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PREFACE

The present collection of MATLAB exercises has been published as a supplement to the text-
book, Svingningsteor:, Bind I and the collection of exercises in Vibration theory, Vol. 1A, Solved
Problems. Throughout the exercises references are made to these books.

The purpose of the MATLAB exercises is to give a better understanding of the physical problems
in linear vibration theory and to suppress the mathematical analysis used to solve the problems.
For this purpose the MATLAB environment is excellent.

It is possible to get help to every file by typing help ezerc?? or help plot??, where 77 denotes the
number of the exercises. All m-files will be available on a discette.

University of Aalborg, February, 1996
Sgren R.K. Nielsen
John C. Asmussen
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Chapter 1
Lecture 1

Problem 1 and 4 of lecture 1 are solved theoretically. The solutions to these problems can be
found in Nielsen [2]. The following MATLAB exercises replaces the corresponding problem 2 and

3.

1.1 MATLAB Exercise 1

The Fourier series of problem 1, lecture 1 is considered and the following truncated series is
considered.

Xall) = zﬂ: Ameivnt (1.1)'

m=-—n

Plot the function X,(t) as a function of time for ¢ € ] — 47,47[ and n = 3,10, 30. Compare the
different Fourier series with the sawtooth function graphically.

1.1.1 MATLAB Solution

The MATLAB functions below (exercl.m, plotl.m) shows how MATLAB exercise 1, lecture 1
could be solved. If the following four orders are given:

[z1,t]=ezerc1(1000,3);
[z2,1]=ezerc1(1000,10);
[z3,t]=ezerc1(1000,30);
ploti(t,z1,22,23);

Then figure 1.1 will appear on the screen. An explanation of the input numbers can be found in
the head of the MATLAB functions (exercl.m, plotl.m).
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Figure 1.1: Sawtooth approzimations between |—4m, 47[, as a function of the number of harmonics,
n. a) n=3, b) n=10, c¢) n=30.

1.1.2 MATLAB Files
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MATLAB  File for MATLAB Exercise 1, Lecture 1
Function EXERC1.M

Purpose To calculate the Fourier series from Exercise
1, Lecture 1.
Call exercl(n,no)
n Number of discrete time points between -4*pi and 4*pi.
no Number of summations in Fourier series
Return (Fx,t) :
Xno Vector with sum of Fourier series
t Vector with time components

sk o o4 2 afe 2 o o e 5K o e e sk e o i e ke 3k e sk 3k ke i sk o ke ak e ok Sk e sk ok e S s o ke i ke e ke e e ofe ke R 2k ok e ok R ok ok ok Rk

function [Xno,t]=exercl(n,no);
dt=(4*pi+4*pi)/(n-1);

t=-4*pi:dt:4*pi;

for 1=1:m,

Xno(1)=0;

for m=-no:no,

if (m==0) Am=0.5; else Am=i/(2*m™*pi); end;
Xno(l)=Am*exp(i*m*t(1))+Xno(l);

end;

end;
ok ko ok s kK ko ok s ok sk ke skl s e se ko sk ok ol o sk sk ke e sk s kol o e ok ks ke ook e ok e
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MATLAB  File for MATLAB Exercise 1, Lecture 1
Function PLOT1.M

Purpose To plot the sawtooth approximations from the
Fourier series in Problem 1, Lecture 1

Call plot1(t,x1,x2,x3)

Time vector

x1 First sawtooth approximation

x2 Second sawtooth approximation

x3 Third sawtooth approximation

Return Graphical plot of approximations

e e e 3 3 2 3 ke e e e e ke e e g ke afe ke ok dkook e ok ok Bk S R ok 3k K K ok ok sk ik 3Kk R S 3k ok 3 R ok K Sk ok ok i 3 K R o ok 3

function plot1(t,x1,x2,x3);

x1=real(x1); x2=real(x2); x3=real(x3);

tt(1)=-15; tt(2)=15; xx(1)=0.5; xx(2)=0.5;
tt1(1)=-2%pi; tt1(2)=-2%pi; xx1(1)=1; xx1(2)=0;
t62(1)=0; £42(2)=0; xx2(1)=1; xx2(2)=0;
tt3(1)=2%pi; tt3(2)=2*pi; xx3(1)=1; xx3(2)=0;

clg;
subplot(3,1,1),plot(t,x1,tt,xx,tt1,xx1,tt2,xx2,tt3,xx3);
ylabel(’a) 1. Approx.');

axis([-15 15 -0.1 1.1]);

subplot(3,1,2),plot (t,x2,tt,xx,tt1,xx1,4¢2,xx2,t£3,xx3);
ylabel(’b) 2. Approx.');

axis([-15 15 -0.1 1.1]);
subplot(3,1,3),plot(t,x3,tt,xx,tt1,xx1,tt2,xx2,tt3,xx3);
ylabel(’c) 3. Approx.’);

xlabel("Time [s]');

axis([-15 15 -0.1 1.1]);

4 24 3% 34 o ke ke 3k e 2 e e e 3 e 25 2 e e ok e ek e ok ROk koK ok * b * 4 ko 3k X

1.2 MATLAB Exercise 2

The system of problem 4, lecture 1 is considered. Let the initial conditions of the system be given
as follows:
g = '1'3—6 5 Ip = ‘-'QLUJQ (1.2)

Plot the displacement response z(t), and the velocity response, z(t), as a function of time in the
interval ¢ € [0,7]. On the plot the displacement response is made non-dimensional with respect
to zp, and the velocity response is made non-dimensional with respect to |zg|. Use the following

data:
l=1m, a=03m, S=1kN, wm=0.5kg, 2.0kg (1.3)

Compare the responses with respect to the different eigenfrequencies graphically (the time periods
should be equal). This should be done by comparing the two different time-displacement graphs
and the two different time-velocity graphs.

1.2.1 MATLAB Solution

The MATLAB functions below (exerc2.m, plot2.m) shows how MATLAB exercise 2, lecture 1
could be solved. If the following three orders are given:

[z1,dz1,t]=ezerc2(1,0.3,1,0.5,1000,0.01,0.003,-0.006);
[z2,dz2,t]=ezerc2(1,0.8,1,2.0,1000,0.01,0.008,-0.006);
plot2(t,x1,z2,dz1,dz2);
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Then figure 1.2 will appear on the screen. An explanation of the input numbers can be found
in the head of the MATLAB functions (exerc2.m, plot2.m). Compare the two different time-
displacement graphs and the two different time-velocity graphs.
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Figure 1.2: Displacement and velocily responses for a) m=0.5kg and b) m=2.0kg.

1.2.2 MATLAB Files
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MATLAB  File for MATLAB Excercise 2, Lecture 1
Function EXERC2.M
Purpose To calculate the displacement response and the
velocity response of the system described in
Problem 4, Lecture 1
Call exerc2(l,a,S,m n,dt,x0,dx0) (see fig. Problem 4)

1 Length of stucture

a Distance to mass

S Tension Force

m Mass

n Number of points in discrete time
dt Time difference between points
x0 Initial displacement

dx0 Initial velocity/eigenfrequency
Return (x,dx,t)

x Displacement response vector
dx Velocity response vector

t Time vector

s o 3k 2k 2 e e e o e ke e ke s o o ke ke sk ok 3 ok e ok e 3 sk 3k i ke ok ok 3 ok i ke s ke sk 3k Sk i ek ok ke sk sk e e ko ke K ke kK

function [x,dx,t]=exerc2(l,a,S,m,n,dt,x0,dx0)
omO=sqrt(1*S/(m*a*(l-a)));

dx0=dx0*om0;

for i=1:n,

t(i)=(i-1)*dt;
x(i)=x0%cos(om0*t(i))+dx0*sin(om0*t(i)) /om0;
dx(i)=-x0*om0*sin(om0*t(i))+dx0*cos(om0*t(i));



1.2. MATLAB EXERCISE 2

end; -
x=x/x0;
dx=dx/sqrt(dx0"2);

e ke e 2 ok o ¢ e e e ok e e e SOk e sk e 3 3k e e e e ke e ke dfe e ke 3k Sk e Sk Sk S e ok e e 3K e ek o ke e e 3k S oK Sk K ke ok ok ok
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MATLAB  File for MATLAB Exercise 2, Lecture 1
Function PLOT2.M
Purpose To plot the displacement response and the ve-
locity response in Problem 4, Lecture 1

Call plot2(t,x1,x2,dx1,dx2)

t Time vector

x1 Displacement (1. eigenfrequency)
x2 Displacement (2. eigenfrequency)
dx1 Velocity (1. eigenfrequency)

dx2 Velocity (2. eigenfrequency)
Return Graphical plot

3k ok e ok sk ok sk ke >k 3k S 3k 3 o o 2ok 3k ke e sk 3k e ok e sk ok ofe e e 3k e sk dk Sk sk sk e ke ok ok e e ke ok sk sk ke sk ok Sk 3k ke S ok ok ok ok Sk ok

function plot2(t,x1,x2,dx1,dx2)
clg;
subplot(4,1,1),plot(t,x1);
ylabel('a) Disp. [m]’);
subplot(4,1,2),plot(t,x2);
ylabel('b) Disp. [m]');
subplot(4,1,3),plot(t,dx1);
ylabel(’a) Vel. [m/s]");
subplot(4,1,4),plot(t,dx2);
xlabel('Time [s]');
ylabel('b) Vel. [m/s]’);

she ok sk ok ok ok ok e ofe o ok ok e A o ok 3K o o ok S s ok 3k ekl e R e ok e 3k o 3 ok o ok 4 ek o ok ok ok ok ok sk ok ok ok K ok koK K koK



Chapter 2
Lecture 2

Problem 1 and 3 of lecture 2 are solved theoretically. The solutions of these problems can be
found in Nielsen [2]. The following MATLAB exercise 3 replaces the corresponding problem 2,

lecture 2.

2.1 MATLAB Exercise 3

The initial condition of the system in problem 3, lecture 2, is defined by the clock-wise rotation
from the statical equilibrium state ¢.
T ; b
— — 2 2.1

$o 57 éo T30 (2.1)
Plot the vertical displacement z(t) and the velocity z(%) of the beam at the position of the linear
spring, k, as a function of the non-dimensional time %o, where Tp = 32 is the fundamental
eigenperiod. Use the following data:
2
3
For critical damping plot the vertical displacement z(t) and the vertical velocity #(t) for a positive
initial velocity, zero initial velocity and negative initial velocity.

b=1m, a=3b k= 47r2£-, m.= kg, o= 12w,6m, 0.6%56—5— (2.2)

2.1.1 MATLAB Solution

The MATLAB functions below (exerc3.m, plot3a.m) shows how MATLAB exercise 3, lecture 2
could be solved. An explanation of the input numbers can be found in the head of the MATLAB

functions (exerc3.m, plot3a.m). If the following four orders are given:

[z1,dz]1,t]=ezerc3(1,2/8,4*pi"2,1,12%pi,1000,0.0025,p1/24,pi/12);
[22,dz2,t]=ezerc3(1,2/3,4*pi"2,1,6%pi, 1000,0.0025,pi/24,p1/12);
[28,dz3,t]=ezerc3(1,2/3,4*p7 2,1,0.6%p1,1000,0.0025,p1/24,pi/12);
plot3a(t,z1,22,23,dz1,dz2,dz3);

Then figure 2.1 and figure 2.2 will appear on the screen. Notice that "RETURN” should be
pressed to shift from figure 2.1 to figure 2.2. Compare the responses and the magnitude of the
damping coeflicient.



2.1. MATLAB EXERCISE 3 9

Displacement - 3 Damping coefficients
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Figure 2.1: Displacement responses from different damping coefficients. a) ¢ = 121r%3, bl &=
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= 0.6#5;‘1.
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The displacement and velocity responses of the critical damped system with different initial ve-
locities are plotted by the following four orders:

[z1,dzl t]=ezerc3(1,2/3,4*pi"2,1,6%p1,1000,0.0025,pi/24,pi/12);
[22,dz2,t]=ezerc3(1,2/3,4*pi"2,1,6%pi, 1000,0.0025,p1/24,0);
[z8,dz3,t]=ezerc3(1,2/3,4*pi"2,1,6%p1,1000,0.0025,pi/24,-pi/12);
plot3b(t,z1,22,23,dz1,dz2,dz3); .

Figure 2.3 and figure 2.4 will appear on the screen. Notice that "RETURN” should be pressed
to shift from figure 2.3 to figure 2.4. Compare the responses and the different initial velocities.

Displacement — 3 different initial velocity
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Figure 2.3: Displacement responses for critical damping with three different initial velocities. a)

bo = 1"—25"1, b) ¢o = 0571, ¢) o = —1”—23‘1. The initial rotation is 5.
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Velocity - 3 different initial velocity

Time [sec]

11

Figure 2.4: Velocity responses for critical damping with three different initial velocities. a) do =

Zs71, b) do =051, ¢c) $o = — 2571, The initial rotation is J.
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2.1.2 MATLAB Files
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MATLAB
Function
Purpose

Call
b

a

k

m

c
n
dt
x0
dx0

Return
X

dx
t

File for MATLAB Exercise 3, Lecture 2
EXERC3.M

To calculate the displacement and velocity re-
sponse of the system in the spring point of
the system in problem 3, lecture 2.
exerc3(b,ak,m,cn,dt,x0,dx0) (see fig. Prob. 3)
Length of stucture

Distance to mass and damping

Stifness of linear spring

Mass

Damping constant

Number of points in discrete time

Time difference between points

Initial displacement

Initial velocity/eigenfrequency

(x,dx,t)

Displacement response vector

Velocity response vector

Time vector

Sk o o ok ok o e o ok ko sk K 5K oK Sk 3K oK e S o 3K R sk S ok 8¢ e ok oK ke ok sk 3K Sk o o sk ok ok o oK o ok ok oK KoK oK ok oK K o Kok oK oK

function [x,dx,t]=exerc3(b,ak,m,c,n dt,x0,dx0)

om0=(b/a)*sqrt(k/m);
z=c/(2*sgrt(k*m));

x0=x0%a;

dx0=dx0*om0*a;

if (z>1),
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A =( dx0+(z+sqrt(z"2-1))*om0*x0)/(2*¥om0*sqrt(z"2-1));
B =(-dx0-(z-sqrt(z"2-1))*om0*x0) / (2*om0*sqrt(z"2-1));
Cl=(-z+sgrt(z"2-1))*om0;

C2=(-z-sqrt(z"2-1))*om0;

end;

if (z<1),
Cl=om0*sqrt(1-z°2);
C2=(dx0+z*om0*x0)/C1;
end;

for i=1:n,

t(3)=(i-1)*dt;

if (z<1),

x(i)=exp(-z*om0*t(i))*(x0*cos(C1*t(i) ) +C2*sin(C1*t(1)));
dx(i)=-z*om0*x(i)+exp(-z*om0*t(i))*(-x0*C1*sin(C1*t(i) )+ C1*C2*cos(C1*t(i)));
end;

if (z==1},
x(i)=exp(-om0*t(i))*(x0+(dx0+om0*x0)*t(i));
dx(i)=-om0*x(i)+exp(-om0*t(i))*(dx0+om0*x0);
end;

if (Z>1);

x(i)=A*exp(C1*t(i))+B*exp(C2*t(i});
dx(i)=C1*A*exp(C1*t(i))+C2*B*exp(C2*t(i));
end;

end;
24 e ok 3k 3 e o 3K e e 3 3 0 R 3 3 3k 3k ok ke 3k ol ok ok ke 3 ek vk e e ofe ke s ok e i e 3k Ak ok ok 3k 3k sk ok ok ok ok ke ok ok 3k Kk ok ok koK

ek e o sk o s K ook Kk o Skeak o Sk ok Kok e o Kk *ok P ——
MATLAB  File for MATLAB Exercise 3, Lecture 2
Function PLOT3AM
Purpose To plot the displacement response and the ve-
locity response in Problem 3, Lecture 2

Call plot3a(t,x1,x2,x3,dx1,dx2,dx3)

t Time vector

x1 Displacement (1. Damping coefficient)
x2 Displacement (2. Damping coefficient)
x3 Displacement (3. Damping coefficient)
dx1 Velocity (1. Damping coefficient)

dx2 Velocity (2. Damping coefficient)

dx3 Velocity (3. Damping coeflicient)
Return Graphical plots
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function plot3a(t,x1,x2,x3,dx1,dx2,dx3)
clg;

subplot(3,1,1),plot(t,x1);

ylabel(’Disp. [m]’);

title('Displacement - 3 Damping coefficients')
subplot(3,1,2),plot (t,x2);

ylabel('Disp. [m]");
subplot(3,1,3),plot(t,x3);

ylabel('Disp. [m]’);

xlabel('Time [sec]’)

pause

clg;

subplot(3,1,1),plot(t,dx1);

ylabel('Vel. [m/s]');

title("Velocity - 3 Damping coefficients’)
subplot(3,1,2),plot(t,dx2);

ylabel(’Vel. [m/s]');
subplot(3,1,3),plot(t,dx3);

LECTURE 2
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ylabel(’Vel. [m/s]");
xlabel("Time [sec]’)
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MATLAB  File for MATLAB Excercise 3, Lecture 2
Function PLOT3B.M
Purpose To plot the displacement response and the ve-
locity response in Problem 3, Lecture 2

Call plot3b(t,x1,x2,x3,dx1,dx2,dx3)

t Time vector

x1 Displacement (1. Damping coefficient)
x2 Displacement (2. Damping coefficient)
x3 Displacement (3. Damping coefficient)
dx1 Velocity (1. Damping coefficient)

dx2 Velocity (2. Damping coefficient)

dx3 Velocity (3. Damping coefficient)
Return Graphical plot
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function plot3b(t,x1,x2,x3,dx1,dx2,dx3)
clg;

subplot(3,1,1),plot(t,x1);

ylabel(’a) Disp. [m]');
title('Displacement - 3 different initial velocity')
grid;

subplot(3,1,2),plot(t,x2);

ylabel('b) Disp. [m]’);

grid;

subplot(3,1,3),plot(t,x3);

ylabel(’c) Disp. [m]’);

xlabel('Time [sec]’);

grid;

pause

clg;

subplot(3,1,1),plot(t,dx1);

ylabel(’a) Vel. [m/s]');

title('Velocity - 3 different initial velocity’)
grid;

subplot(3,1,2),plot(t,dx2);

ylabel('b) Vel. [m/s]');

grid;

subplot(3,1,3),plot(t,dx3);

ylabel(’c) Vel. [m/s]');

xlabel("Time [sec]’);

grid;
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Chapter 3
Lecture 3

Problem 1,3 and 4 of lecture 3 are solved theoretically. The solutions to these problems can be
found in Nielsen [2]. The following MATLAB exercise replaces the corresponding problem 2 of

lecture 3.

3.1 MATLAB Exercise 4

Verify that the equation of motion of a linear viscous single degree-of-freedom system can be
written on the following state vector form:

d [ =(t) | _ z(t) 013
&‘i[é:(t)} - [—%r(t%gt(t)] + [# ] IR (3.1)
Where the initial conditions are:

z(0) = zo, 2(0) = 2o (3.2)

Assume the initial values of the displacement and velocity of problem 1, lecture 3 are: zg = zp = 0.

Verify upon insertion in the equation of motion and the initial conditions that the solution be-

z(t) = | X| |cos(wt — W) — e~ ¢wo! (cos(\F)Cos(Wdf) + .‘sin(wdi!)(--C\/c.l%_‘lé)2 + ggsm(lll)))J (3.8)

Where |X|, ¥ are the amplitude and phase angle of the stationary harmonic motion, wg, wg are
the undamped and damped circular eigenfrequency, ¢ is the damping ratio determined in problem
1, lecture 3 and w is the frequency of the force. The velocity response is:
z(t) = | X|[ —wsin(wt —¥) +
—Cwet . (cos(¥) W oo _
Cwoe™ ¥ (cos(W)cos(wqt) + sin(wqt)( o v + Zsin(¥))) (3.4)

e~ Swol (—wycos(¥)sin(wqt) + ¢..tdco.9(w.dt)(%2l + Zsin(¥))]

Solve (3.1) numerically using a 4th order Runge-Kutta scheme and compare the solution with the
analytical solution (3.3). Use the following data:
N k 322
w=uwy=2rHz, k:BTrz; , m=1lkg, a=1m, C:0.04‘ﬂ'?g v fo= W(Bﬁ)
Plot the force versus the displacement and velocity response of the system for different frequencies
of the force, w.

14
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3.1.1 MATLAB Solution

The MATLAB functions below (exerc4a.m, plot4a.m) shows how MATLAB exercise 4, lecture 3
could be solved. If the following three orders are given:

[t1,z1,dz1 11,21, dzt]= ezercfa(16*pi" 2,0.04*pi, 1,0.32%pi" 2/8,2%pi,40,0.25);
[12,z2,dz2,tt,zt, dzt]= ezercfa(16*pt" 2,0.04*p1,1,0.32%pi" 2/3,2%p1,100,0.1);
[18,28,dz3,t1,2t,dxt]= exercfa(16*pi" 2,0.04%*pi, 1,0.32%pi"2/3,2%pi,200,0.05);
plotfa(t1,12,12,z1,22,23,dz1,dz2, dz3, 11,21, dzt);

Then figure 3.1 and figure 3.2 will appear on the screen. Notice that "RETURN” should be pressed
to shift from figure 3.1 to figure 3.2. An explanation of the input numbers can be found in the
top of the MATLAB functions (exercd4a.m, plot4a.m). Notice that the numerical approximation
converges as the time intervals decreases.

Displacement — 3 Different time intervals

0.5 T T T T T T T T T
3 €
g o
- £
o o
~ H
L b

-0.5 i i i i 1 i i i i

0 1 2 3 4 =) & 7 8 9 10

¢.5 T T T T T T T T T

b) Disp. [m]

c) Disp. [m]
o

1 2 3

&
)

4 5
Time [sec]

Figure 3.1: Numerical approzimation [-] of the displacement with a fourth order Runge-Kutla
scheme and theoretical solution [..]. a) At=22,b) At:lzg, c) At=1,
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Yeleccity - 3 Different time intervals
T T T T T T T

T T

l=]

a) Vel. [m/s]

b) Vel. [m/s]

w : : :
~ ; :
£ i 0 3
P el £ N
@ : : p
> : 2 :
0 : : ; : : : :

-5 1 L 1 1 1 I 1 . 1

[+] 1 2 3 4 5 & 7 B 9 10
Time [sec]

Figure 3.2: Numertcal approzimation [-] of the velocity with a fourth order Runge-Kutla scheme
and theoretical solution [..]. a) At:T—f, b) At:%’ c) At:%_

To plot the force versus the displacement and velocity response with different frequencies of the
force, perform the following 2 examples.

Example 1: w = 2.05w;. If the MATLAB files exerc4b.m and plot4b.m where implemented, the
following two orders should be given:

[t,xt, dxt, Ft]=ezerc{b(16*pi" 2,0.04 *pi, 1,0.32%p1"2/3,2.05%p1,400,0.05);
plotfb(t,zt,dzt, F't);

Then the following graph will appear on the screen:
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Figure 3.3: Response of system subjected to a harmonic force where wy < w.

MATLAB EXERCISE 4 17
Compariscn: Force-Response
! I T T T T T T
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a) Harmonic

ezcitation process, b) displacement response c) velocity response.

Example 2: w = 2.057. If the MATLAB files exerc4c.m and plotdb.m where implemented, the

following two orders should be given:

[t,zt,dzt, Ft]=ezercfc(16*pi" 2,0.04*pi, 1,0.32%pi" 2/3,1.95%p1,400,0.05);
plot4b(1,zt,dzt, Ft);

Then the following graph will appear on the screen:

Figure 3.4: Response of system subjected to a harmonic force where wy > w.

Comparison: Force-Response

aQ
w

a) Force [N]
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o 2 4 6 8 10 12 14 16 18 20
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a) Harmenic

excitation process, b) displacement response c) velocity response.
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3.1.2 MATLAB Files
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MATLAB  File for MATLAB Exercise 4, Lecture 3

Function EXERC4A M

Purpose To calculate the response of the system de-
scribed in problem 1, lecture 3. A Runge-Kutta
fourth order method is used.

Call exerc4a(k,c,m,f0,omf,n,dt) (fig.Prob. 1)
k Stifness of linear spring

c Damping constant

m Mass

fo Amplitude of force

omf Eigenfrequency of harmonic force

n Number of points in approximtation
dt Time distance between points
Return (x,dx,t)

x1 Displacement response vector

x2 Velocity response vector

xt Theoretical solution

£ Corresponding time vector

‘e 3k e e 35 o e e e g 3k 3 e 3 2 e ok 2 35 6 e ke ofe ek 5 R 35 ek ke i ke fe Sk e ek ol e ke ke 2 8 ok 3k 3K ke ok ke 3 ke 3k ek ke ok ke ok

function [t,x1,x2,tt,xt,dxt]=exercda(k,c,m,f0,omf,n,dt)

om0=0.5%sqrt (k/m);
z=c/sqrt(m*k);

constants used in differential equation
Cl=0om0"2;

C2=2%z*om0;

C3=(0.75*{0) /m;

for 1=1:n41, x1(1)=0; x2(1)=0; t(1)=0; end;

x1(1)=0; Initial conditions - zero displacement
x2(1)=0; Initial conditions - zero velocity
t(1)=0;

for I=1:n,
k1=0.5*dt*(-C1*x1(1)-C2*x2(1)+C3*cos(omf*t(1}));
K=0.5*dt*(x2(1)+0.5%k1);
k2=0.5%dt*(-C1*(x1(1)+K)-C2*(x2(1)+k1)+C3*cos(omf*(t(1)+0.5%dt)) );
k3=0.5*dt*(-C1*(x1(1)+K)-C2*(x2(1)+k2)+C3*cos (omf*(t(1)40.5*dt)));
LL=dt*(x2(1)+k3);
k4=0.5*dt*(-C1*(x1(1)+LL)-C2*(x2(1) +2*k3) 4+ C3*cos(omf*(t(1)+dt)));
x1(141)=x1(1)+dt*(x2(1)+(1/3)* (k1+k2+k3));

x2(14+1)=x2(1)+(1/3)* (k1 +2*k2+2*k3+k4);

t(14+1)=t(1) +dt;

end;

theoretical solution

if (om0==omf) psi=pi/2;

else psi=atan((2*z*om0*omf) /(om0 2-omf 2));

end;

X=(0.75*%f0)/ (m*sqrt((om0"2-omf 2)"2+4*(2°2) *{om0°2)* (omf 2)));
omd=om0*sqrt(1-2°2);

laengde=n*dt;
dt=laengde/2000;
n=2000;

for I=1:n41,

tt(1)=(1-1)*dt;

Displacement response

xhl=cos(omf*tt(1)-psi);

xh2=cos(psi)*cos(omd*tt(1));
xh3=sin(omd*tt(1))*((z*cos(psi))/(sqrt(1-z"2))+(omf/omd)*sin(psi));

LECTURE 3
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xt(l)=X*(xhl-exp(-z*om0*tt(1))*(xh2+xh3));

Velocity response

dxhl=-omf*sin(omf*tt(1)-psi);

dxh2=xh2;

dxh3=xh3;

dxh4=-omd*cos(psi)*sin{omd*tt(1));
dxh5=omd*cos(omd™*tt(1))*((z*cos(psi))/(sgrt(1-z°2))+(omf/omd) *sin(psi));
dxt(1)=X*(dxhl+z*om0*exp(-z*om0*tt(1))*(dxh2+dxh3)-exp(-z*om0*tt(1) ) *(dxh4+dxh5));

end;
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MATLAB  File for MATLAB Exercise 4, Lecture 3
Function PLOT4A.M *
Purpose To plot the displacement response and the ve-
locity response in Problem 1, Lecture 4

Call plot4a(t1,62,t3,x1,x2,x3,dx1,dx2,dx3,tt,xt,dxt)
t1 Time vector

t2 Time vector

t3 Time vector

x1 Displacement (1. Damping coefficient)
x2 Displacement (2. Damping coefficient)
x3 Displacement (3. Damping coefficient)
dx1 Velocity (1. Damping coefficient)

dx2 Velocity (2. Damping coefficient)

dx3 Velocity (3. Damping coefficient)

tt Time vector

xt Theoretical Displacement

dxt Theoretical Velocity

Return Graphical plot

B T T T —————————
function plot4a(t1,t2,t3,x1,x2,x3,dx1,dx2,dx3,tt,xt,dxt)
clg;

subplot(3,1,1),plot(t1,x1,tt,xt,":");
ylabel(’a) Disp. [m]');

title('Displacement - 3 Different time intervals’)
grid;

axis([0 10 -0.5 0.5]);
subplot(3,1,2),plot(t2,x2,tt,xt,":");
ylabel('b) Disp. [m]’);

grid;

axis([0 10 -0.5 0.5]);

subplot(3,1,3),plot (t3,x3,tt,xt,"’);
ylabel('c) Disp. [m]");

grid;

axis([0 10 -0.5 0.5]);

pause

clg;

subplot(3,1,1),plot(t1,dx1,tt,dxt,”");
ylabel(’a) Vel. [m/s]');

title('Velocity - 3 Different time intervals’)
grid;

axis([0 10 -5 5]);
subplot(3,1,2),plot(t2,dx2,tt,dxt,"");
ylabel('b) Vel. [m/s]');

grid; :

axis([0 10 -5 5]);
subplot(3,1,3),plot(t3,dx3,tt,dxt,":");
ylabel('c) Vel. [m/s]');

grid;

axis([0 10 -5 5]);
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MATLAB  File for MATLAB Exercise 4, Lecture 3

Function EXERC4B.M

Purpose To calculate the response of the system de-
scribed in problem 1, lecture 3. A Runge-Kutta
fourth order method is used.

Call exercdb(k,c,m,f0,omf,n,dt) (fig.Prob. 1)
k Stifness of linear spring

c Damping constant

m Mass

fo Amplitude of force

omf Eigenfrequency of harmonic force

n Number of points in approximtation
dt Time distance between points
Return (tt,xt,dxt,Ft)

tt Time vector

xt Displacement response vector

dxt Velocity response vector

Ft Force vector

e o o ¢ ko 3 e o o ok o e o oSk o 8k sk S Ko e 5K 6 R 3 SR o ok o o KK f 8 Rk R R R K o KR K e

function [tt,xt,dxt,Ft]=exerc4b(k,c,m,{0,omf,n,dt)

om0=0.5%sqrt(k/m);
z=c/sqrt(m*k);

if (om0==o0mf) psi=pi/2;

else psi=atan((2*z*om0%*omf)/(om0"2-omf"2));

end;

X=(0.75*{0)/(m*sqrt((om0"2-omf 2)"2+4*(2"2)*(om0°2)* (omf"2)));
omd=om0*sgrt(1-z"2);

laengde=n*dt;
dt=Ilaengde /4000;
n=4000;

for I=1:n+1,

tt(l)=(1-1)*dt;

Displacement response

xhl=cos(omf*tt(l)-psi);

xh2=cos(psi)*cos(omd*tt(l)); )
xh3=sin(omd*tt(1))*((z*cos(psi))/(sqrt(1-2°2))+(omf/omd)*sin(psi));
xt(1)=X*(xh1l-exp(-z*om0*tt (1)) *(xh2+xh3));

Velocity response

dxh1=-omf*sin(omf*tt(1)-psi);

dxh2=xh2;

dxh3=xh3;

dxh4=-omd*cos(psi)*sin{omd*tt(1));
dxh5=omd*cos(omd*tt(1))*((z*cos(psi))/(sqrt(1-z°2))+(omf/omd)*sin(psi));

CHAPTER 3. LECTURE 3

dxt(1)=X*(dxhl+z*om0*exp(-z*om0*tt(1))*(dxh24dxh3)-exp(-z*om0*tt(1))*(dxh4+dxh5));

Ft(l)=cos(omf*tt(1));

end;
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MATLAB  File for MATLAB Exercise 4, Lecture 3

Function PLOT4b.M

Purpose To plot the displacement response and the ve-
locity response versus the force on the system
in Problem 1, Lecture 4

Call plotdb(t,xt,dxt,Ft)

t Time vector

xt Displacement

dxt Velocity

Ft Force applied to the system
Return Graphical plot
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function plot4b(t,xt,dxt,Ft)
clg;
subplot(3,1,1),plot(t,Ft);
ylabel(’a) Force [N]');
title(’Comparison: Force-Response');
grid;
subplot(3,1,2),plot(t,xt);
ylabel(’b) Disp. [m]’);

grid;
subplot(3,1,3),plot(t,dxt);
ylabel('c) Vel. [m]’);
xlabel(’Time [sec]’)

grid;
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MATLAB  File for MATLAB Exercise 4, Lecture 3

Function EXERC4C.M

Purpose To calculate the response of the system de-
scribed in problem 1, lecture 3. A Runge-Kutta
fourth order method is used.

Call exercdc(k,c,m,f0,omf,n,dt) (fig.Prob. 1)
k Stifness of linear spring

c Damping constant

m Mass

{0 Amplitude of force

omf Eigenfrequency of harmonic force

n Number of points in approximtation
dt Time distance between points
Return (tt,xt,dxt,Ft)

tt Time vector

xt Displacement response vector

dxt Velocity response vector

Ft Force vector
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function [tt,xt,dxt,Ft]=exerc4c(k,c,m,f0,omf,n,dt)
om0=0.5%sqrt(k/m);

z=c/sqrt(m*k);

if (omO==omf) psi=pi/2;

else psi=atan((2*z*om0*om{) /(om0 2-omf"2));
end;

X=(0.75*f0)/ (m*sqrt ({om0°2-omf 2)"2+4*(2°2)*(om0"2) * (omf"2)));
omd=om0*sqrt(1-z°2);

laengde=n*dt;

dt=laengde/4000;

n=4000;

for I=1:n+1,

tt(1)=(1-1)*dt;

21
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xhl=cos(omf*tt(1)-psi);

xh2=cos(psi}*cos(omd*tt(1));
xh3=sin{omd*tt(1))*((z*cos(psi))/(sqrt(1-2"2))+(omf/omd)*sin(psi));
xt(1)=X*(xh1-exp(-z*om0*tt (1)) *(xh2+xh3));
dxhl=-omf*sin{omf*tt(1)-psi);

dxh2=xh2;

dxh3=xh3;

dxh4=-omd*cos(psi)*sin(omd*tt(1));
dxh5=omd*cos(omd*tt(1))*((z*cos(psi))/(sqrt(1-2"2) ) +(omf/omd)*sin(psi) );
dxt(1)=X*(dxhl+z*om0*exp(-z*om0*tt(1))*(dxh2+dxh3)-exp(-z*om0O*tt(1))* (dxh4+dxh5));
Ft(l)=cos(omf*tt(1));

end;



Chapter 4

Lecture 4

Problem 1 and 3 of lecture 4 are solved theoretically. The solutions to these problems can be
found in Nielsen [2]. The following MATLAB exercises replaces problem 2 of lecture 4.

4.1 MATLAB Exercise 5

Determine the eigenvalues A and eigenvectors ¥ for the following linear eigenvalue problem:
(B — )\A) = ] (4.1)

Where A and B are real and symmetric matrices.
Example 1 (Example 3.5 in Nielsen [1])

a=[38]. mx]2 7]

Compare results with (3.43), (3.61), and (3.62) in Nielsen [1]. Notice that both A and B are
symmetric and positive definite matrices in this case.

Example 2 (Example 3.10 in [1])

0.3 —0.211 0 200 —100} 0 0
02 05 |0 2 | =100 200 |0 O

A=|—T 9 Jo0|’ B7|70 0 =T 0 (48)
0 2 [0 0 0 0 .

Compare the results with (3.197), (3.102), (3.230), (3.239), (3.240) and (3.241) in Nielsen [1].

4.1.1 MATLAB Solution

The MATLAB function below (exercba.m) shows how MATLAB exercise 5, lecture 4 could be
solved. If the following orders are given:

A(1,1:2)=[1 0];
A(2,1:2)=[0 2J;
B(1,1:2)=(2 -1];
B(2,1:2)=[-1 2;

23
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[V,D]=ezerc5a(A,B);

CHAPTER 4. LECTURE 4

Then the eigenvalues and corresponding eigenvectors of example 1 will appear on the screen.
Notice that the eigenvectors only can be calculated except for an arbitrary constant.

Eigenvalues:
0.6340 0
0 2.3660
Eigenvectors:
0.7321 -2.7321
1 1

To solve example 2 give the following orders:

A(1,1:4)=[0.8 -0.2 1 0];
A(2,1:4)=[-0.2 0.5 0 2];
A(3,1:4)=[1 0 0 0];
A(414)=(0 2 0 0]
B(1,1:4)=[200 -100 0 0];
B(2,1:4)=[-100 200 0 0];
B(3,1:4)=[0 0 -1 0];
B(4,1:4)=[0 0 0 -2];
[V,D]=ezerc5b(A,B);

Notice again that the eigenvectors only can be calculated except an arbitrary constant.

Eigenvalues:

—0.0725 + 7.9620:

0
0
0
Eigenvectors:
0.7321 + 0.00502

1
—0.0933 + 5.8283:
—0.0725 + 7.9620¢

0

—0.0725 — 7.9620:
0
0

0.7321 — 0.0050:
1

—0.0933 — 5.8283:
—0.0725 — 7.9620:

(4.4)
(4.5)
0 0
0 0
~0.2025 + 15.3804i 0 (4.6)
0 —0.2025 — 15.3804:
—2.7313+0.0364: —2.7313 — 0.0364:
: L)

—0.0066 — 42.0159¢ —0.0066 + 42.0159¢
—0.2025 + 15.3804: —0.2025 — 15.3804:

The eigenvectors are the two first rows in each column. What are the relation between the two
last rows in each column and the eigenvalues ? (The answer is given in Nielsen [1] p. 77, (3-209)).
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4.1.2 MATLAB Files
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MATLAB  File for MATLAB Exercise 5, Lecture 4

Function EXERC5A.M

Purpose To calculate the eigenvalues and corresponding
eigenvectors of the eigenvalue problem of a
linear system.

Call exerc5a(A,B)

A Matrix (see problem text)
B Matrix (see problem text)
Return (x,dx,t)

Lambda Eigenvalues

Phi Eigenvectors
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function [V,D] = exerc5a(A,B)
[V,D]=eig(B,A);
Eigenvalues=D

Eigenvectors=V
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MATLAB  File for MATLAB Exercise 5, Lecture 4
Function EXERC5B.M
Purpose To calculate the eigenvalues and corresponding
eigenvectors of the eigenvalue problem of a
linear system.

Call exerc5b(A,B)

A Matrix (see problem text)
B Matrix (see problem text)
Return (x,dx,t)

Lambda Eigenvalues

Phi Eigenvectors
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function [V,D] = exerc5b(A,B);

[V.D]=eig(B,-A);

for i=1:4, V(:,i)=V(:,1)/V(2,i); end;

C1=V(:,1); C2=V(:,4); C3=D(1,1); C4=D(4,4);

Viz1)=02; V{1 4)=0C1;

D(1,1)=C4; D(4,4):C3;

Eigenvalues=D

Eigenvectors=V
e 3¢ 3 ok o s sk ok ok i s ok 3 3 ke ok ok ok e sk sk sk sk sk ok ok sk sk sk ok 3k ke sk sk o o ke e Aok 3k ok ok ok s s ok ke 3k 3k i e ek ok e ok ok kK ok

4.2 MATLAB Exercise 6

Consider the linear second order single degree of freedom system from problem 1, lecture 3 in
Nielsen [2]. Instead of a harmonic excitation force the system is excited by an impulse:

mi(t) + cz(t) + kz(t) = f(t) (4.8)
The initial conditions are: ‘
z(0) = #(0) = 0 (4.9)

Because of the initial conditions the response of the linear oscillator is only determined by
Duhamel’s integral.

2} = /Dh(t—'r)f(‘r)d‘r (4.10)
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The impulse excitation is shown in figure 7.2.

Figure 4.1: Impulse ezcitation of a linear single degree of freedom system.

The analytical solution to the vibration problem can be found in Appendix A. Verify upon inser-
tion in the equation of motion (4.8) that the solutions for ¢ < At becomes:

= 2 (1= 2 T o acosuat) + (¢ — wd)sin(uat) (@.11)
k)= Atmwg o wdwg wowgcos(wy Wy 78t d ;
Solve (4.8) numerically using a 4th order Runge-Kutta scheme and compare the solutions with
the analytical solution (4.11). Use the following data:

kg

wop = 2rHz, k:lﬁ‘ﬁz%, m = lkg , c:0.041r~:9—, a=1N, At=05s (4.12)

Plot the displacement and the velocity response of the system for different approximations.

Solve (4.10) using Simpson integration. Compare the solution with the analytical solution (4.11).
Use the data from (4.12). Plot the displacement of the system for different approximations. It is
important to notice that the vibration problem can be solved using two different approaches: A
numerical approximation of the differential equations or a numerical integration of the Duhamel

integral.

4.2.1 MATLAB Solution

The MATLAB functions below (exerc6a.m, plot6a.m) shows how the numerical approximation of
the differential equation in MATLAB exercise 5, lecture 4 could be performed. If the following

four orders are given:

[i1,z1,dz1,tt,zt, det]=exercba(16*pi"2,0.04 *pi, 1,1,0.5,25,0.2);
[12,22,dz2, 1,21, dzt]=ezercba(16*pi" 2,0.04%p1,1,1,0.5,50,0.1);
[18,23,dz3,tt,zt, dzt]=exerc6a(16*pi"2,0.04*p1,1,1,0.5,1000,0.005);
plot6a(11,12,13,z1,22,23,dx1,dz2,dz3, 1, o1, dzt);

Then figure 4.2 and figure 4.3 will appear on the screen. Notice that ”"RETURN?” should be pressed
to shift from figure 4.2 to figure 4.3. An explanation of the input numbers can be found in the
head of the MATLAB functions (exerc6a.m, plotba.m). Notice how the numerical approximation
converges to the theoretical solution as the time intervals decreases.
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Displacement - 3 different approximations

T T T T T T

[m]

b) Disp.

Figure 4.2: Numerical approzimation of the
compared with theoretical solution. a) At =

Velocity -
SFie AE

2.5
Time [sec]

displacement with a fouth order Runge-Kutia scheme

T — .
2, b)) At =18, ) At = 5.

3 Different approximations

[m/s]

a) vel.
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n
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n
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Figure 4.3: Numerical approzimation of the velocity with a fouth order Runge-Kuita scheme

compared with theoretical solution. a) At =

To

Ty
200"

T—;’-‘, b) At = 18, ¢) At =

The MATLAB functions below (exerc6b.m, plot6b.m) shows how the numerical integration of the
Duhamel integral in MATLAB exercise 5, lecture 4 could be performed using Simpson integration.

If the following four orders are given:
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[t1,z1,1t,zt]=ezerc6b(16*pi"2,0.04 *pi, 1,1,0.5,25,0.2);
[t2,22,1t,zt]=exerc6b(16*pi 2,0.04 *pi, 1,1,0.5,50,0.1);
[13,z3,1t, zt]=ezerc6b(16*pi"2,0.04 *pi, 1,1,0.5,100,0.05),

plot6b(t1,12,13,z1,22,23,t,z1);

Then figure 4.4 will appear on the screen. An explanation of the input numbers can be found in the
head of the MATLAB functions (exerc6b.m, plot6b.m). Notice how the numerical approximation
converges to the theoretical solution as the time intervals decreases.

Displacement - 3 different approximations

2.5
Time [sec]

Figure 4.4: Numerical approzimation of the displacement calculated using Simpson integration

compared with theoretical solution. a) At =20 b) At=Ta ¢) At = T&.
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4.2.2 MATLAB Files
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MATLAB  File for MATLAB Exercise 5, Lecture 4

Function EXERC6A.M

Purpose To calculate the response of the system de-
scribed in MATLAB exercise 5, lecture 4. A
Runge-Kutta fourth order method is used.

Call exercba(k,c,m,a,dtan,dt)

k Stifness of linear spring

c Damping constant

m Mass

a Maximum value of force

dta Time length of impulse

n Number of points in approximtation

dt Time distance between points

Return (x,dx,t)

t Time vector - numerical solution

x1 Displacement response vector - numerical
x2 Velocity response vector - numerical

tt Time vector - theoretical solution

xt Displacement response vector - theoretical
dxt Velocity response vector - numerical solution
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function [t,x1,x2,tt,xt,dxt]=exerc6a(k,c,m,a,dta,n,dt)
om0=0.5%sqrt(k/m);

z=c/sqrt(m*k);

omd=om0*sqrt(1-z"2);

Cl=om072;

C2=2%z*om0);

for 1=1:n+1, x1(1)=0; x2(1)=0; t(1)=0; tt(1)=0; end;

x1(1)=0; x2(1)=0; £(1)=0; for 1=1:m,

if (1*dtj=0.5), C3=a/(m™*0.5); else C3=0; end;
k1=0.5%dt*(-C1*x1(1)-C2*x2(1)+C3*t(1));
K=0.5*dt*(x2(1)+0.5%k1);
k2=0.5*dt*(-C1*(x1(1)+K)-C2*(x2(1)+k1)+C3*(t(1)40.5*dt));
k3=0.5*dt*(-C1*(x1(1)+K)-C2*(x2(1)+k2)+C3*(t(1)4-0.5*dt));
LL=dt*(x2(1)+k3);
k4=0.5%dt*(-C1*(x1(1)+LL)-C2*(x2(1)+2*k3)+C3*(t(1)+dt));
x1{14+1)=x1(1)+dt*(x2(1)+(1/3)*(k1+k2+k3));
x2(141)=x2(1)+(1/3)* (k1-+2*k2+2*k3+k4);

t(14+1)=t(1)+dt;

end;

cl=a/(m*om02%0.5); c4=2"2%om02;

c5=2%z%om0%omd; c6=omd"2;

c7=2%z/om0; c8=1/(omd*om072);

C1=0.5%c5*z*om0; C2=2z*om0"2*omd;

C3=omd"3; C4=2"2*om0 2*omd;

C5=2*z*om0*omd"2; C6=z"3%om0"3;

timel=dta/500;

for 1=1:501,

tt(1)=(1-1)*timel;

c3=exp(-z*om0*tt(1));

ct=omd*tt(l);
xt(1)=c1*(tt(1)-c7+c3*c8*((c4-c6)*sin(ct)+c5*cos(ct)));
dxt(l)=c1*(1+c3*c8*((-C1-C3)*cos(ct)+(C2-C5-C6)*sin(ct)));
end;

time2=(n*dt-dta)/2000;

x0=xt(501); dx0=dxt(501);

cl=(dx0+z*om0*x0)/omd;

for 1=1:2001,

tt(501+1)=dta+1*time2;

tt1(1)=1*time2;

c3=exp(-z*om0*tt1(1));
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ct=omd*tt1(1);
xt(501+1)=c3*(x0%cos(ct)+cl*sin(ct));
dxt(501+1)=-z*om0*xt(5014+1)+c3*omd*(-x0*sin(ct)+c1*cos(ct));

end;
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MATLAB  File for MATLAB Exercise 5, Lecture 4
Function PLOT6a.M
Purpose To plot the displacement response and the ve-

locity response in MATLAB Exercise 5, lecture 4
Call plot6a(t1,t2,t3,x1,x2,x3,dx1,dx2,dx3,tt,xt,dxt)
t1 Time vector (1. Aproximation)
t2 Time vector (2. Aproximation)
t3 Time vector (3. Aproximation)
x1 Displacement (1. Aproximation)
x2 Displacement (2. Aproximation)
x3 Displacement (3. Aproximation)
dx1 Velocity (1. Aproximation)
dx2 Velocity (2. Aproximation)
dx3 Velocity (3. Aproximation)
tt Time vector
xt Theoretical Displacement
dxt Theoretical Velocity
Return Graphical plot
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function plot6a(t1,t2,t3,x1,x2,x3,dx1,dx2,dx3,tt,xt,dxt)
clg;

subplot(3,1,1),plot(t1,x1,tt,xt,":’);

ylabel('a) Disp. [m]’);

axis([0 5 -0.04 0.04]);

title('Displacement - 3 different approximations’)
grid;

subplot(3,1,2),plot (t2,x2,tt,xt,":’);

ylabel(’b) Disp. [m]");

axis([0 5 -0.04 0.04]);

grid;

subplot(3,1,3),plot(t3,x3,tt,xt,":");

ylabel('c) Disp. [m]');

xlabel('Time [sec]’);

axis([0 5 -0.04 0.04]);

grid;

pause

clg;

subplot(3,1,1),plot(t1,dx1,tt,dxt,”:’);
ylabel(’a) Vel. [m/s]’);

title("Velocity - 3 Different approximations’)
axis([0 5 -0.2 0.2));

grid;

subplot(3,1,2),plot(t2,dx2,tt,dxt,":’);
ylabel('b) Vel. [m/s]');

axis([0 5 -0.2 0.2]);

grid;
subplot(3,1,3),plot(t3,dx3,tt,dxt,"");
ylabel(’c) Vel. [m/s]);
xlabel(*Time [sec]');

axis([0 5 -0.2 0.2]);

grid;
R E———— B e
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MATLAB  file for MATLAB Exercise 5, Lecture 4

Function EXERC6B.M

Purpose To calculate the response of the system de-
scribed in MATLAB exercise 5, lecture 4.

Simpsons integration method is used for Duha-

mels integral

Call exerc6b(k,c,m,a,dta,n,dt)

k Stifness of linear spring

¢ Damping constant

m Mass

a Maximum value of force

dta Time length of impulse

n Number of points in approximation

dt Time distance between points

Return (t,x1,tt,xt)

t Time vector - numerical solution

x1 Displacement response vector - numerical
tt Time vector - theoretical solution

xt Displacement response vector - theoretical
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function [t,x1,tt,xt]=exerc6b(k,c,m,a dta,n,dt)

om0=0.5*sqgrt (k/m);
z=c/sqrt(m*k);
omd=om0*sqrt(1-z"2);

C1=1/(m*omd);

for i=1m+1, x1(i)=0; t(i)=0; end,;

for i=1:n,

ta=i*dt;

forj=1:i;

if (j*dt;dta), al=0; else al=a; end;

t1=()-1)*dt; t2=t14-0.5%dt; t3=t1+4dt;
gl=C1*exp(-z*om0*(ta-t1))*sin(omd™(ta-t1))*al1*t1/dta;
g2=C1%exp(-z*om0*(ta-t2))*sin(omd™(ta-t2))*al*t2/dta;
g3=C1*exp(-z*om0*(ta-t3))*sin(omd*(ta-t3))*al*t3/dta;
simpsum=(gl+4*g2+g3);

x1(i+1)=x1(i+1)+simpsum;

end;
x1(i41)=ta*x1(i+1)/(3*(2%-1));
t(i+1)=i*dt;

end;

cl=a/(m*om0°2%0.5); c4=2z"2%om0"2;
c5=2%z%om0%omd; c6=omd"2;
c7=2%z/om0; c8=1/(omd*om072);
C1=0.5%c5*z*om0; C2=2*om0"2*omd,;
C3=omd"3; C4=2z"2*om0"2*omd;
C5=2*z*om0*omd"2; C6=z"3*om0"3;

timel=dta/500;

for 1=1:501,

tt(1)=(1-1)*time1;

c3=exp(-z*om0*tt(1));

ct=omd*tt(l);
xt(1)=c1*(tt(1)-c7+c3*c8%((c4-c6)*sin(ct)+c5*cos(ct)));
end;

dx0=c1*(14c3%c8*((-C1-C3)*cos(ct)+(C2-C5-C6)*sin(ct)));

time2=(n*dt-dta)/2000;

x0=xt(501);
c1=(dx0+z*om0*x0) /omd;

31



32 CHAPTER 4.

for 1=1:2001,

tt(501+1)=dta+1*time?2;
tt1(1)=1*time2;
c3=exp(-z*¥om0*tt1(1));
ct=omd*tt1(1);
xt(501+1)=c3%(x0*cos(ct)+cl1*sin(ct) );

end;
adc a4 ok 3 3k 3 e ke 24 3 2 3k e 3 2k 2k 2 ek 2k 3k 3 24 24 e ke e e ok 2k 2k ok ok 2 ok ke o ke ke ake 2k ok 3 2k ke 3k okl ok ke ek 2k ok ok e dkeoke ok ok

e e sk ae ok e ok ke s ke ko ok ok o ok ek o ok e ook s e ook o ok 3K o o ok ok ke oo sk o ok o o sk sk o oo ok ok ok o sk e ke sk ok ko ok
MATLAB  file for MATLAB Exercise 5, Lecture 4
Function PLOT6B.M
Purpose To plot the displacement response MATLAB Exer-
cise 5, lecture 4

Call plot6b(t1,t2,t3,x1,x2,x3,tt,xt,dxt)
t1 Time vector (1. Aproximation)
t2 Time vector (2. Aproximation)
t3 Time vector (3. Aproximation)
x1 Displacement (1. Aproximation)
x2 Displacement (2. Aproximation)
x3 Displacement (3. Aproximation)
tt Time vector

xt - Theoretical Displacement

dxt Theoretical Velocity

Return Graphical plot
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function plot6b(t1,t2,t3,x1,x2,x3,tt,xt)
clg;

subplot(3,1,1),plot(t1,x1,tt xt,":");
ylabel(’a) Disp. [m]');

axis([0 5 -0.04 0.04]);
title('Displacement - 3 different approximations’)
grid;
subplot(3,1,2),plot(t2,x2,tt,xt,":");
ylabel(’b) Disp. [m]’);

axis([0 5 -0.04 0.04]);

grid;
subplot(3,1,3),plot(t3,x3,tt,xt,”:");
ylabel(’c) Disp. [m]);

xlabel('Time [sec]’);

axis([0 5 -0.04 0.04]);

grid;
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Chapter 5

Lecture 5

Problem 2 of lecture 5 is solved theoretically. The solutions to these problems can be found in
Nielsen [2]. The following MATLAB exercise replaces problem 1 of lecture 5.

5.1 MATLAB Exercise 7

The system of problem 2, lecture 5 is considered. The equation of motion and the initial conditions

are:

Mk + Kx = 0, t>0 (5.1)
1 ;

xg:[l], xo:[g] (5.2)
3

Verify that (5.1) can be written in the following state vector form:

z = Az, z(0) = gz (5.3)

z(t) = x(t) A = ) y Ty = x4 (5.4)
x(t) |’ -M~!K 0|’ X0 '

Solve (5.4) numerically using a 4th order Runge-Kutta scheme and compare the solution with the
analytical solution (see Nielsen [2], p. 36, (12)). Use the following data:
=i

ky, = 8m*— | kzzlﬁﬂm, ml = lkg, m2 = 2kg (5.5)

The eigenfrequencies can be found in Nielsen [2], p. 35 (3).

5.1.1 MATLAB Solution

The MATLAB functions below (exerc7.m, plot7.m) shows how MATLAB exercise 7, lecture 5
could be solved. If the following three orders are given:

[z1,zt,t1 tt]=exerc?(8%pi"2,16%pi"2,1,2,[1 1/3], [0 0],25,0.2);
[z2,zt,12,tt]=ezercT(8*pi"2,16*pi"2,1,2,[1 1/3], [0 0],50,0.1);

plot7(11,t2,1t,z1,22,zt);

Then figure 5.1 will appear on the screen. An explanation of the input numbers can be found in

the head of the MATLAB functions (exerc7.m, plot7.m)

33
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0.5 1 1.5 2 2.5 3 35
Time

Figure 5.1: Numerical approzimation [—] with a fourth order Runge-Kutta scheme compared with
the theoretically solution [ - -] a) At = %‘1 2. storey b) At = 2o 1. storey ¢) At = 12 2. storey

_ T
d) At = 721 storey.

5.1.2 MATLAB Files
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MATLAB  File for MATLAB Exercise 7, Lecture 5

Function EXERC7.M

Purpose To calculate the response of the 2DOF system
described in problem 2, lecture 5. A Runge-
Kutta fourth order method is used.

Call exercT(k1,k2,m1,m2 x0,dx0,n,dt) (fig.prob. 2)
k1 Stifness of upper storey

k2 Stifness of lower storey

ml Mass of upper storey

m2 Mass of lower storey

x0 Initial conditions vector, displacement

dx0 Initial conditions vector, velocity

n Number of points in approximtation

dt Time distance between points

Return (xn.xt,tn,tt)

xn Displacement response matrix (approximation)
xt Displacement response matrix {Theoretically)
tn Time vector corresponding to xn

tt Time vector corresponding to xa
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function [xn,xt,tn tt]=exerc?(k1,k2,ml,m2,x0,dx0,n,dt)
om0(1)=sqrt(0.5%k1/m1); om0(2)=sqrt(2.0*k2/m2);
M(1,1)=m1; M(1,2)=0; M(2,1)=0; M(2,2)=m2;
K(1,1)=k1; K(1,2)=-k1; K(2,1)=-k1; K(2,2)=k1+k2;
Phil(1)=2; Phil(2)=1; Phi2(1)=-1; Phi2(2)=1;
P=[Phil’ Phi2"];

MI=inv(M);

PI=inv(P);

tn=0:dt:n*dt; xn=zeros(2,n+1); dxn=zeros(2,n+1);
xn=zeros(2,n+1); dxn=zeros(2n+1);
xn(1,1)=x0(1); xn(2,1)=x0(2);

c=-MI*K;
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for i=1:n,

k1=0.5%dt*c*xn(1:2,i);

K=0.5%dt*(dxn(1:2,i)4+0.5%k1);

k2=0.5*dt*c* (xn(1:2,i)+K);
k3=0.5*dt*c*(xn(1:2,1)+K);

LL=dt*(dxn(1:2,i)+k3);

k4=0.5%dt*c*(xn(1:2,i)+LL);
xn(1:2,i+1)=xn(1:2,i)+dt*(dxn(1:2,i)+(k1+k2+k3)/3);
dxn(1:2,i+1)=dxn(1:2,i)+(1/3)*(k1+2*k2+2*k3+k4);
end;

a=PT*x0’;

bb=PI*dx0’; b(1)=bb(1)/om0(1);, b(2)=bb(2)/om0(2);
dtt=n*dt/1001;

tt=0:dtt:1000*dtt; xt=zeros(2,1001);

for i=1:1001,

xt(1:2,i)=a(1)*Phil *cos(om0(1)*tt(i))+a(2)*Phi2"*cos(om0(2)*tt(i});

xt(1:2,1)=xt(1:2,i)+b(1)*Phil™*sin(om0(1)*tt(i))+b(2) *Phi2"*sin(omO0(2)*tt(i));

end;
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MATLAB file for MATLAB Exercise 7, Lecture 5
Function PLOT7.M
Purpose To plot the displacement response for a 2DOF
system in MATLAB Exercise 7, lecture 5
Call plot7(t1,t2,tt,x1,x2,xt)
t1 Time vector (1. Aproximation)
t2 Time vector (2. Aproximation)
tt Time vector theoretically
x1 Displacement matrix (1. Aproximation)
x2 Displacement matrix (2. Aproximation)
xt Displacement matrix theoretically

Return Graphical plot
sk 3k 3¢ 3k 3k 3 k¢ ok e o 3k e sk ok o ok sk sk ok sk s ol ek e ok sk ok ke of ok ke sk sk sl R ok sk Sk o ok ok of ok oj e 3K ke ok K ok sk ok ok

function plot7(t1,t2,tt,x1,x2,xt)

clg;

x11=x1(1,1:size(t1’)); x12=x1(2,1:size(t1"));
xt1=xt(1,1:size(tt’)); xt2=xt(2,1:size(tt’));

© x21=x2(1,1:size(t2")); x22=x2(2,1:size(t2'));
subplot(4,1,1),plot (t1,x11,tt,xt1,":");

ylabel(’a) Disp. [m]’);

title('Displacement - 2 different approximations’)
grid;

axis([0 5 -1.05 1.05));
subplot(4,1,2),plot(t1,x12,tt,xt2,"");
ylabel('b) Disp. [m]’);

grid;

axis([0 5 -1.05 1.05]);

subplot(4,1,3),plot (t2,x21,tt,xt1,":");
ylabel(’c) Disp. [m]");

grid;

axis([0 5 -1.05 1.05]);
subplot(4,1,4),plot(t2,x22,tt,xt2,":");
ylabel(’d) Disp. [m]');

grid; xlabel('Time’)

axis([0 5 -1.05 1.05]);

43 3 ok e 3 3 3k 4 e e ke e ke e e ke e e e e ek e e 3 ok e 2 ok ke ek ke 3k ok sk ok ok sk ok 3k 3k sk ok i K 3k koK ok ok ko ok ok 3k Kok ok ke
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Chapter 6
Lecture 6

Problem 1 and 3 of lecture 6 are solved theoretically. The solutions to these problems can be
found in Nielsen [2]. The following MATLAB exercise replaces problem 2 of lecture 6.

6.1 MATLAB Exercise 8

The éystem in problem 1, lecture 6 is considered again. The harmonic load subjected to mass,
m;, is replaced by the following load function (still subjected to mass, m,).

Figure 6.1 Impulse ezcitation of linear 2DOF system in problem 1 lecture 6.

The impulse excitation force subjected to mass m; is described by:

e, 0<7T<AL
fr) = { 0" > At (6.1)

)

The system starts at rest to time ¢ = 0 corresponding to the initial values x(0) = 0, x(0) = 0.
The indicated load function has previously been used in MATLAB exercise 6.

1: Determine the undamped circular eigenfrequencies and the undamped eigenmodes of the sys-

tem.
2: Determine the motion of the, system using expansion in undamped modal coordinates.

3: Compare the theoretical solution with a numerical approximation using a fourth order Runge-
Kutta scheme.

36
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6.1.1 MATLAB Solution

The governing differential equation of the system is:

Mi(t) + Kx(t) = £(t) (6.2)
ol 4 EECE 8 R R B S s i) I

The frequency condition is used to calculate the undamped circurlar eigenfrequencies and un-
damped eigenmodes.

(K-wM)& = 0 (6.4)

Undamped circular eigenfrequencies

det (K-—wQM) — )

k1 + ko — wzml ~ks _
det ([ —-k‘2 k2+w2m2 = fl ==

(]{.‘1 + kg — wzml)(kz - wz?ﬂ.g) = (—k‘g)(-—-kg) =i = (65)

m1m2w4 + (—klmg—kzml —kzmz)wz + kiky = 0=

w% } _ k1m2+kg(m1+m2):I:\/Icfm§+k§(m2+m1)2+2klkgmz(mg—ml)

w% 2mims

Undamped eigenmodes

If @gj) = 1 it then follows from the second equation of (6.4) that:

—kg@ﬁj)ﬁ-(kz—*w?ﬂm)q’gj):o = @EJ): l—wfk—; (66)

Where the circular eigenfrequencies are given by (6.5).
Motion of system
The motion of the system can be describe by expansion of undamped modal coordinates:

x(t) = ()@Y + ¢(t)8? (6.7)

The undamped eigenmodes of the system are known from (6.6). The modal coordinates ¢;(t) are
found from (see Nielsen [1], p. 70, (3-166)):

gGlt) = /(; hi(t — 7)Fi(7)dr (6.8)

Where:

0 t<0
= (6.9)

hi(t) = { M}w;sjn(wit) 1 B0
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M; = 8OTM3D) = (80)m; +m, = (1_%?%)2) my + my (6.10)
2
F(t) = 89Tf() = o f(1) (6.11)
(1) g &(" min :
g(t) = %it_ rin g, At)sm(m,(t — )N f(r)dr = 'At_MlT, S sin(w;(t — 7))rdr

ad ) min(1,At
= _@1.?. [r cos(wi(t — 7)) + Z- sin(w;(t - r))} e

= A‘:ﬂ (cos(w, (t — min(t, At)))min(t, At)) + Z- sin(w;(t — min(t, At)) — sin(w;t))

Numerical approximation
The MATLAB functions below (exerc8.m, plot8.m) shows how the numerical approximation using
a 4th order Runge-Kutta scheme could be solved. If the the following 4 orders are given:

[z1,zt, 21, tt]=ezerc8(4000%*pi"2,400%pi" 2,1000,100,1 ,0.5,50,0.1);
[22,x1,12,tt]=exerc8(4000*pi 2,400%p1" 2,1000,100,1 ,0.5,100,0.05);

[x8,5,13, tt]=ezerc8(4000%pi" 2,400%pi"2,1000,100,1 ,0.5,500,0.01);

plot8(11,12,18,z1,22,23, 11,2t ),

Then figure 6.2 and figure 6.3 will appear on the screen. Notice that "RETURN” should be
pressed to shift from figure 6.2 to figure 6.3. An explanation of the input numbers can be found
in the head of the MATLAB files.

X 107 Displacement 1. Mode — 3 different approximations

i H . . !

[m]
n

a) Disp.

N

b) Disp. [m]
N o

¢) Disp, [m]
l’{] (=] N

2.5
Time [sec]

Figure 6.2: Theoretical displacement response --] and three dzﬁerent numencal approzimations
[—] of first degree of freedom. a) At = 25 (14) b) AL = 50 ( ; €} d = 250 (T%

(6.12)
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x i Displacement 2, Mode - 3 different approximations
T T T

i : ! 1 ! T !

2.5
Time [sec]

Figure 6.3: Theoretical displacement response [- - -] and three different numerical approzimations
[=] of second degree of freedom. a) At = %%- (%), b) At = gf)- %), c) At = %15 (12:126)'

6.1.2 MATLAB Files

s ks e oo ke s ke s ko ok sk e e ko s ks e o e s e ke e ke o s ks ke ke ok s ks ke s e
MATLAB  File for MATLAB Exercise 8, Lecture 6
Function EXERC8.M
Purpose To calculate the response of the 2DOF system
described in problem 1, lecture 6. A Runge-
Kutta fourth order method is used.

Call exerc8(kl,k2,m1,m2 a,dta,n,dt)

k1 Stifness of first linear spring

k2 Stifness of second linear spring

ml Mass 1

m2 Mass 2

a Maximal impulse force

dta Time lengt of impulse force

n Number of points in approximtation

dt Time distance between points

Return (xn,xt,tn,tt)

xn Displacement response matrix (approximation)
xt Displacement response matrix (Theoretically)
tn Time vector corresponding to xn

tt Time vector corresponding to xa

s sk o o o 3k ok o sk ok ok o ook ok ol ok o e sk ok o o o ok oK o o ook o 3 3 ol ook ok e o sk ok 3k 3 s ks ok sk e ook ok ok o ok ok

function [xn,xt,tn,tt]=exerc8(kl,k2,ml,m2,a,dta,n,dt)
M(1,1)=m1; M(1,2)=0; M(2,1)=0; M(2,2)=m2;
K(1,1)=k1+k2; K(1,2)=-k2; K(2,1)=-k2; K(2,2)=k2;
[V,D]=eig(K,M) Phi2=V(:,1}/V(2,1); Phil=V(:,2)/V(2,2);
w2=sqrt(D(1,1)); wl=sqrt(D(2,2));

MI=inv(M);

tn==0:dt:n*dt; xn=zeros(2,n+1); dxn=zeros(2,n+1);
c=-MI*K;

for i=1:n,

if (tn(i)j=dta) f=[a/dta 0]’; else £=]0 0]’; end;
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k1=0.5*dt*(c*xn(1:2,i)+MI*f*tn(i));

K=0.5*dt*(dxn(1:2,1)+0.5%k1);
k2=0.5*dt*(c*(xn(1:2,1)+K)+MI**{tn(1)+dt/2));
k3=0.5%dt*(c*(xn(1:2,1)+K)+MI*f*(tn(i)+dt/2));

L=dt*(dxn(1:2,i)+k3);

k4=0.5%dt* (c*(xn(1:2,i)+L)+MI*f*tn(i+1));
xn(1:2,i+1)=xn(1:2,i)+dt*(dxn(1:2,i)+ (k1+k2+k3)/3);
dxn(1:2,1+1)=dxn(1:2,i)+(1/3)* (k14+2%k2+2*k3+k4);

end;

length=n*dt; dt=length/2000;

tt=0:dt:length;

xt=zeros(2,2000);

cl=a*Phil(1)/(dta*w1"2*¥Phil"™*M*Phil});
c2=a*Phi2(1)/(dta*w2"2*Phi2"*M*Phi2);

for i=1:2001,

t1=min(tt(i),dta);
xt(:,1)=Phil*c1*(t1*cos(w1*(tt(i)-t1))+(1/w1)*(sin(w1*(tt(i}-t1))-sin(wl*tt(i))));
xt(z,i)=xt(:,1) +Phi2*c2*(t1*cos(w2* (Lt (1)-t1) )4 (1/w2)*(sin(w2*(tt(i}-t1))-sin(w2*tt(1))));

end;
sk ks ke e ek o sk sk ks ks s sk o ok sk s o o sk sk ok ok ok sk ks o ok kol ok s ko ok K ok s sk ok ok ok ke ok ko o sk ok ok K
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MATLAB  File for MATLAB Exercise 8, Lecture 6
Function PLOT8.M
Purpose To plot the displacement response for a 2DOF
system in MATLAB Exercise 8, lecture 6. Theo-
retical response versus numerical approx.

Call plot8(t1,t2,t3,x1,x2,x3,tt,xt)

tl Time vector (1. Approximation)

t2 Time vector (2. Approximation)

t3 Time vector (3. Approximation)

x1 Displacement matrix (1. Approximation)
x2 Displacement matrix (2. Approximation)
x3 Displacement matrix (3. Approximation)
tt Time Vector (Theoretical)

xt Displacement matrix theoretically
Return Graphical plots

afe 2k 2k >k 2 ke 2k e o 3K 3k ok i e ok A ke 3k sk ok o 3k 3k ok skl 3 ok sk ok ke sk sk ok Rk o Ao ok i ke Sk o R ok 3K K okk ok Ak ok ek Ak ok
function plot8(t1,t2,t3,x1,x2,x3,tt,xt)

clg;

subplot(3,1,1),plot(t1,x1(1,:),tt,xt(1,:),":");

ylabel('a) Disp. [m]');

title('Displacement 1. Mode - 3 different approximations’)
grid;

subplot(3,1,2),plot(t2,x2(1,:),tt xt(1,:),’:");

ylabel('b) Disp. [m]’);

grid;

subplot(3,1,3),plot(£3,x3(1,:),tt,xt(1,:),":");

ylabel(’c) Disp. [m]');

grid;

xlabel("Time [sec]’)

pause; clg;

subplot(3,1,1),plot{t1,x1(2,:),tt,xt(2,:),":");

ylabel('a) Disp. [m]');

title(’Displacement 2. Mode - 3 different approximations’)
grid;

subplot(3,1,2),plot(t2,x2(2,:),6t,xt(2,:},":");

ylabel('b) Disp. [m]’);

grid;

subplot(3,1,3) ,plot{t3,x3(2,:),tt,xt(2,:),":");

ylabel('c) Disp. [m]");

grid;

xlabel('Time [sec]’)

e 3k 2 b 3 3 ¢ e e 3k e afe ik e 3 ke e e Ak ok Ak ofe ke e e el e el e ol o dke e v sl ok ke ool oA i e e ke e ke ok ok ok e ok e ok Aok ok R ok



Chapter 7
Lecture 7

Problem 1 and 2 of lecture 7 are solved theoretically. The solutions to these problems can be
found in Nielsen [2]. Both problems are considered as essential. It is recommended the groups
to solve one of the problems in common. The other problem should be solved individually. The
individually solved problem is replaced by the following MATLAB exercise. MATLAB exercise 9

is an extension of MATLAB exercise 8.

7.1 MATLAB Exercise 9

The system in problem 1 of lecture 6 is considered again. This system is not undamped as in
problem 1 of lecture 6. The system and the excitation is shown in figure 7.1 and 7.2.

4 f1(t)
Cy — Cp
S Zn
m, mp
A
kq g 5 ke 5 5,
et ‘ =X ‘

Figure 7.1: Linear viscous damped two degree of freedom system.

Figure 7.2: Ezcitation subjecied to mass m;.

41
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The equations of motion becomes:

Ms(t) + Cx(t) + Kx(t) = £(t), t>0

(7.1)

x(0} = 0,; x0)=0

Where:
_ | m 0 _leatec —e _ k14 ks —ks _ f(t)

o P L PR U P T

The data for the system are:
k
fl— = 4w2im1 = 1000kg =2 = 41rrzi mg = 100kg ¢; = O.Othrfg Cy = 0.087r~£~7-sl (7.3)
my mkg Mo mkg s 5

1: Show, that a theoretically solution by expansion in undamped modal coordinates is impossible.
2: Determine the damped mode shapes ®U) and the characteristic values A; of the system.

(Rewrite to a linear eigenvalue problem of order 4.)
3: Determine the response of the system by expansion in damped modal coordinates and compare
the solution with a numerical calculation using a 4th order Runge-Kutta scheme.

7.1.1 MATLAB Solution

Ad 1) To solve the linear differential equation in (7.1) by expansion in undamped modal coordi-
nates the following decoubling condition should prevail.

Oeal) = 1 0 i#J
3Mcel) = {QCiWiMz‘ Ay (7.4)

Define the following damping coefficients:

OYel: 162 L Rk
A { Gj J#1 (7.5)
2 w,;ijgMj G 1=

The undamped mode shapes and the eigenfrequencies are determined in problem 1 of lecture 6.

kimy + kg(ml + TTLQ) + \/(kfm% = k%(ml . o mz)z + lekzmg(MQ - mI))
2mims

| ?ma
3¢) = [1 ‘; 2 ] (1.7)

wZ_

(7.6)

The damping ratios can be calculated theoretically. Alternatively it is choosen to apply a nu-
merical calculation using a MATLAB function (exerc9a.m). If the following order are given and
the MATLAB function has been implemented the decoubling matrix appears on the screen. An
explanation to the input numbers can be found in the head of the MATLAB file.

ezerc9a(4000%pi" 2,400%pi" 2,1000,100,0.04 *pi,0.08*p1);

¢t Gz ] _ qa-3 | 00770 0.0938
(21 Cz] = [0.0938 0.1403] (7.8)

As seen (12 = (21 # 0, so modal decoupling does not take place. Notice that (5 = 0.0938 <
VGG = /(0.0770 - 0.1403 - 10~%). This condition must identically be fullfilled for a symmetric
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and dissipative damping matrix, see Nielsen [1], p. 72, (3-180). If the theoretically solution
by expansion in undamped modal coordinates should be exact, the decoubling condition should
be fulfilled. This is not the case for the system. A solution by expansion in undamped modal
coordinates can only be approximate.

Ad 2) To calculate the damped mode shapes ®(/) and the characteristic values A; the linear

differential equations (7.1) is rewritten to state variables. This reduces the eigenvalue problem to
a linear eigenvalue problem of dimension 4.

Az + Bz = 0 (7.9)

A:[ﬁ 1\6[] B:[Ig —?\/I] z:[:} (7.10)

The linear eigenvalue problem reduces to:
(MA+B)¥ =0 (T.11)

If (7.11) is solved the solutions ¥ whould have the form:

¥ = [f} } (7.12)

If the following order are given and the MATLAB function (exerc9b.m) has been implemented
the eigenvalues A and the eigenvectors ¥ appears on the screen. An explanation to the input
numbers can be found in the head of the MATLAB file. The eigenvectors are normalized to have

{) =1.

[V, D]=exercIb(4000%pi 2,400*pi 2,1000,100,0.04 *pi, 0.08 *pi);

Eigenvalues
[ —0.0004 + 5.3678 0 | 0o 0
8 -0'00040— T ~0.0001[-)+ 7.3547i 8 (7.18)
i 0 0 0 ~0.0001 — 7.3547i
Eigenvectors

0.2702 4+ 0.0001¢  0.2702—0.0001; —0.3702 + 0.0003: —0.3702— 0.00037 1
1.0 1.0 1.0 1.0 714
—0.0008 4+ 1.4501z —0.0008 —1.4501: —0.0015— 2.7224: —0.0015+ 2.7224: (18]
| —0.0004 + 5.3678: —0.0004 —5.3678: —0.0010 + 7.3547¢ —0.0010 — 7.3547:

Notice how both the eigenvalues and the eigenvectors turns out in complex conjugate pairs.

Ad 3) Especially the displacement response can be found by:

2
x(t) = 2 Re(8Yq;(t)) (7.15)
=1
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Where &) are the damped mode shapes and damped modal coordinates are:

g;(t) = et [J e~ LBUITE(r)dr
5
— prst ft —-Aj-rwl_q)(j) 3
= 0 ¢ my 1 f(T) T
- gr%;;i.:b(l.‘n‘) f;lmin(t'At)C_Aﬂ%dT

min(t,At)

Vs 7 i z 7.16
= et g0) ([—”_Z’j 7] + %,.fum'"“"“‘)e—%w) (7.16)

Atm; 0

[B_Ajf] g‘lin(t,At))

et L

s Axm,- -—Aj 0

= et g() ([_T] minan)

_ _Ai::j;jq,gj) (E—Ajmin(t,At)min(t,At) n %(B—Ajmin(l,ﬂf) _ 1))

Where m; is the damped modal mass given by (see Nielsen [1], p. 77, (3-212)).

o = Tl 4+ QJ\J.Q(J'}TM.I.U)
(7.17)

(c1 + ¢2)(@)? — 2610 + 5 + 225 ((9F)?ms +my)

Il

The damped mode shapes and the eigenvalues of the system are calculated in the solution to
question 2. This means that if the last statement of (7.16) is used in (7.15) an analytical solution
to the displacement response of the system is obtained. To compare this theoretical solution
with a numerical approximation using a 4th order Runge-Kutta scheme the MATLAB function
(exerc9c.m) is used. An explanation of the input numbers can be found in the head of the
MATLAB file. If the following order are given figure 7.3 and figure 7.4 will appear on the screen.

m1=1000; m2=100; c1=0.04*pi; c2=0.08*pi; k1=4000*pi’ 2; k2=400*pi"2;
[t1,z1,1t,zt]=ezerc9c(V,D,m1,m2,c1,c2,k1,k2,100,0.5,25,0.02);

[12,z2,tt, zt]=exerc9c(V,D,mi,m2,c1,c2,k1,k2,100,0.5,50,0.01);

(18,23, tt,zt]=ezerc9c(V,D,m1,m2,cl,c2,k1,k2,100,0.5,1000,0.0005);
plot9(11,12,13,z1,22,23,1,xt);
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x 107 Displacement 1. Mode — 3 different approximations
T T T

4 T T T T T T

i i i 1

i
2.5 3 3.5 4 4.5 5
Time [sec]

Figure 7.3: Theoretical displacement response [- - -] and 8 different numerical approzimations [—]

of first degree of freedom. a) At = % = % b) At = % = %, ¢) At = 2—7:1’5 = 2—1;25.

Displacement 1. Mode — 3 different approximations
T T T T T T T

2.5
Time [sec]

Figure 7.4: Theoretical displacement response [---] and & different numerical approzimations [—]

T _ T _ T, _ T _ T _ T
of second degree of freedonn. ) M8 = 52 = 32 0) Bl = Shemdy o) Byl

As seen the numerical solution based on the Runge-Kutta scheme requires very small time steps
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before converging is achieved. A typical time step of At = Z_TIC’J% should be compared with a time
step of At = % of a SDOF system. As n (number of DOF) is further increased the time step
is even further reduced. Hence the Runge-Kutta scheme becomes increasingly ineffective at large
values of n, and should be replaced by other integration schemes.

7.1.2 MATLAB Files

e o o e ke ok ok e o o e ok R S o sk 3k 3K 3 o s ok 3 3Kk 3 ke ok ok o 3K sk S ke 3K Sk ok e ok o oK o o o sk sk ok K ok SRk ok ok o o

MATLAB  File for MATLAB Exercise 9, lecture 7
Function EXERC9A.M

Purpose To calculate the decoubling matrix
Call exerc9a(kl,k2,m1,m2,cl,c2)
k1 Stifness of linear spring 1
k2 stifness of linear spring 2
m1 Mass of mass 1
m2 Mass of mass 2
el Damping constant 1
c2 Damping constant 2
Return Damping ratio matrix

e ke o sk e o o e o o o R K 6 6 o 3K 6 ofe 33 3 SR o o R e sk KK 3 3 o K R K 3K o o 6 o ke s o R R o oK R o o oo o K

function exerc9a(kl,k2,ml,m2,cl,c2)
konst=sqrt(k1°2*m272+k2°2*(m1+m2)"2+2*k1*k2*m2* (m2-m1l));
wl=(k1*m2+k2*(ml+m2)-konst)/(2*m1*m2);
w2=(k1*m2+k2*(ml+m2)+konst)/(2*m1*m?2);
wl=sgrt(wl); w2=sqrt(w2);

M(1,1)=m1; M(1,2)=0; M(2,1)=0; M(2,2)=m2;
Phil=[1-w1"2*m2/k2 1]'; Phi2=[1-w2"2*m2/k2 1]’;
C(1,1)=cl+c2; C(1,2)=-c2; C(2,1)=-c2; C(2,2)=c2;
decou(1,1)=Phi1"*C*Phil;
decou(1,2)=Phil’*C*Phi2;
decou(2,1)=Phi2"™*C*Phil;
decou(2,2)=Phi2"™*C*Phi2;

mm1l=Phil"*M*Phil; mm2=Phi2’*M*Phi2;
zll=decou(1,1)/(2*w1*mm1l});
z12=decou(1,2)/(2*sqrt(wl*w2*mml*mm2));
z21=decou(2,1)/(2*sqrt(w1*w2*mm1*mma2));
z22=decou(2,2)/(2*w2*mmz2);

damp(:,1)=(z11 221]’; damp(:,2)=[z12 222]’;

dampingratios=damp
ke ac ok o sk o ok ok ok sk ok o o o oo e o ok e o ok K o 3 ok ok sk o1 K 3 ok o koK KK e oo o o o e sk ok s ok sk ok ofe sk ok ok

ek e o e ok ok ok s o ko ko ok ke ko sk ok sk ks koo ks ook ko ok ks sk ko
MATLAB  File for MATLAB Exercise 9, lecture 7.

Function EXERC9B.M
Purpose To calculate the eigenvalues and eigenvectors
of linear state variable eigenvalue problem.

Call exerc9b(k1,k2,ml1,m2,c1,c2)
k1 Stifness of linear spring 1

k2 stifness of linear spring 2

ml Mass of mass 1

m2 Mass of mass 2

cl Damping constant 1

e2 Damping constant 2

Return Eigenvalues and eigenvectors
v Normalized eigenvectors

D Eigenvalues

sk ke ok e s sk 3k ok 3 s e ok e 2k 3 ke ok e 3 o e e e e e ek e ke ke sk ke 2 ke Rk e o sk ke S e dje e ke e ok fe e sk ok e ke ke ke ok ke ek ok ok

function [V,D]=exerc9b(k1,k2,m1,m2,cl,c2)
M(1,1)=m1; M(1,2)=0; M(2,1)=0; M(2,2)=m2;
C(1,1)=cl4c2; C(1,2)=-c2; C(2,1)=-c2; C(2,2)=c2;
K(1,1)=k1+k2; K(1,2)=-k2; K(2,1)=-k2; K(2,2)=k2;
O=zeros(2,2);
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A1=[C MJ’; A2=[M O]'; A=[A1 A2];
B1=[K O]'; B2=[0 -M]'; B=[B1 B2];
[VvD]:e'ig(B:‘A);

V(:,1)=V(:,1)/V(21); V(:,2)=V(:,2)/V(2,2);
V(:,3)=V(:,3)/V(2,3); V(:,4)=V(:,4)/V(2,4);
eigenvalues=D

Eigenvectors=V
sk e RS oK o KR K K * * Sk ok Rk ek kKK

3 3k o ok e 3k e A e ke 2k ok e e e e e e 2 e e 2 o 2 2k i e kol 2k 4 ok e ke ke sk ok e ok ok ek 9k 3k 3k ok ke 3k ok ok Sl ofe ok e ke e ook ok
MATLAB  File for MATLAB Exercise 9, lecture 7,
Funection EXERC9C.M
Purpose To calculate the displacement response of the
system. Both the theoretical solution and a
numerical solution using a 4th order Runge-
Kutta scheme is used.

Call exerc9c(V,D,m1,m2,cl,c2,k1,k2,a,dta,n,dt)
Vv Normalized complex mode shape vectors

D Complex eigenvalues

ml Mass of mass 1

m2 Mass of mass 2

cl Damping constant 1

c2 Damping constant 2

a Maximal excitation

dta Duration of excitation

n Number of points in approximation

dt Time distance between approximations
Return

tn Time vector for numerical approximation
xn Numerical approx. matrix for displacement
tt Time vector for theoretical solution

xt Displacement matrix for theoretical solution

e o oo s o e o S ok K R K K o
function [tn,xn,tt,xt]=exerc9c(V,D,ml1,m2,c1,c2 k1 ,k2,a,dta,n,dt)
Phil=V(1:2,2); Phi2=V(1:2,1);

L1=D(2,2); L2=D(1,1);

M(1,1)=m1; M(1,2)=0; M(2,1)=0; M(2,2)=m2;

C(1,1)=cl+c2; C(1,2)=-c2; C(2,1)=-c2; C(2,2)=c2;

K(1,1)=k1+k2; K(1,2)=-k2; K(2,1)=-k2; K(‘2,2)=k2;

MI=inv(M); F=[a/dta 0]’;

tn=0:dt:n*dt; xn=zeros(2,n+1); dxn=zeros(2,n+1);

for i=1:n,

if (tn(i)j=dta), F1=F; else F1=[0 0]'; end;
k1=0.5%dt*(-MI*C*dxn(:,1)-MI*K*xn(: 1)+ MI*F1*tn(i));
KK=0.5*dt*(dxn(:,i)+0.5%k1);
k2=0.5*dt*(-MI*C*(dxn(:,i)+k1)-MI*K*(xn(:,i)+ KK)+MI*F1*(tn(i)40.5*dt));
k3=0.5%dt*(-MI*C*(dxn(:,i)+k2)-MI*K*(xn(:,i)+ KK)+MI*F1*(tn(i)+0.5*dt) );
LL=dt*(dxn(:,i)+k3);

k4=0.5%dt*(-MI*C*(dxn(:,i)4+2*k3)-MI*K*(xn(:,i)+ LL)4+-MI*F1*(tn(i)+dt));
xn(:,i41)=xn(:,i)+dt*(dxn(:,1)+(1/3)* (k1 +k2+k3));
dxn(:,i+1)=dxn(:,1)+(1/3)*(k1+2*k2+2*k3+k4);

end;

md1l=(cl+c2)*Phil(1)"2-2%c2*Phil(1)+c2+2*L1*(Phi1(1)"2*m1+m2);
md2=(c1+c2)*Phi2(1)"2-2*c2*Phi2(1)+c242*L2*(Phi2(1)"2*m14+m2);
C1=a*Phil(1)/(dta*md1*L1); C2=a*Phi2(1)/(dta*md2*L2);
dtt=n*dt/1000; tt=0:dtt:n*dt; xt=zeros(2,1001);

for i=1:1001,

t=min(tt(i),dta);
ql=-C1*exp(L1*tt(i))*(exp(-L1*t)*t+(1/L1)*(exp(-L1*t)-1));
q2=-C2*exp(L2*tt(1))*(exp(-L2*t)*t+ (1/L2)*(exp(-L2%t)-1))
xt(:,i)=2*%(real(Phil*ql)+4real(Phi2*q2));

end;
s o ok 3k ok o e s ke ol 3k sk ke o 3 3 ok e e sk SR ek 3R sk af e e dk ok e e s sk ke stk s e ke e e ok e ol ol ol ok o sk ok ok e K s Ak s e i oK sk ok K ok
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MATLAB  File for MATLAB Exercise 9, Lecture 7
Function PLOT9.M
Purpose To plot the displacement response for a 2DOF
system in MATLAB Exercise 9, lecture 7. Theo-
retical response versus numerical approx.

Call plotd(t1,t2,63,x1,x2,x3,tt,xt)

tl Time vector (1. Approximation)

t2 Time vector (2. Approximation)

t3 Time vector (3. Approximation)

x1 Displacement matrix (1. Approximation)
x2 Displacement matrix (2. Approximation)
x3 Displacement matrix (3. Approximation)
tt Time Vector (Theoretical)

xt Displacement matrix theoretically
Return Graphical plots

8¢ 3¢ 3K e ke 3 e e e ke ok ke 3k ok S afe ke 3k S ok 3k ke Sk ke 3 3k e o ke 3k ke ok 2k ok o 3k 3 Sk Sk R 3K 3K e oK e Sfe e ok R oK fe o R K o K

function plot9(t1,t2,t3,x1,x2,x3,tt,xt)

clg;
subplot(3,1,1),plot(t1,x1(1,:),tt,xt(1,:),");
ylabel(’a) Disp. [m]’);
title('Displacement 1. Mode - 3 different approximations’)
grid;

subplot(3,1,2),plot (t2,x2(1,:),tt,xt(1,:),":");
ylabel(’b) Disp. [m]'};

grid;
subplot(3,1,3),plot(t3,x3(1,:),tt,xt(1,:),":);
ylabel(’c) Disp. [m]');

grid;

xlabel(’Time [sec]’)

pause; clg;
subplot(3,1,1),plot(t1,x1(2,:),tt,xt(2,:),:");
ylabel(’a) Disp. [m]’);
title('Displacement 1. Mode - 3 different approximations')
grid;
subplot(3,1,2),plot(t2,x2(2,:),tt,xt(2,:),":");
ylabel(’b) Disp. [m]’);

grid;
subplot(3,1,3),plot(t3,x3(2,:),tt,xt(2,:),":");
ylabel(’c) Disp. [m]’);

grid;

xlabel(’Time [sec]')
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Chapter 8

Lecture 8

Problem 3 of lecture 8 is solved theoretically. Problem 1 and 2 of lecture 8 are solved individually.
The solutions to these problems can be found in Nielsen [1]. The following MATLAB exercises
replaces the problems, which are solved individually. MATLAB exercise 10 is an extension of

MATLAB exercise 8 and 9.

8.1 MATLAB Exercise 10

The systems in MATLAB exercise 8 and 9 are considered again.

1) Compare the theoretical solution of the system in MATLAB exercise 8 with a solution, where
only 1 undamped modal coordinat is used (system reduction).

2) Compare the theoretical solution of the system in MATLAB exercise 9 with a solution, where
only 1 damped modal coordinat is used (system reduction).

8.1.1 MATLAB Solution

If the second mode can be considered as not being dynamically excited, then only the quasi-static
response of this mode is taken into account.

Ad 1) The response of the undamped two degree of freedom system in MATLAB exercise 8 using
system reduction is:
1
x(t) = ()8 + (K"‘ - 2—@@@(13?’) £(1) (8.1)
w1M1
If the quasi-static response is ignored the response becomes:
x(t) = q(t)®Y (8.2)

The loading f(t) is caused by a triangular impulse of duration At = 1T} on the first mass. Hence
for ¢t > At f(t) = 0 and (8.1) and (8.2) coincide. The discontinuity of (8.1) at the tune t = At is
caused by the discontinuity of the quasi-static part of the response due to the jump of the impulse.
None of the approximations are good since the 2nd mode is excited significantly. The theoretically
solution by expansion in undamped modal coordinates is known from MATLAB exercise 8. This
solution and the approximation given by (8.1) are implemented in the MATLAB function below
(exerc10a.m). If the following order are given.
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ezerc10a(4000*pi 8,400%pi 2,1000,100,1,0.5,100,0.05);

Then figure 8.1 will appear on the screen.

Disp. 1. mode

Disp. 2. mode
o

= I i i a2 i i i i
0 0.5 1 155 2 25 3 3.5 4 4.5 5
Time [sec])

Figure 8.1: Response calculated from system reduction (8.1) [—], system reduction without quasi-
static response [---], theoretically solution [---].

Ad 2) The response of the damped two degree of freedom system in MATLAB exercise 9 using

system reduction is:

x(t) = 2Re(qu(t)3D) + (K“l - 235(%@(%(1”)) £(1) (8.3)
1my
If the quasi-static response is ignored the response becomes:

x(t) = 2Re(q:(t)8") (8.4)
The theoretically solution by expansion in undamped modal coordinates is known from MATLAB
exercise 9. This solution and the approximation given by (8.2) are implemented in the MATLAB
function below (exerc10b.m). If the following order are given.

ezerc10b(1000,100,0.04*pi, 0.08*pi, 4000*pi" 2,400*pi" 2, 1,0.5,100,0.05);

Then figure 8.2 will appear on the screen.
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mode

Disp. 2.

i L L i i i i i

2.5
Time [sec]

o1

Figure 8.2: Response calculated from system reduction (8.3) [—], system reduction without quasi-
static correction (8.4) [---], theoretically solution [--].

8.1.2 MATLAB Files

3 3k 34 38 23 e 35 3 3K 3 s e o ke e e e e e A o e e e A ke R g o ofe ol ok ek i 3 ok skl i ok i A ok e 2k ik ke e ok o ok skok KOk

MATLAB
Function
Purpose

Call

k1

k2

mil

m?2

a

dta

n

dt
Return

File for MATLAB Exercise 10, Lecture 8
EXERC10a.M

To calculate the response of the 2DOF system
described in problem 1, lecture 6. The respon-
se is calculated using expansion in undamped
modal coordinats and a approximation using
system reduction.
exercl0a(kl,k2,m1,m2,a,dta,n,dt)

Stifness of first linear spring

Stifness of second linear spring

Mass 1

Mass 2

Maximal impulse force

Time lengt of impulse force

Number of points in response calculation
Time distance between points

Graphical plot - Comparison

¢ ok 3k 3k 3k 3 3k 3 3k k ke 3k e o 2 e e e s ke ke Sk e ke ke e ek e ek e ek ke ok e ok ke ke sk e e e B o ke e i o e e sk e ke ok e ke Sk ok

function exercl0a(k1,k2,m1,m2,a,dta,n,dt)

M(1,1)=m1; M(1,2)=0; M(2,1)=0; M(2,2)=m2;
K(1,1)=k1+k2; K(1,2)=-k2; K(2,1)=-k2; K(2,2)=k2;
[V,D]=eig(K,M); Phi2=V(:,1)/V(2,1); Phil=V(:,2)/V(2,2);
w2=sqrt(D(1,1)); wl=sqrt(D(2,2));

MI=inv(M); Kl=inv(K);

t=0:dt:n*dt;

xt=zeros(2,length(t));
c1=a*Phil(1)/(dta*w1"2*Phil"™*M*Phi1;
c¢2=a*Phi2(1)/(dta*w2 2*Phi2"*M*Phi2;
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for i=1:length(t),

tl=min(t(i),dta);
xt(:,i)=Phil*c1*(t1*cos(w1*(t(i)-t1))+(1/w1)*(sin(w1*(t(i)-t1))-sin(w1*t(i))));
xt(:,i)=xt(:,)+Phi2*c2*(t1*cos(w2*(t(i)-t1))+(1/w2)*(sin(w2*(t(i)-t1))-sin(w2*t(i))));
end;

x=zeros(2,length(t));

c3=Phi1*Phil’/(w1"2*(Phil"*M*Phil));

f=[a/dta 0]’;

for i=1:length(t),

t1=min(t(i),dta);

if t(i)j=dta, f1=f£; else f1=[0 0]'; end;

xg:(,i)_)zPh(ili‘;cl *(t1*cos(w1*(t(i)-t1))4+(1/w1)*(sin(w1*(t(i)-t1))-sin(w1*t(i))));
x(:1)=x(:,1) +(KI-c3)*f1*t(i);

end;

clg;
subplot(211),plot(t,xt(1,:),":",t,x(1,:),t x1(1,:),-");
ylabel('Disp. 1. mode');

grid;
subplot(212),plot(t,xt(2,:),":",t,x(2,:),t,x1(2,:),"-");
ylabel(’Disp. 2. mode');

xlabel('Time [sec]’);

grid;

3k 3k 3 e 2k e 2k sk vk 2k 3k ok o ok e e e a5 ¢ Sk s 2k 3k sk S e K R 3 Sk Ok Ok Rk Sk e ke SR R R R sk e ok o s e Sk ok e ke ok o ke 3 oK 3 Sk ok ke
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MATLARB  File for MATLAB Exercise 10, lecture 8
Function EXERC10B.M
Purpose To calculate the displacement response of the
system. Both the theoretical solution and a
approximate solution using system reduction

is made
Call exerc10b(ml,m2,c1,c2 k1 k2,a,dta,n,dt)
ml Mass of mass 1
m?2 Mass of mass 2
cl Damping constant 1
c2 Damping constant 2
k1 Stifness constant 1
k2 Stifness constant 2
a Maximal excitation
dta Duration of excitation
n Number of points in approximation
dt Time distance between approximations
Return Graphical plot - Comparison

e o ok e s o o ok ok o o 8 oo K ok ek o ok e s ok o oo Mk s oK ok K K K e ok oK K o ok sk o oo e e Sk KoK e oK kK

function exerc10b(m1l,m2,c1,c2,k1,k2, a,dta,n,dt)

M(1,1)=m1; M(1,2)=0; M(2,1)=0; M(2,2)=m2;

C(1,1)=cl+c2; C(1,2)=-c2; C(2,1)=-c2; C(2,2)=c2;

K(1,1)=k1+k2; K(1,2)=-k2; K(2,1)=-k2; K(2,2)=k2;

O=zeros(2,2);

A=[C M; M 0]; B=[K 0; O -MJ;

[V,D]:eig(B,-A);

V(:,1)=V(:,1)/V(2,1); V(;,2)=V(:,2)/V(2,2);

V(:,3)=V(:,3)/V(2,3); V(:,4)=V(:,4)/V(4,2);

Phil=V(1:2,2); Phi2=V(1:2,1);

L1=D(2,2); L2=D(1,1);

MI=inv(M); KI=inv(K); F=[a/dta 0];
md1=(cl1+4c2)*Phil(1)"2-2*c1*Phil(1)4c2+42*L1*(Phi1(1)"2*m1+m2);
md2=(cl+c2)*Phi2(1)"2-2*%c1*Phi2(1)4c2+42*L2*(Phi2(1)2*m1+m2);
Cl=a*Phil(1)/(dta*md1*L1); C2=a*Phi2(1)/(dta*md2*L2);
t=0:dt:n*dt; xt=zeros(2,length(t));

for i=1:length(t),

LECTURE 8
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t1=min(t(i),dta);

ql=-C1*exp(L1*t(i))* (exp(-L1*t1)*t1+4(1/L1)*(exp(-L1*t1)-1));
q2=-C2%exp(L2*t(i))*(exp(-L2*t1)*t1+(1/L2)* (exp(-L2*t1)-1))
xt(:,i)=2*(real(Phil*ql)+real(Phi2*q2));

end;

for i=1:length(t),

t1=min(t(i),dta);

if (t(i)j=dta), f=F; else f=[0 0]'; end;
ql=-Cl*exp(L1*t(i))*(exp(-L1*t1)*t1+(1/L1)*(exp(-L1*t1)-1));
x(:,1)=2*real(q1*Phil);

x1(:,1)=x(:,i);

x(:,i)=x(:,1)+(KI-2*real ((1/(md1*L1))*(Phi1*Phil’)) ) *f*t(i);
end;

clg;

subplot(2,1,1),plot(t,x(1,:),t,xt(1,:),"",t,x1(1,:),™-");
ylabel('Disp. 1. mode’);

grid;

subplot(2,1,2),plot(t,x(2,:),t,xt(2,:),":"t,x1(2,:),"-);
ylabel(’Disp. 2. mode’);

xlabel(’Time [sec]’);

grid;

a4 2 ok 2 o e e 4ok o ok e ofe ek ok o sk sk i Sk e OR k Ok k8 o koK ko of s ki ok e ok R ook e sk RO ok s ok ok ok ok ok ok ok
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Chapter 9
Lecture 9

Problem 1 and 2 of lecture 10 is solved theoretically. The solution to these problems can be
found in Nielsen [2]. The following MATLAB exercise replaces the problems which are solved

individually.

9.1 MATLAB Exercise 11

Consider a continous Bernoilli-Euler beamn. The beam is simply supported at both end sections
A and B and loaded as shown in figure 9.1.

1(x,t)=1, cos(wt)

EEEEREENERRREN

A B
(X 0]
% Bl %]
i 7
I—.x
y 1

Figure 9.1: Harmonic loaded continous Bernoulli- Euler beam.

The beam is excited by the dynamic force per unit length f(z,t) = fycos(wt). The beam is
undamped and the following data are valid:

Il = 1m, EI = 1Nm?, pu = szg- (9.1)

m

The initial conditions at time t = 0 are:
ylz,0) = 0, Yz, 0) = 0 (9.2)

Question: Find the stationary motion of the beam. Animate the motion and try to change the
frequency of the harmonic load with values in the vicinity of the 3 lowest natural frequencies of

the beam.
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9.1.1 MATLAB Solution
The force-balance differential equation of the system is, see Nielsen [1], p. 100, (4-9).

dty(z,t 0?y(z,t
B8 1 WTHED o cosur) (9.3)

Because the beam is simply supported as shown in figure 9.1 the boundary condition needed to
solve (9.3) are:

2 2 1
y(0,0) = 0, y(l,t) = 0, 3—35302’—”50, %zo (9.4)
In the present case a solution to the stationary displacement field can be obtained on closed form
by direct integration of the partial differential equation for the beam element. The alternative is
to use expansion in undamped modal coordiantes (series solution). The calculations can be found
in Nielsen [2], p. 212 ff. The calcutions are omitted here. The solution is:

Yz,1) = Ua)- cos(wt) :5)
Where:
Ule) = 5% (—2+ (%)i\l) sin (A%) + cos (A2) +
(9.6)
(Ao sinh (%) + cosh (A3) )
A o= “‘;?4 (9.7)

The natural frequencies of the beam is given by, Nielsen [1], p. 111, (4-45):

i?r? |EI X
W = 1—2 7 & 121,2,3,... (98)
Inserting the data from (9.1) in (9.8) yields:
wi = 2.1, 1=123,.. (9.9)

If the following order are given and the MATLAB function (exercll.m) are implemented, the
animation of the stationary motion of the beam will appear on the screen. Because of the limiting
speed of the hardware the motion of the beam is animated in slow motion.

exercl1(?,1,10,p1°2,1,1);

9.1.2 MATLAB Files

s o 2k 3 3 ok ok o o 8 2 ok e K 3 ok e e sk i ok 3k i ke ok sl 35 i 3k o R ok ok ke ke e s ke e o K 3 2K 2k 6 ok ok 5 e e ke el ke 3N o R ok R ok
MATLAB  File for MATLAB Exercise 11, Lecture 9
Function EXERC11.M
Purpose To animate the response of a simply supported
Bernoulli-Euler beam load by a harmonic force.
The beam is undamped and the solution is ob-
tained in close form.

Call exercl1(w,f0,t,mu,laen ET)

w Frequency of the harmonic force
fo Amplitude of harmonic force

n Number of load cycles to animate
mu Mass per unit length of beam
laen Length of beam

ElI Material constants of beam

Return Graphical plots - Animation
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function [y]=exercll(w f0,n,mu,laen,EI);

f=w/(2%pi); dt=1/(20%f);

y(41,20)=zeros;

dl=laen /40; L=sqrt(sqrt(mu*w 2*laen’4/EI));
C1=(1-cos(L))/sin(L); C2=(1-cosh(L))/sinh(L); C3=f0/(2*w 2*mu);
C5=dIl*L/laen;

for i=1:20,

t:(i-l)*dt;

C4=C3%cos(w™*t);

for j=1:41,

1=(j-1)*C5;
y(3,1)=C4*(-2+C1*sin(l)+cos(1)+C2*sinh(1)+cosh(l1));
end;

end;

ymax=max(max(y)); ymin=min(min(y));
xmax=laen+0.1%laen;

xmin=-0.1*laen;

ymax=2%ymax; ymin=2*ymin;

for i=1:41, x(i)=(i-1)*dl; end;

for j=1:n,

for i=1:20,

plot(x,y(:,1));

axis([xmin xmax ymin ymax]);

title('Animation of stationary response’);
xlabel('Length of beam’); ylabel('Response of beam’);
pause(0.5);

end;

end;
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Chapter 10

Lecture 11

Problem 1 June 16, 1989 are solved theoretically. The solutions to the problem can be found in
Nielsen [2]. The following MATLAB exercise should also be calculated.

10.1 MATLAB Exercise 12

Consider a continuous 2-storey frame structure. The structure is shown in figure 10.1

Ii, iy
I3, ps I3, pa 3m
Ip. 2
Is, kg I3, kg Sm
b p
5m ’

Figure 10.1: 2-storey frame structure.

The following data is valid for the stifness and mass of the frame structure.

Ey=20-100 E=E Es = E;
1 =1945-10"°m* I, =389 -10"°m* I3=263 10"°m* (10.1)
p1 = 10002 pta = 2000%L pa = 4652

Question: Determine the undamped eigenfrequencies and eigen modes for the following number
of system nodes, 6,12,24.

~1
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The theoretical solution for the 4 lowest eigenfrequencies are:

fi = 105Hz, f» = 431Hz, f3 = 6.19Hz fy = 7.1THz (10.2)

10.1.1 MATLAB Solution

The following orders calculates and plots the eigenfrequencies and the mode shapes of the structure
when 6,12 and 24 degrees of freedom are used.
6 Node approximation.

erxerclZa
F=[1.0281 4.2125 8.2186 11.3539]

plot12a(X, T,Shape)

1. mode shape

=iedoiptetite At T )
e B

Figure 10.2: 6 Node approzimation, 1. mode. o node points, * mode shape points, [---] unde-
formed structure, [—] deformed structure.

2. mode shape

Figure 10.3: 6 Node approzimation, 2. mode. o node points, * mode shape points, [---] unde-
formed structure, [—] deformed structure.
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3. mode shape

59

Figure 10.4: 6 Node approzimation, 3. mode. o node points, * mode shape points, [---] unde-

formed structure, [—] deformed structure.

4, mode shape

J

Figure 10.5: 6 Node approzimation, 4. mode. o node points, * mode shape points, [- - -] unde-

formed structure, [—] deformed structure.

12 Node approximation
exercl2b

F=[1.0281 4.2120 6.1251 7.1140]
plot12b(X, T,Shape)
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1. mode shape

T
|

EE - e —_—

e - T RSP - SRR
3*

- LT NI

Figure 10.6: 12 Node approzimation, 1. mode. o node points, * mode shape points, [-- -] unde-
formed structure, [—] deformed struciure.

2, mode shape

1
1
-----a

k- TSy S,

Figure 10.7: 12 Node approzimation, 2. mode. o node points, * mode shape poinis, [- - -] unde-
formed structure, [—] deformed structure. '
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3. mode shape
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Figure 10.8: 12 Node approzimation, 3. mode. o node poinis, * mode shape points, [- - -] unde-
formed structure, [—] deformed structure.

4. mode shape

Figure 10.9: 12 Node approzimation, 4. mode. o node points, * mode shape points, [- - -] unde-
formed structure, [—] deformed structure.

24 Node approximation

ezerclZc
F=[1.0281 4.2116 6.0751 7.0395]

plot12¢(X, T,Shape)
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1. mode shape
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Figure 10.10: 24 Node approzimation, 1. mode. o node points, * mode shape points, [---]
undeformed structure, [—] deformed structure.

2. mode shape
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Figure 10.11: 24 Node approzimation, 2. mode. o node points, * mode shape points, [---]
undeformed structure, [—] deformed structure.
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3. mode shape

63

Figure 10.12: 24 Node approzimation, 3. mode. o node points, * mode shape points, [---]
undeformed siructure, [—] deformed structure.

4. mode shape

Figure 10.13: 24 Node approzimation, 4. mode.

undeformed siructure, [—] deformed structure.

o node points,

¥ mode shape points, [---]

The theoretical and the approximative eigenfrequencies of the frame structure are shown in tabel

101
Theory | 6 Nodes | 12 Nodes | 24 Nodes
h 1.05 1.03 1.03 1.03
fo 4.31 4.21 4.21 421
fa 6.19 8.22 6.13 6.08
fa T 11.35 71l 7.04

Table 10.1: Figenfrequencies

10.1.2 MATLAB Files
All MATLAB files omitted.



Chapter 11

Lecture 12

Problem 2 June 26 1987 and problem 3 September 28 1989 are solved theoretically. The solutions
to these problems can be found in Nielsen [2]. Furthermore MATLAB exercise 12 should be -
calculated, which is an extension of MATLAB exercise 11.

11.1 MATLAB Exercise 13

Consider the continuous 2-storey frame structure presented in MATLAB exercise 11. The struc-
ture 1s loaded as shown in figure 11.1.

Iy,
Is, ps I, Mg 3m
1(t) -
—
Iy, ps Is. kg 3m
7
) 5m

Figure 11.1: Dynamically loaded 2-storey frame structure.

The following data is valid for the stiffness and mass of the frame structure.

Ey=20-10'2, Ey=E Es=E;
Iy =1.945-1075m* I, =389-10"°m* I3=2.63-10"%m* (11.1)
p1 = 1000£2 g2 = 20002 ps = 462

The initial condition of the fram.e structure are:
%0 = 0, x(0) = 0 (11.2)

64
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In figure 11.2 the impulse load on the frame structure is shown.

£(7)

IM'

Figure 11.2: Impulse load on 2-storey frame structure

L 0< T <AL
o = { o 0752

Where a is a positive constant.

Question: Determine the time-varying horisontal displacement of the stories and the moment
in the upper column at the node, where the load is applied. Use 4 modal coordinates in the
approximation. The mode shapes, eigenfrequencies, mass matrix and stifness matrix are known
from MATLAB excercise 11 using the case with 24 systems nodes. In the approximation the
quasi-static term of higher order modes are ignored. The damping matrix of the structure can be
considered to decouple in a expansion in terms of undamped modal coordinates. The damping
ratios of the first 4 modes and the constants describing the impulse load are:

¢ = 001, ¢ = 0005, (3 = 0007, (s = 0.006 (11.4)

a = 100, At = 023 (11.5)

11.1.1 MATLAB Solution

To calculate the time-varying moment at the excitation point the beam element connecting the
node at the excitation point and the node right above is considered. Using standard FE-theory
the end section shear forces Pj, P3 and the end-section moments Py, P4 can be calculated from
the conjugated nodal displacement u;, us and nodal rotations uj, ug as follows

P, 12 6 -12 6 -
P EI| 61 4z 61 22 || w
Pl = B | —12 =62 12 —61 || us (11.6)
P, 61 o2 —6l 4 || uy

The signs of the quantities has been depicted on figure 1.3.

—— X
Paua, l 2 Py Uiy

.D P3U3".>

VPlul

Figure 11.3: Sign of displacements and forces.
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The displacement at any node point, j, of the discretized structure can be calculated from the
following truncated modal expansion, see Nielsen [1], p. 86, (3-249):

4
z(t) = Y a(t)el) _ (11.7)
i=1

Where j denotes the number of degree of freedom of the excitation point. The differential place-
ment of the modal coordinates are given by the following second order differential equation.

1
b 2. —
g + 2Gwigi + Wi qi M, F; (118)

With the initial conditions:
(0) =0, @0 =0 o (11.9)
The modal masses and the modal excitation are calculated from:
M; = 8OTMmal) (11.10)
e T _ 50
Fi = 89Tf = &f(t) (11.11)

The solution to an equivalent differential equation to (11.8) is known from MATLAB exercise 4
and appendix A.

q’gi)a min(t, At)
a:(t) = Atw? M;

+ h(t — min(t, At)) — h(t) + 2sw; (H(t — min(t, At)) — H(t))| (11.12)

Where:
BT = - e~ sin(wq it) (11.13)
T Miwa el '
1 e :
Hit) = W[wd’i — ™8 (Gw; sin(wa ;1) + wa ; cos(wait))] (11.14)

The following steps are performed to obtain the solution to the question.

1) Calculate the global mass matrix M, the global stiffness matrix K, the eigenfrequencies w; and
the mode shapes ®(*),

2) Calculate the modal mass M; and the modal excitation F; from (11.10) and (11.11).
3) Solve (11.8) for the four lowest modes to determine the modal coordinates.

4) Use (11.7) to calculate the displacement response of the excitation point.

5) Use (11.6) to calculate the time-varying moment of the excitation point.

Ad 1) By giving the following orders, equivalent to MATLAB excercise 11, the mass matrix,
stifness matrix. eigenfrequencies and mode shapes will be calculated and available in the memory

afterwards.

exerclZc

The variables are denoted M,K,F and Shape.
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Ad 2) The modal masses and the modal excitations are calculated in the MATLAB file ez-
ercl13a.m. Give the following order.

(M1 Fi Shapes]=ezerc1a(M,Shape)

Ad 3,4,5 Each of the three steps are performed in the MATLAB file exercl3b.m. Give the
following order, and the graphs will be shown on the screen. Press enter to continue. The inputs
are described in the head of the MATLAB file.

ezerc13b(Mi, Fi,Shapes, F,100,0.2,2,0.01);

3 Excitation node

Flaccmeht
N O N s o o

Pis
'y

Time

10t Node above excitation

isplacement

D

1.2 1.4 1.6 1.8 2

1
Time

Figure 11.4: Horizontal displacement response of the storeys. The upper graph shows the upper
storey and the lower graph shows the lower storey.
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Moment in excltation point

800,
600
400

200.“.Muué___”_@“____”%‘”““_@___”_”5””H__%_nnuuwﬂnununiunuHuéuuuuu

Moment

-200]

-400|

-600)

Time

Figure 11.5: Time-varying moment at the excitation points.

11.1.2 MATLAB Files
All MATLAB files omitted.



Appendix A

Lecture 4

Consider the linear single degree of freedom system in problem 1, lecture 3 Nielsen [2]. Instead of
a harmonic excitation force the system is excited by an impulse force. The impulse force is shown

in figure A.1.

Figure A.1: Impulse ezcitation of the system in problem 1, lecture § Nielsen [2].

Determine the solution, z(t), to the linear vibration problem of the system:

B(t) + 2Qwoz(t) + wiz(t) = f(t), t>0
:cEt:O) :wo(;c, :i:(tiO):O() (A.1)

Where ¢ is the damping ratio and wq 1s the natural eigenfrequency. The impulse force on the
system (see figure A.1) is described by:

e, 0<r <AL
sty = { 8 O<TS (42)

The maximum impulse excitation is @ and At is the duration of the impulse force.

Analytical Solution

Because the initial conditions of the system are zero (see (A.1)) the displacement response is given
by Duhamel’s integral (see Nielsen [1], p. 29, (2.131)):

t min(t,At) r
g e /0 Bl Al = fn h(t — T)an=dr (A3)
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The impulse response function, h(t) is given by (see Nielsen [1], p. 27 (2.119)):

{ mLWe‘Cwatsin(wdt) t>0 (A4)

At) = 9 ¢ t<0

Where m is the mass of the oscillator and wg = wgy/1 — (2 is the damped natural eigenfrequency.
The integral in (A.3) is evaluated by partial integration.

z(t) = —[H@E-nf(")y + [3 H({t—)f'(r)dr
= —H(O)f(t)+ H®)FO) + [ Bt — r)2dr (A.5)
— ﬁ fomin(t,Az)H(t . 'r)d'r

Where H(t) is the integral of h(t) defined as:

H(t) = foth(r)d'r ~ HO) = 0 (A.6)

In the last statement of (A.5) it has been used that H(0) = f(0) = 0, f'(r) = &, 7 < At and
Filr) = 0 05 A

In order to evaluate the integral (A.6) the following initial value problem for A(t) is used (see
Nielsen [1], p. 27, (2.119)).

?i(r)+2§wnﬁ(f)+w2h(r) =0, 750 .
hO) = 0, h0) = L (AT)

Upon integrating (A.7) an expression for H(t) as a function of h(t) is obtained.
[A(N)]6 + wolA(N]s + w3[H(T)]s = 0 (A.8)

Inserting the initial conditions (A.7) provides:

H) = 25 (- ho) - ekt (A.9)
0
H(t) = mwldwg [wa — e7¢¥° (Cwosin(wat) + wacos(wat))] (A.10)

The result of (A.10) is inserted in the last statement of (A.5).

2(t) = zin ik (ﬁ — h(t — 1) — 2woh(t — 'r)) dr
= g2z [Z +h(t — )+ AwoH(t — 7)) 7 "2 (A.11)
= i | LD 4 h(t — min(t, A1) — h(t) + (AwoH(t — min(t, At)) — H(1)]

Atwg

Where h(t) is given.by (A.4) and H(t) is given by (A.10).
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