View metadata, citation and similar papers at core.ac.uk

-

P
brought to you by i CORE

AALBORG UNIVERSITY

-

~

Nonlinear approximation with general
wave packets

by

Lasse Borup and Morten Nielsen

\February 2004 R—2004—O5/

provided by VBN

DEPARTMENT OF MATHEMATICAL SCIENCES

Fredrik Bajers Vej 7G = DK-9220 Aalborg Ust = Denmark
Phone: +4596 358080 = Telefax: +4598 158129
URL: www.math.auc.dk/research/reports/reports.htm

AALBORG UNIVERSITY

ISSN 1399-2503 = On-line version ISSN 1601-7811


https://core.ac.uk/display/60291889?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

NONLINEAR APPROXIMATION WITH GENERAL WAVE PACKETS

LASSE BORUP AND MORTEN NIELSEN

ABSTRACT. We study nonlinear approximation in the Triebel-Lizorkin
spaces with dictionaries formed by dilating and translating one single
function g. A general Jackson inequality is derived for best m-term ap-
proximation with such dictionaries. In some special cases where g has a
special structure, a complete characterization of the approximation spaces
is derived.

1. INTRODUCTION

The purpose of this paper is to study the approximation properties of sys-
tems with a structure similar to wavelet systems such as wavelet frames
and more general systems.

Wavelets and wavelet frames have a common structure, they are generated
by dilating and translating a finite number of functions,

D= {24292 —k)}jr,  i=12,...L,

and D forms a stable system in L,(R%), i.e., D is a frame for L, or better.

The nonlinear approximation properties of wavelet systems have been stud-
ied extensively [8, 7], and recently the same properties for wavelet frames
have been investigated [4, 12]. It turns out that the results for such systems
have the same flavor, the approximation spaces associated with best m-
term approximation in L, are essentially Besov spaces. One might expect
this to be a consequence of a combination of the following facts:

(1) The systems have the same structure, i.e., each system is generated
by dilating and translating a finite number of functions.

(2) Each generator of the system has a number of vanishing moments.

(3) Each system is stable in L, i.e, it forms a frame.

The main point of this paper is to show that for the purpose of nonlinear
approximation, items (2) and (3) above are not really important. It is not the
fact that the functions form a frame for the classical function spaces, or the
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2 L. BORUP AND M. NIELSEN

vanishing moments of the generator, but rather the general structure of the
function system that is important. Consequently, many of the approxima-
tion results hold true for a much larger class of generators than just wavelet
and tight wavelet frames. Support for this fact can be found in the work of
Frazier-Jawerth [10] and Petrushev-Kyriazis [17, 15]. Frazier and Jawerth
study expansions of functions with wavelet like systems generated by a
smooth function with a prescribed number of vanishing moments, while
Petrushev and Kyriazis consider approximation with wavelet systems gen-
erated by a smooth function with non-zero integral such as the Gaussian.
However, many interesting functions do have a few vanishing moments.
For example, one type of function often encountered in applications is one
that is very smooth, but with a comparatively small number of vanishing
moments. Often generators of wavelet frames will have these characteris-
tics, see e.g. [5, 6]. In this paper we extend the results in [15] to cover more
general functions, including generators of wavelet frames. The idea is the
same as in [15], namely to build nice wave packets from the initial func-
tion, but the technique is different; we utilize more directly the powerful
machinery build by Frazier and Jawerth.

The structure of the paper is as follows. In Section 2 we give the definition
of an approximation space associated with best m-term approximation in
a semi-(quasi-)normed abelian group with a general dictionary. We are
particularly interested in measuring the approximation error in a homoge-
neous Triebel-Lizorkin space. We also discuss the Jackson and Bernstein
inequalities necessary in order to characterize the approximation space.

In Section 3 we review some of the results on the ¢-transform given by
Frazier and Jawerth. More precisely, we state sufficient conditions for a
function g, such that dilations and translations of ¢ give wavelet type ex-
pansions of homogeneous Besov- and Triebel-Lizorkin spaces. In Section 4
we show that we can get rid of some of the conditions used by Frazier and
Jawerth. In particular, we show that the number of vanishing moments of
the generator is not important.

Finally, in the last two sections we study non-linear approximation given
by (oversampled) wavelet-type dictionaries Dq generated by the quite gen-
eral functions g studied in Section 4. Section 5 is devoted to proving a Jack-
son inequality for best m-term approximation with D¢ in a homogeneous
Triebel-Lizorkin space, while in the final section of the paper, Section 6, we
give a Bernstein inequality in L, for m-term approximation with D, when
g is associated to an MRA. For such a dictionary we thus have a complete
characterization of the approximation spaces associated with best m-term
approximation in L.
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2. NON-LINEAR APPROXIMATION ON ABELIAN GROUPS

In this section we introduce the notation and results from approximation
theory needed to state the main results more precisely. We study approxi-
mation of smooth functions with m-term approximants formed by dilating
and translating a single function ¢ € L,(R“), where we measure the ap-
proximation error in a general Triebel-Lizorkin semi-(quasi-)norm. That

is, given a function ¢ € L,(R%), we consider the following dictionaries of
dilations and translations of g:

Dy = {g(2)- —k/R)|j € Z,k € 2%},
and
Dy :={g(a--b)la € Ry, be R,

where R > 1is an “oversampling ratio”. For a given dictionary, D = Dg,
R>1,0orD = 5g, we consider the associated nonlinear manifold of all
possible m-term expansions by elements from D given by

m
Zm(D): {S:S:Zajgj, WithﬂjEC,ngD}.
j=1
The error of the best m-term approximation from X,,(D) of a function f
from a semi-(quasi-)normed abelian group X C S'(R%), with D C X, is
given by

oulf, D)x = __inf | |f = Sl

We let Ag(X, D), v > 0,0 < g < oo, denote the approximation space of all
functions f such that

o) 1/q
g = ( y (mvam(f,p)x)ql> < o,

m=1 m
with the following standard modification when g = co:

meN
Now the fundamental question is whether it is possible to characterize
Ag(X, D) in terms of well known spaces. The answer clearly depends on
the properties of ¢ and the semi-(quasi-)norm on X.

It is well known that the main tool in the characterization of Aj(X, D)
comes from the link between approximation theory and interpolation the-
ory (seee.g. [9, 2]). Let Y be an abelian group with semi-(quasi-)norm | - |y
continuously embedded in X. Given « > 0, the Jackson inequality

(2.1) on(f,D)x < Cm™%|fly, VieY, YmeN
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and the Bernstein inequality
(2.2) ISly < C'm®|S|x, VS € L (D)

(with some constants C and C’ independent of f, S and m) imply, respec-
tively, the continuous embedding

(X/ Y)ﬁ/zx,q - AS(X/ D)
and the converse embedding

(X,Y) g0, = AB(X, D)

forall0 < B < aand g € (0,00]. Here (X, Y)g, denotes the interpolation
space between X and Y obtained using the real method. We refer the reader
to [1] for the definition of the real method of interpolation.

Whenever g is an orthonormal wavelet and X = Ly, 1 <p <oo,itis known
that Ag (Lp, D;,) is essentially a Besov space [8]. Kyriazis and Petrushev [15]

considered the problem of (partially) characterizing Ag(Lp,ﬁg) in [15] for
more general functions g. For r € N, they obtained the Jackson embedding
(for the definition of BS(L:), see below)

By (L) — AL(Lp, Dy),

with0 < s <7, 0 < p < oo, and 1/7 := s/d +1/p, provided that the
function g satisfies

°egc Cr+1(Rd )

o [gW(x)] < C(1+|x|)"4 "¢, for somee > 0and |a| <7+ 1

o [rag(x)dx =1
For the case d = 1 and H(x) = (14 x?)~N there is a complete characteriza-
tion

AJ(Lp, D) = (Lp,B(Le)),ysyr 1/ T=5+1/p,

where the inverse Bernstein estimate needed to get the characterization can
be derived directly from the work of Pekarskii [16].
We will consider approximation in a more general space X, and not only
X = Lp. Let us briefly recall the definition of the homogeneous Triebel-
Lizorkin and Besov spaces (see also, e.g. [18]).
Let {¢;}cz be a collection of functions in S (R?) with supp(¢;) C {x| 2/ <
x| < 2/*1}. Then

e For0 < p <oo,5 € R,and 0 < g < oo, we define the Besov semi-

norm for f € §'(R%),

1/q
) o 1 -1 0. q
|f|B$(Lp(Rd)) = (].EZZZJSEIHf (P]ffHLp(Rd)) ’
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with the appropriate modification when g = oo, and the homoge-
neous Besov is defined as

B (Ly(RY)) := {f : f € S'(RY), Flss (1, (me) < ool

eFor0 < p <oco,5 € R, and 0 < g < oo, we define the Triebel-
Lizorkin semi-norm for f € §'(R%),

eicmen = H ( szsqlf‘lcbjff(-)r’)l/q

jeZ

7

Lp(R%)

with the appropriate modification when g = oo, and the homoge-
neous Triebel-Lizorkin space is defined as

F(Lp(RY) = {f: f € S'(RY), | flgs (1, mey) < )

One can check that the kernel of the semi-(quasi-)norm on Ptﬁ (Lp) and

Bf (Lp), respectively, is exactly the space of polynomials 7 on R%. It is also
well-known that for 1 < p < oo, PS(LP) ~ Lp(Rd) (the spaces are identical
modulo P),and for 0 < p < 1, E)(Lp) ~ Hp(Rd ). We will therefor measure

the error of the best m-term approximation in X = Ptﬁ (Lp) since it covers
the “classical” case X = L, as well. The main candidates to characterize
Ag(Ftﬁ (Ly), Dy) and Ag(Ftﬁ (L,), Dg) are (essentially) homogeneous Besov
spaces. However, it is only for functions g with a special structure we can
address the problem of getting a characterization of AJ(PIF (Lp), Dg). The
main obstacle is the lack of a Bernstein inequality for a general Dgy. The

conditions on g to ensure the existence of such an inequality is an open
and likely very hard problem.

The main focus in the first part of the present paper is to obtain Jackson
estimates for D, for fairly general ¢ that have some smoothness and decay.
The main tool is to create functions that can be used in the Frazier-Jawerth
theory of ¢-transforms. In section 3 we introduce the basic results of the ¢-
transform, and we show how to create “wave-packets” from ﬁg that form

decompositions of the Triebel-Lizorkin spaces Ftﬁ (Lp). In section 5 we use
the decompositions from Section 3 to prove the following Jackson estimate:
Fory > Band 1/7:= (v —B)/d +1/p, there exists a finite constant C such
that

Oun(fi D)oy, < Cm= P flgr oy, VmEeN, f € B(Ly),

which is valid for a large class of functions ¢ with some smoothness and
decay.

In section 6 we study a more restricted class of functions ¢ on R. For
functions g based on a refinable function much more can be said about
Ag (Ftﬁ (Lp), Dg). In fact, a complete characterization of Ag (Lp, DéK) is given
for fairly general functions g based on a refinable function for large values
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of K, i.e., for a sufficiently high oversampling ratio 2K The characterization
is based on a Bernstein inequality for Déz,K which we also prove in Section 6.
For an even more restricted class of functions g, based on a refinable func-
tion, we derive a characterization of A:{(Lp, Dé) This result is also derived
in Section 6.

3. THE ¢-TRANSFORM OF FRAZIER AND JAWERTH

The main tool we use to obtain a general Jackson inequality in Section 4 is
the ¢-transform of Frazier and Jawerth. In this section we will recall some
well known results about the ¢-transform. Let D denote the set of dyadic

cubes Q = Qu = 27Y([0,1]? + k), v € Z, k € Z%. We will use two index
notations in this paper. For Q = Q,; we let ¢g(x) := 27V4/2p(2x — k),
while {¢?}ep just denotes a sequence indexed by the dyadic cubes, but
not necessarily given by dilates and translates of a single function.

Let us briefly recall the definition of the discrete Besov and Triebel-Lizorkin
spaces.

Fora € Rand 0 < p,q < oo we let bg‘(Lp) be the collection of all complex-
valued sequences s = {sg}gcp such that

+4_d) 1.1
I8l o= (D27 % fsgl?)’) <o,

vezZ QeD: |Ql=2-

with the usual changes when p = oo or g = oo. Likewise, for a« € R,
0 <p<ooand0 < g < oo we define the space f';]x(Lp) by

= (5 00072 Hisolrar)]|, <o

again with the usual change when g = oo.

The following theorem from [11, Theorem 6.16] shows the connection be-
tween the sequence spaces bg‘(Lp) and f;(Lp) and the classical Besov and
Triebel-Lizorkin spaces. For notational convenience we only consider the
Triebel-Lizorkin spaces and corresponding sequence space fg‘(Lp), but a
similar result holds for the correspondence between Besov spaces and the
sequence spaces Bg‘ (Lp).

Theorem 3.1 ([11]). Givena € R,0 < g < 00,0 < p < 0. Suppose ¢ € S(RY)

satisfies
(3.1) suppp C { € R?: L < g <2},
(3.2) @) =c>0 ifi<|g <
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Then there exists ¢ € S(RY) satisfying the same conditions as ¢ such that each
fe Pg‘(Lp) can be decomposed as

f=2 ) (fa)do

vEZ QeD,

with |[{(f, ¢Q>}||f§‘(Lp) < C|f|F’§¢(L,,)fO” some constant c independent of f. More-
over, for any sequence s = {sq}oep, we have

‘Q;DSQJ)Q’R?(LP) < clisllgge,)-

Remark 3.2. The result in Theorem 3.1 holds true for Besov spaces too, even
for p = co.

The result can be generalized to a larger class of atoms by a mapping of
the nice functions ¢ and ¢. We only need to ensure that the corresponding
matrix is almost diagonal.

Definition 3.3. The infinite matrix A = {agq } o,o'ep is said to be almost diag-
onal on f;(LP) or bg(Lp) if there exist constants €,c > 0 such that,

V] _ —]// _I—E Ve c e
|aQQ’| < Cz(v/_y)tx (1 + |2 k—2"Vk |) min(zwlz(v—v)(%—o—]))’

2— min(v,v’)

With Q = Qu and Q' = Q. ,,,, where ] = d/min(1,p,q) for fb’;‘(Lp) and
J = d/ min(1, p) for b (Lp).

We denote by ad, , the family of almost diagonal matrices on fb’;‘(Lp) or

bg‘(Lp). The following result from [11] shows why these matrices are of
particular interest.

Theorem 3.4 ([11]). Supposex € R, 0 < p,q < co,and A € adg’q. Then A is
bounded on b (Ly) and, if p < oo, on f(Lp).

Definition 3.5. Let ¢ € S(R?) be a function satisfying (3.1) and (3.2). We say
that a collection of functions {v9}gep is an ady, ~family if the bi-infinite matrix

{(v9, ¢o) }o,rep belongs to adyy, ;.

It can be verified that the definition is independent of the choice of ¢. Using
the notion of almost diagonal operators we can give a result like in Theo-
rem 3.1 for a larger class of atoms. We recall the following result given by
Frazier and Jawerth in [10]. Again, we only state the result for the Triebel-
Lizorkin spaces, but the result holds true for Besov spaces too, see Remark
3.7. For x € R we let | x| denote the integer satisfying x — 1 < x| < x.

Theorem 3.6 ([10]). Leta > 0,0 < g < 00,0 < p < o0, ] =d/ min(1,p,q),
and N = max(|] —d —«],—1). Suppose ¢ satisfies x — |a| < 6 < 1, and
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suppose M > ]. Let u be a function satisfying the four conditions:

(33) (&) = c>0 if2 1 <[5l <2,

(3.4) /x"’u(x) dx =0 if |'v] <N,

(3.5) 071 (x)| < cp(1+ |x)~™ if [yl < [a+1],
x—yl° -

GO B -l s o i e

Given K € Z, let p(x) = 2K9u(2Kx). Then there is a Ko < 0 with the property
that if K < Ko, there exists a family of functions {{9}oecp, such that for all
f € E¥(Ly), we have
f= Y %%
QeD
with [|{(f,$)}par,) < clfliscr, and for any sequence s = {sq}gep, we
have

Y sq¥o

& )

< clsllur, -
If, in addition, u satisfies
(3.7) /x%t(x) dx =0 iflv] < |a—1],

and

[x —yl°
(1 + |x _ Z|)max(M,M+d+4x7])’

(3.8) u(x) —u(y)] < sup

[z[<ly—x|
then {$o}qep is an ady, ,-family.

Remark 3.7. If | = d/min(1, p) the result in Theorem 3.6 holds true for
Besov spaces too, even for p = oo.

We notice that (3.5) and (3.6) basically means that u € C**1(R¥) and that
the partial derivatives decay like |x| "M as |x| — oo.

4. GENERAL WAVE PACKET BASES

Theorem 3.6 gives sufficent conditions for a function i to generate an atomic
decomposition of the Triebel-Lizorkin spaces. However, many interesting
functions do not have a lot of vanishing moments or they may fail to sat-
isfy condition (3.3). For example, generators of tight wavelet frames can
have few vanishing mements compared to their smoothness. We can apply
Theorem 3.6 directly to such functions, but we will only get atomic decom-
positions valid for a more restricted range af smoothness parameters than
one would expect from the smoothness of the generator. Here we extend
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the results in [15] to cover more general functions, including generators of
wavelet frames using the powerful Theorem 3.6.

Proposition 4.1. Suppose ¢ € Ly(R?) and § satisfies a Lipschitz condition of
some order B € (0,1]. Suppose, furthermore, there exist constants 0 < a < b <
oo such that

b
@) [ awazo ieea

where A = {& € R*: 1/2 < |&| < 2}. Then for any N € N, there exists a
finite set of coefficients {a;, b;,c;} C Ry x RY x R such that the function u =
Y.icig(a; - —b;) has N vanishing moments and satisfies (3.3).

Proof. Let h(¢ f g(t¢) dt for ¢ € A. Clearly, h is a continuous function
on A, and thus bounded away from zero on A. Define for any n € N the
Riemann sums

_ ,n—1
5@ =Y gt h=at (b-a)
k=0

Then S,,(§) — h(¢) for each ¢ € A as n — oo. Moreover, since ¢ satisfies a
Lipschitz condition of order § € (0, 1], we have for any §,¢’ € A

bh— n—1
$0(8) = Su(@)] < —= Y [8(t€") — 8(18)
k=0
L bl
—cle - gt Ztﬁ<C|c ¢IP (b —a)' P,

That is to say, the family of functions {S;},eN is equicontinuous. Now,
by the Arzela-Ascoli theorem there exists a subsequence which converges
uniformly on A. The limit of the subsequence is the function #, so in par-
ticular, there exists an np € N such that S,,,(¢) # 0 forall { € A, since h is
bounded away from zero. Hence we have a function

given by a finite linear combination of dilates of g, which satisfies (3.3).

Now, in order to obtain N € N vanishing moments, we simply apply a
high-pass filter which has a zero of order N at { = 0 and no zeros on A.
For example, let
d
= (L (A +A—e))VE,
j=1
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where A, is the difference operator in the direction e € R?, A, f(x) = f(x +
e) — f(x), and e; is a unit vector in the j-th direction. Then it is easy to see

that u satisfies (3.4), and since F(A,; + A—;) (&) = 2(cos( - ¢j) — 1)f and
|Z;-i:1 cos(¢-ej) —1] > 1 —cos(1/2) on A, we have that u satisfies (3.3)

too. Now, since u is given by a finite linear combination (at most (2N + 1)¢
terms) of (integer) translates of i, the result follows. ]

Notice that if ¢ is continuous, the condition

/Oo $(te)dt #0
0

for all unit vectors e € RY, implies (4.1). For a real-valued univariate func-
tion this can always be achieved by translating the initial function g # 0.
Thus, we have the following corollary of Proposition 4.1.

Corollary 4.2. Suppose § € Lp(R) is a nontrivial real-valued function with §
satisfying a Lipschitz condition of some order B € (0,1]. Then for any N € N,
there exists a finite set of coefficients {a;, b;,c;} C R4 x R x R such that the
function u =Y, c;g(a; - —b;) has N vanishing moments and satisfies (3.3).

Suppose there exists a cone C C R¥ with vertex at the origin, such that
¢(&) = 0 for all ¢ € C. Now, since this implies that e*¢(af) = 0 for all
&€ C,bec R anda € R, functions with support intersecting C cannot
be approximated by linear combinations of translated and dilated versions
of g. Thus, (4.1) is close to being a necessary condition. One way to get
rid of this condition is to allow linear combinations of modulations and /or
rotations of g.

In [15], Kyriazis and Petrushev considered atoms with [, g(x) dx # 0 and
decay properties like (3.5). In particular, they obtained expansions of the
Besov and Triebel-Lizorkin spaces like in Theorem 3.6 using an (oversam-
pled) dictionary Dg. This can also be deduced from the following result.

Proposition 4.3. Let ¢ € Li(RY) N Ly(RY). Suppose there exists a constant
0 > 0 such that |¢(¢)| > 0 forall 0 < || < &. Then there exists an integer
Ko € Z such that for any K > Ko and any N € N there exists a finite set of
coefficients {k;,c;} C Z x R such that the function u = ¥; c;g(2K(- — k;)) has
N vanishing moments and satisfies (3.3).

Proof. By the assumptions, there exists Ky € Z such that if K > K, we have
18(27%¢)| > ¢ > 0for 1/2 < |¢] < 2. Now, an application of the high-pass
filter defined in the proof of Proposition 4.1 gives the desired function. []

Recall that for a compactly supported function g the Fourier transform ¢
is a restriction of an analytic function. Since the zero-set of a (nontrivial)
univariate analytic function is discrete, we have the following corollary of
Proposition 4.3.
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Corollary 4.4. Suppose g is a (nontrivial) univariate compactly supported func-
tion. Then there exists a constant Ko € Z such that for any K > Kq and any
N € N there exists a finite set of coefficients {k;,c;} C Z x R such that the

function u = Y, ¢;g(2X(- — k;)) has N vanishing moments and satisfies (3.3).

5. JACKSON INEQUALITIES FOR GENERAL WAVE PACKET DICTIONARIES

According to Theorem 3.6 the results in the previous section can be used
to obtain expansions of functions in the homogeneous Triebel-Lizorkin or
Besov spaces using quite general generators g. In this section we will con-
sider Jackson inequalities for m-term approximation in F) (L,) with either
D or Dg for some R > 1, where g € Fg (Ly) satisfies the criteria given in
the previous section.

Proposition 5.1. Suppose 0 < p < 00,0 < t < coand 0 < f < oo. Let
g€ Ft[3 (Lp) be a function satisfying (3.5), (3.6) and (3.8) and the condition

b
[atwazo <<

for some constants 0 < a < b < oco. Suppose v > P, and define 1/7 =
(v —B)/d + 1/p. Then there exists a finite constant C such that

Um(frﬁg)ptﬁ(Lp) < Cm—(w—ﬁ)/d|f|B¥(Lr), vm € N, f € BY(L¢).

Proof. By Proposition 4.1, we can construct a system {¢g} C x(Dy) for
some finite K, such that

f= Y %o
QeD
for every f € BY(Le), with [ {{f, )} ;1 < elflg e, Fix f € BI(Lo),
and let 77 be one of the 27 — 1 orthonormal Meyer wavelets on R?. We notice
that the function f := Y0ep(f, Q)1 belongs to BY (L) with \f|B¥(Lr) <
C|f] B7(L,) for some constant C independent of f. From [14], we have

(5.1) om(f, Qb)) < Cm™ P Fln .

Let f € Zu({10o}) be a sequence that realizes (5.1) up to the relaxed con-

stant 2C. We want to map f;, to an element of ¥,,({¢g}). To accomplish
this, we consider the operator T with kernel

K(x,y) ==Y $po(x)no(y).

QeD
The matrix of this operator in the Meyer wavelet basisis M = [(p, 70)]p,0cD-
It is easy to verify that M € adﬁ’t. We notice that Tfu = fu € Zu({¢o}) C
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Ykm(Dg), and moreover, f — fi, = T( f — fm). However, the matrix repre-
sentation of T shows that T is bounded on Ptﬁ (Lp) so

< 2C1C”77(77ﬁ)/dm33(h)

< C'm= P S
Hence, we have the wanted Jackson inequality for the dictionary {ygo} C
¥k (Dy), and then of course there is also a Jackson inequality for the dictio-
nary Dy. O]
Notice that Proposition 5.1 is a generalization of the Jackson inequality ob-
tained in [15].
Using Corollary 4.4 we have the following stronger result for d = 1, based
on the same arguments as given in the proof of Proposition 5.1.
Proposition 5.2. Suppose 0 < p < 00,0 <t < ocoand 0 < < oo. Let g €

Ftﬁ (Lp(R)) N CPFY(R) be a (nontrivial) compactly supported function. Suppose
v > B, and define 1/t := (v — B) + 1/p. Then there exists a constant Ko € Ny
such that for each K > K there exists a finite constant C such that

K o .
on(f, Dy )pp,) < Cm OPlflgr.,,  YmEN,f€BI(Ly).

6. REFINABLE FUNCTIONS

So far we have studied Jackson estimates for Dy and Dg for a general
smooth function g. For functions g based on a refinable function much
more can be said about the approximation properties in L, of the dictio-

nary Dg for sufficiently large R > 1.
Recall that ¢ is called a scaling function for a multiresolution analysis (MRA),
{Vi}jez, of Lo(R?), if {¢(x — k) } 174 is a Riesz basis for V.
It is well known that if ¢ € Ly(R) satisfies
(1) {¢(x — k) }kez is a Riesz basis in L,(R)
(2) ¢(x/2) = Y axp(x — k) with convergence in L, (R)
(3) |$(&)] is continuous at 0 and ¢(0) # 0,

then ¢ is a scaling function for the MRA

Vj = span{p(2/ - —k)}xez.
A classical example of a scaling function is a B-spline function.

Given an MRA {V;};cz. The following proposition states that for some
functions ¢ € Vj it is possible to give a complete characterization of the
approximation space AJ (L, (R), D§) for the twice oversampled dictionary

2
Dy.
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Proposition 6.1. Let ¢ € W*(Lo(R)), s > 0, be a compactly supported scaling
function for an MRA of Lp(R) generated by the low-pass filter my(¢), and let g
be defined by

8(28) =m(Z)p(2),

with m(&) such that R(¢) := m(&)/mo(C + 7v) has an extension to a Laurent
polynomial with no zeroes on the unit circle.

Then, for each K > 1,

AJ(Ly(R), DY) = (Lp(R), BY(Le(R)), ,,

forl<p<oo,0<a<sandl/T=a+1/p.

Proof. Let (28) = e “mg(¢ + )$(¢) be the standard wavelet associated
to ¢. Notice that $(2&) = P(&)$(2&) with P(&) = e®R(&). The Fourier co-
efficients of P(¢) decay exponentially since P(¢) has an extension to a Lau-
rent polynomial with no poles on the unit circle. Hence, g has an expansion
in {¢(- — k/2) }r with coefficients with exponential decay. It follows from
[3, Corollary 7.8] that for any K > 1 the Jackson inequality

K _ .
on(f, Dy )L, < on(f, DR, < Cm *|flgsry,  VmeN,f € BY(Ly),
is satisfied for1 < p < o0, a <s,and1/7:=a+1/p.
By the result of Jia [13], for each 0 < a < s the Bernstein inequality
Sl e (Lo (re)) < Cm“/dHS”Lp(Rd)’ VS € Zu(Dy),

1/t:=a/d+1/p,0 < p < oo, holds true for the system

Dglu = {¢p(2/x —k) Yiez kezd-

By assumption there is a finite mask {b; }; such that

g(x) = Z bep(2x — 1),

tezd

and since ¢ is compactly supported and refinable there is another finite
mask {a;} such that

P(x) = Z arp(2x —0).

LeZd
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Forj € Z and k € Z9, we have
g(ij — k/25)
= Y b (P tx —k/25 - 0y)

£1€Zd

= ) b£1a£2¢(2j+2x —k/2572 — 201 — 1)
él,fzezd

= Z bglagz .- -achp(2j+Kx —k— 2K_1€1 — 2K_2€2 — = ZK)
51,62,...,41(62[1

Hence, g(2/x — k/2K) ¢ ZL(D(%) for some uniform L depending only on
K and the length of the finite masks used above. Take any S € Zm(DéK).

Then S € ZLm(Dé), and using the Bernstein inequality for Dé we obtain
the wanted inequality,

IS1gs (Lo (re)) < C(Mm)“/dHSHL,,(Rd)
~ K
< Cm“/stHLp(Rd), VS € Zu(Dy ).

Now it follows from Section 2 that
K
AJ(Lp(R), Dy ) = (Lp(R),B?(Lr(R))W
forl<p<oo,0<a<s,andl/T=a+1/p. O

Remark 6.2. Notice that Proposition 6.1 easily generalizes to finite sets of
functions {g;}, provided that each function, g;, satisfies the conditions in
the proposition. In particular, Proposition 6.1 applies to a wavelet (bi-)fra-
me system {¢'}- | based on an s-regular MRA with scaling function ¢.
Such a system is generated by a finite number of high-pass filters m;(¢),
satisfying some extension principle, see [5, 6]. Usually the filters m;({) have
only a single zero at { = 0. Then the hypothesis of Proposition 6.1 simply

reduces to the requirement of the framelet ¢’ given by ¢*(2&) = m;(&)$(¢&)
should have at most s vanishing moments which is most often the case.

The following proposition, which concludes the paper, uses the result from
Proposition 5.2 to give a complete characterization of the approximations

space .A:{ (Lp(R), D§K) for some sufficiently large K € N and a more general
generator g than in Proposition 6.1.

For a finite set ® C L(R) we let
S(®) :==span{¢p(- —k): p € D, k€ Z}.

Proposition 6.3. Let ® C W*(L(R)) N C*¢(R), s,& > 0, be a finite set of
compactly supported refinable functions, and suppose § € S(P), g # 0. Then,
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there exists a Ko such that for each K > K,

AJ(Ly(R), DF) = (Ly(R), BY(Le(R)),,

forl<p<oo,0<a<sandl/T=a+1/p.

Proof. By Proposition 5.2 there exists a constant Ky € Ny such that for any
integer K > Ko

K B )
‘Tm(frD§ )Lp <Cm “|f|B%(LT)' vm € N, f € BY(Lr)

fora > 0,0 < p < oo,and 1/7 = a4+ 1/p. A corresponding Bernstein
inequality follows by the same arguments given in the proof of Proposi-
tion 6.1. 4
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