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Abstract—Over-the-air computation (AirComp) has emerged
as a promising technology for fast wireless data aggregation
by harnessing the superposition property of wireless multiple-
access channels. This paper investigates a fluid antenna (FA)
array-enhanced AirComp system, employing the new degrees
of freedom introduced by antenna movements. Specifically, we
jointly optimize the transceiver design and antenna position
vector (APV) to minimize the mean squared error (MSE)
between target and estimated function values. To tackle the
resulting highly non-convex problem, we adopt an alternating
optimization technique to decompose it into three subproblems.
These subproblems are then iteratively solved until convergence,
leading to a locally optimal solution. Numerical results show
that FA arrays with the proposed transceiver and APV design
significantly outperform the traditional fixed-position antenna
arrays in terms of MSE.

Index Terms—Fluid antenna, movable antenna, over-the-air
computation, wireless data aggregation.

I. INTRODUCTION

The rapid evolution of artificial intelligence and machine
learning technologies has led to the proliferation of various
intelligent services, imposing unprecedented demands for mas-
sive connectivity and fast data aggregation. However, limited
radio resources and stringent latency requirements pose signif-
icant challenges in meeting these demands. In response, over-
the-air computation (AirComp) has emerged [1], [2]. The fun-
damental principle of AirComp is to harness the superposition
property of the wireless multiple-access channel to achieve
over-the-air aggregation of data concurrently transmitted from
multiple devices. By seamlessly integrating communication
and computation procedures, AirComp enables ‘“compute-
when-communicate” holding the potential for ultra-fast data
aggregation even across massive wireless networks.

Prior works have extensively explored AirComp, partic-
ularly from the perspective of transceiver design [3]-[6].
Specifically, authors in [3] and [4] concentrated on the single-
input single-output (SISO) configuration, exploring optimal
transceiver designs for AirComp systems. Subsequent research
by [5] investigated AirComp in the context of a single-input
multiple-output (SIMO) setup, proposing a uniform-forcing
transceiver design to manage non-uniform channel fading
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between the access point (AP) and each edge device. To
enable multi-modal sensing or multi-function computation,
[6] further studied a multiple-input multiple-output (MIMO)
AirComp system, deriving a closed-form solution for transmit
and receive beamformers design. Moreover, with the advent
of reconfigurable intelligent surfaces (RISs), authors in [7]-[9]
integrated RISs into AirComp systems, achieving substantial
performance enhancements without overly complicating sys-
tem complexity.

In addition to RISs, fluid antenna (FA) or movable antenna
(MA) systems also emerge as a promising technology for
manipulating wireless channel conditions through antenna
movements, thus introducing new degrees of freedom (DoFs)
[10]. Prior works have showcased the advantages of FAs in
enhancing multi-beamforming [11], achieving spatial diversity
gain [12], and minimizing total transmit power [13] compared
to fixed-position antennas (FPAs). However, to the best of
our knowledge, the integration of FAs into AirComp systems
remains unexplored in current literature.

This paper addresses this gap by investigating an FA array-
enhanced AirComp system, wherein an AP equipped with
an FA array aggregates data concurrently transmitted from
multiple users via AirComp. Our main contributions are sum-
marized as follows:

1) We seek to minimize the mean squared error (MSE)
between target and estimated function values by jointly op-
timizing the transceiver design and antenna position vector
(APV). To handle the resulting highly non-convex problem,
we adopt an alternating optimization (AO) technique to de-
compose it into three subproblems, corresponding to a) the
transmit equalization coefficients of users, b) the AP decoding
vector, and ¢) the APV.

2) The first two subproblems are convex quadratically con-
strained quadratic programs (QCQPs) and can be efficiently
solved using off-the-shelf solvers. However, optimizing the
APV remains a non-convex problem, for which we employ
the primal-dual interior point (PDIP) method. By iteratively
solving these subproblems until convergence, we achieve a
locally optimal solution for the original problem.

3) Numerical results demonstrate that FA arrays with the
proposed transceiver and APV design significantly outperform
traditional FPAs in terms of MSE.

Throughout this paper, we use regular, bold lowercase, and
bold uppercase letters to denote scalars, vectors, and matrices,
respectively; R and C to denote real and complex number
sets, respectively; ()7 and (-)f to denote the transpose and
conjugate transpose, respectively. We use x; or [x]; to denote
the é-th entry in «; ||x|| to denote the ¢-norm of x; diag(x)
to denote a diagonal matrix with its diagonal entries specified
by . We use I to denote the identity matrix, V to denote the
gradient operator, and [E to denote the expectation operator.
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Fig. 1. Illustration of the considered system model.

II. SYSTEM MODEL AND PROBLEM FORMULATION
A. System Model

Consider a multi-user SIMO communication system consist-
ing of K single-antenna users and an AP with [V antennas, as
shown in Fig. 1(a). Let s € C represent the data generated by
user k, Vk € K = {1,--- , K'}. For simplicity, we assume that
s) possesses zero mean and unit power, i.e., E[s;] = 0, and
E[|sx|?] = 1, Vk € K, and that s1,--- , sk are uncorrelated,
ie., E[sgsj] = 0, Vk # j. The objective of this paper is to
recover the summation of all users’ data

K
5= s (M
k=1

at the AP by harnessing the superposition property of the
wireless multiple-access channel.

As shown in Fig. 1(b), the AP is assumed to be equipped
with an FA array, where the positions of the N FAs can be
adjusted within a one-dimensional line segment of length L.
Let x,, € [0, L] denote the position of the n-th FA, and « =
[1, ,oNn]T the APV of all N FAs, satisfying 0 < 71 <
--+ <z < L without loss of generality. Consequently, the
receive steering vector of the FA array can be expressed as a
function of the APV «x and the steering angle 6:

a(:&e) — [ejg%am Cos(a),... 7612%321\7 cos(G)}T, 2

where )\ denotes the wavelength.
Let hj, € CV*! denote the channel from user k to AP, given
by1
hk = aka(a}, Gk), (3)

where oy and 6 represent the propagation gain and angle
of arrival (AoA) of the line-of-sight (LoS) path, respectively.
Given {hj}, we can express the received signal at AP as

follows:
K

y = hibisi+z, @)

k=1

where by is the transmit equalization coefficient of user k,
Vk € K, and z ~ CN(0,0%1) is the additive white Gaussian
noise at AP.

With a decoding vector m € CV*1 at AP, the estimated
target function is given by

K
§= mHy = ZmHhkbksk +mtz. (®)]
k=1

'As in [11], since the LoS path is usually much stronger than the non-LoS
paths, we thus ignore the non-LoS paths for simplicity.

B. Problem Formulation

In this paper, we aim to minimize the distortion between the
target and the estimated function variables, which is measured
by the MSE defined as follows:

MSE £ E[|5 — s|%]

K 2
=E Z (mHhkbk - 1) sk +mtz
k=1
K
= > [m" b = 1| + 0% |m] % (©)
k=1

To minimize the MSE, we need to seek the optimal b £
[b1,-++ ,bx]T, m, and «, leading to the following optimiza-
tion problem:

min
bm,x

K

2
Z ’mHhk(:c)bk — 1| + 02||1nH2 (7a)
k=1

st. |bg]? < Py, VEEK, (7b)
1> 0,xny < L, (7¢)
Ty — Tn—1 > Lo, Yn=2,--- /N, (7d)

where (7b) accounts for the power constraint for each user,
with P, denoting the maximum transmission power of user
k, Vk € K, (7c) guarantees that the FAs are moved within
the feasible region [0, L], and (7d) ensures that the distance
between two adjacent FAs is no less than Ly to avoid antenna
coupling.

III. TRANSCEIVER AND APV DESIGN

In the sequel, we adopt the AO technique to resolve the
coupling between b, m, and x in (7), and optimize one
variable at a time with others being fixed.

1) Optimization of b: The associated optimization problem
with respect to b is given by

K
mbin Z ’mHhkbk — 1’2

(8a)
k=1
st. e < Py, VE € K. (8b)
It is observed that by, --- , by in (8) are decoupled and can be

decomposed into K subproblems. The subproblem associated
with by, Vk € K, is given by

min |m by - 1) (9a)
k
st |bp]? < Py, (9b)

which is a convex QCQP and can be solved optimally using
the Karush-Kuhn-Tucker (KKT) conditions, as detailed below.

Firstly, the Lagrangian associated with (9) can be expressed
as follows:

Ly (i, px) = |mP Ry, = 1° + g (b = P) . (10)

where pj > 0 is the Lagrange multiplier. The KKT conditions
of (10) are given by
0Ly
ob;,

= |m* hy|?by — R m + by = 0, (11a)
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i (Jbk]® — Pp) =0, (11b) _ Z Z‘ — )~ (Lwip—Zw1)]
|bk|* < P (11c) n=11=1
From (11a), we can derive the optimal b as follows: NN
= [wk || wi,1| cos[qr (2, 21)], (19
by = TmH R + (12)
b Hk Gr(x) 2 wla(z,0;) + a” (x,0,)w
where the nonnegative Lagrange multiplier uj should be
chosen to satisfy (11b) and (11c). By substituting (12) into N
(11b), we obtain that =2 Z [Wi,n | COS(PrTr — LW ), (20)
n=1

[m!hy| Hyp (2
——— —|m7hg|*,0).
vV Py
2) Optimization of m: The associated optimization problem
with respect to m is given by

[}, = max ( (13)

min MSE(mn Z |m " by — 1’ +0°|m|*.

k=1

(14)

It is observed that (14) is a (convex) least squares problem,
and the optimal m can be found by setting the derivative
MSE(m)/dm* to zero. Specifically,

Z (bk|*hxhfim

MS]E — bghi) +0°m =0, (15)

which yields

m* = (O’

3) Optimization of x: The associated optimization problem
with respect to x is given by

K -1 g
2I+Z|bk|2hkth> Zbkhk. (16)
k=1

k=1

K

min Z |mHa(w,0k)akbk — 1|2 (17a)
k=1

s.t. (7¢), (7d). (17b)

Before solving (17), we rewrite (17a) into a more tractable
form. Firstly, we expand Zk L [mfa(z, 0)) i — 1’
follows:

K

Z (\wfa(a:,@k)\Q —wia(z,0) — a (x,0,)wy, + 1),

k=1

where wf £ abpm®, Vk € K. By denoting the n-th entry
in wy as wg , = |wg €74, ¥n € N, we can then rewrite
wfla(z,0y) as follows:

:13 9k E w €]¢Nﬂn
n=1

N

- Z |wk’n|ej(¢kmn_4wk,n)’ (18)
n=1

where ¢y, = /\ X cos(fy). Given (18) we can rewrite Fy(x) £

|'wk a(z,0;)|? and Gi(z) = wk a(z,0) + al (@, 0wy as
follows:
2
Fy(z) £ |wila(z,0;))? Z|wk |7 rn—Lwi )

n=1

where gy, (zn,21) = ¢r(xn — 1) — (LWkn — Lwpy).

Given (19) and (20), we successfully transform (17a) into
a more tractable form. However, the function Zszl[Fk (x) —
Gr(z)] is still highly non-convex, and thus we employ the
PDIP method to obtain a locally optimal x, as detailed in
Appendix A.

The proposed transceiver and APV design approach is
outlined in Algorithm 1. Moreover, the convergence of Al-
gorithm 1 is illustrated in the following theorem.

Theorem 1: Algorithm 1 converges to a locally optimal
point of problem (7) after several iterations.

Proof: To prove the convergence of Algorithm 1, we in-
troduce superscript ¢ as the iteration index, e.g., m! represents
the decoding vector at the end of the ¢-th iteration round. Then,
Algorithm 1 converges as

o @

') > MSE(m

MSE (m/!, b, 1t at)

(®)
> MSE(m!™!, b'! at)

(¢)

> MSE(m'*!, b,

),
where (a), (b), and (c) follow since the updates of m, b, and ®
are the optimal (or locally optimal) solutions to (14), (8), and
(17), respectively. Since MSE(m?, b, ') is monotonically
non-increasing in each iteration and its value is lower bounded
by zero, we prove that Algorithm 1 will converge to a local
optimum of problem (7) after several iterations. [ ]

Algorithm 1 Pseudo-Code for the Proposed Transceiver and
APV Design

1: Given b, = P, Vk € K, and z, =
{0,--- N —1};

2: while not converge do

3: Update m through (16);

4: Update b through solving (12);
5

6

Ln_ Wn €

Update = via the PDIP method.
: end while

I'V. NUMERICAL RESULTS

In this section, we present numerical results to demonstrate
the effectiveness of introducing FA arrays in enhancing Air-
Comp performance. We set Lo = 0.5\, L = N\, P, = P,
Yk € K, and SNR £ P, /02. Moreover, the following three
benchmark schemes are considered for comparison.

o Fixed-Position Antenna Array (FPA): The N FAs are

fixed and uniformly distributed in the feasible region
[0, L], ie., the APV is fixed to = [0,1,--- , N — 1]"
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Fig. 2. MSE versus the number of iterations, where SNR = —10 dB, N =
10, and K = 100.

o
SNR (dB)

Fig. 3. MSE versus SNR, where N = 10, and K = 10.
ﬁ. The optimal b and m are obtained by recursively
running (12) and (16) until convergence.

o SCA: We optimize x by solving (17) via the successive
convex approximation (SCA) technique [11], while the
optimization procedures for b and m remain unchanged.
For more details, refer to Appendix B.

o PGD: Problem (17) for o can also be solved by using
the projected gradient descent (PGD) algorithm [14],
while the optimization procedures for b and m remain
unchanged.

To show the convergence of Algorithm 1, we present the
MSE performance across iterations in Fig. 2. From this figure,
we observe that Algorithm 1 converges after a few dozens of
iterations. In contrast, the SCA scheme takes 100 iterations
to converge. Additionally, we observe that Algorithm 1 is
superior to the three benchmark schemes in terms of the MSE
performance.

In Fig. 3, we show the MSE performance across different
SNR levels. From this figure, it is observed that our proposed
scheme (i.e., Algorithm 1) outperforms the FPA scheme for
all SNR values, though the performance gap becomes narrower
as the SNR increases.

Fig. 4 depicts the MSE performance across different num-
bers of FAs, i.e., IN. As expected, the MSE performance
consistently decreases as N increases from 5 to 25. It is also
observed that our proposed scheme showcases a significant ad-
vantage over the FPA scheme, again highlighting the benefits
of optimizing the positions of FAs.

Fig. 5 depicts the MSE performance across different user

MSE

5 10 15 20 25
Num of antennas (N)

Fig. 4. MSE versus the number of FAs N, where SNR = —10 dB, and
K =10.

Fig. 5. MSE versus the number of users, where SNR = —10 dB and N = 10.

numbers, i.e., K. Unsurprisingly, the MSE performance con-
sistently rises as K increases. Notably, we also observe the
consistent outperformance of the proposed scheme compared
to the SCA and FPA schemes, with the performance gap
widening as K increases.

V. CONCLUSIONS

This paper studied an FA array-enhanced AirComp system.
Compared to traditional FPAs, FAs provide new DoFs through
antenna movements, thus offering the potential for improved
performance. As such, we jointly optimized the transceiver
design and APV to minimize the MSE between target and
estimated function values. Numerical results demonstrated that
FA arrays with our proposed transceiver and APV design
significantly outperformed traditional FPAs in terms of MSE.

Thanks to the benefits of reducing AirComp MSE, FA arrays
can also be used to improve the performance of wireless
federated learning systems that rely on AirComp, which is
an interesting topic for future work.

APPENDIX A

For ease of exposition, we rewrite 1 > 0, x,, < L, and
(7d) as follows:

fl(:c) = —e,{'ﬂﬁ S Oa
fo(x) = e%m — L <0,
fs(x) = (e1 — ex)"w + Lo <0,

fyii(x) = (ey—1 —en) @+ Lo <0,

where e,, denotes the n-th column of Iy, Vn € {1,--- ,N}.
Given g(x) 2 Y1 [Fx(x) — Gir(z)] and fi(x), Vi =
1,--- N + 1, we rewrite (17) as follows:

min g(x) (21a)
st fi(x) <0, Vi=1,--- /N +1. (21b)

The Lagrangian associated with (21) is given by
Lo(z,v) = g(z) + f(2)"v, (22)

where v = [v1, -+ ,vn41]T is the Lagrange multiplier and
f(x) 2 [fi(x), -, fni1(x)]T. According to [15], the dual
residual and the centrality residual corresponding to (22) can
be expressed as follows:

rdual(a}?V) £ VQ(:B) + Df(m)TV7
Teent (T, V) = —diag(v) f(x) — (1/0)1, (24)

where Df(z)T = [Vfi(x), - ,Vfnsi(z)], and § > 0.
If the current point & and v satisfy rqua(x,v) = 0, and

(23)
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Teent (€, V) = 0, then x is primal feasible, and v is dual

feasible, with duality gap no less than (N + 1)/4. Otherwise,

we have to proceed with the iteration, and the primal-dual

search direction (Axpq, Avpg) is determined by the solution
Df(x)"

of the following equation:
V2g(z) + S VR fi () {Am]
—diag(f(z))] AV
_ |:'rdual($7 V)

—diag(v)Df(z)
rcent(sc7 V)

] . (25)

The overall procedures of the PDIP method are summarized
in Algorithm 2.

Algorithm 2 Pseudo-Code for Solving (21) with the PDIP
Method
1: Choose z that satisfies f(z) <0, v = 0,n= —f(x)T
€ >0, €feas > 0, and € > 1.

: while ||7qual|| > €feas OF 7 > € do
: Define § = &(N + 1) /n;

2
3
4: Compute (Azpq, Avpg) via solving (25);

5: Determine step size y via backtracking line search;
6 Update (z,v) < (z,v) + v(Axpd, Avpa);

7: Compute n = —f(z)Tv

8: end while

APPENDIX B

Motivated by [11], we construct convex surrogate functions
to locally approximate F(x) and Gy () based on the second-
order Taylor expansion. Specifically, for a given ug € R, the
second-order Taylor expansion of cos(u) is given by

1
cos(u) =~ cos(uo)—sin(uo)(u—uo)—§ cos(ug)(u—ug)? (26)
Since —1 < cos(ug) < 1, Vug € R, we have
@ , 1 ,
cos(u) < cos(ug) — sin(ug)(u — ug) + §(u —up)s, (27)

cos(u) (g cos(ug) — sin(ug)(u — ug) — %(u — uo)z, (28)

where (a) is due to cos(ug) > —1, and (b) is due to cos(ug) <
1. Denote the i-th iteration of SCA as @' — [z, xN]T.
Given (27) and letting u < ¢i(z, — ;) — (Lwp.p — éwa),
ug + ¢zt — zt) — (Lwyn — Zwy,), we derive an upper
bound for F(x), given by

Fi(x) < Fp(x|z) = 2 Apx — (v)) Tz + C}. (29)

In (29), Ay, vi, and C} are respectively given by

Ay = ( kodiag(wy) — wkw,{) ,
N
[v;’c]n = Z (@z,n,l - (p;/c,l;n) )
1=1
Pt = Wk Wr[sin(qr (), 7))ok + 93 (z), — 77)],

kW1 [0.5¢7 (2}, — x)?

Q

I
MZ I
] =
=

+ cos(g(a, 7)) + sin(g(an, 7)) 8 (2, — 7)),

where Wy, ,, = Wi n|, VE, n, Wi, = [Wy, Lo
Wk,1 + -+ W, N, and Qk(xn, z)) = op(a,
Zwgp).

On the other hand, given (28) and letting u < ¢y (x, —x;)—
(thn Z’LU]CJ) Ug < ¢k( xl) (éwk,n 4wk,l)7 we
derive a lower bound for G k( ). given by

Gr(z) > Gi(m|z') = —a" Ay + 2(8}) "o + 2C},  (30)

ﬂfilc,N]T, Wg,0 =
—z)) — (Lwgn —

where Ay, o}, and C’,’f are respectively given by
Ay = g diag(wy),

[f);c}n = Wy, n[¢ixl - Sin(d)kxiz - 4wk,n)¢k]7

b= nlcos(ry, — Lwyn)

\Mz

+ sm(gbk.xn — Zwk,n)(bkxib — O.5¢i(azfl)2}.

Given (29) and (30), the (i + 1)-th iteration of SCA can be
formulated as follows:

min 7 Az — (v)Tx + C* (3la)
s.t. (7¢), (7d), (31b)

where A = 310 (Ag + Ap). v = Y, (v} + 20}), and
ge Zszl(C,i — 20} + 1). Since (7¢) and (7d) are linear
constraints and A is a positive semi-definite matrix, therefore

(31) is a convex optimization problem and can be efficiently
solved using CVX [16].
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