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ON THE EQUIVALENCE OF BRUSHLET AND WAVELET BASES

LASSE BORUP AND MORTEN NIELSENT

ABSTRACT. We prove that the Meyer wavelet basis and a class of brushlet systems asso-
ciated with exponential type partitions of the frequency axis form a family of equivalent
(unconditional) bases for the Besov and Triebel-Lizorkin function spaces. This equiva-
lence is then used to obtain new results on nonlinear approximation with brushlets in
Triebel-Lizorkin spaces.

1. INTRODUCTION

Wavelet bases for Ly := Lo(R) provide stable bases for many of the classical function
spaces such as Besov and Triebel-Lizorkin spaces, and such systems correspond to dyadic
Littlewood-Paley type partitions of the frequency axis. Brushlet bases were introduced
by Coifmann and Meyer [13] as a tool for image compression, and brushlets also provide
orthonormal bases for Lo, but with a more flexible decomposition of the time-frequency
axis. In fact, one can adapt a brushlet basis to any reasonable partition of the frequency
axis.

For partitions of exponential type, e.g, {£[r?, 71} cz for a fixed r > 1, brushlet bases
share many properties with wavelet bases. The authors proved in [4] that such brushlet
bases form unconditional bases for Triebel-Lizorkin spaces (in particular for L,, 1 < p <
oo) and Besov spaces. So a brushlet system of exponential type seems very similar to a
wavelet basis, but are the systems actually equivalent bases in other spaces than L,? We
recall that two bases {f,}, and {g,}, for a Banach space X are called equivalent if there
exists an isomorphism 7: X — X satisfying T'f,, = g,.

It is well known that almost any pair of wavelet bases are equivalent bases in L,, 1 <
p < oo. In fact, Wojtaszczyk proved in [16] that whenever a wavelet system satisfy a
minimal decay condition it is equivalent to the Haar wavelet system. A pair of sufficiently
smooth wavelet systems are also equivalent in the Besov and Triebel-Lizorkin spaces,
see e.g. [14]. The equivalence of pairs of nice wavelet bases can also be deduced using
the powerful ¢-transform machinery of Frazier-Jawerth [9]. In [9] the function systems
considered are formed by dyadic dilation of a single atom, and the function system is
therefore naturally associated with a dyadic decomposition of the frequency axis just as
for wavelet bases. So it seems only natural that brushlet bases associated with a partition
such as {£[27,2771)},cz should be equivalent to a wavelet system, and this can in fact
be deduced from the results in [9]. But it is less obvious what happens for more general
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brushlet systems associated with partitions such as e.g. {4[2//2,20+1/2)}, ;. Are such
systems also equivalent with wavelet bases associated with the standard dyadic dilation?

The purpose of the present paper is to prove that wavelet and a family of brushlet bases
of exponential type are in fact equivalent (unconditional) bases for the Besov and Triebel-
Lizorkin spaces. The proof will be achieved by constructing the isomorphism 7" explicitly
for the Meyer wavelet/brushlet system. Care has to be taken when defining 7' - even
though the wavelet and brushlets are (unconditional) bases in the respective function
spaces, they are far from being symmetric bases so the ordering of the bases is crucial.

Some of the most useful Triebel-Lizorkin and Besov spaces are not Banach spaces, but
only quasi Banach spaces. For example, L, and the Hardy spaces H, are quasi-Banach
spaces for 0 < p < 1, but they still play an important role in, e.g., nonlinear approxi-
mation theory with wavelets [11, 5]. For such spaces, we no longer have the notion
of an unconditional basis, but we can still study the operator T that takes the wave-
let system to the brushlet system, and we will show that 7" is an isomorphism on the
Besov/Triebel-Lizorkin scales. This will still lead to a characterization of the quasi-norm
for a given Besov/Triebel-Lizorkin space X in terms of brushlet coefficients in the sense
that there exists a corresponding sequence space Xy, a bounded brushlet analysis opera-
tor A: X — Xy, and a brushlet synthesis operator S: Xy — X for which So A = Idx
(with Idy the identity operator on X). As an application of the wavelet/brushlet system
equivalence, we deduce new results on nonlinear approximation with brushlet systems in
Triebel-Lizorkin spaces, generalizing the results in [4].

The structure of the paper is as follows. In Section 2 we define the brushlet system, and
the restricted class of exponential partitions that will be considered. In Section 3 we
study the equivalence of brushlets and the Meyer wavelet system. First we prove that
the systems are equivalent in the Besov spaces B;,qv 1 < p,qg < oo, even for brushlets
associated with very general exponential partitions. Then we prove the equivalence in L,
1 < p < oo, for a more restricted class of brushlet systems. The idea is to associate an
integral kernel to the map 7" and then decompose the kernel into a finite sum of (modified)
Calderén-Zygmund kernels. We conclude Section 3 by considering the brushlet/wavelet
equivalence on the full scale of Triebel-Lizorkin spaces. For this, we use the Frazier-
Jawerth theory of almost diagonal matrices [9] to study the properties of the mapping
T. Some of the technical lemmas needed for the proofs of the results in Section 3 can
be found in Appendix A. In the final section, Section 4, we consider an application
of the results to nonlinear approximation with brushlet systems, where we measure the
approximation error using the Triebel-Lizorkin (semi)quasi-norms. The idea is to use the
results on nonlinear approximation with nice wavelet systems and then “translate” the
results to the brushlet system using the mapping 7T'.

2. BRUSHLET SYSTEMS

A brushlet basis is associated with a partition of the frequency axis. The partition can be
chosen with almost no restrictions, but in order to have good properties of the associated
basis we need to impose some growth conditions on the partition. We introduce the
following definition of exponential coverings of the frequency axis, where we leave out the
origin since we want to study homogeneous function spaces later.
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Definition 2.1. A family Z of intervals is called a disjoint covering of R\ {0} if it
consists of a countable set of pairwise disjoint half-open intervals I = [ay, o), oy < o,
such that UyezI = R\ {0}. If, furthermore, each interval in Z has a unique adjacent
interval in Z to the left and to the right, and there exist two constants 1 < A < A < o0
such that

I
(2.1) A< |T’|| <A  for all adjacent I,I' € Z,

with || < |ay|, we call Z an exponential covering of R.

Below we will often use the following (non-unique) enumeration of such a disjoint covering
Z. We number the intervals in Z such that Z = Z° UZ' = {I } ez U {1} }mez, with
I} C (—00,0) and I}, C (0,00) for m € Z. Furthermore, we require that I}, is the
neighbor to the right of I, for m € Z, and I}, is the neighbor to the right of I? ,, for
m € Z.

Given a exponential disjoint covering Z of R, assign to each interval I = [a;, o)) € T a
left and right cutoff radius 7, ¢} > 0, satisfying

(i) &} = ep whenever o/, = ayp

(2.2) i) er+e) < ||
(iii) 5 > /I,

with ¢ > 0 independent of I.

Example 2.2. If we let e; = 5 |I| and &} be given by (i) in (2.2) then (ii) and (iii) are
clearly satisfied.

We are now ready to define the brushlet system. For each I € Z, we will construct a
smooth bell function localized in a neighborhood of this interval. Take a non-negative
ramp function p € C"(R) for some r > 1, satisfying

] 0 forg < -1,
2.3 o ={ 1 mesy
with the property that
(2.4) p(€) +p(=€)* =1  forall€ € R.

Define for each I = [y, o) € T the bell function

(2.5) bi(€) rzp(5 ;af)p(a/’gg)-

Notice that supp(b;) C [a; — e, oy + 5] and b;(§) = 1 for € € [af + &1, of —€)]. Now the
set of local cosine functions

L _ |2 cos —W(TH_%) — n
(2.6) wl,n(ﬁ)_\/abl(g) ( ] (€ 1))7 €Ny, €17,
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constitute an orthonormal basis for Lo, see e.g. [1]. We call the collection {wy,, }rez.nen, a
brushlet system. The brushlets also have an explicit representation in the time domain.
Define the set of central bell functions {g;};c7 by

(27) n©)i= o De)o( Ll -o).

such that b;(€) = §;(|I|71(¢ — o)), and let for notational convenience

1
ern = %, I €7, neN.

Then, wy,(r) = w},(z) + wy,, (), with

Il .
(2.8) w;fn(x): ’2_’61%’691(|f|(xief,n)).

Thus a brushlet wy,, essentially consists of two “humps” at *ej .

We should remark that our definition of brushlets is slightly different from the definition
given by Coifman and Meyer in [13] and more similar to the system considered by Laeng
[12].

By a straight forward calculation it can be verified (see [4]) that there exists a constant
C < oo independent of I € 7, such that

(2.9) lgr(2)] < C(1 + []) ™",
with r» > 1 given by the smoothness of the ramp function. We say that the brushlet basis
is r-localized if (2.9) is satisfied.

We want to study brushlet systems as bases for homogeneous Triebel-Lizorkin and Besov
spaces, so let us first briefly recall the definition of these spaces (see also, e.g. [15]). Let
{¢;};ez be a collection of functions in S(R) with supp(¢;) C {z |27 < |z| < 27t} and
let P be the family of polynomials on R. Then

efor 0 < p<oo, s€R,and 0 < g < 0o, we define the Besov semi-norm for

feS(R),
' . 1/q
I£lsg, = ( S 270,711,
JEL
with the appropriate modification when ¢ = co. The homogeneous Besov space is
defined as

By, ={f:f €S R)/P,|fllz, <oo}
e or 0 <p<oo,s€R, and 0 < g < oo, we define the Triebel-Lizorkin semi-norm
for f € '(R),

If1

)
LP

1/q
= | (S Faron)

JEZ

with the appropriate modification when ¢ = oo, and the homogeneous Triebel-
Lizorkin space is defined as

Ep,={f: feS'®R)/P,|f|

F;,q < OO}
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As usual, we identify distributions that differ by a polynomial to make || - | i,
into (quasi-)norms. It is well-known that for 1 < p < co, F? po & Ly, and for 0<p< 1
F 0, ~ H,.

D,

Let us also recall the definition of the sequence spaces f;’q and l.)‘;,q. A complex-valued
sequence d = {d;;} is said to belong to f;q fors e R, 0<p<oo,and 0 < g < oo, if

. 1/q
Z (Z (21(3+1/2) | | X 25 2541 ) q)

JEZ “keZ

Hd f'g’q =

< 00,

Ly

with the appropriate modification when ¢ = oco. Similarly, d € l‘);’q for s € R, and
0<p,q<oo,if

1/
= (E 2jq(3+1/2*1/p)(§ |d; ’p> q/p) ! < 00
fzf,q ’ J:k ’

JEZ keZ
with the appropriate modification when p = oo or ¢ = 0o

Using the ¢-transform it was proved in [9] and [8] that F;q is a retract of f;q for s € R,

0 <p<oo,and 0 < g < o0, i.e., there exists an analysis operator A : qu — [y, and a

synthesis operator S : f;q — F;q such that Id;. = S o A. Similarly B;q is a retract of
. ’ ’ Pq ’
by, for s €R, and 0 < p,q < co.

A special example of the function used in the theory of ¢-transform is the Meyer wavelet.
Let ¢ denote the Meyer wavelet and let 1, (x) 1= 2//%¢(2/2 — k). Define the analysis
operator Ay: Lo — {3 by Ayf = {(f,¥;x)}, and the synthesis operator Sy: ¢ — Lo by
Spd = ik djkWj. Since the Meyer wavelet fits into the theory of the ¢-transform, we
have the following commuting diagram.

ldg, [ldg, ]

p,q

Fs, [Bs, ]

Pq [pq

In particular, we have the wavelet characterization

1/7
j Lyr T
H( ZQJ(S+2) [(fs ¥j.0)] X[zf,zm})

jeT kel

(2.10)

Ly

Given a brushlet system {wy,}, define the analysis operator A,: Ly — {3 by A,f =
{(f,wrn)}, and the synthesis operator Sy: lo — Lo by Spd = >, d;rw;,. One of the
purposes of this paper is to show that if the brushlet system is sufficiently nice, the
operators A, and S, defines similar retracts as shown in the above diagram.
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3. EQUIVALENT BRUSHLET-WAVELET SYSTEMS IN THE BESOV AND
TRIEBEL-LIZORKIN SPACES

In this section we will identify a family of brushlet bases that are equivalent to the Meyer
wavelet basis in L,,, or more generally in the Triebel-Lizorkin spaces F 5, and in the Besov
spaces Ba oq- We choose to work with the Meyer wavelet basis since it is equlvalent in the
Triebel-Lizorkin/Besov spaces to any other wavelet basis with sufficient smoothness and
decay. First we will give a result in BO‘ for a rather large class of brushlet systems, but
for the restricted case 1 < p,q < oco. Then we consider the equivalence in Lp, 1<p<o.
Finally, we give a more technical result for the general function spaces F“ and B‘"

The proof of the result in Fﬁq (and B;fq) is more elaborate, we analyze the matrix of
a certain decomposition of T in the Meyer wavelet basis and use the Frazier-Jawerth
theory of almost diagonal matrices to reach the conclusion. The proof in L, is more

straightforward and consists of a careful analysis of the kernel for the isomorphism 7" that
will be defined below.

3.1. Wavelet-brushlet equivalence on the Besov Scale. In this section we will iden-
tify a family of brushlet bases that are equivalent to the Meyer wavelet bases in the Besov
spaces BO‘ fora € Rand 1 < p,q < oo. Compared with the techniques used in Section 3.4
below thls is a much easier task than showing the equivalence in the Triebel-Lizorkin
spaces. Suppose that A < 2. For j € Z and ¢ € {0,1} define s;. € Z by 27 € I3, (8je can
be shown to be unique, since A < 2), I € I, and let p;. := sj1. — ;.. Notice that
1 < p;. <1/logy(N). To keep notation simple we will introduce the indices I' € Z x Z
and T € Z x Ny. I' will be used as the index for the wavelets and T will be the index of
the brushlets. For j € Z, k € Ny, 6,¢ € {0,1}, and 0 < m < p;. we define

D= TCjmse = (J: (1) (2pjck +2m + ) = 0)
and
T =T, kmoe = (8jc +m,2k+9).

Notice that there exist constants 0 < ¢ < C' < oo such that 2/ < |I;, 1| < C27 for all
j € Z. Define the operator T': Ly — Lo by

It is clear that 7" is an isomorphism on Lo since I" and T (considered as functions)
injectively run through all of Z x Z and Z x Ny, respectively.

We can now state the main result regarding the equivalence on the Besov scale B;" g for
1 <p,qg<oo.

Proposition 3.1. The map T defined by (3.1) extends to an isomorphism on B;"q, a€R,
l<pg<oo. In particular {wn 1} reznen, and the Meyer wavelet system are equivalent

unconditional bases for By .
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Proof. Take any f € B;"q. Then we have

' a/p\ 1/a
HfHBg,q = (Z (Z (23(0‘“/2*1/1’)](]”, %‘,k)])p) )

JEZ N keZ

:(Z(Z 2 %(2“"‘+1/2—1/p>|<f,¢F>|)p)q/1’)1/q

JEZ N kEZ e,6€{0,1} m=0

(55 S (g o))

JEZ £,6€{0,1} m=0 * k€Z

Where we have used that the sum over €, 4, and m is finite. Also, using the Brushlet
characterization of the norm on By (see [4]), we get

Pj,e q/p\ 1/q
ITf gy, = (Z >N (Z(|]8j,5+m|<a+1/2_1/p>|<f7wrmp) )

JEZ c€{0,1} m=0  keZ

= <Z ) pi <Z(2j<a+1/21/p>|<f7wr>|)p>q/p> 1/q

JEZ £€{0,1} m=0 ™ keZ

Hence, it follows that HfHng = HTfHng. ]

3.2. (a/b)-regular exponential partition. Let us now specify the family of brushlet
bases that will be considered in the following two sections. For technical reasons we
cannot handle general exponential partitions. Suppose that

[6
(3.2) | |’}1;|1| — 20/b, m € Z, ¢ €1{0,1}
for some b,a € N with ged(b,a) = 1. We say that such a partition is an (a/b)-regular
exponential partition. For notational convenience, let wr == wy,

We want to make an bijective mapping of the Meyer wavelet system to the brushlet
system. In the following we will focus on the situation where a < b but the results can
easily be obtained for a > b as well, using the same techniques as below (see Section 3.5).
Again, to keep notation simple we will introduce the indicies I' € Z x Z and T € Z x Nj
as follows. For ¢ € {0,1,...,a — 1} let s, := |¢-b/a| and p; := sp11 — s¢ (With s, := ).
Notice that 1 < p, < [b/a]. For j € Z, k € Ny, 0, € {0,1}, 0 < ¢ < a, and 0 < m < p,
we define

(3.3) =T kemee = (aj + ¢, (=1)°(2pek + 2m +€) — 6)
and
(34) T:= Tch,g’m’(g = (bj + S¢ +m, 2k + 5)

It is not hard to check that I" and T (considered as functions) are onto Z x Z and Z x Ny,
respectively, and they are injective on their respective domains. The main justification
for introducing these seemingly cumbersome indices is that the length of the interval



ON THE EQUIVALENCE OF BRUSHLET AND WAVELET BASES 8

I5ivs,+m € I is approximately equal to 244 up to a constant depending only on £, m
and . More precisely, define for 0 < ¢ < a, 0 < m < py, and € € {0,1} the constant
Qome = |1 o ml275, ¢ and observe that

|I§j+sz+m| = QE,m,62aj+e7 for all j € Z.

We now want to define the operator T': Ly — Lo. The idea behind the definition of T is
very simple, we map a given wavelet onto a brushlet with the same “frequency content”
taking care that the mapping is injective and onto. We define

It is clear that T is an isomorphism on L, since I' and T injectively run through all of
7 x 7 and Z x Ny, respectively.

3.3. The equivalence in L,. For a brushlet system associated with an (a/b)-regular
exponential partition, the operator kernel associated to T defined by (3.5) is given by

a—1 p¢

=202 > iUrlyuila).

JEZ keNg £=0 m=0§,ec{0,1}
In this section we study 7" in L,, 1 < p < oo, by analyzing the associated kernel K (z,y).

Proposition 3.2. Let {wy, 1 }reznen, be a 2-localized brushlet system associated with an
(a/b)-reqular exponential partitioning T, a < b, and define T': Ly — Lo by (3.5). Then
T extends to an isomorphism on L,, 1 < p < co. In particular, {w, 1}z nen, and the
Meyer wavelet system are equivalent unconditional bases for L,, 1 < p < oo.

Proof. Tt is not hard to verify that K(x,y) is not a Calderén-Zygmund kernel, but the
idea of the proof is to decompose K(x,y) into a finite number of kernels Kzﬁl(:p, y) that
are slightly modified Calderén-Zygmund kernels. We split K (z,y) as follows.

a—1 p¢

= 2 D) K

5,e€{0,1} £=0 m=0

where

K56 Z Z wF wT

JEZ keNg

Since the wavelet and brushlet system are orthonormal bases for Lo, it is easy to verify
that the operator T associated with Ka ® (x,y) is bounded on Ly. By lemma A.l in
Appendix A, we have that there exist constants 0 < C' < oo and n > 0 such that

-1

Y

€,0 — qe,m,
Kih )] < |1ty - 225

—1—
(—1)°p;ty — ey n
¢ T

I

K58 (,y) — Ko (2!, )| < Cla — /"
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if |z — 2| < %‘%y— , and
“1-p
Ko (e,y) = Kin (o)) < Cly =y 1" (<1)pi 'y = 250
if ly — | < 2|y wx}.
Notice that KZ’,‘;(J:, y) is not a standard Calderén-Zygmund kernel since it has the sin-
gularity on the line y = %x. However, this is not a serious problem. Let Du

™

be the dilation operator defined by D,f(z) = f(ux). Consider the operator Ta’(s
Dy jgom. ETE‘SD( 1)opy L Clearly, T is bounded on L4 since D, is bounded on L. Moreo—

ver, we see that T;m has kernel

~ T
Rig o) = Kif (o (1) ).

By the above estimates on the kernel K’ &0 o (x,y), Tf;i is a Calderon-Zygmund operator.

Therefore Te’ is bounded on L,, 1 < p < oo, and it follows that TE e =D, E/WT D( 1)py
is bounded on L, since D, is bounded on L,, 1 < p < oo. Now, T can be decomposed as

)
a finite sum T = Z&m’&& T,

¢.m» S0 we may conclude that 7" is bounded on L, 1 < p < oc.

We can estimate T—! = T*, which has kernel K (y,x), using an analogue approach to
conclude that 77! is bounded on L,, 1 < p < 0o, and hence T is an isometry on L,. O

3.4. The equivalence in F;‘q In order to extend the isometry to general homogeneous
Triebel-Lizorkin spaces, we need the theory of almost diagonal matrices. Let M be the
change of basis matrix from the Meyer wavelet basis to the brushlet system, given by

(3.6) M = (T, Vj wljj kiwez,

with T given by (3.5). Notice that, M is an isometry on f, and M~' = M*. Let
Ap: Ly — f5 and Sy: ¢ — Lo denote respectively the analysis and synthesis operator
associated with the brushlet system, i.e. Ayf = {(f,wrn)}, and Spd = >, drwy .
Since both the wavelet and brushlet system are orthonormal bases, we have the relation

(37) Ab =Mo Aw, and Sb Sw o M*.

We would like to extend A, and S, to bounded operators on the Triebel-Lizorkin spaces
Fy, and f7 . respectively. According to the relation in (3.7) this is equivalent to the

property that M and M* are bounded operators on f;,q-

The strategy is to decompose the operator T into a finite sum of the form

T=Y Dy(SyoM,o0A),

where each M, is a bounded operator on f; .

Let us define the subclass of brushlet systems that we will consider below.
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Definition 3.3. Given N € N and v > 0. We say that a brushlet system {wr, } 1z nen, is
of class (A) if it is (N 4y +2)-localized and associated with an (a/b)-regular exponential
partitioning 7, a < b.

We begin with the observation that the mapping given by ¢¥r — w% has a sparse wavelet
representation. A proof of the following lemma is given in Appendix A.

Lemma 3.4. Suppose the brushlet system {wy, }reznen, s of class (A). Let T and Y be
the indicies defined by (3.3) and (3.4). Then for j > j' we have

02 a(j—j")+—20")(N+1/2)

1+ |k & 200" =)+~ 5]|)7

|<D T:¢F’>|— (

P[(IZ
and for j < j'
N 2~ (a(i’ =5+t —O)(N+1/2)
queirm,g "= (1 + }2@(]'_]‘/)4—(—(/%/ + |KH)’Y’

where k= (=1)°(2pek +2m + e +6), & = (=1)" 2pek’ +2m' + &' + ), T = (bj + s, +
m,2k +0) and I" = (aj’ + V', k).

The two inequalities in Lemma 3.4 bear some resemblance with the concept of almost
diagonal matrices. In order to use the result on the operator 7" we need to write it as the
sum of two operators T'=T" 4+ T, using the relation wy,, = wzn +wy -

Define the two operators P, and P_ by Piw,;, = wE . It is easy to see that the

7,mn’

Lo-norm of the compound operator D__x - P, is bounded by the ¢2-norm of the se-
Py Z m,e

quence {(Dy/(pq,.. )Wy ¥r) }r,rv. Since this value is finite according to the estimates in
Lemma 3.4, D__ = P, is bounded on L,. But this means that P, itself is a bounded

pfqé,'m,s
operator on Lo since the dilation operator is bounded on L.
As a result of Lemma 3.4, we have the following corollary based on the theory of almost
diagonal matrices.
Corollary 3.5. Suppose the brushlet system {wy,}reznen, s of class (A). Let S ém:l: :
D PT€5 Then for i, k, k' € Z we have

Py ‘12

o—li~i|(N+1/2)
(3.8) (SE5, s )] < c

(1 4+ min{2¢,2"

—q!

_i(_1>5/€‘>7'

Moreover, Sgﬁli extends to a bounded operator on the Triebel-Lizorkin spaces F; ., for
parameters s € R, 0 < p < o0, 0 < ¢ < o0, satisfying 1/min(1,p,q) < ~ and
max{s,1/min(1,p,q) — 1 — s} < N.

Proof. The inequality (3.8) is an immediate consequences of Lemma 3.4. In order to
conclude the boundedness result we define two operators Q)_; and @ by Qc; 1 = Vj ck-
From the wavelet characterization of the Triebel-Lizorkin spaces (see (2.10)) it is easy
to see that ()¢, is a bounded operator on these spaces. Let ¢ = F(—1)°, and define
the matrix Mz;i,i = [(SZ’,i,chwi,m¢i/,n'>]i,i',n,n'ez- This is an almost diagonal matrix
for f;q as defined by Frazier and Jawerth in [9], and thus bounded on f;q, provided
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1/min(1,p,q) < v and max{s,1/min(1,p,q) — 1 — s} < N, see Theorem 3.3 in [9]. The
corollary now follows, since S;,fn, L =Spo0M Z ’T‘; L0Ay0Q. U

Notice that Tf’fn = Driagm.c (S;’,i Lt SZ’fn _). Thus, we can use the result in Corollary 3.5

to analyze the boundedness of the operator T, ;i, and since T is given by a finite linear
combination of Tf;i we can obtain boundedness results for 7" as well. We have the following
proposition.

Proposition 3.6. Suppose the brushlet system {wy,}reznen, s of class (A). Then the
operator T' defined by (3.5) is an isomorphism on F]f,q for parameters s € R, 0 < p < o0,
0 < g < oo satisfying 1/ min(1,p,q) < v and max{s,1/min(1,p,q) — s — 1} < N.
Equivalently, M and M* defined by (3.6) extend to bounded operators on f"j,q, for s,p and
q in the same range.

Proof. We recall that T has the finite decomposition
7= ST = 3 D (SE8 + 550,

Corollary 3.5 shows that SZ’;’ 4 are bounded on F* and the dilation Doryagme is also

P
bounded on sz’q, so it follows that Tfi is bounded on F]iq‘ Therefore T is bounded on
Fz‘f’q, and M is consequently bounded on fzf’q.

We now consider 7% = T~! (in the Ly-sense). We have

T =510 =3 (550,07 + (555, )7) Dibsste

™

Using the same notation as in the proof of Corollary 3.5, we notice that (ijn )=
Q¢ oSy o (Mz;i’i)* o Ay. The estimate of the matrix elements given by Corollary 3.5 is
symmetric in (4, k) and (7', £’) so we deduce that (ngli)* = [(Vix, SZf%ngwi/ﬁ/>]i,i/,,.€,,€/ez
‘S

P,a:

on Fz‘f’q, and then from the relation D} = u™'D,-1, it follows that T* also extends to a
bounded operator on F;q. However, since T* = T~! on Ly and, e.g., S(R) is dense in
both L, and F;’q, we conclude that 7! is bounded on sz,q. This implies that the matrix

representation M™ of T* extends to a bounded operator on f; . O

is an almost diagonal matrix for Therefore, (Sj’:; 4)* extend to bounded operators

Remark 3.7. Recall that I desq = Sy 0 Ay. Since M and its inverse are bounded on fl‘j’q
we also have 7

Id;, =SyoM"oMoA,.

But M o A, and Sy o M* are in fact respectively the analysis and synthesis operator
associated with the brushlet system, so the brushlet system defines a retract of F,

through the sequence space f;q. We illustrate this by the following commuting diagram.
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Id .
Fpq

s s
p,q p.q

‘S
g

According to Theorem 6.20 in [10] we have a similar result for the homogeneous Besov
spaces.

Proposition 3.8. Suppose the brushlet system {wrn,}reznen, s of class (A). Then the
operator T defined by (3.5) is an isomorphism on B;q for parameters s € R, 0 < p,q < 00,
satisfying 1/ min(1, p) < v and max{s,1/min(1,p) —s — 1} < N. Moreover, the brushlet
system defines a retract of B;q through the sequence space 6;11 for s,p and q in the same
range.

3.5. Other types of partitions Z. In all the calculations in the previous two sections, we
have assumed that the brushlet system is based on an (a/b)-regular exponential partition
7 where b,a € N with a < b and ged(b,a) = 1. In this case we have been able to construct
an isomorphism between the brushlet system and the Meyer system in the homogeneous
Besov and Triebel-Lizorkin spaces. What happens if we have another type of partition Z7

The first situation we consider is when Z is an (a/b)-regular exponential partition with
a > b. In this case we can construct a wavelet to brushlet mapping very similar to the
one considered in the previous section. For ¢ € {0,1,...,b — 1} let sy := [¢-a/b| and
pe = Ser1 — 8¢ (with s, :=a). Then, for j € Z, k € Ny, 6, € {0,1}, £ € {0,1,...,b— 1},
and m € {0,1,...,p, — 1} we define
U =T pomse = (aj + 50+ m, (—=1)°(2k + &) — 9)
and
T := Tj,k,g’m’(g = (bj + g, 2pg/{7 +2m + (5)
Using the same techniques as in the previous section, it can be verified that the map
T: Ly — Ly defined by
T?/)F = waTa
is an isomorphism on the Besov and Triebel-Lizorkin spaces provided the brushlet is
sufficiently regular.

The (a/b)-regular exponential partition condition can be slightly generalized by using
more than one rational parameter a/b. For example, suppose the quotient in (3.2) equals
a1 /by for even m and ay /by for odd m. Then it can be proven, along the same line as
above, that we can construct a brushlet system based on this partition that is equivalent
to the Meyer wavelet. But, the indicies I' and T used to obtain the isomorphism will
be even messier looking than in the previous construction. We leave the details for the
reader.

Finally, let us mention that it is an open problem whether a brushlet system based on
an irrational regular exponential partition (or a more general exponential partition) is
equivalent in L, to a wavelet system. Unfortunately, the technique used in this paper
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fails in that case. In particular, it is not possible to decompose the operator 7T into a
finite sum of modified Calderén-Zygmund operators.

4. APPROXIMATION WITH BRUSHLET SYSTEMS

In this final section we use the results of Section 3 to study nonlinear approximation
with brushlet systems, where we measure the approximation error in a general Triebel-
Lizorkin semi-(quasi-)norm. The Triebel-Lizorkin norm is the “natural” measure of the
approximation error when it comes to nonlinear approximation with wavelet type systems,
see e.g. [11].

The method used below to obtain results about approximation with brushlets is simple,
we use the equivalence of the brushlet system and the Meyer wavelet system to “translate”
already known results on approximation with wavelet systems to the brushlet case. Let
us first introduce the needed notation.

We consider the following brushlet dictionary
Dy :=A{wr,|I €Z,ne Ny},

associated with an exponential type partitioning Z, and the Meyer wavelet dictionary
Dy = {27 - —k)|j.k € Z},

The associated nonlinear manifold of all possible m-term expansions by elements from
D € {Dy, Dy} is given by

Yn(D) = {S: S = Zajgj, with a; € C, g, € D}.
j=1

The error in Ff . of the best m-term approximation from ¥,,(D) is given by
Jm<f7D)F£t = inf : |f — S|F£t.

SeEX (D
We let A‘;‘(Fﬁ ., D), a>0,0< s < oo, denote the approximation space of all functions f
such that

00 .1 1/s
. — % (D) s ) —
|f|Ag¥(F£t,D) (2—31 (mom(f, )Fﬁt) m> < o9,

with the following standard modification when s = oo:

| flase (x,p) = supm®on(f,D) s < 00.

meN Pt

Now the fundamental question is whether it is possible to characterize A% (X, D,) in terms
of well known spaces. In [4], the special case X = F}, ~ L, was considered, and it was
proven that A%(L,, D,) can be identified by (essentially) a Besov space.
It is well known that the main tool in the characterization of A% (X, D) comes from the
link between approximation theory and interpolation theory (see e.g. [7, 3]). Let Y be an
abelian group with semi-(quasi-)norm | - |y continuously embedded in Flf .. Given v > 0,
the Jackson inequality

(4.1) om(f, D)Fﬁt <Cm7fly, VieY, VmeN
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and the Bernstein inequality
(4.2) |S]y < C’m7|S‘F£t, VS € ¥,.(D)

(with some constants C' and C” independent of f, S and m) imply, respectively, the
continuous embedding

(£ 7) o AUELD)
a/vy,s

p,tr

and the converse embedding

(Fﬁ Y) / — A(EP, D)
a/v,s

p,tr

for all 0 < o <y and s € (0,00]. Here (X,Y )y, denotes the interpolation space between
X and Y obtained using the real method. We refer the reader to [2] for the definition of
the real method of interpolation. The following is known about Dy, see e.g. [11] and [6].

Theorem 4.1. Let 0 < p < 00, 0 < t < o0, B < 7, and T be defined by 1/7 =
(v = B) + 1/p. The following Jackson inequality holds

Om(fs Dar) oo, < Cm~ P fla Vfe BY_ VmeN,

and the following Bernstein inequality holds

S5, <CmO S|z, VS € Tyu(Das),meN.

We conclude the paper by Proposition 4.2 below on nonlinear approximation with brushlet
systems. The proposition will be deduced from Theorem 4.1. Notice that Proposition
3.6 and Proposition 3.8 provide a class of brushlet systems for which the hypotheses of
Proposition 4.2 are satisfied.

Proposition 4.2. Given 0 < p < 00, 0 < t < o0, 8 < 7, and T satisfying 1/7 =
(v = B) 4+ 1/p. Suppose Dy, is a brushlet dictionary equivalent to the Meyer wavelet basis
in both szt and B] .. Then the following Jackson inequality holds

on(f,Ds) o < Cm~ "Dy VfeB], VmeN,

T,T7

and the following Bernstein inequality holds

gy, < CmO S| gs, VS € u(Dy),m €N.
Moreover,
A D) = (B BL)

for0<a<~y—p ands € (0,00].

Proof. Let T be the mapping giving the equivalence of D, and the Meyer wavelet basis.
Let us prove that there is a Bernstein inequality for the brushlet system. Notice that for
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S € ¥,,(Dy) we have TS € X,,(Dyy). Hence,
Sl < CITS,
< C”m(7*ﬁ)\T*15|Fﬂ
p,t
S C//m('y_ﬂ) |S|F£t,
with C" independent of S and m. Next we consider the Jackson estimate. Let f € B;T.
Then T71f € B;’J, and we let g, € ¥,,(Dys), m > 1, be a sequence for which
|T71f - gm|F£t < 20m(T71f7 ,DM)FZ?t‘
Then,
om(f, Db)pft <|T(T7'f - gm)|F£t
< O|T_1f - gm|F£t
S 2Ckﬂncrilva%M)Fﬁ
p,t
< O/m—(v—ﬂ)|T—lf|BZT
< C"m’(7’5)|f|317,

with C” independent of m and f. The fact that

A?(Fpﬂ,ta Db) = (sztﬂ B;/T)Lﬁs
-2
is a direct consequence of the above Bernstein and Jackson inequalities. 0

APPENDIX A. PROOF OF SOME TECHNICAL LEMMAS

In this appendix, we prove some technical lemmas used in this paper. First we prove the
following result which was used in the proof of Proposition 3.2.

Lemma A.1. The Kernel given in the proof of Proposition 3.2 satisfies
—1

I

0 — qem,
L

—1-7
€ £ — q&m7
Kih (o) = K@ )] < Clo— 27| (<15 ty = 22
1](=1)°
e — ') < L/ ST, gl
2 QKnuspé
and
—1-n

0 0
|Km (@, y) — Ko (2,)| < Cly =y

9

(~1)pty — Ly
T

(_1)6q€,m,ep£ CL" :
T

, 1
ifly —y| < §'y—

for some n > 0.
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Proof. We use Iy, . | = qome2", (2.9), (2.8), and ¥ € S(R), to obtain

|K56 l’ Ly | < CZ Z 2a]+l 1/2 1 + |2aj+£y_ (—1)6(2pgk+2m+5) +5|)—1—«/

Qe ms
JEZ keNg

(U syl = 726+ 6+ 1/2) )77
<Oy N 294 29y — (=1) 2pek]) T (1 [ gy — 27k[) T

JEZ keNg
= O3 N 2L 2y — (1) 2pk]) T (L (297 gy e — 2m])
JEZ keNg
<Oy 2L 29 (1) ty = 2 g e )T
JEZ
e o
< ol (_ )6;0213/ — —’77:’61’

Next we estimate the smoothness of the kernel K;f’fn(x, y) in each variable separately. Let
us consider the z variable first. Given n € (0,1) we have

K (2, y) = K (@)l <30 ) Jwi (@) — wi(@)["ws ()] |er(y)

JEZ keNg

+3 N Jwi () — wi (@) ws ()] e (y)]

JEZ keNg

= Jl + JQ.
The functions g; are uniformly smooth (analytic, actually) so we have
lgr(z) — gr(2)| < Cle —2/|*  forall I €.

Assuming that n < we obtain

ol
2(1+a+7)?

J<C Z 9(aj+)(1bam) o ol jem (] 4 299+ g, 1z — 2k]) (N0
jk
(L [29y — (=1)°2pek])

< C’SL’ o :El‘om Z 2(aj+€)(1+om)<1 + ’2aj+2(_1>5p21y . 2aj+éqémEﬂ_flx’)f(lJrv)(lfn)
J
< Cla — a'[*1](~ 1)y — Lm0,
s
Similar estimates give the bound on J;

Jo < Cla = /|| (=1)7p; ty — L |7,
m
Hence, if we assume |z — 2| < = | ( n° _ly x|, the triangle inequality gives

@ - q@,m,s —1l-«
K5 (e,9) = Kif(a',)] < Clo = /|| (<1)p;ty — Lmg] 717
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Likewise, applying the same technique to the variable y, we get
75 76 5 -1 q[, ) 717&77
K5y (z,y) — Koo (2, y)| < Cly — o/ 1*7[(=1)°p, 'y — :E:p .

O

A.1. Proof of Lemma 3.4. Here we give a proof of Lemma 3.4. We refer to Section 3
for the statement of the lemma.

Proof of Lemma 3.4. Observe that

Jé'm

(Dt = i 20OV [ TR (a5 2y n(2k 1 6 41/2)
w(QGJ +€ ) dy

_ ql}/ni 82(CL(J-,J-/)HJ’)/2 / eiﬁ(y)g(Qa(j*j’)Hfé’L(y —z4))Y(y) dy,

Pe

€ —
where a5, = OLE o

Ty = —(K £ 200D, 0k 4+ 5 4 1/2)),

and B(y) = M2’(‘”'/“,)(?; + «'). Fix a z € R. Since the brushlets have N vanishing

Peqe,m,e
moments for any N € N and ¢ € S(R), a Taylor expansion of ¢ around z yields

[ g a - e

SC(/ —|—/ >|g(20J —5")+e— f;};( —Z))||y—Z|NE<Z,y)dy
ly—z|<|z|/2 ly—z|>|2|/2

:Il +[27

where

E(z,y) = sup’de 24ty — 2) ’/N'
te(0,1)

Notice that E(z,y) < C(1 + |z|)77 for |y — z| < |2]|/2. Since the brushlet system is
~v-localized we obtain

-N sl /
L < C<£> (1+ IZD_W/(l + 20Uy )Ny Y dy
< C'9~ (a(§—3")+E— Z’)(N—l—l)(l + ‘Z|)

Moreover, since E is bounded, the v-localization of the brushlet system gives

L<cC (14 2000+ )2y — 2N dy
Dy
|y 2[>|2]/2
< (' (alG=i)+t= é’)(N+1)(1 + |27
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The bounds on the two integrals I; and 5 yields the following bound on the inner product,

[{Dr gm0 Yr7)|
< O (@U=IHEOWH2) (] 4 | 4 20U =D+ 0k 4§ +1/2)])
= O~ @UINHOWNH) (] 4 | 4 200D+ (|| 4 q)|) 77,

where d := py(§ +1/2) — (=1)°(2m + ¢ + ). Now, using the fact that (a + |z — d|)~! <
a Y(a+|d|)(a+|x|)~! for @ > 0, and z,d € R, we obtain the first inequality in the lemma.

Using similar estimates, we obtain the second inequality. 0
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