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Abstract

The phenomenon of edge-buckling in an axially moving stretched thin elastic web is described
as a non-standard singularly-perturbed bifurcation problem, which is then explored through the
application of matched asymptotic techniques. Previous numerical work recently reported in the
literature is re-evaluated in this context by approaching it through the lens of asymptotic simplifica-
tions. This allows us to identify two distinct regimes characterised by qualitative differences in the
corresponding eigen-deformations; some simple approximate formulae for the critical eigenvalues
are also proposed. The obtained analytical results capture the intricate relationship between the
critical speeds, the background tension, and other relevant physical and geometric parameters that
feature in the mathematical model.
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1 Introduction

Axially moving webs (AMWs) hold significant importance in various industrial contexts due to their
wide range of uses and benefits. They play a crucial role in continuously manufacturing processes,
enabling the efficient production of materials like paper, plastic films, textiles, and metal sheets.
AMWs also facilitate precise coating, printing, as well as mechanical or chemical treatment processes.
The ability to transport webs at high speeds and control their motions results in increased productivity.
Nevertheless, there are several unique factors that limit the operational speeds employed in these types
of applications; the mechanical instability of the web is one them.

A common form of instability observed in both moving and stationary webs (as well as in thin
strips) is wrinkling; this occurs when the web undergoes local compressive forces, causing it to buckle
or fold. The presence of compression in a configuration that is normally designed to operate under
uniaxial tension is somewhat counter-intuitive, and it is essentially connected to the free edges of the
web. While the normal and shear stress components are zero on such edges, away from them the
stress state can become compressive and thus wrinkles might develop (e.g., [1, 2, 3, 4]). There are
several possible factors associated with the compressive forces mentioned above. For example, in metal
forming applications residual stresses are known to have a detrimental effect that could be responsible
for the buckling instabilities frequently encountered in rolling and levelling processes (e.g., see [5, 6, 7]
and the references therein). The misalignment of the rollers that support the moving web (and over
which it passes) can also play a destabilising role. If such rollers are co-planar but not parallel to each
other, the tractions they impart to the web may no longer be uniform along the length of the roller
(e.g., [8]); this can lead to edge buckling as shown, for example, by Lakshmikumaran and Wickert [9]
or Banichuk et al. [10, 11]. Out-of-plane tilting of two adjacent rollers relative to each other induces
a twisting deformation of the web surface, which presents yet another opportunity for wrinkling to
develop [12, 13, 14].

Stability issues involving axially moving continua typically fall within the broad class of non-
conservative problems (e.g., [15, 16, 17]). Although there is an extensive literature on band saw
stability and vibrations (see the reviews [18, 19]), most of the early studies were carried out by
using one-dimensional approximations (travelling strings and beams rather than plates). A notable
exception is a paper by Ulsoy and Mote [20], in which the stability of a (non-uniformly) pre-stressed
axially moving elastic strip was studied numerically by employing classical plate theory. In the same
context, the case of uniform pre-stress was dealt with more extensively by Lin [21], who identified
both the divergence and flutter critical speeds with the help of a similar numerical strategy.

For the past three decades there has been a significant growing interest in axially moving plate-like
systems – a detailed assessment of this vast body of literature is beyond the scope of our present study.
We refer to the recent comprehensive reviews [22, 23, 24, 25], which give a good picture of the status
quo in this area. The recent books [10, 26] are also welcome additions to the literature, and should
be consulted for more specialised accounts of past and present research.

In the current study we want to revisit the situation considered in [10] (and also in [11], pp. 345-
364), in which the divergence buckling critical speeds of a non-uniformly tensioned web were found via
a direct numerical approach. The scenario of interest involves a thin elastic plate subjected to linearly
distributed tensile forces on two opposite edges, while the other two sides are traction-free. In the
static case (i.e., zero axial speed) this particular configuration has previously been examined by Veits et
al. [27] in relation to its natural frequency spectrum. Lin and Mote [28] also dealt with an apparently
more general setting – in their work the aforementioned tensile loads were nonlinearly distributed along
two opposite edges. However, this analysis was restricted to simply-supported boundary conditions
on all edges, and the speed of the web was neglected. Our interest vis-à-vis the work reported in
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[10] was originally kindled by the similarity between the equations discussed therein and a couple
of our previous static wrinkling studies [29, 30]. Broadly speaking, one of the main ideas in what
follows is to take advantage of the applied external tensile forces to show that, under suitably defined
conditions, the corresponding new bifurcation problem can be reduced to a sequence of second-order
“membrane”-type equations amenable to closed-form solutions. The upshot of this strategy is an
analytical formula for the divergence buckling critical speeds which captures the dependence on the
various parameters that define the configuration of interest here.

Given the context outlined above, we embark on our investigation in the next section by providing
a brief summary of the main bifurcation problem. To motivate the specific types of deformations
explored later in the paper, the qualitative behaviour of the numerical buckling modes is systemati-
cally illustrated in §3 by using some novel non-dimensional groups. The discussion of our asymptotic
approximations of the numerical results is divided into two main distinct cases. The first asymptotic
structure appears in §4 and deals with edge-localised deformations. As shown in §4.1, from a math-
ematical point of view, this consists of a hierarchy of second-order boundary-value problems which
can be solved in terms of the usual Airy functions of the first kind (e.g., [31, 32]). These solutions
need to be supplemented with additional information derived from a secondary bending boundary-
layer located near one of the free edges of the plate; the relevant details appear in §4.2. A second
regime, which corresponds largely to a weakly inhomogeneous axial tension, is also considered briefly
in §5. It is shown therein that the critical eigenmodes have a structure that mirrors closely those of
the uniformly tensioned plate (which was discussed in [33]). The paper concludes with a number of
observations and some possible future extensions.

2 The key equations

To make this work reasonably self-contained, an overview of the mathematical model that will be the
subject of our subsequent discussions is included below; further details can be found in [10, 11, 33].

The situation of interest is illustrated in Figure 1; it concerns an axially moving thin sheet stretched
across two rollers. Let this rectangular sheet be modelled as a thin elastic plate of thickness h > 0
and width 2b > 0, while the distance between the rollers is ` > 0. Linear elasticity is assumed
for the constitutive behaviour of the plate material, with E being its Young’s modulus and ν the
corresponding Poisson’s ratio. A system of Cartesian axes (x, y, z) is then chosen so that x, y lie in
the plane of the middle surface of the underformed plate, and z is in the direction normal to this plane
– in this reference frame the mid-plane of the undeformed plate corresponds to the domain 0 ≤ x ≤ `,
−b ≤ y ≤ b. The plate is translated axially with a velocity v0 = (V0, 0, 0), where V0 > 0.

The axial transport of the plate between the rollers is facilitated by the presence of a tension in
the x-direction. It is usually assumed that the edges x = 0 and x = ` are subjected to in-plane forces
consistent with such tension. The case of a uniform tension was considered in detail in [33] (see also
[11]); here, on the other hand, we are interested in the scenario seen in Figure 1, in which the applied
forces on the aforementioned edges are of the form T0 + αy, with T0, α > 0 given parameters. Letting
N̊xx, N̊xy, N̊yy denote the in-plane (or membrane) forces in the stretched unbuckled plate, it can be
trivially shown (e.g., [34]) that the pre-buckling stress distribution is given by

N̊xx = T0 + αy , N̊xy = N̊yy = 0 . (2.1)

This spatially-dependent plane-stress solution represents the basic state for the bifurcation problem
reviewed in the remaining of this section. It is noted that in order for the condition N̊xx > 0 to be
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Figure 1: Non-uniformly tensioned thin elastic sheet in axial motion across two sets
of rollers; the degree of non-uniformity is measured by the parameter α > 0.

satisfied for all |y| ≤ b, one needs

0 < α < αmax , with αmax := T0/b . (2.2)

If the condition (2.2) is ignored then the buckling of the tensioned web may be directly related to the
appearance of static compressive stresses due to the inhomogeneous pre-stressing. Indeed, this is the
case studied by Lakshmikumaran and Wickert [9], who set V0 = 0 right from the outset and treated
α as the main eigenvalue of their bifurcation equation. It is perhaps worth emphasising that their
work was apparently concerned with strips (i.e., the lengths of the plates considered were several times
larger than their widths).

The previous stability analyses in [10, 11] were conducted upon the usual linearised Föppl-von
Kármán equation (e.g., [38, 39, 40]) for the incremental out-of-plane displacement w ≡ w(x, y),

ρM
d2w

dt2
+D∇4w −∇2

mw = 0 , (2.3)

where D ≡ Eh3/12(1−ν2) represents the usual bending rigidity of the plate and ρM denotes the mass
per unit area of its (undeformed) mid-surface. The acceleration term in this equation is calculated by
using the so-called (axially) co-moving derivative operator (e.g., [11], pp. 235–237) indicated by d/dt;
for a scalar field φ ≡ φ(x, y, t) we mention the useful formula dφ/dt = (∇φ) · v0 + ∂φ/∂t, which can
be used repeatedly to get an expanded version of the plate acceleration in terms of V0. The other
symbols in (2.3) correspond to various differential operators whose definitions are recorded below

∇2 :=
∂2

∂x2
+

∂2

∂y2
, ∇4 := ∇2∇2 , ∇2

m := N̊xx
∂2

∂x2
+ 2N̊xy

∂2

∂x∂y
+ N̊yy

∂2

∂y2
.
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To complete the description of the bifurcation problem for the travelling web, suitable boundary
conditions for the transverse displacement w must be specified. The plate edges that are in contact
with the rollers (x = 0 and x = `, respectively) are taken to be simply supported, while the other
two will be assumed traction-free. The equations for the latter correspond to the condition that the
normal component of the bending moment and the effective shear must be zero on the free edges.
Taken together, the above edge constraints translate into (e.g., [38])

w =
∂2w

∂x2
= 0 , x = 0, ` (−b ≤ y ≤ b) , (2.4a)

∂2w

∂y2
+ ν

∂2w

∂x2
= 0 , y = ±b (0 ≤ x ≤ `) , (2.4b)

∂3w

∂y3
+ (2− ν)

∂3w

∂x2∂y
= 0 , y = ±b (0 ≤ x ≤ `) . (2.4c)

In the case of steady-state motion of a travelling web subjected to uniaxial tension in the x-
direction, equation (2.3) reduces to

D∇4w − (N̊xx − ρMV 2
0 )
∂2w

∂x2
= 0 . (2.5)

Comparison of (2.5) with other classical buckling equations in related scenarios (e.g., [5, 6]) indicates
that the axial translation acts only to modify the effective tension in the plate. In this sense, identifying
the critical speed at which the plate becomes unstable is entirely analogous to a study of the classical
plate buckling problem.

Equations (2.3) and (2.4) can be cast in non-dimensional form by introducing the new quantities

x :=
x

`
, y :=

y

b
, β :=

`

πb
, (2.6a)

λ :=
ρM`

2

π2D

(
V 2
0 −

T0
ρM

)
, α̃ :=

(
b`2

π2D

)
α , α̃max :=

`2T0
π2D

. (2.6b)

Note that the re-scaled independent variables will then satisfy 0 ≤ x ≤ 1 and −1 ≤ y ≤ 1; to avoid
complicating the notation unnecessarily, the ‘bar’ on x and y will be dropped henceforth. As already
noted in reference [10], α/αmax = α̃/α̃max, and the common value of these fractions is set to some
η ∈ [0, 1). In other words, α̃ is uniquely determined by specifying η and α̃max.

Owing to the simply-supported boundary condition (2.4a), solutions of the bifurcation equation
will be sought in the form

w(x, y) = f(y) sin(πx) , (2.7)

for some function f ≡ f(y) (yet to be found). Plugging (2.7) into (2.5), the governing equation for
this unknown transverse amplitude becomes

β4
d4f

dy4
− 2β2

d2f

dy2
+ (1− λ+ α̃y)f = 0 , −1 < y < 1 , (2.8)

which is to be solved subject to the boundary conditions that follow from (2.4),

β2
d2f

dy2
− νf = 0 , y = ±1 , (2.9a)
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β2
d3f

dy3
− (2− ν)

df

dy
= 0 , y = ±1 . (2.9b)

For given ν, β, and α̃ ≡ η α̃max, equations (2.8)-(2.9) define a boundary-value problem for the
eigenparameter λ. It is perhaps worth re-iterating that the true eigenvalue in the present scenario is
the speed V0 > 0 rather than λ ∈ R. Once we have identified the latter quantity, the critical speed
is recovered by using the first definition in (2.6b). The parameter β can potentially take on a wide
range of values, which are heavily influenced by the aspect ratio of the plate’s middle-plane. For a
strip one would expect β � 1, but our focus lies on a different class of structures known as webs;
that is, we will consider configurations in which the width is greater than the length. Banichuk et al.
[10, 11] used the numerical values ` = 0.1 m, b = 0.5 m, which give β ' 0.0637. For the remaining of
the current study ` and b will be assumed to be such that β = O(10−2) or even smaller. By making
this choice we can regard β as a “small” parameter in equations (2.8)-(2.9). As we are going to see
shortly, it is the singularly-perturbed nature of this eigenvalue problem that will make it possible to
obtain useful approximations for the critical speed V0. Before delving further into this matter, we take
a brief detour to provide a general overview of the numerical solutions for the above boundary-value
problem.

3 Numerical considerations

A limited number of numerical simulations of the bifurcation equation (2.8) subject to (2.9) were
presented in reference [10] (and later reproduced in [11]). The specific numerical values considered
were T0 = 500 N/m, ρM = 0.08 Kg/m2, h = 10−4 m, E = 109 N/m2, with ` and b as indicated
at the end of the previous section. As for α̃, this was chosen to be a certain percentage of α̃max;
more specifically, α̃ = η α̃max with η ∈ {0, 10−6, 10−4, 10−2}. While the critical speeds V0 in all these
cases turned out to be very close to each other, the eigenmodal deformations displayed significant
qualitative differences. For example, for η = 10−6 the critical eigenmode (i.e., the one associated with
the lowest positive V0) consisted of an O(1) central part within the range −1 ≤ y ≤ 1, supplemented
by two thin boundary layers near y = ±1. However, for η = 10−4 the same eigenmode was localised
near the edge y = −1, with negligibly small out-of-plane deformations occuring for 0 ≤ y ≤ 1; such
localisation phenomenon became progressively stronger as η increased to 10−2 (see Figures 6 and 7 in
[10]). A rational explanation for this puzzling behaviour is missing from the references cited above;
it is one of the goals of the present study to bridge this gap and offer plausible answers by utilising
certain asymptotic arguments.

Motivated by past experience with related bifurcation problems (e.g., [29]) we introduce the refer-
ence parameter

ε2 :=
π2

12(1− ν2)

(
Eh

T0

)(
h

`

)2

, (3.1)

which characterises the intensity of the background tension T0 relative to the thinness of the web.
For the parameter values mentioned above, simple calculations indicate that ε2 ' O(10−4), so we will
assume that 0 < ε � 1. Of course, if T0 → 0+ it is possible that ε = O(1) or it is even bigger, but
this scenario would correspond to a slack web and does not fit the physics of the situation we are
interested in. With this in mind, we claim that the two distinct types of behaviour mentioned above
can be linked to the regimes identified below as (I) and (II),

(I)
bα

T0
= O(ε2) , (II)

bα

T0
= O(β2ε2) . (3.2)



Buckling & travelling webs 7

Note that bα/T0 = α/αmax ≡ η represents a non-dimensional measure of the degree of inhomogeneity
of the applied tension T0 +αy. Since β is small, the second situation above involves a weaker inhomo-
geneity than in the first scenario. The eigenmodes in Case (I) turn out to be localised near one of the
free edges, but the situation is less straightforward for Case (II). For β moderately small one finds
behaviour that is characteristic for α = 0 (purely homogeneous tension) except for thin adjustment
boundary-layers that become noticeable near both free edges. As β is reduced further the critical
eigenmode becomes again localised near the edge y = −1. These behaviours will be illustrated below
for easy reference.

Letting C0 :=
√
T0/ρM , the speed V0 in (2.6b) can be expressed as

V0 = C0

√
1 + λε2 ; (3.3)

this simple formula explains why the critical speeds found in [10] were very similar to those associated
with the homogeneous case (α = 0). Even though the eigenvalues determined from the solution of
(2.8)-(2.9) might be vastly different for various values 0 < η < 1, their contribution to the critical
speed will be offset by the ε2-term that appears under the square root in (3.3). Regarding the approach
to approximating λ using an asymptotic series, this implies that there is no need to compute more
than one or two terms to achieve a reasonably precise estimate for the critical speed. However, from
a mathematical standpoint, it remains desirable to gain a deeper comprehension of the fundamental
asymptotic framework underlying the perturbed eigenvalues λ and their associated eigenmodes.

To better appreciate the features of the bifurcation problem summarised in the previous section, we
will first review quickly some of the key properties of the numerical solutions for the homogeneous case
(covered in [11, 33]). In this scenario α = 0 in (2.1), and the resulting situation is fairly standard since
the differential equation (2.8) allows for an elementary solution in closed-form. As explained in [10],
the homogeneous version of (2.8)-(2.9) admits two monotonically increasing sequences of eigenvalues
(and distinct eigenmodes), which can be classified as either symmetric or anti-symmetric (with respect

to y = 0); we will denote these by λ
(k)
s and λ

(k)
a (k = 1, 2, . . . ), respectively. It was noticed in the

aforementioned reference that

0 < λ(1)s < λ(1)a < 1 and λ(1)s , λ(1)a → λ∗ < 1 as β → 0+ , (3.4)

where the expression of λ∗ depends on the Poisson’s ratio only, and its precise expression will be given
shortly. The spectrum of the bifurcation problem contains also infinitely many elements in (1,+∞),
but those values are less important in problems of elastic stability as one is mostly concerned with
the lowest point of the discrete spectrum. We include in Figure 2 examples of eigenmodes for the
first and second smallest symmetric eigenvalues when ν = 0.3. As β → 0+, the modes associated

with λ
(1)
s become progressively flatter over most of the range −1 < y < +1 except near y = ±1,

where sharp boundary-layers exist. By contrast, the eigenmodes related to λ
(2)
s consist of an O(1)

core-type structure, also augmented by thin boundary layers near the free edges of the plate. A few

samples of anti-symmetric modes for λ
(1)
a and λ

(2)
a are included in Figure 3. The numerical values

of the eigenvalues associated with the modes shown in the last two Figures are recorded in Table 1.

Additional results not included here confirm that λ
(2)
s , λ

(2)
a → 1+ as β → 0+.

The asymptotic limit of the critical eigenvalue λ∗ := limβ→0+ λ – mentioned in (3.4), can be
obtained by a very simple boundary-layer argument. Introducing ζ ≡ β−1(1+y) = O(1) (0 < β � 1),
we note that under the assumption λ < 1, the transformed version of equation (2.8) with α = 0 will
admit a solution of the form

f(ζ) = C1 exp(−ζ
√

1− γ) + C2 exp(−ζ
√

1 + γ) , (0 < λ =: γ2; C1, C2 ∈ R) .
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Table 1: Numerical eigenvalues for the homogeneous case of (2.8)-(2.9) when ν = 0.3.

β λ
(1)
s λ

(2)
s λ

(1)
a λ

(2)
a

0.03 0.995522202 1.012346719 0.997298920 1.034471359
0.02 0.996032234 1.004577722 0.996417302 1.014257837
0.01 0.996205824 1.000796431 0.996210699 1.002976868
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Figure 2: Examples of the first two symmetric modes of (2.8)-(2.9) in the case of homogeneous

tension (i.e., α = 0) and ν = 0.3. The functions on the left correspond to λ
(1)
s , while those on

the right are associated with λ
(2)
s .

Further use of the boundary conditions (2.9) results in a system two algebraic equations for the
constants Cj (j = 1, 2) that appear in the above expression,

C1

√
1− γ (1− ν + γ) + C2

√
1 + γ (1− ν − γ) = 0 , (3.5a)

C1(1− ν − γ) + C2(1− ν + γ) = 0 . (3.5b)

The determinant of the coefficient matrix of this homogeneous linear system must vanish, thus leading
to a simple equation in γ2; the solution of interest, γ∗ (say), eventually yields the desired asymptotic
value of the lowest λ as β → 0+ via the relationship λ = λ∗ ≡ γ2∗ , where

λ∗ ≡ (1− ν)
(
3ν − 1 + 2

√
1− 2ν + 2ν2

)
. (3.6)

In obtaining λ∗ we have considered the boundary-layer near y = −1; an identical result follows
by repeating the above argument for the other boundary-layer near y = 1. For ν = 0.3 formula (3.6)
gives λ∗ ' 0.99620823, which should be compared to the values listed in the first and third columns
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Figure 3: Same as per Fig. 2, except that here we show the anti-symmetric modes associated

with λ
(1)
a (left) and λ

(2)
a (right).

of Table 1; further numerical work indicates that λ
(1)
s → λ−∗ and λ

(1)
a → λ+∗ as β → 0+. A close

inspection of the exact determinantal equation used in reference [33] confirms that if the eigenvalues

λ
(1)
j (j ∈ {s, a}) of the homogeneous tension problem are regarded as functions of 0 < β � 1, then

their asymptotic behaviour is of the form λ
(1)
j = λ∗ ± . . . , where the dots stand for transcendentally

small terms.
A first set of samples of eigenmodes associated with the smallest and second smallest eigenvalues

of the bifurcation problem (2.8)-(2.9) for Case (II) is included in Figure 4. In the interest of brevity,
the Poisson’s ratio has been set to a fixed value (ν = 0.3); the results shown therein are representative
for other standard values of this parameter provided that ν 6= 0. We have chosen a typical (small)
value for ε2 and selected η ≡ α̃/α̃max consistent with the second scenario proposed in (3.2). Taken
at face value, the situation in Case (II) represents a weak perturbation of the homogeneous-tension
problem reviewed in Figs. 2 and 3. For “moderately” small β’s, the deformation in both windows
appears to spread out across the entire lateral span of the web; also, the regions near the lateral edges
of the plate are indicative of some sort of boundary-layers. Figure 5 depicts what happens to the
dispersed modes recorded in the preceding Figure as β is reduced even more. The numerical data
provides compelling evidence that the critical eigenmodes gradually become highly localized near the
edge y = −1. Regarding the second mode (right window, same Figure), it predominantly exhibits
a flat pattern, with localized deformations now present near the edge y = 1. Table 2 includes the
eigenvalues of the modes seen in Figs. 4 and 5 – these are indicated by λ(j) (j = 1, 2); for the sake
of completeness, the next two eigenvalues (λ(3) and λ(4)) are recorded as well. The eigenfunctions
for these eigenvalues are not shown here since they are very similar to the second symmetric and
anti-symmetric modes in the case α = 0 (see the right windows of Figs. 2 and 3, respectively).

Although Case (I) can still be viewed as a perturbation of the uniform-tension scenario, this per-
turbation is no longer weak. In fact, the presence of the variable term α̃y now completely alters
the structure of the discrete spectrum for the eigenproblem (2.8)-(2.9) with α = 0. To emphasize
this argument, in Figure 6 we present instances of the eigenmodes associated with the smallest first
three eigenvalues in Case (I). The curves seen there confirm the edge-localised nature of the critical
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Figure 4: Eigenmodes of the bifurcation problem (2.8)-(2.9) for ε2 = 5× 10−5 and ν = 0.3; all
these eigenfunctions correspond to the smallest first two eigenvalues with λ < 1 in Case (II).
Examples of the critical mode appear in the left window and are obtained for η = 3β2ε2 '
O(β2ε2), with the chosen values of β recorded in the legend. The right window contains the
corresponding modes for the second smallest eigenvalue with λ < 1.
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Figure 5: Examples of asymptotic shapes (as β → 0+) for the eigenmodes recorded in Figure 4.

eigen-deformations; a phenomenon that becomes progressively more pronounced as β gets smaller.
Notwithstanding the apparent similarity between the edge-localisation seen in both cases, the asymp-
totic structure of the corresponding eigenmodes is essentially quite different as we are going to see
shortly.
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Table 2: Numerical eigenvalues for Case (II) when η = 3β2ε2 ' O(β2ε2) and ν = 0.3; λ(j) (j = 1, 2, 3, 4)
represent the first four consecutive points in the discrete spectrum of the eigenproblem (2.8)-(2.9).

β λ(1) λ(2) λ(3) λ(4)

0.05 0.991618867 1.003907307 1.039820458 1.102040158
0.03 0.994267417 0.998491465 1.012358794 1.034484086
0.02 0.995260774 0.997175205 1.004571487 1.014261794
0.01 0.995941831 0.996474357 1.000792504 1.002977529
0.006 0.996107555 0.996308940 1.000234906 1.000931704
0.003 0.996182154 0.996234324 1.000050571 1.000204215
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Figure 6: Samples of the first three eigenmode related to Case (I) for ν = 0.3, and η =
3ε2 ' O(ε2); the critical modes appear in the leftmost window. The degree of localisation
experienced by all three sets of curves becomes stronger as β decreases.

The numerical results included in this section have confirmed the overall features of the eigenmodes
for the two proposed regimes (3.2). With this in mind, we are now ready to take a closer look at the
corresponding asymptotic structures underlying each case.

4 The asymptotic structure for Case (I)

In this scenario the eigendeformation of the plate consists of two nested boundary layers of sizes O(β p),
with p = 2/3 and p = 1, respectively. For the sake of clarity, the corresponding mathematical details
for these two asymptotic structures will be considered separately next.

4.1 The main layer

To identify the thickness of the boundary-layer in this case, we assume 0 < β � 1 and introduce the
new independent variable 0 < Y = O(1) defined by y = −1 + βqY , where q > 0 is to be identified
as explained below. The three terms on the left-hand side of equation (2.8) will be denoted by Tj
(j = 0, 2, 4) – according to the order of the derivatives present in each of them. The sizes of these terms
are readily found to be T4 = O(β4−4q), T2 = O(β2−2q), and T0 = O(1) +O(βq). Possible distinguished
limits (i.e., acceptable values of q > 0) are found by a simple dominant-balance argument. Clearly,
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the balancing with the O(1)-part of T0 of either T2 or T4 yields only q = 1. Thus, T4 ∼ T2 = O(1)
and the constant part of T0 is also O(1). Writing λ = λ0 + . . . , where the ‘dots’ stand for higher-order
terms, results in a re-scaled leading-order differential equation with constant coefficients of the same
type as in the homogeneous case (i.e., α = 0), subject to the change λ → λ̃ ≡ λ0 + α̃. Unlike the
discussion in the previous section, one has to allow for λ̃ > 1 as well. Trivial calculations show that
there are no solutions which experience exponential decay as Y → +∞ (see Figure 6) and which can
also satisfy the transformed version of the constraints (2.9) at Y = 0. The conclusion that transpires
from this brief discussion is that the simultaneous balancing of the above three terms is not a feasible
option in Case (I). If T4 = O(βq) we find q = 4/5, but this value leads to T2 � Tj (j = 0, 4), so it can
be safely discarded. If T2 = O(βq) then q = 2/3; such a choice will result in an approximation for the
original bifurcation equation that exhibits the required spatial variation in the T0 term. It is perhaps
worth emphasising that with this choice the largest term in the re-scaled (2.8) is the O(1)-part of T0,
which has to vanish first. We can thus write

y = −1 + β2/3Y , with Y = O(1) . (4.1)

The only other option left is T4 ∼ T2, whereby q = 1; note that T0 does not contribute to the leading-
order approximation in this situation. The corresponding reduced equation is of fourth-order, and
represents an inner-type approximation that will be taken up in §4.2.

Returning to the choice identified in (4.1), solutions of the bifurcation problem will be sought with
an ansatz of the form

f = F0(Y ) + β 1/3F1(Y ) + β 2/3F2(Y ) + . . . , (4.2a)

λ = λ0 + λ1 β
2/3 + λ2 β + . . . , (4.2b)

in which the functions Fj ≡ Fj(Y ) and the coefficients λj (j = 0, 1, 2, . . . ) are to be found by substi-
tuting (4.2) in (2.8). At leading order this process results in an algebraic relation that is subsequently
followed by a series of variable-coefficient differential equations(

1− α̃− λ0
)
F0 = 0 , (4.3a)

Lout[F0] =
1

2
(1− α̃− λ0)F2 , (4.3b)

Lout[Fj−1] = Rj , (j = 2, 3, . . . ) , (4.3c)

where

Lout ≡
d2

dY 2
− 1

2

(
α̃ Y − λ1

)
(4.4)

and

R2 ≡ −
1

2
λ2F0 , R3 ≡ −

1

2
λ3F0 −

1

2
λ2F1 +

1

2

(
d4F0

dY 4

)
, . . . . (4.5)

The solution of (4.3a) is simply
λ0 = 1− α̃ , (4.6)

and we note that (4.3b) then becomes a homogeneous second-order differential equation; furthermore,
in writing out the expressions (4.5) this observation has also been taken into account.

On defining ω := (α̃/2)1/3 and introducing the change of variable

Z := ωY − λ1
2ω2

, (4.7)
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it follows immediately from (4.3b) that F̂0(Z) ≡ F0(Y (Z)) = Ai(Z), where ‘Ai’ denotes the usual Airy
function that decays exponentially quickly as Z → +∞. The (arbitrary) constant of proportionality
in this solution has been chosen to be unity. It is clear that this function cannot satisfy both boundary
conditions (2.9) at Y = 0, but we note that the dominant contribution in those equations comes from
the term (2− ν)(df/dy). Thus, we require dF̂0/dZ = 0 at Y = 0, whereby

λ1 = 2ζ01ω
2 , (4.8)

with (−ζ01) ' (−1.0188) being the first zero of the derivative of the Airy function of the first kind, i.e.
Ai(1)(−ζ01) = 0. Here (and in what follows) the superscripts on a function of Z indicate differentiation
with respect to this variable. The determination of λj (j = 2, 3, . . . ) in the proposed approximation
for the eigenparameter – see (4.2b), can be carried out systematically by solving the higher-order
equations in (4.3c) subject to asymptotic matching with the solution developed later in §4.2.

The governing equation for F1(Y ) is obtained by taking j = 2 in (4.3c). With the help of the
transformation (4.7) this can be cast as a standard inhomogeneous Airy equation; a particular solution
F̂1(Z) ≡ F1(Y (Z)) consistent with the localised behaviour we are interested in is given by

F̂1(Z) = a1Ai(1)(Z) , with a1 := − λ2
2ω2

. (4.9)

Note that this solution satisfies

F̂1

∣∣∣
Z=−ζ01

= 0 and
dF̂1

dZ

∣∣∣
Z=−ζ01

=

(
λ2ζ01
2ω2

)
Ai0 , (4.10)

where Ai0 ≡ Ai(−ζ01).
The function F2(Y ) in (4.2a) is similarly identified by considering the equation (4.3c) for j = 3.

Following the same strategy as above, it can be shown that a particular solution F̂2(Z) ≡ F2(Y (Z)) is

F̂2(Z) = a2ZAi(Z) +
(
a3 + a4Z

2
)

Ai(1)(Z) , (4.11)

where

a2 :=
2ω2

5
+

λ22
8ω4

, a3 := − λ3
2ω2

, a4 :=
ω2

10
.

For future reference we also remark that

F̂2

∣∣∣
Z=−ζ01

= −ζ01
(

2ω2

5
+

λ22
8ω4

)
Ai0 . (4.12)

The process illustrated above can be continued indefinitely. Note that the original boundary
condition (2.9) at y = −1 had to be discarded for F1 and F2, an observation that suggests the need
to explore a secondary asymptotic structure adjacent to the edge y = −1 of the rescaled plate. This
point will be taken up and dealt with next.

4.2 The secondary layer

In the given context (the small-β regime), strong bending effects are primarily localized within a
narrow boundary layer, which has a characteristic size of approximately O(β). This thin (inner) zone
is attached to one of the plate’s free edges and extends across the two rollers seen in Figure 1. With
this in mind, we begin by introducing the re-scaled variable Y > 0 such that

y = −1 + β Y , with Y = O(1) . (4.13)
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The inner-layer solution will be sought with an ansatz of the form

f = finn ≡ f0(Y ) + β2/3f1(Y ) + βf2(Y ) + . . . , (4.14)

in which the functions fj (j = 0, 1, 2, . . . ) will be determined sequentially by solving a hierarchy of
fourth-order differential problems; as Y → +∞, it is also necessary for these solutions not to exhibit
exponential growth.

The usual substitutions lead to the following sequence of equations

Linn[fj ] = R̃j , Linn ≡
d4

dY
4 − 2

d2

dY
2 , (j = 0, 1, 2, . . . ) , (4.15)

in which the first two right-hand sides R̃j assume the following expressions

R̃0 ≡ 0 , R̃1 ≡ λ1f0 , . . . . (4.16)

The equations (4.15) must be solved subject to the constraints (2.9) applied at Y = 0. In addition,
to fully specify the functions fj , the elementary solution of the above boundary-value problems is not
enough – we must also take advantage of the information derived in the previous section in order to
asymptotically match the appropriate contributions from both boundary-layers. Defining fout as the
solution f in the ansatz (4.2a), and noting that Y = β1/3 Y , we have

fout = Π00 +
(
Π10 + ωΠ01Y

)
β1/3 +

(
Π20 + ωΠ11Y +

1

2
ω2Π02Y

2
)
β2/3 + . . . , (4.17)

where the constants Πkj ∈ R are defined by

Πkj :=


djF̂k
dZj

∣∣∣
Z=−ζ01

if j ≥ 1 ,

F̂k(−ζ01) if j = 0 .

We remark in passing that all the Π-coefficients written down in (4.17) can be calculated with the
help of the expressions (4.9) and (4.11) from §4.1. In particular, the underlined O(β1/3)-part of (4.17)
will drop out since Π10 = Π01 = 0.

The leading-order term in (4.14) is routinely found by solving (4.15) with j = 0. Leaving out the
exponentially growing part of the obtained solution, the final result is

f0(Y ) = c1 exp
(
−Y
√

2
)

+ c2 + c3Y , (4.18)

where cj ∈ R (j = 1, 2, 3). We recall that the leading-order term in the outer solution (i.e., F0) was
forced to satisfy (2.9b), so the leading-order contribution to the inner solution must comply with the
other boundary condition (2.9a). This gives a linear relationship between c1 and c2, but c3 remains
arbitrary. Matching (4.17) and (4.18) requires c3 = 0, while the remaining two constants can be shown
to be

c1 =
νAi0
2− ν

and c2 = Ai0 . (4.19)

To find f1 we must solve (4.15) with j = 1; this will require the expression (4.18). The general
solution of this equation can be shown to be

f1(Y ) = (c4Y + c5) exp
(
−Y
√

2
)
− 1

4
λ1Ai0Y

2
+ c6 + c7Y , (4.20)
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where

c4 := − νλ1Ai0

4
√

2(2− ν)
, c5 :=

c8
2
− 5νλ1Ai0

16(2− ν)
,

and the constants c6, c7, c8 ∈ R are determined as explained next. Applying the boundary conditions
(2.9) gives

c8 :=
2νc6
2− ν

+
λ1(16− 6ν − 5ν2)Ai0

8(2− ν)2
, c7 := − ν

2
√

2c6
(2− ν)2

+
λ1ν(ν2 + 10ν − 16)Ai0

4
√

2(2− ν)3
. (4.21)

The first of these two constants (c8) is inconsequential for our immediate purposes, but we remark
that c7 will have to match the linear part of the O(β2/3)-term in the asymptotic result (4.17). An
important observation at this juncture is that the quadratic term in that expansion is identical to
the (underlined) one in (4.20), a fact that reinforces the consistency of our asymptotic expansions.
Further noting that c6 = Π20, use of (4.10) and (4.12) in conjunction with the matching requirement
mentioned above leads to a quadratic equation in λ2,

H22λ
2
2 +H21λ2 +H20 = 0 (4.22)

in which

H22 := 5ν2(2− ν) , H21 := −10
√

2(2− ν)3ω3 , H20 := −2ν(3ν2 − 66ν + 80)ω6 .

The solution of interest (i.e., the smallest in absolute value) can be cast in the form

λ2 =
ω3

ν2

[
√

2(2− ν)2 −
2
√
Q(ν)√

5(2− ν)

]
, (4.23)

with Q(s) ≡ 80− 200s(1− s)− 60s3 − 8s4 − s5 a polynomial in s ∈ R. For 0 ≤ s ≤ (1/2) it is easily
checked that Q(s) > 0, i.e. the expression in (4.23) is real-valued.

The discussion of Case (I) will now be completed with a brief illustration of the accuracy of the
formulae obtained thus far. To this end, we include in Figure 7 comparisons between the predictions
provided by the two- or three-term result (4.2b) and the eigenvalues of the main bifurcation problem
as follow from full numerical simulations; there are two types of comparisons included therein. In the
left window we have chosen β = 0.05 and ν = 0.3, but the agreement between the three sets of data is
representative for other values 0.01 ≤ β ≤ 0.09. It is clear that both types of approximations perform
quite well, although the three-term predictions are better since they lead to relative accuracy less than
1%. The results included in the window on the right correspond to fixing η = 4.1ε2 (with ε2 ' 5×10−5)
and varying β as indicated on the horizontal axis. The relative accuracy of the comparisons seen there
ranges between 0.75% and 0.42%. As a side note, it is worth mentioning that both curves gradually
converge in tandem towards the value λ0 = −3.1 as β−1 → +∞.

Two final caveats pertain to the preceding work. Initially, we established at the beginning of §4.1
that β would be treated as a small parameter. A cursory examination of the expansion (4.2b) implies
that, formally, the applicability of the discussed asymptotic analysis requires the stronger condition
0 < β1/3 � 1. In light of this observation we are fortunate that the agreement between the numerics
and asymptotics is as good as seen in Figure 7. The second observation we want to make is about
the asymptotic character of the aforementioned ansatz. According to (4.6), the first two terms in that
series become comparable when α̃ ' 1 or, more precisely, if 1 − α̃ ' O(β2/3). This aspect will not
be pursued here because this is a very unlikely scenario, and our additional numerical simulations
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Figure 7: Examples of comparisons between the asymptotic formulae for Case (I) and the
eigenvalues of boundary-value problem (2.8)-(2.9) obtained by direct numerical simulations.
The results on the left correspond to β = 0.05 and include both the two- and three-terms
asymptotic approximations (shown as markers). On the right, bα/T0 = 4.1ε2 ' O(ε2) and we
vary β = 0.02, 0.01, 0.009, . . . , 0.003. In both windows ν = 0.3.

have indicated no significant qualitative differences in the shape of the eigenmodes. However, it is
of interest to note that the agreement in the left window of Figure 7 improves as α̃ ≡ ε−2(bα/T0)
moves further away from unity. This is related to the presence of a turning (or transition) point in
the differential equation (2.8). Letting y0 denote this quantity, use of (4.2b) in conjunction with (4.6)
and (4.8) gives

y0 ≡ −(1− λ)/α̃ = −1 +
(
ζ01

3
√

2/α̃
)
β2/3 + . . . ;

thus, for a fixed β, y0 → −1+ as α̃ → +∞. In other words, the turning point will shift towards
the edge y = −1 as α̃ gets larger, which in turn will enhance the degree of localisation that the web
undergoes near that specific position.

5 The asymptotic structure for Case (II)

In §4 we have worked under the assumption that η = O(ε2), so α̃ ≡ η α̃max = O(1). For the situation
investigated below, according to (3.2), we need to consider η = O(β2ε2) and therefore α̃ = O(β2); this
suggests writing α̃ = α0β

2, for some α0 = O(1).
The numerical evidence presented in §3 has revealed that when α = 0 the main eigenproblem

(2.8)-(2.9) admits a discrete spectrum consisting of two eigenvalues located in the interval (0, 1); it
has been also pointed out that there is an additional infinite sequence of eigenvalues in (1,+∞). Under
the weak perturbation characterising Case (II) these eigenvalues will (of course) change their values,
but the overall structure of the discrete spectrum in the case α 6= 0 will remain (more or less) the
same, provided that 0 < β � 1. In what follows we will let λ± denote the values of the two perturbed
eigenvalues which are less than unity. The structure of the perturbed spectrum will be discussed by
considering separately whether the eigenvalues are either in (0, 1) or in (1,+∞).
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5.1 The eigenvalues λ < 1

We start by introducing the re-scaled variable ζ > 0 given by

y = −1 + βζ , with ζ = O(1) ,

and then look for solutions of (2.8)-(2.9) in the form

f = g0(ζ) + β2g1(ζ) + β3g2(ζ) + . . . , (5.1a)

λ∗ − λ = ∆1β
2 + ∆2β

3 + . . . . (5.1b)

In these expansions λ∗ is the same as the one defined in (3.6), while the functions gj ≡ gj(ζ) and the
coefficients ∆j (j = 1, 2, . . . ) are found by following the usual routine. The situation of interest here
is reduced to sequentially solving the following differential equations

L[gj ] ≡
d4gj
dζ4
− 2

d2gj
dζ2

+ (1− λ∗)gj = Pj , (j = 0, 1, . . . ) , (5.2)

where
P0 ≡ 0 , P1 ≡ −(∆1 − α0)g0 , P2 ≡ −(∆2 + α0)g0 , . . . .

The solutions of (5.2) will be subject to the boundary conditions that follow from (2.9) together with
suitable decay properties for gj and their derivatives as ζ → +∞.

The leading-order problem (j = 0 in (5.2)) does not yield any new information according to the
discussion of λ∗ in §3. The next two equations (corresponding to j = 1 and j = 2, respectively) are
both inhomogeneous and require the application of a suitable solvability condition. We note that the
leading-order problem is in fact self-adjoint. Thus, the required solvability conditions will be obtained
by multiplying the corresponding equations by g0 and then integrating between ζ = 0 and ζ = +∞.
A direct consequence of this simple argument is that ∆1 = α0 and ∆2 = −α0, so

λ− = λ∗ − α0β
2 + α0β

3 + . . . . (5.3)

By considering the boundary layer variable ξ = O(1) with y = 1− βξ, we find in a similar way that

λ+ = λ∗ + α0β
2 − α0β

3 + . . . . (5.4)

Comparisons between the predictions of the last two formulae and the results in Table 2 are recorded
in Table 3; we note that λ(1) ' λ− and λ(2) ' λ+ as β decreases.

5.2 The eigenvalues λ > 1

We look for an outer-type solution of (2.8) with an ansatz of the form

f = fout ≡ G0(y) + βG1(y) + β 2G2(y) + . . . , (5.5a)

λ = Λ0 + Λ1β
2 + Λ2β

3 + . . . , (5.5b)

where the functions Gj and the coefficients Λj (j = 0, 1, 2, . . . ) will be determined sequentially as
explained next.
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Table 3: Comparison of the predictions (5.3) and (5.4) with the numerical eigenvalues for Case (II) when
η = 3β2ε2 ' O(β2ε2) and ν = 0.3; λ(j) (j = 1, 2) represent the smallest and the second smallest eigenvalues of
the bifurcation problem (2.8)-(2.9).

β λ(1) λ(2) λ− λ+

0.05 0.991618867 1.003907307 0.989083235 1.003333235
0.03 0.994267417 0.998491465 0.993589235 0.998827235
0.02 0.995260774 0.997175205 0.995032235 0.997384235
0.01 0.995941831 0.996474357 0.995911235 0.996505235
0.006 0.996107555 0.996308940 0.996100883 0.996315587
0.003 0.996182154 0.996234324 0.996181316 0.996235154

Substituting (5.5) in (2.8) gives Λ0 = 1 and Λ1 is then determined from a reduced second-order
boundary-value problem,

G′′0 −
1

2

(
α0y − Λ1)G0 = 0 , G0(±1) = 0 , (5.6)

where the ‘dash’ indicates differentiation with respect to y ∈ [−1, 1]. In deriving the boundary
constraints for the differential equation in (5.6) it was assumed that ν 6= 0. One can solve (5.6) using
standard numerical methods or, alternatively, it can be reduced to a standard Airy equation as in §4;
we will follow the second approach. To this end, let ω0 := (α0/2)1/3 and set z := ω0y − Λ1/(2ω

2
0).

With this change of variable the solution of the differential equation in (5.6) is G0 = d1Ai(z)+d2Bi(z)
for arbitrary d1, d2 ∈ R; here, ‘Bi’ represents the Airy function of the second kind (e.g., [31, 32]).
Enforcing the boundary conditions on the above expression of G0 leads to the determinantal equation

Ai(z+)Bi(z−)−Ai(z−)Bi(z+) = 0 , z± := ±ω0 −
Λ1

2ω2
0

, (5.7)

whereby Λ1 will become available once β and α̃ have been specified. Regarded as a function of Λ1,
the expression on the left side of the equality sign in (5.7) is oscillatory and has an infinite number of
roots; the smallest positive root is the one of interest in the present context.

The next correction term in the approximation of the eigenvalue λ is obtained from the solution
of an inhomogeneous differential equation

G′′1 −
1

2

(
α0y − Λ1)G1 = −1

2
Λ2G0 , (5.8)

but the corresponding boundary constraints on G1 will be dictated by additional boundary layers at
y = ±1 (as seen in §3). Since the differential operator on the left-hand side in (5.8) is self-adjoint, the
solvability condition for G1 is obtained by multiplying the equation by G0 and then integrating over
[−1,+1]. Integration by parts in conjunction with the boundary constraints on G1 yields

−1

2
Λ2

∫ +1

−1
G2

0 dy = JG0G
′
1 −G′0G1K+1

−1 , (5.9)

where we have used the notation JϕK+1
−1 := ϕ(+1)−ϕ(−1), for ϕ ≡ ϕ(y) an arbitrary function. In order

to benefit from the formula (5.9) stated above, we still need full knowledge of the boundary terms that
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appear there. The first term in the right-hand side bracket will be zero owing to (5.6), while the values
G′0(±1) are also available from the numerical solution of the same problem. However, for G1(±1) we
must turn to a local boundary-layer analysis of the regions adjacent to the locations y = ±1. The
leading-order analysis needed for our immediate purposes is identical to what was discussed in §4.2,
except that the inner-layer ansatz will be of the form

f = finn ≡ βf0(Y ) + β2f1(Y ) + . . . , Y ≡ β−1(1 + y) .

The stated expansion pertains to the left boundary layer (y = −1), with a comparable asymptotic
structure in place near y = 1 (obtained by making the change Y → β−1(1− y)). The outcome of this
elementary analysis is that

G1(±1)→ ±(2− ν)2

ν2
√

2
G′0(±1) , (ν 6= 0) . (5.10)

By making use of (5.9) and (5.10), the correction term Λ2 can then be evaluated numerically. Some
illustrative comparisons between the three-term approximation derived above and direct numerical
simulations of the main bifurcation problem are included in Table 4.

Table 4: Examples of predictions obtained from formula (5.5b) and the corresponding direct numerical simu-
lations of the eigenproblem (2.8)-(2.9).

β brute-force numerics formula (5.5b)

0.01 1.000792504 1.000716826
0.008 1.000460992 1.000429172
0.006 1.000234906 1.000224761
0.003 1.000050571 1.000049947

6 Concluding remarks

In this study, an earlier numerical investigation [10, 11] exploring the divergence-type instabilities
of non-uniformly tensioned traveling webs has been augmented with an asymptotic interpretation.
Upon introducing a non-dimensional (stretched) plate parameter, denoted by 0 < ε� 1 as defined in
(3.1), our work has confirmed that some of the various types of critical eigenmodes identified in the
aforementioned references are intimately linked to a couple of asymptotic regimes. We have presented
new theoretical evidence suggesting that these regimes are indeed influenced by the degree of non-
uniformity in the applied tension relative to the magnitude of the small quantity ε. In the interest of
brevity, here the discussion has been confined to isotropic elastic webs. There is no particular difficulty
in extending the proposed analysis to orthotropic webs (which would be more realistic for materials
like ‘paper’); the corresponding equations for such anisotropic configurations, akin to (2.3) and (2.5)
in §2, can be found in [11].

Certainly, the selection of the asymptotic parameter β in our analysis deviates from the norm and
is rather unorthodox. This choice stems from two primary reasons. Initially, as highlighted earlier (in
§2), it was noted that for the plates under consideration, this parameter remained relatively small.
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Therefore, our choice can be formally justified in this context. A second and more significant rationale
behind formulating the asymptotic analysis in terms of β is linked to the preceding works [10, 11, 33],
which we aimed to provide fresh insights into. The concern was that altering the scaling of the original
problem would merely result in a more tenuous connection to those studies. In our current asymptotic
developments the plate parameter ε does not appear explicitly. We recall that α̃max = ε−2 and
α̃ = ηα̃max, with η being the actual quantity that was varied by the previous authors; β was clearly
regarded as being independent of ε. A different interpretation of the problem taken up in this paper
has been recently reported elsewhere [41]. We also mention in passing that the two cases (I) and (II)
defined in (3.2) do not exhaust all conceivable possibilities. For example, if α̃/α̃max = O(ε2/β) then
the critical eigenmodes will still be localised near the edge y = −1, but this time there is just one
distinct boundary-layer structure at play. Within that region, the original differential equation (2.8)
maintains its order, and the spatially-varying term still remains present, rendering a straightforward
closed-form solution unattainable. It can be further shown that the critical eigenvalue admits an
approximation of the form λ = β−1λ0 + λ1 + . . . , in which λ0 = O(1) is related to α̃ and λ1 = O(1)
is obtained by solving numerically the aforementioned boundary-layer equation.

The tractability of the model investigated in the foregoing sections is obviously linked to the
simplified nature of the stress distribution (2.1) in the pre-buckling range. Such simplifications, based
on adopting some form of symmetry for the basic state, are quite common in the literature on elastic
stability of plates shells [11, 38], and even in finite elasticity (e.g., see [42]). Some authors (e.g, [43, 44])
have been concerned with more accurate descriptions of the stresses in stretched and axially moving
webs. For example Lin and Mote [43] considered the effect of a transverse pressure and showed that
this leads to the presence of boundary layers along both the free edges and near the rollers; away
from those regions, in the central part of the web, a membrane-like state of stress was found to
prevail. The two examples considered in [43] are not especially enlightening, yet transverse pressure
gradients arising as a result of the interaction between the web and the surrounding air are likely to
have a destabilising influence on a rapidly moving plate-like structure (e.g., see [45] and the references
therein); this effect should be incorporated in a more realistic model of the situation explored herein.

Some remarks regarding the separation of variables in (2.7) are worth spelling out. That form of
solution was predicated on the a priori assumption that the axial deformation of the web is a half-sine
shape. In general, there is no quarantee that such particular solutions will represent minimum energy
configurations for the buckled web (a moot point in the work of our predecessors). We have carried out
additional numerical work in which we explored the more general expression w(x, y) = f(y) sin(mπx),
where m ∈ N represents the so-called axial mode number, a quantity that has to be determined as part
of the solution as explained, for instance, in [5, 14, 29]. For the physical/geometrical parameter values
used by Banichuk et al. [10, 11], the critical mode number is indeed m = 1. This remains true if ε > 0
is fixed and β → 0+, so the simplified form of solution (2.7) does not affect the findings of the current
asymptotic study. However, even for the values chosen in the references just cited, if α̃/α̃max ' 0.75
(a value beyond the scope of the two cases explored in this paper), the critical mode number is m = 2.
As shown in the forthcoming work [41], if β > 0 is fixed but ε→ 0+ then the mode number associated
with the smallest eigenvalue can be arbitrarily large – at least in some (fairly general) circumstances.

Throughout this study, we have focused solely on divergence-type instabilities, directing our inter-
est towards web- rather than strip-like planar geometries. Of course, dynamic instabilities (i.e., flutter)
might become important when the aspect-ratio parameter β � 1. However, this situation cannot be
handled by recourse to the simple-minded mode reduction employed in (2.7); as a result, the solution
strategy adopted in this study has limited applicability in that context. The reader is referred to the
work of Lin [21], who carried out a partial numerical investigation of both divergence- and flutter-type
instabilities in uniformly tensioned and axially moving thin elastic strips. An extension of that work
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to the case of non-uniform tension will be reported elsewhere.
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