൎ416 

1.085  at 𝜏 ൎ 18.4 . Subsequently, it gradually declines and approaches 1 . By contrast, when an 417 

internal pin is added (𝑁௔ ൌ 1), in addition to the region near the peaks of 𝜂௠௔௫/𝐴, it can be found 418 

that 𝜂௠௔௫/𝐴  becomes much smaller in most range of 𝜏 . As 𝑁௔  becomes larger,  𝜂௠௔௫/𝐴  further 419 

declines. When 𝑁௔ ൒ 4 , 𝜂௠௔௫/𝐴  can even be close to zero. In Fig. 4(b), 𝜀௠௔௫𝐻/𝐴  at 𝑁௔ ൌ 1  is 420 

normally greater than that at 𝑁௔ ൌ 0. However, when 𝑁௔ ൒ 2, the strain level becomes smaller than 421 

that without any pin. Besides, 𝜀௠௔௫𝐻/𝐴 is further declined as 𝑁௔ further increases. 422 

 423 

2. All internal constraints are hinged supports 424 

We may also consider the scenario floating elastic panels connected by internal hinges (𝑁௔ ൌ 𝑁௖ ൌ425 

0), where the positions 𝑏௜ (𝑖 ൌ 1~𝑁௕) of the internal hinges are assumed to present in the same 426 

distribution as the pins in Eq. (50), and two side edges at 𝑥 ൌ േ𝑑 are set to be free. The results of 427 

the reflection and transmission coefficients are given in Fig. 5. It can be observed that as 𝑁௕ 428 

increases, the curves of |𝑅| and |𝑇| are significantly changed, which indicates that |𝑅| and |𝑇| are 429 

quite sensitive to 𝑁௕. Typically, at 𝑁௕ ൌ 4, a local oscillation of |𝑅| versus 𝜏 is observed, and such 430 

behaviour becomes much more evident at 𝑁௕ ൌ 8, as shown in the local enlargement in Fig. 5(a). 431 

The results of the maximum deflection and principal strain of the elastic plate are presented in Fig. 432 

6. In Fig. 6(a), 𝜂௠௔௫/𝐴 at each 𝑁௕ generally shows a similar variation trend. In particular, 𝜂௠௔௫/𝐴 433 

first increases with 𝜏 , and peaks at 𝜏 ൌ 10.80 , 6.50 , 5.30 , 4.26  and 3.46  with 𝜂௠௔௫/𝐴 ൌ 1.34 , 434 

1.99 , 2.54 , 3.28  and 4.28  for 𝑁௕ ൌ 0 , 1 , 2 , 4 , 8  respectively. Subsequently, 𝜂௠௔௫/𝐴  gradually 435 

decreases and approaches 1 with the increase of 𝜏. Notably, there is a positive correlation between 436 

the spike value and 𝑁௕. In Fig. 6(b), the introduction of additional hinged supports on the plate 437 

generally leads to a decrease in 𝜀௠௔௫𝐻/𝐴. To clearly illustrate the behaviour of plate deflection at 438 

the spikes depicted in Fig. 6(a), the corresponding |𝜂ሺ𝑥ሻ| versus 𝑥/𝑑 is plotted in Fig. 7. It can be 439 

observed that 𝜂௠௔௫  in all the cases are occurred at 𝑥 ൌ െ𝑑 . The profiles of |𝜂ሺ𝑥ሻ|/𝐴  exhibit a 440 

degree of similarity across different values of 𝑁௕ . In particular, |𝜂ሺ𝑥ሻ|/𝐴  shows alternating 441 

variation with 𝑥/𝑑 with 𝑁௕ troughs and 𝑁௕ ൅ 2 peaks. These peaks are located at the edges of each 442 

panel, and the corresponding peak values decrease as 𝑥/𝑑. Moreover, at 𝑁௕ ൌ 1, obvious bending 443 

is observed in both 2 panels. However, as 𝑁௕ increases, the bending in each plate is unobvious, and 444 
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the entire structure performs like a series of rigid plates, which indicates that the elasticity of the 445 

structure becomes less important.   446 

 447 

Fig. 5. The reflection and transmission coefficients versus the wave period under different 448 

numbers of internal hinges: (a). reflection coefficients; (b). transmission coefficients. Here, two 449 

edges at 𝑥 ൌ േ𝑑 are free, 𝑁௔ ൌ 𝑁௖ ൌ 0. 450 

 451 

Fig. 6. The maximum deflection and principal strain in the elastic plates connected by one or 452 

multiple internal hinges: (a) maximum deflection; (b). maximum principal strain. Here, two edges 453 

at 𝑥 ൌ േ𝑑 are free, 𝑁௔ ൌ 𝑁௖ ൌ 0. 454 
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 455 

Fig. 7. Deflection of the elastic plate. Here, two edges at 𝑥 ൌ േ𝑑 are free, 𝑁௔ ൌ 𝑁௖ ൌ 0.   456 

 457 

3. All internal constraints are free  458 

Wave diffraction by multiple floating elastic panels without any connection is also considered (𝑁௔ ൌ459 𝑁௕ ൌ 0 ). The reflection and transmission coefficients are presented in Fig. 8. Similar with the 460 

phenomenon observed in Fig. 5, it can be found that |𝑅|  and |𝑇|  are also very sensitive to the 461 

number of internal free edges 𝑁௖ . As  𝑁௖  increases, local oscillations on |𝑅|  and |𝑇|  versus 𝜏  are 462 

also observed, such phenomenon is consistent with the results for an elastic plate of infinite extent 463 

with multiple cracks30. Compared with Fig. 5 for plates connected with hinges, the local oscillation 464 

here is much stronger. In fact, such local oscillatory behaviour is due to the multiple reflections of 465 

the traveling waves between two edges of the plate. With less restriction on the edge conditions, the 466 

energy conversion between waves and plate motion is much more flexible, and may be sensitive to 467 

the properties of ocean waves. Such conversion results in rapid variations of the energy in the 468 

corresponding radiated and diffracted waves, thereby leading to more pronounced oscillation 469 

phenomena. Consequently, in scenarios of free edges, more evident oscillatory behaviour in terms 470 

of reflection and transmission coefficients is expected. In Fig. 9(a), obvious spikes can be observed 471 

in the curves of  𝜂௠௔௫/𝐴 versus 𝜏, and these peak values increase with 𝑁௖, which is similar with the 472 

phenomenon in Fig. 6 (a). However, there is also a highly local oscillation near the peak, a feature 473 

that markedly diverges from that in Fig. 6(a). 𝜀௠௔௫𝐻/𝐴 in Fig. 9(b) generally decreases with 𝑁௖ at 474 

a fixed 𝜏. Besides, a weak local oscillation is also observed in 𝜀௠௔௫𝐻/𝐴 versus 𝜏 as 𝑁௖ increases.  475 
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 476 

Fig. 8. The reflection and transmission coefficients versus the wave period under different 477 

numbers of internal free edges: (a). reflection coefficients; (b). transmission coefficients. Here, 478 

two edges at 𝑥 ൌ േ𝑑 are free, 𝑁௔ ൌ 𝑁௕ ൌ 0. 479 

 480 

 481 

Fig. 9. The maximum deflection and principal strain in the elastic plates with free edge conditions: 482 

(a). maximum deflection; (b). maximum principal strain. Here, two edges at 𝑥 ൌ േ𝑑 are free, 483 𝑁௔ ൌ 𝑁௕ ൌ 0. 484 

 485 

C. Wave interaction with floating elastic plates with different type of internal constraints 486 

In actual engineering structures, each of the panel components can be designed to be connected by 487 

certain edge conditions, and mooring lines are usually used to improve the stability of the entire 488 

structure. Hence, considering the combined effects of various types of physical constraints on the 489 

hydrodynamic properties of the structure is quite necessary. Here, we may consider a scenario that 490 

three identical elastic plates are connected by two hinges (𝑏ଵ ൌ െ𝑑/3, 𝑏ଶ ൌ 𝑑/3), and we try to 491 
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arrange pinned supports on these plates to reduce the maximum deflection and principal strain in 492 

the structure, which can be regarded as a theoretical study to optimize the mooring positions for a 493 

series of hinged floating elastic plates. Here, four different configurations are considered, as shown 494 

in Fig. 10. The corresponding results are given in Fig. 11. In Fig. 11(a), if only one pinned support 495 

is imposed at 𝑥 ൌ 0 (Fig. 10 (a)), compared with the case without any pin, 𝜂௠௔௫/𝐴 becomes even 496 

much larger over a wide range of 𝜏, which is different from the result for a single plate in Fig. 4 (a). 497 

By contrast, Fig. 11 (a) also indicated that the other three configurations in Fig. 10 can effectively 498 

mitigate the magnitude of 𝜂௠௔௫/𝐴. In particular, apart from some narrow peaks in 𝜂௠௔௫/𝐴 when 𝜏 499 

is small, the configuration in Fig. 10 (d) emerges as the most effective, followed by the configuration 500 

in Fig. 10 (b), and subsequently Fig. 10 (c). For the maximum principal strain on the plate given in 501 

Fig. 11 (b), it is observed that every configuration in Fig. 10 results in an increase of 𝜀௠௔௫𝐻/𝐴, 502 

across a wide range of 𝜏 , compared to the scenario without any pinned support. However, the 503 

increase is relatively less under the configurations presented in Figs. 10(b) and (d). Furthermore, 504 

Fig. 11(b) reveals a marked and rapid variation in 𝜀௠௔௫𝐻/𝐴 within the range of 5.35 ൑ 𝜏 ൑ 5.55 505 

under the configuration in Fig. 10 (b), and it is associated with the spike on 𝜂௠௔௫/𝐴 in Fig. 11(a). 506 

Correspondingly, this phenomenon is also reflected in the deflection and principal strain 507 

distributions in the plate, as illustrated in Fig. 12. Besides, we also observe that 𝜂௠௔௫/𝐴 is maximum 508 

at 𝑥 ൌ േ𝑑 and 𝑥 ൌ േ𝑑/2 with a close value, and 𝜀௠௔௫𝐻/𝐴 is maximum at the pinned positions at 509 𝑥 ൌ േ2𝑑/3.  510 

 511 

Fig. 10. Four different schemes to arrange pinned supports. (a) 𝑎ଵ ൌ 0; (b) 𝑎ଵ ൌ െ ଶௗଷ , 𝑎ଶ ൌ 0, 512 

𝑎ଷ ൌ ଶௗଷ ; (c) 𝑎ଵ ൌ െ𝑑, 𝑎ଶ ൌ 0, 𝑎ଷ ൌ 𝑑; (d) 𝑎ଵ ൌ െ𝑑, 𝑎ଶ ൌ െ ଶௗଷ , 𝑎ଷ ൌ 0, 𝑎ସ ൌ ଶௗଷ , 𝑎ହ ൌ 𝑑. 513 
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 514 

Fig. 11. The maximum deflection (a) and principal strain (b) in the elastic plates corresponding to 515 

the configurations in Fig. 10. 516 

 517 

Fig. 12. Deflection (a) and distribution of the principal strain (b) of the elastic plate. Two edges at 518 𝑥 ൌ േ𝑑 are free, 𝑁௔ ൌ 3 with 𝑎ଵ ൌ െ ଶௗଷ , 𝑎ଶ ൌ 0, 𝑎ଷ ൌ ଶௗଷ , 𝑁௕ ൌ 2 with 𝑏ଵ ൌ െ ௗଷ, 𝑏ଶ ൌ ௗଷ, 𝑁௖ ൌ519 

0. 520 

 521 

V. CONCLUSION  522 

The problem of wave interaction with multiple adjacent floating solar panels with three different 523 

types of constraints is considered, namely pinned, hinged and free. The solution procedure is based 524 

on a domain decomposition methodology, where the velocity potential of the fluid beneath the solar 525 
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panels is constructed through the boundary integral equation by invoking the Green function for 526 

fluid fully covered by an elastic plate. The velocity potential in the free surface domain is expanded 527 

as a conventional infinite series by using vertical mode expansion. Such an approach makes the 528 

computation much more effective, since the unknown coefficients only need to be distributed on 529 

two interfaces, as well as the jumps of physical parameters of the plates.  530 

 531 

Based on the developed scheme, the effects of three constraints on the elastic plates are extensively 532 

investigated. It is found that pinned supports can increase (decrease) the reflection coefficient |𝑅| 533 

(transmission coefficient |𝑇|) for long waves. With the number of pinned supports increases, the 534 

magnitude of maximum deflection 𝜂௠௔௫ and principal strain 𝜀௠௔௫ in the plates can be reduced. For 535 

multiple adjacent floating elastic panels connected by hinges or free to each other, it is observed that 536 

|𝑅| and |𝑇| are quite sensitive to the number of edges. Besides, a local oscillation will be apparent 537 

in the curves of |𝑅| and |𝑇| versus wave period 𝜏, and such a phenomenon is much more evident in 538 

the case of free edges. This local oscillation can be attributed to the lesser restriction at the free 539 

edges of the plates, resulting in a stronger energy conversion between transmitted and radiated 540 

waves. Furthermore, with the increase of the number of edges, spikes in the curve of 𝜂௠௔௫ versus 𝜏 541 

become more pronounced, as well as 𝜀௠௔௫ is generally decreased.  542 

 543 

The combined influence of hinged and pinned supports on the hydrodynamic response of multiple 544 

floating elastic plates is also evaluated. A case study is conducted for three identical elastic plates 545 

connected by hinged plates. Four distinct configurations with varying pinned points are considered. 546 

The analysis revealed that the placement of pinned supports has a considerable impact on both 𝜂௠௔௫ 547 

and 𝜀௠௔௫. In some instances, additional pinned supports even result in an increase in 𝜂௠௔௫. The 548 

present investigation provides a theoretical attempt to the optimization of mooring positions on 549 

floating solar panels.  550 

 551 

Although only three typical edge conditions are considered in the present study, the solution 552 

procedure can be easily extended to other types of constraints by changing the jump terms in the 553 

boundary integral equation.  554 

 555 
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