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Abstract

We obtain error bounds for a modified Chorin-Teman (Euler non-
incremental) method for non inf-sup stable mixed finite elements ap-
plied to the evolutionary Navier-Stokes equations. The analysis of
the classical Euler non-incremental method is obtained as a particu-
lar case. We prove that the modified Euler non-incremental scheme
has an inherent stabilization that allows the use of non inf-sup stable
mixed finite elements without any kind of extra added stabilization.
We show that it is also true in the case of the classical Chorin-Temam
method. The relation of the methods with the so called pressure sta-
bilized Petrov Galerkin method (PSPG) is established. We do not
assume non-local compatibility conditions for the solution.
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1 Introduction

We analyze a modified Chorin-Teman (Euler non-incremental) projection
method for non inf-sup stable mixed finite elements with a pressure space
Qn C HY(Q). As a particular case we obtain the analysis of the classical
Chorin-Temam method. We prove that both the modified and the standard
methods have an inherent stabilization of PSPG type that allow the use of
non inf-sup stable mixed finite elements without any kind of extra added
stabilization. This result was known in the literature, see for example [11],
but to our knowledge there were no available error bounds for the case of
non inf-sup stable elements (see below for related results in [3]). In refer-
ence [9] we considered the case of the transient Stokes equations assuming
enough regularity for the solution. In the present paper the analysis is ap-
plied to the evolutionary Navier-Stokes equations without assuming non-local
compatibility conditions. We consider a explicit treatment of the nonlinear
convection term since this is easier to implement in practice, although our
analysis, if slightly modified, also covers the case of a fully implicit treat-
ment of the nonlinear term. The analysis of the Chorin-Temam method
holds under condition At > Ch? (and assuming also At = O(h)) which is in
agreement with the error bounds in [3] where the authors prove error bounds
for the Euler non-incremental scheme for LBB stable elements assuming also
At > Ch?. This result is also in agreement with the fact that had been
observed in the literature that the standard Fuler non-incremental scheme
provides computed pressures that behave unstably for At small and fixed h
if non inf-sup stable elements are used, see [7]. With our error analysis we
clarify this question since we show that, when At — 0, the inherent PSPG
stabilization of the method disappears. On the other hand, for the modified
Euler non-incremental method that we propose, the PSPG stabilization does
not disappear when At — 0, which allows to use At as small as desired in
this modified method. Our results are also in agreement with the classical
results for the continuous in space Euler non-incremental method (see for
example [12]) since we prove that the rate of convergence in terms of At in
the L? norm of the velocity is one and the rate of convergence in the H*
norm of the velocity and the L? norm of the pressure is one half.

It is well-known (see e.g., [15, Corollary 2.1]) that the solution of the
Navier-Stokes equations, no matter how smooth the initial velocity and
the forcing term are, cannot be expected to have third spatial derivatives
bounded up to ¢ = 0, unless certain nonlocal compatibility conditions (which



are difficult to check in practice and cannot be realistically assumed) are
satisfied. For the pressure, the same can be said for second spatial deriva-
tives. To cope with this fact in this paper we obtain error bounds that do
not require the above-mentioned compatibility conditions to be satisfied.

Of course, the Chorin-Temam projection method is well known and this
is not the first paper where the analysis of this method is considered. The
analysis of the semidiscretization in time is carried out in [23], [24], [22], [21],
[14]. In [7] the stability of the Chorin-Temam projection method is considered
and, in case of non inf-sup stable mixed finite elements, some a priori bounds
for the approximations to the velocity and pressure are obtained but no error
bounds are proven for this method. In [3] the Chorin-Teman method is
considered together with both non inf-sup stable and inf-sup stable mixed
finite elements. In case of using non inf-sup stable mixed finite elements a
local projection type stabilization is required in [3] to get the error bounds of
the method. Both in the present paper and in [9], however, we get optimal
error bounds without any extra stabilization for non inf-sup stable mixed
finite elements.

For the Euler incremental scheme the analysis of the semidiscretization
in time can be found in [21]. The Euler incremental scheme with a spatial
discretization based on inf-sup stable mixed finite elements is analyzed in
[13]. To our knowledge there is no error analysis for this method in case of
using non-inf-sup stable elements other than the one in [9]. Some stability
estimates can be found in [7] for the method with added stabilization terms
more related to local projection stabilization than to the PSPG stabilization
we consider in the present paper. A stabilized version of the incremental
scheme is also proposed in [20] although no error bounds are proved. Finally,
for an overview on projection methods we refer the reader to [12].

Being the Chorin-Temam projection method an old one, it has seen the
appearance of many alternative methods during the years, many of which
possess better convergence properties. The purpose of the present paper is
not to discuss its advantages of disadvantages with respect to newer methods,
but just to analyze the method when used in combination with non inf-sup
stable elements, a task not fully carried out in the previous literature.

The outline of the paper is as follows. In the first section we introduce
some notation. In Section 3 we state some results about a stabilized Stokes
approximation that was introduced in [9]. In Section 4 we get the error
analysis of the method for the transient Stokes equations. Finally, in the
last section we prove the error bounds for the method for the Navier-Stokes



equations. The analysis is based on a stability plus consistency arguments
with stability restricted to hA-dependent thresholds and is strongly based on
the results for the transient Stokes equations obtained in Section 4.

2 Preliminaries and notation

Throughout the paper, standard notation is used for Sobolev spaces and
corresponding norms. In particular, given a measurable set w C R?, d = 2, 3,
its Lebesgue measure is denoted by |w|, the inner product in L?*(w) or L?(w)?
is denoted by (-, -),, and the notation (-,-) is used instead of (-, ). The semi
norm in W™P(w) will be denoted by |- |, . and, following [8], we define the

normn [, a5

m
p(j—m)
LA e =D 1wl T |,
=0

so that || f]],, .. |w|%7% is scale invariant. We will also use the conventions
| mew = Il - [lm2w and || - [|;m = || - [lm2q- As it is usual we will use the
special notation H*(w) to denote W*?(w) and we will denote by H} () the
subspace of functions of H'(Q) satisfying homogeneous Dirichlet boundary
conditions. Finally, LZ(€) will denote the subspace of function of L?(Q) with
Zero mean.

Let us denote by 7}, a triangulation of the domain 2, which, for simplicity,
is assumed to have a Lipschitz polygonal boundary. On 7, we consider the
finite element spaces V;, C V = H}(Q)? and Q;, C LZ(Q) N H'(Q) based on
local polynomials of degree k and [ respectively. Equal degree polynomials
for velocity and pressure are allowed. In the sequel it will be assumed that
the family of meshes are regular.

Concerning the discretization, we shall assume that the family of meshes
is quasi-uniform that is for a constant A > 1, the following inequality holds

where h is the diameter of the K € 7;, and h = maxge7, hi.

We shall also assume that the triangulations are regular enough so that
for a constant c¢;,, > 0 the following inequality holds for each v, € V},, see
e.g., [6, Theorem 3.2.6],

l_m_d(%_%) |

||Vh||Wmm(K) < Cinth |Vh||Wl»f1(K)a (2)

4



where 0 <1 <m <1,1<¢q<p<o0, and hg is the size (diameter) of the
mesh cell K € T,

We will denote by I,u € V}, the Lagrange interpolant of a continuous
function u. The following bound can be found in [6, Theorem 3.1.6]

—m—d(1—1
[u— Iyl < uch”™" G [l g 0<m <1<, (3)

where I" > d/q when 1 < ¢ < o0 and I’ > d when ¢ = 1.

Let A be the smallest eigenvalue of A = —A subject to homogeneous
Dirichlet boundary conditions, A being the Laplacian operator in 2. Then,
it is well-known that there exists a scale-invariant positive constant c¢_; such
that

VI S ecid™ 2 vy, ve L), (4)

and, also,
IVllp < A2V, ve Hy(Q)Y

this last inequality also known as the Poincaré inequality. As a consequence
of the above, there exist a scale-invariant constant c¢p > 0 such that

VIl < cp VY, v e Hy(Q)f, (5)
We will use the following well-known inequalities:

i) Sobolev’s inequality, [1]: For s > 0 there exist a scale-invariant constant
¢s > such that for p € [1,00) satisfying }D > 1 — £ the following

inequality holds
s_1,1
[Vl o) < e Q27275 o], v e H(Q). (6)
For p = oo, the relation is valid if 0 > % -5
ii) Agmon’s inequality,

1/2 1/2

v v , d=
|Mus@{”%ﬂ“%z )

o] 2 ] veH(®. ()

2,
3,

The case d = 2 is a direct consequence of [2, Theorem 3.9]. For d = 3,
a proof for domains of class C? can be found in [8, Lemma 4.10], but
thanks to the Calderén extension theorem (see e.g., [1, Theorem 4.32]
the proof is valid for bounded Lipschitz domains.
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iii) The following version of Holder’s inequality

1 1 1

01U2U3d$‘§ (] Vo U3 , —+—+—=1
| L P e P -

We shall frequently apply this inequality with p; = 2, ps = 2d/(d — 1)
and p3 = 2d, or p; = 0o, and py = p3 = 2.

iv) The following inequality

1/2
ol 21 ) < 002 IT0E? . ve HYQ)L O

which is a consequence of Sobolev’s inequality and the convexity in-
equality (see e. g., [10, § IL.1]).

All previous inequalities are also valid for vector-valued functions.

3 A Stabilized Stokes approximation
Let us consider the Stokes problem

—vAs+Vz = g, in Q
Vs = 0, in Q (10)
s = 0, in O0f.

As in [9] we define the stabilized Stokes approximation to (10) as the mixed
finite element approximation (s, 2;,) € (V4, @) satisfying

V(VSh, VXh) + (vzhu Xh) = (ga Xh)7 th € Vh7 (11>
(Vosptn) = —0(Va, Vi), Vb € Q, (12)

where § is a constant parameter. Observe that from (10) and (11) it follows
that the errors s, — s and z;, — z satisfy that

v(V(sp —8),Vxy) + (V(zn — 2),x5) =0, Vx;, € Vi. (13)

From now on we will use C' to denote a generic non-dimensional constant.
We now state two lemmas that will be used in the sequel. The proof of
the following lemma can be found in [4, Lemma 3], see also [17, Lemma 2.1].
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Lemma 1 For ¢y € Qy it holds

av'
nllo < ChIIVgnllo + € sup LY Xn)

XnEVh ||Xh||1

Lemma 2 There exist a constant C' > 0 such that for any v € H} (Q)? with
div(v) =0, ¢ € L(Q), vi, € Vi and q), € Qy, satisfying

v(V(vi = v),Vx,) + (Vg — a), x5,) = 0, VX € Vi, (14)
(V- (vi = V), ¥n) +0(Van, Viby) = 0, Vi € Qn, (15)

the following bounds hold:
vV vally + 042 [Vanll < C(W 2 [Vvllg + 27 flally).  (16)
[vi = vl < C (A IV = vi)llg + v Hla = anlly) + [ Vanlly) - (17)

Proof Observe that since div(v) = 0, relation (15) can be written in the
form (V-vp, ¥n) +0(Van, Vo) = 0, for all ¢, € Qp,. Then taking ¢, = g5, in
this relation, x; = v; in (14) and summing both equations, the bound (16)
easily follows. The proof of (17) can be found in [9, Lemma 2]. O

In the sequel we will assume

1

< (18)
vpt

for a positive constant p;. The following bounds hold for the stabilized Stokes

approximation solving (11)-(12) assuming condition (18) holds, see [9].

V2V (s = su)llo + 6729z = )]l
h
< Ooalsla + 1z) + ¢8|zl

Iz = zallo < Ch(v|s]l2 + [|2]11) + C ()| 12[h
h2
Is = snllo = C—(vlIsllz + [[2]l1) + Coll=]]s.

(19)



3.1 A priori bounds for the stabilized Stokes approxi-
mation

We will get some a priori bounds for the stabilized Stokes approximation
that will be needed in the sequel. They are a consequence of Lemma 2. In
fact applying this result with v, = s;, and ¢, = 25, (16) implies that

v[|Vsallo + 0l Vanllg < C (v Vsllg + v~ 2115)- (20)
Similarly, from (17) it follows that

s —slly < € (B (I (sn = )llg + 7" 12 = zally) + 8V z])
< Ch (Isullo + [¥slly + v (lzlly + lznlly)) + €3 V2l

< Ch(IIVslly +v7" (lzlly + llznllo)) + C8Y2 (12 [ Vsl + 072 l2ly)
(21)

where in the last inequality we have applied (20). Now observe that from Lemma 1
and (13) it follows that

Inllo < CRO- V2612 aplo + sup LY Xn)
xneve Xl
< Cho~25 2|Vl + |12l + v IV (s = sn)lly -
Recalling (18) and applying (20) we have
Iznllo < C(v Vsl + lI2llo)- (22)

To bound ||V z]|o we add and subtract Vz and apply (19) and (18) to obtain

i B
IVanllo < IV (zn = 2)llo + [V2llo < 67205 (wlisll2 + [12]1) + [z

12
< CWllslla +[[=l1)- (23)
From (21) and (22) we get
Isllo < Ch (I1Vslly + v~ [1zllg) + C sl - (24)
Finally, we will also use the following bound
Is = snllo < C(h+v126"2) ([Is]ls + v~ |z]lo) - (25)
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To prove (25) we first observe that taking into account (20) and (22) and
adding and subtracting s and z respectively we get

VIV (s =sp)llo < CO2Is|l + v 2l2llo), (26)
lzn = zllo < Cwllsllx + [[[lo)-

Applying the bound (17) to (v, qn) = (sn, 2zn) together with (26) and (20)
we reach (25).

4 Transient Stokes equations

We now consider the evolutionary Stokes equations

vi—vAv+Vq = g, in €
V-v = 0, in (27)
v = 0, on 0f,

v(0,x) = wvp(x), in €.

We shall assume that there are positive constants M; and M; such that for
t € 10,17,

V@I + v la@®llg < My, vl + 27 (la@)lly + [ve@)llo) < Mo,
(28)

and, following the analysis in [15], for £ > 2 integer, we shall assume that
the following quantities are finite

My = ansse (4/7)/2 (I @)y + 27 (0 s ). (29)
Mo = s (4/7)/ (07 [Ve®llics + 22 NaeOllgnje) (30)

T
tN\k=3, _
Kia= [ () @M+ haOlfesye) dt 6D
together with,
Ky =vt [ Llvall at, (32)
0

and .
K2 =07 / g2 dt. (33)
0

9



We consider the modified Euler non-incremental scheme that has been
introduced in [9]. We will denote by (v}, v, q), n = 1,2,..., v} € Vj,
qr € Qp and vi € V3, + V@), the approximations to the velocity and pressure
at time t, = nAt, At = T/N, N > 0 obtained with the modified Euler
non-incremental scheme

‘72_‘_1 B V;LL n+1 n+1

— A X +v(VVvi Vxg) = (8", xn), VX € Va
(V-9 hn) = =6(Vag ', V), Vi, € Qn, (34)
vt =yt — Vgt

Let us observe that for 6 = At in (34) we have the classical Chorin-Temam
(Euler non-incremental) scheme [5], [25]. In case § = At we can remove v}
from (34) inserting the expression of v}’ from the last equation in (34) into
the first equation to get

A%

~n+1 Sn
(h—’%xh) + (Vv Vixg) + (Var, xs) = (87 xn),  Vxa € Vi (35)

At
(Vv ) = =6(Vapt!, Vi), Vi, € Q.

The method we propose is (35) for §, in general, different from At. We suggest
to take § satisfying (18). As a consequence of the error analysis of this section
we will get the error bounds for the classical Euler non-incremental scheme
assuming in that case 6 = At.

To get the error bounds of the method we compare the approximation
(VE,qr) defined in (35)-(36) with the stabilized Stokes approximation de-
fined in the previous section. More precisely, let us denote by (s}, z}}) =
(sn(tn), zn(tsn)) € Vi x @y, the stabilized Stokes approximation of the solution
(v,p) of (27) at time ¢, satisfying

v(Vsi, xp) + (Ve xn) = (8 Xxn)s  Xn € Vas (37)
(V-sp,hn) = —=0(Van, Vi), Yo, € Qn,

where g = g — v;. Let us observe that the error bounds of Section 3.1 hold
with (s, z) = (v, ¢q). Taking time derivatives in (20) and (24) we also reach

I(sn)ello < Ch([Vsillg + v~ Hlzellg) + Cllselly - (38)

In the sequel we will denote by
€ =V, =Sy, Th=q, — 2.

10
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From (35), (36) and (37) one obtains the following error equation for all
Xn € Vi, Yn € Qp
~n-+1 _an

é é
<hTth»Xh) + (Ve Vx,)+(Vri, x,) =
(T xn) — (V=1 — 217, %),

(V- & b)) +8(Vrith Vaby,) = 0. (39)
where
. . sn-‘rl —gn . . . Sn+1 —gn
=t = B ) (ot = ) )

To estimate the errors €} and ;' we will use the following stability result.

Lemma 3 Let (w})>2, and (b})o°, sequences in Vi, and (y})s2, and (d})>2,
sequences in Qp satisfying for all x, € Vi, and ¥y, € Qp,

n+1 n
(Wh — Wi

o) W T + (Tu0) =(bf + Vi x0)

(V- with ) + 6(Vypt, Vi) =

Assume condition

At <6 (41)

holds. Then, for 0 < ng < n — 1 there exits a non-dimensional constant cg
such that the following bounds hold

n—1

IR+ 3 g7t il A S G+ 19 )
Jj=mno j=no
n—1 ' . (42>
< co(|wioll3 + At > (v B, + 31V I3) ).
Jj=no
n—1 n—1
ElWiIE + D7t Iwh™ = Wil + A 3 i (VWG + 0l 9™ E)
J=no Jj=no
< CO( no[Wh°[lg + At Z [wi|[3 + At Z tisr (LI I2 + 6] V] |12 ))
Jj=no Jj=ngo

(43)

11



n—1 Wle—W{L 2 n—1 - _—
ZNHT VW + SV + v S IV (wEt = wh) R
j=no J=no

< oV TwiRlE + 81Vl + At S (AR + [V )
Jj=no
(44)
and

n—1 W‘7+1 J— 2
Z%HAtHT + vty ||th||o+5t ||Vtho
J=no

n—1 ' ) n—1 ) .
< (At Y- s (I3 + IVAIE) + At Y- (IVwh 3 + 3 ViAlE) ).
Jj=no j=no
(45)

Proof The proof of (42), (43) and (44) can be found in [9, Lemma 3]. The
proof of (45) can be easily reached arguing as in the proof of (44). O

Remark 1 As commented in [9], it is possible to change condition (41) by
At < 26, but this requires a more elaborate proof than that presented in [9].

In the sequel, although it is not strictly necessary to prove our results,
we will assume that

§<T. (46)

to simplify some of the expressions below.

Theorem 1 Let (v, q) be the solution of (27) and let (v}, q), n > 1, be the
solution of (35)-(36). Assume § satisfies condition (18) and (46), and that
At satisfies condition (41). Then, the following bounds hold

-n - 2
Vi = VIR < Cto (195 = V(O3 + A [ Vri7)

+CltnAt2 + Cgtn(h4 + (52V2), (47)

where Cy and Cy are defined as
c, = Cv? <02 + K} T + K3T + M2272> , (48)
Cy = C (VKT +vK3,+ M), (49)

12



Moreover, it also holds,

Atz IV, = v ()G + 81V (q, = at;)F)

(50)
< OI¥) —v(0)|2 + CL AL + Co(h* + v6).
where, assuming (46),
Ci = Ci((wN) ' +1), (51)
Cy = Co(A7' + diam(Q)? + v7). (52)

Proof In view of (39) we can apply (43) for w}} = &}, yp = r}}, by = 1)}
and d = 2t — 2. Tt follows that

I+ A3 (V&G + oI )
(53)
< cO(AtZ &3 + ZAt 2 I3 + 8t IV (7 = 2DIR)).

To bound the second term on the right-hand side of (53), we notice that
tiv1/t; <2for j=1,...,n—1, so that we may write

n—1

AtZt TR < ot Atzt 173112,

where t; = max(At, ;). From definition (40) we may write

112

vitl — i 2 , : N
vith -~ 0+ AP (v — st — (v = 8], (54)

I3 <2 <

To bound the first term on the right-hand side of (54), after taking Taylor
expansion with integral reminder and applying Holder’s inequality we have

Zt / (5 — £, lvaal2

tj

n—1

AtZt’

Jj=0

Tl
1 V
V§+

13



Now, for j > 1, we write t}(s — t;)* = t;(s — t;)* < t;iAt? < sAt?, and, for
§ =0, t(s—t;)? = At(s)? < sAt?, so that applying (32) we get

n—1 2

ALYt

=0

vitl _ i

At

tn
Vit < AP / sIval? < APTV K2, (55)

0 to

To bound the second term on the right-hand side of (54) we observe that

2
0

i+1 J+1 j NI b
=i = =slle = | [ v =, s
J

tjt1 )
SM/ I(v = s)al ds
tv

J

where, in the last inequality we have applied Holder’s inequality. Now, for
j > 1 we write t; = t; < s and apply (19) to bound |[[(v — s)s||2, and, for
j =0, t, = At and apply (25), so that we have

n—1
D N [ R CER ]
=0

tn
SC/(W+%AMWM+VWw@dS

t
' t1 h4
+ 0/ (mt? +— u62) (Ivsllf +v~2llgslle) ds
0
< C(h' + v (AF + 52)(V2KZ,2T + VK§,2)7 (56)

where in the last inequality we have applied (31). Thus, from (54), (55) and
(56) we finally reach

n—1
ALY T < C (AP TR 5 + (h* + (A 4 0%) (VK3 T + vK3,)) |
=0
(57)
so that for the second term on the right-hand side of (53) we write

n—1
ALY 28 <Ct. APV TKS

;&Hmm s 58)

+ Cto(h* + V(AL + ) (VP K2, T + vKs,).
4,2 ,

14



Let us also observe that by writing Atilt; > 1 and using (54), and repeating
the arguments to prove (56), but using (25) instead of (19) for j > 1 we get

n—1
ALY TS < C(AWAT(KZ, + Kig) + (B + vd)°K3,) . (59)
=0
For the last term on the right-hand side of (53), applying Holder’s in-
equality and (16), we may write

) tit1 [ZES
SV (= — 22 = 4| / (Ve < A / SI(V2n), 12 ds
tj t

J

<ot Wl o) ds. (60)
Thus,
1 A2 [t _
Athv =< 5 el o ol ds
(61)

and, consequently, for the last term on the right-hand side of (53), using
also (31), we have

n—1
At |V = )5 < CvPAPES ptng. (62)

7=0

To conclude we need to bound the first term on the right-hand side of (53).
For this purpose we denote

t . n ) n ) t
Su (1) :/ su(s)ds, Vi = AtS %, Pr= Aty gl G :/ g(s) ds
0 = = 0

and integrate (37) with respect to time taking into account that g = g — v;.
Thus,

(v(£), x) + (VSh, V) + (¥ / 2hds, x) = (G +v(0), %), Vxa € Vi
(63)

(V . Sh,wh) -+ (5(V/ 2, dS, V@/Jh) =0, th c Qh. (64)
0

15



We also define
tn
Ef = VI — S,(t), Z:P,f—/ 2n ds,
0

and

n+1

Ti= (W= v(0) + (At g(t) — Gltar)

+ (Ait /t:n+1 sp(s) ds — V(th)).

We multiply (35)-(36) by At, sum from j = 0 to n, and subtract from (63)-
(64) evaluated at t = ¢, to get

(EZ“ - B

(65)

At th) +V(VEZ+1> Vx,) + (VR x3)

= (TZ7Xh) - (VDZaXh)a th € Vh7
(V ’ EZ+17 wh) + 5(VRZ+17 th) = 07 wh € Qha

where

tntl tn+1
D} = Atq) — / zn(s) ds = Atr) 4+ Atz (0) — / zn(s) ds. (66)
tn tn

We notice that

- =
EZ+ — E;LL — gntl + gntl _

1 tn+1

A, sh(s)ds), E) =0, R) =0

so that applying (44) for w} = EP, y? = R?, b = Y7 and d} = D} we get

n—1 EZH_I—EZ 9 n—1 i v

>t =t < et YT + IV D)

j=0 Jj=0
and then
n =t . L1 [l 5

~ +

> atlel < (A (TR IVDiE+ 67— 5 [ sas) as]))
j=1 3=0 i

(67)
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We now bound the right-hand side of (67). We start with the second term
of T7 in (65). We notice that

/ " gt) dt — Atg(ty) = | et - gya

J J

so that by successively applying Holder’s inequality and the mean value the-
orem we have

ti+1 tjr1
H / g(t) di — Atg(t))|? < At / lg(t) — g(t,) |2 dt
tj ts

J

tjr1 i 9
<ot [ [ auo)far
tj tj

14 t
< At / (t—1) / lga(s)]12 ds dt
t; tj

J

tit1 ) tjt1
<ar [ lglas [e-)ar
t ti

J J

1, .5 ti+1 )
<588 [ lg ol ds.
t

J
Thus, applying Holder’s inequality we have
2

) j+1 4
= > awg) - / g(t) dt
0 t 0

I=1 -1

<(j+ 1>j_fHAtg<tl> - [ g,

j+1
HAt Z g(t1) — G(tj+1)
=1

-1
I i+l )
<tyydt [ g o)l dt.
0

And then
j+1

n—1 ) b A
ZNHZ Atg(t;) — G(thrl)HO < C’tiAtQ/ g, (H)|I> dt < C2AtVAKE,
Jj=0 =1 0

(68)
where in the last inequality we have applied (33).
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To bound the third term of T in (65) we observe that

n—1 1 tni1 )
ZAtHE/t su(s) ds — V(tn1)||;
j=0

tn+1
AtH/ (sn(5) — Atv(tar) ds|”

W (69)
< Z — Ats(t,41) ds”0
n—1 )
+) 24 |s(tasr) = V(Eas) ||,
j=0

For the first term on the right-hand side of (69) arguing as in (68) and then
applying (38) (30) and (31) we finally get

”* tnt1

9 n—1
<2) At? s|12 d
= Z / ()12 ds
< CAY? (K30 + M3 ,t,) . (70)

For the second term on the right-hand side of (69) applying (19) and (29) we
get

tn+1

sn(s) — Ats(tny1)) ds

t1<s<tn

32 [sultar) ~ V(te)l3 < 20 mas [sals) ~ vis)|E
< Cto(h* + 6**) M3, (71)
Inserting (70) and (71) in (69) we obtain
tht1 2
ZAtHAt/ ds—v(tn+1)H < CAPV? (K202 + M2t
0 : :

+Ctn(h* + 62*) M3 . (72)
Then, from (68) and (72) and taking into account the definition of Y7 in (65)

we finally reach

n—1
AN < € (6lI95 - v(O) 3+ 2Ar2R3) (73)
=0

+C (APY (KZoh® + Miota) + ta(h' + 0°0%) M3,

18



To bound the second term on the right-hand side of (67) we notice that using
definition (66) we get

j+1
Vzn(s)ds

. 2 9
IV D < 4 ARV, 0)]) + 228 [V

¢
t
b 2 2 2 2 0]|2
< 4At IV 2n(5)|lg ds + 4A8 ||V 2, (0)[|g + 248 || Vry |5 -
tj
Thus, applying (23) and (29) we obtain

n—1 ‘ tn
AtY |VDE < CAP (/ IVzn(s)|l5 ds + to [ V2r(0)]|5 + tn HVT?LH(Q))
j=0 0

< CA#t?t, (Omax V2 (8) |5 + ||Vr2H(2))

<t<tn
< oait, (M3, + |[vrl) - (74)
On the other hand, for the last term in (67) we get
) 1 tjt1 ) Sj+1 _ Sj
o [ s sl = s - S

tj

s [ = a0

ti+1 )
< At / (w12 ds
i

J
ti+1
< CAt / BVl + v a2 ds + vl ) ds,
tj

where in the last inequality we have applied (38). Consequently, using (30)
and (31) we reach

ol ) 1 tj+1
Atz ) _E/ sn(s) ds
§=0 2

2

0

tn
<cad [ (19wl + v al? ds) + i) ds
0
< CAPVP (K3 h* 4+ M3 oty,). (75)
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Thus, in view of (67), (73), (74) and (75) we get

3 AtE| <C <tn||\72 —v(0)[2 + ta AP || VY2 + ﬁgkgm?)
j=1

+C (APV? (K5 oh + tu (M3, + M3y)) + ta(h* + 6°07) M3, .
(76)

Going back to (53) and inserting (58), (62) and (76) we finally reach
tallehlli + At Yt (v Ve 5 + o1V ie)
=1

<C (tn]|\72 —v(0)]2 + ALISY2 + (AL | V2 + tiAtQUZf(??)

+ C (tu(h* 4 0*) (VK3 T + VK3, + M3 1))

+ CAL (V'T(Kf g+ Ki gty + tar1V* K3 o)

+ CAL (v* (K3 ,h° + to(M3 1 + M3,)))

. . 2
< Cto (195 = v(0) I3 + 85113 + A2 || oo [7)

+ Cit At + Coty (h* + 6°07), (77)
where C and Cy are the constants in (48) and (49) and we have used the
bounds t,41 < Cty,, At < t, and that (At)*V°K3,h* < t,(At)v*K3,h* <
ta((AL)*1® + KV) K3,

To conclude (47) we apply (77) together with triangle inequality, (19) and
(29).

Finally to prove (50) we apply (42) instead of (43). Then, using (4) and
then applying (59), (61) and (31), we have that

ALY (|| Ver|2 + 8l Vrall2) < C (IIV5 — v(O)I2 + M3, (h* + (v6)?))

j=1

C
+— (u“(Kj2 + K3 )TAt + VK (h* + vé + 1/2>\At2>
< C([[vy = v(0)l3

+ C(C1ALH((vA) " + At) + Co(AH(R? + v6) + h* + (v0)?)

< O|¥) = v(0)||2 + CLAt 4 Cy(h? + v6), (78)
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where C} and Cy are the constants in (51) and (52). Taking into account (19)
the estimate (50) follows.
U

Remark 2 Let us observe that taking 6 = At the analysis carried out applies
to the standard Euler non-incremental scheme. However, since condition (18)
implies

L < (79)

vpy
the analysis for the standard Euler non-incremental scheme holds under con-
dition (79). This result is in agreement with the error bounds in [3] where the
authors prove error bounds for the Euler non-incremental scheme for LBB
stable elements assuming At > Ch?. It is also in agreement with the classi-
cal results for the continuous in space Euler non-incremental method (see for
example [12]) since for § = At the rate of convergence in terms of At in the
L? norm of the velocity is one and the rate of convergence in the H' norm
of the velocity and the L? norm of the pressure is one half, see (47)-(50).
Remark 3 In view of (47) and (50) any initial approximation v{ based on
linear elements such us the linear interpolant of the initial condition gives
the optimal order for the term ||v) — v(0)||o. For the initial pressure any
initial pressure giving | Vr}|lo = O(1) keeps the optimal rate of convergence.
In particular, choosing ¢? = 0 which means taking in (34) v} = v) gives
IV7lo = [[ V2o that is bounded thanks to (23).
Remark 4 As commented in [9], the restriction (41) for the modified Euler
non-incremental scheme is not just a requirement of the proof but, as it can
be easily checked in practice, the method becomes unstable if At is taken
larger than 24.
We will now prove a bound for the pressure error.

Theorem 2 Under the assumptions of Theorem 1 the following bound holds

AtY tlla, = a(t) 1§ SC(tnv +A7H¥5 = v(0)If3
j=1

+Ctpv (HéhHg + AtQHVT?LHg)
+ C3At + Oy (h? + v6), (80)
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where, (assuming (46)),

Cs = C(WT + A" HCy (81)
Cy=C(WT + 210G, (82)

and where Cy and Cy are the constants in (51) and (52) respectively.

Proof Applying Lemma 1 and (39) it is easy to obtain

Aty tillrlls < CAtY 4|V l;
j=1 j=1

+ CAt itj
j=1

&S S e
B rea Y gl (s3)

j=1

+ At 2 |VE I+ 0at >l — IR
j=1 J=1

We will bound all the terms on the right-hand side of (83). We first observe
that the first and forth terms are already bounded in (77) and then

CAt thyauwg;ug + CAt Z 2| Vet |2

j=1 j=1
< Ctyav (95 = v(0)I[5 + I€R115 + A% VrhI5)
+ I/tn+1 (ClAtQ + 02(h4 —+ (V(S)z)) . (84)

To bound the third term on the right-hand side of (83) we first apply (4) and
then (57) to get

ALY Hillm% < XNZ%’HTZH%
j=1 j=1

(85)
< % (AP TK 5+ (B + V(A + 6%) (VK7 ,T + vK3,))

S C(/\_1 (ClAtQ + 02(h4 + (V5)2)) .

For the last term on the right-hand side of (83) arguing as in (60) and ap-
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plying (22) to the time derivative ||(2z5)¢|lo, and (31) we get

n n tit1
A I — R < AR S / 1) l12 ds
j=1 7=1 J

tn+1
SAt2Ctn/ s (PIvall? + llaslly)  (86)

t1
< Ct,APV'KS,
S CVTOlAtQ.

To conclude we will bound the second term on the right-hand side of (83).
Since t; < t;; and taking into account (4) we can write

J J

n ~Jt1l = 2 n ~Jt1l = 2
e e e e
At ||k < ALY tig||—"h
; J At -1~ ]21 g+l At -1
n ~J+l 272
e — €
< CA—lAtthH‘u .
= At 0

Applying (45) we get

ATTAEY Tty
j=1

~j+l ~j
Ch €

At

2

0
<A (AtzthHTZH(Q) + ALY | VET =218
j=1 =1
+ AW Y [VE3+ At [VrR). (87)
j=1 j=1

To conclude we will bound the four terms on the right-hand side of (87). For
the first one recalling that ¢;,1/t; <2 for j > 1 and applying (57) we get

ALYt} < C (AP TKG 5 + (h* + (A 4 6%)) (VK3 )T + vK3,))

Jj=1

< OXNH(CLAE + Co(h* + (16)?)) (88)
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To bound the second term on the right-hand side of (87) arguing as usual
and applying (61),(41) and (31) we get

AtZthv 2B < Clyn AWK, < CTCLAL < CCi AL (89)

To conclude we observe that the last two terms in (87) have been bounded

n (78). Then

At Y V&5 + Ats Y [Vl < ClIV5 = v(0)l[s + C1AL + Cy(h* + v6).

j=1 j=1
(90)
Thus, inserting (88), (89) and (90) into (87) we have
i &ltt gl 2 N
ATTAEY ||| <O = v(0)[1§ + CiAt)
0
j=1
+ OXNTH((R? + v8)Cy + CLAE?) (91)

+ ATLCy (R + (v6)?)
<OXH(|[¥h = v(0)[12 + C1At + Co(h? + v6)).

Finally, inserting (84), (85), (86) and (91) in (83) we obtain for the modified
Euler non-incremental method

ALY tillrlIE <Cltneav + AT = v(O)§ + Ctaraw (13115 + AL Vr2IIE)
j=1
+ CATH(CLAE + Co(h? + v6))
+ C(I/tn_H + )\_1)<01At2 + Cg(h4 + (1/5)2))
< CT +X7)(Ivy = vO)llg + lIenll§ + AL [ Vi 5)
+ C(WT + A7) (CiAt + Co(h? + v0)) (92)

Now observing that due to (19) we have
||zfZ — q(tj)||8 < V2M22’1(h2 +vd) < V2Cy(R* +vé) < (I//T)C’g(h2 + vd),

forj =0,1,..., N, applying the triangle inequality in (92), we finally reach (80).
]
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Remark 5 Let us observe that any initial approximation for the velocity
such that ||v) —v(0)||o = O(h?) and any initial approximation for the pressure
satisfying ||[Vr?|lo = O(1) (which includes the choice ¢ = 0) keep the optimal
rate of convergence for the pressure O(h*4 At) for the Euler non-incremental
method or O(h? + § + At) for the modified Euler non-incremental method.

We also observe that the error bounds (47) and (50) for the Euler non-
incremental method hold under assumption (79), h?/(vp?) < At. This means
that for the Euler non-incremental method At = O(h) could be a possible
choice.

On the other hand, the bounds (47) and (50) and (80) for the modified
Euler non-incremental method hold only under assumption At < §. Then, for
the modified Euler non-incremental one can choose At as small as possible,
and, in particular, one can make At — 0.

5 Navier-Stokes equations

We now consider the following initial value problem associated with the
Navier-Stokes equations.

ou—vAu+ (u-Viju+Vp=f in (0,7) x Q,
V-ou=0 in (0,7)xQ,  (93)
11(0, ) - Ll()(') in Qa

and its discretization by the modified semi implicit Euler non-incremental
method,

rn+1 SN
(uh —uy

S h ) T OB )00 + (V0

n+1

= (8", xn); Vxn € Vi

(94)
(V-apth ) + 0(Vppt, V) = 0, Vb, € Qp,

together with the initial condition to be specified later. In (94) and in the
sequel, B(+,-) denotes the following bilinear form

1
B(V,w):u~VW—|—§(V-v)w7 v,we V.
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Notice the well-known skew-symmetric property,
(B(v,w),y) =—(B(v,y),w), v,w,y€eV, (95)

so that in particular, (B(v,w), w) = 0.
The numerical approximation (a},py) of (94) will be compared with the
solution (v}, gp') of (35)-(36) for

g=1f—B(uu). (96)

On the other hand, along this section we apply to (v}, ¢}) the error bounds
obtained in the previous section where (v}, ¢') is compared with the stabi-
lized Stokes approximation (s}, z}') defined in (11)-(12) for

g=g-—u. (97)

Whenever ||g,||” is integrable in (0,7, i.e. the constant K2 in (33) is finite,
this approximation will satisfy the error bounds (47), (50) and (80).

In the rest of this section we shall assume that f,f;,f; € L*(0,7] and
that v = u, ¢ = p satisfies the bounds (28-32). Since we now prove K?? in
(33) is finite all appearances of the constants in (28-33) will be for v = u
and g = p.

To prove K2 is finite we first observe that g, = f;, — B(u,u); € L*(0,T)
if u-Vu; € L*(0,T) and w;Vu € L*(0,T). We now show that this is so for
the more difficult case d = 3. Applying (7) we have

1/2 (.111/2 1/2 5 71/2
- Ty < lall [Vl < ex full? [l [V, < ead> A2 Vugo
Similarly, applying Hélder’s inequality with p = d and ¢ = d/(d — 1), and
g
then (6) and (9), we have
3/2 1/2 1 11/2
e Vully < gl [Vull s < & 9wl Vil ful;’
3/2 2 r1/2 7 r1/2
< Cl/ M1/ M2/ [V, ,
so that [[u- V|l 207 + [l - Vull o0 < Cv(MiM)'/?K3, and conse-
quently K2 in (33) is finite. We can state the following result.

Theorem 3 Let (u,p) be the solution of (93) and let (V}, q)) be the solu-
tion of (35)-(36) with g defined in (96) and (v9,qY) = (s%,27). Under the

assumptions of Theorem 1 the following bounds hold

max_ [V — u(t,)|2 < C1(AL)? + Co(h? + (v6)?), (98)

0<tn<T
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where Cy and Cy are the constants in (48) and (49), and, assuming for
simplicity that (46) holds,

ALY (WIVEF, = ult)s + dllg, — pty)ll5) < CrAt+ Co(h® +v5), (99)
=1

ALY (V= )5+ dllgh - pt)IF) < Cita A2
j=1
+ Gyt (h? + v9). (100)
where Cy and Cy are the constants in (51) and (52).

Proof The error bounds (98), (99) follow from (47) and (50) respectively
taking into account that applying (19) and (29) [|¥) —u(0)[|§ < CM3,(h* +
0°v?) and v||V(v) — u(0))|lf < CvM3,(h* 4+ dv) and that ||[Vrilo = 0.
The error bound (100) follows from (77), the decomposition vl —u(ty) =
&1 -+51(t;)—u(t;) and g —p(t;)) = r3-+24(t;)—p(t;) and the ervor bound (19).
0J

The error bounds for the discretization (94) will be obtained as a con-
sequence of several previous results that we now state. The first one is a
discrete Gronwall lemma whose proof can be easily obtained by induction
(see e.g., [16]).

Lemma 4 Let k, B, and ay, by, ¢y, v be nonnegative numbers such that

n n—1 n
an+k:2bj < kajaj+chj+B, n > 0.
j=0 j=0 j=0

Then, the following bound holds

n n—1 n
an—l—k‘ij < exp(k:Zw) <chj —i—B), n > 0.
5=0 §=0 §=0

Remark 6 The statement of Lemma 4 above is very similar to Lemma 5.1
in [16], where the sum involving the terms v;a; includes also the term ~,a,,.
In order to extend the analysis in the present paper to the fully implicit
backward Euler method, Lemma 4 must be replaced by [16, Lemma 5.1].
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Lemma 5 Forv,w,¢ €V the following bounds hold

1B(v,v) = B(w,w)llo <(IVVl 201 + [VW] p2ara-0) ]l p2a
+ (Ivllee + Iwll) Vel (101)

(B(v,v) = B(w,w), )| <[l ((IIVVIILMM—U VW p2aran) |B]] 2
+ (Vo + Iwl) IVll),  (102)
where € = v —w.
Proof From the identity
B(v,v) — B(w,w) = B(e,v) + B(w,e), (103)
and applying Holder inequality we have
B(e, )| < lellpas |99 oy + 5 1V - elly ]
B(w,e)| < [l Vello + 5 IV - Wl s Nl

and the bound (101) follows. To prove (102), we multiply (103) by ¢ € H;
and integrate in (), integrating by parts adequately and using the skew-
symmetry property (95) we have

1
(B(Vv V) - B(W7 W)7 ¢) 25((6 Vv, ¢) - (e Vo, V))
+ (B(w, ), e).
and the bound follows by applying Hélder inequality (8). O

Lemma 6 Let (V},qp) be the solution of (35)-(36) with g defined in (96)
and (V),qY) = (s, 2Y). Under the assumptions of Theorem 1, and assuming

also
vo < cprdiam(Q)h, (104)

for a scale-invariant cy; > 0, there exists a scale invariant constant ¢, > 0
depending on the constants ¢y, cp and ca in (2), (5) and (7), respectively,
and constant Cy, > 0 depending also on the constants in (99), v=', T, the
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constants My and My in (28), the constant ciy in (3), and the constant
A in (1) (and also on maxo<i<r ||u(t)|lo in the case d = 2) such that the
following bounds hold for all sequences (Wh)g OT/At n Vi,

A

n ) Cr
AtY VWl Faaan < Atz IV (w}, = VIl + Cun,

J=0

n ‘ Cr
AtZHWngo < ( AtZHV e ||0+Cth) Q| B=/d)
=0

andn=0,1,...,N =T/At.
Proof We start with the first bound. We write

wy, = (W, = ¥}) + (v, = Ln(u(t,))) + (In(u(t;))) — u(t;)) + u(t;)  (105)

We notice that for p = 2d/(d — 1) and ¢ = 2 we have

d 1.1 —d 1 _d-1 :1’
q p 2 2d 2
so that applying (2) with m = 1, p = 2d/(d — 1), ¢ = 2 and [ = 1, and
using (1) and (105) we get
W), = 4l + ¥ — Ln(u(t))]
(h/A)?
+ [IVUn(u(t;) = a(t))ll peasa- + [Valt;)l 2o -

We notice that due to the interpolation bound (3) we have

vaiL Hde/(dq) <Ciny

IV (In(u(t;)) = a) | oy < cmeh™? [Ju(t;)|ly < cimh> Mo,

and due to (9), [|Vu(t;)l| jaaa-n < (e [[Vu(ty)lly [lu(t)],) 2 < (crMyMy)'2.
The proof is finished by writing v, — In(u(t;)) = (VI — u(t;)) + (u(t;) —
Iy (u(t;))) and applying (3) and (99).

For the second bound we observe that from [15, Lemma 4.4] it follows
[Whlleo < Ch=2|Vwy |y [Q]®D% ) where C' depends on ¢y and ¢4, and
then we argue as before. 0
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In the sequel, for sequences (W)Y of N + 1 terms in V}, we denote

n-l . ) 1/2
Wi ollsse = max, (Jlwill -+ At (vwi s+ oIV Ziw] )

where the mapping Zj : V), — @, is defined for every wy, € V}, as the solution
of

S(VZywi, V) = —(V - wi, ¥n), Vi, € Qp.

The following result establishes the stability of discretization (94) re-
stricted to h-dependent thresholds, a concept due to Lopez-Marcos and Sanz-
Serna [18] (see also [19]).

Lemma 7 Fiz I'y > 0, p1 > 0 and A > 1, and let (V},q}) be the solution
of (35)-(36) with g defined in (96) and initial condition (v9,q%) = (sY, z}).
Then, under the assumptions of Lemma 6, there exist positive constants hg
and S (the stability constant given by (110) below) such that for any h < hy,
and any two sequences (W ,)0_; and (W3 ,)\_o in Vi, satisfying the threshold
condition

N ' ' 1/2
(Athvaz,h—vz)HE,) <D, =12, At=T/N. (106)
j=0

the following bound holds

N
. 1. . 1/2
wiallsae < S(Iwhlid + 26>~ ) 7 (107)
j=1
where, forn =0,1,..., N, wi = w} | — Wy, and T}, 1s defined by
n W;zl — Wzil n n—1
(Th Xn) :<T7Xh> +v(Vwy, Vxg,) + (VZuwy, ™ x)
+ (BOWIL Wik ) = BOWes' s Wi ) X)) Xn € Vi

Proof Applying (42) with d}) = 0 and

by =t — (B(W?,hv wi,) — B(wy, Wg,h»’
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forn=0,1,..., N, we have that the left hand side of (107) can be bounded
by

n n—1
1. 1 . . . .
|wh |2+ At E ;HT{LH%ﬁ—At g ;HB(W{,}Z,W{’h)—B(W%7h,W%7h)H_1. (108)
j=1 =0

We will now show that for some positive o, ..., vv_1 and L > 0 satisfying

n—1

Aty 7y <L,

Jj=0

the last sum in (108) can be bounded as

n—1 n—1
1 . . . . 2 1 .
AU (B wl,) = Blwh,wi|, < At S ylwglE (109)
i=0 =0

so that applying Lemma 4 the proof will be finished. We do this for the more
difficult case d = 3. For ¢ € H}(Q)?, applying (102) we have

(B(W{,mwi,h) - B(Wg,h’wg,h>v¢) < ||W€L||0<(||W{h||oo + ”W%h“OO) Vol
o+ (179 2o + 99 L aran) 18l e ).

Applying Sobolev’s inequality we have that ||¢||;2a < c1||@]|;, so that, we
can take

% = 2(IW] I + w3 l%) + IV gl zaras + VW5 [l 2w ),

which, in view of Lemma 6 and the threshold condition (106) we see that (109)
follows with
L=4(cTv"A+ Cw) (1 +6)).

Thus, we have that the statement of the Lemma holds with
S =exp(L/v). (110)
O

To proof the convergence of the numerical approximation (a}?)™_, we will

apply the following result due to Stetter [26, Lemma 1.2.2].
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Lemma 8 Let (X, ||y) and (Y,|-|ly) be two normed linear spaces with
the same finite dimension. Let F' : X — Y be a mapping continuous in
Bx(zy,m) = {z € X | ||z — 2,/ x < r}, for which there exist S > 0 and
ro > 0 such that

l1 = 22l x < SF(21) — F(x2)lly (111)

for every x1, x5 € Bx(xy,r1) satisfying ||F(x;) — F(xu)|ly <12, for j =1,2.
Then, for ro = min(ry,71/S) the mapping F~' exists and is Lipschitz-
continuous in By (F(z,),10) with Lipschitz constant equal to S.

Before applying Lemma 8 we need to prove a consistency result.

Lemma 9 Let (u,p) be the solution of (93) and let (V},q}}) be the solution
of (35)-(36) with g defined in (96) and (v9,qY) = (s%,29). Then, there exists
a positive constant Cg, depending on the Sobolev’s constant ¢y, ca in (7), Cyp
in Lemma 6, My, My in (28) and the ratio A in (1), such that the truncation
error

T = Py, (B(vy L, vi ) = B(u(ty), u(t,))), n=0,...,N-1

satisfies the following bounds
n n—1
A IR < O3 (Ac 3 IV, - u(t I+ #6PK2, ),
j=1 =0

2 2 <12 L 2 A2 2
A I < O (e 19— )l +1#00K2, ).

j=1
Proof We concentrate on the more difficult case d = 3. We write 7} =
TV + Ty, Were

™ = Pu(BERTLVET) = Bu(te-) ult-1))),

o = Py (B(u(tao) ults)) — Bu(t,), u(tn))).

For 77, applying Lemma 5 and denoting e = Vit —u(t, 1), we have that
it can be bounded by

IT1nllo < llell paa (1VO(ta-1)llp2ara-1 + 1V | 2ara-)
+[Vellg (a(ta-0)ll + [[v57]].0)-
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Arguing similarly with 73, and denoting & = u(t,—1) — u(t,), it can be
bounded by

IT2nllo <llell pza (I[Vu(tn) | p2asa—n + | Va1l p2asa))
+ [IVellg (ultn)ll s + lultn-1)ll)-

Applying Agmon’s inequality (7), (9) and Lemma 6, and noticing that due

to Holder’s inequality we can write
tn 1/2
Ivell, = <ar([" vulgar)
0 tn—1

tn
tn—1

then it follows that

tn 1/2
e (nvw;;—l —u(tar))lo + AL ( / ||Vut|rédt) ) ,
tn—1

where
C% = 2(ca + ) MM)Y? + Co(1 + 1), (112)

Recalling now the definition of K3 in (31), the bound for the L? norm follows
with constant Cz = C%v/2.

To prove the estimate in the negative norm, we recall that due to Sobolev’s
inequality we have that for ¢ € H'(Q)?, we have that || Py, |6 < c1 || Py, @,
Taking into account that || Py, ¢|l1 < C||¢|l1 from (102) it follows that

173 ull-1 <Cllelly (er IVu(tn-i)ll poasa-n + [[uta-1)ll0)

+lello (M oo + VYR L2asan) s

and a similar result for 74, with v~ ! replaced by u(t,), from where the

result for the negative norm follows easily with a constant C'y proportional
to C% in (112). The proof of the lemma finishes taking Cz = max(C%, C}).
OJ

Theorem 4 Under the assumptions of Lemma 6, assuming also (104), then

the solution (W, p}) of (94) with initial condition (09, p) = (sY, 29) satisfies
the following bounds forn=1,..., N and for h small enough:

tollal —u(t)|? < Cit,At? + Cotn(h* + (16)?)) (113)
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where

Ci = (14 (SCp)*Tv)Cy + v(SCp)* K3, (114)
Co = (1+ (SCp)*Tv ™) C, (115)

Cy and Cy being the constants in (48) and (49). Also, assuming for simplicity
that (46) holds,

Aty (vIV(@], — a5 +6lV(a, — alt)ls
> : DI .
< 1AL + Cy(h? + 1v8) 4+ CLAE 4 Co(h* + (15)?),
where Cy and Cy are the constants in (51) and (52).

Proof We apply Lemma 8 with X =Y = VN || = Il - l5.26
N
. 1. 1/2
Ierinzolly = (736 + At Y ~lI73l1%
v
j=1

and z,, = (VI)M_, where (v, q7) is the solution of (35)-(36) with g defined in
(96) and initial condition (¥9,¢9) = (s), 27). We take 7, = 1 and r; = ['}h'/2,
and F defined by F((w)Y_ ) = (F7)Y_, where

F?z = Wh V?w (117)
and for n =1,..., N, F} is the element in V}, satisfying
n Wy, — W, ! n n—
(Frxn) = (hA—th7 Xh) +v(VwWh, V) + (VZuwi ™ x,)
+ (B(W}T; ! WZ 1) - f(tn)aXh)v Xh € Vh' (118)

We notice that the truncation error (77)"_, = F((v?)M_,) is

T?L =0,
= Py (BW, " ™) - Bu(t).u(t.),  n=1,...,N.

The assumption (111) holds due to Lemma 7.
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For the mapping F' defined in (117)-(118) from Lemma 9 and (98) it
follows that

IE(H) e < O (T (CIAR + Colht + (0)) +vALK3,)

Then, in view of condition (104), we have
1/2
1Py < O ((Tv ) (CrCov?) 4K, ) diam(@)eyv™ h+O(2),

and, thus, decays faster with h than r; = I'1hY2. Consequently, for h
sufficiently small, the null element in VhN *1 belongs to the ball centered
at F((v)N,) and with radius min(ry,7;/S). Observe that the null ele-
ment is the image by F' of the numerical approximation with initial condi-
tion (1, p?) = (sY, 29), that is 0 = F((u})2_,). Since, according to Lemma 8,
the mapping F' has inverse in this ball, then the differences €, = u} — v},
n =20,..., N satisfy the bound

(€ nzollls.ar < SIF((¥h)nZo) — Olly

1/2
< SOy ((TV*I)(QM + Co(h' + (0)2)) + VAL K;z)
(119)

Let us denote by €" = a} — u( ) and 0" = p} — p(t,), n =0,...,N. The
proof is finished by writing €" = € + (V) —u(t,)), and o} = 0"+ (¢ —p(tn)),
n=20,1,..., N and applying the bounds (98) and (99). O

Remark 7 Although we have analyzed a semi implicit method, the anal-
ysis, with some minor changes that we now comment, applies also to the
fully implicit backward Euler method. First, using Lemma 5.1 in [16] in-
stead of Lemma 4, Lemma 7 can be easily extended to the fully implicit
method. Also, in the case of the fully implicit method, the truncation er-
ror 7p in Lemma 9 would reduce to 7'71“,;1, so that the constant Cp can be
taken smaller. However, in the case of the fully implicit method, existence of
the numerical solution has to be proved, but this, as the arguments leading
to (119) above show, would be a consequence of the null element belonging
to the ball in VN centered at F((¥})N_,) and with radius min(ry, 1/5),
where the inverse of F' exists. Taking into account these three details, the
reader will find no difficulty in extending the results of this paper to the fully
implicit method.
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Remark 8 Let us observe that for (uj,py) we take as initial condition
(), p?) = (v9,q?). Although for simplicity we have assumed in Theorem 3
that v) = s ¢ = 20, with (s},q}) the stabilized Stokes approximation
defined in (11)-(12) with g defined in (97) other initial approximations can be
chosen. For example, we can choose V9 = [ ug, the interpolant of the initial
velocity, and define ¢ as the pressure obtained solving (36) for n = —1.
With this choice the initial pressure error rf) = ¢ — z? satisfies

(V- (Inag — sp),thn) = 6(Vry), Vo), Vb, € Qn,

from which ||[Vr{]lo < 67| Iyup — s?|lo- Now, since both § and ||I,ug — s ||o
are O(h?) we get [|[Vr?||o is bounded by a constant. In view of (47)-(50) this
choice keeps the optimal rate of convergence for the approximation (v}, qy)
since the term A#*|| V7Y |2 is O(A#?).

To conclude we obtain a bound for the pressure. We need a previous
result that we now state

Lemma 10 Let (0}, p}!) be the solution of (94) with (Q)),p}) = (sV, 2))) and
assume § satisfies condition (104). Then, there exists a positive constant CF,,
depending on the Sobolev’s constant ci, ca in (7), Cy, and ¢, in Lemma 6,
My, My in (28), the ratio A in (1) and the constants C and Cy in (114-115),
such that that the error

(7)) = Py, (B(up ',y ") — B(u(t,),u(t,))), n=1,...,N (120)
satisfies the following bounds
n . n—1 )
A RIB < (A0 X IV~ (eI +#62K2, ).
j=1 =0
0<j<n

AR IR < (€3 (b, mae 1]~ ()l +120CK2, ).

Proof We concentrate on the more difficult case d = 3. Arguing exactly as
in the proof of Lemma 9 and using (119) we have that the result for the L?
norm holds with the constant C'j; replaced by

(ea + &) MM 4 (14 1) (Con + ™ A(CLAL + Coh* + (16)?)) )
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which taking into account that At < § < C'h can be bounded by
(C3°)? =(ea + &) (M1 M)
+(1+c¢) (Cth + crA(y_Zél + C’g)c?wdiam(ﬁ)?’> ,
The result for the negative norm follows also arguing as in Lemma 9, for an

appropriate constant Cg’l. The proof concludes taking C}, = maX(CE’O, Cg’l).
O

Theorem 5 Under the assumptions of Theorem 4 the following bound holds

AtZt 1Pl — p(t)]12 < CsAt 4 Cy(h? + vd), (121)

where Cy and Cy are defined by
Cy = Cs +OT(CO/\_1(OE)2V_IC~'1 + (OE)2V2K22,2T)
+ CeoA™ +vT)(1 + (CH)2v 'L T,
Cs = Ci+CT(coAH(Cp)* vy
+ CeoA™ + vty 1) (1 + (C’E)Qu_ltnﬂ)éb(diam(QZ)(1 + ),
where Cy, Cy, Cy, Cy, C1 and Cy and Cy in (51), (52), (81), (82), (114)

and (115) respectively, C is the constant in Lemma 10, and cyp is the con-
stant in (104)

Proof For the proof we argue as in the proof of Theorem 2. We first observe

that €, = u} — v} and o} = p]! — ¢ satisty the following relations
& - ~n+1 1
(B xa) + (V&L Vx0) + (Vei xa) = (P xn)s Yxn € Va

(V& ) + 6(Voit, V) = 0, Vb, € Qn, (122)

where (7*)7! is defined in (120). Applying Lemma 1 and (122) it is easy to
obtain
J+ =J

— €, |2
AtZt [PAlR <OAtZt vi|| Vol |2 —i—CAtZ T B
+CAtZt ()12, +CAtZt Ve 2 (123)

7=1
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We will bound all the terms on the right-hand side of (123). We first observe
that the first and forth terms can be bounded by

Cut Atz (VIVE I3 + o1V apliz)

7=0

and then applying (119) and taking into account the value of the constants
Cy and Cy in (114) and (115) we have

CALY i Vol [lB+CAL Yt ?|[VE§ < Cuty (CLAP+ o (W +(v6)?)).

j=1 Jj=1
(124)
To bound the third term we apply Lemma 10 and (113) to get
2 )2 o (f N2 2 A2 2
Atzt G < (CoPa (b, o (6]~ u(ty) I+ ARKS,) (125

< (C5) %t (Crt AL + Cot (B + (10)?) + VAL KS,).
To conclude we will bound the second term on the right-hand side of
(123). Since t; < t;11 and taking into account (4) we can write

Ati t;
j=1

=2 &2

‘N‘:{zﬂ — € - éiﬂ — €
It CR— ) < At t; s
N = ; A

-1

B
< COXNTAL Y tig||——— -
= Z i+l At 0

7j=1
Applying (45) we get
1 - éij—l _ E;L 2
VAt | B < eont (AtZtJHH il
j=1

+ sz Ve 2+ Ats S vag;ug). (126)

j=1 j=1

To conclude we will bound the three terms on the right-hand side of (126).
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For the first one we apply Lemma 10 and (116) to get

n n—1
ALYt (T8 <(Cp) tni (At DIV, — )|+ VzAt?Kig)
7j=1 7=0

g(cjg)?t";l (C1At + Cy(h* + v6)
+ CLAE + Co(h* + (v6)?)), (127)
where Cy, Cy, €y and Cy are the constants in (51), (52), (114) and (115)

respectively. Finally to bound the last two terms on the right-hand side of
(126) we apply (119) to obtain

At VER + Ats > [V lIf < LA + Co(h* + (v6)?).  (128)
=1 =1

Inserting (127) and (128) in (126) we get

Atzn: t;
j=1

Sl i
€, —€

At

2

. S C())\_1 ((CE)QV_ltn+1 (é’lAt + C’Q(hQ + 1/5)) (129)

(14 (C3) i) (CLAE + Gy + (16)%)) ).
Inserting (124), (125) and (129) into (123) we get

ALY “tillahlls < Caod™ (Cp)* v g (C1AE + Co(h? + 1))

j=1
+ C(Co)\il + Vt?’LJrl)(l + (CE)2V71tn+1><C'1At2 + ég(h4 + (1/(5)2»
+ C(Cp)ta P K3, AL

Applying triangle inequality together with (80) we finally reach (121). O
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