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—— Abstract

We consider a type of pull voting suitable for discrete numeric opinions which can be compared

on a linear scale, for example, 1 ('disagree strongly’), 2 ('disagree’), ..., 5 ('agree strongly’). On
observing the opinion of a random neighbour, a vertex changes its opinion incrementally towards the
value of the neighbour’s opinion, if different. For opinions drawn from a set {1,2,...,k}, the opinion
of the vertex would change by +1 if the opinion of the neighbour is larger, or by —1, if it is smaller.

It is not clear how to predict the outcome of this process, but we observe that the total weight
of the system, that is, the sum of the individual opinions of all vertices, is a martingale. This allows
us analyse the outcome of the process on some classes of dense expanders such as complete graphs
K, and random graphs G, for suitably large p. If the average of the original opinions satisfies
i < ¢ < i+ 1 for some integer i, then the asymptotic probability that opinion ¢ wins is i + 1 — ¢, and
the probability that opinion ¢ + 1 wins is ¢ — 7. With high probability, the winning opinion cannot
be other than i or i + 1.

To contrast this, we show that for a path and opinions 0, 1,2 arranged initially in non-decreasing
order along the path, the outcome is very different. Any of the opinions can win with constant
probability, provided that each of the two extreme opinions 0 and 2 is initially supported by a
constant fraction of vertices.
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1 Introduction

Background on distributed pull voting. Distributed voting has applications in various
fields of computer science including consensus and leader election in large networks [7, 13].
Initially, each vertex has some value chosen from a set .S, and the aim is that the vertices
reach consensus on (converge to) the same value, which should, in some sense, reflect the
initial distribution of the values. Voting algorithms are usually simple, fault-tolerant, and
easy to implement [13, 14].

Pull voting is a simple form of distributed voting in connected graphs. At each step,
a randomly chosen vertex (asynchronous process), or each vertex (synchronous process),
replaces its opinion with that of randomly chosen neighbour. The probability a particular
opinion, say opinion A, wins is d(A)/2m, where d(A) is the sum of the degrees of the vertices
initially holding opinion A, and m is the number of edges in the graph; see Hassin and
Peleg [13] and Nakata et al. [16]. The pull voting process can be modified to consider two or
more opinions at each step. The aim of this modification is twofold; to ensure the majority
(or plurality) wins, and to speed up the run time of the process. Work on best-of-k models,
where a vertex replaces its opinion with the opinion most represented in a sample of k
opinions, includes [1, 4, 3, 5, 6, 8, 10, 12, 15, 18].

The general model of pull voting regards the opinions as incommensurate, and thus not
comparable on a numeric scale. In contrast to this, Doerr at al. [11] consider opinions drawn
from an ordered set and a process which aims to converge to the median. At each step a
random vertex selects two neighbours and replaces its opinion by the median of all three
values (including its own current value).

In this paper we consider another variant of pull voting, with opinions comparable on
a linear scale. This variant — discrete incremental voting — can be seen as modelling the
convergence to consensus of a group opinion, based on compromise during extended discussion.
The final opinion may not be one held originally by anyone, but would reflect the compromise.
If the initial (degree-weighted) average of the opinions is ¢, then the expectation of the final
opinion (a random variable) is always equal to the initial average ¢. Furthermore, for some
classes of expanders, w.h.p.! the process converges to an integer average, |c| or [c]. Seen in
this context, the pull voting processes above mirror the statistical measures of Mode, Median
and Mean, for pull voting, median voting and discrete incremental voting, respectively.

Distributed processes for computing the exact average of the vertex values have been
widely proposed and studied, but they would require calculating and storing fractional
numbers and coordinated two-sided updates (both interacting vertices simultaneously update
their states). The one-sided updates of pull-voting processes is an appealing simplicity.

Discrete incremental voting: An introduction. We assume the initial opinions of
the vertices are chosen from among the integers {1,2,...,k}. As a simple example, suppose
the entries reflect the views of the vertices about some issue, and range from 1 (’disagree
strongly’) to k (’agree strongly’). Then it seems unrealistic that a vertex would change
its opinion to that of a neighbour, (as in pull voting), based only on observing what the
neighbour thinks. However, people being what they are, it seems possible that they may
modify their opinion slightly towards the opinion of their neighbour on observing it.

In the simplest case, suppose that a vertex v has opinion ¢ and observes at its neighbour
u opinion j. If j > 4, then vertex v modifies its opinion to i + 1 (tends to agree more).

L With high probability, which in this paper means probability 1 — o(1).



C. Cooper, T. Radzik, and T. Shiraga

Similarly, if the observed neighbour u has value j < i, vertex v changes its opinion to ¢ — 1
(tends to disagree more). The neighbour u does not change its opinion at this interaction.
That this process converges, and the value it converges to, is the topic of this paper.

We consider two related asynchronous and one synchronous variants of incremental voting.
Given a connected graph G = (V, E) with n vertices and m edges, let X (t) = (X,(t) :v € V)
be the vector of integer opinions at step t. The value of X (¢ + 1) is obtained as follows.

ASYNCHRONOUS VERTEX PROCESS: Given X = X (¢), pick a vertex v uniformly at random
(u.a.r.) and an adjacent edge (v, w) u.a.r. The following update rule X, — X/ holds,

X, <Xy = X/ =X,+1
X=Xy = X=X, (1)
Xy >Xy, = X, =X,-1

ASYNCHRONOUS EDGE PROCESS?: Pick a random endpoint v of a random edge e = (v, w)
selected u.a.r. The value X, at vertex v is updated to X using the rules in (1) above.

SYNCHRONOUS VERTEX PROCESS: Given X = X (t), each vertex v picks an adjacent
edge (v,w) u.a.r. and updates its value X,, — X, according to (1).

Discrete incremental voting: Main results. If the initial set of opinions is {0,1} (or
{i,7+ 1} for an integer ) the incremental voting (with updates (1)) is equivalent to ordinary
"two-value’ pull voting as studied by [13] and others: when a vertex v updates its value
using the value at a neighbour w, vertex v simply takes on the value from vertex w. The
‘two-value’ pull voting comes in the same three variants: asynchronous or synchronous vertex
process, or asynchronous edge process. In a vertex process (asynchronous or synchronous),
the probability that opinion 0 wins, d(0)/2m, is proportional to the sum d(0) of the degrees
of the vertices initially holding this opinion. Discrete incremental voting generalises two-value
pull voting, where the simplest case differing from pull voting is when opinion values are
in {0,1,2}. In general we assume the initial values are in the range {0,1,....,k} or {1, ..., k},
where appropriate bounds on k may be required in the analysis.

In order to reach a consensus opinion, all other opinions must be eliminated. The only way
to irreversibly reduce the number of opinions, is to remove one of the extreme values in the
order, leading to the next stage. The process continues through such stages until one opinion
remains. Returning to our original example (given at the start of the paragraph 'Discrete
incremental voting: An introduction’, with k& = 5), the values have the following meanings: 1
(*disagree strongly’), 2 (’disagree’), 3 ('indifferent’), 4 ("agree’), 5 ("agree strongly’). Suppose
we start with initial opinions {1,2,5}. Then a possible evolution of the system is

{1,2,5} = {1,2,3,4} = {2,4} = {2,3} = {3},

where the sets of opinions at the beginning of each stage are indicated, and each '—’ represents
a sequence of one or more steps constituting one stage. The intermediate values may disappear
but then they appear again (in the above example, opinion 3 disappeared in stage 2 and they
appeared again in stage 3). Eventually, as extreme values disappear, we reach the final stage
of voting when only two adjacent values remain. In the example above the final stage has
values {2,3}. At this point the process reverts to ordinary two-value pull voting. Suppose
only values {i,i+ 1} remain. Let A;, j € {i,7+ 1}, be the set of vertices with value j at the
start of this final stage, and N; = |A;[, so N; + Niy1 = n. Let d(A) = > ., d(v) be the

2 The edge process is as a vertex process but with the leading vertex v sampled with prob. m, = d(v)/2m.
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total degree of set A. The probability that i wins is

d(Aq)

2m

N; ‘
P(i wins) = — (Edge process), P(i wins) = (Vertex process). (2)
n

In Section 2, Lemma 4, we prove that the average weight of the process is a martingale
in both the asynchronous and synchronous processes. (The vertex opinion, value, and weight
refer to the same quantity.) This allows us to establish Theorem 5 which gives the distribution
of winning opinions in the case where the initial average ¢ is maintained throughout the
process. In this case, when only two opinions {i,i + 1} remain, we have i < ¢ < i+ 1 and
their winning probability is determined as in (2) above.

As shown in Section 2, Lemma 6, the expected time for one of the two extreme opinions
to disappear is O(Ty), where T5 is the (worst-case) expected time to consensus for two-value
pull voting on the same graph. Thus the expected time to consensus is O(kT3). See [9] and
[17] for graph specific bounds on the value of Ty, e.g., for the synchronous vertex model,
Ty, = O(n?®) for any connected graph, Tp = O(n?) for regular graphs, and T = O(n) for
regular expander graphs, with bounds for asynchronous models higher by an O(n) factor.
However, for the complete graph K, and some classes of expanders®, as the number of
opinions k increases, the bound O(kT3) on consensus time becomes weak. For such graphs
we show that with high probability the extreme values disappear faster than the time to
complete two-value pull voting. Thus, with suitable bounds on &, the expected run time can
be reduced from O(kTz) to O(T3), and is directly comparable with ordinary pull voting. See
e.g., Lemma 10. Ideally (for easier analysis) we would like one of the two extreme opinions to
disappear completely before moving on to considering the next extreme opinion. However, to
obtain good bounds, in some cases we have to move on to, say, the next smallest opinion k,
while some small number of vertices may still hold opinions smaller than k.

As the average opinion is a martingale (details of this are in the next Section 2), in cases
where the process converges rapidly to two neighbouring states, martingale concentration
allows us to use Theorem 5 to predict the outcome of the process. This is fundamental for
our analysis on expander graphs. For the cases we studied, G, , and K, essentially the
process converges quickly to two neighbouring states {i,7+1}. Because the time to consensus
in the final stage is determined by known results, i.e., two-value pull voting, we only need to
estimate the time to reach a final pair of values {i,7 + 1} where w.h.p. i <c¢ < i+ 1. The
overall expected time to consensus is determined by the (slower) final stage of two-value pull
voting; namely O(n) for the synchronous, and O(n?) for the asynchronous process.

We illustrate incremental voting using three examples: the asynchronous process on G,
(Theorem 2) and the synchronous process on K, (Theorem 1), both of which work as one
might expect, and an asynchronous process on the path which does not (Theorem 3).

Notation. For functions a = a(n) and b = b(n), a ~ b denotes a = b(1 + o(1)), where
o(1) is a function of n which tends to zero as n — oo. We use w to denote a generic quantity
tending to infinity as n — oo, but suitably slowly as required in the given proof context. An
event A on an n-vertex graph holds with high probability (w.h.p.), if P(A) =1 — o(1).

» Theorem 1. SYNCHRONOUS INCREMENTAL VOTING ON K.
Let the initial values of the vertices of K, be chosen from {1,2,...,k}, where k =
o(n/(logn)?), and let S(0) =3 .\ Xou(0) = cn.
(i) Ifi < c < i+1, then P(i wins) ~i+1—c and P(i+1 wins) ~c—i. If c =1i(1+0(1)),
then P(i wins) ~ 1.

3 We view expansion in terms of the relative number of edges between sets S and V' \ S.



C. Cooper, T. Radzik, and T. Shiraga

(ii) The number of opinions is reduced to at most three consecutive values in O(klogn)
steps w.h.p., and the expected time for the whole process to finish is O(n).

A similar analysis for the asynchronous process, giving w.h.p. convergence to three
adjacent values in O(nklogn) steps is given in the full version. The expected time for the
asynchronous process to finish is O(n?).

» Theorem 2. ASYNCHRONOUS INCREMENTAL VOTING ON RANDOM GRAPHS.
Let G € Gy p, where np > log' ™ n for some constant e > 0. Let the initial values be in
{1,2,...,k} where k is a fized positive integer, and S(0) = >, -\, X, (0) = cn be the initial
total weight.
(i) Ifi<c<i+1, then P(i wins) ~i+1—c¢, and P(i+1 wins) ~c—i. If c=1i(1+0(1)),
then P(i wins) ~ 1.
(ii) The expected time for the asynchronous process to finish is O(n?).

The intuitive basis of Theorems 1 and 2 is to prove that the ‘extremal’ values from
{1,2,...,k} disappear rapidly leaving just two values 4,7 4+ 1 whose weighted average is ¢, and
to which we can apply the results of two-value pull voting. For K,, this is essentially what
happens, and for G, it is a reasonable approximation. We remark that the expected time
to complete two-value pull voting on K,, and G, ,, is ©(n) in synchronous, and ©(n?) in
asynchronous model (see [2] Chapter 14.3.3 and [9]) and the completion time of incremental
voting is asymptotically of the same order.

To complement the above results, for graphs which are not expanders, we give an example
on the path graph for which the final answer is quite different than in Theorems 1 and 2. Let
P, be the path with vertex set {1,2,...,n}, with initial values {0, 1,2} ordered on the path
vertices in non-decreasing value: first Ny > 0 zeroes, then N7 > 0 ones and finally Ny > 0
twos, where Ny + N1 + No = n. We refer to such an arrangement as the ordered path.

» Theorem 3. ASYNCHRONOUS INCREMENTAL VOTING ON THE ORDERED PATH P,.
If initially No = an, Ny = (1 — (a + b))n, and Ny = bn, then

P(Opinion 0 wins) ~ a(l —b),

P(Opinion 1 wins) ~ ab+ (1 —a)(1 —b),

P(Opinion 2 wins) ~ (1 — a)b.

An example for comparison.  We consider values in {0, 1,2}. Initially 1/5 of the
values are 0, none are 1, and 4/5 are 2. Thus c=8/5and 1 < ¢ < 2. In K,, and G, 5,

P(0 wins) ~ 0, P(1 wins) ~ 2/5, P(2 wins) ~ 3/5,
whereas on the ordered path

P(0 wins) ~ 1/25, P(1 wins) ~ 8/25, P(2 wins) ~ 16/25.

2 Basic properties of incremental voting

Let X (t) = (X,(t) : v € V) be the vector of integer opinions held by the vertices at step ¢;
X (0) is the vector of initial opinions. A4;(t) = {v € V : X, (t) = i} is the set of vertices
holding opinion i € {1,...,k} at time ¢, and N;(t) = |A;(t)|. We may abbreviate by dropping
the step index t, e.g., N; and N/ would refer to the number of vertices holding opinion i at
the beginning and end, respectively, of the current step. Let S(¢) be the total weight at step
t>0: S(t) =, ey Xo(t) =32, N;(t). Let m, = d(v)/2m where m is the number of edges
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of the graph, and let Z(t) =n )", oy 7, X, (t) be the degree biased weight. For regular graphs,
T = 1/n, so S(t) = Z(t). We also use notation ||7|s =/, 72 and ||7]| = max,cy mp.

A random variable W(t),t = 0,1, ... of the incremental voting process is a martingale if
its expected value at the next step depends only on the current opinions X (¢), and it satisfies
EW({t+1) | X(t) =W(t).

» Lemma 4. THE AVERAGE WEIGHT IS A MARTINGALE. The following hold for each t > 0.
(i) Asynchronous edge process. For arbitrary graphs, S(t) is a martingale.

(ii) Asynchronous vertex process. For arbitrary graphs, Z(t) is a martingale.

(iii) Synchronous vertex process. For arbitrary graphs, Z(t) is a martingale.

Proof. Proof of (i). Consider step ¢ + 1, take any edge (v, w) and let A, (w) be the change
in X, if this edge and its endpoint v are chosen in this step. Thus A,(w) € {—1,0,+1}
and A,(w) = —A,(v); see (1). Only one of these changes can occur at a given step in the
asynchronous process. Let e = (v, w) be the chosen edge, an event of probability 1/m in the
edge process. Then,

E(S(t+1)| X(t),e = (v,w) chosen) = S(t) + %Aﬂ(w) + %Aw(v) = S(1).

Proof of (ii). Let A;(t) be the vertices with value ¢ at step ¢. For a vertex u € A;, let s;;(u)
be the number of edges from u to A;. Adding the edges between A; and A; in two ways,

Z sij(u) = Z $ji(v). (3)

u€A; vEA;

For 1 <i < j <k, let A;; be the change in Z(¢) at step ¢ + 1 arising from an interaction
between A; and A; (a vertex with opinion 7 picks up a neighbour with opinion j, or vice
versa). We have Z(t + 1) = Z(t) + >_,_; Aij. In the vertex process, we first pick a vertex u
w.a.r and then an edge (u,v) from u w.a.r.. If u € A; is the sampled vertex, the probability
an edge from w to A; is chosen is s;;(u)/d(u). As m, = d(u)/2m, and then using (3),

1 Sij\u 1 S5V 1
EA;; = Z - d(i))ﬂu_ Z - d(s;))ﬂv = g Z sij(u) — Z sji(v) | = 0. (4)

u€EA,; u€A; vEA;

Proof of (iii). In the synchronous vertex process, with the notation as above in (i), the
expected value of A;; is as in (4) but without the 1/n factors (since each vertex selects a
neighbour and updates its value). <

As the process is randomized, the final value is a random variable with distribution
D(i) on the initial values {1,...,k}. The following theorem helps us to characterize this
distribution in certain cases. If only two neighbouring opinions 4,7 + 1 remain at some step ¢,
the process is equivalent to two-value pull voting, and we say the voting is at the final stage.

» Theorem 5. DISTRIBUTION OF WINNING VALUE. Let W (t) stand for S(t), if we refer
to the edge model, or for Z(t), if we refer to the vertex model. Let W(0) = cn be the total
initial weight, where c is the initial average opinion.
(i) For any graph, the expected average opinion at any step is always the initial average:
E[W(t)/n] = W(0)/n = c. W(t) converges to a time invariant random variable.
(ii) If at the start of the final stage only two opinions i and i + 1 remain and the total
weight W is ¢'n, then for any connected graph, the winning opinion is i with probability
p=i+1—¢, ori+ 1 with probability q = ¢’ — 1.
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(iii) Suppose the final stage is reached in T steps, where T = o(1/||||3) for the synchronous
vertex process (which reduces to T = o(n) for regular graphs), T = o(n?) for the
asynchronous edge process, and T = o(1/||7||%,) for the asynchronous vertex process.
Then w.h.p. |W(T) — W (0)| = o(n) and the results of part (ii) hold with ¢’ ~ ¢. That
18, for i such that i < ¢ < i+ 1, the winning opinion is i with probability p ~i+ 1 — ¢,
or i+ 1 with probability q ~ ¢ — i.

Proof. (i) The first part follows from EW (t) = W(0) (Lemma 4). EW?(¢) < k? and the
limit random variable, for ¢ — oo, exists by the martingale convergence theorem.

(ii) Using (2), we have ipn + (i + 1)gn = W, implying that p=i+1— ¢ and g = ¢ — 0.
(iii) In the synchronous vertex process, using Lemmas 12 and 13, we have |W(T) — W(0)| =
o(n) w.h.p., provided T' = o(1/||7||3), which reduces to T' = o(n) for regular graphs. In the
asynchronous edge process, [S(t+ 1) — S(¢)| < 1, and in the asynchronous vertex process,
|Z(t+1) — Z(t)| < nmax,ey Ty, = 1|70, s0 using the Azuma-Hoeffding inequality for
martingale concentration (Lemma 18), we obtain |W(T) — W(0)| = o(n) w.h.p., provided
T = o(n?), respectively T = o(1/||7||%,)- <

In the light of Theorem 5, there are two main ways of analysing the problem. On the
(regular) expander graphs we consider the final stage of pull voting with two values ¢ and
i+ 1, takes T' = O(n) expected time (synchronous process) or T' = O(n?) expected time
(asynchronous process); see e.g. [2, 9]. If the time t for the other opinions to disappear,
leaving only two neighbouring values, can be shown to be ¢t = o(T') then the total weight S(¢)
is concentrated around S(0) = cn. In this case we can use Theorem 5 to give an asymptotic
result on the distribution D. There are however challenges in the analysis, e.g., dealing with
the fact that a small number of opinions other than ¢ or ¢ + 1 may persist in the system for a
longer time. This is the topic of Sec. 3 and 5. On graphs which are not expanders we cannot
expect S(t) (or Z(t)) to be concentrated, but we can try to explicitly obtain the distribution

D of the limiting random variable, at least for some special cases. This is the topic of Sec. 4.

In all cases, the winning value of an incremental voting process will be given by a
probability distribution D on {1,...,k}. As the total weight W(¢) is a martingale, the
distribution D must have expected value ¢ = W(0)/n. Indeed, for the vertex process and
Z(t) (and similarly for the edge process and S(t)),

Z(0)

c=——= = lim
n t—oo n

EZ(t) ,
L =>"m lim EX, (1) = > mED=ED. (5)

» Lemma 6. COMPLETION TIME, A GENERAL BOUND. For any connected graph and any
of the three types of incremental voting (asynchronous or synchronous vertex process, or
asynchronous edge process), the worst-case expected time to eliminate one of the two extreme
opinions (over all initial configurations) is at most the worst-case expected completion time
of the corresponding (asynchronous, synchronous vertex, or asynchronous edge, respectively)
standard 2-opinion voting process.

Proof. Let A; = {v eV : X, =i}. We consider our process (A1(¢t), A1(¢), ..., Ax(t))i>0 and
the standard 2-opinion voting B(t);>0, where B(t) and V'\ B(t) are the supports of the two
opinions at time t.

We set B(0) = Ay(0), where £ is the minimum opinion: ¢ = min{x : A.(0) # 0}, and
couple processes A and B, running them on the same random selection of vertices in each
step. The two opinions in process B are opinions ¢ and non-¢, that is, for process B, each
opinion other than opinion /¢ is viewed as the same opinion non-¢. While initially the vertices

10:7

OPODIS 2023



10:8

Discrete Incremental Voting

with opinion ¢ in process B are exactly the vertices with this opinion in process A, this does
not need to be the case later during the computation. If in the first step a vertex v with
A-opinion (its opinion in process A) equal to ¢ > £+ 2 picks up a neighbour with A-opinion ¢,
then it updates its A-opinion to ¢ — 1 > ¢+ 1, but its B-opinion becomes ¢.

Throughout the computation, however, the following relations for the two extreme opinions
£ and r = max{x : A,(0) # 0} hold by induction,

Ag(t) € B(t), Ar(t) SV \B() (6)

If at step t the vertex v changes its A-opinion to ¢, (and consequently v € Ay(t + 1)), this
happens because v € Ayy1(t) and picks a neighbour w € A,(t). Then we must also have
v € B(t+ 1), because by induction w € B(t), so its B-opinion is £. Similarly, if v € A,_1(%)
changes its A-opinion to 7, this happens because v picks a neighbour w € A,.(t); By induction
weV\B(t),andsov e V\B(t+1).

Let T be the step when the two-voting process B completes, that is, the first step when
B(T) is either empty or the whole set V. In the former case, A;(T) = () and in the latter
A (T) =0, from (6), so by step T, either opinion ¢ or r must have been eliminated. <

» Corollary 7. The expected completion time of the discrete incremental voting is O(k-Ta—yote),
where Ta_yote 48 the worst-case expected completion time of the 2-opinion voting.

3 Analysis of asynchronous process for G, ,: proof of Theorem 2

In this section we analyse the asynchronous incremental voting on random graphs G, , above
the connectivity threshold, which we view as examples of expanders. Much of the analysis
is general, so the results should hold equally for other classes of graphs with expansion
properties similar to those in Lemma 8. To indicate why this should be the case, we use the
example of the asynchronous edge process on a d-regular graph with opinions in {0, 1, 2}.
The expected change in the two ‘extremal’ values 0,2 at any step is given by

2

E(N) + N)) = Ny + Ny —
(0+ 2) 0o+ Vg dn

Mo 2, (7)

where My o is the number of edges between vertices holding opinion 0 and those holding

opinion 2. This is because when an edge in My s is selected, then Ny 4+ Ny is reduced by 1,

and when an edge in My 1 U M, » is selected, then the expected change of Ny 4 N is zero.
For a d-regular connected graph G and any two vertex sets S and T in G,

T
w51y - SIT]
n

< AVISI(L = ISI/m)ITI(1 ~ [T]/n), (®)

where e(S,T) is the number of edges between S and 7" and A is the absolute value of the
second eigenvalue of the adjacency matrix of G. Assume that A = ed for some constant ¢ < 1
(the expander assumption) and take |S| = Ny and |T| = Na. If Ny and N are large, then
so is My 2 = e(Ayp, Ag), since from (8), My is close to dNyN2/n. Thus from (7), Ny + N»
quickly decreases. Although this type of argument may not allow us to completely eliminate
one of the extremal values 0 and 2 (as My 2 becomes too small, eventually 0, while both Ag
and A, are still non-empty), we can use it to make one of Ny and No small relative to Nj.

Returning to graphs G, ,, we assume all opinions are in {1,2,...,k}, for an arbitrary
but fixed integer k (constant, while n grows to infinity). The entire point of the proof in
this section is to ensure that within 7' = o(n?) steps, all but o(n) vertices have two adjacent
opinions in {¢,4 + 1}. This will allow us to apply Theorem 5 (ii)-(iii), with ¢’ ~ ¢.
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In the edge process (and in the vertex process in regular graphs) the expected change in the
number of vertices with any given value can be characterised as follows. Let M; ; = M; ;(t) be
the number of edges between sets A; and A; at step t. Letting N; = N;(t) and N] = N;(t+1),

1
EN] = Ni+ 5 o Mg+ Y Myy— Y, My, 9)
j>it1 j<i—1 GAi—1,0,i+1

If £ > 2, then the number of vertices with an extreme value 1 or k exhibits downward
drift (the first two sums in (9) are equal to O for i equal to 1 or k), provided there are
edges between A; and (J;53 A;, or between Ay and (J;<;_, Aj. Thus if there is enough
connectivity (expansion) in the graph, then the support of one of the extremal values reduces
relatively quickly to o(n). If this was, say, opinion 1, then, still relatively quickly, the support
of the next extremal opinion, either 2 or &, reduces to o(n); and so on, until the support of
all opinions other than some two consecutive opinions ¢ and ¢ + 1 is reduced to o(n). The
analysis of the completion of the process from such a state will requires another approach.

In what follows, w and w’ denote functions tending to infinity with n, with w’ = o(w). In
general the exact values are not important but the growth to infinity has to be sufficiently
slow to satisfy the bounds arising in the analysis. In the final part of the analysis, we will
choose w = logn, and w’ = loglogn.

Required properties of G, ,. The following are the expansion properties of Gy,
needed for our proofs. The lower bound on np ensures that w.h.p. the graph is connected. To
maintain continuity of discussion the proof of the following lemma is given in Appendix A.

» Lemma 8. Let G € Gy, ,, where np > log' ™ n for some constant € > 0. The following
properties hold w.h.p..
P1. (Almost regular graphs) G is connected and all vertices v have degree d(v) = np +

O(v/nplogn) and stationary distribution 7, = = + O (nlc>g+/2n)
P2. (Large number of edges between large subsets of vertices)
Let 6 > 5/\/np. For any pair of disjoint vertex sets A, B, with |A| > én, |B| > dn, the
number of edges X ap between A and B satisfies p/2 < Xap < 311/2, where p = |A||Blp,
the expected number of edges between the sets A and B in Gy, p.
P3. (Not too many edges within small subsets of vertices)
(i) For w > e, wlogw < np, no vertex set S of size s = n/w induces more than
Xg = e2sp edges.
(ii) Let d = np. No set S, |S| < n/w induces more than Xg = sy/4dlog(ne/s) edges.
(iii) Provided w = O(logn) and np = d > log"™ n, the ratio Xs/Xsv_s is O(1/w),
the value achieved in P3.(i) above.

Outline to the analysis of the process. Our analysis of Gy, ;, is for the edge process,
but as w.h.p. vertex degrees are concentrated for the range of p we consider, the vertex process
and edge process are asymptotically equivalent. Indeed, by property P1 of Lemma 8, the
degree weighted total Z(t) and the unweighted total S(t) satisfy |Z(t) — S(t)| < ¢/log™?n,
and it suffices to analyse the convergence of S(t).

Ideally we would like to keep completely removing the values {1,...,k} one by one in
some order, as in the proof of Theorem 1. As can be seen from (9), the drift on the extremal
values 1, k is negative or zero.

1
EN] +ENj = N+ Ni— 5 | Y M+ > My | (10)

>3 j<k—2
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Thus at least one extremal value 1 or k should disappear, allowing us then to repeat the
analysis with e.g., values {2, ..., k}. However, the time taken for such an approach is Q(n?),
which is too long for the total weight S(t) to remain concentrated around S(0). Therefore, in
our analysis, we settle for making one of the extremal values sufficiently small, which can be
done in o(n?) steps and then repeat the analysis for the remaining large values. Finally one
value dominates, and w.h.p. all other values disappear at some subsequent step. It remains
to be proved below that such an approach can be made to work.
The analysis proceeds in three phases, which in outline are as follows.
I. One by one, the extremal values are made small. By the beginning of iteration r,
1 <r < k-2, the support for r — 1 =i — 1+ (k — j) extremal values {1,2,...,i —
1}U{j+1,5+3,...,k} has been made small, but N; > é,n and N; > §,n. During
iteration 7, the next extremal value, either ¢ or j, is made small. As we progress through
the iterations, our analysis loses accuracy, so d, increases with r (but remains o(1)).
Il. For two adjacent values ¢ and i 4+ 1, N;, N;11 > n/w and N; + N;11 = n(1 — o(1)).
I1l. There is a unique value i with V; = n(1 — o(1)).
Arriving at Phase II, the process corresponds (in general principle) to ordinary pull voting
with two values. If at the completion of Phase I min{N;, N;y1} < n/kw, we skip Phase II.
Phase IIT is a clean up phase, removing any remaining small sets. At the end of Phase III,
N,; = n, and the analysis is completed.

Phase I. Making small the first extremal value (either N; or Ny).

» Lemma 9. Let § = max (1/n1/4, 5/\/@) Let Ty be the number of process steps to reduce
one of Ay or Ay to size at most on and let a be the extreme opinion (1 or k) with the size of
support at most on at step Ty. Then the following hold w.h.p.

(i) ET, = O(n3/?).

(ii) [S(T1) = S(0)] = o(n).

(iii) No(t) < wdn at all steps t > Ty (for some w — 00).

Proof. Let A = Ay, B = Ay, |A| = N1 > én and |B| = N, > on. We proceed in stages
indexed by decreasing £. At the beginning of the current stage, we assume w.o.l.g. that
N; < Nj, and integer ¢ > 1 is such that £on < |A| < (£+ 1)dn (that is, £ = [|A|/(dn)]). This
stage continues until N7 or Ny drops below ¢dn, when the next stage ¢ — 1 starts. At the
end of the final stage, for £ = 1, one of N7 or Ny is less than dn.

We estimate the expected time of one stage ¢ by first estimating the number of active
steps in this stage, defined as the steps when N; changes, either by —1 or +1. We estimate
the number of active steps by comparing the random variable N7 with the biased random
walk on the integer line. We then factor in the expected number of process steps between
two consecutive active steps.

We view the random selection in the current step as selection of a uniformly random
oriented edge (v,u), where v is the vertex which updates its value. The value of Ny decreases,
resp. increases, by 1, if and only if, the selected oriented edge belongs to (A, A), resp. (Asg, A).
Thus in the current active step Ny, the ratio of the probability ¢ that N7 decreases by 1 to
the probability » = 1 — ¢ that N7 increases by 1 is equal to

Ny Ni.p/2 6 1+e

BA L0
AA)| — Nin3p/2 ~ 3 1-¢

¢ (AT (AT
T R oS TRT 0073 T

, (11)

where € > £6/4. We have used Lemma 8.P2 to bound the number of edges between sets A
and B and sets A and A.
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For a biased random walk on the integer line {0, 1, ..., L}, where in each step the proba-
bilities of moving left (towards 0) or right are equal to ¢ > 1/2 and r = 1 — ¢, respectively,
the probability g, of ruin (absorption at zero) and the expected number d, of steps to ruin
when starting from position z are equal to

L __ .z z_1 L z_ 1
P e A Y Nk SN (1—” ) (12)
pt—1 pr—1

where p = ¢/r > 1. We view N; as a random walk on the integer line {€dn, ..., (¢ + 2)dn},
starting at £dn + z, for z = z(¢) < dn. At an active step, the probabilities of moving left or
right are at least ¢ = (1 +¢) and at most r = 1(1 — ¢), respectively. Then the probability
¢,y that Ny reaches (on before it reaches (¢ +2)én or Ny, reaches £on is such that, from (12),

on
1—q, iy < Pl = ! < 1 < 676627’/4 < e~ Vn/4 (13)
z(0) = p25n 1 p5n+ 1= (1+g5/3)6n = = )

where the last inequality follows from § > 1/n'/%. The expected duration d/z(e) of this stage,

in terms of the number of active steps, is at most, from (12),
z on  4n
< — = —.

U
WS T ST (14)

By Lemma 8.P2, at step ¢ of the current stage ¢,

(A _ (tn)(n/2)p/2 _ 5
)

2m  — (I14+o(1))n?p — = (15)

P(t is an active step) >

Thus for the first process step T at which Ny < dn or Ny < dn, we have, from (14) and (15),
1 5 4n n
ET) =S =d , < 7-f:0(7):0 5/4),
( 1) zg: P, z(0) = vt 6/ 5 (Tl )

As S(t) is a martingale, ES(t) = S(0). Apply the Azuma martingale inequality
(Lemma 18) to the sequence of oriented edges (eq,...,e;) inspected at steps 1,...,¢t. At
each step, S changes by at most 1. At step T} = wETy, with h = /3T (w + log T}) = o(n),

P((IS(T1) = S(0)| = h) < P(3T < Ty :|S(T) - S(0)| = h) + P(T1 > 1)
< Tre /6T 4 o(1) = e + o(1) = o(1).

Thus w.h.p. |S(T1) — S(0)| = o(n), as required.

For part (iii) of the lemma, beyond step T}, we bound N, (where « is opinion 1 or k
and N, < én at step T1) with the progress of unbiased random walk on {0,1,...,L = wén}
starting at z < wdén, which with probability 1—1/w is absorbed at zero before reaching L. <

Phase I. Making the next extremal value small. Having completed the first iteration,
we continue inductively for general iteration g, 1 < g < k — 2. By the beginning of this
iteration, the support for g — 1 extremal values {1,2,...,i — 1} U{j+ 1,7+ 2,...,k} has
been made small, but N; > d4n and N; > d,n. Note that j > ¢ + 2. During iteration g, the
next extremal value is made small, that is, N; or IV; is reduced to at most d4n.

Let §; = 0, and in general, for 1 < g < k-2, 4, = w2(0=1§ where w — oo but sufficiently
slowly so that w38;_o = o(1). The argument is similar as in Lemma 9 for the first iteration,
replacing Ny, Nj and § with N;, N; and d,, and assuming by induction that the support for
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the reduced g — 1 values is, and w.h.p. will remain, at most wdin+wdan+---wog_1n < 20,4 /w.
As in (11), in an active step of stage £ of this iteration, the ratio of the probability ¢ that N;
decreases by 1 to the probability » = 1 — ¢ that it increases by 1 is equal to

a4 _ (s, Ai)| N (C17%1) | L P Ly

o (A, A+ (Ao, A (A 4| — [(4, Ay 3 1—¢
where ¢ > £6,/4. Proceeding as in the proof of Lemma 9, we conclude that w.h.p.: (i) the
expected time E(T, — T,_1) of iteration g is O(n/d,) = O(n®/*); (ii) at step T, when this
iteration ends, |S(T,) — S(0)| = o(n); (iii) No(Ty) < 0gn and N4 (t) < wign at all steps
t > Ty, where a is the reduced opinion ¢ or j. (Recall that we assume that k is constant.)

For the final point (iii), the argument is more subtle for the general iteration than it
was for the first iteration. Assuming that o = 4, N; may have a tendency to increase (a

positive drift) after step Ty, if M;_; ;41 happens to become larger than the number of edges
adjacent to A; (see (9)). To deal with this, while there are opinions smaller than ¢ we only
care that if N; increases to wd,n/2, then the probability that it further increases to wdyn
before going back below d,n is exponentially small (as in (13)). When ¢ becomes the smallest
surviving opinion, than we start comparing the changing N; with the unbiased random walk
on {0,1,...,L = w?j,n} starting from z < wdyn (similalry as in the first iteration).

Phase II analysis. When Phase I ends at a step t;, then for some i, the total support for
k—2values {1,2,...,i —1}U{i+2,i+3,...,k} is at most 2wd,_on < n/w?. Thus Phase
IT starts with N;(t;) + Nit1(tr) = n(1 — o(1)). We also have |S(t;) — S(0)] = o(n) (since
S(t) is a martingale and t; = O(n3/?)), so we can take i = |c|, where ¢ = S(0)/n, and have
N;=(i+1—-¢)n+o(n), Nix1 = (¢ —i)n+ o(n). During Phase II, we compare N; with
unbiased random walk on {0,...n} which is driven by selecting edges in M, ;11. Each such
edge increases or decreases N; by 1 with equal probability. We continue Phase II only while
min(N;, Nijy1) > w28, _an to ensure that the opinions other than i and i 4+ 1 remain small
and distort the unbiased random walk of N; only in a negligible way.

Phase II ends within the expected O(n?) steps, and w.h.p. Ny > n—n/w, and D Nj <
n/w, where ¢’ = i with probability i +1 — ¢+ o(1), or ¢ + 1 with probability ¢ — i + o(1).

Phase IIT analysis. At the start of Phase III, there is one opinion ¢ for which N; = n(1—o(1)).
Let A= A;, and B = U;»;A;. We show that w.h.p. opinion 4 wins.

The process during the final Phase III resembles a ’balls in boxes’ system in which a
vertex with value j is a box with j balls. When a vertex is selected, then it may get one ball
added or removed, depending on the number of balls in the selected neighbour. When all
vertices have the same value (the same number of balls), the process ends. If an edge with
values (i,7),j # i is chosen, then we call this a Type 1 event. Choosing an edge with values
(4,4"),J #£1i+# j' is a Type 2 event. We ignore (4,7) and (j,j) events.

We compare this process with an unbiased walk on integers {0, 1,..., L} starting from
z = 5(0) = > j4i |7 — i|Nj, the weight of set B at the start of Phase III w.r.t. value 4,
representing the distance between the starting configuration and the target configuration
when all vertices have value i. Thus initially z < k|B| < n/w. Each Type 1 event changes
z by +1 or —1 with equal probability (once an edge is selected, one of its end vertices is
chosen for an update with equal probability). If only Type 1 events occurred, then z would
be an unbiased random walk on {0,1, ..., L}, and we put L = wz. (The process does not stop
before S(t) reaches 0 or L.) Value i wins when the walk is absorbed at zero. The probability
of thisis 1 — z/L =1 — 1/w and the expected duration is z(L — z).

For steps t = 0, 1, ..., as Phase III proceeds, the value S’(t) will change due to both Type 1
and Type 2 events. The change due to Type 1 events is directly included in the random walk
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given above, and with probability 1 —w’z/n the walk will not increase above w’S(0) < w'n/w,
where w’ — 0o but W’ = o(w).

Type 2 events are not represented directly by the random walk. Each Type 2 occurrence
can change S by +1 or —1. A Type 2 event on an edge (j,j), where j < j/, increases
or decreases the number of balls in the system by one with equal probability. After T'
events of Type 2, the additional change in S due to this is (+1)X + (—1)(7 — X) where
X ~ Bin(T,1/2). Thus w.h.p. X will not exceed O(y/T logT).

Only Type 1 moves can increase the size of B, whereas Type 2 moves may decrease it, if
j=1i—1or 7 =4+ 1. W.h.p. the maximum size of B due to the Type 1 walk is at most
s = w'n/w. By Lemma 8, property P2, w.h.p. no set of size s induces more than O(s?p) edges,
whereas by property P1, there are at least nsp/3 edges between A; and B. Thus the probability
of a Type 2 event is at most O(s/n), and the number of Type 2 events in the duration of
the Type 1 random walk is w.h.p. of order at most 7' = zL2w’ = O((nw'/w)?). W.L.p. the
maximum increase of § due to Type 2 events is O(v/TlogT) = O(nw’(logn)*/2 /w). Taking
w = logn and ' = loglogn (so w > (w')2(logn)'/2), we can increase S(0) to 2’ = n/w’ and
conclude that with probability 1 — 1/w’, at the end of Phase III N; = n, as required.

It can be shown, by counting in the ignored events (4,4) and (j,j) and considering stages
of halving the value z, that Phase III ends within the expected O(n?) steps.

4  Asynchronous incremental voting on the line: proof of Theorem 3

To indicate that Theorems 5 and 2 do not hold for general graphs, we consider the following
specific example of an ordered path. The graph is a path with n vertices {1,2,...,n}. There
are three opinions 0, 1,2 and initially they are ordered along the path: vertices {1,...,ip}
have opinion 0, vertices {igp + 1,...,n — jo} have opinion 1, and vertices {n — jo +1,...,n}
have opinion 2. Thus, the 0 < iy < n vertices in the initial segment of the path have opinion
0, the 0 < jo < m — iy vertices in the final segment of the path have opinion 2, and the
remaining n — (ig + jo) vertices in the middle of the path have opinion 1.

We show that the probability that opinion 0 wins is equal to a(1 — b), where a = iy/n
and b = jo/n. By symmetry, the probability that opinion 2 wins is equal to (1 — a)b, leaving
the probability of ab+ (1 — a)(1 — b) for opinion 1 to win.

The non-decreasing order of the opinions along the path is an invariant of the process,
so each intermediate configuration is characterised by the number i = Ny of vertices at the
beginning of the path with opinion 0, and the number j = Ny of vertices at the end of the
path with opinion 2, where 0 < i <n, 0 < j <n —i. The process ends when opinion 0 wins
(i becomes n), or opinion 2 wins (j becomes n), or opinion 1 wins (both ¢ and j become 0).

The process of changing from one configuration to the next one is a random walk on the
integral points of the triangle i > 0,5 > 0,i+j < n; see Figure la. Considering only the steps
when the configuration changes, a configuration (4, j) which is strictly inside this triangle
(that is, ¢ > 0,5 > 0,7 + j < n) changes to any of the four configurations (i + 1, j), (i — 1, ),
(4,7 + 1) and (4,7 — 1) with equal probability of 1/4. Indeed, configuration (i, ;) changes
when either edge (¢,7 + 1) (with opinions 0 and 1) or edge (n — j,n — j + 1) (with opinions 1
and 2) is selected (equal probability). If edge (7,7 + 1) is selected, then the configuration
changes to (i +1,7) or (i — 1, j), depending which vertex i or i + 1 updates its opinion. With
equal probability, either vertex ¢ 4+ 1 decreases its opinion from 1 to 0, or vertex ¢ increases
its opinion from 0 to 1. Analogously when edge (n — j,n — j + 1) is selected.

From a configuration (0, j), where 0 < j < n, we have equally probable transitions to
configuration (0,7 4+ 1) or (0,7 — 1). Analogously, a configuration (i,0), where 0 < i < n,

10:13

OPODIS 2023



10:14

Discrete Incremental Voting

n 1 q—t
Jo Jo
g n i n
(a) Random walk on the triangle grid. (b) Random walk on the square grid.

Figure 1 The random walk on the square grid (right diagram) and the corresponding walk on
the triangle grid (left diagram). The random walk of the triangle grid defines the evolution of the
incremental voting on the ordered path. In this example, the averaging process starts with 7o vertices
with opinion 0 and jo vertices with opinion 2, and stabilises with all vertices having opinion 2.

transitions to (i + 1,0) or (i — 1,0) with equal probability.

Finally, consider the diagonal configurations lying on the side of the triangle formed by
the line segment from (0,7n) to (n,0). For a non-final configuration (i,5): i +j =n, i >0,
j > 0, the vertex i has opinion 0 and vertex ¢ + 1 has opinion 2. The configuration changes
when the unique edge (i,i + 1) is selected. In this case the configuration transitions to
(i — 1,7), when vertex ¢ increases its opinion from 0 to 1, or to (¢, — 1), when vertex i 4+ 1
decreases its opinion from 2 to 1 (equal probability for either of these two transitions).

For convenience, we view this random walk W on the triangle as a random walk W’ on
the full square 0 < i < n,0 < j < n, unifying the pairs of states (¢,7) and (n — j,n — 1),
these being identical on the diagonal of the triangle. See Figure 1, where the right diagram
gives an example of the random walk W’ on the square grid, and the left diagram shows the
corresponding walk on the triangle. The transition probabilities for walk W’ are the same as
for W for all non-diagonal states (i, 7). For such a state, if it is not on the boundary of the
square, then one of the coordinates increases or decreases by 1, with all four possibilities
equally probable. For a state on the boundary of the square, the configuration changes, with
equal probability, to one of the two neighbouring boundary states.

For a diagonal non-final state (i, j), the random walk W’ moves also to any of the four
neighbouring states (¢ +1,5), (¢ — 1,4), (i,7 + 1) or (i,j — 1), with equal probability. In this
case, the transition of W’ with probability 1/2 to either (i — 1,7) or (i,j + 1) corresponds
to random walk W moving with probability 1/2 from configuration (4,j) to configuration
(¢ —1, 7). Thus the pair of states (i —1,7) and (i, 5+ 1) in W’ correspond to the configuration
(i —1,7) in W. The below diagonal state (i, j) and above diagonal state (n — j,n — ¢) in the
square, both correspond to state (¢, 7) in the triangle.

Thus our incremental voting on the path corresponds to the random walk W’ on the
square grid. Inside the square the walk transitions with equal probability from one state to
any of the four neighbouring states. A transition on one coordinate is completely independent
of the value of the other coordinate. When the walk hits a side of the square, this corresponds
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to one of the two extreme values 0 or 2 being eliminated. The walk then remains within this
side of the square, moving independently to one of the two neighbouring boundary states.
The final absorbing states are the four corners of the square. State (n,0) corresponds to
opinion 0 winning, state (0,n) corresponds to opinion 2 winning, and states (0,0) and (n,n)
(corresponding to state (0,0) in the triangle) correspond to opinion 1 winning,.

What is the probability that the random walk W' terminates in the state (n,0), meaning
the win for opinion 07 We generate the two-dimensional random walk W’ from two indepen-
dent one-dimensional walks, one walk for each of the two coordinates, both walks with the
range {0,1,...,n}. To move walk W', we take, with equal probability, the next step from
one of the two one-dimensional walks. Walk W’ ends in the state (n,0) if, and only if, the
one-dimensional walk for the coordinate i ends in state n and the one-dimensional walk for
the coordinate j ends in state 0. Indeed, for the ’if” part, if the one dimensional random
walks for coordinates ¢ and j end in states n and 0, respectively, then walk W’ must end in
the state (n,0), For the ’only if” part, if walk W’ ends in (n,0), then the walk for coordinate
1 cannot end in 0. Otherwise, if the walk for coordinate ¢ ended in 0, then walk W' would
reach a state (0,y), for 0 < y < n, and then end in either (0,0) or (0,n), or would reach a
state (z,0), for 0 < x < n and then end in (0, 0), or would reach a state (x,n), for 0 < z < n,
and then end in (0,n). Analogously, if walk W’ ends in (n,0), then the walk for coordinate
j cannot end in n.

For an unbiased random walk on {0,1,...,n} staring at position X, the probability that
the walk ends in the state 0 is equal to (n — X)/n. The one-dimensional random walks for
the coordinates ¢ and j start at positions 79 and jg, respectively. Thus the probability that
the first walk ends in n is equal to ig/n = a and the probability that the second walk ends
in 0 is equal to (n — jo)/m=1—0.

5 Synchronous incremental voting on K,,: Theorem 1

In this section, we show Theorem 1, which refers to the synchronous process on the complete
graph K,,. At each discrete time step, each vertex v chooses a vertex w independently and
uniformly at random, and updates its opinion X, to X/ as in (1). We are interested in the
evolution of (X (t));>o-

Firstly, we show that the smallest opinion s = min,ey X,(0) or the largest opinion
¢ = maxyey X, (0) vanishes w.h.p. within O(logn) steps, while s + 3 < £ (Lemma 10).
Hence, after the smallest or largest opinion disappears k — 3 times, which occurs w.h.p. in
T = O(klogn) = o(n/logn) steps, at most three consecutive opinions {i — 1,4,7 + 1} are
left. Using a Martingale concentration argument (Lemma 12) we further show that w.h.p.
1S(T) = 8(0)| = O(vnTlogn) = o(n).

At this point only three adjacent values {i — 1,7,7 + 1} remain. In Lemma 15, we next
either reduce the number of remaining opinions to two consecutive opinions, or if not, and we
still have three opinions, then the sizes of opinions ¢ — 1 and i 4+ 1 are o(n). This reduction
takes o(n) steps w.h.p., so we still have |S(T) — S(0)| = o(n)). In either case, the next, final
phase completes in O(n) expected steps, by comparing with pull voting. The comparison is
straightforward, if only two consecutive opinions 7 and 7 + 1 remain.

When there are three opinions i — 1,4, + 1, where |A;_1 U A;41| = o(n), then S(t)/n ~ i,
and we prove that w.h.p. ¢ wins by coupling the process with pull voting. Let A = A; = and
B=A;,_1UA;;;. In pull voting value ¢ wins with probability |A|/n =1 — o(1). After the
first step of synchronous pull voting, |A%s| = Bin(n, |A|/n).

There is a coupling between incremental voting on three values, and pull voting such
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that |A}| stochastically dominates |A’|. Firstly the number of vertices which choose in A
directly is Bin(n, |A|/n). Denote this set by A’ = A% and let |AB| = Xp. Given the set A%,
a further non-negative number Y7 of vertices take the value 4 indirectly. This number Y7 is a
sum of two binomials: Y; = Bin(|A;41 \ Ap|, Ni—1/n) + Bin(|A;—1 \ A%p|, Nix1/n). We have
A’n C A%, and the coupling can be extended to subsequent steps. Thus the probability that
¢ wins in incremental voting is at least the probability that ¢ wins in pull voting, so 1 — o(1).

5.1 Many opinions case

First, we show that one of the extreme opinions disappears within O(logn) steps.

» Lemma 10. Let s = min,ey X, (0) and £ = max,cy X, (0) be the smallest and the largest
opinions in the initial round, respectively. Suppose £ > s+ 3. Then, Ny(T)Ny(T) = 0
w.h.p. within T = O(logn) steps.

Applying Lemma 10 repeatedly, we immediately have the following.

» Theorem 11. From any initial configuration of opinions from [k] = {1,2,...,k}, X,(T) €
{i—1,4,9+ 1} holds for some 1 < i < k and for any v € V within T = O(klogn) steps w.h.p.

Proof of Lemma 10. By definition, we have that N, ~ Bin (N + Ngy1, Ng/n) and Nj ~
Bin (N¢—1 + Ng, Ng/n). Furthermore, N, and N; are independent since s +1 < £ — 1. Write
Z = NgNg and Z' = N.N;. Then, we have

N, N,
E[Z']=E[N,N]] = E[NJE[N] = (Ns + Nos1)—=(Ne-1 + Ne);Z
_ ZNS + Nop1 No—1 + Ny < ZNS + Ngy1 (1 A\ +Ns+1) < lZ. (16)
n n n n 4

The first inequality follows from N + Ngy1 + Ny—1 + Ny < n. For Z(t) = Ns(t)N¢(t), (16)
implies that E[Z(t 4+ 1)] < E[Z(t)]/4 holds for any ¢t > 0. Taking T' = [3logn] and using
the Markov inequality, we obtain

P(2(T) > 0] < B[Z(T)] < {BIZ(T ~ )] < - < BZ(0)] €

5.2 Difference from the initial average

Next, we show that the average of the opinions is concentrated around the initial average.

» Lemma 12. Let S(t) = ),y Xo(t). For any T >0 and € > 0,

P(IS(T) - S(0)] > ] < 2exp (—M) .

Proof. First, by Lemma 4 we observe that (S(t));=0,1,2,... is a martingale. From definition,
we have X, (t + 1) — X, (¢t) € {—1,0,1}. Furthermore, for any v # v, X, (t + 1) — X, (t) and
Xy (t+1) — Xy (t) are independent. Write A, (t) = X, (t) — X,(t — 1). Applying Lemma 19,
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we have

E | (SE+D=5() X(t)} ) [e/\((S(tJrl)fS(t))fE[S(t+1)75(t)\X(t)])’X(t)}

—E [eA Y vey (Aot —E[A, (t4+1)| X (1)) ’X(t)]

_ H E |:e>\(A1,(t+1)—E[A1,(t+l)\X(t)]) ‘X(t)}

veV
2 2,
S H e% :e/\2 . (17)
veV
Combining (17) and Lemma 20, we obtain the claim. <

Remark. Choose T' = [3logn]| from the proof of Theorem 11 and ¢ = v/7nlogn in
Lemma 12 to obtain

P(|S(T) — S(0)] > V7Tnlogn) < %

2

Note that the 2 exp (—Qfl—T) bound in Lemma 12 is better than the 2 exp (—%) bound

obtained directly from the Azuma-Hoeflding inequality (Lemma 18).

» Lemma 13. Consider a synchronous vertex process on an arbitrary graph. Let Z(t) =
Y ey ToXo(t). Then, for any T >0 and € > 0,

P2(T) - 2(0) = d < 2w ) |

2T
where |[xll2 = \/Socy 72

Proof. First, by Lemma 4 we observe that (Z(t))t=0,1,2,... is a martingale. From definition,
we have X, (t + 1) — X, (¢t) € {-1,0,1}. Furthermore, for any v # v', X, (t + 1) — X, (¢) and
Xy (t+1) — Xy () are independent. Write A, (t) = X, (¢) — X, (t — 1). Applying Lemma 19,
we have

E [eX2@+1)-2(1) X(t)] —E {eA((Z(tJrl)7Z(t))fE[Z(t+1)fz(t)\X(t)])’X(t):|

_E {em Yy T A (D —BIAL (HDIX (D) ’ X(t)}

_ H E [e)\nm,(A“(t+1)—E[A1,(t+1)\X(t)])‘X(t)}

veV
ax2n272 AZn2 7|2
<[[e = == . (18)
veV
Combining (18) and Lemma 20, we obtain the claim. <

For regular graphs, both 7, and ||7||3 are 1/n. So Lemma 13 generalizes Lemma 12.

5.3 At most three consecutive opinions remain

In this section, we suppose that X, (0) € {i — 1,4,% + 1} holds for some i and for all v € V,
i.e., all initial opinions are from three consecutive integers. Without loss of generality, we
assume that ¢ = 2 throughout this section.
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» Lemma 14. Suppose that X, (0) € {1,2,3} holds for allv € V. Then, for any t > 0,

N + Na(t)

E[N(t+1)N3(t+1) | X(@)] < (1 5

> N1 (t)N5(t).

Proof. Let Y;_,; denote the number of vertices that change their opinion from ¢ to j. We
have N{ = Y11+ Ys,; and Né = Y5.,3 + Y3.,3. Note that Y3, = Y1.3 = 0. It
is easy to see that Y1 ~ Bin(Ny, N1/n) and Y33 ~ Bin(N3, N3/n). An important
observation is that (Ya_1, Ya_,0,Yo_,3) follows a multinomial distribution with parameters
Ny and (Ny/n, No/n, N3/n). Hence, Cov(Ya_1,Y23) < 0 and we have E[Yo_,1, Yo 3] <
E[YQ%l]E[YQ%g]. Thus,

E[N{Ny/,] = E[}/IHI(YQHS + YS—)?))] + ED/QHIYYQ—)B] + E[Y2—>1}/3—)3]
E[Y151]E[Ya3 + Vs3] + E[Yo 1 |E[Yo s3] + E[Y2 1| E[Y3 3]
= (E[Y1-1] + E[Y251])(E[Y23] + E[Y3.,5])

N- N- N. N.
= (N — +N21> (N23 +N33)
n n n n

~ N, (1_]\723>N3 (1_i>. (19)

Note that Y;_,; and Y, are independent for ¢ # k. Combining (19) and the fact that
2

Q-2)1-y)=1—z—y+ay<1—(z+y)+ T <128 holds for any 0 <z +y < 1,

we obtain the claim. <

IN

Intuitively speaking, Lemma 14 implies that Ni(t)Ns(t) continues to decrease by a factor
of 1 —1/y/n while Ny(t) + N3(t) > 2¢/n. Hence, within T = O(y/nlogn) steps, N1 (t)N3(¢)
reaches 0 or N1 (t) + N3(t) < 24/n. In other words, either of the following events occurs: (1)
either N (t) or N3(t) is zero, (2) both N (t) and N3(t) are less than 2/n. The following
lemma shows it formally.

» Lemma 15. Suppose that X,(0) € {1,2,3} holds for allv € V. Let T = [3y/nlogn].
Then, for some 0 <t < T, w.h.p. one of the following two events occurs.
1. Nl(t) =0 or Ng(t) =0.

Proof. Let

7=min{t > 0| N1(t) + N3(t) < 2¢/n or Ni(t)N5(t) = 0},
L
vn

Note that we have Z;11 — Z; = 1,;5¢(Yi41 — Y:). From Lemma 14,

Y; = Ny(6)Ns(1) (1 - )_t, 20 = Yine = Yiuinio.
BlZiot — 2 | X(8)] = Lro (ElYis | X()] = )

(1 _ Mi@Na) ) Ni(ON3(t) N, (£)N3(t)

(-%)" (-

holds, i.e., E[Z;11] < E[Z;] and E[Z7] < E[Z] = Zy. Let T = [3y/nlogn]. Then,

S ]]-'r>t

<0

E[Zr | 7> T|P[r > T] < E[Zs] < Zy = N1(0)N3(0) < n. (20)
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Furthermore,

1 —3vnlogn
EZr|7>T]=E 2(1—) > nd.

N

Ny (T)No(T) (1 - \/15) .

(21)
Note that the event 7 > T implies that N1(T) + N3(T) > 2y/n and N1(T)Ns(T) > 1.
Combining Equations (20) and (21), we obtain P[t > T] < 1/n. <

Completing the proof of Theorem 1. If we have reached here at some step t, then at
most three values ¢ — 1,4,4 4+ 1 remain, and one of the cases Lemma 15 (1) or Lemma 15 (2)
holds. We next prove that w.h.p. the process will finish in O(n) steps with the claimed
results.

In either case, by Lemma 12 S(t) = S(0)(1 + o(1)). So if Lemma 15 (1) holds, there are
two remaining values, say 4,7 + 1, and we can use two-value pull voting with Theorem 5
directly.

However if Lemma 15 (2) holds, then there are three values i — 1,4,4 + 1, where |4;_1 U
Aii1] = O(n'/?). Thus S(t)/n ~ i, and we next prove that i wins w.h.p. by coupling the
process with pull voting. For convenience let {i — 1,4,4 + 1} = {1,2,3}, let A2 = A and
B = A; U A;. In pull voting value ¢ = 2 wins with probability |A|/n =1 — o(1). In one step
of synchronous pull voting, |A%s| = Bin(n, |A|/n).

There is a coupling between incremental voting on three values, and pull voting such that
|A7| stochastically dominates |Ap|. Firstly the number of vertices which choose in A = A,
directly is Bin(n, |A|/n). Denote this set by A’ = A% and let |A»| = Xp. Given the set A%,
a further non-negative number Y; of vertices take the value ¢ = 2 indirectly. The value of Y;
is a sum of binomials, namely

Y; = Bin(|A3 \ A’p|, N1/n) + Bin(|A1 \ Ap|, N3/n).
It follows that under the coupling |A}| = Xp +Y; > Xp = |A’p| and thus

P(Value 4 wins in incremental voting) > P(Value 4 wins in pull voting) = 1 — o(1).

6 Concluding comments

The incremental voting model offers an alternative type of pull voting suitable for discrete
numeric opinions which can be compared on a linear scale. This may be appropriate for

systems which need a very simple protocol which converges towards an average opinion.

As the extremal values are discarded rapidly in some instances, it could also offer a faster
alternative to remove outliers in some plurality systems.

The incremental voting process can be viewed as a form of discrete averaging of integer
weights. The final answer is an integer (no fractions), obtained in finite expected time. For

suitable expanders, w.h.p. the process returns the average rounded up or down to an integer.
To increase the accuracy of the averaging, multiply all initial values by 10" before averaging.

The final answer, after re-scaling, will now be w.h.p. correct to the h-th decimal place. The
cost is the increased convergence time.
In incremental voting, the weighted average remains a martingale under a wide range of

conditions. Let P be any reversible transition matrix and 7 be its stationary distribution.

Then, if the selected vertex v chooses u with probability P(v,w), the random variable
W =3 cv Xy is a martingale. As an example, if P(u,u) = 1— L, and P(u,v) = L,/d(u),
where 0 < L,, <1, then L,, can be viewed as the propensity for vertex u to change its opinion
when selected in a given step. Here, 7(v) = d(v)/CL,, where C =Y L, /d(v).
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A Proof of Lemma 8

We repeat the lemma for convenience.

» Lemma 16 (Lemma 8). Let G € G, ,, where np > log'** n for some constant € > 0. The
following properties hold w.h.p..
P1. (Almost regular graphs) G is connected and all vertices v have degree d(v) = np +

O(v/nplogn) and stationary distribution m, = = + O (m)
P2. (Large number of edges between large subsets of vertices)
Let 6 > 5/\/np. For any pair of disjoint vertex sets A, B, with |A| > én, |B| > dn, the
number of edges X ap between A and B satisfies p/2 < Xap < 311/2, where p = |A||Blp,
the expected number of edges between the sets A and B in Gy, p.
P3. (Not too many edges within small subsets of vertices)
(i) For w > e, wlogw < np, no vertex set S of size s = n/w induces more than
Xg = e25%p edges.
(ii) Let d = np. No set S, |S| < n/w induces more than Xg = s+/4dlog(ne/s) edges.
(iii) Provided w = O(logn) and np = d > log*™ n, the ratio Xs/Xsv_s is O(1/w),
the value achieved in P3.(i) above.

Proof.
P1. An application of the Chernoff-Hoeffding inequality (Lemma 17) shows that for all

vertices v, d(v) = np + O(v/nplogn).
P2. for given disjoint A, B Let |A| = an, |B| = bn then the Chernoff-Hoeffding inequality
(Lemma 17.3) with e = 1/2 implies

Pap =P(Xap & [1/2,3u/2]) < 2¢™#/12.
We say that A, B is a bad pair, if |A] > dn and |B| > én but Xap & [p/2,31/2]. Then

E(number of bad pairs) = Z Pap <
A,B

< 4" 9e~9"n°p/12 <2 (46_62”1’/12)n <2 (46_2)n = o(1).

P3. (i) Let Xg denote the number of edges induced by a set S, and p = E(Xg) = (5)p the
expected number. By the Chernoff-Hoeffding inequality (Lemma 17.4), for o > e and s > 3,

Ps =P(Xs > ap) < (e/a)™ < (e/a)*s P/, (22)

Say a set S of size s is a bad set, if it induces more than e2s?p > e?u edges. Then, using (22)

with o = €2,

E(number of bad sets of size s) < <n> e—¢’sp/3
s

< (%e’e%pm)s = (exp{—€’sp/3+logne/s})’

< (67(62/3) ]ogw+logwe>s < (6*(62/372) 1ogw>s = 0(1)

The last inequality follows from the assumption that w > e. The size s = n/w is minimized
when wlogw = np, implying that s > (loglogn)/2. Sum the above over all s greater than
this minimum value to conclude that the expected number of bad sets of sizes in the required
range is o(1).
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(ii) Let u = EXgy_g = s(n—s)p. Then, as n —s=n(l—o(1)), up = sd(1 —o(1)) and
Psy_s =P(Xsy_s < (1 —e)u) < e =43,
Thus

E(number of bad sets S) < <Z> Pgy_s < (%675%/3)3 =o(1),

s 4log(ne/s)
provided & > 4/ =572,

As the total degree of S is sd(1 + 0(1)), no such S can induce as many as

Xg =¢es(n—s)p < esd < sy/4dlog(ne/s)

edges.
(iii) Thus for s < n/w,

- Xs _0 sy/dlogn/s _0 [logn :O( 10 >:O<1>7
Xsv-s sd d log” n w

provided w = O(logn), and np = d > log!t? 1.

B Tools used in the analysis

» Lemma 17 (The Chernoff-Hoeffding inequalities). Let X1,...,X,, be n independent random
variables taking values in [0,1]. Let X = Y1 | X;. Let p= < E[X] < pT. Then, we have the
following:

B 2
1. PIX>(1+e)u’] <exp (—%), for e > 0.

2.PIX<(1—-¢g)u]<exp (—‘EQT"), for0<e<1.

3.PIX & ((1—e)u,(1+e)u™)] < 2exp (fgf), for0<e<1.

a—1

4. P[X > au™] < (e )M, for a>1.

o

» Lemma 18 (The Azuma-Hoeffding inequality). Let (X;)i=0,12,.. be a martingale. Suppose
| X; — X;-1] < ¢; holds for any ¢ > 0. Then, for any T >0 and € > 0,

€2
P|Xr —Xo| > € <2exp| ——— | .
I | > €] 25T 2
The followings are the basic technical lemmas for the Hoeffding inequality.

» Lemma 19. Let X be a random variable such that E[X] =0 and a < X <b. Then, for
any A >0, E [e)‘X} < A’ (6-a)?/8,

» Lemma 20. For any a > 0 and t, suppose that E [ea(Y’*_Yt—l) | ]:,5_1] < e’ holds for

some ¢;. Then, for any e >0, P[|Yr — Yy| > €] < 2exp <42:6T22>
1=1
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