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PREFACE

This thesis ‘Elements of Constitutive Modelling and Numerical Analysis of Frictional Soils’ is
submitted as one of the requirements for obtaining the degree of Ph.D. according to the regu-
lations put forward by The European Doctoral School of Technology and Science at Aalborg
University.

The study was carried out in the period from August 1995 to July 1999 at Department of
Civil Engineering, Aalborg University under the supervision of Associate Professor Lars Bo
Ibsen and former Professor Jgrgen S. Steenfelt.

The thesis consists of a collection of published scientific papers based on the studies. The
relation between the key papers is explained and the more important conclusions are outlined.
Some of the papers and reports are not included but can be acquired through the Department
of Civil Engineering, Aalborg University.

Special gratitude goes to my former colleague Ulrik Praastrup for some quality discussions
concerning the stress-strain behaviour of soils. Gratitude is also expressed to Professor Poul

V. Lade for his inspiration, advice and continucus encouragement. Also thanks to the staff at
the Geotechnical Engineering Laboratory for their help with the experimental work.

Aalborg, May 2002

Kim Parsberg Jakobsen
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ABSTRACT

This thesis deals with elements of elasto-plastic constitutive modelling and numerical analysis
of frictional soils. The thesis is based on a number of scientific papers and reports in which
central characteristics of soil behaviour and applied numerical techniques are considered.

The development, of a constitutive model for soil is based on a profound knowledge of the
soil behaviour upon loading. In the present study it is attempted to get a better understand-
ing of the soil behaviour by performing a number of triaxial compression tests on sand. The
stress-strain behaviour of sand depends strongly on the stress level and is generally difficult
to describe by constitutive models. Thus, under drained conditions considerable irrecoverable
volumetric strain is developed as the mean effective stress or the shear stress is increased. In
the tests it is observed that the sand skeleton initially contracts and subsequently dilates dur-
ing shear. The change in the volumetric behaviour of the soil skeleton is commoenly referred
to as the characteristic state. The stress ratio corresponding to the characteristic state is
independent of the mean norma] effective stress and the relative density, but depends on the
stress path followed. However, theoretical considerations imply that the characteristic state
obtained at a constant mean normal effective stress is similar to a state, known as the state
of phase transformation, observed under undrained conditions. Under undrained conditions
the phase transformation occurs as the mean normal effective stress reaches a minimum and
the effective stress path has a “knee’. The similarity in drained and undrained behaviour of
the soil skeleton makes it possible to describe the change in volumetric behaviour by a single
parameter, given as a characteristie friction angle.

The characteristic angle is considered to be an important parameter for calibration of
elasto-plastic models to achieve a correct description of the irrecoverable volumetric strain.
The classical models are generally too simple and more advanced models must be used to
deseribe the soil behaviour accurately. Nevertheless, advanced constitutive models, are due
to complexity and the computational costs, normally not available for use with commercial
finite element, programs used for numerical analyses. However, the computational costs can
be reduced significantly by a proper selection of integration schemes. An example hereof ig
given by implementation of an advanced constitutive model for use with the finite element
program ABAQUS. Different integration schemes have been applied and their effectiveness
is investigated.

JAKOBSEN
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RESUME

Denne afhandling omhandler forskellige elementer af elasto-plastisk konstitutiv modellering
og numerisk analyse af friktionsjord. Afhandlingen er bygget op omkring en rakke artikler og
rapporter der bergrer en raekke vigtige materialemassige egenskaber og anvendte numeriske
teknikker.

Sammens@tningen af en konstitutiv jordmodel bygger pd en grundleggende forstaelse af
jordens opfersel under belastning. Det er i det narveerende studie sggt at opna en bedre
jordforstéelse gennem en raekke triaksiale trykforsgg udfert pa sand. Styrke- og deformation-
segenskaberne for sand er stzerkt atheengig af spendingniveauet og stiller generelt store krav
til den konstitutive model. Saledes er sand under dranede forhold kendetegnet ved at un-
dergd betragtelige irreversible volumentgjninger ved pget effektiv middelspeznding og forskyd-
ningspdvirkning. 1 forspgene observeres typisk en vis kontraktion af kornskelettet efterfulgt
af en betragtelig dilatation ved gget forskydningspavirking. Denne sndring af kornskelettets
volumenmaessige egenskab fra kontraktion til dilatation bensvnes ofte den karakteriske til-
stand. Speendingsforholdet for hvilket den karakteristiske tilstand indtraeder er uatheengig af
den effektive middelspznding og den relative lejringsteethed, men findes igvrigt at afhaenge
af spaendingsvejen. Teoretiske overvejelser godtger imidlertid at den karakteristiske tilstand
opndet ved konstant effektiv middelspanding kan sidestilles med en lignende tilstand ob-
serveret under udrznede forhold. Under udrenede forhold indtraeder tilstanden nar den effek-
tive middelspaending har opnaet et minimum og den effektive speendingskurve har et knzk.
Denne sammenhzang bevirker at zendringen i kornskelettets dreenede og udranede opfgrsel kan
beskrives ved en enkelt tilstandsparameter udtrykt ved en karakteritiske friktionsvinkel.

Den karakteristiske friktionsvinkel betragtes som en vaesentlig kalibrerings parameter, idet
den kan anvendes til at fastleegge den elasto-plastiske models beskrivelse af irreversible volu-
mentgjninger. Traditionelle modeller er generelt utilstraeekkelige og mere avancerede modeller
mé anvendes. Sadanne modeller er pa grund af deres kompleksitet og beregningsmassige
omkostninger normalt ikke tilgeengelig for numerisk analyse ved brug af kommercielle element
metode programmer. Et passende valg af integrationsskemaer kan dog nedbringe de bereg-
ningsmassige omkostninger veaesentligt. Som eksempel herpa er en avanceret elasto-plastisk
konstitutiv jordmodel implementeret for brug med elementmetodeprogrammet ABAQUS.
Forskellige integrationsskemaer og numeriske teknikker er bragt i anvendelse og deres effek-
tivitet er underspgt.

JAKOBSEN



JAKOBSEN

Elements of Constitutive Modelling and Numerical Analysis of Frictional Soils

Elements of Constitutive Modelling and Numerical Analysis of Frictional Soils 1

1 INTRODUCTION

The innovation of numerical techniques as the finite element method and the finite difference
method as well as increased computer rescurces have during the last couple of decades changed
the field of geotechnical engineering. The developments of these facilities have to a great extent
motivated the geotechnical engineer to alter the basis of calculation from the two distinct
conditions of linear elasticity and perfect plasticity (e.g. Ibsen & Jakobsen 1997, Ibsen &
Jakobsen 1998) to a more complete description of the soil behaviour by use of elasto-plastic
constitutive models.

The development and application of constitutive models used for description of soil be-
haviour typically require an experimental study to ensure that no essential phenomenons are
disregarded. A robust model description may be based on the framework of elastic and plas-
tic theory and an implementation of the model that enables the use with the finite element
method.

The present study concerns some of the elements needed for development of constitutive
models and techniques required for consistent and efficient implementation and numerical
modelling of geotechnical structures. A comprehensive experimental study of the pre-failure
deformation characteristics forms the basis for a discussion on model requirements, capabilities
and testing of an existing advanced elasto-plastic constitutive model.

1.1  Historical Background

The development of elastic-plastic constitutive models, which more correctly describes the soil
behaviour under different conditions, has been in progress since the 1950s, but only the recent
removal of the computational obstacle has made these models useful to the practical engineer.

The investigation and development of constitutive models for engineering materials in gen-
eral have been subjects of study for more than a hundred years. The first well-known models
proposed by Tresca and von Mises were, however, developed for metals and can therefore
not account for the special characteristics of seil. Consequently, various improvements have
been proposed and used. The well-known Mohr-Coulomb (Shield 1955) and Drucker-Prager
(Drucker & Prager 1952) models belong to this category and have been widely used. But
the capabilities of these models are limited when it comes to special characteristics like stress
path dependencies and volume changes. As a consequence a considerable amount of work
has been done in the area of soil modelling. Many of the proposed models are based on the
classical isotropic plastic hardening theory, and especially the concept of cap models pioneered
by Drucker et al. (1955) and enlarged by Dimaggio & Sandler (1971), Lade (1977) and Nordal
et al. (1989) has become popular, but also the critical state concept (Cam-Clay) initially
proposed by Schofield & Wroth (1968) is widely used. Many of the models may capture the
key characteristics under monotonic loading and moderate unloading quite well, but when
it comes to the prediction of stress induced anisotropy and cyclic loading the capabilities of
these models are inadequate. Similar limitations, however, apply to the otherwise promising
isotropic hardening plasticity model proposed by Lade and Kim (Kim & Lade 1988, Lade &
Kim 19884, Lade & Kim 198854).

Stress induced anisotropy occurs in many of the typical foundation problems, e.g. estab-
lishment of excavations, where the soil is subjected to large stress reversals and rotation of
principal stresses or upon construction of structures, where the soil near the edges of the struc-
ture is subjected to reorientation of principal stress directions. The difficulties with prediction
of soil under cyclic loading are mainly introduced in design of structures in seismic regions
and in the marine environment, where the principal stresses are rotated and hysteretic effects
occur. Most of the models that have been developed to take account of these different aspects
are based on a combination of isotropic and kinematic plastic hardening rules, which can give

JAKOBSEN
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rise to a material description of considerable power and flexibility. The first to utilise the com-
bined hardening rules were Mréz (1967) and Iwan (1967), who independently introduced the
concept of nested yield surfaces in stress space, which makes it possible to present continuous
yielding under arbitrary loading. Krieg (1975) and Dafailas & Herrmann (1982) simplified the
concept to a two-surface formulation, termed the bounding surface theory. In the bounding
surface concept the inner surface, called the yield or loading surface moves with the stress
point inside the outermost surface referred to as the bounding surface. The response of the
material is then correlated with the distance from the current state of stress to the bounding
surface and a predefined mapping rule. Both concepts have their disadvantages: Large storage
requirements for the nested yield surface concept and arbitrariness in the mapping rule for
the bounding surface theory.

It is unlikely that these new models will replace the traditional methods for calculation
of ultimate and serviceability limit states. However, the applicability and advantages of the
numerical techniques are evident when it comes to boundary value problems, problems with
complex geometry, layered soils or in cases where the working loads proceed beyond the elastic
range and the material becomes plastic. The numerical analyses are therefore mainly applied
in the design and construction of large structures, where the above-mentioned complications
are most likely to occur.

1.2 Aims and Scope

Since the literature about new models and techniques are voluminous, an unproblematic ap-
plication of these tools could be expected. Nevertheless, only a few of the basic models
are available in commercial finite element programs like ABAQUS, DIANA and PLAXIS.
These typically include variations of the Drucker-Prager, Mohr-Coulomb and Cam-Clay types
of models. The finite element programs basically include the classical formulation of these
models and have in different ways attempted to increase the functionality by introducing the
non-normality concept or even using hyperbolic model formulations. The models may indeed
be usable when it comes to modelling of normally consclidated cohesive materials, but are
generally inadequate for modelling of frictional materials like sands.

The present study is therefore aimed at the implementation of an elasto-plastic model,
usable for modelling of frictional materials, into a commercial finite element program. Ideally
the model chosen for implementation should posses the following properties:

e The model should be founded on some physical interpretation of the frictional material
response to changes in applied stresses or strains, i.e. key characteristics.

¢ It should be possible to identify the model parameters by means of a small number of
standard material tests, e.g. drained triaxial tests.

e The model should be able to predict the behaviour for all stress and strain paths, and
not merely restricted to the stress and strain path used for parameter fitting.

Although the aim is to use a model that describes the frictional materials behaviour accu-
rately, it is vital that the model is ‘simplified’ so as to facilitate the application in engineering
practice.

1.3 Thesis Outline

As mentioned above the ideal model should be able to capture the key characteristics of the
frictional material derived from standard material tests. Frictional materials like sand have
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been studied extensively in the past and a lot of information about general sand behaviour
is available. Nevertheless, the present study contains an extensive testing program, including
numerous drained and undrained triaxial tests.

The test program serves a two-fold purpose. Firstly, as a thorough investigation of the
pre-failure deformation characteristics of dense sand for validation of the uniqueness of the
characteristic state line and phase transformation line concepts. Hence, these concepts relate
to the volumetric change of material, which plays a central role for the behaviour of sand and
frictional materials in general. Secondly, the tests provide the background for determination of
model parameters and serve as reference for comparisons and predictions made by model. The
investigation of the triaxial behaviour of sand is described in Chapter 2. The chapter relates
to the article about stress path dependency of the pre-failure deformation characteristics by
Jakobsen et al. (1999) and to consistent analysis of triaxial tests by Praastrup et al. (1999).

The single hardening model (Kim & Lade 1988, Lade & Kim 19886, Lade & Kim 1988b)
posseses to a great extent the required properties given above and is chosen for implementation.
The model’s limitation to isotropic materials and monotonic loading and moderate unloading
is found to be acceptable. Further, the use of models without these limitations is hardly usable
in engineering practice as they imply large computational obstacles and requires non-standard
material tests for calibration. The elasto-plastic framework of the single hardening model,
implementation techniques and capabilities are discussed in Chapter 3. The chapter mainly
relates to the papers by Lade & Jakobsen (2002) and Jakobsen & Lade (2002).

JAKOBSEN
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2 THE BEHAVIOUR OF SAND

When studying the behaviour of soils it is normal to distinguish between cohesionless and
cohesive soils. Sand belongs to the first category, in which the interparticle forces have a neg-
ligible effect on the mechanical behaviour. The mechanical behaviour of sand solely depends
on the friction between the grains, wherefore sand also is referred to as a frictional material.
Sand is often characterised by the relative density or void ratio, the grain size distribution and
the angularity of the grains.

In this chapter the general behaviour of sand will be described. The description deals pri-
marily with drained, constant volume and undrained static triaxial compression tests. Both
friction and dilation are important concepts for the understanding of failure in soil. For descrip-
tion of the soil deformation properties also the pre-failure characteristics become important.
In this connection reference is often made to concepts like characteristic state or line and phase
transformation line as these states indicate a change in the soil’s stress and strain response.
These states are considered to be important to the development and use af constitutive soil
models as they seemingly divide the stress space into two regions with different deformation
mechanisms. Hence, factors affecting these different states are discussed and illustrated by test
results. The investigation is to the greatest possible extent based on the laboratory exeriments
performed in connection to the project (Jakobsen & Praastrup 1998, Jakobsen 1998).

2.1 On the Analysis of Triazial Tests

The study of the stress-strain behaviour of geomaterials is commonly accomplished by per-
forming traditional triaxial compression tests and occasionally true triaxial tests. In both
cases the Cauchy or true stress measure is adopted. This measure is physically easy to in-
terpret, as it simply expresses the ratio between current force and current area. For porous
materials in which the pores are interconnected the hydrostatic pressure of the fluid may affect
the behaviour of the material greatly. As frictional materials deform and fail in response to
effective stresses the pore pressure should be deducted from the total stresses.

Whereas the adoption of a suitable stress measure is straightforward, the choice of a mea-
sure that describes relative deformations, i.e. strains, is more difficult. Praastrup et al. (1999)
demonstrated that the traditional method for analysis of triaxial tests is incorrect and pro-
posed an alternative correct and consistent scheme. The proposed scheme adopts the finite
natural/logarithmic strain measure that is valid for large strains. In triaxial tests where princi-
pal strain directions do not rotate the natural strain is simply defined as the natural logarithm
of the current length relative to the initial length:

0y, 0
gi=—In (l‘ - ”) =l (z_) i=1,2,3 (2.1)

in which w; is the directional displacement. For the natural strain measure the traditional
relation between axial and volumetric strains holds:

I W iy -

The above definition of the total natural strain is only valid if the principal strain directions
do not rotate. However, the principal directions generally change as the deformation takes
place and it is seldom possible to calculate the total strain directly and the strain must be
derived on an incremental form using basic continuum mechanics methods (see for example
Malvern 1969).

JAKOBSEN
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The effect of strain measure may seem subtle, and for small deformations the effect is indeed
hardly noticeable. However, for large deformations the choice of strain measure affects the de-
termination of geotechnical strain dependent parameters significantly, e.g. a key geotechnical
parameter like the angle of dilation may be overestimated (Praastrup et al. 1999). The effect
of the different strain measures applied for analysis of a conventional drained triaxial test is
shown in Figure 2.1.

600 -8
q [kPa) /’ T e, (% | .
450 G
¥
- A
4
300 - )
1 2
150 :
o T Traditional method /
R ¢ E Engineering strain 0
¢ N Natural strain
0 — — ‘ : - y -
0 2 4 6 8 10 12 0 2 4 6 8 0 12
e, [%) e [%
(a) (b)

Figure 2.1: Use of different strain measures for analysis of a iriaxiol test. (a) Stress strain
curves. (b) Volumetric strain curves.

The stress strain curve is slightly affected (Figure 2.1a) as the strain to failure is increased
by the application of the natural strain measure (N). However, the volumetric strain is greatly
affected by the applied strain measure. The effect is illustrated in Figure 2.1b were the
volumetric strain is plotted versus both the axial engineering and natural strains. The three
curves representing the consistent use of the engineering strain (E), the traditional analysis
method mixing infinitesimal and finite strains (T) and the use of the natural strain (N) diverge
significantly as the axial strain increases. The lowest rate of dilation (i.e. angle of dilation) is
obtained by applying the natural strain measure, whereas the consistent use of the engineering
strain measure overestimates the rate of dilation significantly.

The choice of strain measure may not only affect some of the traditional geotechnical
parameters, but may also affect the calibration of parameters for numerical models. Thus it
is mandatory that the strain measure on which the parameters are based is identical to the
strain measure used by the analysis program. Hence, errors are incurred if model parameters
based on the infinitesimal engineering strain measure are used in finite element programs like
ABAQUS, which uses the finite natural strain measure. Consequently, the natural strain
measure must be adopted.

2.2  Behaviour Under Drained Conditions

The stress-strain response and volumetric behaviour of sand are studied by performing drained
triaxial tests on saturated reconstituted specimens. Several factors, which may be categorised
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as either compositional or environmental, affect the material response. The compositional
factors are related to the mineralogical properties and the state of packing of the grains. Thus,
the basic friction angle between mineral grains affects the frictional capacity of the material
(Rowe 1962). The state of packing of the grains, which can be expressed in terms of the void
ratio or the relative density, has a large influence on the deformational behaviour and strength
of sand. Dense sand has a higher stiffness and strength than loose sand and exhibits softening
behaviour with a marked decrease in shear strength after peak failure. Whereas, loose sand is
highly contractive and shows no dilative behaviour, the dense sand will initially contract and
subsequently dilate. The degree of packing and the resulting friction or interlocking capacity
is affected by the grain size distribution and shape. Depending on the deposition method the
sand may further exhibit anisotropic or cross-anisotropic behaviour, as the grain orientation
relative to the shearing plane becomes important (Oda 1972).

The environmental factors are related to the stress history of the sand deposit and the
loading characteristics, i.e. pressure, stress path, overconsolidation and intermediate principal
stress. The effect of these factors on the deformational behaviour and strength of sand has been
thoroughly examined by several authors conducting triaxial and true triaxial tests (e.g. Lee
& Seed 1967, Lade & Duncan 1973, Lade & Duncan 1976, Ladd et al. 1977). The description
given in the following mainly focuses on the effect of stress path and pressure.

2.2.1 Friction and Dilation

Coulomb initially defined the shear strength of sand by the classic empirical failure criterion
7 = ¢' tan . This criterion, which assumes that the frictional resistance increases linearly with
normal pressure, has formed the basis for evaluation of sands strength and indeed proved to be
a valuable tool. However, experiments covering a wide range of confining pressures show that
the strength of sand depends on the pressure in a non-linear way (e.g. Casagrande 1940, Lee
& Seed 1967). Hence, the higher the confining pressure the smaller is the friction angle.

175 —% 45
v [7 o Y 93 7]
© e o Aafap’=3
15.0 = \ A & Aq{dp, —of 40
o ap'=0

£ <
125 = j\li 35

Fay
i3
10.0 4. 30
a e
7.5 25
(o]
5.0 20
0 500 1000 1500 2000
p’ [kPa]

Figure 2.2: Variation of angles of dilation, v and friction angles, @ for Eastern Scheldt sand
with pressure and stress poth.

The pressure dependency of shear strength of sands is strongly related to the volume change
that occurs during shear. Casagrande (1940) firstly demonstrated the effect of volume change
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and showed that the friction angle increases as the rate of dilation Or expansion increases.
Thus, for a given void ratio the rate of dilation decreases with increasing confining pressure,
resulting in a reduced friction angle. Taylor (1948), Bishop (1954), Rowe (1962) and others
have suggested different approaches for deducting the shear resistance due to dilation. Whence,
the shear strength is basically composed of two components, a frictional component given by
the basic friction angle of the sand grains and a dilatancy component depending on pressure
and void ratio. However, a third component accounting for rearrangement and crushing of
grains must be taken into account for very loose sands or for sands at high pressures(Lee &
Seed 1967).

The rate of dilation is cccasionally expressed by the angle of dilation, ¢, defined by Hansen
(1958). The angle of dilation is considered to be a characteristic parameter for description of
soil.behaviour, and it will, as the rate of dilation, decrease with increasing pressure.

The pressure dependencies of the friction angle and angle of dilation at the state of failure
for dense Eastern Scheldt sand (Jakobsen & Praastrup 1998) are shown in Figure 2.2. Both
the friction angle and angle of dilation at the state of failure show the anticipated pressure
dependency and are seemingly independent of the stress paths followed. The latter is supported
by the findings of Poorooshasb et al. (1966).

2.2.2 Characteristic Stress State

The concept of the characteristic state or the stress equivalent entitled the characteristic
stress state plays an important role in understanding the stress-strain behaviour of sands. As
described above dense sand will initially contract during shear and may continue to dilate with
further straining. The transition from contraction to dilation defines the characteristic state at
which the volumetric strain increment, de,, is zero (Luong 1982). According to Luong (1982)
the trace of the characteristic stress states, determined from several triaxial tests, defines a line
in the plane, the characteristic line. The characteristic line divides the stress space into two
regions with different deformation mechanisms. Stress combinations below the characteristic
line lead to contraction, whereas stress combinations between the characteristic line and the
failure envelop lead to dilation. The principle of the characteristic state is illustrated in Figure
2.3 by results from a number of conventional triaxial compression tests in which the confining
pressure is held constant during shear,

o @ f » (@)
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g J’

Figure 2.3: Definition of the characteristic state from conventional triozial compression test.
(a) Characteristic line (CL) relative to failure in the o' —q plane. (b) Stress-strain curves. (e)
Volume change curuves.
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A possible interpretation of these findings is to assume that the characteristic state corresponds
to a quasi frictional component of the strength as stated by Kirkpatrick (1961). Hence, the
definition of the characteristic friction angle, ¢}.;, becomes:

o} — o}

imigl., = 2 3 3
A (23)
For conventicnal triaxial compression tests the characteristic angle is found to be independent
of confining pressure or mean normal effective stress and void ratio (Ibsen & Lade 1998).
Consequently, the trace of the characteristic stress states is indeed a line when tests are

performed under such conditions.

Effect of Stress Path on the Characteristic Stress State

The characteristic line or angle should according to Luong (1982) moreover represent an in-
trinsic material parameter to be determined independently of the stress path. Experimental
investigations performed by Jakobsen et al. (1999), however, invalidates this statement. A
test program of several triaxial compression tests following different stress paths were con-
ducted. All the tests emanated from the hydrostatic axis and passed through a characteristic
stress state obtained from a conventional test. Hence, if the characteristic stress state is truly
independent of the stress path, all of the tests should attain their characteristic state at the
same state of stress, i.e. the characteristic stress state obtained from the conventional triaxial
test. A complete description of the testing procedures can be found in Jakobsen & Praastrup
(1998). The results of the tests are shown in Figure 2.4 where the characteristic stress states
and failure states are marked by open and closed circles, respectively.
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Figure 2.4: Test resulls from five triazial tests with different stress paths on dense Eastern
Scheldt sand. (a) Stress paths in the p'—q plane. (b) Stress-strain curves in combined e, —g—&y
diagram.
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As shown in the combined £; — g — ¢, and the p' — ¢ diagrams in Figure 2.4, it is only
possible to determine a characteristic state for the tests with increasing and constant mean
normal effective stress (denoted 1, 2 and 3). For tests with decreasing mean normal effective
stress (4 and 5) it is impossible to determine a characteristic state, as the sand do not contract
at all. The absence of contractive volumetric strain is due to the isotropic overconsolidation
that occurs as the sand is sheared with decreasing mean normal effective stress. Thus, the
sand is initially unloaded and recoverable volumetric expansion is greater than any potential
irrecorverable contraction and the sand finally ends up dilating. The results show that the
characteristic stress state is not an intrinsic parameter and indeed depends on the stress path.
Hence the characteristic angle seemingly decreases as the slope of the stress path increases.
This is supported by the observations made by Ibsen & Lade (1998).

Results from additional tests (Jakobsen & Praastrup 1998) support the observation abaove.
Figure 2.5 show the effective friction angles corresponding to the measured characteristic stress
states and failure states.
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Figure 2.5: Friction angles ot characteristic stress states and failure states for various stress
paths (Bastern Scheldt sand).

The figure shows the expected effect of the stress path as the characteristic angle increases
with decreasing slope of the stress path. The results show no effect of the mean normal effective
stress. The characteristic state should be determined from tests performed with constant mean
normal effective stress. Thus, for isotropic materials the recoverable volumetric strain is zero
throughout the test and the characteristic state is obtained as the irrecoverable volumetric
strain increment becomes zero. Poorooshasb et al. (1966) showed that the direction of the
irrecoverable strain increment at a given state of stress is independent of the stress path. Hence,
a definition of the characteristic state based on the irrecoverable volumetric strain increment
becomes unique. Based on this definition the characteristic angle becomes an important
parameter for development of constitutive models and calibration of model parameters (see
Section 3.3).
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2.8 Behaviour Under Undrained Conditions

The stress-strain and pore pressure response of sand is studied by performing undrained tests.
The development of pore pressure in sand during shear is strongly related to the volumetric
changes observed in drained tests, and the various compositional and environmental factors
listed in the previous section will accordingly affect the potential for pore pressure develop-
ment. Thus, under undrained conditions any tendency for dilation of the soil skeleton will
lead to a decrease in pore pressure (generation of negative pore pressure), whereas a tendency
for contraction will lead to an increase in pore pressure (generation of positive pore pressure).
Consequently, any development in pore pressure will change the soils stiffness and strength.
The drained failure envelope of the sand controls the occurrence of failure under undrained
conditions, but the failure mode depends on the development in pore pressure.

1. For dilative sands the pore pressure decreases during shear leading to a strengthening of
the sand. The pore pressure can, however, not drop below an absolute pressure of zero
as at this pressure the pore water will cavitate. Hence, the tendency for dilation can no
longer be prevented and the sand reaches a state of failure as prescribed by the drained
failure envelope (Seed & Lee 1967).

2. For contractive sands the pore pressure increases during shear leading to a weakening
of the sand. The generation of pore pressure will in turn lead to a shear strength which
is substantially lower than the strength related to the initial state of stress. Hence, a
minimum value is obtained and the condition of static liquefaction may eventually be
reached (Alarcon-Guzman et al. 1988, Lade 1994, Verdugo & Ishihara 1996).

The effect of pressure, stress path and density on the development of pore pressure in sand is
in the following illustrated by experimental results from traditional undrained and constant
volume test. The two types of tests are differentiated in the way they are executed. Hence,
in the undrained test, in which volume change is inhibited, a total stress path is followed
and the corresponding pore pressure response is measured. In the constant volume test the
confining pressure is continuously adjusted for maintenance of constant volume, i.e. the pore
pressure is kept zero and the effective stress path is followed. The pore pressure is subsequently
determined as the difference between initial and current confining pressure.

2.3.1 State of Phase Transformation

The drained and undrained responses of sand are, as already mentioned, closely related and
whereas the drained response of dense sand is characterised by a change in volumetric be-
haviour, the undrained response is characterised by a change in the generation of pore pressure.
Hence, the pore pressure initially increases and subsequently decreases due to the tendency
for contraction and dilation of the sand skeleton, respectively. The transition from positive to
negative generation of pore pressure in a conventional undrained or constant volume test is
illustrated in Figure 2.6.

As shown in Figure 2.6a the stress path turn its direction in the p' — ¢ plane, i.e. the stress
path has a ‘knee’ and the mean normal effective stress reaches a minimum value (marked by
open circles). This stress state was denoted the state of phase transformation by Ishihara
et al. (1975), and the trace of such states, determined from several undrained triaxial tests,
defines a line, the phase transformation line. The name phase transformation is related to
the sand response in cyclic undrained triaxial tests where Ishihara et al. observed that "it
is necessary for a sample to go at least once through this critical value in order to be taken
to a complete liquefied state”. Hence, the stress state, or in particular, the friction angle
corresponding to the state of phase transformation, ¢y, "may be considered as a threshold
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Figure 2.6: Transition from positive fo negative pore pressure generalion in undrained and
constant volume triazial tests. (o) Definition of the state of phase transformation and the
phase transformation line (PL) in the p' — ¢ plane. (b) Stress-strain curves. (c) Curves for
generated pore pressure.

at which the behaviour of sand as a solid is lost and transformed into that of a liquefied state.”

The state of phase transformation is not be confused with the stress state correspond-
ing to the maximum generated pore pressure (marked by closed circles), which for constant
volume tests and undrained tests with constant confining pressure occurs slightly later (see
Figure 2.6¢). The state of phase transformation is, as shown in Figure 2.8 and Figure 2.9,
independent of initial mean normal effective stress and void ratio. Furthermore, the phase
transformation line is independent of the total stress path as the effective stress path is unaf-
fected by the change in confining pressure, i.e. the change in confining pressure is neutralised
by a corresponding change in pore pressure (Skempton 1954).
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Figure 2.7: Friction angles corresponding to the state of phase transformation for constant
volume and undrained tests (Eastern Scheldi sand).
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Figure 2.8: Constant volume tests performed with different initiol pressures on Eastern Scheldt
sand. (o) Stress paths in the p’ — g plane. (b) Stress-strain curves.
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Figure 2.9: Constant volurne tests performed with different initial veid rotios on Fastern
Scheldt sand. (a) Slress paths in the p' — g plane. (b) Stress-strain curves.
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The friction angles, @pr, corresponding to the state of phase transformation are shown in
Figure 2.7 for constant volume and undrained triaxial tests on Eastern Scheldt Sand (Jakobsen
1998). The friction angle is subjected to some scatter, but pressure and relative density do
not affect the phase transformation line, which is seemingly unique for a given sand.

2.4 Comparison of Phase Trensformation and Characteristic States

The present study of the drained and undrained behaviour of Eastern Scheldt sand has shown
that the state of phase transformation is unique for a given sand, whereas the characteristic
state is highly dependent on the effective stress path. However, as the states are mutually
related some correlation between them should be expected. Thus, at the state of phase
transformation the effective stress path in the p' — g plane has a vertical tangent, i.e. zero
increment in mean normal effective stress, corresponding to a transition from a tendency of
contractive to dilative behaviour of the sand skeleton. Assuming isotropic material behaviour,
the zero increment in mean normal effective stress may be interpreted as a state of zero
recoverable and irrecoverable volumetric strain increments. For a drained test performed with
constant effective mean stress the recoverable volumetric strain is zero throughout the test
and the characteristic state is obtained as the irrecoverable strain increment becomes zero.
Hemnce, the characteristic line determined from drained triaxial tests performed with constant
mean normal effective stress should theoretically correspond to the phase transformation line.
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Figure 2.10: Comparison of friction angles corresponding to the characteristic state (droined
triazial tests) and state of phase transformation (constant volume and undreined triazial tests)
for Eastern Scheldt sond.

The fricticn angles for the state of phase transformation and characteristic states are com-
pared in Figure 2.10. The friction angles corresponding to the characteristic states for drained
triaxial tests performed with constant mean normal effective stress are located close to the
phase transformation line (dashed line).
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3 IMPLEMENTATION OF AN ELASTO-PLASTIC CONSTITUTIVE MODEL

The implementation strategy, techniques and suggestions for application of the single harden-
ing model in connection with finite element calculations are presented. In order to explain the
different aspects of the implementation of the single hardening model, a brief description of
the components used in elasto-plastic constitutive models is given. The description is given in
general terms and the set of formulae forming the single hardening model are not given, but
can be found in Lade & Jakobsen (2002).

Some fundamental differences between the classic Mohr-Coulomb, Drucker-Prager and the
single hardening models are discussed. It is shown that the single hardening model is able to
capture the characteristic state or the state of phase transformation as defined previously for
Eastern Scheldt sand.

The chapter is concluded with a few examples of simulations of drained triaxial tests veri-
fying the capability of the single hardening model.

8.1 Components in Elasto-Plastic Constitutive Models

Constitutive models used for the description of soil behaviour in terms of stresses and strains
can be composed of parts that account for aspects like elasticity, perfect-plasticity and hard-
ening plasticity. The models may vary in complexity, and whereas refined models may include
all the aspects of soil behaviour, simpler models can be formulated by adopting a combination
of elasticity and perfect-plasticity.

Generally, the models use a separation of the deformations in recoverable (elastic) and ir-
recoverable (plastic) deformations. The occurrence of plastic deformations is controlled by a
yield surface. The possible stress states are located within or on the yield surface, where stress
paths within the surface results in purely elastic behaviour, and stress states on the surface
results in perfectly-plastic or elasto-plastic behaviour of the soil. For hardening materials the
yield surface changes during loading, creating a highly non-linear soil response. The changing
of the yield surface is controlled by the so-called hardening rule that for isotropic hardening
materials prescribes how the yield surface inflates and deflates during hardening and softening,
respectively. The hardening rule depends on the plastic strain history, e.g. plastic strain or
plastic work. The hardening of the soil is limited by a failure criterion ensuring that only
stress states that the soil can withstand are obtained. For perfectly-plastic models the failure
criterion and yield surface are identical. As soils cannot fail during isotropic loading the yield
surface opens up along the hydrostatic axis. However, the opening of the yield surface along
the hydrostatic axis neglects the plastic volumetric deformations that occur during isotropic
compression. Drucker et al. (1955) among others sclved this problem by introducing an addi-
tional cap yield surface.

On the occurrence of plastic deformations, a flow rule and a plastic potential surface define
the relation between the plastic strain increment and the current state of stress. The flow rule
and the plastic potential prescribes the magnitude and direction of the plastic strain increment
by a plastic multiplier, which in some way depends on the elasto-plastic stiffness of the soil
and the total strain increment, and by requiring that the increment is orthogonal the plastic
potential. The plastic potential may coincide with the yield surface, in which case the fAlow
rule is said to be associated. Some of the most popular models for soils, e.g. Cam-Clay, Mohr-
Coulomb and Drucker-Prager, use associated flow and can be used to predict the stress-strain
behaviour of normally consolidated clays. However, their ability to predict the stress strain
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behaviour of dilative soils like sand is limited and it becomes necessary to use a non-associated
flow rule in which the yield and plastic potential surfaces are defined separately. Basically a
constitutive model must contain the following components:

e Elastic model

e Failure criterion

e Plastic potential surface and flow rule

e Yield surface and possibly hardening/softening law

Special comments are given below regarding the failure criterion and the plastic potential
surface.

3.2 Failure Surface Approzimotions

The Coulomb criterion is the most well-know failure or yield criterion in soil mechanics. The
criterion accounts linearly for the pressure dependency and can in terms of stress invariants
be expressed as:

T J: 2
glsinz,a— 32((1 +sin) cosf — (1 —sin¢) cos (9-«—577)) —ccosp =10 (3.1)
where I; is the first Cauchy stress invariant, .J, is the second deviatoric stress invariant and 6

is the Lode angle.

As shown in Figure 3.1a the Coulomb criterion forms an irregular hexagon in the octahedral
plane taking into account that the soil strength is different in compression and extension, but
neglects the effect of the intermediate principal stress on the soil strength. Despite the simplic-
ity of the criterion it is due to its corners and singularities difficult to use in numerical analysis.

To avoid unstable numerical behaviour and complex corner formulations smoothed criteria
can be used. The simplest mathematical and geometrical approximation is due to Drucker &
Prager (1952):

al = \[lh—k=0 (3.2)

where o and k are material parameters. The parameters can be related to the cohesion, ¢,
and the friction angle, ¢ of the Mohr Coulomb model. The Drucker-Prager criterion forms a
circle in the octahedral plane (see Figure 3.1a) and the material parameters must be adjusted
to fit either the compressive or tensile strength of the soil. Hence, the problem is to determine
a proper set of material parameters. If it is chosen to model the soil strength for triaxial
compression the model overestimates the strength for all other cases. If associated plasticity
is applied it further leads to excessive plastic dilatancy at failure.

Both the Mohr-Coulomb and the Drucker-Prager models are, due to the linear pressure
dependency, limited to a narrow pressure range. The linear relation may, as shown in Figure
3.1b, lead to significant overestimation of the strength at high pressures. The failure criterion
for the single hardening model shows good agreement with the experimental results. The
failure criterion is given by:

e (En) (2
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in which I3 is the third Cauchy stress invariant, p, is the atmospheric pressure and m and i
are material parameters. The failure criterion for the single hardening model is, as shown in
Figure 3.1a, smooth and it circumscribes the Mohr-Coulomb ecriterion. The failure criterion
of the single hardening model is numerical attractive and seemingly capable of prescribing the
soil strength. Values of 7, and m suitable for description of failure in dense Eastern Scheldt
sand are listed in Table 3.1.

A q [kPa]

Lip=l (1,00 1500
4 Single hardening model g
@ Mohr-Coulomb | o

% Drucker-Prager
1000 —

500 [é
14
1 O Experimental results,
[ o Eastern Scheldt sand
o, ]
-500 ey
(0.L,0) (0.0.1) 0 500 1000 1500 2000
p' [kPa]
)

(b)

Figure 3.1: Foilure criterions for the Mohr-Coulomb, Drucker-Prager and single hardening
model. (a) Octahedral plane. (b) ' — g plane.

8.8 Relation Between the Line of Phase Transformation and the Plastic Potential Surface
Under the assumption of isotropic material behaviour the study of the characteristic and phase
transformation lines, revealed that the stress states located on this line corresponds to a mate-
rial state at which the irrecoverable volumetric strain increment is zero. For elasto-plastic soil
modelling this observation requires that the flow rule and plastic potential surface generate a
zero volumetric plastic strain increment for stress states along the line of phase transforma-
tion. Hence, the plastic potential surface must at the state of phase transformation produce
a plastic strain increment vector that is perpendicular to the hydrostatic axis.

This requirement cannot be fulfilled by the classical elastic perfectly-plastic models as
they do not prescribe yielding and plastic deformations until the state of failure is reached.
Hardening plasticity models may on the other hand be able to fulfil the requirement. For the
single hardening model the plastic potential surface is given by:

= ) (ﬁ)”
= (= — =4 [ — 3.4
9p (?,11.3 - W2 = (3.4)

where 1, (depends on the material parameter m), v» and p are material parameters. The
material parameters have been determined from conventional drained triaxial tests performed
on dense Eastern Scheldt sand and can be found in Table 3.1. The shape of the plastic
potential surface in the octahedral plane is shown in Figure 3.2a for different function values.
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Figure 3.2: Plastic potential surface of the single hardening model. (o) Oclahedral plane. (b)
p' — g plane.

The traces of the plastic potential surface in the p' — ¢ plane is shown in Figure 3.2b.
The top points of the traces lie on the line of phase transformation (PL) for Eastern Scheldt
sand. Consequently, the plastic strain increment is perpendicular to the hydrostatic and the
volumetric plastic strain increment, deg is indeed zero. The material parameters 12 and p is
normally determined by a technique that do not necessarily ensure that the top points of the
traces of the plastic potential surface coincide with the line of phase transformation. However,
this can be ensured by requiring that the derivative of the plastic potential surface with respect
to the mean normal effective stress, p', is equal to zero along the line of phase transformation.
The derivation leads to an irreducible seventh order polynomial in p" and g, which turns out
to produce a straight line in the pressure octant of the stress space. By assuming a triaxial
compression stress state the derivative can be rearranged for determination of the material
parameter u. The parameter p is conveniently expressed by the angle of phase transformation
and the parameters i and ,:

A (-9 AB?K + 2A’K? - 6BK® + ¢, A°B%)

3BK (A?K +v,BK + ¢ A*B) (8:5)
in which
e 3— S:Hl(,DpL
1 —sin@py,
3 +sin
B= : YPL (3.6)
1 —sinppy,
= 1+ S?n wpr
1 —sinppy

The parameters g and 1 can, due to the condition of irreversibility, which requires that
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the plastic work is positive (or zero), not be chosen arbitrarily (Kim & Lade 1988), but must
further fulfil the requirements:

>0 Pe > —2Tihy — 3 (3.7)

Experience shows that the value of i3 should be choosen close to the above limit. The
plastic potential surface parameters for dense Eastern Scheldt sand given in Table 3.1 fulfil
the requirements of (3.5) and (3.7).

3.4 Implemeniation Strategy and Techniques

The implementation of elasto-plastic constitutive models into finite element procedures re-
quires that the models are derived on an inrecmental form, by which the stress increment
is expressed in terms of the total strain incremement (e.g. Smith & Grifliths 1988, Chen &
Mizuno 1990, Zienkiewicz & Taylor 1991):

do = C?de = (C° — CP) de (3.8)

The incrementalizaton leads to the elasto-plastic stiffness matrix, C*? of the soil at the current
state of stress by combining the elastic, C®, and plastic, C?, soil stiffness contributions of the
model. If the state of stress is within the elastic domain the plastic stiffeness vanishes and
the elasto-plastic and elastic stiffnesses become identical. The incrementalization of the single
hardening model is described by Lade & Jakobsen (2002).

Basically, the implementation must via the elasto-plastic scil stiffness provide an updated
state of stress due to an imposed strain increment. As the stress-strain relation for harden-
ing materials is highly non-linear and path dependent, special techniques for updating of the
stresses accurately must be used. The updating is traditionally acomplished by use of backward
Euler or explicit subincrementation integration schemes (Ortiz & Simo 1986, Sloan 1987, Abbo
& Sloan 1993). The advantages and disadvantages of the schemes in connection with the im-
plementation of the single hardening model are discussed in Jakobsen & Lade (2002). The
present implementation of the single hardening model uses a number of different explicit subin-
crementation integration schemes for updating of the stresses.

The explicit schemes requires that the initial intersection of the yield surface must be
computed if the state of the material changes from an elastic to an elasto-plastic state. Hence,
the strain increment may initially be seperated in a truly elastic and an elasto-plastic part.
From a state of stress located on the yield surface the explicit integration schemes use a finite
incremental form of the constitutive model to predict the updated state of stress. Due to the
non-linear soil behaviour, the explicit integration is only accurate for small strain increments,
and 1t does not necessarily ensure that the updated stresses fulfill the consistency condition.
This problem is solved by a two step procedure. Firstly, by subdividing the imposed strain
increment into smaller increments and secondly by performing a correction for possible yield
surface drift which would violate the consistency condition. The correction for yield surface
drift, which tend to accumulate, must preserve the total strain increment, i.e. any change in
elastic strain must be balanced by an equal and opposite change in plastic strain (Potts &
Gens 1985).

The subdivision of the imposed strain increment can be performed in different ways. The
simplest approach uses a forward Euler scheme with a fixed number of subincrements of equal
size. The use of a fixed number of subincrements is computationally inefficient as the number
of subincrements must be determined by trial-and-error so that the maximum experienced
error is within some close stress tolerance. As alternatives a refined subincremental version of
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the Euler scheme (Sloan 1987) and a Runge-Kutta scheme enhanced by Dormand & Prince
(1980) are implemented. Both of the alternative schemes use active error control of the stresses
by varying the size of the subincrement throughout the integration process. This ensures that
only the necessary number of subdivisions are applied. Moreover, the procedure for correction
of yield surface drift becomes redundant if the stress tolerance is selected properly.

Misuse of an explicit subincrementation scheme may lead to excessive computational costs
that makes it inapplicable for practical use. However, a proper selection of the scheme can
improve the efficiency dramatically without loss of accuracy. Hence, the investigation by
Jakobsen & Lade (2002) of different explicit subincrementation schemes with the single hard-
ening model, reveals that the use of the Runge-Kutta-Dormand-Prince scheme is superior to
the traditional forward Euler scheme in terms of both computational efficiency and accuracy.

3.4.1 The ABAQUS interface

The finite element program ABAQUS provides an interface for employment of user defined
material behaviour. The user matrial module (UMAT) is called by the program whenever a
new estimate of stresses and soil stiffness is needed for establishment of the overall equilib-
rium of the finite element model. Hence, the UMAT must provide the updated stresses for
evaluation of internal forces and a soil stiffness for establishment of the global stiffness of the
finite element model. To keep track of the stress-strain history the UMAT also returns some
so-called state variables, which basically contains information about the material hardening
(maximum plastic work), stress level relative to failure, etc.

The single hardening model is implemented for use with ABAQUS using the implemen-
tation strategy given above. The material parameters and control parameters for the model
used by the UMAT are defined in the ABAQUS input file. Subsequent calls from ABAQUS
defines the inital state of stress, state variables and imposed strain increment. The interface
for the single hardening model is described in detail by Jakobsen (2002).

3.5 Simulation of Drained Triazial Tests

The efficiency of the implementation algorithm for the single hardening model has been in-
vestigated as described above and numerous tests have been performed to verify its ability to
function, following different stress and strain paths (Jakobsen 2002).

The capacity of the model is well documented in the literature (Lade 1977, Kim & Lade
1988, Lade & Kim 1988q, Lade & Kim 1988b) and it is previously shown that the single
hardening model is able to capture some of the key characteristics of sand. The capability of
the model is further validated by comparison with experimental results from triaxial tests.

The model is calibrated against conventional triaxial tests on dense Eastern Scheldt sand
following the procedure given in Kim & Lade (1988), Lade & Kim (1988a) and Lade & Kim
(1988b). The material parameters of the model are listed in Table 3.1.

Table 3.1: Meterial parameters determined for dense Eastern Scheldt sand.

Model component Parameter names Parameter values

Elastic properties M, A v 4358.5 0.414 0.20

Failure criterion a,m,n 0 0.288 70.2

Tlastic potential surface Yo, p -3.044 1.790

Yield surface h, 0.590 0.386

Hardening/Softening law C,p,b 8.281.1074 1.272 0.50
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Simulations are performed for two conventional drained triaxial tests with Ag/Ap' = 3
(which have been used for calibration) and for two drained tests following stress paths of
Ap' = 0 (constant mean normal effective stress) and Ag/Ap' =2,

The simulations of the conventional tests are compared with experimental results in Figure
3.3a. Simulation and results are compared by stress-strain curves, €, — g, and curves for the
relative volume change, €, — €,. As could be expected, there is a good agreement with the
tests used for calibration. The deformation characteristics are described accurately and the
model captures the transition from contractive to dilative behaviour of the sand. The material
hardening close to failure is slightly underestimated, causing too high axial strains at failure.

1500 o 9710.13 aq/ap’=3, p}=320.5kPa 15001
alPal | 5 471008 aq/ap'=3, p=160.4kpa @ [Pa] | o 0000
1000 + 1000 —
500 - 500 -
* 9710.15 Ap’=0, p=538.2kPa
G o O710.23 aq/ap'=2, pi=211.5kPa
0 N A A N B b e 0 | e )
0 2 4 6 8 10 0 2 4 6 8 sl
3 e, [%) e, 1%
=
e, (%]
2.
=< P
0 /
1 — T T 1 T 1 1 s e B T |
4] 2 4 10 0 2 4 0
€ (%] g, [l
(a) (b)

Figure 3.3: Simulaiion of drained triaziel tests on Eastern Scheldt sand. (a) Conventional
triazial tests, Ag/Ap' = 3. (b} Triezial tests with siress paths of Ap' = 0 (econstant mean
normel effective stress) and Ag/Ap = 2.

For the simulation of the test with a stress path of Ag/Ap’ = 2 the material hardening is
generally underestimated yielding a too high rate of dilation (see Figure 3.3b).

Figure 3.3b shows that the model reproduces the axial and volumetric strains accurately for
the test performed with constant mean normal effective stress. From the stress-strain curve it
appears that the model significantly overestimates the material stiffness. However, the model
captures perfectly the characteristic stress state or state of phase transformation, as defined
by the plastic potential surface in Section 3.3. The discrepancy between experimental and
model results is expected, as the characteristic friction angle obtained from the experiment
9710.15 is lower than the friction angle determined in Section 2.4.

The model is seemingly capable of representing the experimental data. The model generally
predicts the volumetric behaviour well, whereas the stress-strain response is slightly off.
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4 CONCLUSION

Several elements related to the constitutive modelling and numerical analysis of soils have been
studied and presented. Experimental investigations of the pre-failure stress-strain behaviour
have been performed by drained and undrained triaxial testing (Jakobsen & Praastrup 1998,
Jakobsen 1998). The tests, which were performed on dense Eastern Scheldt sand, have formed
the basis for the evaluation of a single hardening constitutive model. During the analysis of the
triaxial tests it was revealed that the traditional analysis method was based on an inconsistent
use of strain measures. Two alternative methods of analysis were proposed by Praastrup et al.
{1999). The methods uses the infinitesimal engineering strain measure and the finite natural
strain measure consistently. The natural strain measure is generally applicable, whereas the
use of the engineering strain measure only is applicable for small deformations. Thus, the
natural strain measure has been adopted for analysis of the triaxial tests and calibration of
constitutive model parameters. Moreover, the used strain measure comply with the strain
measure commonly used in finite element programs like ABAQUS.

Jakobsen et al. (1999) investigated the effect of stress path on the characteristic stress state
(characteristic line or characteristic angle) at which the soil starts to dilate during drained
shear. The results from a series of drained triaxial tests showed that the characteristic angle
depends on the stress path. The lowest characteristic angle was obtained for tests performed
with constant mean effective normal stress and the angle increased as the slope of the stress
path was decreased. A corresponding stress state, named the state of phase transformation,
can be retrieved from undrained triaxial tests. The angle of phase transformation is shown
to be unique for a given sand as it is independent of mean effective normal stress and den-
sity. Comparison of the angle of phase transformation and the characteristic angle obtained
from tests with constant mean effective normal stress showed that the angles are identical for
all practical purpose. This observation was supported by theoretical considerations based on
elasto-plastic theory for isotropic materials. Hence, it has been shown that the phase transfor-
mation line is captured by the plastic potential surface of the implemented single hardening
constitutive model.

Lade & Jakobsen (2002) derived the single hardening model on an incremental form, facil-
itating the implementation of the model into a finite element program. The implementation
was initially based on a simple forward Euler integration scheme with a fixed number of
subincrements for updating of stresses. However, the scheme was found to be computation-
ally ineffective and the obtained stresses was drifting away form the yield surface, causing a
violation of the consistency condition. The yield surface drift was eliminated by adopting an
iterative procedure ensuring fulfilment of the consistency condition. However, to make the
single hardening model applicable to engineering practice a reduction of the computational
costs was needed. Two higher order explicit integration schemes with active error control and
automatic adjustment of the subincrements were implemented and investigated by Jakobsen
& Lade (2002). The schemes increased the computational efficiency dramatically, with the
Runge-Kutta-Dormand-Prince scheme being superior in terms of both efficiency and accuracy.
The use of the single hardening model together with the finite element program ABAQUS
has been described in Jakobsen (2002).

The capability of the single hardening model was investigated by simulation of triaxial

tests on Eastern Scheldt sand following different stress paths. The simulations showed that
the model is capable of representing the experimental data.
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The work with the implementation of the single hardening model has generally showed
that it captures the key characteristics of dense sand and that prudence in the selection of the
numerical techniques can make the model applicable to engineering practice. The implemented
model can hopefully replace some of the classic constitutive models, yielding a more realistic
response of sand.
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Abstract

Constitutive models for geomaterials are frequently developed and calibrated on the basis
of element tests. Prior to the analysis of element tests a suitable set of work-conjugated stress
and strain measures has to be selected. The paper points out that the traditional analysis of
triaxial tests is theoretically inconsistent as finite and infinite strain measures are mixed in the
analysis. Therefore, two theoretically consistent methods are proposed and examined for the
analysis of triaxial tests. These three methods affect strain-dependent material parameters
differently. The effect is analysed using key geotechnical parameters and an advanced con-
stitutive model. @ 1999 Elsevier Science Ltd. All rights reserved.

Keywords: Strain measures; Triaxial tests; Constitutive modeling; Volume change

1. Introduction

Traditional triaxial tests, drained and undrained, are commonly used in the study
of the stress—strain behaviour of geomaterials. Drained tests are solely considered
here, but all observations presented in this paper apply to the undrained case as well.
During drained triaxial tests simultaneous values of axial displacement, volume
change, confining pressure and axial load are measured. Since all directional mea-
surements coincide with the principal axes of stresses and strains, the analysis of the
test data ought to be straightforward.

The stress and strain measures must, according to Malvern [1], be work-con-
jugated and, furthermore, refer to the same configuration (reference or current)
when constitutive relations are investigated.
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From an engineering point of view, it is obvious to use the Cauchy, or true stress,
as stress measure. The Cauchy stress can in simple terms be expressed as the ratio
between current load and current area (2] and can with ease be calculated from the
measurements carried out during a triaxial test. The Cauchy stress measure is
adopted throughout this paper.

In cases where strains and displacements are assumed infinitesimal, the distinction
between a description based on a reference or a current configuration becomes
arbitrary as all stress and strain measures are work-conjugated in this case. Conse-
guently, the engineering strain measure is work-conjugated with the Cauchy stress
under this assumption. In situations where displacements or strains are large,
another strain measure, a finite strain measure, must be introduced. This measure
must be work-conjugated to the Cauchy stress measure. The natural strain incre-
ment, as stated in ABAQUS [3,4] and Crisfield [2], satisfies this requirement. Both
strain measures, the natural strain (increment) and the engineering strain, are
adopted in this paper.

In the traditional analysis of triaxial tests (denoted method T), the axial strain is
calculated as the ratio between the measured axial displacement and the initial
height of the specimen, i.e. the engineering strain measure or the infinitesimal strain
measure is used. Products of displacement derivatives are neglected in the theory of
infinitesimal deformations [5].

The volumetric strain is traditionally calculated as the ratio between mea-
sured volume change and the initial volume of the specimen. Squares and
products of displacement derivatives are not neglected in this calculation [5].
Hence, a finite strain measure is adopted and an inconsistency arises in the
assumptions as finite and infinite strain measures are mixed. The inconsistency
can be eliminated by following one of two distinct methods, either by adopting
the natural strain increment or simply by adopting the engineering strain con-
sistently in the analysis. Using these two methods denoted N and E, respec-
tively, requires a computation of an exact displacement field before the strains
can be calculated. Both methods are in the following illustrated for the triaxial
case and the results are compared with the traditional method T. The effect of
the three methods on some key geotechnical parameters is investigated together
with the effect on modelling the stress—strain behaviour using an advanced
constitutive model.

2. Analysis of triaxial tests

During a drained triaxial test, simultaneous values of axial displacement, volume
change, axial load and confining pressure are measured. On this basis, it is possible
to obtain the radial displacement and true axial stress, thus yielding a complete
stress—strain description of the soil specimen under axisymmetric conditions. The
radial displacement can only be calculated under the assumption that the radial and
tangential strains are equal which, as stated by Kirkpatrick and Belshaw [6], is the
case for all practical purposes.
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2.1. Analysis based on the exact displacement field

In a triaxial test the deformation of the soil specimen is characterised by the
compression or elongation in the axial and radial directions.

The original size of a sample is fully described by the initial height, Hy, and the
initial diameter, Dy, whereas the size in a deformed stage is fully described by its
original size and the displacement components «;, and u3. Compression, as shown in
Fig. 1, is considered positive. The current height, H, diameter, D, and cross-sectional
area, A, are given by:

H:Ho—m;D:Donug, (1)
i o VQ*AV

=—(Do— =T 2

A = 7(Do —2u3) e @)

The current cross-sectional area is traditionally used in the calculation of the axial
stress. Therefore, it follows that the axial stress is of the Cauchy type. The volume
change, AV, is of great importance in geomechanics. In terms of the displacement
components it may be expressed as:

AV = %[HoDﬁ — (Ho — w1)(Do — 2u3)] ®

The radial displacement is traditionally not calculated in the analysis of a triaxial
test, but this quantity is indispensable for a complete description of the displacement

Fig. 1. Definition of geometric quantites.
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field. As the axial displacement and the volume change are measured directly, the
radial displacement can be expressed as:

_Dy Vo— AV
o= [ RtV “

U] U3
=25 (5)

E
&= —j =
1 HO’ 3 DD

The natural strain increment is often employed in the theory of finite deformations
and/or in the theory of plasticity [4]. The natural strain increment is closely asso-
ciated with the natural strain and based on the ratio between the initial height, Ay,
and the initial diameter, D,, and the current quantities, respectively:;

4, D
N:] 0 . N: 0
; H(Ho = ul) i ]n(Dn - (©)

The natural strain measure makes no distinction between initial and final quantity
and an interchange merely changes the sign. The difference between the natural and
engineering strain measures in the one dimensional case 1is illustrated in Fig. 2. It is
seen that &f > & and that the deviation is in the order of 4-5% for [/ Hy| <0.1.
The deviation is in general accepted and the assumption of infinitesimal deforma-
tions is commonly assumed to be valid. However, the difference becomes more

The volumetric strain is within the framework of the theory of infinitesimal
deformations defined as the sum of the principal strains:
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The disparity between the expressions in (7) and (9) may exceed 15-20% within

ormal range of deformations. _ . ) o i
th%&;lhether the engineering or the natural strain measure is chosen in the analysis

. . cal
triaxial tests depends on whether finite or infinite deformations apply to the geotechnical
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problem under investigation. The form of the constitutive relation must, moreover,
be considered [4]. The volumetric strain measures are more thoroughly discussed in
the succeeding section.

2.3. Analysis based on strains

The traditional analysis of triaxial tests, denoted method T, is strain wise per-
formed by using the expressions in (5) and (8).

An analysis based solely on the theory of infinitesimal deformations (method E) is
on the other hand performed by using the expressions in (5) and (7), whereas the
method denoted N uses the expressions in (6) and (9). The traditional analysis of
triaxial tests leads to an inconsistent use of the theory of infinitesimal deformations,
as a finite strain measure (8) is mixed with an infinitesimal measure (5).

The two proposed methods, N and E, use their theoretical background con-
sistently and could, therefore, both be used in the analysis of triaxial tests. However,
method E has some limitations as significant errors are introduced under certain
conditions. The error is investigated in the following and it is shown how the use of
the natural strain measure leads to an exact description of the deformations.

2.3.1. Errors produced using E and T
The radial displacement component, u3, can by using the expressions in (5), (7)
and (8) be expressed as:

re 48V - er%ul

e 10
‘M3 47{DOHg ( )

A comparison of (4) and (10) reveals the effect of the linear approximation. The
error, e, on the radial displacement component is given by (11) and shown in Fig. 3.

D 4AV — nD3u [vo—av
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Fig. 3 shows how e varies with respect to the two deformation measurements
(most often) collected during triaxial tests. As expected the figure shows that the
magnitude of e increases as the axial displacement increases. Moreover, the figure
shows how the volume change influences e.

The use of method E can at moderate to high levels of deformation produce sig-
nificant errors. So the method E should only be applied in cases where deformations
are truly small.

2.3.2. Natural strain
If the natural strain definition is applied, the radial deformation can be deter-
mined on the basis of (6) and (9):

v Do [Vo—aAV
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Fig. 3. Error due to the use of method E, Hy = Dy =70 mm.

As this expression is seen to be identical to (4), it appears that the error e, and the
inconsistency caused by mixed finite and infinite strain measures, can be eliminated
by adopting the natural strain.

3. Effect on some key geotechnical parameters

As described in the preceding sections, precipitate analysis of triaxial tests can lead
to erroneous results, The following reveals an investigation of how the strain mea-
sures affect the description of the behaviour of geomaterials, firstly by performing a
simple analysis of a conventional triaxial compression test and secondly by cali-
brating a constitutive model which may be applied in more complex boundary value
problems.

3.1. Analysis of a conventional triaxial compression test

The analysis of the conventional triaxial compression test is performed in two
parts, firstly following an analysis based on the exact displacement field and sec-
ondly by the three methods (T, N and E). The conventional triaxial compression test
is performed on Eastern Scheldt Sand deposit with a relative density of 72.5%. The
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initial sample size was measured to Hp=71.5 mm and Dy=69.5 mm. More details
concerning the sand and test procedures are found in Jakobsen and Praastrup [12].
The specimen was isotropically consolidated to an isotropic state of stress of 160
kPa and subsequently sheared at a constant confining pressure,

Fig. 4 shows the deviator stress ¢ = o1 — o3 versus the directly measured axial
displacement ;.

The graph shows a typical stress—displacement curve for a medium dense sand,
performed under the above-mentioned stress levels. The initial slope of the stress—
displacement curve is steep and flattens out as the specimen hardens until failure and
progresses into softening hereafter. The cross-sectional area of the specimen deter-
mines, indirectly, the axial stress applied onto the specimen during shear.

As the calculation of the cross-sectional area in each of the three methods is
identical, the axial stress remains unaffected by the applied methods. The radial
stress in triaxial tests is measured directly and is, therefore, unaffected by the meth-
ods. Geotechnical parameters that solely depend on stresses are hence unaffected by
the three methods. Therefore, the two strain measures do not affect the geotechnical
parameters that are determined solely on the basis of the stresses. The friction angle
¢ is an important geotechnical parameter that is solely based on stresses. This
parameter is unaffected by the strain measure. The secant friction angle for the test
shown in Fig. 4 is ¢/ =40.3°,
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Fig. 4. Deviator stress versus axial displacement.
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Geotechnical parameters that are based solely on strains, or both stresses and
strains, will, however, be affected by the method and the strain measure used. Fig. 5
shows the measured volume change versus the measured axial displacement. )

The figure shows that the specimen initially compresses and subsequently dilates.
The effect on a particular strain-dependent parameter depends on how t_he param-
eter is determined and in particular on the strain level. Parameters dctermmeq at low
strain levels are less affected by the chosen method than parameters _determmeq at
high strain levels. The initial tangent modulus of a stress—straip curve is for pract{cal
purposes unaffected as the parameter is determined in the l?eg1pn1ng of the_ shearu_ig
process [7]. Geotechnical parameters such as the angle of dilation agd strain to fal]l—
ure are affected more significantly. Parameters determined by strain increments will,
however, be less affected than parameters determined by total strains.

In Section 2.1 it was mentioned that the volumetric behaviour is greatly influenced
by the choice of strain measure. This effect is illustrated in Fig. 6, where the volu-
metric behaviour of the specimen is presented in terms of strains and plotted versus
both the axial engineering and natural strains. The three curves representing each of
the three methods diverge significantly as the axial strain increases. At failure the
relative difference is as high as 18%. This difference affects the angle of dilation,
which is an important parameter in the description of the volumetric behaviour of
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Fig. 5. Volume change versus axial displacement.
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Fig. 6. Volumetric strain versus axial engineering and natural strain.

soils. The value of the angle of dilation is calculated to 12.7, 13.6 and 18.1° based on
the methods N, T and E, respectively.

3.2. The single hardening model

In this section it is demonstrated how the three methods affect a particular con-
stitutive relation, which is found important for the description of soil behaviour.
The single hardening model is adopted for this purpose [8—11]. The single hardening
model is an advanced constitutive model for frictional materials such as soils, con-
crete and rock. The single hardening model is an elasto-plastic constitutive model.
The model consists, as do many other elasto-plastic models, of a failure criterion, a
yield criterion, a plastic potential, a hypoelastic model and a hardening relation. The
failure criterion determines the maximum load that a soil element can withstand.
The yield criterion controls whether plastic deformations occur. The plastic poten-
tial controls the direction of the plastic strain increments and the elastic model
determines the elastic behaviour of the material.

The single hardening model follows a non-associated flow rule because the yield
criterion and the plastic potential are described by different functions. The model
can in addition handle stress—strain behaviour in the softening regime, but cannot in
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the form used herein handle large stress reversals. The model is, furthermore,
restricted to model the stress-strain behaviour of isotropic materials. The single
hardening model has as many as 12 material parameters, but they are all easily
determined. For simplicity, it has been decided not to show any of the expressions
involved in the model and just refer to the relevant articles and use an identical
parameter representation.

The parameters listed in Table 1 are calibrated on the basis of the six conventional
triaxial compression tests performed on the sand mentioned in the previous section
and deposited with the same relative density. The specimens were sheared under
constant confining pressures ranging from 80 to 800 kPa [12].

Material parameters fitted solely on the basis of stresses are independent of the
three methods as explained above. Poisson’s ratio v is set to a constant value of 0.2
due to significant scatter in the test results [11]. The variation among the parameters
associated with the elastic behaviour of the material 1s small. The parameters for T
and E are identical. A minor change in the elastic parameters can barely be observed
on a monotonic stress—strain curve as the elastic contribution is small compared to
the plastic contribution for a normally consolidated sand as none of the specimens
has been presheared. Minor changes among the parameters included in the plastic
potential and the yield function have a more pronounced effect on the overall stress—
strain behaviour. The effect is illustrated by a prediction of the test described in the
previous section. The prediction has been limited to show the relationship between
volume change and the axial displacement as the effect of the three methods is most
pronounced for the volume change. However, it should be mentioned that the three

Table 1

Material parameters

Parameter Method T Method E Method N
Elastic behaviour

v 0.20 0.20 0.20

M 477.65 477.65 458.45

2 0.4142 0.4142 0.4081
FEailure criterion

a* 0.00 0.00 0.00

m? 0.2879 0.2879 0.2879
me 70.19 70.19 70.19
Plastic potential

¥ 0.00754 0.00754 0.00754
Yy —3.1375 —3.1118 —3.1540
“ 1.9862 1.7814 2.0611
Yield function

10-%C 1.3101 1.3101 1.2748
P 1.6188 1.6188 1.6078
h 0.6416 0.6476 0.6166
o 0.5613 0.5726 0.5525

@ Strain-independent parameters.
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predicted deviator-displacement curves all capture the deviator—displacement curve
shown in Fig. 4 quite accurately. Fig. 7 shows that the choice of the strain calcula-
tion method has considerable impact on the prediction relationship between the
volume change and the axial displacement. It is, moreover, observed that none of
the predictions captures the compressive portion of the measured soil response. This
may be a shortcoming of the single hardening model itself and has nothing to do
with the three methods.

Fig. 7 shows further that the difference between the three methods at small levels
of axial displacement is insignificant. It is also observed that method E fails in pre-
dicting the soil response at moderate to high displacements levels. This is a con-
sequence of limitations associated with this method.

Methods N and T capture the soil response equally well. As method N is theore-
tically consistent and method T is theoretically inconsistent, the correct choice is to
use method N in the analysis of triaxial tests.

A comparison of the graphs in Figs. 6 and 7 reveals that the single hardening
model is very robust and that it can be used independently of the two strain mea-
sures. So the variation among the parameters in Table 1 reflects the difference
between the three methods, thus allowing the model to capture the soil response
using different strain measures.
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Fig. 7. Predicted and measured volume change versus axial displacement.

U. Praastrup et al. | Computers and Geotechnics 25 (1999) 157-170 169
4. Conclusion

Within the scope of this work, which concerns the choice of strain measures in
geomechanics, the conclusion that can be drawn from the results presented in this
paper is that the chosen strain measure has a considerable effect on the volumetric
strain. The effect on the volumetric strain affects strain-dependent geotechnical
parameters, while parameters solely determined on the basic of stresses are unaf-
fected. The traditional analysis of triaxial tests, denoted method T, has been found
to be theoretically inconsistent as an infinitesimal strain measure is mixed with a
finite strain measure. Therefore, two theoretically consistent methods, denoted N
and E, were proposed and examined. Method N is based on the natural strain
measure, whereas method E is based on the engineering strain measure. Method E
has been found to produce erroneous results within the normal range of deformations
in triaxial tests. Therefore, the authors suggest that method N is used in the analysis
of triaxial tests. Method E could, however, apply in situations where deformations
are reasonably small and where the material with reasonable justification could be
modelled as a purely elastic material. The recommended procedure for analysing
triaxial tests is outlined below:

e Establish the exact displacement field using both measured volume change and
axial displacement.

e Establish all Cauchy stress components using the current cross-sectional area.
Establish all strain components using the natural strain measure, i.e. method
N.

e Finally display the results using the same diagrams as used in method T.

It has been shown that the traditional method of analysing triaxial tests has severe
shortcomings and may result in erroneous calculations of soil parameters that
depend on strains, whereas employment of natural strains results in correct calcula-
tion of strain-dependent soil parameters.
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ABSTRACT: Volume change is the core phenomenon in understanding the behaviour of frictional materials,
such as sands. In conventional drained triaxial compression tests the transition from contraction to dilatation
occurs along a well-defined line in triaxial stress space, the characteristic line. However, little information
exists about the effect of stress path on the characteristic line. A test program has been carried out to scrutinise
this effect. The tests were designed to emanate from the hydrostatic axis and pass through a characteristic
siress state obtained from a conventional triaxial test. In case of stress path independency all tests should start
to dilate at the same state of stress. The results show an indubitable dependency of the stress path and that the
characteristic friction angle is constant for a given type of stress path. It is further examined how these find-

ings comply with the theory of plasticity.

1 INTRODUCTION

The core to understanding the stress-strain behaviour
of frictional materials, such as sands, lies in under-
standing the effect of volume change and in particu-
lar the various factors that influences the volume
change. Experimental observations show that factors
influencing the volume change are relative density,
stress Jevel, stress path, drainage conditions and
properties of the test material.

Element tests, such as triaxial tests, are performed
in order to provide the understanding of the stress-
strain behaviour of frictional materials and to sup-
port the development of constitutive models. Only
tests performed under drained conditions are consid-
ered in this paper, but the findings may apply to
undrained tests as well.

Volume changes can be either compressive or
expansive in nature. The analysis of several triaxial
tests reveals that expansive or dilative volume
changes are most pronounced for dense specimens
sheared at low confining pressures. Conventional tri-
axial compression tests performed on dense speci-
mens at low pressures demonstrate that the speci-
mens initially contract and subsequently dilate. This
state where the transition from contraction to dila-
tion occurs is entitled the characteristic state (Luong
1982).

This paper focuses on the characteristic state and
in particular the stress equivalent entitled the charac-
teristic stress state. In the view of developing more
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accurate constitutive models it is important to con-
sider how the characteristic state is captured. It is
important because this state significantly influences
the progress of the volumetric strain. A constitutive
model that is not able to capture this state cannot
predict the stress-strain behaviour of frictional mate-
rials correctly.

One of the components in an elasto-plastic consti-
tutive model is the plastic potential surface, which is
closely related to the characteristic stress state. The
state of stress on the plastic potential surface farthest
off the hydrostatic axis controls the plastic transition
from contraction to dilation. This corresponds to the
characteristic stress state except for an elastic
contribution.

Due to this relation, it is important to be familiar
with the factors that influence the location of the
characteristic stress state. The factor or issue investi-
gated here is whether the stress path in triaxial tests
has any effect on the location of the characteristic
stress state. The effect of stress path on the state is
studied experimentally by carrying out two series of
triaxial tests.

2 BASICIDEA

The basic idea behind this paper is to investigate
whether the characteristic stress state is stress path
independent as claimed by Luong (1982). The first

series of tests is especially designed to verify or
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invalidate this statement. A state of stress is
expressed in terms of the mean normal effective
stress p'and the deviator stress g:

p'=01+20%; g=01-03 )

The total axial and radial stresses are given by o
and o3, rtespectively. Primes denote effective
stresses.

The characteristic state is in this paper defined as

the point on a volume curve where the volumetric
strain increment, de,, is zero (Luong 1982). The
characteristic stress state is defined by the state of
stress at the characteristic state.
_ According to Luong (1982) the trace of character-
istic stress states, determined from several triaxial
tests, defines a line in the p’ — g plane, the character-
istic line. This line divides the stress space into two
regions with different deformation mechanisms.
Stress combinations below the characteristic line
lead to contraction, whereas stress combinations
between the characteristic line and the failure enve-
lope lead to dilation. A possible interpretation of
these findings is to assume that the characteristic
state corresponds to a quasi frictional component of
the strength as stated by Kirkpatrick (1961). Hence,
the definition of the characteristic friction angle, @,
becomes:

singy = (0 - o3)/(oy +03) @

Results from conventional triaxial compression tests,
where the confining pressure is held constant during
shear, show that the characteristic angle is independ-
ent of confining pressure, effective mean stress and
void ratio when performed on specimens with height
equal to diameter and with lubricated end plates
(Tbsen & Lade 1998). This means that the trace of
the characteristic stress states is indeed a line when
tests are performed under such conditions. However,
the trace of the characteristic stress states may be
non-linear when other stress paths are followed. This
could potentially blur the test results and it is, there-
fore, necessary to design a test program where
non-linearities are hindered. Thus, the variation in
mean effective stress should be diminished when
investigating for stress path dependencies. A test
program complying herewith has been set-up and is
outlined for a single stress point in Figure 1.

The figure shows five distinct stress paths passing
through a fixed state of stress. The fixed state of
stress corresponds to the characteristic stress state
obtained from a conventional triaxial compression
test (CTC-test). This test is carried out and analysed
prior to performing the tests with other stress paths.
The remaining tests are planned in such a way that
the stress “quantities” indicated on the figure can be
held constant during shear. In all the tests the devia-
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toric stress ratio, g/p’, increases and compressig,
tests are solely considered. n

q
s Aoj=0 bp'=0 Adj=0 Ag=20p

8g=0
P2
c»”’aé:é“ﬁ
5
CTC-test
P
———t

Figure 1. Outline of test program for examination of
stress path dependencies of the characteristic stresg
state.

The idea behind the test program is as follows. If the
characteristic stress state is truly independent of the
stress path all of the tests should attain their charac-
teristic stress state at the same state of stress, i.e, the
characteristic stress state determined from the cop-
ventional triaxial compression test. If the stress state
on the other hand is stress path dependent it cannot
be viewed as intrinsic as stated by Luong (1982).

The second series of tests are performed for inves-
tigation of non-linearities of the trace of the
characteristic stress states. These tests are performed
with various monofonous stress paths covering a
wide range of stress levels.

3 SOIL TESTED AND TEST PROCEDURES

All tests are performed on reconstituted specimens
of Eastern Scheldt Sand, which is a well-sorted line
shore quartz sand composed of subrounded to
rounded grains. The classification properties of the
sand are summarised in Table 1.

Table 1. Classification properties for Eastern Scheldt Sand.

Property Value
Specific gravity, G, 2.65
Maximum void ratio, ma 0.886
Minimum void ratio, e 0,591
Maximum grain size, dyeo 0.500 mm
Mean grain size, dsp 0.166 mm
Fines content 13%
Uniformity coefficient 1.52
Curvature coefficient 0.99
Page 2

<5 are performed in a renewed version of the
axial apparatus. The working principles of
tus were developed in the late sixties by
1970). The newly developed version uses
king principles, but the data acquisition
jas been completely modified and enhanced together
with automatic Joad control. Measurements of axial
Joad, cell pressure, pore pressure, yolume change
and axial displacement are auj{omatxcaily and elec-
gronically collected and transmitted to a computer for
<forage and processing. Any stress path v_v1thm the
failure envelope can be followed automatically and

very precisely.
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3.] Specimen preparation and testing procedure

In order to facilitate the present study a combination
of relative density and stress level that enhances the
size of the contraction zone and still features dilation
is chosen. For that reason the tests are performed on
medium dense specimens sheared at moderate con-
fining pressures.

The specimens are prepared in a cylindrical split
mould by air pluviation with an initial void ratio of
0.672, tolerating a deviation of + 0.001.

Since all measurements merely represent average
quantities, it must be required that the stress and
strain state inside the specimen are homogeneous
throughout the test. This requirement is met by using
|ubricated end plates and preparing the specimen
with a height and diameter of approximately 70 mm
(see for example [bsen 1993).

In the triaxial apparatus the specimen is saturated
using a combination of the vacuum and water perco-
lation method (Jakobsen & Praastrup 1998).
Subsequently the specimens are isotropically con-
solidaied at 2 maximum loading rate of 5 kPa per
minute and afterwards sheared at a constant axial
strain rate of 3.0% per hour. The specimens are all
sheared into the softening regime and ferminated at
an axial strain of approximately 10%.

3.2 Analysis of triaxial tests

The results are presented in terms of Cauchy or true
stresses and non-linear logarithmic strains. This
approach leads to a consistent set of formulas as it is
based on an exact representation of the displacement
field and uses a finite strain measure for both axial
and volumetric strains. It also has the advantage that
the stress and strain measures are work conjugated
(Praastrup et al. 1998).

4 STRESS PATH DEPENDENCY

A series of tests are performed in accordance with
the principles outlined in Section 2 in order to inves-
tigate the stress path dependency of the characteristic
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stress state. The test program shown in Figure 1 is
carried out at two different stress levels. Conse-
quently, two conventional triaxial compression tests
are initially performed as their characteristic stress
states determine the initial isotropic stress state for
the remaining tests. The results of the two conven-
tional tests are listed in Table 2.

Table 2, Characteristic stress states for cenventional triaxial
compression fests.

Test no. o5 [kPa]  po [KPa] g [kPa] a [°]
971005 3200 539.7 659.3 305
971006 160.0 272.9 338.6 30.9

There is according to Figure 1 only one type of the
tests that follows a non-monotonous stress path. In
this test the mean effective stress and subsequently
the deviator stress is held constant. The soil can
according to the elasto-plastic theory exhibit either
elastic or elasto-plastic behaviour. The non-
monetonous test and in the test where the axial
effective stress is held constant the specimens are
sheared into the elastic region. These two tests make
it possible to examine some elastic effects on the
characteristic stress state (see Section 4.2). In the
other three types of tests the specimens are plasti-
cally sheared throughout the test.

The test results are shown in Figure 2. The differ-
ent stress paths are shown in p'-g diagrams
whereas the measured strains are shown in combined
&, — g -&, diagrams. The characteristic stress states
and failure states are marked by open and closed cir-
cles, respectively.

4.1 Evaluation of characteristic stress states

The stress-strain curves in Figure 2 teveal that the
characteristic stress state can only be determined in
the tests with increasing and constant mean effective
stress (4, 5, 6, 15, 22 and 23). The figure also reveals
that the location of the characteristic stress state dif-
fers significantly. The characteristic angles for the
specimens sheared under constant mean effective
stress (tests 4 and 15) are lower than the angles
observed in the two conventional tests. The devia-
tion in the angle between test 5 and 15 is 15.1%,
whereas the deviation between test 4 and 6 is 13.6%.
The characteristic angles for specimens sheared with
a slope of 2 in the p' - g plane are higher that the
angles observed in the two conventional tests. The
deviations are found to 4.9% and 5.8%. The devia-
tions between the highest and the lowest angle is as
high as 26.3%. The magnitude of these deviations
leads to the conclusion that the characteristic stress
state is indeed dependent on the stress path. On the
other hand, it is observed that the characteristic
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Figure 2. Test results from nine triaxial tests. The tests are grouped according to the characteristic stress states
determined from the two conventional triaxial tests (971006 and 971005). (a) and (c) Stress paths in p' - g

diagrams, (b) and (d) &1 — g — &, curves.

angles for specimens sheared with the same slope in
the p' — g plane are very similar. Between such tests
the highest deviation is 3.1% which is an order of
magnitude lower than the other deviations and may
be ascribed to the scatter in the tests results.

Another interesting observation is that the charac-
teristic angle seemingly decreases as the slope of the
stress path, dg/dp', increases. Thus, the lowest char-
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acteristic angle (25.9%) is observed for test 15, which
is performed with constant mean effective stress.
The highest angle (32.7°) is observed for test 22,
where the slope of the stress path is two. This is sup-
ported by the observations made by Ibsen & Lade
(1998). The key results for the tests are summarised
in Tables 2 and 3.
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Table 3 Results of triaxial tests.

Test 0. oy [kPa]  py[KPa]  ga [kPa] ¥ [°]
371004 1760 2717 2871 26.7
971015 354.8 5383 550.5 259
471022 170.6 304.0 400.1 327
971023 337.1 590.1 759.1 32,0

Surprisingly, it is impossible to determine the char-
acteristic stress states for the tests .w1th constant
axial effective stress and constant deviator stress (_3,
17 and 33). The specimens sheared at constant axial
effective stress tests do not contract at all, whereas
both contraction and dilation occur in the test with
constant deviator stress (Figure 2b). However, the
qransition from contraction to dilation is caused
entirely by the sudden change of stress path.‘Such a
transition is not in accordance with the definition of
the characteristic state.

4.2 Numerical analysis of tests 17 and 33

The stress-strain behaviour of soils can be modelled
by use of elasto-plastic constitutive models. In order
{o investigate the behaviour in tests 17 and 33 the
single hardening model has been employed. The sin-
gle hardening model is an advanced elasto-plastic
constitutive model for frictional material such as
soils, concrete and rock (Kim & Lade 1988; Lade &
Kim 1988a,b Lade & Nelson 1987). A hypoelastic
model describes the elastic behaviour, whereas the
framework for plastic behaviour consists of a failure
criterion, a yield criterion and a non-associated flow
rule.

The failure criterion bounds a domain of possible
stress states and simply determines the maximum
load that a soil element can withstand. As the plastic
deformations, within the domain of possible stress
states, follow a non-associated flow rule the yield
crterion and the plastic potential surface are
described by different functions. The yield criterion
controls whether plastic deformations occur. The
plastic potential surface controls the direction of the
plastic strain increments. At the top point of the
plastic potential surface, in the p' — g plane, the plas-
tic strain increment vector is perpendicular to the
hydrostatic axis corresponding to a zero increment in
plastic volumetric strain (Wood 1994). The plastic
strain increment vector will, depending on the cur-
Tent state of siress, point in the inward or outward
direction of the hydrostatic axis, indicating plastic
dilation or contraction, respectively.

Consequently, the characteristic state and the top
point of the plastic potential surface are closely
related. The relation between the two is due to the
fact that the plastic volumetric strain increment is
zero on the top of the plastic potential surface,
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whereas the characteristic state occurs where the
“total” volumetric strain increment is zero. The trace
of the top point of the plastic potential surface in the
p' - g plane should, therefore, except for an elastic
contribution, reflect the trace of the characteristic
stress states.

The single hardening model has been employed to
draw the curves in Figures 3 and 4. The figures show
two sets of yield and plastic potential surfaces
labelled “Y” and “P”, respectively. Ya-curves corre-
spond to the yield surfaces prior to elastic shearing
and the Pa-curves to the plastic potential surfaces
which are activated when the soil starts to yield
again. Yy and Pg refer to the yield and plastic poten-
tial surfaces that passes through the characteristic
stress state found in the conventional triaxial tests (5
and 6). The characteristic states for these tests are
marked with open circles, whereas the failure points
for the investigated tests are marked with closed
circles.
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0 500 1000 1500 o [kpa] 2000

Figure 3. Yield and plastic potential surfaces. Test
971017

A comparison of Figures 2b and 3 reveals that the
yield criterion of the single hardening model cap-
tures the first yield point very well. Both figures
show that the soil behaves purely elastic until a
deviator stress of approximately 580 kPa. Subse-
quently, the soil starts and continues to yield
throughout the test. The most interesting portion of
the stress path is between the point of first yield and
the characteristic stress state observed for the con-
ventional triaxial test. The shape of the two plastic
potential surfaces indicates that the top of the plastic
potential surface is passed somewhere between Px
and Pp along the stress path shown in the figure.
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This is a fact even though a characteristic state is not
observed at all. As the mean effective stress
decreases during shear the elastic volumetric strains
become negative and therefore expansive. The con-
tours of P, and Pp illustrate that the plastic
volumetric strain merely enhances the elastic expan-
sion (Figure 3) as the plastic deformations are not
activated prior to the point of first yield. Moreover,
it is seen that the portion where plastic contraction
occurs is small and too small to establish a charac-
teristic state.

The findings can be summarised as follows: A
characteristic state is not observed as the elastic
expansion outplays the small portion of plastic con-
traction, which occurs right after the first yield point.

It would appear that a definition of the characteris-
tic state on the basis of the plastic volumetric strain
increment instead of the total strain increment could
result in a stress path independent definition of the
characteristic stress state. However, such a definition
requires knowledge of the elastic properties as the
elastic strains produced during shear should be
subtracted.

If the soil behaves isotropically and a hypoelastic
model is found to be suitable, tests can with advan-
tage be performed with constant mean effective
stress. Under these circumstances no elastic volu-
metric strain will be produced (Ibsen & Lade 1998,
Wood 1994).

The yield and plastic potential surfaces (Figure 4)
show that the above findings also apply to test 33
except that plastic contraction cannot be detected at
all as the top point of the plastic potential surface is
passed prior to the point of first yield.

1000
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\
&P =)
, V8
&
L }
500
7 1
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‘ 971033 i \
250 T + A
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. i |
0 500 1000 1500 p' [kpa) 2000

Figure 4. Yield and plastic potential surfaces (Plastic
potential surface P, is not included as it is almost
identical to Py). Test 971033.
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The absence of characteristic states in the tests per.
formed with decreasing mean effective stress ig
ascribed to the followed stress paths, stress level and
specimen properties. These parameters will essen-
tially prescribe the location and succeeding
development of yield and plastic potential surfaces
and hereby also the development of plastic volumet-
TiC Strains.

The characteristic state will occur for other stresg
paths with decreasing mean effective stress. Thus, as
the slope of the stress path decreases and approaches
the stress path for a test performed with constant
mean effective stress, the plastic contractive volu-
metric strain increases and a characteristic state
could be observed.

4.3 Perspectives

Several conclusions can be drawn from the evalua-
tion of the above mentioned tests. The characteristic
state, angle and line as defined by Loung (1982) are
stress path dependent. The characteristic angle
decreases as the slope of the stress path increases.
The stress state does not even exist for some of the
stress paths examined in this paper. It was moreover
observed that the deviation on the characteristic
angle is small when tests are performed at different
stress levels but with the same slope. Consequently,
the trace of the characteristic stress states for tests
performed at different pressure levels, but following
stress paths with identical slopes may turn out to be
linear.

5 STRESS LEVEL DEPENDENCY

As observed in the previous section there is a signifi-
cant difference between the characteristic stress
states obtained from tests performed using different
stress paths. Tests performed at different initial
stress levels, but with the same slope in the p' —g
plane showed little deviations among the characteris-
tic stress states. Therefore, it could be argued that
the deviations are due to scafter in the test results
and not an indication of stress level dependency.
This issue is investigated by performing an addi-
tional series of tests. The tests are performed with
constant confining pressure, constant mean effective
stress and with a slope of the stress path in the p' —g
plane equal to two.

The test results are summarised in Figure 5 where
the different stress paths are shown in p'—g dia-
grams whereas the measured strains are shown in a
combined &; -g-e¢ diagram. The characteristic
stress states and failure states are marked by open
and closed circles, respectively.
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5.1 Evaluation of tests results

The results appear to be very reliable and exhibit the
anticipated development in the stress-strain curves as
the stress level increases. The effective friction
angles corresponding to the measured characteristic
stress state and failure states are shown in Figure 6.
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Figure 6. Friction angles at characteristic stress
states and failure for various stress paths.

The figure shows the expected effect of stress path
as the characteristic angle increases with decreasing
slope of the stress path and this confirm the concluy-
sions drawn from the initial tests. The results also
indicate that the characteristic angles, and hence the
characteristic stress states, are independent of the
stress level. It is observed that the determination of
the characteristic angles is ambiguous as the volume
change curves are relatively flat near the characteris-
tic state, while the stresses vary considerably.

6 CONCLUSION

The characteristic stress state has been studied by
means of drained triaxial compression tests, It has
been shown that the characteristic line, originally
defined by Luong (1982), is not an intrinsic parame-
ter to describe the volumetric behaviour of soils.
Thus, results from tests with different stress paths
show a significant and consistent variation in the
characteristic angles, Thus, the angle decreases as
the slope of the stress path increases, In some tests it
has, however, been impossible to detect a character-
istic state. These findings make the characteristic
line concept in its present form incompatible with
development of constitutive soil models as correct

Jakabsen, Praastrup & Ibsen: The influence of the stress path

prediction of the volumetric behaviour becomes
doubtful. In consequence it has been proposed to
define the characteristic state from the plastic voly.
metric strain increment. This would give a basis for
consistent elasto-plastic constitutive models as the
plastic potential surface and the characteristic State
thus are mutually connected.

Besides the investigation of stress path depend-
ency additional tests have been performed for
evaluation of the dependency of stress level. The
results of these tests indicate that the characteristic
friction angle is constant for a given type of stresg
path,
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SUMMARY

The governing equations for an elasto-plastic constitutive model for frictional materials such as soil, rock,
and concrete are presented, and the incremental form is indicated in preparation for implementation of the
model in a user-defined module for finite element calculations. This isotropic, work-hardening and
-softening model employs a single yield surface, it incorporates non-associated plastic flow, and its
capability of capturing the behaviour of different types of frictional materials under various three-
dimensional conditions has been demonstrated by comparison with measured behaviour, as presented in
the literature. The incrementalization procedure is indicated and the resulting equations for the single
hardening model are presented together with parameters for a dense sand. Following the implementation
of the model, these parameters are used for evaluation of different integration schemes as presented in a
companion paper hy Jakobsen and Lade (fnt. J. Numer. Anal. Meth. Geomech. 2002; 26:661). Copyright ©
2002 John Wiley & Sons, Ltd.

KEY WORDS: incrementalization procedure; elasto-plastic constitutive model; frictional materials; yield
surface; non-associated flow

1. INTRODUCTION

An elasto-plastic hardening constitutive model with a single vield surface has been developed on
the basis of a thorough review and evaluation of data from experiments on frictional materials
such as sand, clay, concrete and rock [1-3]. The numerical implementation of this model into a
finite element program, such as ABAQUS [4], through a user-defined material module, requires
the elasto-plastic model on incremental form. The components of the constitutive model which
involve non-associated plastic flow are reviewed, and the incremental form of the model is
presented. This form of the model is then used in the numerical implementation presented and
evaluated in a companion paper [5].

The model employs a single, isotropic yield surface shaped as an asymmetric tear-drop with
the pointed apex at the origin of the principal stress space. This yield surface, expressed in terms
of stress invariants, describes the locus at which the total plastic work is constant. The total
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plastic work (due to shear strains as well as volumetric strains) serves as the
hardening parameter, and it is used to define the location and shape of the yield
surfaces. The use of contours of constant plastic work (or any other measure of hardening)
as yield surfaces results in mathematical consistency in the model, because the measure
of yielding and the measure of hardening are uniquely related through one monotonic
function. In addition, application of a single yield surface produces computational efficiency
when used in large computer programs. The non-associated flow rule is derived from a potential
function which describes a three-dimensional surface shaped as a cigar with an asymmetric
cross-section.

The model is devised such that the transition from hardening to softening occurs abruptly at
the peak failure point. Thus, the transition does not invelve any points at which the hardening
modulus is zero, but the rate of softening may be controlled and the pointed peak is hardly
noticeable in actual comparisons with experimental data.

The main principles of the model and the governing equations for each component are
reviewed below. The incremental form of the constitutive model is presented as detailed
mathematical expressions required for numerical implementation in a finite element program.
The model is then implemented in a user-defined module and employed in evaluation of the
efficiency of several integration schemes.

2. SINGLE HARDENING STRESS-STRAIN MODEL

The total strain increments observed in a material when loaded are divided into elastic and
plastic components such that

de = de® + de® M

These strains are then calculated separately, the elastic strains by Hooke’s law, and
the plastic strains by a plastic stress—strain law. Both are expressed in terms of effective
stresses.

Below, is a brief review of the framework and the components of the constitutive model. In
order that the presentation follows a logic developmental sequence, the components are
presented in the following order: Elastic behaviour, failure criterion, plastic potential and flow
rule, yield criterion and work-hardening/softening law.

2.1. Elastic behaviour

The elastic strain increments, which are recoverable upon unloading, are calculated from
Hooke’s law, using a recently developed model for the non-linear variation of Young’s modulus
with stress state [6]. The value of Poisson’s ratio, v, being limited between zero and one-half for
most materials, is assumed to be constant. The expression for Young’s modulus was derived
from theoretical considerations based on the principle of conservation of energy. According to
this derivation, Young’s modulus £ can be expressed in terms of a power law involving non-
dimensional material constants and stress functions as follows:

7 4
E = Mp, [G‘-) +6 ( - _’LZ"V) ﬂ @
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in which I is the first invariant of the stress tensor, and J} is the second invariant of the
deviatoric stress tensor, given as follows:

h=ay+on+on (3}

Jy = 4l(o1 — on) + (022 — opf + (033 — o17) ] + a3y + a3 + 0, 4

The parameter p, is the atmospheric pressure expressed in the same units as E, I and /Jj, and
the modulus number M and the exponent A are constant, dimensionless numbers. The three
material parameter v, M, and 1 may be obtained from simple tests such as triaxial compression
tests. The model can be used for materials with effective cohesion.

2.2. Failure criterion

A general, three-dimensional failure criterion has been developed for soils, concrete, and rock
[7-11]. The criterion is expressed in terms of the first and third stress invariants of the stress

tensor:
3 m
- G-)(3
e Pa

f»=mn, at failure (5b)

in which [ is given in (3) and
I = 0nomon + 01202303 + 021032013 ~ (01102303 + 61203013 + 633612071) (6)

The parameters #; and m are constant dimensionless numbers.

Figure 1 shows that in principal stress space, the failure criterion is shaped like an asymmetric
bullet with the pointed apex at the origin of the stress axes, and the cross-sectional shape in the
octahedral plane is triangular with smoothly rounded edges in a fashion that conforms to

experimental evidence.
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Figure 1. Characteristics of failure criterion in principal stress space: traces shown in (a)
octahedral plane, and (b) triaxial plane.
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In order to include the effective cohesion and the tension which can be sustained by concrete
and rock, a translation of the principal stress space along the hydrostatic axis is performed
[8-11]. Thus, a constant stress, a Pa, 1s added to the normal stresses before substitution in (5)

g=0+dbap, (N

in which ‘a’ is a dimensionless parameter, and § is Kronecker’s delta. The value of ap, reflects
the effect of the tensile strength of the material. The three material parameters, i, m, and g,
may be determined from results of simple tests such as triaxial compression tests.

2.3. Plastic potential and flow rule

The plastic strain increments are calculated from the flow rule
g
deP = da, 22
b5 ®

in which gy, is a plastic potential function and d4, is a scalar factor of proportionality. A suitable
plastic potential function for frictional materials was developed and presented by Kim and Lade
[1]. This function is different from the yield function and non-associated flow is consequently
obtained. The plastic potential function is written in terms of the three invarants of the stress

tensor:
B ()
= fo—=———+ — g
o= (v -2, (4 ©
in which f; and 5 are given in (3) and (6) and the second stress invariant is defined as

L = 01021 + 05303 + 031013 — (011022 + 0033 + 033077) (10)

The material parameters yr, and u are dimensionless constants that may be determined from
triaxial compression tests. The parameter  is related to the curvature parameter m of the
failure criterion as follows:

i = 0.00155m~ 1% 1n

The parameter y, acts as a weighting factor between the triangular shape (from the /3 term)
and the circular shape (from the /; term). The parameter W, controls the intersection with the
hydrostatic axis, and the exponent u determines the curvature of meridians. The corresponding
plastic potential surfaces are shown in Figure 2. They are shaped as asymmetric cigars with
smoothly rounded triangular cross-sections similar but not identical to those for the failure
surfaces.

2.4. Yield criterion and work hardening/softening relations

The yield surfaces are intimately associated with and derived from surfaces of constant plastic
work, as explained by Lade and Kim [2]. The isotropic yield function is expressed as follows:

Jo=10)~ f1(W) =0 (12)
in which

; 113 I? I A

w=(vi-1)(5) e 6
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Figure 2. Characteristics of the plastic potential function in principal stress space: traces shown in
(a) octahedral plane, and (b) triaxial plane.

where 4 is constant and g varies from zero at the hydrostatic axis to unity at the failure surface.

The expressions for [j, f», and I3 in (13) are given in (3), (10), and (6), respectively. The

parameter /; acts as a weighting factor between the triangular shape (from_the f; term) and the

circular shape (from the &5 term), as in the expression for the plastic potential (9). The constant

parameter A is determined on the basis that the plastic work is constant along a yield surface.
The value of g varies with stress level S defined as

3 m
SzézL({x__ﬂ) (f_l) (14)
o MG Pa

in which f, is the expression for the failure criterion in (5a), and #, is the value_ of f, at fai}ure,

given in (5b). The stress level S varies from zero at the hydrostatic axis to unity at the failure

surface, and the variation of ¢ with § is expressed as
aS

% 1
1=1=0 -5 1

in which « is constant. _ . .
For hardening, the yield surface inflates isotropically with plastic work according to

1t 1 He W i
()"

In (16) the values of p and D are constants for a given material. Thus, f varies with the plastic
work only. The values of D and p are given by

c
b= @1, +3) i
and
- (18

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Numer, Anal. Meth. Geomech. 2002; 26:647-65%



652 P.V. LADE AND K.P. JAKOBSEN

The parameters C and p in (17) are used to model the plastic work during isotropic
compression:

P
W =Cp C—‘) (19)

a

The yield surfaces are shaped as asymmetric tear drops with smoothly rounded triangular
cross-sections and traces in the triaxial plane as shown in Figure 3. As the plastic work increases,
the isotropic yield surface inflates until the current stress point reaches the failure surface, The
telation between f' and W, is‘ described by a mqnotgnically increasing function whose slope
decreases with increasing plastic work, as shown in Figure 4.
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Figure 3. Characteristics of yield function in principal stress space: traces shown in ()
octahedral plane, and (b) triaxial plane.
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Figure 4. Modelling of work hardening and softening.
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For softening, the yield surface deflates isotropically according to an exponential decay
function:

fy =Ae7T/n (20)

in which 4 and B are positive constants to be determined on the basis of the slope of the
hardening curve at the point of peak failure, § = 1, as indicated in Figure 4. Thus

A=[flemim) @n
and
afy 1
B=|p—F __ 22
| d(%)fs‘L] =

in which both the size of the yield surface [ and the derivative d f;’ /d(#,/ p.) are obtained from
the hardening curve at peak failure, indicated by § = 1, The value of d/fy is negative during
softening. The parameter b is greater than or equal to zero, where the lower limit corresponds to
that of a perfect plastic material.

Using the expression for the plastic potential in (9), the relation between plastic work
increment and the scalar factor of proportionality dd, in (8) may be expressed as
i)

Hdp
in which the increment of plastic work can be determined by differentiation of the hardening
and softening equations.

Combining (21) and (22) with (23) and substituting this into (8) produces the expression for
the incremental plastic strain increments.

da, = (23)

2.5. Materials with effective cohesion

As explained in connection with the failure criterion, it is possible to include the effective
cohesion and the tension which can be sustained by concrete and rock. This is done by
translating the principal stress space along the hydrostatic axis, i.e. by adding a constant stress
to the normal stress, as in (7), before substitution into the failure criterion in (5).

A similar technique has been shown to work for the elastic modulus variation [6], the plastic
potential [1], the yield eriterion and the work-hardening/softening law [2]. Inconsistencies in the
plastic behaviour of materials with effective cohesion are overcome by assuming that there exists
an initial yield surface which goes through the origin of the real stress space, as shown in
Figure 5. This implies that only elastic strains occur during major portions of tension type tests
in which the main parts of the stress paths are located inside the yield surface. Thus, the stresses
applied along the stress paths indicated in Figure 5 do not produce plastic strains until they are
close to failure. The existence of an initial yield surface appears to simulate experimental
observations with good accuracy.

The technique of performing all calculations in the translated stress space provides a
convenient tool for mathematical treatment of cohesive materials. Following all the necessary
calculations, the stresses are again modified to hold conventional physical meaning. For
cohesionless materials for which ‘e’ is zero, the calculations are performed in the original stress
space.

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2002; 26:647-659
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Figure 5. Biaxial stress paths fo‘r concrete employed by Kupfer ez ol [12] and assumed initial yield surface
in (a) triaxial plane, and (b) biaxial plane.
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Figure 6. Effects of preshearing and overconsolidation on failure surface for soils,

2.6. Effects of preshearing and overconsolidation

An experimental investigation of the behavicur of sand near failure was undertaken by Lade
and Prabucki [13] to study the shape, location and maovement of the plastic yield surface in the
hardening regime and the softening regime near peak failure. This investigation confirmed that
the yield surface, defined as a contour of constant plastic work as measured from the origin of

averconsolidation cbserved in clays in the region of lower confining pressures, as shown in
Figure 6. In this region, the yield surface was found to move out beyond the failure surface for
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Table 1. Material parameters for dense Eastern Scheldt sand used with the single hardening mode]

Model component Parameter names Parameter values Equation
Elastic properties M, Ay 458.45 0.4142 0.20 i)
Failure criterion mn,a 0.2879 70.19 0 5
Plastic potential Vo, i —3.1540 2.0611 9
Yield criterion hoo 0.5525 0.6166 13, 15
Hardening/softening law C, pb 1.2748 x 104 1.6078 0.5 19, 22

normally consclidated sand, i.e. the sand became stronger. The observed pattern of yielding is
captured with good accuracy by the yield criterion employed in the single hardening constitutive
model.

2.7. Summary

The governing functions of the single hardening model have been presented and the material
parameters identified. The material parameters depend on the specific material and must be
calibrated to results of isotropic and triaxial compression tests as outlined by Lade [7], Kim and
Lade [1], Lade and Kim [2,3]. The components of the constitutive model and the corresponding
material parameters are listed in Table I with values indicated for dense Eastern Scheldt sand
[14]. These material parameters are employed in the companion paper [5] for an evaluation of
the integration schemes used in a user-defined material module employed in a finite element
programme,

3. INCREMENTAL FORM OF CONSTITUTIVE MODEL

3.1. Elasto-plastic stiffness matrix Jor single hardening model

Application of an elasto-plastic model in & finite element procedure requires an incremental
form in which the stress increments are expressed in terms of the total strain increments, as
follows:

do = C* de = (C° — C?) de (24)
in which C* is the elasto-plastic stiffness matrix. This is obtained through an incrementalization

procedure as described by, e.g. Zienkiewicz and Taylor [15], Smith and Griffiths [16], Chen and
Mizuno [17], Lade and Nelson [18]. The incrementalization results in

gpy Bfpn T e
CEIERC
e +H
The term in the square brackets is the general expression for the incremental stiffness matrix,

C, for an elasto-plastic model with a single yield surface,
If the stress point is in the elastic domain, then the plastic stiffness, CP in (24), vanishes and

C® and C°® become identical. It is noted that C? and therefore C is asymmetric for non-
associated plastic flow.

do = ,:Ca = (25)
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It is possible to extract the Proportionality factor di, from (25)
e Bfp\T
Cig

dlp=p—_8' o 2
(%JTCE(%?}-FH ( 6)

2

in which dA, is expressed in terms of the total strain increment, to be used in the integratiop
scheme presented in the companion paper [3].

3.2. Elastic stiffhess matrix

In (25) € is the elastic stiffness matrix defined as

I—v oy v 0 0 0
v I—y v 0 0 0
E v v I—v 0 0 0
- A+ai-2m" | o 0 0 BB 45 @7
0 0 0 L
0 1]

where Young’s modulus £ is given in (2) and Poisson’s ratio v is constant.

3.3. Derivatives of the plastic potential

The plastic potential function, 9p, 18 given in (9). Since the plastic potential function is expressed
in terms of stress invariants, the derivatives of gp with regard to stresses may be obtained
through the chain rule:

%90 _ 2a 01 | 29,01 g, 1y

o ahdo T ae T a e @)
in which
Q@=(¢, (#+3)£_m+2)ﬁ+fﬂ)(£)# (29
el : 13 Lo g Pa
agp‘ff' L\
%~ 2\n B
g, B
=)
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d the derivatives of the stress invariants with respect to stresses are
an

1
i

an |1 (32)
oo

0
0
.0_
[ —(o22 + 033) ]
—(o33 + 011)
L —(on + 022) (33)
oo 2033

203

2012

o203 — 0%
033011 — ‘751
ol onoRn — 0y, (34)
da 2(o12031 — 011023)

ooz — o031)

| 2(o31023 — 633012) |

3.4. Derivatives of the yield function - | |
The yield function, f7, is given in (13). Using the chain rule, the derivatives of the yield function
S

can be written as .
afy _8fyan  efoh  2fy ok (35

o o, 6c | oL da | Ol 0o

i iven i ivati f [ with
in which the derivatives of the stress invariants are given in (32)-(34). The derivatives o 95
respect to the stress invariants are

h
afy  (3+h 6(}) 1'1(11) a (36)
= i 4+ == ¢
E*( n ) e
%=ﬁ(‘l)he€ (37
a2\ pa
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as, a B\
= Vi) e (38)
613 613 13 Pa

It is recalled that the exponent g varies with the actual stress level as defined by (14) and (15).
The derivatives of g with respect to the stress invariants are

9__ 2 (_”’S’“ + ﬁ(i‘) m) 39)
O m(l—(1-)SP\ I L \ps

ag _ o 113 (f])m

(1= (1 - a)SF 2\ (40)

3.5. Hardening modulus

The last term in the denominator in (25) represents the hardening modulus:

o 00 O

om," 50~ om," “n

Since the function g, in (9) is homogeneous and of the order u, Euler's theorem for
homogeneous functions (see, e.g. The International Dictionary of Applied Mathematics, 1960
[19]) produces the last expression for the hardening modulus in (41). The derivative of the yield
function with respect to the plastic work depends on the stress history. The derivatives are
determined for the hardening and the softening relations in (16) and (20) as follows:

8 Ofy 1 1y

H ing: 2P _ P _ ' s
ardening o, =, o) Wy (42)

"
%7 afp - _fEe—BWp,fpa 43)

Softening: e 5
P P 2

The above expressions represent the incremental form of the single hardening model. They
form the basic expressions used for the implementation in a user-defined material module
presented in a companion paper [5].

4. SUMMARY

An elasto-plastic constitutive model developed for frictional materials has been reviewed, and
the incremental version of the model has been given in the form of mathematical expressions to
be implemented in a user-defined material module for a finite element program, This three-
dimensional model for isotropic materials is formulated in terms of stress invariants, it involves
hardening and softening, non-associated plastic flow, and it handles volume changes such a
contraction and dilation as observed in experiments on frictional material, The model is
implemented in a material subroutine and used in a finite element program, as described in a
companion paper [5]. Several integration schemes are investigated and evaluated for this elasto-
plastic model.
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SUMMARY

An advanced elasto-plastic constitutive model for frictional materials, whose incremental version is
presented in a companion paper (Int. J. Numer. Anal. Meth. Geomech., 2002; 26:647), is implemented in a
user-defined material module. The general calculation strategy inside this module is presented and
discussed, including the initial intersection of the yield surface and the techniques for updating of stresses
and hardening modulus, Several integration schemes are implemented in the module and their capabilities
in relation to the advanced, three-dimensional constitutive model are evaluated. The forward Euler,
modified Euler, and Runge-Kutta-Dormand-Prince integration schemes are explained in detail,
compared, and evaluated in view of error tolerances and computational efficiency. Copyright © 2002
John Wiley & Sons, Ltd.

KEY WORDS: implementation algorithm; elasto-plastic constitutive model; frictional materials; yield
surface; non-associated flow

1. INTRODUCTION

Implementation of an advanced clasto-plastic constitutive model in a finite element program
involves formulation of an incremental version of the model before actual coding of the model
for computer application can be performed. A single hardening model for frictional materials
and its incremental form are presented in a companion paper by Lade and Jakobsen [1]. The
present paper contains the implementation procedures as well as an evaluation of how well
several available integration schemes perform for this advanced elasto-plastic model with non-
associated flow. Such integration schemes have been developed and used with relatively simple
constitutive models and with some advanced models, and their qualities are studied here for the
single hardening model.

The employment of more advanced and accurate elasto-plastic constitutive models in finite
element codes is occasionally omitted due to a substantial increase in the computational costs,
Analyses based on more accurate modelling of the true material behaviour can obviously not be
obtained without a loss of efficiency. However, by a critical assessment of the used integration
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schemes it is possible to limit the additional computational costs. The problem of selection of
suitable integration schemes is two-fold as the analysis implies the use of integration schemes for
the computation of updated stresses and hardening parameters by an integration of the
constitutive relation, and ap integration for establishment of the overall equilibrium of
the system. In the latter case, the rate of convergence and therefore the efficiency rely on the
determination of the material tangent stiffness (see e.g. References [2,3]). The use of
the ‘consistent’ tangent stiffness may preserve the quadratic convergence inherited from the
Newton—-Raphson method. However, this implies that the integration scheme used for
the overall equilibrium is of the Newton—Raphson type [3, p. 178). The method of updating
stresses and hardening parameters has on the other hand a direct impact on both accuracy and
efficiency.

The solution of non-linear finite element problems involving the mechanical behaviour of

process is entirely handled by the finite element program, e.g. Reference [4]. However, the
evaluation of the internal forces and displacements, used in the global iterations, is dependent
on the applied stress-strain relation. The role of the user material module, which includes the
single hardening model, is therefore two-fold. It must provide (1) an update of stresses for
evaluation of internal forces, and (2) a material stiffness for establishment of the global stiffness
matrix used for equilibrium iterations and estimation of the corresponding displacement field.

Since ABAQUS uses a Gauss integration scheme to establish the tangent stiffness matrix for
each element, it is only flecessary to consider a single material point within an element.
Whenever a new estimate of updated stresses and material stiffness is needed, the user material
module is called once for each Gauss point. The determination of the updated quantities will
essentially depend on the imposed strain increment, but as the material behaviour is of the path-
dependent type, knowledge of the stress and strain history is also required.

The input to each step consists of the material parameters, the current stresses, the current
maximum plastic work, and the new strain increments. The subroutine then produces the six
new stresses, the plastic work corresponding to the new stress state as well as the updated
tangent stiffness matrix, the so-called Jacobian matrix, The following section explains the
overall calculation strategy.

2. CALCULATION STRATEGY

The calculation strategy is illustrated schematically in Figure 1 and a flow chart is shown in
Figure 2. Based on the current stresses (o9, point A in Figure 1), the maximum plastic work,
W0, and the new strain increments (Ae), stress point B is calculated assuming the strain
increment to be entirely elastic (step 1 in Figure 2). The stresses at point B are used for
calculation of f*, being the value of the vield function corresponding to the current state of
stress, and compared with the current value of the yield function f* calculated from the current
maximum plastic work (step 2). The expressions for S and f” are defined in the companion
paper [1], but the subscript p has been omitted here. If the difference is less than or equal to zero
[/ = (/" = /")<0), then the new stress point (B) is located inside the yield surface and the strain
increment is truly elastic. The calculation for this increment have already been performed and
the Jacobian matrix is elastic (step 3a).

Copyright © 2002 John Wiley & Sons, Ltd, Int. J. Numer. dnal Meth Geomech. 2002; 26:661-681
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Figure 1. Schematic illustration of (a) stress—strain relation, and (b) triaxial plane with stress states used in
% . explanation of calculation strategy.

If on the other hand f = (f' — f") > 0, then point B i_s outside_the current yield surfaci atnd .:
portion of the strain increment is plastic. In this case it is determined whether the. cvt.uzen s J;Sd
state (point A) is located inside or on the current y'le]dASLll‘faCE, The stresse’sf at pomgb) a;? e
for calculation of f* and compared with the prewous_ly -calcul-aled f ést_epF‘ .e ] an?j
(f" = f) =0, then point A is on the yield surface and coincides with point C in Figure 1,

’ Yf [}(f_-[e(l} ’421)‘]"”)<0 (step 3b), then point A is inside the yield surface, as shown schematically
in Figure 1. In this case it is necessary to determine thf: portion of the strcss—]iith gom eAx tﬁci
that is purely elastic (AC) by determining the ratio o = AC /AB (stefp . )&' oromfC 5
integration schemes it is required that point C be found, and the technique for finding p

i sed below (Section 3). o _ N
fu};ll;iri:ésgzlsculated the(elastic strains from A to C, the remaining portion gf tbe tolaala:‘;t;;.;r;
increment (calculation in step 5) is used to updatc the stresses and the h;‘r lcmngh];; rrl;e B
(steps 6-8). Three integration schemes are zmple_:mented: (1) forward glerRsc A
subincrementation, (2) modified Euler scheme with error contr_ol, and _(‘) gln_geé e
Dormand-Prince scheme with error control. These techniques are_dlscussed in deta_l gl ftchl ons
4-8. At the end of either one of these schemes, the user material module is exited wi
stresses, the Jacobian matrix, and the plastic work at point D (step 8).

3. INITIAL INTERSECTION WITH YIELD SURFACE

If the stress point changes from an elastic to an elasto-plagtic state, as _it occurs for pres‘hearcdeg:

overconsolidated materials, then it is necessary to dgterrmne the portion o.f the fstre;[s épcrerr; it

that causes purely elastic deformations, as indicatec_l in Figure 1. Thc_techruque or fin 1ini plow

Cisillustrated in Figure 3, indicated in step 4b in Figure 2, and described mathe_matlcz.i y below.
The initial state of stress at point A lies within the yield surface corresponding to:

S(on, Wpa) = fa<0 n
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Figure 2. (Continued)

Thus, the elastic non-linearity is accounted for in the implementation. Hence, Young’s modulus
and the elastic stiffness matrix are determined on the basis of (2) and (27) of the companion
paper. If the stress point changes from an elastic state (point A) to an elasto-plastic state (point
B), then the trial stresses at B may violate the yield criterion:

floa + A", W) = flo, Wpc) = f3>0 )]

It is therefore necessary to determine a scalar o (0<a<1) correspending to the portion of the
stress increment that lies within the yield surface so that the stress state at point C fulfills the
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a

Figure 3. Schematic illustration of technique for finding intersection with yield surface.

yield criterion;
Sloa +aho®, W o) = floc, W) = fo =10 4

Explicit‘ expressions for the scalar « can be derived only for simple types of yield functions. A
first estimate may be determined by a simple linear interpolation in f [5,6]
- f—A

fa—fa
The yield function is, however, highly non-linear and the scalar estimate determined by (5) will
generally not satisfy the yield criterion:

oy =

(&)

Slon +oAd®, B o) = flog, Wpc) = fe#0 (6)
A more accurate estimate for « may be obtained by a Taylor series expansion around point E:
—_ & Y

" (0f /8(an + apha) Agt

This approach for the calculation of the stresses on the yield surface at point C will be
accurate for small strain increments only. In order to avoid any initial yield surface drift in the
mte_gration schemes and enhance the prediction capabilities of the stress—strain relations it is
advisable to apply an iterative scheme [5]. Using the Newton-Raphson technique, for example
the stljcsses al_:ld o are updated as outlined in Figure 4. The iterative procedure is started b)i
assuming the initial stresses at point A and using o from (5). The procedure is terminated when
lthe stress norm [lo; — o;_1|l/|lo;1(| is less than a specified tolerance. The resulting elastic stress
increments aAc® correspond to an elastic strain increment aA¢ and the strain increment used in
the integration of the elasto-plastic stress—strain relation equals (I — a)Ae.
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Figure 4. Algorithm with improved procedure for finding the initial intersection with the yield surface.

3.1. Handling effects of preshearing and overconsolidation on the material strength

The numerical problems that occur for presheared or overconsolidated materials are generally
handled by applying the procedure outlined in the previous section. However, in special cases
the current yield surface, which indicates the previously experienced highest load level, extends
beyond the failure surface and actually strengthens the material, as indicated in Figure 6 of the
companion paper. Thus, the material should not reach a state of failure until the yield surface is
reached. This is accomplished numerically by calculating the intersection of the yield surface, as
presented above, and then performing a check for failure. The stress level relative to failure, as
defined by (14) in the companion paper, will in such cases exceed unity, but is for consistency set

equal to unity.

3.2. Back-scaling of elastic stresses

The single hardening model is developed for frictional materials, and only stress combinations
in the pressure octant of the principal stress space are allowed, even for materials with effective
cohesion, as explained in Section 2.5 of the companion paper. This implies that if the elastic trial
stresses correspond to one (or more) negative or zero principal stresses, then they must be scaled
back into the pressure octant, in order to facilitate the calculation of the elasto-plastic stress—
strain response. The problem is most likely to occur for large strain increments and near failure

in the extension region.

4. UPDATING STRESSES AND HARDENING PARAMETER

The requirement of an accurate integration of the constitutive law is traditionally accomplished
by use of a backward Euler or an explicit subincrementation scheme (see e.g. References [5,7,8]).
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Bc;lth types of lschfrmes hgve a number of advantages and disadvantages. The backward Ey
:lc eme is an ;asﬂc p_re_d_lctc?r and plastic corrector type of method and is attractive beca 5
oes n(f)t require the. initial intersection of the yield surface to be computed if the stress qu‘: |
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E nced models and convergence is not necessaril :
y guaranteed. The backward
scheme has apparently only becq used and documented for simple constitutive models hf\? e
assaoglated flow rules (e.g. von Mises, Tresca, Mohr—Coulomb and Cam-—Clay). Actuall Abllz:lg
?n oan [8] make comparisons between the backward Euler and explicit integration )s]c’:hern .
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1bed at all and the conclusions are merely based ini
_ table containing th
results. Furthermore many soil models hav e o
. € a separate failure criterio d i
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- . . a l
Alt?rl}atwcly, mpcgratxon schemes of the forward Euler and Runge-Kutta typlelsnewclzi](t:irwn'
je;tli :;:;; tfic;rnm‘:il{ahn;ns, ca}z be ?sed. These types of schemes have the disadvantage th;t the ini;li:j
¢ yield surface must be computed if a stress point fi i
elasto-plastic state and they do not necessaril Rl o
las y ensure that the consistency condition i
The validity of these types of methods can, h e e
, however, be i
e lis gljuees-biges o enhanced and the disadvantages are
. i; Hz:é;e;d;}; expliln_le%_ the If;orwarcl Euler integration scheme is only accurate for small strain
. By subdividing the strain increment into a fixed numbe i
i . : : 1 of subincrements
in Sectlop 5, the accuracy will be improved. However, this approach turns o;tastg Oge
F:omptl_.ltd:uzlnallg .exp;:nswe [5]. Hence, two other schemes for explicit integration have beez
investigated and implemented. These include a refined subi i
: : 1 version of the fi
Euler scheme with active error control a; o e et
: nd an enhanced Runge-Kutta scheme. T
are applicable to non-linear stress—strain relations i o
_ ‘ ‘ n general, but the stress—strai i
given by the smglf} .hardemng model are employed here. The paper is concluded b 31; i
where the capabilities of the different methods are studied. Y an example

5. FORWARD EULER INTEGRATION SCHEME WITH SUBINCREMENTATION

Fc];jllowmg the ‘detfarm_ination of the intersection with the yield surface, as described above, th
igtasle;qtuc.nt _objectwe is to determine the updated state of stress and hardening parameter ’as Z
Tain increment is imposed. A commonly used integrati
. incre gration scheme for elasto-plasti
strain relations is the forward Euler schem ing it i it
¢. In the following it is presumed that initi
: ; at the initial
of s_trCSS is located on the yield surface and that the next stress increment causes el StaFe
i s ¢lasto-plastic

5.1, Procedure
In the forward Euler scheme the stresses are i
‘ ler s updated by replacing the infinitesi i
stress—strain relation in (25) of the companion paper by a ﬁnjtegincremenlt:lsi'];ll:.]tgz?m-p]amc
Ao = C®(ay, Wyp)Ae (8)
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where the constitutive matrix is evaluated at the initial state of stress. As the elasto-plastic
constitutive matrix depends on the stress and strain history, this linear approximation is only
accurate for very small strain increments. The method may be refined by a piece wise linear
integration where the strain increment is subdivided into smaller subincrements [3,5,6,9,10]:

S WA ©)
m

where AT is a dimensionless time step of fixed size and the finite stress increment is determined
as the sum of the m subincrements, do;, each evaluated as a forward Euler step:

da; = C®(ag + Aoy, Wy + AWy 1)d8 (10)
8
Wy = 6Ap(o0 + Aoi1, Wpo + A1, S€)(oe + Aﬂ'f—l)%ﬁ—m (11)
where
i1
AO’;'_[ = Z 50}‘ (12)
J=1
i
AWosoy =y 6Wyy (13

=1

The given change to the hardening parameter is valid for work hardening and is computed by
use of (26) and (41) of the companion paper, with derivatives evaluated at the stress state
(oo + Adi_1). As illustrated in Figure 5, the forward Euler scheme has the advantage of being

straight forward and easy to implement compared to other schemes.
However, the yield criterion is not necessarily fulfilled, and the stress increments tend to drift

away from the yield surface, i.e. f(go + Ao, W0 + AW,)#0. Even though the subdivision may

Ae

Initial state @', Wp0, Ag,de =4

Strain subincrements L = 1,2, ..., m
dai=CF(giy, Wp -1 )06
&
oW, =820t Wpi1,08)0in oo
T =01 +50’,‘
I’Vp‘; = Wp|g_1 +5W’_g‘!
Stop strain subincrementation when i=m

Final state 05, WpiCP (00, Wp)

Figure 5. Algorithm for subincremental forward Euler scheme for evaluation of new stress
state, plastic work, and Jacobian matrix.
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reduce the yield surface drift, the pracedure may lead to unacceptable results as the error
accumulates during subsequent load steps (e.g. References [3,5,11]). Moreover, the subincre.
menta] form has the disadvantage that it uses subincrements of equal size. This turns out tq be
computationally inefficient as the number of subincrements must be determined by trial-angd.
error so that the maximum error is within some close tolerance.

3.2. Correction for yield surface drift

When using explicit integration schemes such as the forward Euler scheme for updating of
stresses, the stress state predicted at the end of the elasto-plastic load increment may not lie on
the current yield surface and the consistency condition is violated. The error will essentially
depend on the size of the strain increment and number of subdivisions, but as the error ig
cumulative it is important to ensure that the stresses are corrected back to the yield surface
during each increment of loading,. -

A method proposed by Potts and Gens [11] accounts for the changes in elastic strains that
accompany any stress correction. The problem of yield surface drift and correction is illustrated
schematically in Figure 6, where the material is subjected to loading that causes elasto-plastic
deformation. The initial stress state is initially located on the yield surface Sloa, W) = 0.
Further loading involves elasto-plastic deformation and a change in stresses as determined by
the integration scheme. This new state op will, due to the tendency for yield surface drift, not
necessarily be located on the new yield surface (e, W) =0, and the objective is therefore to
correct the stresses so that the yield criterion is fulfilled. During the correction process the total
strain increment will remain constant, and this implies that any elastic strain change must be
balanced by an equal and opposite change in plastic strain. These changes will affect the stresses
and the hardening parameter, and the new updated elasto-plastic stress state is denoted ac
and %,C-

The requirement of an unaltered total strain increment throughout the correction process can
be formulated as

de® = —de* = —C*"'(oc — op) (14)
The plastic strain increment is also proportional to the gradient of the plastic potential:
g
deP = g ¥
=P (15

where ff is a scalar quantity. The corrected stress state is obtained by substituting (15) into (14)
and solving for oe:
dg

oc =0 — ﬁC"éU—B~ (16)

@, (h) g,

4’-;(6(,”1 WER

f=(c,mw..)=0 _.‘flr,_(c_ﬂ )= 0

Figure 6. Illustration of correction for vield surface drift: (a) initial estimate of updated hardening
parameter and stresses causing yield surface drift, and (b) corrected values of hardening parameter and
stresses located on the yield surface.
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The change in plastic strains will also affect the hardening parameter:

Woc = W + AP 03]
where AWe for work-hardening is given by
& AT
= B( 5> (1)
ST (5613) 7
The corrected stress state must satisfy the yield criterion:
T
% L - (19)
floc, o) = f(GB i ﬁcaéa= o + '8(603) UB)
A first order estimate of the scalar f can be obtained by a Taylor series expansion around og:
(o8, Wp) @0)

- T
= @ - @

The above procedure may be sufficiently accurate if the load incr?rr!lgilt ;; sn}lragd ]—f;?i\:f::;z;
i ted stress state fulfils the yi i

i eneral be checked that the corrected : _ _ on

]jt'(ol:n uf;/ cl;r)1 :g 0 to some close tolerance. Otherwise, an 1Leratm? procedure as {;ugl/ned_ mWFlgur

mus‘i,bep’applied, The iterative procedure is started by assuming g = op and Hpo = "pB.

Initial state T, Wp,o

#lfloo. Wpo)| > €

Iterations £ = 1,2, .00y Emax
P Aoy, Wpi)
BTy g o % g
(G )C (5 ) ~ (W,  Nae s Y om
o8
0 =0 -ﬁmc'gc}:

dg
AWpia = flia OitFg. T
Wp!z = Wp_j—] + AWp‘ifl
Stop iteration when rf{O',"Wp‘f)! <c

Final state T = 0, Wp,c = Wi

Figure 7. Algorithm for correction of yield surface drift.
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6. MODIFIED FORWARD EULER SCHEME WITH ERROR CONTROL

In order to reduce the yield surface drift and computational costs of the forward Euler scheme, a
modified Euler scheme with active control can be used [5,12). Instead of using a fixed number of
subincrements of equal size, the size of the subincrements is varied throughout the integration
process. Hence, the size of each subincrement is determined so that the new stress state fulfils the
yield criterion within some small tolerance and only the absolutely necessary number of
subdivisions are applied.

The modified scheme uses a pair of first- and second-order Fuler formulas to estimate the
error produced by the standard forward Euler scheme at the end of a strain increment, §g =
ATAe. The first estimate of the updated stresses and the work hardening parameter at the end of
the strain increment is given by

o = oy + do' 2n
Wy = Woo + 61, @2)
where
da’ = C(ay, W},0)0z (23)
SWL = 6250, Wy, 66)00 22
o = 0Ap(a0, W, 6e)ag e 24
A more accurate estimate of the updated stress state may be found by
¢ = oo + Lde! + 65 25)
Wo= Mo+ oW, + sm)y (26)
where
da™ = C(ay + ba*, Wy + SW)d¢ 27
&
M I 1 1 9
AW;) 75).1,(0()‘}“50',%,D+5%,55)(Gg+60)m (28)

The method is seen to employ two evaluations of the elasto-plastic constitutive matrix in each
subincrement. The difference between the stress states given by (21) and (25) can be seen as an
estimate of the local error in o:

5O.IkH ad— J:%{5UII 750_1) (29)

This error estimate serves as a guide for selecting the size of the next time step, AT, when
integrating over the total strain increment Ae. Thus, the relative error for a subincrement is
defined by the norm:

llsa™1)|

llg]
and the size of each step is continually adjusted until £ is less than some specified tolerance, e.
The integration is started by choosing a value of the dimensionless time step AT and

computing Je, g, W, g, Wp, 81 and ¢ using (2} )-(30). If £< €, then the new updated stresses
and hardening parameters are taken as ¢ and Wp. Otherwise it is necessary to reduce AT and

(30)
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repeat the calculation. The size of the next dimensionless time step is generally given by local

extrapolation:
AT = gAT @31

o\ 12 &
9=08 (E)

The exponent 1 relates to the local truncation error O(AT?) of the first-order formullgg, lwh[ercgi
the factor of 6.9 15 mtroduced to reduce the number of submcrem_ents Fhat are li e}; 0 b
rejected during the integration process. The size of the new increment is furthermore constrain

as ¢ must lic within the interval:

where

0.01<g<2 (33)

The modified Euler scheme with active error control is summarized in Figure 8.

7. RUNGE-KUTTA-DORMAND-PRINCE SCHEME WITH ERROR CONTROL

Variations of the Runge-Kutta scheme are widely used for int‘egramon purposs:s.‘Té}_Z :1123?;2:
Runge-Kutta scheme uses a fourth-order integr:'itlon srfhemc with (?nly one sbtraln mO iy
stress updating. Several higher order schemes with S}Iblncrcmcntat1on haveP cen pﬁ S]]Jis e m
References [12-15]). The Runge-Kutta scheme modified by Dormand arlld nm:i'mate b
the following. The scheme uses a pair of fourth- and ﬁfth-or_der f(.nmu as ;o es 1l o e
updated stresses and work hardening parameter. Th§ coefficients in these dormu a s
chosen to control and minimize the error, and to estimate the new updated stresses

hardening parameter as accurately as possible:

31 190 1 145 v E Y Lé A (34}
0= 00+ 57500 + 557007 — g0 + 55580 + 5580
1
3o 190 L 15y 351y Ly 5
o =Moo+ 535 + 3579 — 155" T3 T35
4 19 1000 4y 125 4y E55V+255VT (36)
¢=00t376% +50% ~316%7 s 56
5
2 19 1 1000 TIT 1_2§ v _Bi WV £ 5WV’I (37)
Wo=Woo+ 5769 + 205 ~ 376%™ T T3
where
80" = CP(aq, Wy 0)0¢ (38)
9 39
5W},I=5lp(00, %,0,55)6050—0 (39)
sa™t = CP (o', W))de (40)
&9 4]
1
3! = oiy(o" Wy, be)o = (41)
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Initial state 0p, Wp_n, AE,&EO = Ag, g= 1
Strain increment i = 1,2,
de; = min[qc?s;_l, T~ Eed 6&-]
j=1 G0
do

dal = C*(g,, W1 )dei

;o a
W, =64p(0: s, Wo 1,080, %
dofl =C(g;. + 8, Wi +(5ng )oe;

O} =001 + 001, Wy +5W, B2 + 501y
b0~ 360l ~ dal)
Fi=0o + %((50';7 +éal
Woi=W,iy + é(éW",f +oWH)

_ lsgliry

=

€ >etheng = mx[GS(?ﬁ,o.m};am = gz,
Untilé; < e
g= rruu[o.g(%)%,z]
Stop strain incrementation when L1y de; = Ag

Final state & ;, Wp‘,:, CP(&;, WP i)
Figure 8. Algorithm for modified Euler scheme with active error control.
in which

1
S

Py =Woo + Lom)
and further
I _ eepy I g l0
o'l = C2(a", W")e (42)
S — 52 (0 gl n 99
& Ap(o™, Wy, de)o 3,1 (43)
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in which

3 9
n_ Iy 28 sl
& ,gn-t-méa +405cr

9
40

W' = Wyo +3%5”§ +750%
and further
50"V = C(, M (44)
S = 825", W, 56)5 % (45)
in which

L — 1551 ? Sl + % 5™

0 " 10

3

9 6
I n, Ospm
0% 5% 3%

Wplll —Wou+

and further
sa¥ = C2(e", Wi)oe o)

fé]
5va = 8iy(a", W;V’ se)olY aj" 47

in which
226 880

25 55
v 1 £2e o S0V e v
=00+ =55 do 7 da" + 729 éo + 725 ba

226 25 880 35
v 226 12 n_ %oV m , = sV
W' = Won + g Wy — 5 67y + 255 M + 7359
and further
86V = C2(a¥, W) )56 )

o
EWPVI = Mp(av, W;,V,LSE)G'V &I_QV 49

in which
181 5 266 91 189
Vi oo 1,25 0 _ m _ 7" 550V 4 227 54V
o' =00 =50 oo +255 597 oc 7 oo’ + 55 do

181 ¢ 5..qn 266 1 91 v
oo, = i i Ll

5% 13 570~ T

Even though the integration process requires six evaluations of the elasto-plastic constitutive
matrix, the scheme rapidly becomes competitive with the modified Euler scheme as the error
tolerance is tightened. As for the modified Euler scheme, the estimated relative error can be

189

W,

v _
> =Moo
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expressed as
lig —all
[l
As the local truncation error in the fourth-order formulae is O(AT®) the exponent in 32) is
replaced by % and the factor that controls the size of the next dimensionless time step is instead

given by:
e\ 15
=0 = 51
2=0s(3) (51

But the constraints in (33} still apply. The Runge-Kutta-Dormand-Prince scheme with active
error control is summarized in Figure 9.

(50)

8. COMPARISON OF INTEGRATION SCHEMES

The effectiveness of the integration schemes presented in Sections 5-7 is examined in the
following. For this purpose a single point of Eastern Scheldt sand [16] with the parameters listed
in Table I of the companion paper is undergoing triaxial compression under constant volume.
The triaxial compression as started from an anisotropic stress state of aé =[450 400 400 0 0 0],
with all stresses in kPa. The resulting stress path is somewhat simple, because it does not involve
rotation of principal axes, but even a relatively small strain increment will nevertheless lead to
considerable change in principal stresses. The simulation is conducted by imposing a number of
strain increments of equal size AsT = 10-% x [5 ~25 —-25000] and using the three
integration schemes for determination of the corresponding change in stresses. The resulting
stress path and development in hardening parameter, shown in Figure 10, is composed of 40
sequential strain increments of equal size. All the shown simulations are performed without
correction for yield surface drift.

Figure 10 shows a comparison of the calculated effective stress paths for the undrained
triaxial compression of the sand element, for which the parameter values are listed in Table I in
the companion paper. The modified Euler and Runge—Kutta—Dormand—Prince integration
schemes yield similar results, whereas the forward Euler integration scheme produces visibly
different results for decreasing values of o3, This deviation becomes less distinct on the linear
part of the undrained stress path, but the forward Euler scheme generally overestimates the final
stress state considerably. The applicability of the forward Euler scheme, however, improves as
the number of subincrements in the integration process are increased. Hence, the discrepancy
is more or less reduced by a factor of two as the number of subincrements are doubled.
Similar observations hold for the development in the hardening parameter W, as indicated in
Figure 10c.

The observations above illustrate the effect of integration method for rate independent
material behaviour. A reduction of the size of the strain increments, Ae, may:

1. Change the appearance of the stress path for all methods and lead to tesults that are in
better agreement with the ‘correct’ solution.

2. Reduce the discrepancy between the integration schemes.

3. Decrease the computational efficiency.
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Initial state 0, ngo, Ae, 580 = Ag, g= 1
Strain increments i = 1,2, .....,1

og; = min[qésg-i e E;} (SEJ]

do
Stress incremems = LI, ..., VI
8ot = CP(ay Wit e
W, = 62, (0T W denal e
Stap stress incrementation when j=vi
01= 011 + 300!+ Byool! - {§5o0]Y + 3ada) + 500"
Wi = Wpjios +250WL, + 208WI — SRWLY, + LW, + 550W,)
6= 01 +2d0! + sl — vl + 45oe) + el

BloriV o 5 sV
¥ 19 gyl o 1000 syinr 125 syl SlgyyV o 2 spvt
Whi= Wpoy + 31g0Wp, + 20750 Wi 2160 Wi + 350 Wy +3550W,

HE > Ethen g= max{O.Q(%)-‘:, 0.01 ];56.- = gde;
Unilé; < €
g=min[0.9(5)%,2]
Stop strain incrementation vhen i) O8; = A&

Finai state G, W_W‘, e (6’,’, Wp,,')
Figure 9. Algorithm for Runge-Kutta-Dormand-Prince scheme with error control.

The choice of the strain increment will therefore essentially depend on the requn"(eid accuraci'a?;"
the global solution, and the purpose of the integration schemes is merely to provide an accu.

E T A
update for a given strain increment. ) ‘ "
Stff: a_}IrJeady seen, it is possible to obtain similar results using the three different schemes, b

. it A i
another consideration involve their computational efficiencies. The f:omplsltau?jnziricl;):é '
strongly related to the evaluation of the elasto-plastic constitutive matrix, and as des
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Table 1. Comparison of results of integration of the single hardening model using three different schemes

Method Ean/ € Evgl €
- e=10-3 e=107* e=10-3 e= 102 e= 10" e= 103
116 116
w G G eh B 4B o
wr W G0 S en ey e
0.04) (0.04) (0.11) (gfg%) (g:gi) {g:ég)
Method Maximum number of subincrements Relative CPU time
e= 1073 e= 104 e=10~* e= 102 e=10"* e= 105
=3 P % 5w
RKDP 1 2 3 1.0 11 bk

Notes: Values denoted by ( } indicate errors in stresses after correcti i
! rection for yield s i
Modified Euler (ME), Runge-Kutta-Dormand-Prince (RKDP) g uface drift. Forward Buler (FE)

Sections 5—7,_ the forward Euler, the modified Euler, and the Runge-Kutta—Dormand—Pri

schemes require one, two and six evaluations per subincrement, respectively. The com utaticlancel
cqstg are evaluated by performing a number of runs, in which the updated stresseIs} mUS’En]'a
_w:ihm some tolerance, €, of a reference state. Since no analytical solution is available f .
integrating the relations of the single hardening model exactly, the reference stres e
cpmpuled by using the Runge-Kutta-Dormand-Prince scheme Witl"l 250 subincrements OS; . ETT
size. The error in each strain increment for the different schemes can then be expressed azqud

= “gi' - 5ref”

5= ol w0

and the average and maximum errors along the stress path are given by:

L
S 53
Emw =max E; for 1<i<40 (59

The maximum Inumber of subincrements within a single strain increment and the accumulated
rElaUVe CPU time required for fulfilment of a given error tolerance along the stress th?

Plgure_ 10 are listed in TableI. The simulations have been performed with and pih at
correcllo_n for yield surface drift. The CPU time is a measure of the computational co tw :i m']t
the apphc&u‘on of the user defined material module. For the forward Euler scheme th: uebm
of subincrements is adjusted until the average error equals the specified tolerance. The r:(;lcrln fi e(:l-
Euler. and Runge-Kutta-Dormand-Prince schemes use the specified tolerance for- adjustm e f
the size of the subincrements. The simulations have been performed both with 24 withon

correction for yield surface drift. it aad without

As 1r}dicated in TableI, the simulations reveal that the two higher order sche he
normalized errors that are substantially less than unity and are largely unaffected by crgfrsect?;r?
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, [kPal a, [kPa]
2250 | ¢ ModifiedE uler L
1 a Runga-Kutta-Dormand-Prince
O Forward Culer m=1
2000 | A Forward Euler m=2
[0 Forward Enler m=4
7 @ Forward Evler m=25 550 —
1750 o
1500 —
400
1250 —|
| W (kPa)
129055
1000 —
750 4
| 09
500 o4m
(a)
250 1 T T T T 1 0.6 — T T T |
02 50 500 750 0.0 0.1 0.2
o, [kPa] £ (%]

Figure 10. Comparison of various integration schemes used for determination of constant volume stress
path: (a) stress path in g3 — ¢ diagram, (b) segment of stress path, and (c) development of the hardening
parameter ¥, with the major principal strain.

for yield surface drift. However, the correction for yield surface drift becomes very important
when using the forward Euler scheme, because it reduces the maximum and average €rrors in
stresses by at least 70%. Moreover, if the subdivision of the strain increment is insufficient the
correction for yield surface drift tends to diminish the overestimation of the final stress state
shown in Figure 10.

As expected the forward Euler scheme shows a more or less proportional growth in the
maximum number of subincrements and relative CPU time with the tightening of the error
tolerance. For the modified Euler scheme the maximum number of subincrements and relative
CPU time grows slightly with the reduction of the error tolerance, whereas the Runge-Kutta—
Dormand—Prince scheme is barely affected. For all the schemes the first few increments (where
the stress path is changing direction) are decisive for the maximum number of subincrements
needed for fulfilment of a given error tolerance. Thus, for the two higher order schemes only a
few of the imposed strain increments are subject to subincrementalization.
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The Runge-Kutta-Dormand—Prince integration scheme is in general found to be superior to
both the modified Euler and the forward Euler schemes in terms of both accuracy and
computational costs as the error tolerance is tightened. Even the modified Euler scheme is only
competitive for large error tolerances.

9. CONCLUSIONS

The procedures involved in implementation of a single hardening constitutive model for
frictional materials have been employed in creation of a user-defined material module based on
the incremental form of the model presented in a companion paper by Lade and Jakobsen [1].
The general calculation strategy inside this module is presented and discussed, including the
initial intersection of the yield surface, the techniques for updating of stresses and hardening
modulus, and correction for a possible yield surface drift. Several integration schemes are
implemented in the module and their capabilities in relation to the three-dimensional
constitutive model are evaluated. The forward Euler, modified Buler, and Runge-Kutta—
Dormand—Prince integration schemes have been compared in view of error tolerances and
computational efficiency. The modified Euler and the Runge-Kutta-Dormand-Prince schemes,
which include active error control, posses the advantage of allowing greater strain increments to
be imposed as subincrementalization automatically is performed if needed for fulfilment of a
specific error tolerance. The traditional forward Euler scheme is, due to the principle of a fixed
number of subincrements, not competitive with the higher order schemes, because too many
subincrements are needed in order to obtain the required accuracy. However, the capability of
the forward Euler scheme can be improved by adopting an iterative scheme correcting for a
possible yield surface drift,

The present study shows that the Runge-K utta-Dormand—Prince scheme is superior in terms
of both accuracy and computational costs, and it is conclusively the most advantageous
integration scheme for this advanced constitutive model,
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