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ONE AND TWO-DIMENSIONAL MAXIMUM SOFTENING 
DAMAGE INDICATORS FOR REINFORCED CONCRETE STRUCTURES 

UNDER SEISMIC EXCITATION 

S. R. K. Nielsen, 1 H. U. Koyliioglu2 and A. ~. (;akmak2 

ABSTRACT 

The maximum 3ojtening concept i3 ba3ed on the variation of the vibrational period, of 
a 3tructure during a 3ei3mic event. Maximum softening damage indicator,, which mea-
3ure the maximum relative stiffness reduction cau3ed by 3tiffnes3 and 3trength deteriora­
tion of the actual 3tructure, are calculated for an equivalent linear 3tructure with 3lowly 
varying stiffness characteristics. In the paper, a one dimensional 3calar-valued and a two­
dimensional vector-valued maximum 3oftening damage indicator are defined. The one­
dimensional damage indicator, defined considering the variation in the first period of the 
structure, analogous to a SDOF system, is a genuine global damage index representing the 
average damage throughout the whole structure. The two-dimensional damage indicator is 
defined considering the variations in the first and second periods, and thus is analogous to 
an equivalent linear two degrees-of-freedom system. The components of the damage vec­
tor can be interpreted as damage indicators for the lower half and the upper half of the 
structure, hence representing a simple local description of the damage state of the struc­
ture. Since statements on the post earthquake reliability should be obtained solely from 
knowledge of the latest recorded values of the damage indicators above defined, these are 
required to possess a Markov property. This problem has been investigated based on nu­
merical Monte- Carlo simulations, and it is observed that the M arkov assumption of the 
one-dimensional damage indicator is justified for the mean value of the transition proba­
bility density function (tpdf ), whereas some deviations are observed for the variance and 
higher order statistical moments. For the two-dimensional damage indicator the Markov 
assumption seems justified for both the mean values and the covariances of the tpdf. From 
these, it is concluded that the Markov properties of the mean and covariances of the two­
dimensional indicators are superior to the M arkov property of the first and second order 
moments of the one-dimensional damage indicator. 

1. INTRODUCTION 

Local damage in reinforced concrete structures can be attributed to micro-cracking, bond 
deterioration at the steel-concrete interfaces and yielding of the reinforcement bars. To 
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the extent that framed reinforced concrete structures can be modeled by conventional 
non-linear beam theories, local damage at a cross-section of the structure can adequately 
be measured by the degradation of bending stiffness and moment capacity of the cross­
section. In any case, the overall effect of local damage is deterioration of stiffness and 
strength of the structure. A global damage indicator can then be defined as a scalar or 
vector-valued function of such continuously distributed local damages which characterize 
the overall damage state and serviceability of the structure. 

Global damage indicators are response quantities characterizing the damage state of the 
structure after earthquake excitat1ons, and as such can be used in decision-making during 
the design phase or in case of post-earthquake reliability and repair problems. In serv­
ing these purposes, a global damage indicator should ideally fulfill at least the following 
requirements: 

1. The damage indicator should be observable by measurements. 

2. The damage indicator should be a non-decreasing function of time unless the struc­
ture is repaired or strengthened. 

3. Dependent on the definition of the failure event, a well-defined deterministic failure 
surface in the space of the component damage indicators, separating safe states from 
unsafe states of the structure, should exist. 

4. It should be possible to derive post-earthquake reliability estimates for a partly 
damaged structure solely from the latest recorded value of the damage indicator. 

For practical purposes, the first requirement must be met so that measurements can be 
used to quantify global damage. The second requirement implies that a structure which 
is hit by an earthquake will always have an increase in at least one of the components 
of the damage indicator. Dependent on the functional relation between the definition of 
the failure event and measured damage indicator values for the failure event, the third 
requirement indicates the existence of a serviceability limit state. 

The fourth requirement implies that two initially identical structures, for which the same 
present value of the scalar or vectorial global damage indicator is recorded, should be con­
sidered to have the same structural reliability, when exposed to the same future earthq~ake 
process, independent of preceding different loading histories. Mathematically, this means 
that the values of the global damage indicator after each earthquake are assumed to form 
a Markov chain. If the local damages, as measured by the stiffness and strength deterio­
ration of all beams and columns, are point-wise the same throughout the two structures, 
the probability distributions of local damages certainly will be identical after the next 
earthquake, irrespective of the different preceding loading histories. This establishes the 
Markov property for the finite or infinite dimensional vector process made up of all local 
damage measures. A sufficient condition for this case is obtained, if the local damages 
have the same spatial distribution in all loading histories, so that the damage state can 
be described by a single scaling parameter. Then the local damage is identical in the two 
structures if the global damage indicators are the same. In this case the sequence of scalar 
global damage indicator values forms a Markov chain. On the other hand, any violation of 
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the Markov property for the one-dimensional damage indicator can be attributed to dif­
ferent spatial distributions of the local damage in different loading sequences. In general, 
the Markov property does not apply very well to a scalar global damage indicator process. 
However, if the components of the vector damage indicator process can be interpreted as 
a measure of average damage in various part of the structure, and hence represent a crude 
description of local damages, a better fit to the Markov property may be expected. 

The maximum softening concept is based on the variations of the vibrational periods of a 
structure during a seismic event. The variation in the vibrational periods is partly caused 
by the degradation of the incremental stiffness in the elastic range, and partly by the 
averaged effect of the loss of incremental stiffness at excursions into the plastic range at 
various positions in the structure. The maximum softening damage indicators are defined 
as the maximum relative stiffness reduction caused by stiffness and strength deterioration. 
The numerical values for the damage indicators are calculated, dependent on the variation 
in the vibrational periods, for an equivalent linear system with slowly varying stiffness 
characteristics. 

The one-dimensional maximum softening concept based on an equivalent linear SDOF sys­
tem was introduced by DiPasquale and Cakmak (1987) as a global damage indicator for 
reinforced concrete structures. This index is calibrated based on an analysis of data from 
shake table experiments with reinforced concrete frames performed by Sozen and his asso­
ciates at the University of Illinois at Urbana Champaign in the 1970's (Healey and Sozen 
(1978), Cecen (1979)). It was demonstrated that the maximum softening values at failure 
showed relatively small variability independently of the limit state definition, which ranged 
from slightly damped structures to total collapse. Hence the one-dimensional maximum 
softening damage indicator fulfills the third of the indicated requirements within accept­
able limits. A comparison of the one-dimensional maximum softening with other global 
damage indicators showed the versatility of the maximum softening in separating failed 
from unfailed structures was further demonstrated by Rodriquez-Gomez (1990). Nielsen 
and Cakmak (1991) investigated the Markov property of the sequence of one-dimensional 
maximum softening values based on Monte-Carlo simulations using the SARCF-II program 
(Rodriguez-Gomez et al. (1990)), and found that the Markov property was fulfilled for 
the mean value of the transitional probability density, but that deviations were observed 
for higher order conditional moments. Because of the inability of the applied structural 
analysis program to handle severely damaged structures, the considered samples might 
have been biased to some extent. For this reason this analysis will also be re-iterated in 
the present study with a robust structural analysis program SARCOF developed by M0rk 
(1992). 

In the present study, a generalization of the one-dimensional maximum concept to two 
dimensions has been suggested, where the components of the damage indicator can be 
interpreted as the maximum softening of, respectively, the lower and the upper half of the 
structure. Hence, the two-dimensional maximum softening provides a simple and crude 
description of the distribution of damages in the structure. 

The Markov property of the one-dimensional and the two-dimensional maximum softening 
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damage indicators· is tested numerically by means of Monte Carlo simulation. In doing 
this, the earthquake surface acceleration process is modelled as the response from an in­
tensity modulated Gaussian white noise, filtered through a Kanai-Tajimi filter. Structural 
analysis is performed with the computer program SARCOF, which has been especially 
developed for stochastic analysis of reinforced concrete frames under seismic excitation 
based on Monte-Carlo simulations. The theoretical background and the capabilities of this 
program are given in M!ISrk (1992). The program considers moment-curvature relation as 
an extended version of the model developed by Roufaiel-Meyer (1987), taking into account 
the transition from uncracked to cracked sections. Strength deterioration is assumed to be 
related to crushing of concrete in the compression zone, and is functionally correlated to 
the hysteretic energy accumulated in the cross-section subsequent to the first exceedance 
of a critical curvature. The finite length of plastic zones is taken into account, controlling 
the plasticity at the end sections and at 3 internal cross-sections. The incremental bending 
stiffness field is next obtained by linear interpolation between the value at these sections. 
Finally, a system reduction scheme, based on a truncated expansion of external nodal point 
degrees-of-freedom, in the linear eigenmodes of the initial undamaged structure has been 
implemented. However, a full description is maintained of the internal degrees-of-freedom, 
controlling the hysteresis at the control sections. 

2. MAXIMUM SOFTENING DAMAGE INDICATORS 

Figure la shows the time-variation of the first and second eigenperiod of the structure 
during the ith earthquake, initiated at the time ti and of the length li. Both time-series 
have been normalized with respect to the corresponding eigenperiods T1(0) and Tz(O) of 
the initial referential state, where the structure is exposed to gravity loads alone. Partial 
cracking of the cross-sections due to gravity loads has been considered at the evaluation 
of T1 (0) and Tz(O) . The increase of the eigenperiods from the value Tj(ti), j = 1, 2 at 
the start of the ith earthquake to the final value Tj(ti + li), j = 1, 2 at the end of the 
excitation can be attributed to the gradual deterioration of incremental bending stiffness 
at elastic branches of the moment-curvature relations. The local peaks of the eigenperiod 
time-series are caused by the complete loss of incremental stiffness during momentary 
excursions into the plastic range. In Figure la, the moving time-averages Tj(t ;), j = 1, 2 
of the eigenperiod time-series are also shown. As suggested by Rodriguez-Gomez (1990) , 
these time-averages may be identified as the eigenperiods of the equivalent linear systems 
with slowly varying parameters as shown in Figure lb and Figure le. Due to the plastic 
deformations, Tj(ti), j = 1, 2 attains a maximum value during the ith earthquake at the 
instants of time tj,i, j = 1, 2. In general t1,i =f tz,i as also is the case in Figure la. 

The one-dimensional maximum softening damage indicator is then defined as follows (Di­
Pasquale and Cakmak (1987, 1990)) 

Do i = 1 _ (ko(ti,i)) t = 1 _ T1(0) (l) 
' ko(O) T1(t1,i) 

where k0 (t) and ko(O) signify the spring constant of the equivalent linear SDOF system 
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in Figure lb at the timet, and the corresponding spring constant at t = 0 for the initial 
undamaged structure. 

a) 

b) 

c) 
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Fig. 1: a) Time-variation of first and second eigenperiods. b) Equivalent linear SDOF 
system. c) Equivalent linear two-degrees-of-freedom system. 

In Figure le, a generalization of this concept is shown, where the structure is replaced by an 
equivalent linear two-degrees-of-freedom system. The time-dependent spring constants of 
the equivalent system represent , respectively, the equivalent stiffness of the lower half and 
the upper half of the structure. The masses of the equivalent linear system are assumed 
to be of equal magnitude m. The following damage indicators can then be introduced, 
indicating respectively the maximum softening after the ith earthquake of the lower half 
and the upper half of the structure 

(2) 
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where k1(t1,i) and k2(t1,i) signify the spring constants of the equivalent linear system 
at the instant of time t 1 ,i , where the one-dimensional maximum softening Do,i in the ith 
earthquake occurs. Because the initial values k0 (0), k1 (0) and k2(0) of the equivalent spring 
constants are needed in the definitions, both the one-dimensional and the two-dimensional 
maximum softening indicator require that the structure has been instrumented from its 
construction. The following quantities are introduced to define spring constants 

wi = ~ 2
7r , j = 1, 2 (3) 

Ti(tt,i) 

Notice, that w2 has been defined from iHtt,i) rather than from iHt2,i)· kl(tl, i) and 
k2(t1,i) can then be identified from the following expressions, derived from the solutions 
to the characteristic equation of the equivalent linear two-degrees-of-freedom system 

(4) 

(5) 

If w2 < V 3 + v's w1 , the following 

(6) 

(7) 

3. LIMIT SURFACES FOR MAXIMU M SOFTENING DAMAGE INDICA­
TORS 
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Fig. 2: Distribution of observed limit state values of one-dimensional maximum softening 
(DiPasquale and Cakmak (1989)). 
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In Figure 2, the distribution function of observed values of the one-dimensional maxi­
mum softening, obtained from analysis of shake table experiments with reinforced concrete 
frames (Healey and Sozen (1978), Cecen (1979)), is shown. The limit state definition var­
ied from insignificant damage to total collapse. In all cases a relatively small variational 
coefficient was observed for the damage indicator. From this analysis it is concluded that 
safe states of the structure can be separated from unsafe states with sufficient reliability, 
by determining whether or not the maximum softening D 0 exceeds a critical value d0 • The 
failure event is then defined by { D 0 ~ d0 }. 

For the two-dimensional damage indicator, the corresponding failure surface in the sample 
space of the damage indicators Dt and D2 can be explicitly derived from the solution for 
wi of the characteristic equation. Using (1) , (2) the failure surface can be determined from 
the following relations 

dt,max = 1-

82 - 28(1 - di)2 

8- (1- dt)2 ' 

4.X8- 82 

4-X- 28 

(8) 

(9) 

(10) 

(11) 

d2 as determined by (8) is monotonously decreasing in the interval of definition from the 

maximum value d2,ma.x = 1- jJ; ~at d1 = 0 to d2 = 0 at dt = dt,ma.x· A plot of 

the functional relation (8) is shown in Figure 3. 

1. 0 .------- ------, 

0.4 

0 .2 

o~~~LL4L~~--~--~ 

0 0.2 0.4 0.6 0 .8 1.0 
dl 

Fig. 3: Failure surface for two-dimensional maximum softening damage indicator . 
.X = 1.00, do = 0.50. 
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4. TEST OF M.ARKOV PROPERTY OF DAMAGE INDICATORS 

The maximum softening damage indicators fulfil! the first and second indicated require­
ments as well as the third requirement, with sufficient reliability. In what follows, the 
fourth requirement, the Markov property of the damage indicator sequences will be tested. 

The Markov property of the sequences of maximum softening values { Do,i, i = 1, 2, . . . } 
and {Di, i = 1, 2, ... }, Df = [D1,i, D2,i] can equivalently be tested from the following 
conditional joint moment relations 

Vk,i E[D~,i I Do,i-1 = do,i-1, ... , Do,1 = do,1] = E[D~,i I Do,i-1 = do,i-1] (12) 

Vk, I, i 

The order k and k + l for which (12) and (13) are valid will be tested empirically by 
means of Monte Carlo simulation. If the damage indicator sequences possess the Markov 
property, they must satisfy the above criteria listed in (12) and (13) for arbitrary k and 
k +I. 

5. NUMERICAL RESULTS 

The considered structure for numerical study is the planar 3 story 2 bay reinforced concrete 
frame shown on fig. 4, which has been designed according to the UBC specifications for 
earthquake zone 4. The geometrical and structural details of the frame are indicated 
on the figure. The linear first and second eigenperiods of the undamaged structure are 
T1(0) =0.493 sand T2(0) =0.168 s, corresponding to the initial angular eigenfrequencies 
w1(0) =12.74 s-1 and w2(0) =37.4 s-1. 

This structure is excited by a horizontal acceleration process at the ground surface, which 
is determined as the response process of an intensity modulated Gaussian white noise, 
filtered through a Kanai-Tajimi filter with parameters w0 and ( 0 (Tajimi (1960)). 

The bedrock acceleration process {rb(t), t E [0, oo)} is modeled as a time modulated unit 
Gaussian white noise process, i.e. 

rb(t) = ,B(t)W(t) (14) 

{W(t), t E [0, oo)} is a unit white noise process, which is a zero mean Gaussian process 
with the auto-covariance function 

(15) 

where S( ·) is the Dirac delta-function. Realizations of a unit Gaussian white noise process 
are generated by the method of Ruiz and Penzien (1969). 

,B(t) is a deterministic intensity function, defined as (Jennings et al. (1968)) 
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{J(t) = f3o • 1 (16) 

exp ( - c( t - to - t1)) , to + t1 ~ t 

where {30 is a given amplitude. 
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Fig. 4: Details of 3 story 2 bay reinforced concrete frame, UBC zone 4. (Rodriquez-Gomez 
(1990)). 

Application of the Kanai-Tajimi filter implies, that the displacement of the earth surface 
r0(t) relative to the bedrock displacement rb(t) is governed by the differential equation 
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(17) 

3 modes are maintained in the expansion of external degrees-of-freedom at system reduc­
tion. The modal damping ratios are taken as (i = 0.05, i = 1, 2, 3. The eigenperiods Tj(t) 
are calculated with an interval of 0.24 T1 (0), using a Rayleigh-Ritz method with the first 5 
linear eigenmodes of the innitial undamaged structure as shape functions in combination 
with Jacobi iteration. Moving time-averages Tj(t) of the instantaneous eigenperiods are 
calculated using an averaging interval of 2.4T1 (0). 

In the earthquake model only the intensity parameter /30 of the earthquake process and 
the angular eigenfrequency w0 of the Kanai-Tajimi filter is varied. Below /3o,i signifies the 
intensity of the ith earthquake in the sequence. The values w0=8.8s-1 and w0 =27.8 s-1 

are considered for w0 , which implies resonance in respectively the 1st and the 2nd mode, as 
the angular eigenfrequencies of the structure are diminishing from their initial values due 
to the stiffness deterioration of the structure. In all cases a damping ratio of ( 0 = 0.3 of 
the Kanai-Tajimi filter is applied. The other parameters used in earthquake generation are 
t 1 = 3 s, t 0 = 20 sand c = 0.2 s-1. /30 = 0.6mjsf, wo=8.8 s-1 corresponds approximately 
to a peak surface acceleration of 0.5 g. 

Conditional mean values E[Do,3 I d0 ,2, do,t] and conditional variational coefficients V(D0 ,3 I 
d0 ,2, d0 ,1] in the 3rd earthquake are estimated for the one-dimensional damage indicator 
for different observations of Do,I = do,I in the first earthquake, but for same or close 
observations of D 0 ,2 = d0 ,2 in the second earthquake. Similarly, conditional mean values 
E[Dj,3 I d2,d1],j = 1,2, conditional variational coefficients V[Dj,3 I d 2,d1],j = 1,2 
and conditional correlation coefficients p(D1 ,3, D2,3 I d2, d 1] in the 3rd earthquake are 
estimated for the two-dimensional damage indicator for different observations of D 1 = d 1 
in the first earthquake and same or close observations of D2 = d2 in the second earthquake. 
In all cases conditional moment estimates are based on 100 independent simulations. A 
remarkable observation is, that p[Do,i,Dt,i I di-1, ... ,dt] = 1.000 in all analysed cases, 
independently of the damage history. D 0 ,3 and D1 ,3 can consequently be assumed to be 
proportional. 

Table 1 and 2 show the obtained conditional moments in the 3rd earthquake for the one­
dimensional and two-dimensional damage indicator, respectively. In all cases d0,2 ~ 0.444, 
whereas d0,1 is varied. The intensities of the earthquakes follow from the legend of the 
tables. The angular eigenfrequency of the Kanai-Tajimi filter is wo = 8.8 s-I, corresponding 
to resonance in the first mode. 

No attempt is made to keep df = [d1,2, d2,2] in the second column of Table 2 constant. 
These values show relatively high variability, which is due to the weaker correlation between 
D1,2 and D2,2 (p[D1,2, D2,2] ~ 0.94). Mean value and variational coefficient of the 15 
indicated data in Table 1 for E[Do,3] are E[E[Do,3]] = 0.6635 and V[E[D0 ,3 ]] = 0.0362. If 
the results of Table 1 at which d2,2 values in Table 2 differ significantly from the others 
are filtered out (these are the rows 4, 6, 7, 8, 13, 14), the corresponding results become 
E[E[Do,3]] = 0.6447 and V[E[Do,3]] = 0.0253. The 30 per cent decreases in the variational 
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coefficient of E[Do,3'] implies that conditioning on D0 ,2 and D2 ,2 will improve the Markov 
property of the mean of Do,a, compared to conditioning solely on Do,2· Surely, the same 
compaction is observed for the variational coefficient of E[D1,a], since D 0 ,3 and D1,3 are 
perfectly correlated. When V[Do,3] is subjected to the same filtering, there is 9 per cent 
compaction in V[V[Do,a]], which implies that there is also improvement in the Markov 
property of the variance of D0 ,3 • 

Similar comparative analysis for the data in Table 1 at which d0,2 = 0.444 (rows 2, 3, 4, 5, 
6, 7, 9, 10, 11 of Table 1) subjected to filtering out the rows 4, 6 and 7 at which the D2,2 
value differs significantly from the others, shows 50 per cent compaction in V[E[D0 ,3]] and 
13 per cent increase in V[V[D0 ,3 ]]. This implies that the Markov property of the mean 
of D0 ,3 has been improved based on such conditioning, whereas the Markov property of 
the variance has debased. However, the latter observation is quite unique in the material, 
and is believed to be attributed to statistical scatter due to the very small sample size 
considered. 

When the data in Table 1 at which d0 ,2 = 0.445 (rows 1, 8, 12, 13, 14, 15 of Table 1) 
is analysed similarly (rows 8 and 13 are filtered out), the corresponding results show 45 
per cent compaction in V[E[D0 ,3 ]] and 9 per cent compaction in V(V[D0 ,3 JJ, which implies 
that conditioning on Do,2 and D2,2 will improve the Markov property of both the mean 
and the variance of Do,3 compared to conditioning solely on Do,2· 

Table 3 and Table 4 show corresponding results, when the angular eigenfrequency of the 
Kanai-Tajimi filter is w0 =27.8 s-1 , corresponding to resonance in the second mode. The 
intensities of the earthquakes have been increased in order to obtain comparable damage 
levels. 

E[D0 ,3] and V[D0 ,3 ) in Table 3 display the same tendency as the corresponding results in 
Table 1. In Table 4 major differences compared to Table 2 are that the d2,2 values have 
become more variable, E[D2,3] has increased slightly in proportion to E[D1,3], and the 
correlation coefficient of D1,a and D2,3 has decreased to p[Dt,3, D2,3) ~ 0.88. All these 
effects are due to the increased excitation of the second mode, which will induce relatively 
higher damage in the upper part of the building compared to the first mode. 

The mean value and the variational coefficient of the 15 results indicated in Table 3 for 
E[Do,3] are E(E[Do,J]] = 0.6132 and V[E[Do,3]] = 0.0361. If the data of Table 3 at 
which d2 ,2 values in Table 4 differ significantly from the others are filtered out (these are 
the rows 2, 4, 5, 6, 7, 15), the corresponding results become E[E[D0 ,3 ]] = 0.6125 and 
V[E[Do,3]] = 0.0308. This shows 20 per cent compaction in V [E[D0 ,3]], which implies 
that conditioning on Do,2 and D2,2 will improve the Markov property of the mean of D 0 ,3 

compared to conditioning solely on Do,2· When V[Do,3] is subjected to same filtering, there 
is 40 per cent compaction in V[V[D0 ,3]J, which implies that there is also improvement in 
the Markov property of the variance of Do,3. 

Similar analysis for the data in Table 3 at which D0 ,2 = 0.442 (rows 1, 2, 4, 7, 8, 14, 15 of 
Table 3) with filtering out rows 2,4, 7 and 15 shows 95 per cent compaction in V[E[D0 ,3 ]] 

and 30 per cent compaction in V[V[D0 ,3 ]], which implies that conditioning on D0 ,2 and 
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D2,2 will improve the Markov property of both the mean and variance of Do,a, compared 
to conditioning solely on Do,2 . 

When the data in Table 3 at which Do,2 = 0.444 (rows 3, 5, 6, 11, 13 of Table 3), 
with filtering out rows 5 and 6, are analysed, the corresponding results show 20 per cent 
compaction in V[E[Do,a]] and 50 per cent compaction in V[V[Do,a]J, which again implies 
that conditioning on Do,2 and D2,2 will improve the Markov property of the mean and 
variance of Do,a relative to conditioning solely on D0 ,2. 

For the cases studied, conditioning on D1,2 and D 2,2 reduces the variability of the observed 
mean values and of the observed variational coefficients of Do,a compared to conditioning 
solely on Do,2· Further, this observation has been supported by a number of similar 
investigations not reported in this paper. Due to the proportionality of Do,i and D 2 ,i it can 
then be concluded that the Markov properties of the mean and covariances of [D1,i , D2,i) 
are superior to the Markov property of the mean and variances of the one-dimensional 
damage indicator Do,i· 

1st earthquake 2nd earthquake 3rd earthquake 3rd earthquake 
do 1 do 2 E[Do a) V[Do a] 

0.000 0.445 0.690 0.138 
0.201 0.444 0.634 0.124 
0.201 0.444 0.654 0.118 
0.201 0.444 0.708 0.121 
0.235 0.444 0.652 0.131 
0.235 0.444 0.623 0.117 
0.256 0.444 0.646 0.123 
0.257 0.445 0.665 0.153 
0.308 0.444 0.666 0.131 
0.309 0.444 0.670 0.127 
0.309 0.444 0.662 0.112 
0.309 0.445 0.664 0.111 
0.309 0.445 0.631 0.130 
0.310 0.445 0.697 0.132 
0.445 0.445 0.690 0.138 

Table 1: Damage history, conditional mean value and conditional variational coefficient of 
one-dimensional maximum softening after 3rd earthquake. /30 ,1 = 0.2 mfs! , {30 ,2=0.2 mjs!, 
f3o ,a=0.4 mjs!, wo =8.8 s- 1 . 
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1st earthquake 2nd earthquake 3rd earthquake 3rd earthquake 3rd earthquake 
d1 1 d2 1 d1 2 d2 2 E[D1 a) E[D2 a) V[D1 a) V[D2 a) p[D1 a, D2 a) 

0.000 0.000 0.470 0.226 0.710 0.406 0.128 0.228 0.874 
0.215 0.130 0.470 0.224 0.656 0.366 0.115 0.182 0.894 
0.214 0.129 0.472 0.222 0.677 0.383 0.110 0.195 0.844 
0.214 0.129 0.470 0.229 0.727 0.429 0.112 0.235 0.849 
0.252 0.140 0.467 0.224 0.669 0.383 0.122 0.208 0.880 
0.251 0.144 0.470 0.219 0.645 0.366 0.109 0.159 0.951 
0.274 0.153 0.469 0.234 0.667 0.382 0.114 0.224 0.892 
0.272 0.168 0.470 0.234 0.686 0.391 0.142 0.245 0.931 
0.328 0.187 0.470 0.219 0.687 0.388 0.121 0.205 0.932 
0.331 0.164 0.470 0.225 0.682 0.396 0.104 0.159 0.898 
0.331 0.164 0.473 0.226 0.685 0.381 0.103 0.171 0.893 
0.331 0.164 0.472 0.220 0.688 0.392 0.118 0.196 0.883 
0.331 0.164 0.469 0.227 0.657 0.376 0.120 0.202 0.899 
0.332 0.168 0.472 0.230 0.721 0.419 0.123 0.217 0.861 
0.470 0.226 0.470 0.226 0.710 0.406 0.128 0.228 0.874 

Table 2: Damage history, conditional mean values, conditional variational coefficients and 
conditional correlation coefficient of two-dimensional maximum softening after 3rd earth­
quake. f3o, 1 =0.2 mjs!, f3o,2=0 .2 mjsf, f3o,a=0.4 mjsl, wo =8.8 s-1

. 

1st earthquake 2nd earthquake 3rd earthquake 3rd earthquake 
do 1 do 2 E[Do a] V[Do a] 

0.000 0.442 0.636 0.142 
0.000 0.442 0.643 0.140 
0.221 0.444 0.603 0.132 
0.228 0.442 0.598 0.112 
0.300 0.444 0.587 0.107 
0.300 0.444 0.581 0.105 
0.307 0.442 0.633 0.144 
0.307 0.442 0.637 0.125 
0.307 0.443 0.613 0.145 
0.332 0.443 0.584 0.132 
0.332 0.444 0.590 0.121 
0.332 0.443 0.603 0.141 
0.333 0.444 0.611 0.137 
0.442 0.442 0.636 0.142 
0.442 0.442 0.643 0.140 

Table 3: Damage history, conditional mean value and conditional variational coefficient of 
one-dimensional maximum softening after 3rd earthquake. f3o,1 =0.3 mjsf , (30 ,2 =0.3 m j s! , 
f3o,a=0.5 mjs!, w0 =27.8 s-1. 
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1st earthquake 2nd earthquake 3rd earthquake 3rd earthquake 3rd earthquake 
d1 1 d21 d1 2 dz 2 E[D1 3] E[Dz J] V[D1 3] V[Dz J] p(D1 J, D2 3] 

0.000 0.000 0.467 0.230 0.657 0.380 0.132 0.232 0.876 
0.000 0.000 0.466 0.258 0.663 0.402 0.132 0.194 0.836 
0.235 0.141 0.469 0.229 0.625 0.365 0.123 0.194 0.856 
0.240 0.162 0.468 0.224 0.620 0.357 0.105 0.183 0.890 
0.321 0.165 0.470 0.222 0.609 0.357 0.100 0.146 0.875 
0.321 0.165 0.470 0.221 0.603 0.356 0.099 0.156 0.842 
0.327 0.175 0.468 0.216 0.654 0.378 0.135 0.200 0.891 
0.327 0.179 0.468 0.228 0.658 0.380 0.117 0.196 0.913 
0.327 0.179 0.469 0.234 0.634 0.386 0.136 0.180 0.892 
0.352 0.200 0.468 0.231 0.606 0.363 0.123 0.179 0.896 
0.352 0.200 0.469 0.239 0.612 0.363 0.113 0.173 0.883 
0.352 0.200 0.469 0.232 0.625 0.369 0.132 0.181 0.898 
0.355 0.187 0.470 0.232 0.632 0.381 0.146 0.214 0.900 
0.467 0.230 0.467 0.230 0.657 0.380 0.132 0.232 0.876 
0.466 0.258 0.466 0.258 0.663 0.402 0.132 0.194 0.836 

Table 4: Damage history, conditional mean values, conditional variational coefficients and 
conditional correlation coefficient of two-dimensional maximum softening after 3rd earth­
quake. (30 ,1 =0.3 mjs!, f3o, 2=0.3 mjsi, f3o,3 =0.5 m/s~, w0 =27.8 s- 1 • 

6. CONCLUSIONS 

In this study, a one dimensional scalar valued and a two-dimensional vector valued max­
imum softening damage indicator are defined. The one-dimensional damage indicator, 
defined considering the variation in the first period of the structure, analogous to a SDOF 
system, is a genuine global damage index representing the average damage throughout 
the whole structure. The two-dimensional damage indicators are defined considering the 
variations in the first and second periods of the structure, and thus is analogous to an 
equivalent linear two degree-of-freedom system. The components of the two dimensional 
damage vector can be interpreted as damage indicators for the lower half and the upper 
half of the structure, hence representing a simple and crude local description of the damage 
state of the structure. 

Since statements on the post earthquake reliability should be obtained solely from knowl­
edge of the latest recorded values of the damage indicators above defined, these damage 
indicators are required to possess Markov property. This problem has been investigated 
based on numerical Monte-Carlo simulations. A sample plane frame which has been de­
signed according to the UBC specifications for earthquake zone 4 is subjected to realiza­
tions of different earthquakes and the value of the damage indicators is obtained using 
the computer program SARCOF. For the studied cases, it is observed that the Markov 
assumption of the one-dimensional damage indicator is justified for the mean value of the 
transition probability density function (tpdf), whereas some deviations are observed for 
the variance and higher order statistical moments. Tests checking whether conditioning on 
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two dimensional damage vector improves Markov property of the one-dimensional damage 
indicator demonstrated that the Markov properties of the mean and covariances of the 
two-dimensional indicators are superior to the Markov property of the first and second 
order moments of the one-dimensional damage indicator. 

Finally following the results of this study, it is expected that the Markov property of n 
dimensional damage indicators should have better Markov property compared to then -1 
dimensional ones. 
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