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THE RELAXED AREA OF S!-VALUED SINGULAR MAPS IN THE
STRICT BV-CONVERGENCE*
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Abstract. Given a bounded open set Q C R?, we study the relaxation of the nonparametric area
functional in the strict topology in BV (Q; ]Rz), and compute it for vortex-type maps, and more generally
for maps in W' (Q;S') having a finite number of topological singularities. We also extend the analysis
to some specific piecewise constant maps in BV (€;S'), including the symmetric triple junction map.
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1. INTRODUCTION

Let Q C R? be a bounded open set and v = (v1,v2) : @ — R? be a map of class C1(Q; R?). The area functional
A(v; Q) computes the 2-dimensional Hausdorff measure H? of the graph

Gy, :={(z,y) € QxR?:y=v(2)} (1.1)

of v, a Cartesian 2-manifold in  x R? C R%, and is given by the classical formula

A(v; Q) = / V1 +|Voi|2 + [Vus|? + (det Vo)2dz, (1.2)
Q

where

81}1 81}2 a"l}l 8112
det = — 77 L.
et Vv (?.’L‘l (?ZCQ (91‘2 (),’L‘l ( 3)

is the Jacobian determinant of v. Clearly, the integral in (1.2) is finite if v € W11 (Q;R?) and det Vo € L}(Q).
As opposite to the case when the map is scalar-valued, the functional A(-; 2) is not convex, but only polyconvex
in Vv, and its growth is not linear, due to the presence of det(Vv).
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2 G. BELLETTINI ET AL.

An interesting problem is to try to extend A(-;Q) out of C'!(Q;R?): setting for convenience
A(v; Q) := 400 Vo€ LY R?)\ O R?),

let us consider the sequential lower semicontinuous envelope

A, (u; Q) := inf {lklglﬂgA(vk,Q) S(vp) Cc CHOYR) NS, v = u} Yu e S (1.4)
of A(-; ) with respect to a metrizable topology 7 on a subspace S C L!(€;R?) containing those v € C1(Q; R?)
with A(v; Q) < 400, and choose this as the extended notion of area.

A typlcal choice is S = L'(€2;R?) and 7 the L'(Q;R?) topology, i.e., A, = Az1, a case in which little
is known'. It is not difficult to show that the domain of A;: is properly contained in BV (£;R?), but its
characterization is not available. Also, one can prove that

A (u: Q) /\/1+|Vu\2dx+|DSu| Q), (1.5)

but the inequality might be strict [1, 7, 8]. Here Vu is the approximate gradient of u, | - | is the Frobenius norm,
Dsu is the singular part of the distributional gradient Du of u, and |Du|(Q2) stands for the total variation of
D#u. Finding the expression of Ay (-;Q) is possible, at the moment, only in very special cases. This is also due
to its nonlocal behaviour, since for several maps u, the set function U + Api(u;U) is not sub-additive with
respect to the open set U C 2. This happens, for example, for the symmetric triple junction map ur on an open
disk By, as conjectured in [11], and proven in [1]. A complete picture can be found in [6, 22], where A1 (ur; Be)
is explicitely computed, taking advantage of the symmetry of the map and of By. We refer also to [3] where an
upper bound inequality is proved for a triple junction map without symmetry assumptions.
Also for the vortex map uy : By \ {0} — S*,

uy (x) == —, (1.6)

the above mentioned nonsubadditivity holds. In [1] it is proved that

Api(uy; Be) = / V14 |Vuy|?de + 7 if ¢ is sufficiently large, (1.7)
By
while
Api(uy; Be) < / V14 |Vuy|?de+7 if ¢ is sufficiently small. (1.8)

The explicit computation of A1 (uy; By) for small values of £ has been done in [4], again strongly exploiting
the symmetries, where it is shown that Ap:(uy; By) is related to a Plateau-type problem in codimension 1,
whose solution is a sort of (half) catenoid constrained to contain a segment. This “catenoid” describes the
vertical part of a Cartesian current [13, 14] obtained as a limit of the graphs of a recovery sequence. Specifically,
the main result in [4] reads as

Aps (uy; By) :/ V1 + [Vuy 2dz + inf F,(h, 1)), (1.9)
By

IFor scalar valued maps it is known that the domain of A1 (-;Q) is BV(Q), and on BV(f) the relaxed functional can be
represented as the right-hand side of (1.5), see [10, 15].
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where the infimum is taken over all functions h € C°([0, 2¢]; [~1,1]) with h(0) = h(2¢) = 1, and v € BV ((0,2¢) x
(—1,1)) with ¢» = 0 on UG}, and

Folhyp) = V 1+ VY[ dtds + |Dy[((0,2¢) x (=1,1))
(0,20)x (—1,1) (1.10)

+/ ) — ldH! — [UGH].
((0,20) x{—1,1})u({0,2¢} x[—1,1])

where ¢ : R x [-1,1] = R is (¢, s) = V1 — 2, and UG}, is the region in [0,2¢] x [—1,1] upon the graph of
h. The latter functional accounts for a Plateau problem in non-parametric form with partial free boundary on
a plane domain (see also [5] for more details). If ¢ is large enough, a minimizer of F,, has the shape of two
half-disks of radius 1, whose total area is 7, recovering the result in (1.7).

The L'-topology is rather weak, and so it is convenient in order to show compactness results, in the effort of
proving existence of minimizers of some possible weak formulation of the two-codimensional Cartesian Plateau
problem. However, the above discussion illustrates the difficulties of the study of the corresponding relaxation
problem. Besides all nonlocality phenomena, the L' convergence does not provide any control on the derivatives
of v and, of course, neither on the Jacobian determinant. The aim of the present paper is to study the relaxation
of the area in S = BV (2;R?) in a different topology, stronger than the L!-topology, in order to possibly avoid
nonlocality and keep some control of the gradient terms. Specifically, we will take as 7 in (1.4) the topology
induced by the strict convergence in BV (Q;R?). This notion of convergence, weaker than the strong W11
topology, and in general not related with the weak W' topology (see Rem. 2.3), allows to consider relaxation
in (1.4) for all BV-maps. We recall that (vi) converges to u strictly BV (€;R?) if vy — u in L'(Q;R?) and
|Dvg| () — |Du|(Q) (see Sect. 2.1 for details). We are therefore led to consider, for all u € BV (£2;R?), the
corresponding relaxed area functional A, = Agy,

Apv(u; Q) := inf {lim inf A(vg; Q) @ (vg) € CHQ;R?) N BV(Q;R?), vy — u strictly BV (Q; RQ)} . (111

k—+4oco

In the first part of the paper we restrict our analysis to maps w : By \ {0} — S! = {z € R? : |2| = 1} of the form

wlo) = sluv(@) = ¢ (). (1.12)

|z|
with ¢ : S! — S' Lipschitz continuous. The vortex map corresponds to the case ¢ = id.
After setting some notation and preliminaries in Section 2, in particular the total variation of the Jacobian,

the Jacobian distributional determinant DetVu (Sect. 2.2), and the degree (Sect. 2.3), in Section 3 we prove
the following result:

Theorem 1.1. Let £ >0, and w: B, \ {0} — S* be as in (1.12). Then
Apv(w; By) = / V14 |Vw|?dz 4 w|deg(p)]. (1.13)
By
In particular,

Apv(uy; By) = / V14 |Vuy|2dz + 7. (1.14)
By

By (1.7), for £ large enough we find Agy (uy; Be) = Ap1 (uy; Be) while by (1.8), for small values of £ we have
Ay (uy; Be) > Api(uy; Be). We also remark that for any radius ¢, in the computation of Agy (uy; By), the
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minimal surface employed to fill the holes of the graph G,,, C R* of uy is a two dimensional disc living upon
the origin of R2.

In Section 4 we extend our analysis to a more general class of maps u € W11(2;S!). To state our result, we
recall that when |DetVu|(€2) < 400, then DetVu can be written as

DetVu=mn Z didy,,
i=1

where the points z; € 2 are the topological singularities of u, around which the degree of w is nontrivial and
equals d; € Z \ {0} (see Thm. 2.12). We then prove the following:

Theorem 1.2. Let u € WH1(;SY). Suppose that DetVu is a Radon measure with finite total variation
|DetVu|(Q). Then

N
Apy(u; Q) = / V14 |Vu|?dz + |DetVu|(Q2) = / V14 |Vu|?dz + WZ |d;, (1.15)
@ @ i=1

where N € N and dy,...,dy € Z\ {0} are such that DetVu =7 va:l didg, .

The total variation of DetVu can be characterized by relaxation. More precisely, for maps v € Wlif (Q; R?),

we introduce the functional TVJ (v; Q) := [, [detVv|dz, measuring the total variation of the Jacobian of v, and
consider

TV (u; Q) := inf {lgminfTVJ(vk; Q) : (vp) C CHLRHNWEHQ; R, vp, — u in Wl’l(Q;RZ)} ,
— 400
for all u € WH1(Q;R?). It is known (see Thm. 2.12) that for u as in Theorem 1.2,
TVJW1,1 (u; Q) = |DetVu|(Q)
In Theorem 4.3 we show that

TVJW1,1 (u; Q) = TVJB\/(U; Q),

where

TVJpy(u; Q) := inf {lkiminfTVJ(vk; Q) : (vx) C CH(LR?) N BV (4 R?), vy, — u strictly BV(Q;RQ)} .

—+00
Eventually, in Section 5 we consider some piecewise constant maps valued in S!, in particular the symmetric

triple junction map (see Sect. 5 for the precise definition). If we call T3 the equilateral triangle with vertices
a, 3,7 € St and L := |B — qf its side length, then we have:

Theorem 1.3. Let up : By := By(0) = {a, 5,7} be the symmetric triple-point map. Then
Apv (ur; Be) = |Be| + LH (Juy) + [ Tapy, (1.16)

where | - | is the Lebesque measure and J,,. is the jump set of ur.
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In particular, in view of the results in [1], [6], we find Apy (ur; By) > Api(ur; By). We will also see that
the same argument used to prove Theorem 1.3 provides a proof also for a symmetric n-uple junction map, as
expressed in Corollary 5.3.

As opposite to Az (u; ), we see that the functional Ay (u; (), at least for the maps u taking values in S*
considered here, is local, and admits an integral representation.

We conclude this introduction by pointing out that, at the present stage, we miss the generalization of our
results in higher dimension or codimension. On the one hand the strict convergence in BV provides some control
on the gradient of u, and consequently, on the distributional determinant. In the case of maps v : Q C R? — R3,
for instance, this notion of convergence might be useful to get some control of the 2 x 2-subdeterminants of
Vu, but seems too weak to control the higher order minor. On the other hand, even in the case of maps
u:Q C R3 — R2? the strict convergence in BV is not sufficient to show the counterpart of Proposition 2.4
(see Rem. 2.5) which, in our arguments, is crucial to localize the concentrations of | det Vuy| (where (vy) is a
sequence of smooth maps converging to u).

2. PRELIMINARIES

In this section we collect some preliminaries. For an integer M > 2, set S¥~1:= {x ¢ RM : |2| = 1}.

Theorem 2.1 (Reshetnyak). Let 2 C R" be an open set and up, it be finite Radon measures valued in RM .
Suppose that pp — p and |pn|(Q) = |p|(Q). Then

i [ 1 (e @) ) dyal@) = [ 7 (s @) ) o)

for any continuous bounded function f: x SM~1 5 R,

Proof. See for instance ([2], Thm. 2.39). O

2.1. Strict BV -convergence

In what follows, 2 C R? is a bounded open set. For any u € BV (Q;R?), the distributional derivative Du is
a Radon measure valued in R?*2. The symbol |Du|(€2) stands for the total variation of Du (see [2], Def. 3.4, p.
119 with | - | the Frobenius norm).

Definition 2.2 (Strict convergence). Let u € BV (Q;R?) and (ux) C BV (£;R?). We say that (uy) converges
to u strictly BV, if

weEsw and  [Dul(Q) — |Dul().

The topology of the strict convergence in BV is metrized by the distance
(u,0) = lu = vl oy + [DUl(Q) = [DUI(Q)],  uyv € BV(Q;R).

Remark 2.3 (Weak convergences and strict convergence). If u, — u strictly BV(2) then up — u
w*-BV (), where ur, — u w*-BV () means:

Ll

Up — U and /¢~Duk%/@~Du Vo € CO(Q;R?),
Q Q
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with - the scalar product in R2. A similar definition holds for vector valued maps. The converse is not true,
already in one dimension: consider the sequence (f) C W1((0,2m)),

fu(z) = %sin(kx) vz € (0,2m).

Then fi — 0 weakly in W11((0,27)), so in particular w*-BV, but the convergence is not strict in BV, since
| f7 112 ((0,2)) = 4 for all k € N. We underline that on W' (Q; R?) the strict BV convergence is not comparable
with the weak convergence: the following slight modification of Example 4, page 42 in [13], provides a sequence
converging strictly BV ((0,1)) but not weakly in W1((0,1)). Consider the sequence (gx) C L'((0,1)) defined
by

where x4 is the characteristic function of the set A. Then ||gk||z1 = 1 for every k € N. Now, let f;, € C([0,1])
be the primitive of g vanishing at 0; then (f) converges uniformly to the identity, and || f/ |11 = |lgk|lpr =1 =
lid||z: for any k € N, and so fx — id strictly BV ((0,1)). On the other hand, (f{) cannot converge weakly in
L' since it is not equi-integrable (see [13], Thm. 2, p. 50): g tends to concentrate a large mass in arbitrarily
small sets, as k becomes large.

However, the following result (needed in the proof of Props. 3.3 and 4.4) shows that the strict BV convergence
implies the uniform one, under certain hypotheses.

Proposition 2.4 (Strict convergence in one dimension). Let I = (a,b) C R be a bounded interval and
let (fx) be a sequence in WHI(I). Suppose that (fi) converges strictly BV (I) to f € WY(I). Then fi — f
uniformly in I.

Proof. First of all, for any open interval J C I we have

lim /|f,’€|dx:/|f'|dx (2.1)

Indeed, since fr — f w*-BV(I), by the lower semicontinuity of the variation, one has

/|f’|dx§liminf/ |f7.|d.
J k—+oco /5

On the other hand, using the strict BV convergence on I and again the lower semicontinuity of the variation,
we get

/|f’|dx: /|f’|dx:/|f'|dx—/ |f/|dx > lim /|f,’€|dx—liminf | f.|dx
J T I INT k—+oo J1 k=+oco J\T

= lim sup /|f]'€|d;z:7/ |f;€|dx :limsup/ |f,/€|d93,
k——+o00 I nNJ k—+oo JJ

o (2.1) holds.
Now, since f and fi belong to W11(I), we may assume that they are continuous. By contradiction, suppose
that (fx) does not converge uniformly to f, so that, up to a not relabeled subsequence, we may suppose:

36 >0 J(zp) I FkoeN: |filxg) — flze)| > Vk > ko, (2.2)
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and that there exists Z € I such that x; — Z. Now consider an open interval £ C I such that T € E and

5
/E [Flde < (2.3)

(in case T =a or T = b, E is a semi-open interval). Using (2.1), we can find an index k; € N such that ky > ko
and

5
/E|f,’€|dx <3 Vkzh (2.4)

Moreover, there exists ko € N, ko > ki, such that x € E for every k > ko. Pick a point y € E; then for every
k > ko, using (2.2), (2.3), and (2.4), we have

Ife(y) — fW) = —[fe(y) — ful@r)| + | fr(zr) — flzr)] — [f () —

iy
/|fk|dx+6 /\f\dm> [ 1silaz+5 - /\f\dm

> -
>——40—-=-.
- 2 + 4 4
Hence, (fx) (and any subsequence of it) does not converge to f pointwise at every point of E which leads to a
1
contradiction, since |E| > 0 and fg i—(@% f- O

Remark 2.5. Proposition 2.4 is still valid with the same proof when f; and f are vector valued. On the contrary,
it is crucial that the domain is one-dimensional, since counterexamples can be done already in dimension 2: for
instance, the sequence (fy) given by fi(z) := max{(1 — k|z|),0}, z € R?, converges to 0 in W!(R?) but not
uniformly in any neighborhood of the origin.

2.2. The Jacobian determinant and its total variation

Definition 2.6 (Total variation of the Jacobian). Let u € I/Vll 2(Q R?). We define the total variation of
the Jacobian of u as

TVJ(u;Q):/ |detVu|da. (2.5)
Q

We need to define TVJ(-;Q) for other Sobolev maps, in particular for maps with singularities, the main
example being the vortex map wuy in (1.6). This can be accomplished in two ways. The first one is to define the
distributional Jacobian determinant DetVu: if? p € [1,2) and v € WP (;R?) N L (Q; R?),

loc

1
< DetVu, ¢ >:= —5/ adjVu(x)u(z) - Vp(z)de Yo € C°(0), (2.6)
Q
Quy  _ Ouy
where adjVu := ( %1;“2 8319 ) This definition is justified by the property
T oz Oz

u € C*(Q;R?) = detVu = %div(adjVu u).

2If p = 2 then u € WH2(Q; R?).
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Notice that, if u € C?(£;R?) and B,.(x) CC €, then by the divergence theorem, writing the outward unit normal
to OB, () as v = (v1,14), and its 7/2-counterclockwise rotation v+ = 7 = (11, 72),

1
/ detVudz == / (adjVuu) - v dH!
B () 2

OB, (z)
_1 3u2 3u1 8’&2 aul )
2 ABT(I) <( Oy = dy uz)vy + (= 5z 1 + 5 UQ)VQ) dH
1 aUQ 8’&2 aul aul )
= Ouy  Ougy Cow duy N |
2/837-@) <u1(8y’ o) v He(= 50, ”) " (2.7)
1

:7/ (u1Vug - 7 — upVuy - 7) dH!
2 JoB,(x)

1 Oug Ouy
== 2wt
2 n/aBT(w) <U1 Js 2 0s ) %

where s is the arc-length parameter on 0B,..

By Formula (3.7) of [18] (which in turn is a consequence of Theorem 3.2 in [18]), one sees that formula (2.7)
is valid also for u € W1 (Q; R?).

We recall that

DetVu = detVu  Vu € WH2(Q; R?),

while if p € [1,2) they can differ, for instance detVuy is null, whereas DetVuy = 7dy (see [20]). Then one is led
to define TV.J(u; Q) = |DetVu|(£2), for those u for which DetVu is a Radon measure with finite total variation
in Q.

The second way is to argue by relaxation. For p € [1,2] and u € W1P(Q;R?) one sets

k—+oco

TVJIw1p(u; Q) := inf {lim inf TVJ (vg; Q) @ (v) € CHQR?) NWHP(Q;R?), vy — w in Wl’p} . (2.8)

It is known that TV.J(u; Q) = TVJy2(w; Q) for u € WH2(Q;R?). Moreover, when p € [1,2), TV.Jy1.(u; Q)
coincides with the total variation of the Jacobian distributional determinant of u, provided u € W1?(£2;S!) (see
Thm. 2.12 below, and [9], Thm. 11 and Rem. 12). The same conclusions do not hold in general, for maps in
WLP(Q; R?) which do not take values in S (see [9], Open problem 5). Notice also that relaxation in (2.8) can
also be done with respect to the weak convergence in WP (we do not treat this in the present paper and refer
the reader to [9, 12, 20]).

We emphasize that we required Cl-regularity for the approximating sequences in (2.8). This ensures that
such sequences are contained in I/Vltf (€;R?) which is the minimal feature to guarantee that detVouy, € L ().
Replacing the C''-regularity with the Wi)’f—regularity?’ gives rise to the same relaxed functionals; this can be seen
by a density argument, since any v € W,5?(Q; R?) can be approximated by maps vy, € C'(Q;R?) in WL (Q; R?)
(such a convergence ensures the corresponding convergence of TVJ (vg; Q) to TVJ(v;)). In the same way, one
can also replace the Cl-regularity with the C*°-regularity.

One can also relax T'VJ with respect to the strict BV convergence: this will be the content of Theorem 4.3.
Moreover, the relaxation with respect to the L' convergence is possible, but not interesting for us, because we
will deal with maps with values in S!, so the resulting relaxed functional turns out to be zero (see [9], Cor. 5).

3 As sometimes can be found in literature.
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2.3. Multiplicity and degree
In what follows B,.(x) denotes the open ball of R? centered at x of radius r > 0.
Definition 2.7 (Multiplicity). Given u € WH(Q;R?), for all measurable sets A C Q and all y € R?, we set

mult(u, A, y) == #{u" (y) N AN R},
where R,, C ) is the set of regular points of u (see [13], p. 202). Similarly, if u € W11 (9B,.(z);S'), we define
mult(u, 4,y) == tH{u " (y) N ANR,},

for all measurable sets A C 9B,.(x) and all y € S'.
Let u € WH(Q;R?); by Theorem 1-6, Section 3.1.5 of [13], if detVu € L1(Q), we have

/\detVu|dx:/ mult(u, 4, y)dy, (2.9)
A R?

for any measurable set A C Q. In particular, mult(u, A, -) is measurable and finite a.e. in R?.
If a Lipschitz continuous map ¢ : dB,.(x) — S* has constant multiplicity on dB,.(z), then we will make use
of the simplified notation

mult(p) := mult(p, IB,(z), -).

Definition 2.8 (Degree). Given u € W11(€;R?) with detVu € L1(Q2), for all measurable sets A C €2, we let

deg(u, A,y) := Z sign(det Vu(z)), (2.10)
zeu~H(y)NANR,

for those y € R? for which mult(u, A, -) is finite.

Clearly
mult(u, A, ) > |deg(u, A, )| (2.11)

By Theorems 1-6, Section 3.1.5 of [13], if detVu € L1(Q), then

/detVudx:/ deg(u, A, y)dy, (2.12)
A

R2

for any measurable set A C ), and by (2.9) and (2.11)

/|detVu\d:v2/ |deg(u, Q,y)|dy. (2.13)
Q R?

Remark 2.9. The notion (2.10) of degree is too weak to be related to the trace of u on 9Q. However, homological
invariance is recovered under stronger hypotheses on w; for instance if u,v are Lipschitz in Q-ooQandu=v
in Q\ Q, then deg(u, 2, ) = deg(v,, ) a.e. in R? (see [13], p. 233 and 469). In particular, if u,v : B,.(z) — R?
are Lipschitz continuous and v = v on 9B, (x), then we might extend u to a Lipschitz map % on R?; the map
¥ coinciding with v in B,.(z) and with @ outside B, (z) is a Lipschitz extension of v. Hence deg(w, B,(z), ) =
deg(w, By (), ), which implies deg(u, B,(x),-) = deg(v, B(z), -).



10 G. BELLETTINI ET AL.

Definition 2.10. For an open disc B,(z) C R? and u € W1(dB,(z);S'), we define

o 1 é)uQ 8u1

If ue WHY(Q;S), B.(z) cC Q, and uL dB,.(x) € WH1(dB,(z); S) (which is true for almost every r), we set
deg(u, 0B, (x)) := deg(uL 0B, (x)). (2.15)

Remark 2.11. If u : B,(z) — R? is Lipschitz continuous and |u| = 1 on dB,.(x), then deg(u, B,.(z), -) is constant
in By = B1(0), and coincides with deg(u, 0B, (z)). Indeed deg(u, B.(z),-) is a constant ¢ in By thanks to The-
orem 1.3 of [16] (and zero on R?\ By), and then it is sufficient to check that deg(u, B(z),y) = deg(u, dB,(z)),
for a.e. y € B;. By applying (2.7) to the left-hand side of (2.12) one has

/ deg(u, B, (x),y) dy = / deg(u, By(x),y) dy = mc = / detVu dz = ndeg(uL 0B, (z)).
R2 By B, ()

In this particular case, thanks to (2.13), we conclude
/ | det Valdz > / \deg(, OB, (x))|dy = x|deg(u, OB, (2))|. (2.16)
B, (x) B1

2.4. Singular Sobolev maps with values in S!
We will make use of the following theorems.

Theorem 2.12. Let u € W11 (Q;SY). Then
TVJIw1a(u; ) < 400 <= DetVu  is a Radon measure.

In this case TVJy11(u; Q) = [DetVu|(Q2), and there exists a finite set {x1,...,xm} of points in Q such that

DetVu =1 did,,, (2.17)
i=1

where d; = deg(u, 0By, (x;)) € Z\ {0} for a.e. ; > 0 small enough. In particular
[DetVul(Q) =7 ) |d;].
i=1

Proof. See for instance ([9], Thm. 11) and ([17], Prop. 5.2). O

Remark 2.13. Theorem 2.12 provides the existence of a radius r; > 0 such that the number d; not only is the
degree of the trace of u on 9By, (x;), but also on almost every circumference dB,(z;) with p < r;. Moreover, on
these circumferences, we may assume that v is continuous, since its trace is still of class W', For more details,
we refer the reader to [9)].

Theorem 2.14. Let u € WH(SY;SY). Then there exists a sequence in C*(S';S!) converging to u in
Whi(st;st).

Proof. See Theorem 2.1 of [19]. O
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Theorem 2.15. Let B C R? be a bounded open connected set, andu € W11(B;S'). Then there exists a sequence
in C*(B;S') converging to u in W11 (B;SY) if and only if DetVu = 0 in the sense of distributions.

Proof. See Theorem 1.5 of [21]. O

3. RELAXATION FOR VORTEX-TYPE MAPS IN W'P(By;S'): THEOREM 1.1

In this section we focus on maps w € W11 (B,;St) of the form (1.12), where ¢ : S* — S! is a Lipschitz map.
Of course det Vw = 0 a.e. on By. Moreover, w € WP (By;S!) for every p € [1,2); indeed, for z € By \ {0},
let us write in polar coordinates

w(z) = w(p,0) = p(cosb,sinh) =: f(0) = (f1(0), f2(0)) Vp € (0,£), V6 e€]l0,2n). (3.1)

Then for a.e. § € [0,27) and all p € (0, ¢)

voilod) = (o 45)). V,a(0.6)| = 000, 6)| = |(6)],

2 ¥/ ~2 z
- 0, 2
/ VelPde = / / p(|6pw|2+'“5') dpdd
By 4

OIS /Z 1
= ———dpdf < 2xlip dp < 4o0;
/O = (f)? =

in particular

/ Vwlde —z/% 0)[do. (3.3)

Remark 3.1. We have used that f in (3.1) is Lipschitz continuous in [0, 27). Let us check that lip(f) = lip(¢)
and, moreover, Var(f) := 027r |f'(0)]d6 = [ VS o(y)|dH! (y) = Var(y), where

VSISD(Z) — z}g}z W7 (3.4)
ves'\(z}

is the (tangential) derivative of ¢ on S', that is well-defined for a.e. z € S' as an element of the tangent
space Ty,(,)S' to S' at ¢(z). Fix yo € S' where ¢ is differentiable, and take the unique 6y € [0,27) such that
yo = (cos by, sinby). From (3.4), it follows

VSlgo(yo) = d oo ©(cosB,sin @) = f'(6), (3.5)

and therefore lip(p) = lip(f). Moreover

27
Var(p / VS o(y)|[dH (y) = /0 |f'(6)|df = Var(f). (3.6)
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In particular, from (3.3), we conclude

/ [Vw| dz = £Var(yp). (3.7)
Be

Remark 3.2 (Lifting). A lifting of ¢ is a map ® : [0,27] — R such that
©(cosf,sinf) = (cos(®(h)),sin(®(9))) VO € [0, 2x]. (3.8)

The function f(-) = ¢(cos(-),sin(:)) : [0,27] — S being continuous on a simply-connected set, always admits a
continuous lifting ® : [0, 27] — R such that

¢(cos,sin @) = f(6) = (cos(®(0)),sin(P())).

Moreover, since the covering map t € R +— e € St satisfies |e't — ei’2| < [t; — to| < 7wlett — 2] for all t1,ty
with [t; — to| < 7, any continuous lifting of ¢ must be Lipschitz, indeed

[B(61) = B(Gy)] _ [0 — el TOD| (™) — p(e??)]
01 — o] - it — 6192‘ |ei91 — itz

V01,02 S [0,271’] with |91 — 92| < (39)

while if |1 — 62| > 7, the left-hand side is bounded by 2 max(g -] |®|.

Using the 2m-periodicity of f, we see that ®(27) — ®(0) € 27Z; hence ® can be extended in a Lipschitz way
to the whole of R (this can be done extending periodically its first derivative). It is possible to see that the
lifting is unique up to a multiple of 27: fix a starting point, e.g. (1,0) € S' and set ¢(1,0) =: yo € S'. Now
extract the Argument 6(yp) € [0,27) of yg, and define ® : R — R as

D(t) := 0(yo) —|—/0 Ap(s)ds, (3.10)

where A\, (s) € R is uniquely determined by

1

V5 ¢(cos s,sin 5) = Ao (8) T (cos 5,sin 5) a.e. s € R, (3.11)
with

Tip(cos s,sin 5) = @t (cos s,sin 5) = (— ¢2(cos s,sin s), 1 (cos s, sin s)) (3.12)

the unit tangent vector to ' (counter-clockwise oriented) at the point ¢(cos s, sin s). By definition, ® is Lipschitz
in R since lip(®) = [|Ay|loc = lip(¢). In order to show the lifting property (3.8), take a lifting ® : R — R of ¢.

Differentiating the equality ¢(cos s,sin s) = (cos(®(s)),sin(P(s))) gives

-/

Ao (8)Tp(cos s,sin s) = 5,(5)(— sin(®(s)), cos(®(s))) = ® (8)Tp(cos s,sin 5 a.e. s € R,

so that & = A, a.e. in R. This implies, by (3.10), that ®(t) — ®(¢) is a constant multiple of 27. Thus ® also
satisfies (3.8), and any lifting of ¢ is of the form (3.10), up to a constant multiple of 2.
As a further consequence of the previous discussion and of (3.11)—(3.12), for any lifting ® of ¢, and in

particular for @, the map f(0) = (cos(®(0)),sin(P(h))) satisfies the same linear ordinary differential system as



THE RELAXED AREA OF S'-VALUED SINGULAR MAPS 13
f, namely
fi=-9f,, fo=2f a.e. in R. (3.13)

Finally, from (3.13) it follows A\, = f1f5 — fof] a.e. in R, so that by (2.14), we get
2m
o(2m) = (0) + / Ay (0)d0 = @(0) + 27mdeg(p). (3.14)
0

Now we can start the proof of Theorem 1.1: As usual, we divide it into two parts, the lower bound (Prop. 3.3)
and the upper bound (Prop. 3.4).

Proposition 3.3 (Lower bound). Let w: By \ {0} — S be the map defined in (1.12). Suppose that (vg) C
C1(By;R?) N BV (By; R?) is such that vy, — w strictly BV (Bg; R?). Then

lim inf A(vi; By) > / V' 1+ |Vw|2dz + 7|deg(p)].
By

k— o0
Proof. We may assume that

liminf A(vg; Be) = lim A(vg; Be) < +00.
k k— 400

—+o0

We define the functions ¢y, : (0,£) — [0,400) as
al)= [ [Vulds o) = lminf e, re 00,
9B, k— o0

where s is an arc length parameter on 0B,.. By Fubini’s theorem it follows

A%ww—@wmm

hence, using Fatou’s lemma, the strict convergence of (vy) to w, and (3.7),

£

¢
/ Y(r)dr <liminf [ ¢p(r)dr = lim |V |dz
0 k—+o00 Jo k—+o00 By (315)

:/ |Vw|dx = (Var(y).
By

In particular,
1 is almost everywhere finite in (0, ¢).
Now we claim that

¥ = Var(p) a.e. in (0,4). (3.16)
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Indeed, without loss of generality we may assume that (vg) converges to w almost everywhere in By, so that for
almost every r € (0, /)

v LOB, - wlL 0B, ' —ae. in 0B,. (3.17)

Now fix 7 € (0, ¢) such that (3.17) holds; consider the total variation of vy L dB,., that is the L'(dB,)-norm of
the tangential derivative of vy (as in (3.4)):

0
|D(v L0B,)|(B,) :/ Tk gs.
B, | U8
Clearly
. vy, -
lim inf ——|ds < liminf |Vug|ds = (r). (3.18)
k—+oo Jap,. | Os k—=+oo JapB,
Let us extract a subsequence (v, ) C (vx) depending on r, such that
lim inf / Okl 4s = lim Dk | . (3.19)
k—+oo Jop | Os h—+oo Jop, | Os

Since v is almost everywhere finite, we may suppose that ¢ (r) < 400, so that the sequence (vg, L 0B,) is
bounded in BV (0B,;R?). Thus, using (3.17), we also have

v, LOB, ~wlL 0B, weakly* in BV (9B,;R?) as h — +oc. (3.20)

’ 2
Now, since Vw is only tangential, and |Vw(r,0)[? = ‘fr,#, we get

~/8BT

Hence, using the lower semicontinuity of the variation along (v, L 0B,), (3.19), and (3.18) we infer

Var(p) = /8 .

= lim
h—+oco 9B,

ow

27
ds = / |[Vw|ds = / r|f’(9)|1d9 = Var(p). (3.21)
0s OB, 0 r

ow

0s

6“1%

s ds

ds < lim inf /
h—+oco 9B,
Ok ds = lim inf/
S k—+o00 9B,
Thus ¢ > Var(yp) almost everywhere in (0,¢) and, from (3.15), we deduce ¢ = Var(yp) almost everywhere in

(0,¢), and so (3.16) is proved.
As a consequence of the previous arguments,

22
. (3.22)

D5 ds < ¢(r).

Ve € (0,¢) Fr. € (0,e) F(vg,) C (vg) s.t.

_ , (3.23)
vg, LOB,, - wL 0B, strictly BV(0B,_;R?),

where the subsequence (v, ) depends on . Indeed, proving (3.16), we have shown that for almost every r € (0, £),
there exists a subsequence (vg, ) satisfying (3.20); so, given € € (0, ¢), there exists 7. € (0,¢) and a subsequence
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(vk,, ) depending on e, such that
vk, L OB,.—~wl 0B, weakly* in BV (0B,_;R?). (3.24)
But from the previous discussion we also deduce

ow

vk, ow
0s

lim
h—+oo 3Br5 as

ds = w(r.) = Var(y) = [

OB,

ds; (3.25)

thus the convergence in (3.24) is actually strict in BV (9B,_;R?).

Now, fix € € (0,¢) and, for simplicity, denote by (vy) the subsequence (vy,, ) for which (3.23) holds. Remember
that our approximating maps v, = ((v)1, (vn)2) are of class C1(Q;R?), so they might have non-zero Jacobian
determinant Juvy, := detVuy,, as opposed to w = (wy,ws), whose Jacobian determinant vanishes a.e. in By. In
particular, we expect the contribution of area given by Juvy to be non trivial around the origin. Thus, we split
the area functional as follows:

A(vp; Be) = A(vp; Be \ Br.) + A(vp; Br.) > A(vp; Be \ By.) —|—/ |Jop|dz,

Te

and notice that, by definition of relaxed functional and Theorem 3.7 of [1],

lijmJiran(vh; B\ B,.) > Api(u; Be\ B,,) > / V14 |Vw|?de.
—+oco

Bo\B..

Hence

lim A(vp; Be) > liminf A(vp; Be \ Br,) + lim inf/ | Jvp| dz
h—+o00 h—+o00 By,

h——+o00
(3.26)
> / VIt VolPde + 1iminf/ \Jon| da.
B[\Brg h—)+OO BT6
To conclude the proof it is then sufficient to show that
liminf/ |Jop|dz > w|deg(¢)|. (3.27)
h—+o0 Brs
Define the sequence wy, : By — R? as
vp(x) if |z] <7
wh(T) = ¢ — — 3.28
n(@) |x|vh 7“5i + i " w rai if re < |z <. (3:28)
L—r. || L—r. ||

Then wy, is Lipschitz continuous and interpolates v, L 9B,_ and wlL 0B,_ in the annulus enclosed by 0B,_ and
0By. Now we show that

lim | Jwp|dz = 0. (3.29)
h—+o0o BE\Bra



16 G. BELLETTINI ET AL.

Indeed, passing to polar coordinates in By \ B._:

wn(w) = Tn(p,0) = 7=

where
Up(re,0) := vy, (re(cos0,sin0))) = ((vp)1(re, 0), (Oh)2(re,0)), w(re,0) :=w(r-(cosf,sind)) = f(0).

Making use of (3.1) and (3.13), we get

L @t R (= 00 — (o )P
V(e 0) = 7= (—(552 s (6= p)3e(n)s+ (p— r5)¢'f3> ’ (3.30)

where (0p,);, Og(Vp,); are evaluated at (r., ) for i = 1,2, and f1, fo, &’ are evaluated at 6. Then we can compute
the Jacobian determinant of wy, in polar coordinates:

Tin(p.) = =5z (0= D {@)eh 511 = 00T 1o

(0= P){ Do)y = ENds(@1)2} — (p =)@ { G fy + (B)afa — 1}].

where we use also that f + f2 = 1. Thus

L 27
/ |th|d:c:/ / | Jwp, |dpdf
Be\B, re JO

¥/ 2T
<Cy. / / |51)20 (5)1 — O (T )1 fol dpdd
Te /0 (3.31)

¥ 27
e / / (51902 — o (50)2.f1|dpdd
re JO

L 2
+ C’gvglip(@)/ / [(Tn)1f1 + (Tn)2fo — 1]|dpdb,
re JO

where Cy . is a positive constant depending only on ¢ and e. Consider the first integral on the right hand side
of (3.31): its integrand is independent of p, and so

¥4 27 21
/ / [(@1)200 (F)1 — ()1 f2(0)] dpdd = (€ — 1) / (@272, 0) — £2(0)]|06(n)1 (7=, 0)| 4O

8U}L

k
ds FFoe,
0s

0,

< Crell(vn)2 — wel[L=(0B,.) /
oB

Te

where in passing to the limit we used (3.23), which implies that the variation of v, on 9B, is necessarily
equi-bounded and, together with Proposition 2.4, that v;, — w uniformly on 0B, _. For the second integral, the
argument is similar.
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As for the third one, by the uniform convergence of (vy) to w on 9B,_, we can pass to the limit under the
integral sign:

Y/ 2T ¥/ 2T
// \@h>1f1+<5h>22—1|dpd9m// 24 f2 — 1dpds = 0.
re 4O re JO

Therefore, (3.29) holds.
Now, we write the Jacobian determinant of vj, on B,_ in the following way:

/ |Jvh|dx:/ |th|dx—/ | Jwp,|dz. (3.32)
B, By B/\B,

Te Te

Notice that wy = w on By, so that (see Rems. 2.9 and 2.11)
deg(wp, 0B¢) = deg(w, 0B;) = deg(yp). (3.33)

We may suppose that v, takes values in By, since the limit function w is valued in S (see [1], Lem. 3.3). So
wy, : By — By is Lipschitz continuous and maps 9By into dB;. Then, by (3.33) and (2.16), we have

/ | Jwn|de > w|deg(w, 0By)| = 7|deg (). (3.34)
By

Finally, passing to the lower limit as h — 400 in (3.32), using (3.29) and the previous inequality, we deduce
estimate (3.27), which concludes the proof. O

Proposition 3.4 (Upper bound). Let w: B, \ {0} — R? be the map defined in (1.12). Then there exists a
sequence (vy) C CY(By; R?) N BV (By; R?) such that vy — w strictly BV (Bg; R?) and

lim sup A(vg; By) < / V1+|Vw|?2dz + 7|deg(p)]. (3.35)
By

k— 400

Proof. Although vy needs to be of class C'!, we claim that it suffices to build v, just Lipschitz continuous. Indeed,
assume that (vy) C W (By; R?) N CY(By; R?) converges to w strictly BV (By; R?) and (3.35) holds. Consider,
for all k € N, a sequence (v}) C C*(By;R?) approaching vy in W2(By; R?) as h — +o0. In particular, we get
the L'-convergence of all minors of Vu¥ to the corresponding ones of Vog. Then, by dominated convergence,
lim A(vl; Be) = A(vg; By). (3.36)

h—+oco

Hence, by a diagonal argument, we find a sequence (v,’jk) converging to w strictly BV (By;R?) such that (3.35)

holds for ”Zk in place of vg.
Let us consider the map % : S — S! given by

P(cos,sin ) := (cos(dh),sin(df)) where d := deg(ep). (3.37)
Then

mult(p) = [deg(p)|,  deg(p) = deg(y), (3.38)

and, in particular, mult() = |deg(y)|. Moreover, since the maps ¢ and @ have the same degree, we can construct
a Lipschitz homotopy H : [0,1] x S' — S! between them. Precisely, if ® and ® are Lipschitz liftings of ¢
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and @ respectively, we define W(t,-) := t®(-) + (1 — t)®(-), which is Lipschitz. Hence one defines the map
H(t,"):[0,27) — St as H(t,-) := (cos(¥(t,),sin(¥(t,-))), which satisfies

H(0,-)=9(),  H(,) =) (3.39)

It remains to show that H(t,-) defines a continuous (and then Lipschitz) map from S' to S!, i.e. that is
2m-periodic: to this aim it is enough to observe that W(t,27) and ¥(¢,0) differ from a constant multiple of

27 and indeed, recalling (3.14), we have ®(27) — ®(0) = 27nd = ®(27) — ®(0), from which easily follows that
U(t,2m) — U(t,0) = 2nd.

We now define the sequence (vi,) C Lip(By; R?) as vy (0) := 0,
Uk in B% \ {0},

v 1= < P in Bz \ B, (3.40)
wzw(ﬁ) in BZ\B%,

where
k T
7, =—lz|o | — B
nie) = glelp () vee By,
and
he(e) = H (Zja) =1, = Vi € B \ B
() = 7 T Tal T 2 L.
Let us check that
/|Jvk|dx:7r|d| Vk € N. (3.41)
By

Since H and w take values on S', we have

/ |Jvk|dx:/ \Jhk|dx+/ |Jw|dx = 0.

Moreover, mult(vy, B £ )=mult(®), and therefore, by (2.9),
/ [ Jvg|de :/ JTldz = [ mult(@y, By, y)dy = | Byjmult(@) = 7|d].
B, B, By F
k k
We now prove that vy — w in WHP(By;R?) for every p € [1,2). This, in particular, implies the desired strict

convergence in BV. Since vy, = w in By \ Bz%, we have to do the computation in Bsz:

/ o = wfPdz < 2p_1/ (oal? + [w]P)dz < 27| Bss | 252 0,
By
Kk

By
k
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In addition
|[Vog| = |Vhg| < 2klip(H) a.e. in B% \B%,

hence

/ |V — Vw|Pdz < C | (2k)Plip(H)P| B¢ | +/ |Vw|Pdz
By \By i B

- (3.42)

kP oo
<C C—2+/ |Vw|Pdz LimasaNy}
k By

where C' > 0 is a positive constant independent of k. Finally, setting w(z) := @ (%) for x € By \ {0}, we have

k _ k__ x
Vo (z) = Z\wa(x) + Zw(a:) ® Tl for a.e. z € By.
Whence
/ Vo — VolPde < c/ (k:”|a:|p|Vw|p + () @ ”3‘ + |Vw|p) de
By By ||

(3.43)
<C / |V@|pdx+kp|B£|+/ |VwPdz LimasNy}
BL BL

Now, we easily get (3.35): upon extracting a (not relabelled) subsequence such that (Vug) converges almost
everywhere to Vw, by (3.41) and dominated convergence theorem we have

lim sup A(vg; By) Sklilf / \/1+|Vvk|2d:z:+klilf / |Jvk|d:c:/ V1+ |Vw|?2dz + «|d|.
—+00 By —r+00 By By

k—+o0

O

Remark 3.5. In the proof of the upper bound in Proposition 3.4 we have shown the WP convergence of the
recovery sequence to the function w, for p € [1,2). Hence

Awo(w; Be) < / V1+|Vw|2dz + w|deg(p)].

By
Moreover, since in general Agy (-3 By) < A (-; By) for all p > 1, we deduce
Ay (wiB) = [ /15 [VuPde + rldeg(i)|.

By

4. RELAXATION FOR MAPS IN WH1(Q;S!): THEOREM 1.2

In the following lemma we generalize to a generic function in W1 (By; S!) the argument used to prove (3.23),
by showing that the strict BV convergence on By is inherited to almost every circumference centered at the
origin. Unlike (3.23) of Proposition 3.3, in this more general context we have to make use of Theorem 2.1.
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We start to generalize the arguments leading to (3.25).

Lemma 4.1 (Inheritance). Let (vy) C CY1(By;R?), u € WH(By;R?), and suppose that vy — u strictly
BV (By;R?). Then, for almost every r € (0,£), there exists a subsequence (vg, ), depending on v, such that

vk, LOB, = ul_0B,  strictly BV(0B,;R?).

Proof. The (tangential) variation of the restriction of u on 9B, is well-defined and finite for almost every
r € (0,1) since u € WH1(By; R?), and

ou

27
o s = /O 1yi(r, 0)[d),

|D(ul_0B,)|(0B,) = /

9B,

where @ : R := (0,¢) x [0,27) — R?, u(p, 0) := u(pcosf, psinf). We compute
/ 10y dpd = / (Vu)r|dz, (4.1)
R By

with 7(x) := % (—z2, 1),z # 0. Indeed

El

2

l r2m %
/ |0gut| dpdf = / / lz P? (0, w;) (sin.0)% + (0z,us)? (cos 0)® — 20y, u;0,,u; cos O sin 0)1 dpdd
R 0Jo

i=1
— /
By |:C‘

= \/|Vu1 7|2+ |[Vug - 7]2dx = / [(Vu)r|de.
Bg BE

2 2
Z (02, u5)%23 + (Opyu;)?a} — 26w1ui8muix1x2)] dz

i=1

In the same way we get

R B,

Thanks to Theorem 2.1, with the choices M = 4, S € R* = R?*2, f € Cy((B, \ {0}) x S?),

flz,0) = \/|Uhor T(2)? + |overt - T() %,

where o € S® and oo, := (01,02), Tyert := (03,04), We obtain

lim |(Vvk)7'\da::/ |(Vu)7|de. (4.2)

k——+oo By By
Now we notice that for almost every r € (0,£) we have

v L OB, = ulL 0B, in L'(0B,;R?).
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a'l}k

Then, since (v, _9B,.) C BV (0B,;R?) for every r € (0,¢), by the lower semicontinuity of the variation we get
ou 9V,
s

/ 0 dsgliminf/
oB, | 0 k—+o0 Jop,

Integrating with respect to r and by Fatou’s lemma, we obtain

4
/|89fb|drd9:/ /
R 0 0B,

But we notice that, by (4.1) and (4.2), we must have all equalities in (4.4). In particular,

/ ds = lim inf/
aBT k—+o00 aBT

and we conclude extracting a suitable subsequence (v, ) of (vg) depending on r such that

ds for a.e. 7 € (0,0). (4.3)

S

ou

Os

8vk

Y
dsdrﬁ/ lim inf
0 S

k— o0 9B,

dsdr < liminf [ |Dgvy|drdd. (4.4)
k—+oco Jp

ou

0s

v ds for a.e. 7 € (0,4),

S

8’Ukh
S

(%k
S

ds = lim inf ds.

k— o0 9B,

lim
h—+oco 9B,

Definition 4.2. Let v € WHH(Q;St) and TV (u; Q) < +00. We set
TVJgy (u; Q) = inf {1kim+meVJ(vk; Q) : (vx) C CH(Q,R?) N BV (Q;R?), vy, — u strictly BV} .
—+o00

The proof of Theorem 1.2 is essentially a consequence of the following theorem.

Theorem 4.3 (Relaxation of TVJ in the strict convergence). Let u € Wh1(Q;S') be such that
TVJIwia(u; Q) < 400, and write DetVu as in (2.17). Then

TVIgy (u; Q) =7 |di].
i=1
In particular, TVJpy (u; ) = TV (u; Q) = [DetVu| ().

As usual, we divide the proof of Theorem 4.3 into two parts, the lower bound (Prop. 4.4) and the upper
bound (Prop. 4.5).

Proposition 4.4 (Lower bound for TVJgy). Let u € WH(Q;St) be such that TV i (u; Q) < 400, and
write DetVu as in (2.17). Then

TVIgy (u; Q) > 7 |di.
i=1
Proof. According to Theorem 2.12, we choose a radius ¢ > 0 so that the balls By(z;) C Q, ¢ = 1,...,m, are

disjoint. Let (vx) C C(Q;R?) be such that v, — u strictly BV (By; R?) and

lim /\Jvk\dz:TVJBV(u;Q).
Q

k—+oco
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To show the thesis it is sufficient to prove that, for all i = 1,...,m,

lim |Jog|de > wd;,
k—+oo Be(xl)

and it suffices to show this inequality for ¢ = 1. Let us denote By(z1) simply by By. Without loss of generality we
may assume 1 = (0,0). Since u € WH1(By;St), it is WH1(9B,;S!), in particular continuous, for almost every
r € (0,£). Thus, we can choose 7 > 0 small enough so that uL dBr € WH1(9B,;S'). Since the balls By(z;),
i=1,...,m, are disjoint, we also have deg(u,dBr,-) = d;. From Theorem 2.14 and Lemma 4.1, we get that

Ve € (0,7) Fr. € (0,e) F(vg,) C (vr) I(up) C C®(9B,_;S") s.t.
ul OB,, € WY (0B,_;SY), up = ul0B,. in W“(0B,_;SY), (4.5)
and vy, LOB,. — ulL0B,_ strictly BV (0B, ;R?).

In particular, on dB,. we have uniform convergence of (up) and (vg, ) to u by Proposition 2.4. Setting as usual

Jug, = detVuy, , write
/ | Jog, |dz =/ |th|dx—/ | Jwp|dz,
B = Br\Bi.

Te (s

where wy, € Lip(Br; R?) and is given by

Uk, (I) if |:C‘ <re
wp(z) = 7 — - 4.6
(@) 7; |x|Ukh Tsi + |f| rsuh rgi ifre <|z| <T. (4.6)
T—re " || T —Te ||

Now, since |[vg, — unl|z~(aB,.) — 0 as h — 400, arguing as in the proof of (3.29) we have

lim | Jwp|dz = 0. (4.7
h—+oo BT\BTE

Moreover, from (4.6) we note that
deg(wp,, dBr) = deg(up, 0B,,). (4.8)

Thanks to the uniform convergence of (up) to u on 0B,_, for h large enough, u;, and uL dB,_ must have the
same degree

deg(up, 0B,,) = deg(u,0B,_) = d;.

Then, arguing as in (3.34), we obtain that

/ | Jwy |dz > 7|deg(wp, 0BF)| = w|di],

i

for h € N sufficiently large. In conclusion we get

TVJgy(u; By) = lim |Jvg, |dz > lim inf |Jvk, |dz > lim inf | Jwp |dz > 7|dy|. (4.9)
h—+co /B, h—+oo Jp, ' h—+o0 Jp

T
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Proposition 4.5 (Upper bound for TV.Jgy ). Let u € WH1(;SY) be such that TV (u; Q) < +o0, and
write DetVu as in (2.17). Then

TVIpy (1;Q) <7 |dy].
i=1

Proof. As in the proof of Proposition 4.4 we choose a radius ¢ > 0 so that the balls By(z;) C Q,i=1,...,m,
are disjoint.
We construct a suitable recovery sequence (vy) C Lip(€2;R?) such that

lim vy =u in WH(Q;R?) (4.10)
k—+oo
and setting B := U, By(z;),
lim | Jug|de = m|d;], i=1,...,m, and / | Jug|dz = 0. (4.11)
k=+oo JB,(xy) Q\B

As in the proof of Proposition 4.4, we can find r1 < £ so that u € WHY(dB,, (z;); R?) and deg(u, dB,, (z;)) = d;,
for all i = 1,...,m. For every k € N, we set By, := U By, (z;). By Theorem 2.15, there exists a sequence
(uﬁ)neN C C°(Q\ Bg;S') such that

. ko . 1,1 ql
ngr}rloo Uy = U in W5 (Q\ Bg;SY). (4.12)
Now, for all k > 1, we choose 7 € (277,27 F*+1r) such that the following conditions hold: for all i = 1,...,m,

ul OB, (x;) € WHY(OB,, (z;);SY),

i [k L OBy, () — L 0By, (@)l 0, () = 0. (419
In particular, for all k > 1 and i = 1,...,m, we have
lm [uy, L 8By, (2:) — ul 0By, ()| L= (08, ()st) = 0, (4.14)
thus, using (2.15), (4.13) and (2.14), we obtain
(deg(ut, OB, (2)) — deg(u, 0By, (x:))
Si (/ (“ﬁ)la(uﬁb —Ul% d5+/ (U’Z)zw fW% ds) - Y
21 \ Jom,, () s s 0B, (x:) 0s 0s
as n — +oo.
Therefore, there exists my, € N such that, for all i =1,...,m,
deg(uf,0B,, (x;)) = deg(u, dB,, (z;)) = d; Vn > my. (4.16)
Now, using (4.12) and (4.13), for all k > 1 there is mj € N such that, for alli =1,...,m,
[y — ullwra @\ (U, By, (20))81) < [uf — ullwra@\ s, sty < % Vn > my, (4.17)
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1 ~
HUI:L L(?Brk (I’Z) — uLaBmC (:L'i)le,l(aBm (x:);St) S E Vn Z mi. (418)

Setting ny := max{my, my}, we define uy, := u¥ , which satisfies (4.16) and (4.17) for all k > 1. In particular
Ll = ullwss @\, By, @y = 0. (4.19)
For alli =1,...,m, let now g, : S' — S! be the Lipschitz function defined in (3.37) with d = d;, which satisfies

mult(p;) = |deg(;)| and  deg(p;) = di.

Now, for all i = 1,...,m, g, and ux L OB, (x;) have the same degree, and so there exists a Lipschitz homotopy*
Hy; :]0,1] x St — S* such that

Hyi(0,9) =9;(y), Hpi(Ly) =up(rpy+a;), yeS.

Let us define the sequence (vj,) C Lip(£; R?) as follows: vy, := uy, in Q\ B, and, for all i = 1,...,m, vg(2;) := 0
and

-zl (T —x4 .
| '%(| ) it 2 € By, () \ {00,

(@ emq e N (4.20)
vg(x) = .
¥ hkﬂ(x) if v € Brk (l‘z) \Brk+1( )’
ug(z) if x € Be(x;) \ By, (1),
where
v — x| — g1 @ —
hi,i(z) := Hp,; ; Vo € By, (%;) \ B i)-
ale) = g (I 2 e B )\ B (o)

Since Hy; and uy, take values in S, we have vi,(z) € S! for z € @\ (U, B, ., (z;)), and so

NP Bry (24))

In particular, the second condition in (4.11) holds. Moreover, mult(vg, B,,_, (2;), -)=mult(®;), and therefore, by
(2.9,

/ Jodde = [ mult(op, By, (20),y)dy = | By mult(@,) = wldi,
Brk+1(mi) Bl

and also the first condition in (4.11) follows.
It remains to show (4.10). By (4.19) and (4.17) we have

/ lvp — uldz < / |up — uldz + 2m|B,, (0)] = 0 as k — 4o0,
) Q\(UF, By (1))

/ |Vu,, — Vul|dz = / |Vur — Vulde — 0 as k — +oo.
O\(VIL, Bry (w4)) Q\(VIL, Bry, (1))

4To define it it suffices to consider two liftings of ¥y and wug(ry - +21) LS, and linearly interpolate them, as done for H in
(3.39). Observe that Hy, ; is Lipschitz since uy L 0By, (x;) is Lipschitz by the choice of ry.
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Now, let us show that, for all i =1,...,m,
0 IVA 2By 0\ By 00) = 0

Let us make the computation for ¢ = 1, the other cases being identical. Set Hy, = Hy 1 and hy = hy,;. Assume
without loss of generality that x; = (0,0), and denote B,(x1) = B,.. By definition of Hj we have

[0t Hpe || o< (o1 xs1) < @1 llzoe(sr) + lullz=(om,,) <2 VkeN. (4.21)

Moreover, since @ is Lipschitz,
1
IV Hi(t,y)| < V2 @1 (y)] + re [ Vur (rey) | < C 4 73| Vu (riy) |- (4.22)

We now compute Vhy, for x € B, \ B

Tk41"

Vhi(z) = — L o,H, (lfﬂlml z ) oL v, (wl—ml x) v (fﬂ)
Tk — Th+1 Tk — Tht1  |Z] || Y Te — Thy1 |2 |z|

and we get

By, \B:

Tk+41

/ 1
S -
B Tk — Tk4+1

e \Bry

OcHy, (|x| — Tk ) x) ’ + ‘Vka <|a:| S ) x)‘ ‘V (x) dz
Tk — Tkl |T] Tk = Try1 |7 ||
1

2
S7||((9t1—[k||lz°“ ’BT’k \B’I‘k+1‘ +/ / ’v Hy, (rk+ (COS@ 51n0)> ‘dpde (423)
Th1

TE — Tk — Tk+1
27
<Ol + i) + Clrw =) + (= ris) [ 7l Vs (ru(eos0,5in0)) a0
0

<Cry+ (rr — 7“k+1)/ |Vur|dH! < C(rp + (rp — rh41)) = 0 as k — +o0,
oB

Tl

where we have used (4.18) in the last inequality. Then we conclude

J

Finally, for z € B

|[Vh, — Vu|dz < / |th\dx+/ |Vu|dz — 0.

"‘k\Brk+1 Brk \Brk«l»l

|Vu,, — Vul|dz = /

e \Brg Brg\Bry 1

we have

vu = em () * i (2 (7))

Then, since @; is Lipschitz,

Tk+4+1
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so we get

C
/ |Vup — Vulde < —|B,, ., | —|—/ |[Vuldz — 0,
Brk+1 Tk+1 Brk+1
and (4.10) follows. O
Now, we can prove Theorem 1.2.
Proof. We start with the proof of the lower bound. Arguing as in the proof of Proposition 4.4, we may suppose
m=1,Q = By and x; = (0,0). Let (v;) C C'(By;R?) be such that v, — u strictly BV (By; R?) and

liminf A(vg; Be) = lim  A(vg; Be) < +o0.

k——+oco k——+oco

Select 71 > 0 and d; € Z as in the proof of Proposition 4.5. Without loss of generality we can suppose that
r1 = £. So we deduce (4.5) and the uniform convergence of (vy) to v on almost every circumference in By. Now
write A(vi; Be) = A(vk; Be \ By.) + A(vi; By.) > A(vi; Be\ Br.) + [ |Jug| dz, so that

k——+oo k—+oco

Z/ \/1+|Vu|2dx+liminf/ |Jog| dz.
Bl\Brs k—+oo BrE

lim A(vg; Be) > hm 1an(vk, B¢\ By.) + liminf |Jvg| dz
Bre (4.24)

We now apply (4.9) and next pass to the limit as ¢ — 07 to get the lower bound in (1.15), i.e

lim inf A(vg; Be) > / \/1+|Vu\2dx+7r2|d |.

k——+oco

Concerning the proof of the upper bound, consider the sequence (vy) defined in (4.20), which converges to
w in WH1(Q;R?). Then, upon extracting a subsequence such that (Vuy) converges almost everywhere to Vau,
by (4.11) and dominated convergence we have, using the inequality v1+ a2 + b2 + ¢ < /1 + a2 + b2 + || for
a,b,c eR,

lim sup A(vg; Be(x;)) < lim / V14 |V |2de + hm | Jug|dz
k—+o0 k=+co JB,(x;) By (z4)
:/ V¥ [VaPdz + 7lds),
Be(z:)
that leads to
limsup A(vg; Q) < lim V14 |Vug|?dz + lim sup A(vg; U2 Be(;))

k—+o00 k—=+oo Jo\um  Be(=s) k—+oo

= / V 1+ |Vul2dz +7TZ |d;].
Q i=1

O

Remark 4.6. If u € WP (Q;S!), p € [1,2), the recovery sequence defined in (4.20) converges to u in W1P(Q; St)
as well. Then, the results of Theorems 4.3 and 1.2 are still valid if one deals with the relaxation of the area
functional with respect to the strong topology of WP(Q;S?).
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Remark 4.7 (Relaxation in the local uniform convergence outside singularities). If u is continuous
in Q\ {z1,...,2m}, one can relax the area functional with respect to the uniform convergence out of the

singularities {z;}, i.e., we require that for every compact set K C Q\ {z1,...,z,,} the approximating sequence
(ug) C CH(Q;S!) satisfies

ug = u in L°(K),

or, in other words, if uy — u in LS (Q\ {1, ..., 2m }; R?). Therefore we are led to consider

Aps(u; Q) = inf { liminf A(ug; ) : (u) € CH(R?), up — uin L (Q;R?)

k—4oc0

and uy — u in LﬁfC(Q\{xl,...,xm};RQ)}. (4.25)

It is then possible to show that
Ape (u: ) :/ VIF Valde + 7Y Jdil. (4.26)
Q i=1

Notice that, if one considers the functional T'VJy«, obtained by relaxing T'V.J with this notion of convergence,
the counterpart of Theorem 4.3 does not hold anymore, since we cannot guarantee a uniform bound on the L!
norm of Vug, needed to get (4.7); however, we gain such a control on |[Vug||z1 in the area functional, as soon
as the approximating sequence (vg) has bounded area.

The proof of (4.26) is the same as the one of Theorem 1.2, with the difference that we can deduce straight-
forwardly the uniform convergence of (v;) on almost every circumference in B,,, without passing through
(4.5).

5. AN EXTENSION TO SYMMETRIC PIECEWISE CONSTANT BV (€Q;S') MAPS

In this section we prove Theorem 1.3. Let us recall that a symmetric triple point map in R? is a map
u = ur : By(0) C R? — S! taking three values {a, 3,7} C S!, vertices of an equilateral triangle, on three non-
overlapping 2w /3-angular regions A, B, C' with common vertex at the origin and interfaces a, b, ¢ (see Fig. 1).
We denote by T,z C R? the triangle with vertices {a, 3,7}, whose length side is |a — 8| =: L = /3, and by

Jy = aUbU c the jump set of u. We have |Tog| = %LQ = 34£, and |Du|(B,) = LH(J,) = 3LL.
Proof of Theorem 1.3: upper bound. For simplicity of notation, in what follows we write

¢ in place of 1/k,

with k£ € N.
We construct a recovery sequence (uf). C Lip(Bg;R?) as ¢ — 07. Let us consider the rectangle

R:={(t,s) eR*:t € (0,0),s € (0,L)}

and, for € € (0, ¢), the functions m® : R — [0,400) (whose graph is plotted in Fig. 2) defined as

0 tele,d,
me(t,s) = { 25zt sh te[0,e), s€0,Z], (5.1)
et Lol 4 c(o.e), s € (L, 1),
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B S!

o 5]

FIGURE 1. The symmetric triple point map: on the left the source disk By(0), three-sided in
the regions A, B, C, where u takes the values «, 3,7, depicted in the R? target on the right.

where h = % = % The number & is the height of each of the three isosceles triangles with common vertex

at the origin of the target space that decompose T,z (see Fig. 1 right). Let us denote by 52, S, S¢ three tiny
stripes around a, b, c in By, of width ¢ and length ¢ — ﬁ, drawn in Figure 3. More explicitely, we have

9 9
SP =< (x,y) € By |z| < =, >},
v {ew e Bk < Sz 5

and S (S¢) is obtained by clockwisely rotating S? of an angle %’T (%ﬂ respectively) around the origin.

The idea is to glue m?® on each strip in order to build three surfaces embedded in R* living in three non-collinear
copies of R3, whose total area contribution gives |7, wpy| in the limit ¢ — 0t.

We introduce the affine diffeomorphism %, : [L 4 — [0, 4] such that

23’
/ ¢ +
wa(y)zé_ — =k.—>1 ase—0".
2v/3
Now we can define u® on S%: we set
-
gi=17— €S, p=—gt =5,

L

(where £+ is the Z-counterclockwise rotation of £) and

L L L L
u¥(z,y) = a+ <2+:)§+m6 (¢s(y)72+:>77 Y(z,y) eSﬁ.

In a similar way, we define u® on SZ and S¢. Setting T° := B, , 5\ (S¢ U SbuU Sc) and A° = A\ (S2U St U



THE RELAXED AREA OF $'-VALUED SINGULAR MAPS 29

AT

e

F1GURE 2. The graph of m® on the rectangle R.

SeuTe), BE =B\ (S2UStUScUTe), C:=C\ (S2US U ScUTe), we define:

a in A®,
u®:=< B in B°, (5.2)
v in C°.

It remains to define u® on the small triangle 7. Let us divide it in four triangles Tg‘l,Tf,TE‘z,TE0 (see Fig. 4).
So, we set u = 0 on T2 and let u be the affine function that equals « (3, respectively), in the vertex of T¢
confining with A° (B¢, C¢ respectively), and equals 0 on the edge of T?. A direct check shows that the function
ue is Lipschitz continuous in By.

Let us compute the area of the graph of u® on S’: denoting by m$, m¢ the partial derivatives of m?, we have

Lo +mi(e(y), 5 + La)lmy mi(ve(y), 5 + La)kony
Recalling that £ -n = 0 and |{]| = || = 1, we can compute the square of the Frobenius norm of Vu®:

L2
Vus (2, y)]* = = [€8 + (mE)*ni + 26umms + €3 + (m3)*n3 + 26omems] + (m§)*k2ni + (mf)kZn3
L2
=0+ (m3)?) + (m§)?k2,

where m¢ and m§ are evaluated at (1<(y), & + Lz). Moreover, using that & - n* = 1, we have

2L € €,,,€ € €, € 2 kchz £\2
[(E1memi +mimimnz) — (Sammi + mimimng)]” = o2 (mg)”.

(detVu®)? =
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FIGURE 3. The strips S¢, S?, S¢ and the little triangle 7 in the center.

So we have

580 = /\/1+ (14 (m2)?) + (m§)2k2 +
Sb

? L LY g2
—/ 1+ mE ¢s = x) +mé (1/)5(34), -+ x) k2 <1 + 2) + O(£2)dzdy
St 2 9 L
1 2
= k—/ \/1 +mi(t, 5)2 + mj(t, s)2k2 (1 + 22) + O(e2)dtds,
e JR\P.

where in the last equality we have performed the change of variables

@ = (3 ( “5) o) = o

and we have set P. = R\ ¢-*(S?). Notice that - — 1, k2 (1 + L2> — 1ase — 0", so that we get

hmmf.A( S < / 1dtds+hm1nf/ |mj (¢ 5)\dtds+hm1nf/ |m5 (¢, s)|dtds.
R

e—0+t
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FIGURE 4. The triangle 7° divided further in the four triangles 72, T, T, TO.

yterterte

Let us compute explicitely the derivatives of m®:

0 t> e, 0 t>e,
23h ¢ < < L 25—th .
mg(t,s) = el S8S o mi(ts) = c L Ses<
27(L78)h t < >L 2€_th t<55>L
- s> — — — —.
L BN e L BT
Then, we obtain
L
2 sh hL
/ |m; (¢, s)|dtds = s/ P, —,
{t<€,s<%} 0 eL 4

L
€ — — - —_
/{t<57s>g} |m; (¢, s)|dtds = E/L 2(L —s) aLdS T

2
so we get

L L L
/|mtzts|dtds_h7+hT % Ve > 0, (5.7)

On the other hand,

L —t h
[ mieeas= [ misaas= 2 [0
{t<e,s<%} {t<e,s>%} 2 Jo

@),

so we get

liminf/ |m5 (t, s)|dtds = 0. (5.8)
R

e—0t
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Summarizing, from (5.6) we obtain

- hL
hEIE(l)IlfA(us; Sb) < /L + -5
In the same way, we can prove that
. . . hL
liminf A(u®; S¢) = liminf A(u®; SE) < (L 4+ —.
e—0t e—0t 2

Clearly, the definition of u¢ on A®, B*, C¢ provides that

lim A(u®; A° U B UC®) = | By| = wf>.

e—0t
It remais to show that the area contribution on 7° is infinitesimal: first notice that
A TY) = |T?| = O(e?).

Moreover on T2 (respectively TP, T€) uf is the affine parameterization of the segment (a,0) (respectively

(B,0), (7,0)) of the target space, therefore on 7¢ \ T? the area integrand has no Jacobian contribution and
so is O(e71), giving

A(u TE) = A(u T2) = A(us3 TE) = O(e).
Then we have
A T7) = A T2) + A(u; T + Au®; T?) + A(u; TF) = O(%) 4 O(e).
In the end, we conclude

hL
liminf A(u®; By) < 70 + 3(L + 3—,

e—=10 2

where we recognize that the last quantity on the right-hand side is exactly |Tws-|-
As a final step, we have to check that (u¢) converges to u strictly BV (By;R?). Clearly u® — u in L!(B,;R?).
Let us compute the total variation of u®: we have

|Duf|(By) = |Du|(S2) + |Duf|(S2) + | Duf|(SS) + [ Du|[(T¥).
In particular,

|Duf|(T°) < A(u®;T°) -0 ase— 0%,
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Computing the variation on the strip S? (similarly for the other strips) we find

L2
| Du|(S2) :/ \/52 (14 (mg)?) + (mf)?k2dxdy
St

L L L\ L L\ , e
=— 1 S\ Yew), 5+ = i\ Yy), 5 +— 2
E/SQ\/ +mé<w (v) 2+€x> +m§ (w (v) 2+€x> kadexdy

1 2
= 7/ \/1 + mé(t, 5)% + mE(t, s)%?%dtds.
ke Jr\p. L

Then, using (5.7) and (5.8), we conclude

lim sup | Du®|(S?) < / 1dtds + limsup/ |ms (¢, s)|dtds + O(e) 1imsup/ |m; (¢, s)|dtds = (L,
R R R

e—0t e—0t e—0t

so that

lim sup |Du®|(By) < 3(L.

e—0t

By the lower semicontinuity of the variation, we get also

liminf |Du®|(By) > |Du|(Be¢) = 3¢L,
e—0t+

which shows the desired convergence of (u®) to u strictly BV (By;R?). O

Before proving the lower bound, similarly to Lemma 4.1, we show that the strict BV convergence is inherited
to almost every circumference centered at the origin.

Lemma 5.1 (Inheritance). Lemma 4.1 holds with ur in place of u.

Proof. Let p < £ and u be the triple point map; clearly
|D(ulL0B,)|(0B,) = 3L. (5.9)

On the other hand, since (vg) converges to u in L'(B,;R?), for almost every p < ¢ we have v, L 9B, —
ulL 0B, in L'(dB,;R?), and by lower semicontinuity we infer that

Oui ds for a.e. p < /. (5.10)
0Os

k—+4oo

|D(ulL 0B,)|(0B,) < liminf /aB

Integrating with respect to p € (0,¢), by (5.9) and Fatou’s lemma, we have

v,

k—+o0 S —+o00

¢ ¢
|Du|(By) = 3¢L = / |D(ul0B,)|(0B,)dp < / lim inf/
0 0 9B,

dsdp < lkiminf/ |Vug|da. (5.11)
By



34 G. BELLETTINI ET AL.

By assumption, (vz) converges to u strictly BV (By;R?), so we have all equalities in (5.11), in particular, using
(5.10),

0
D(uL0B,)|(0B,) = lim inf /aB,, % ds  forae. p</.
Upon extracting a suitable subsequence (vy, ) depending on p we get the conclusion. O

Proof of Theorem 1.3 (lower bound). Let (vy) C CY(By;R?) be a recovery sequence, i.e.,

v, — u  strictly BV (By;R?)  and lim A(vg; Be) = Ay (u; By).

k—+oo
Fix p € (0,¢) and a subsequence (vy, ) of (v;) whose restriction to B, converges to ul_9B,, strictly BV (0B,; R?),

as in Lemma 5.1. For simplicity, let us still denote vy, by vy.
Let us split the area functional as

.A(”Uk; Bg) = .A(’Uk; By \ Bp) + A(’Uk; Bp)

On By \ B, we still have L'-convergence of (vg) to u, but ulL (B, \ B,) has no triple points, so by Theorem 3.14
of [1],

lkimJirnf A(vg; Be\ B,) > Api(u; B\ B,) = / |v/1+ |Vul2dx + |Diu|(Be \ B,)
—+00 B'r'\Bp
— |Be\ Byl +3L(L— p) = 7% — 47) + 3L( — )

Therefore

lim A(vg; By) _llclT-sl-I;ofA(vk’Be \ B,) + l}clg_il_rgA(vk,Bp)

k—4oc0

(5.12)

>m(0? — p?) +3L(L —p) + liminf/ | Jvg|dz,
k——+oo BP
where as usual Jvy := detVuy.
Let us prove that
im i > .
jimint | unlde 2 Lo (5.13)

from which the lower bound in (1.16) is obtained by passing to the limit as p — 07 in (5.12). Now we observe
that, since vy, is Lipschitz on B,, it satisfies the following identity (see (2.7)):

_ 1 8(Uk)2 _ 8(vk)1
/Bp Jupda = 2/@3/) ((vk)1 2 — () )ds Vk € N.

Let us parametrize 0B, from [0,27) and set vy (t) := v(s(t)) for ¢t € [0,27); then

(Ur)i(t) = &(Ulc)i(s(t)) =5, (s(1)), i=1,2.
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Thus we get

[ (02822 @, 28 as = [ (@nieto - @) En0)

Denoting v (t) simply by vg(t), we can write

1 2m . ]
[, =g [ @060 - @ @) a

To show (5.13) it is sufficient to prove that

mmféwwmwmmw—wmmmmmwzmm, (5.14)

k—+oo 2

since obviously

/ |Jug|da >
B

P

/ Jupdax
B

P

In order to show (5.14), denote by 61 € [0,27) (respectively 6s,603) the angle of the middle point of the arc
CNOB, (respectively ANOJB,, BNJB,) and write

%/0 - ()1 (8) ()2 () — (vr)2(t) (03 )1 (2)) dt
1%
:5A (01D (0r)2(t) = (vr)2(8) (Br)1 (1)) dt
e (5.15)
+ % /62 (V)1 (1) (0r)2(t) — (v)2(t) (V)1 (t)) dt
1
3 /9 ()1 (D) (Br)2(1) = (vk) () (0)1(2)) At

Notice that, as a consequence of Lemma 5.1, vy, converges to u strictly BV ([01, 6]; R?). Furthermore, by restrict-
ing vy, to [61,01 + ¢], for a small § > 0, as a consequence of Proposition 2.4 we see that v converges uniformly
to v = on [01,0; + ¢]. In particular we have

lim vg(61) = 7.

k—o0

Similarly vy will tend to a and f in 05 and 03, respectively. We set

02
Ly := / (|0 (t)] + %) dt, z(t) = zi(t) :

t
. 1
[ il+ ) an te o6l
91 91

Since z is strictly increasing with derivative bounded from below by %, we can invert it and denote its inverse
t(z). We define wy, : [0, Li] — R? as

wi(2) = v (t(2)).
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Then we have

wy,(2) = i)k(t(z))% _ h}}:(}:((;ﬁ)()zﬁ .

U= @ 1

)1, dz.
Tk

Thus, (wg)y is uniformly Lipschitz continuous on [0, Lj] (with modulus of derivative bounded by 1), and

1 [0 1 L
5/9 ((vr)1(#)(0r)2(t) = (vk)2 () (0x)1(#)) dt = 5/0 ((we)1(2)(wp)2(2) = (wi)2(2)(wy)1(2)) dz. (5.16)
We also have
02 1
kli)rfoo Ly = kEI-Poo A (|vk(t) + k‘) dt = |Du|l_{y € 0B, : arg(y) € [6h,62]} = |y — | = L.

We further reparametrize wy on [0, L] by a multiple of the arc length parameter. Still denoting the obtained
function by (wy)k, we see that wy, is uniformly bounded in W1:°°([0, L]; R?) so, upon passing to a (not relabelled)
subsequence, we have

wy, = w  w-W([0, L]; R?),
for some w € W1°([0, L]; R?). Hence, we can pass to the limit in (5.16), which now reads

3 (@0 — () () 4z 2252 5 [T u () — waui @) dz 1)

Recalling that

w(0) = lim wip(0) = lm vy(6h) =",

w(L) = lim wg(L)= lim wg(Lg)= lm wvg(0s) = a,

k——4o00 k—4o00 k—+o0

we see that w is a 1-Lipschitz curve on [0, L] starting from « and ending at «; therefore it must coincide with
the unit speed parameterization of the segment connecting v to «, i.e.,

w(z) =~+ a;vz’
So, we can easily compute the limit integral in (5.17):
1 [k 1 [r - -yt 1
5 @G - wet ey = -5 [ (v+ 2 72) - B 0 = L a
1
= §(V1C¥2 —201) = [Taoy|,

where Ti,04 is the triangle with vertices o, v and the origin 0. We conclude that

02

lim / (1D (B1)2(8) — (0)2(8)(01)2(8)) dt = |Taos |

k—+o00 2 01
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In a similar way, one can prove that

1 [
Jim o /0 (@O(0)200) = (@0 (30)2(0) dt = [Taos),
1 [0
Jim 2 /0 (@O0 ~ R0 @)a(0) = [Taon |
and (5.14) follows. O

Remark 5.2. A result similar to Theorem 1.3 holds, up to trivial modifications, when u : B,(0) — S! is a
symmetric n-junction map, taking (in the order) the values oy, ..., a, vertices of the regular n-gon P,,...q,
inscribed in the unit circle, on n non-overlapping 27 /n-angular regions with common vertex at the origin. In
formulas, let L be the side of P,,...o,, and h be the height of each isosceles triangle that decomposes P, ...,
then there holds the following.

Corollary 5.3. Let u : By(0) — S be a symmetric n-junction map. Then

(1]
2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]

(10]
(11]

(12]
(13]

(14]
(15]
[16]
(17]
(18]
(19]

20]
(21]

Apv(u, By) = | By| + |Du|(Bg) + |Payoa, | = 762 + nLl + ghL.
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