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Abstract

In this paper we give some new criteria for identifying the compo-
nents of a probability measure, in its Lebesgue decomposition. This
enables us to give new criteria to identify spectral types of self adjoint
operators on Hilbert spaces, especially those of interest.

1 Introduction

In the spectral theory of self adjoint operators it is of interest to identify the
type of the spectrum. This problem is equivalent to identifying the compo-
nents of the spectral measures. The components of a probability measure
can be identified via a transform of the measure. Two of these are well
known, viz. the Fourier transform and the Borel transform. In this paper
we address the question of identifying the components using a more gene-
ral transform. We give results using a general approximate identity, and an
associated continuous wavelet transform.

Concerning the literature, the connection between an approximate identity
and the continuous wavelet transform was discussed in the book by Hol-
schneider [1], while wavelet coefficients of fractal measures were studied by
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Strichartz in [4]. In the theory of selfadjoint operators finer decomposition
of spectra with respect to Hausdorff measures was first used by Last [2] and
general criteria for recovering a measure from its Borel transform was done
by Simon [3].

2 The criteria

We need to introduce conditions on our function 1. Several of these can be
relaxed in some of the results. We use the standard notation (z) = (1+22)¥/2.

Assumption 2.1. Assume that p € CY(R), ¥(0) = 1, ¢ is even, and there
exist C > 0 and 6 > 1, such that

()] + |29 (2)] < C(2)°, = €R. (2.1)
We set Ay, = [¢ ¥(x) do and assume that Ay # 0.

In the sequel we always impose this assumption on . We introduce the
notation

Yq(x) =1Y(x/a) and 1/:,1(26) = %@Z)a(x), a> 0. (2.2)

In particular, the family {A;I@/Nza} is an approximate identity. Let u be
a probability measure on R in what follows, with Lebesgue decomposition
[ = pis+ ptac. Let f be a function. We recall that the convolution (f*pu)(z) =
[ f(x —y)du(y) is defined, when the integral converges. Since 1 is bounded,
the convolution 1, * u is defined for all a > 0.

For 0 < a <1 we define

(dott)(2) = lim 2= 2 9))

in AR (2.3)

whenever the limit on the right hand side exists.

We can now state the results. We first give results based on ¢, and v,, and
then on an associated continuous wavelet transform.

Theorem 2.2. Let p be a probability measure. Then

1. Let 1 satisfy Assumption 2.1. Then for every continuous function f of
compact support, the following is valid.

iy [ (G 0()fa)de = Ay [ F@)du(o)

a—0



2. tim (6, + 1)) = p({z})
3. Assume 0 < a <1 and (dap)(z) finite. Then we have

lim @~ (46, * 0)(2) = caldop) ), (2.4)

a—0
where ¢o = [ a2%y* " (y)dy

Remark 2.3. (1) Equation (2.4) implies that if u is purely singular, then the
limit of ¢, * p(x) is zero almost everywhere with respect to the Lebesgue
measure, since the derivative (diju)(x) = 0 almost everywhere for purely
singular .

(2) If x is not in the topological support of u, then for each 0 < o < 1,
hII(l) a" P, * p(r) = 0.

Our next theorem is a bit more and the first part is analogous to Wiener’s
theorem and its extension by Simon [3].

Theorem 2.4. Let p be a probability measure. Then for any bounded interval
(¢,d) the following are valid.
¢~ [ w)Pds,
R

iy [ 100 @
= (30 n{wh? + & e + p{a?]). (25)

z€(c,d)

1. Let

then

2. For 0 <p <1, we have
. d 7 p p d d/"LaC p
lim [ [(¢h # p) (2) [Pl = Ay | |%($)‘ dz. (2.6)

This theorem has the following corollary.

Corollary 2.5. Let o be a probability measure. Then we have the following
results



1. u has no point part in [c,d], if and only if
hmmf / (g * p)(2)|*dx = 0. (2.7)

2. If i has no absolutely continuous part in (c,d), if and only if for some
p, 0<p<l,

hmmf/ (o * p) () |Pdz = 0. (2.8)

Now to state the results in terms of the continuous wavelet transform, we
introduce

hx) = ¢(z) + 2¢'(z). (2.9)

Under Assumption 2.1 we clearly have
|h(z)] < C{x)°, (2.10)

with the § from the assumption. Integration by parts and (2.9) imply
that h satisfies the admissibility condition for a continuous wavelet, i.e.
[ h(z)dz = 0.

Thus we can define the continuous wavelet transform of a probability measure
L as

1 o
Wil(b.a) = [ (b= ) a)dn(y) (2.11)
The connection between the approximate identity and this transform is
o0 ~
—ap (Yo x 1) () = Wilu) (b, a). (2.12)
This result follows from
0 1 1 r, T,
—a-(Cy(2) = 2 (¥) + Zv'(5)),

and the definitions.
We have the following analogue of Theorem 2.2:

Theorem 2.6. Let i be a probability measure. Then we have the following
results:

1. We have

im < / W) (0.0) % = (b)), (2.13)



2. Let 0 < a < 1. Assume that (dop)(b) exists. Then

gg&WwamM@@%:qwmmw, (2.14)

where ¢, was defined in Theorem 2.2.

Remark 2.7. We note that for 0 < a < 1 we can replace [~ by ng for any
M > 0. See the proof of the Theorem.

We also have the following analogue of Theorem 2.4(1).

Theorem 2.8. Let pu be a probability measure. Then for any bounded interval
(¢,d) we have the following result. Let

%=/W@W%
R

Then we have
hm/ Wi (1) (b, a)|*db

= (D2 na)? + 3 () + u({dh?) ). (215)

z€(c,d)

Even when the quantity (d,u)(z) does not exist, it is possible to say some-
thing on the wavelet transforms, to cover the cases of measures which are
not supported on the sets where such limits exist. Set

(o) = timaup L) and D) = timaup M5 LS

Then we have

Theorem 2.9. Let pu be a probability measure, and let 1 satisfy Assumption
2.1. Then Cf () is finite for any x, whenever Dy (z) is finite for the same
x, and, if 1 is non-negative, they are both finite or both infinite.

Remark 2.10. The above theorem implies that if limsup, .o | (1% p)(z)| < co
for all € (¢, d), then there is no singular part of 1 supported in (¢, d).

Finally as an application of the above theorems we consider H to be a sepa-
rable Hilbert space and A a selfadjoint operator. Then

Theorem 2.11. Suppose A is a selfadjoint operator on H. Consider a func-
tion v satisfying Assumption 2.1. Then

>



1. X is in the point spectrum of A, if for some f € H, ||f]| =1,
lin(f. (4 — V) f) = 0.

2. Let B C R be a Borel set of positive Lebesque measure. Then B N
0ac(A) # 0, if for some f € H, || fl| =1,

Cl}g(l)(f, V(A= N f)#0, forae )\eB.

3. The point spectrum of A in (c,d) is empty, if and only if for some
orthonormal basis {f,}, of H, one has for every n,

1
lim inf —/ |y Va(A = X) fu) [PdN = 0.
a— a f.
4. The absolutely continuous spectrum of A in (c,d) is empty, if and only
if for some orthonormal basis { f,} of H, one has for every n and some

0<p<l,

a—0

d
liminf/ \%{fn,%(/x — N fa)[fdr = 0.

3 Proofs

Throughout the computations below the letter C' denotes a constant, whose
value may vary from line to line.

Proof of Theorem 2.2: Part (1): Since f is a continuous function of
compact support and v, is bounded for each a > 0, f(z)1,(x—y) is absolutely
integrable and the integral is uniformly bounded in y € R. Therefore, by
an application of Fubini, a change of variable x — ax + y and dominated
convergence theorem, in that order, it follows that

lim [do F(@) (Y * p) (2) = lim [dz f(z) /ﬁa(w—y)du(y)
— iy fauty) [1@)in(o ~ o
= lim [du(y) / flax + y)¢(x)de
— [auty) [ty f(aw + )ty
~ [1wintw) - [itw)de.



Part (2): This is a direct consequence of the definition of the integral noting
that pointwise we have

0, ifz#0,

lim ¢, (x) =
alg(l)¢ (@) {1, if x =0.

We also need to use the dominated convergence theorem to interchange the
limit and the integral.

Part (3): Let ®, denote the distribution function of . Then we have

aia /R%(af —y)du(y)

= w((w —y)/a)®,u(y)dy

/ V' (y)®,u(r — ay)dy

P, (z +ay) — Pu(x — ay)
/ vy (2ay)~ %,

where in the first step we used integration by parts, the next step changed
variables and in the last step used the oddness of ¥’ to split the integral into
the positive and negative half lines and multiplied by appropriate powers.

We observe that

(3.1)

B imq)“<x +ay) — @,(x — ay)
(o)) = limg 220 =2

for each y € R, and is finite by assumption. Furthermore, the function
(®,u(x + ay) — ®,(x — ay))(2ay) = is a bounded measurable function, such
that we due to (2.1) we can take the limits inside the integral sign in (3.1)
and use the dominated convergence theorem.

Now doing an integration by parts gives the value of the integral as stated
in the theorem.

Proof of Theorem 2.4: Part (1): We have

2/ Yo e e = [ [ antn) dnto) / e e - )

Since the function 1, is bounded, the interval (¢, d) is bounded, and pu is a
probability measure, the right hand side integral converges absolutely, so we

7



used Fubini to interchange integrals to get the equality above. Let

d e
o) = [ do [ Tule = glvale — 1)

Suppose y; # ¥», then using the bound [i(z)| < C(x)~°, we see that the
bound

o

|ha(y17y2)| < %/ <(l’ + g — yl)/a>_5<x/a>—6d$
C
a ( lz|<|y1—y2|/2 + /|x>|y1y2/2)( )

e

< _
- |y1 —92‘5 —00
Cal
S 1
’yl —ZUQ‘

is valid. It follows that lim, .o h.(y1,y2) = 0 for y; # yo. It remains to
consider y; = yo. This is done by noting that

(d=y1)/a

d
i) = [ e =wPdr = [ Cu) s

c—y1)/a

from which taking limits, we obtain the stated value for the coefficient, either
C or C/2, based on whether ¢ < y; < d or y; = ¢, d, using the evenness of
1. Now to complete the proof, we note the estimate

halys )| < C /R (x/a)3d(x/a) < Co,

where the constant Cj is independent of a, y;, and ys. Thus the proof is
completed used the dominated convergence theorem.

Part (2): We adapt the arguments in [3] to the case at hand. We split the
measure in three components: p = i1+ p1o+ps. Here dpy = (1—x(e—1,a+17)dpt,
dpy = gdx with g € L'([c—1,d+1]), and puj3 is purely singular, and supported
on [c—1,d+ 1]. We have for x € [c,d] the estimate

(0 % ) ()| < C aN(z—y)/a)du(y) < Ca’.
R\[c—1,d+1]

We now look at the py part. We have, for 0 < p < 1, by the reverse Holder
inequality

[ 160w - Agar < (160 90) - Avotlae) (@ - o=

8



which implies that 1, * g — Aygin LP((c,d)), 0 <p < 1.

Now we will show that the singular part us does not contribute to the limit.
So assume that g is purely singular and that its support S is contained in
[c —1,d + 1]. Since ps is singular, by the definition of support, S satisfies
pus(R\S) = 0 and |S| = 0, with | - | denoting the Lebesgue measure. By
the regularity of the Lebesgue measure, given an ¢ > 0, there is an open
set O C (¢ —2,d+ 2), such that S C O, with |O \ S| < e. We also have
0] < |0\ S|+ |S| < e. For the same ¢, since the measure us is regular,
we also have a compact K C S, such that u3(S\ K) < e. In addition, since
K C S, and S has Lebesgue measure zero, K also has Lebesgue measure
Z€ero.

The above reverse Holder inequality gives

~a>x< ()| de = ~a>|< 3) ()| da ~a>x< 3) ()| da
[lGeem@Pae = [ |Goemp@Pies [ [Goemol
< [OI"Pus((c, d))P || |I7

1-p 7 p
+ |d — ¢ ( ‘wa*,ug)(x)‘dx)
(¢, d)\O
<cerala—d ([ | s o)de)"
(e, d)\O
Now consider a bounded continuous function A which is 1 on (¢, d) \ O, and

0 on K.
Then using Assumption 2.1, that |¢(z)] < C{z)~?, and setting ¢(z) = ()2,

I 1
/(cvd)\o}wa*m’)(x)}dxS/(c,d)\oa/Rwa(x_y)|dﬂ3(y)dx
I T,
Sy Y KRR
<C hZE ~a* 3 (L’d$
<cf M m)e)

The function ¢ satisfies Assumption 2.1, so the Theorem 2.2(1) is applicable
with ¢ replaced by ¢ there. Therefore the last term, which has positive
integrand, converges to f(c D\ h(z)du(x) as a goes to zero, which is bounded

by f(c,d)\K du(x),
/( o M) (e d) \ K) (e )\ )+ S\ K) < =

9



using the facts that p((c,d) \ S) =0 and pu(S\ K) < e.

Using the inequality (a+b+c)? < a?+b”+cP for 0 < p < 1 and non-negative
numbers a, b, ¢, we have

/wa*m( ~ Ayl |pdx</ (o % i) (&) Pz
/ (@ # 12)(2) — Agg(@)|Pda

n / (0 % pi5) ()P

Putting the above estimates together and using that ¢ is arbitrary, one gets

iy [ (5 % 1)(0) — Aug(a) P =0

_
aOC

Now the spaces LP((c,d)), 0 < p < 1, are metric spaces with the metric
d(f,g) = |If — gllb. It then follows from the triangle inequality for this
metric that

lim / ((fo 5 1) () = | Ay / lg(@)Pde.

a—0

Since g = %, the result follows.

Proof of Theorem 2.6: Let 0 < e < M < oo. It follows from (2.12) that
we have

/Wh )b, @)% = (. % 1) () — (s % ) (D).

The results now follow from Theorem 2.2. O

Proof of Theorem 2.8: The proof is entirely analogous to the proof of
Theorem 2.4, replacing ¢ by h and adjusting the powers of a. O]

Proof of Theorem 2.9: Consider the case when Df(x) is finite for some
x and for some fixed . Then for any 0 <y < 1, u(z —y,z +y) < Cly|* for
some finite constant C'. So, using the last line in equation 3.1 and estimating
the right hand side there, one has, by assumption 2.1,

|— Yo * 1) (2 <C/ ) (2y “dy<0/ )yl ey < oo

10



Now taking the limsup of the left hand side the finiteness of C, follows.

On the other hand, since 1) is positive continuous with 1(0) = 1, there is a
B > 0 such that ¥(y) > 1/2, — <y < (. Using this and the evenness of 9,

1(¢a*u /wax— )dp(y /¢ y/a)du(y + x)
Za_a e 3du(y + )
> (e +a) — plx — ap)],

where 1) > 0 is used to get the first inequality above. The above inequalities
immediately imply, since § is fixed, that Dj(z) = oo implies the same for
(). O

Proof of Theorem 2.11: Parts (1) and (2) are a direct application of
Theorem 2.2(2) and (3) respectively. Parts (3) and (4) are a direct application
of Corollary 2.5 (1) and (2) respectively.
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