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Abstract

In this thesis we apply a stick-breaking representation of the convex minorant and
concave majorant of a one-dimensional Lévy process to show multiple probabilistic
and geometric properties for the convex hull of a Lévy process. We show a central
limit theorem for the fluctuations of the length of the concave majorant of a Lévy
process when there is a finite second moment and consider the asymptotic depend-
ence with the extrema of the process itself. The limit fluctuations of the length is
also considered in the case where the Lévy process is in the domain of attraction
of an α-stable law. In the rest of the thesis we study smoothness properties of the
convex hull. Indeed, we characterise a class of Lévy processes whose graph has a con-
tinuously differentiable convex hull. Moreover, we also study how smooth the convex
hull can be, by studying the growth rate of the convex minorant whenever the right
derivative of the convex minorant increases continuously. Lastly, we characterise the
Hölder continuity of the convex hull of a one-dimensional Lévy process.
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Chapter 1

Introduction

Through the past decades, the topic of Lévy processes has constituted an import-
ant field within probability theory. In recent years there has been a surge of new
advances and ideas within the field of Lévy processes, especially within the theory
of convex hulls of Lévy processes, i.e. convex minorants and concave majorants of
Lévy processes. Convex hulls of random walks and stochastic processes, including
Cauchy processes, Brownian motion and Lévy processes, have been of interest for
many decades, see e.g. [1, 4, 21, 30, 38, 40, 44, 49, 54, 56, 64, 66] and references
therein. The topic of this thesis is convex hulls of one-dimensional Lévy processes,
and the thesis will contain many new probabilistic results relating to geometric prop-
erties and smoothness properties for the convex hull. We will explore multiple areas
within the topic of convex hulls, such as a central limit theorem, fluctuation theory,
smoothness and connections to known results from other areas of probability theory.

To control the convex hull, it is enough to study the convex minorant and the
concave majorant, which make up the convex hull. The convex minorant and the
concave majorant are piecewise linear functions, with possibly infinitely many pieces
of linearity, and controlling these functions is delicate and can be quite difficult. The
surge of new results within the theory of convex hulls is, in part, due to the strong
results from [38, 64], wherein the authors characterise the law of the piecewise linear
faces of the convex minorant (and concave majorant) of a Lévy path. Having such a
characterisation of the law of the faces, makes it possible to prove many probabilistic
results of the convex hull. This characterisation will, throughout this thesis, be a
crucial tool to prove our main results.

In Chapter 2 and Appendix A, we will go through the general notation, the
main definitions and state the most important results used throughout this thesis.
We do this to make the thesis almost surely self-contained.
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Within the theory of convex hulls, the area of geometric properties such as
length, diameter and volume are of specific interest, especially studied for random
walks and isotropic stable processes (see references in §3.1.2). In Chapter 3 we
study the asymptotic behaviour of the fluctuations of the length of the concave
majorant of a Lévy process as the time horizon tends to infinity, in terms of a
central limit theorem whenever there exists a finite second moment for the Lévy
process. The scale of the fluctuations of the length and other statistics, as well
as their asymptotic dependence, vary significantly with the tail behaviour of the
Lévy measure. Moreover, in the case of finite second moment and zero mean, we
describe the asymptotic dependence between the fluctuations of the length of the
concave majorant and a triplet of processes that only depend on the Lévy process
itself, i.e. the supremum, final value and time of the supremum of the Lévy process.
Additionally, we study the cases where the Lévy process is in the domain of attraction
of an α-stable law for α ∈ (0, 2] \ {1}, which has a different dependence structure
than in the case of finite second moment.

Another important topic, studied in the case of planar Brownian motion and
Cauchy process (see references in §4.1), is the smoothness properties of the bound-
ary of a convex hull of a Lévy process. In Chapter 4 we characterise, in terms of
their transition laws, the class of one-dimensional Lévy processes whose graph has
a continuously differentiable (planar) convex hull. We show that this phenomenon
is exhibited by a broad class of infinite variation Lévy processes and depends subtly
on the behaviour of the Lévy measure at zero. We introduce a class of strongly
eroded Lévy processes, whose Dini derivatives vanish at every local minimum of the
trajectory for all perturbations with a linear drift and prove that these are precisely
the processes with smooth convex hulls. We study how the smoothness of the convex
hull can break and construct examples exhibiting a variety of smooth/non-smooth
behaviours. In the finite variation case, we characterise the points of smoothness of
the convex hull in terms of the Lévy measure. We study these properties of smooth-
ness both for finite and infinite time horizon. Finally, we conjecture that an infinite
variation Lévy process is either strongly eroded or abrupt, a claim implied by Vi-
gon’s point-hitting conjecture. Studying the smoothness of a convex hull has many
connections to many other classical areas of probability. Indeed, through the work of
Vigon, there are strong connections to areas such as hitting points, potential theory,
local time and regularity of 0.

The study of smoothness is continued in Chapter 5, wherein we use the know-
ledge from the previous chapter to study and quantify the smoothness of the bound-
ary of the convex hull in terms of the growth rate of the right derivative of the

2



convex minorant. Since the convex minorant is piecewise linear, its right derivat-
ive may increase continuously either at a vertex time of finite slope or at time 0

where the slope is −∞. While the convex hull depends on the entire path, we show
that the local fluctuations of the derivative C ′ depend only on the fine structure of
the small jumps of the Lévy process and are the same for all time horizons. When
points of smoothness exist, i.e. when the right derivative of the convex minorant
increases continuously, we study the behaviour of the convex hull at these points by
finding upper and lower functions for the right derivative, meaning that we study
the modulus of continuity. The main process of interest, turns out to be the vertex
time process which is the right inverse of the right derivative of the convex minorant.
This process has independent increments but not necessarily stationary increments.
Therefore, it is crucial to extend multiple known fluctuation results for subordin-
ators to the time-inhomogeneous case, which is not easily done since the Laplace
exponent is bivariate. Moreover, we also study what implications these properties
of the convex hull have for the path of the Lévy process. We find that under certain
conditions, we can use the fluctuation of the right derivative of the convex hull to
describe the fluctuations of the Lévy process, and especially we find novel results
in terms of the local growth of the post-minimum process and corresponding Lévy
meander.

In Chapter 6, our study of convex hulls is finalised, by characterising the Hölder
continuity of the convex minorant of most Lévy processes. Indeed, Hölder continuity
of random functions is a classical area, well studied for Brownian motion and frac-
tional Brownian motion. The methods in the chapter are based on a novel connection
between the path properties of the Lévy process at zero and the boundedness of the
set of r-slopes of the convex minorant.

3



Chapter 2

Notation & important results

§2.1 Notation

In this section we introduce important notation that is used uniformly throughout
the thesis. We start by introducing some limit behaviour notation, and to do so
we let a ∈ [0,∞]. Given two positive functions f and g, we say f(x) = O(g(x)) as
x → a if lim supx→a f(x)/g(x) < ∞. Similarly, we write f(x) ≈ g(x) as x → a if
f(x) = O(g(x)) and g2(x) = O(g1(x)) as x→ a. For the two functions f and g, we
write f(x) = o(g(x)) as x → a if limx→a f(x)/g(x) = 0. The notation f(x) ∼ g(x)

as x→ a is used if f(x)/g(x) → 1 as x→ a. Note, in the case where a = 0, that we
take x ↓ 0 and that a is most often taken to be 0 or ∞.

Denote the positive (resp. negative) part of x by x+ := max{x, 0} (resp. x− :=

max{−x, 0}). Denote R+ := [0,∞) and R− := (−∞, 0]. Throughout the thesis,
δz will denote the Dirac delta measure of the point z, i.e. δz(A) = 1A(z) for a
measurable A. For any stochastic process (Xt)t≥0, we denote by Xt− is the left limit
of the trajectory at time t, i.e. Xt− := lims↑tXs, with X0− := X0.

§2.2 Lévy processes

A one-dimensional Lévy process X = (Xt)t≥0 is a stochastic process with X0 = 0

a.s., it has stationary and independent increments and its paths are càdlàg1 (see
[70, Def. 1.6, Ch. 1]). Most one-dimensional Lévy processes applied in the literature
includes Brownian motion, Cauchy process, Poisson process and compound Poisson
process. This thesis will assume basic knowledge of one-dimensional Lévy processes,
and for a thorough background on Lévy processes, we refer to the monograph [70].

1A function f : [0,∞) → R is càdlàg if it is right-continuous and has left limits.
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In this section and Appendix A, we introduce the most important results on Lévy
processes, that are used the most throughout the thesis.

The characteristic function of X, given by φXt(θ) := E[e
iθXt ] for θ ∈ R, is often

used to characterise the Lévy process. Let ψ be the Lévy–Khintchine exponent [70,
Thm 8.1 & Def. 8.2] of the Lévy process X, defined, for θ ∈ R and t > 0, as

ψ(θ) := t−1 log(φXt(θ)) = −1

2
σ2θ2+ iθγ+

∫
R

(
eiθx− 1− iθx1(−1,1)(x)

)
ν(dx), (2.1)

where σ2 ≥ 0 is called the Gaussian coefficient, γ ∈ R and ν is a measure on R called
the Lévy measure which satisfies

∫
R(x

2 ∧ 1)ν(dx) <∞. The triplet (σ2, γ, ν), which
characterises the Lévy process X, is called the generating triplet, and is given w.r.t.
the cut-off function x 7→ 1(−1,1)(x).

Remark 2.1 ([70, p. 39]). Let X be a one-dimensional Lévy process with generating
triplet (σ2, γ, ν).
(a) If

∫
(−1,1) |x|ν(dx) <∞, we can re-write the Lévy-Khintchine exponent ψ as

ψ(θ) = −1

2
σ2θ2 + iθγ0 +

∫
R

(
eiθx − 1

)
ν(dx), for θ ∈ R,

where γ0 = γ −
∫
(−1,1) xν(dx) ∈ R, and γ0 is called the drift of X.

(b) If
∫
R\(−1,1) |x|ν(dx) <∞, then the Lévy-Khintchine exponent can be expressed

as
ψ(θ) = −1

2
σ2θ2 + iθγ1 +

∫
R

(
eiθx − 1− iθx

)
ν(dx), for θ ∈ R,

where γ1 = γ +
∫
R\(−1,1) xν(dx) = E[X1] is the center of X (see also Ex-

ample A.1).
♢

The class of diffuse Lévy processes will be important throughout the thesis. We
therefore state Doeblin’s diffuseness lemma, which characterise when a Lévy process
is diffuse in terms of the generating triplet.

Lemma 2.2 ([43, Lem. 15.22]). A Lévy process with generating triplet (σ2, γ, ν) is
a diffuse Lévy process if and only if σ2 ̸= 0 or ν(R) = ∞.

For all ε > 0, we define the following functions of the generating triplet (σ2, γ, ν)
of X, used throughout the thesis:

σ2(ε) :=

∫
(−ε,ε)

x2ν(dx), γ(ε) :=

∫
(−1,1)\(−ε,ε)

xν(dx), ν(ε) := ν(R \ (−ε, ε)),

(2.2)
with ν+(ε) := ν([ε,∞)) and ν−(ε) := ν((−∞,−ε]).

In the following example, we will consider the Laplace exponent of the specific
class of Lévy processes where the paths are increasing.

5



Example 2.1 (Subordination of a Lévy process). We say that a process Y = (Yt)t≥0

is a subordinator if it is a Lévy process with increasing paths. Let Y be a driftless
subordinator, then from [20, Sec. 1.2, p. 7] and [70, Thm 30.1], we know that the
Fourier-Laplace exponent ϕ(u) = logE[euY1 ] for u ∈ C where ℜu ≤ 0, of Y , has the
form u−1ϕ(u) = d +

∫
(0,∞) e

−yu ν+Y (y)dy, where d is the drift coefficient and νY is
the Lévy measure of the subordinator Y .

Let X be a Lévy process on R. The process Z = (Zt)t≥0 = (XYt)t≥0 is then
called the subordination of X by the subordinator Y , and by [70, Thm 30.1], the
Lévy measure νZ of (Zt)t≥0 is given by νZ(dx) =

∫ 1
0 P(Xt ∈ dx)νY (dt). △

Knowing the activity of the Lévy measure ν of a Lévy process X is very import-
ant when working with the fine structures of Lévy processes. The following indices
will therefore be used frequently throughout the thesis. The Blumenthal–Getoor
index of X (see [26]), denoted β+ ∈ [0, 2], is defined by

β+ := inf{q ∈ [0, 2] : Iq <∞}, where Iq :=
∫
(−1,1)

|x|qν(dx), q > 0. (2.3)

The lower-activity index, denoted β− ∈ [0, 2] (inspired by Pruitt [65]), is given by

β− := inf
{
p > 0 : lim inf

u↓0
up−2σ2(u) = 0

}
. (2.4)

It is easy to see that the inequalities 0 ≤ β− ≤ β+ ≤ 2 hold. We note that β− (resp.
β+) presents a lower (resp. upper) bound on the activity of the Lévy measure ν at
zero. Thus, in general, we may have β− < β+.

We will throughout this thesis often split the class of all Lévy processes in three
classes; processes of (I) finite activity, (II) infinite activity and finite variation and
(III) infinite variation. To be of type (I) means that the process X is a compound
Poisson process with drift, i.e. σ2 = 0 and ν(R) < ∞ in terms of the character-
istic triplet. Type (II) consists of the Lévy processes where the paths are of finite
variation2 but is not compound Poisson, i.e. σ2 = 0 and

∫
(−1,1) |x|ν(dx) < ∞.

Lastly, type (III) then consists of the Lévy processes, where the paths are not of
finite variation, i.e. σ2 > 0 or

∫
(−1,1) |x|ν(dx) = ∞. Often we will exclude the case

of compound Poisson processes, since some results are trivial in this case, and thus
only work with processes of type (II) or (III).

In the following theorem, we state the Lévy–Itô decomposition, which states
that a Lévy process X can be decomposed into a pure-jump process called the jump
part and an independent continuous process called the continuous part. The theorem
is stated in higher generality for additive processes. An additive process is a Lévy

2A function f : [0,∞) → R is said to be of finite variation if, for any interval [a, b] where
0 ≤ a < b < ∞, it holds that supn∈N supa=x0<···<xn=b

∑n
i=1 |f(xi)− f(xi−1)| < ∞, where the inner

supremum is taken over all partitions a = x0 < · · · < xn = b of [a, b].

6



processes where we drop the requirement of stationary increments.

Theorem 2.3 ([70, Thm 19.2]). Let (Xt)t≥0 be an additive process on R defined on
the probability space (Ω,F ,P) with system of generating triplets (At, γ(t), νt), and
define the measure ν̃ on H := (0,∞)×R by ν̃((0, t]×B) = νt(B) for B ∈ B(R). Let
Ω0 ∈ F with P(Ω0) = 1 such that, for all ω ∈ Ω0, Xt(ω) is càdlàg. We define, for
all B ∈ B(H),

J(B,ω) :=

{
#{s ∈ (0,∞) : (s,Xs(ω)−Xs−(ω)) ∈ B}, for ω ∈ Ω0,

0, for ω ∈ Ω0.

Then the following statements hold.
(i) {J(B) : B ∈ B(H)} is a Poisson random measure on H with intensity ν̃.
(ii) There is a Ω1 ∈ F with P(Ω1) = 1, such that, for any ω ∈ Ω1,

X1
t (ω) = lim

ε↓0

∫
(0,t]×((−1,−ε)∪(ε,1))

x(J(d(s, x), ω)− ν̃(d(s, x)))

+

∫
(0,t]×(R\(−1,1))

xJ(d(s, x), ω),

is defined for all t ∈ [0,∞) and the convergence is uniform in t on any bounded
interval. The process (X1

t )t≥0 is then an additive process on R with system of
generating triplets (0, 0, νt).

(iii) Define X2
t (ω) = Xt(ω) − X1

t (ω), for ω ∈ Ω1. There exist a Ω2 ∈ F with
P(Ω2) = 1, such that, for all ω ∈ Ω2, X2(t) is continuous in t. The process
(X2

t )t≥0 is an additive process on R, and has system of generating triplet given
by (At, γ(t), 0).

(iv) The processes (X1
t )t≥0 and (X2

t )t≥0 are independent.

§2.2.1 Technical results

Throughout this subsection we will state some of the most important technical results
on Lévy processes used throughout the thesis. Some of the more classical results are
stated in Appendix §1.3.

We start with the following technical lemma, extended in [33, Thm 1.1], which
shows a small-time ergodic property for the Lévy process X and unbounded moment
functions x 7→ |x|p for p ≥ 2.

Lemma 2.4 ([6, Lem. 3.1]). Let X be a one-dimensional Lévy process with Lévy
measure ν. Suppose for some p ≥ 2, that E[|X1|p] <∞ and E[X1] = 0, then

lim
n→∞

nE[|X1/n|p] =
∫
R
|x|pν(dx).
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We continue stating results related to moments, by introducing some bounds
in the ensuing lemma, that depends on the Blumenthal–Getoor index β+. Recall
from (2.3), that Ip < ∞ for all p > β+, and if Iβ+ = ∞ then β+ < 2, implying that
we can find some δ ∈ (0, 2− β+) such that β+ + δ < 1 when β+ < 1, and we define
in β̃+ := β+ + δ1{Iβ+=∞} ∈ [β+, 2], and note that I

β̃+
<∞.

Lemma 2.5 ([39, Lem. 1]). Let X be a one-dimensional Lévy process with Lévy
measure ν. The measure ν then satisfies, for all κ ∈ (0, 1], that ν(κ) ≤ κ−β̃+I

β̃+
+

ν(1) and σ2(κ) ≤ κ2−β̃+I
β̃+

. Moreover,
∫
(−1,−κ]∪[κ,1) |x|

pν(dx) ≤ κ−(β̃+−p)
+
I
β̃+

for

p ∈ R and
∫
(−κ,κ) |x|

pν(dx) ≤ κp−β̃+I
β̃+

for p ≥ β̃+.

For a Lévy process X on [0, T ], we denote by Xt := sup0≤s≤tXs for t ∈ [0, T ],
the running supremum of X.

Lemma 2.6 ([39, Lem. 2]). Consider the Lévy process X on a fixed time horizon
[0, T ], for some T > 0. Then, for all t ∈ [0, T ] and p > 0, the assumption Ip,+ :=∫
[1,∞) x

pν(dx) <∞ implies that

E
[
X
p
t

]
≤ Cp,1t

p/β̃+ + Cp,2t
p/2 + Cp,3t

p + Cp,4t
min{1,p/β̃+}, (2.5)

for positive finite constants {Cp,i}4i=1. Moreover, if I1,+ <∞, then

E
[
Xt

]
≤ C̃1

√
t+


C̃2t+ C̃3

√
t, β̃+ = 2,

C̃4

√
t+ C̃5t

1/β̃+ , β̃+ ∈ (1, 2),

C̃6t, β̃+ ≤ 1,

for positive finite constants {C̃i}6i=1.

Note that the constants {Cp,i}4i=1 and {C̃i}6i=1 are given in full explicit form
in [39, Lem. 2] and that they might depend on T . However, since the explicit form
is not necessary for the applications within this thesis, and the explicit forms are
rather lengthy, this has been omitted.

§2.2.2 Fluctuation theory

Let λ = λθ ∼ Exp(θ), i.e. λ is an exponentially distributed random variable with
parameter θ > 0. We define the time on the time-horizon [0, λ] at which the su-
premum of Xt is attained by τλ = sup{t < λ : Xt = Xt}. Define the hitting time
Tx := inf{t > 0 : Xt = x} for any x ∈ R. We say that 0 is regular (resp. irregular)
for X, if P(T0 = 0) = 1 (resp. P(T0 = 0) = 0).

Lemma 2.7 ([18, Lem. 6, Sec. VI.2]). Let θ > 0 and X be a Lévy process. Then the
following statements hold.
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(i) If 0 is irregular for the process (Xt−Xt)t≥0, then the processes (Xt)0≤t≤τλ and
(Xτλ+t −Xτλ)0≤t<λ−τλ are independent.

(ii) If 0 is regular for the process (Xt −Xt)t≥0, then the processes (Xt)0≤t≤τλ and
(Xτλ+t −Xτλ−)0≤t<λ−τλ are independent.

One can take θ ↓ 0 (in which case λ→ ∞) in Lemma 2.7, and thus, if τ∞ <∞
a.s., we see that the post-supremum process and the pre-supremum processes on
[0,∞) are also independent, i.e. if τ∞ < ∞ a.s. and 0 is regular for (Xt −Xt)t≥0,
then (Xt)0≤t≤τ∞ and (Xτ∞+t −Xτ∞−)t≥0 are independent. Note that τ∞ < ∞ a.s.
is equivalent to the “all-time” supremum being finite a.s., i.e. X∞ := supt≥0Xt <∞
a.s. This can be done by checking if the Laplace transform of X∞ is not identically
0 for some u > 0, and hence all u > 0. The Laplace exponent of X∞ is given by
(see [38, Thm 2.7]):

E[e−uX∞ ] = exp

(
−
∫ ∞
0

∫
(0,∞)

(1− e−ux)P(Xt ∈ dx)
dt

t

)
.

Similarly to the paragraph above, we say that 0 is regular for the half-line (0,∞)

(resp. (−∞, 0)) for X if X visits (0,∞) (resp. (−∞, 0)) a.s. immediately after time
0, i.e. P(

⋂
t>0

⋃
s≤t{Xs > 0}) = 1 (resp. P(

⋂
t>0

⋃
s≤t{Xs < 0}) = 1). We can

now state the useful Rogozin’s criterion, which gives integral criteria in terms of the
transition probabilities of X for when 0 is regular for the halfline (0,∞) (see also [18,
Prop. 11, Sec. VI.3]).

Theorem 2.8 ([38, Thm 2.6]). Let X be a Lévy process. Then, the starting point 0
of X is regular for (0,∞) if and only if

∫ 1
0 P(Xt > 0)t−1dt <∞.

This result is extremely important, however, it is often not tractable to have
an integral criterion in terms of the transition probabilities. Thus, we state the
following theorem, which holds for finite variation Lévy processes, where the integral
criteria is stated in terms of the characteristics of the Lévy process. Define I−(x) :=∫ x
0 ν
−(y)dy for any x ≥ 0, and note that I− is well defined by the definition of ν.

Theorem 2.9 ([19, Thm 1]). Let X be a Lévy process of finite variation and zero-
drift. Then, 0 is regular for (0,∞) if and only if

∫
0+ ν

+(x)d(x/I−(x)) <∞.

Let (Rx)x≥0 be the first passage time process of the Lévy process X, defined as
Rx = inf{t > 0 : Xt > x} for all x ≥ 0. In the following theorem, we give conditions
in terms of the generating triplet for whether R0 = 0 a.s. or R0 > 0 a.s.

Theorem 2.10 ([70, Thm 47.5]). Let X be a Lévy process with generating triplet
(σ2, γ, ν), and let γ0 given as in Remark 2.1.
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(a) Assume that σ2 = 0 and ν(R) <∞, then: (a-i) if γ0 > 0 then R0 = 0 a.s.; (a-ii)
if γ0 ≤ 0 then R0 > 0 a.s.
(b) Assume that σ2 = 0, ν(R) = ∞ and

∫
(−1,1) |x|ν(dx) <∞, then:

(b-i) If γ0 > 0 then R0 = 0 a.s.
(b-ii) If γ0 < 0 then R0 > 0 a.s.
(b-iii) If γ0 = 0 and ν((−∞, 0)) <∞, then R0 = 0 a.s.
(b-iv) If γ0 = 0 and ν((0,∞)) <∞, then R0 > 0 a.s.
(b-v) If γ0 = 0, ν((−∞, 0)) = ∞ and ν((0,∞)) = ∞, then both R0 > 0 a.s. and

R0 = 0 a.s. are possible.
(c) Assume that σ2 ̸= 0 or

∫
(−1,1) |x|ν(dx) = ∞, then R0 = 0 a.s.

Consider a Lévy process X on [0, T ]. We define the post-minimum process
X→ = (X→t )t∈[0,T−τ0] given by X→t := Xt+τ0 − inf0≤t≤T Xt, where τ0 is the time
that Xt attains its minimum on [0, T ]. As in the paragraph preceding [76, Thm 2],
we define a Lévy meander of length T as the weak limit, as ε ↓ 0, of the Lévy process
X conditioned to stay above −ε on [0, T ] under P (the law of the Lévy process).

Theorem 2.11 ([76, Thm 2]). Assume that 0 is regular for both half-lines (−∞, 0)

and (0,∞) and, for any t > 0,
∫
R |E[eiuXt ]|du < ∞. Then, the law of X→ is the

same as the law of the Lévy meander of length T − τ0 of the Lévy process X.

§2.3 α-stable processes & stable domain of attraction

Throughout the thesis we will often work with α-stable processes, since they have
many important applications, explicit characteristics and nice scaling properties. We
say that a process Z = (Zt)t≥0 is an α-stable process, if it is a one-dimensional Lévy
process such that Zt

d
= t1/αZ1 for all t > 0 (see also §1.3.4 or [70, Ch. 3]). Examples of

α-stabel processes include Brownian motion (α = 2) and Cauchy processes (α = 1).
If Z is an α-stable process with α ∈ (0, 2), then Z has generating triplet (0, γ, ν),

where ν(dx) = |x|−1−α(c+1(0,∞)(x)+c−1(−∞,0)(x))dx for some c+, c− ≥ 0 such that
c++c− > 0 by [70, Thm 14.3(ii)]. Note, when α < 2, that an α-stable process has no
Gaussian component. By studying the function x 7→ |x|−1−α from the closed form
of ν, we can see that an α-stable processes mainly has big jumps if α is close to 0,
whereas if α is close to 2, then Z mainly has small jumps. In the case where Z is
α-stable the activity indices β− and β+ will agree, and be equal to α, see also §1.3.4.

Another important class of processes closely related to α-stable processes, used
frequently throughout this thesis, are the processes X that are in the domain of
attraction of an α-stable law, see [42, §4] for a full characterisation of this class. We
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say that a Lévy process X is in the domain of attraction of an α-stable law for some
α ∈ (0, 2], if

Xt/g(t)
d→ Z1, as t→ ∞, for a positive function g(t) = t1/αl(t), (2.6)

where l is a slowly varying function at infinity (i.e. l(cx)/l(x) → 1 as x→ ∞ for all
c > 0) and (Zt)t≥0 is an α-stable process (see also [42, Eq. (8)]). The function g is
in this context called the scaling function. We note that (2.6) is equivalent to

(Xst/g(t))s∈[0,1]
d→ (Zs)s∈[0,1], as t→ ∞, (2.7)

in the Skorokhod space D[0, 1] equipped with the J1-topology [23, Ch. 3], with g as
in (2.6). Note that D[0, 1] is the space of functions on [0, 1] that are right-continuous
with left-limits. If the slowly varying function l converges to a positive finite constant,
and (2.6) holds, then we say that X is in the domain of normal attraction of an α-
stable law. When l does not converge to a finite positive constant but (2.6) still
holds (e.g. l converges to 0, ∞ or fluctuates), then we say that X is in the domain
of non-normal attraction of an α-stable law.

Similarly to the setting above, we say that X is in the small-time domain of
attraction of an α-stable law, if Xt/g(t)

d→ Z1 as t ↓ 0, for some positive function
g(t) = t1/αl(t), where l is slowly varying at 0. This can also be characterised through
the characteristics of the process, as explained by the succeeding theorem.

Theorem 2.12 ([42, Thm 2]). Consider the Lévy process X on R with generating
tripet (σ2, γ, ν) and the α-stable process Z with parameters c+, c− > 0 and γ̂ (see
definition of Z above).
(i) X is attracted to the non-zero linear drift (tγ̂)t≥0 if and only if σ = 0, (γ −

γ(x))/γ̂ is eventually positive, xν(x)/(γ−γ(x)) → 0 as x ↓ 0 and g(t) is chosen
such that g(t)/(γ − γ(g(t))) ∼ t/γ̂ as t ↓ 0.

(ii) X is in the small-time domain of attraction of an α-stable process Z if and only
if the following hold:
(a) when X is of finite variation, then σ2 = 0 and γ0 = 0,
(b) the functions ε 7→ ν±(ε) are regularly varying at 0 with index −α if c± > 0,

and ν+(ε)/ν−(ε) → c+/c− as ε ↓ 0.
(c) when α = 1 it is also required that (εν+(ε))−1(γ − γ(ε)) → γ̂/c+ as ε ↓ 0,

and g(t) is chosen to satisfy ν±(g(t)) ∼ t−1c±/α if c± > 0.
(iii) X is attracted to a Brownian motion with variance σ̂2 if and only if x2ν(x)/(σ2+

σ2(x)) → 0 as x ↓ 0 and g(t) is chosen to satisfy t/σ̂2 ∼ g(t)2/(σ2 + σ2(g(t)))

as t ↓ 0.

In the following example, we consider a non-strictly 1-stable process that is
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attracted to a linear drift.

Example 2.2 ([42, Ex. 4.2.2]). Assume thatX is a 1-stable process with Lévy measure
where c+ ̸= c−. Directly from the definition of the Lévy measure ν of X, we see
that ν(x) = (c+ + c−)/x and that γ − γ(x) = γ + (c+ − c−) log(x). Hence, we see
that the conditions of Theorem 2.12(i) are fulfilled for any γ̂ having the same sign as
(c−−c+). Thus, a non-strictly 1-stable process is attracted to a non-zero linear drift
process, and the scaling function g(t) must satisfy −g(t)/ log(g(t)) ∼ t(c− − c+)/γ̂

as t ↓ 0. △

In the following two lemmas, we assume that X is in the small-time domain of
attraction of an α-stable process Z with Lévy measure νZ , i.e. assume that (2.6)
holds, and let X(n)

t = bnXt/n where bn = 1/g(1/n), with corresponding generating
triplet (σ2(n), γ(n), ν(n)).

Lemma 2.13 ([25, Lem. 4.8]). Assume that X is in the small time domain of
attraction of an α-stable law. Then γ(n), σ2(n) and

∫
(−1,1) x

2ν(n)(dx) have finite limits
as n → ∞. Moreover, for any p < α such that

∫
[1,∞) x

pν(n)(dx) < ∞, we have that∫
[1,∞) x

pν(n)(dx) →
∫
[1,∞) x

pνZ(dx) <∞ as n→ ∞.

Lemma 2.14 ([25, Lem. 4.9]). Assume that max{γ(n), 0}, σ2(n),
∫
(−1,1) x

2ν(n)(dx)

and
∫
[1,∞) x

pν(n)(dx) are bounded. Then E[(supt∈[0,1]X
(n)
t )p] is bounded.

We will, in the ensuing lemma, consider the discrete time version of domain
of attraction of an α-stable law. We consider a sequence (Xn)n∈N of iid random
variables with the same distribution function F . If we can find normalising constants
An and Bn, such that the distribution Fn of (X1 + · · · + Xn − An)/Bn converges
weakly to a distribution function G of an α-stable random variable, then we say that
F is in the domain of attraction of G with exponent α.

Lemma 2.15 ([41, Lem. 5.2.2]). If F is in the domain of attraction of an α-stable
law G, then for all δ < α, the moments

∫
R |x|δFn(dx) are uniformly bounded in n.

§2.4 Convex hull & the stick-breaking process

In this section we introduce the main objects of this entire thesis, the convex hull,
concave majorant and the convex minorant of a one-dimensional Lévy process X.
We also define the closely related stick-breaking process, and how this can be used
to describe the law of the faces of the convex minorant and concave majorant.

Definition 2.16. Let X be a one-dimensional Lévy process, and fix a time interval
[0, T ] for some positive time horizon T > 0. The convex minorant C⌣T (t) (resp.
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concave majorant C⌢T (t)) of a path of X is the largest (resp. smallest) function that
is point-wise smaller (resp. larger) than the path of X, i.e. C⌣T (t) ≤ Xt (resp.
C⌢T (t) ≥ Xt) for all t ∈ [0, T ].

The boundary of the convex hull of the graph of a Lévy process X over [0, T ]

is a union of the graphs of the convex minorant and the concave majorant.
In chapters 4, 5 & 6, when considering only the convex minorant for a fixed

time horizon T > 0, we will, for convenience, drop the superscript and subscript,
and denote by C = (C(t))t∈[0,T ] the convex minorant on the fixed time interval
[0, T ]. In the case where we are considering the convex minorant of X on [0,∞), we
use the notation C∞ = (C∞(t))t∈[0,∞). Note that the convex minorant and concave
majorant are piecewise linear functions for any Lévy process X, with countably, but
possibly infinitely, many pieces of linearity, as seen in Theorem 2.18. To describe the
law of these pieces of linearity, we need the process (ℓn)n∈N, called a uniform stick
breaking process.

Definition 2.17. For any T > 0, a uniform stick-breaking process (ℓn)n∈N on [0, T ]

is defined recursively by an iid-U(0, 1) sequence (Un)n∈N as follows: L0 := T , ℓn :=

UnLn−1 and Ln := Ln−1 − ℓn for n ∈ N. The process (Ln)n∈N∪{0} will be referred to
as the stick-remainders.

Note that if (ℓn)n∈N is a uniform stick-breaking process on [0, T ], then (aℓn)n∈N

is a stick-breaking process on [0, aT ] for any a > 0. There is a very close relation-
ship between the convex minorant (or the concave majorant) and the stick-breaking
process, as seen in the following theorem.

Theorem 2.18 ([38, Thm 3.1]). Let X be a one-dimensional Lévy process and
(ℓn)n∈N be a uniform stick-breaking process on [0, T ] independent of X for a fixed
T > 0. Then, the convex minorant C(t) of X on [0, T ] has the same law (in the
space of continuous functions on [0, T ]) as the piecewise linear convex function on
[0, T ], given by the formula

t 7→
∞∑
n=1

ξnmin{max{t− an, 0}/ℓn, 1}, where ξn := XLn−1 −XLn and

an :=

∞∑
k=1

ℓk · 1{ξk/ℓk<ξn/ℓn} +
n−1∑
k=1

ℓk · 1{ξk/ℓk=ξn/ℓn}, for n ∈ N.
(2.8)

In particular, the face of the piecewise linear function with length ℓn has vertical
height ξn.

Note that a similar result exists in the case where we consider the concave
majorant. In that case, the indicator function in the first part of an from (2.8) would
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have the opposite inequality, since we would sort by decreasing slope instead (in the
case of the convex minorant the faces are in order of increasing slope). Moreover,
note that Theorem 2.18, generalises to all Lévy processes the characterisation of the
law of the convex minorant (and the concave majorant) established in [64] for diffuse
Lévy processes. This extension is very important for the results in this thesis, since
it allows us to study the convex minorant (and the concave majorant) of all Lévy
processes, including Poisson processes with drift.

Corollary 2.19 ([38, Cor. 3.2]). Let θ ∈ [0,∞) and λθ ∼ Exp(θ) (with λ0 =

∞) be independent of the Lévy process X. When θ = 0 we assume that l :=

lim inft→∞Xt/t > −∞. Define the σ-finite measure µθ(dt,dx) on (0,∞)× R:

µθ(dt,dx) :=

{
t−1e−θtP(Xt ∈ dx)dt, θ > 0,

1{x/t<l}t
−1P(Xt ∈ dx)dt, θ = 0.

Let Ξθ =
∑

n∈N δ(ℓ(θ)n ,ξ
(θ)
n )

be a Poisson point process with mean measure µθ. Then
the convex minorant Cλθ = (Cλθ(t))t∈[0,λθ] of X has the same law as the piecewise
linear function given in (2.8). In particular, the face of the piecewise linear function
with horizontal length ℓ(θ)n has vertical height ξ(θ)n , and when θ = 0, the corresponding
slope ξ(θ)n /ℓ

(θ)
n lies on the interval (−∞, l).

Remark 2.20 ([38, Sec. 2.2 & App. A]). Let θ ∈ (0,∞) and λθ ∼ Exp(θ) be inde-
pendent of the Lévy process X. Let (ℓ

(θ)
n )n∈N be a stick-breaking process on [0, λθ].

Then the random measure
∑∞

n=1 δℓ(θ)n
on (0,∞) is a Poisson point process with mean

measure satisfying E[
∑∞

n=1 δℓ(θ)n
(A)] =

∫
A t
−1e−θtdt for any measurable set A. ♢

In the following remark, we see the relation between the values of l and the
finiteness of the convex minorant C∞.

Remark 2.21 ([64, Cor. 3]). Note that the value l = lim inft→∞Xt/t is a.s. constant,
and l ∈ (−∞,∞] if and only if C∞ is a.s. finite. ♢

For a Lévy process that is not a compound Poisson process, we let ρt denote
the a.s. unique time at which the minimum of X is attained on [0, t], and in the
ensuing theorem we see a property for the distribution of ρ.

Theorem 2.22 ([64, Thm 2]). Let X be a Lévy process (but not compound Poisson
process) for which 0 is regular for both half-lines (−∞, 0) and (0,∞). Then the
distribution of ρ1 is equivalent to the Lebesgue measure on [0, 1].

In the last part of this section we will discuss the vertex time process of the
convex minorant Cλθ with exponential time horizon. For some θ ∈ [0,∞), let λθ ∼
Exp(θ) (with λ0 = ∞) be independent of the Lévy process X. Define the right
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derivative of the convex minorant Cλθ = (Cλθ(t))t∈[0,λθ] by C ′λθ(t) := limε↓0(Cλθ(t+

ε)− Cλθ(t))/h, which exists for all t ∈ [0, λθ). The vertex time process τ̂ = (τ̂s)s∈R

with an exponential time horizon (see [38, Sec. 2.3]), is defined by τ̂s := inf{t ∈
(0, λθ) : C

′
λθ
(t) > s}∧λθ, and is the right-inverse of the non-decreasing process C ′λθ .

Theorem 2.23 ([38, Thm 2.9]). Let θ ∈ [0,∞) and let l be as in Corollary 2.19.
Then, τ̂ has independent but non-stationary increments and its Laplace transform is
given by

E[e−wτ̂s ] = exp

(
−
∫ ∞
0

(1− e−wt)e−θtP(Xt ≤ st)
dt

t

)
,

for all w ≥ 0 and either s ∈ R (if θ > 0) and or s ∈ (−∞, l) (if θ = 0).

§2.4.1 Cauchy case

In this section, we will state some of the results known about the derivative of the
convex minorant C ′ in the case where X is a Cauchy process (see also Example 5.2).
Throughout the rest of this section, we assume X = (Xt)t∈[0,1] to be a standard
one-dimensional Cauchy process and let C = (C(t))t∈[0,1] be its convex minorant,
with right-derivative C ′.

Theorem 2.24 ([21, Thm 2]). The process (C ′(t))t∈(0,1) is continuous and has the
same law as − cot(πL(tγ1)) for t ∈ (0, 1), where γ = (γt)t≥0 is a standard gamma
process and, for x ≥ 0, L(x) = inf{s ≥ 0 : γs > x} is the inverse process of γ.

Corollary 2.25 ([21, Cor. 3]). With probability one, it holds that

lim inf
s↓0

|C ′(s)| log log log(1/s)
log(1/s)

= lim inf
s↓0

|C ′(1− s)| log log log(1/s)
log(1/s)

=
1

π
.

Moreover, if f : [0,∞) → [0,∞) is an increasing function so that t 7→ f(t)/t is
decreasing, then both lim sups↓0 |C ′(s)|f(s) and lim sups↓0 |C ′(1− s)|f(s) equals 0 or
∞ according as x 7→ f(x)/x is integrable at 0 or not.

Let τs := inf{t ∈ (0, 1) : C ′(t) > s} ∧ 1 be the right inverse of C ′. As explained
in the paragraph ensuing the proof of [21, Cor. 3], we can also study the behaviour
of C ′ on (0, 1), and show, using a variation of the arguments used in the proof [21,
Cor. 3], that

lim sup
s↓0

(C ′(s+ τx)− x) log(1/s)

log log log(1/s)
= π(1 + x2) a.s. (2.9)

§2.5 Vigon theorems & related results

Vigon proved many important results, and in this section we introduce some of these
results, as well as some related results. We start by defining the notion of abruptness,

15



which is important when characterising smoothness, was introduced by Vigon in his
PhD thesis [78, Def. 12.1.1] (see also [79, Def. 1.1]).

Definition 2.26 ([79, Def. 1.1]). Let X be a Lévy process of infinite variation, and
set M := {t ∈ [0,∞) : ∃ε > 0 ∀s ∈ (t− ε, t+ ε) : Xs ≤ Xt orXs ≤ Xt−} to be the set
of local maxima of X. Then X is said to be abrupt if the following Dini derivatives
are infinite at every local minimum t of the path of X, i.e., for all t ∈M ,

lim sup
ε↑0

Xt+ε −Xt−
ε

= −∞ and lim inf
ε↓0

Xt+ε −Xt

ε
= ∞.

The main result of [79] gives an integral criteria, in terms of the transition
probabilities of X, for when an infinite variation Lévy process is abrupt.

Theorem 2.27 ([79, Thm 1.3]). A Lévy process X of infinite variation is abrupt if
and only if

∫ 1
0 P(Xt/t ∈ [a, b])t−1dt <∞ for all a, b ∈ R where a < b.

The notion of an eroded process was introduced in [80, Def. 1.2] (see also [78,
App. D, p. 10]).

Definition 2.28 ([80, Def. 1.2]). An infinite variation Lévy process X is eroded if
the following Dini derivatives equal zero at every local minimum t of the path of X,
i.e. for all t ∈M ,

lim sup
ε↑0

Xt+ε −Xt−
ε

= 0 and lim inf
ε↓0

Xt+ε −Xt

ε
= 0.

In a similar fashion to Definition 2.28, we define a Lévy process X to be strongly
eroded if (Xt − rt)t≥0 is eroded for every r ∈ R. In the ensuing theorem, we see a
characterisation of when X is eroded in terms of the transition probabilities. This
theorem can also be derived using [79, Prop. 3.6].

Theorem 2.29 ([80, Thm 1.4]). An infinite variation Lévy process X is eroded if
and only if the measure S, given by S(dx) =

∫ 1
0 P(−Xt/t) ∈ dx)t−1dt, gives infinite

mass to all neighbourhoods of 0.

Another important class of Lévy processes, is the class of processes that creeps.
Recall that the first passage time of X is defined as Rx = inf{t > 0 : Xt > x}.

Definition 2.30 ([77, Def. 1.1]). The Lévy process X is said to creep upwards if,
for all x > 0, P(XRx = x) > 0. We say that X creeps downwards if −X creeps
upwards.

Example 2.3 ([79, Ex. 1.5]). The property of creeping is closely related to abruptness.
Indeed, if a Lévy process X creeps upwards or downwards, then X is abrupt. △
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In the following theorem, we see a characterisation of when X creeps upwards
given in terms of the characteristics of X, which is more tractable than criteria given
in terms of the transition probabilities.

Theorem 2.31 ([77, Thm Kaa]). Let X be an infinite variation Lévy process on R
with Lévy measure ν and no Gaussian component. Then, X creeps upwards, if and
only if ∫ 1

0

x∫ 0
−x π1(u)du

π(x)dx <∞,

where π(x) =
∫
R(1{0<x≤s} + 1{s≤x<0})ν(ds) for all x ∈ R and π1(x) =

∫ x
−1 π(u)du

for all x ∈ [−1, 0).

Remark 2.32 ([55, Eq. (1.7)]). Let X be a Lévy process with σ2 = 0 and Lévy
measure ν. Consider the following asumptions:

(a)
∫
(0,1) xν(dx) <∞ and

∫
(−1,0) |x|ν(dx) = ∞.

(b)
∫
(−1,0) |x|ν(dx) <∞ and

∫
(0,1) xν(dx) = ∞,

Assuming (a) (resp. (b)) implies that X will creep upwards (resp. downwards). ♢

§2.5.1 Integrability of sp(r)

Throughout the remainder of the section we assume the Lévy process X to have
infinite activity. Recall that ψ is the characteristic exponent of X, satisfying ψ(u) =
logE[exp(iuX1)] for u ∈ R. Define for any p > 0 and r ∈ R,

sp(r) :=
1

2π

∫
R
ℜ 1

p+ iur − ψ(u)
du.

The relation sp(r) ∈ (0,∞] holds since, by ℜψ(u) ≤ 0 and (4.5), the integrand in the
definition of sp(r) is positive for all u ∈ R. Define for any q > p > 0 the measures
µp and µp,q given by

µp(A) :=

∫ ∞
0
P(Xt/t ∈ A)e−pt

dt

t
, µp,q(A) :=

∫ ∞
0
P(Xt/t ∈ A)(e−pt − e−qt)

dt

t
,

for any measurable A ⊂ R. We note here that both measures are diffuse since the
law of Xt/t is diffuse by Lemma 2.2. Moreover, µp,q(R) <∞ for any finite q > p > 0

since t 7→ (e−pt − e−qt)/t is integrable on (0,∞), while clearly µp(R) = ∞ for any
Lévy process X. In fact, X is strongly eroded if and only if µp(I) = ∞ for all
bounded intervals I in R (see Theorem 4.2 below).

Remark 2.33. For any q > 0 and z, w ∈ C with ℜz,ℜw ≥ 0 and q ≥ |z−w| we have
ℜ(1/(q+z)) ≤ 8ℜ(1/(q+w)). Indeed, the inequality is equivalent to (q+ℜz)|q+w|2 ≤
2(q+ℜw)·(2|q+z|)2, which follows from |q+w| = |q+z+(w−z)| ≤ |q+z|+q ≤ 2|q+z|
and q +ℜz = q +ℜw +ℜ(z − w) ≤ 2(q +ℜw). Thus (1/8)sq(r) ≤ sp+q(r) ≤ 8sq(r)
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for any q ≥ p > 0 and r ∈ R, implying that the finiteness and local integrability of
sp do not depend on p ∈ (0,∞). ♢

For Lévy processes with bounded jumps, Theorem 2.34 below was established
in [80, Thm 1.5]. We extend this result to all infinite activity Lévy processes. Our
proof follows the same strategy as the one in [80] but is shorter and has the advant-
age of being almost completely elementary, requiring only basic facts about Fourier
inversion and Brownian motion. The key step in [80], relying heavily on the fluctu-
ation theory of Lévy processes, is replaced by a simple Gaussian perturbation of the
Lévy process. Moreover, almost no potential theory is used in our proof. More spe-
cifically, we apply Theorem A.27 only once to show that limq→∞ sq(r) = 0 whenever
sp(r) <∞ for some p > 0.

Theorem 2.34. Suppose X has infinite activity. Then for any p ∈ (0,∞) and
−∞ ≤ a < b ≤ ∞, we have ∫ b

a
sp(r)dr = µp((a, b)). (2.10)

The equivalence (4.3) below is immediate from Theorem 2.34. The proof of
Proposition 2.35 below is elementary, requiring no knowledge of potential theory for
Lévy processes. Theorem 2.34 follows easily from Proposition 2.35 and Theorem A.27
as we will see below. Moreover, fluctuation identities are not used in the proof of
Theorem 2.34, which is what one would expect since identity (2.10) involves only
the marginal laws of X.

Proposition 2.35. Suppose X has infinite activity. For p > 0 and a, b ∈ R with
a < b we have:
(a) if

∫ b
a sp(r)dr <∞, then for any q ∈ [p,∞) we have∫ b

a
(sp(r)− sq(r))dr = µp,q((a, b)); (2.11)

(b) if µp((a, b)) <∞, then
∫ b−ε
a+ε sp(r)dr <∞ for every ε ∈ (0, (b− a)/2).

Note that (2.11), applied to every open subinterval of (a, b), implies sp ≥ sq a.e.
on the interval (a, b) for any q ∈ [p,∞). We now show that Proposition 2.35 implies
Theorem 2.34.

Proof of Theorem 2.34. First assume a, b ∈ R and
∫ b
a sp(r)dr <∞. Then sp is finite

a.e. on (a, b). Recall that the q-capacity cqr of the set {0} (see Definition A.25)
for the process (Xt − rt)t≥0 satisfies (4sq(r))

−1 ≤ cqr ≤ sq(r)
−1 for any q > 0 by

Remark A.26. If sp(r) < ∞, then, by Theorem A.27 (see also Remark A.30), we
have cqr → ∞ and hence sq(r) → 0 as q → ∞. Since, by (2.11) we have sq ≤ sp a.e.
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on the interval (a, b) for any q ∈ [p,∞), the monotone convergence theorem (along a
countable sub-sequence) implies

∫ b
a (sp(r)− sq(r))dr ↑

∫ b
a sp(r)dr as q → ∞. Again,

by monotone convergence, we have µp,q((a, b)) ↑ µp((a, b)) as q → ∞, implying the
identity µp((a, b)) =

∫ b
a sp(r)dr by (2.11).

Next we show that, for a, b ∈ R,
∫ b
a sp(r)dr = ∞ implies µp((a, b)) = ∞.

Suppose µp((a, b)) <∞. Then
∫ b−1/n
a+1/n sp(r)dr <∞ for all sufficiently large n ∈ N by

Proposition 2.35(b). Hence, (2.10) holds over every interval (a+1/n, b−1/n). Since
sp ≥ 0, taking n→ ∞ and applying the monotone convergence theorem gives (2.10)
over the interval (a, b), completing the proof for a, b ∈ R.

Take any real sequences an ↓ a and bn ↑ b as n→ ∞. Since (2.10) holds over the
intervals (an, bn), the monotone convergence theorem implies (2.10) over the possibly
infinite interval (a, b).

The following result can be deduced from the results in [70, Sec. 42] on the
potential theory of Lévy processes. Since Lemma 2.36 is key in the proof of Propos-
ition 2.35, we include an elementary short proof for completeness.

Lemma 2.36. Suppose the Lévy process X is of infinite activity and sp(r) <∞ for
some p > 0, r ∈ R. Then, for any ε > 0 we have

1

2π

∫
R

sin(uε)

uε
ℜ 1

p+ iur − ψ(u)
du =

1

2ε

∫ ∞
0
P(Xt − rt ∈ (−ε, ε))e−ptdt. (2.12)

In particular, the following limit holds

sp(r) = lim
ε↓0

1

2ε

∫ ∞
0
P(Xt − rt ∈ (−ε, ε))e−ptdt, p > 0. (2.13)

Note from (2.13) that p 7→ sp(r) is a non-increasing function for each r ∈ R.

Proof of Lemma 2.36. Since (Xt−rt)t≥0 has infinite activity, we may assume without
loss of generality that r = 0. Recall the measure Up(dx) :=

∫∞
0 P(Xt ∈ dx)e−ptdt

on R from Definition A.24. Note that Up is diffuse by Lemma 2.2 and, by Fubini’s
theorem, the Fourier transform of Up equals

∫
R e

iuxUp(dx) =
∫∞
0 e−(p−ψ(u))tdt =

1/(p − ψ(u)). Fourier inversion formula from Theorem A.5 and Fubini’s theorem
yield

Up((−ε, ε)) = lim
c→∞

1

2π

∫ c

−c
ℜ
[
eiuε − e−iuε

iu

1

p− ψ(u)

]
du

= lim
c→∞

1

π

∫ c

−c

sin(uε)

u
ℜ 1

p− ψ(u)
du.

Since 0 < ℜ(1/(p − ψ(u)))2 ≤ ℜ(1/(p − ψ(u)))/p for all u (as in (4.5)), and
since sp(0) < ∞, the function u 7→ ℜ(1/(p − ψ(u))) is square-integrable. Since
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u 7→ sin(uε)/u is also square-integrable, their product is integrable by Cauchy–
Schwarz. Thus, Up((−ε, ε)) = π−1

∫
R(sin(uε)/u)ℜ(1/(p − ψ(u)))du for any ε > 0,

implying (2.12). Since | sin(x)/x| ≤ 1 and the map u 7→ ℜ(1/(p−ψ(u))) ≥ 0 is integ-
rable, taking ε ↓ 0 in (2.12) gives (2.13) by the dominated convergence theorem.

Proof of Proposition 2.35. (a). Since sp is integrable on (a, b), it is finite a.e. on
(a, b). By Remark 2.33, for each r ∈ (a, b) with sp(r) < ∞ we have sq(r) < ∞ for
all q > 0. Hence sq(r) ≥ (2ε)−1

∫∞
0 P(Xt − rt ∈ (−ε, ε))e−qtdt → sq(r) as ε ↓ 0

by (2.12) in Lemma 2.36 since | sin(x)/x| ≤ 1 for x ∈ R. Thus, the dominated
convergence theorem and Fubini’s theorem give∫ b

a
sq(r)dr =

∫ b

a
lim
ε↓0

1

2ε

∫ ∞
0
P(Xt − rt ∈ (−ε, ε))e−qtdtdr

= lim
ε↓0

∫ ∞
0

1

2ε
E

[ ∫ b

a
1((Xt−ε)/t,(Xt+ε)/t)(r)dr

]
e−qtdt.

The random variable 1
2(t/ε)

∫ b
a 1((Xt−ε)/t,(Xt+ε)/t)(r)dr is bounded by 1 and converges

to 1(a,b)(Xt/t) +
1
21{a,b}(Xt/t) as ε ↓ 0, which equals 1(a,b)(Xt/t) a.s. since X has

infinite activity. Since the function t 7→ (e−pt − e−qt)/t is integrable on (0,∞) for
any q > p, the dominated convergence theorem implies∫ b

a
(sp(r)− sq(r))dr = lim

ε↓0

∫ ∞
0
E

[
t

2ε

∫ b

a
1((Xt−ε)/t,(Xt+ε)/t)(r)dr

]
(e−pt − e−qt)

dt

t

=

∫ ∞
0
E
[
1(a,b)(Xt/t)

]
(e−pt − e−qt)

dt

t
=

∫ ∞
0
P(Xt/t ∈ (a, b))(e−pt − e−qt)

dt

t
,

establishing (2.11).
(b). Assume µp((a, b)) < ∞ and that there exists some ε > 0 such that∫ b−ε

a+ε sp(r)dr = ∞. We now show that these assumptions lead to a contradiction. Let
Brownian motion B be independent of X. The characteristic exponent of X + ςB

equals u 7→ ψ(u)− ς2u2/2 for any ς > 0. For any p > 0 let

sςp(r) :=
1

2π

∫
R
ℜ 1

p+ iur − ψ(u) + ς2u2/2
du, and note

0 <

∫ b

a
sςp(r)dr ≤

b− a

2π

∫
R

du

p+ ς2u2/2
<∞.

Thus (2.11) holds for the process X + ςB, the interval (a+ ε, b− ε) and any q > p.
Since, by the monotone convergence theorem, the upper bound in the last display
tends to zero as q → ∞, the monotone convergence theorem applied to the right-hand
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side of (2.11) yields∫ b−ε

a+ε

1

2π

∫
R
ℜ 1

p+ iur − ψ(u) + ς2u2/2
dudr

=

∫ ∞
0
P((Xt + ςBt)/t ∈ (a+ ε, b− ε))e−pt

dt

t
.

(2.14)

Since we assumed that
∫ b−ε
a+ε sp(r)dr = ∞, then for every M > 0 there exist

some K > 0 such that the inequality (2π)−1
∫ b−ε
a+ε

∫K
−K ℜ(1/(p+ iur− ψ(u)))dudr ≥

2M holds. The bound ℜ(1/(p + iur − ψ(u) + ς2u2/2)) ≤ 1/p and the dominated
convergence theorem (applied as ς ↓ 0) give

1

2π

∫ b−ε

a+ε

∫ K

−K
ℜ 1

p+ iur − ψ(u) + ς2u2/2
dudr ≥M,

for all sufficiently small ς > 0. Since M > 0 is arbitrary, this implies that the integral
on the right side of (2.14) diverges as ς ↓ 0.

To complete the proof, we show that the assumption µp((a, b)) < ∞ implies
that the integral on the right side of (2.14) is bounded as ς ↓ 0. We will first bound
the integral on [ς2,∞). Note that

P((Xt + ςBt)/t ∈ (a+ ε, b− ε)) ≤ P(|ςBt/t| ≥ ε) + P(Xt/t ∈ (a, b)).

By assumption, the integral
∫∞
ς2 P(Xt/t ∈ (a, b))e−ptt−1dt is finite and converges

to µp((a, b)) < ∞ as ς ↓ 0. The elementary bound P(|B1| ≥ x) ≤ e−x
2/2/(

√
2πx)

implies that,∫ ∞
ς2
P(|ςBt/t| ≥ ε)e−pt

dt

t
=

∫ ∞
1
P(|B1| ≥ ε

√
t)e−pς

2tdt

t
≤
∫ ∞
1

e−ε
2t/2

ε
√
2π

dt

t3/2
<∞.

It remains to bound the integral on the right side of (2.14) over the interval
(0, ς2) as ς ↓ 0. To do this, note that

sup
x∈R

P(ςBt/t+ x ∈ (c, d)) = P
(
|B1| ≤ (d− c)

√
t/(2ς)

)
≤ (d− c)

√
t/
(
ς
√
2π
)
,

for any c < d. Thus, elementary inequalities yield∫ ς2

0
P((Xt + ςBt)/t ∈ (a+ ε, b− ε))

dt

t

=

∫ ς2

0

∫
R
P(ςBt/t+ x ∈ (a+ ε, b− ε))P(Xt/t ∈ dx)

dt

t

≤
∫ ς2

0

(b− a− 2ε)
√
t

ς
√
2π

dt

t
=

∫ 1

0

(b− a− 2ε)√
2π

dt√
t
<∞.

Hence, the right side of (2.14) is bounded as ς ↓ 0, completing the proof.
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§2.5.2 Characterisation of infinite variation

The following lemma is proved in [78, Prop. 1.5.3]. The basic idea for its proof is
already present in [27], see the first display on page 34 of [27]. As this lemma is very
important for the examples in Chapter 4, we give a proof below.

Lemma 2.37 ([78, Prop. 1.5.3]). Let ψ be the characteristic exponent of a Lévy
process X. Then the following equivalence holds:

∫∞
1 u−2|ℜψ(u)|du = ∞ if and only

if X has paths of infinite variation.

Proof. If the Gaussian component σ2 > 0, the integral in the lemma is infinite and X
is of infinite variation. We thus assume σ2 = 0. Since the compound Poisson process
composed of the jumps of X of magnitude at least 1 has a bounded characteristic
function, we may assume that the Lévy measure ν of X is supported in the interval
(−1, 1). Recall that ν(x) = ν((−1, 1) \ (−x, x)). Define ν̃(x) :=

∫ 1
x ν(y)dy for x ∈

[0, 1) and 0 otherwise. By Fubini’s theorem we get ν̃(0) =
∫
(−1,1) |x|ν(dx). Moreover,

for any twice differentiable function f : [0, 1) → [0,∞) with f(0) = f ′(0+) = 0,
Fubini’s theorem implies∫

(−1,1)
f(|x|)ν(dx) =

∫
(−1,1)

∫ |x|
0

f ′(y)dyν(dx)

=

∫ 1

0
f ′(y)ν(y)dy =

∫ 1

0
f ′′(z)ν̃(z)dz.

The choice f(x) = x2 yields 2
∫ 1
0 ν̃(x)dx =

∫
(−1,1) x

2ν(dx), implying that ν̃ is
integrable. Similarly, the choice f(x) = (1 − cos(ux))/u2 gives u−2|ℜψ(u)| =∫
(−1,1) u

−2(1 − cos(ux))ν(dx) =
∫ 1
0 ν̃(z) cos(uz)dz. Fix λ ∈ (0,∞), integrate the

last identity on (0, λ) and apply Fubini’s theorem again to obtain∫ λ

0

|ℜψ(u)|
u2

du =

∫ 1

0

sin(λx)

x
ν̃(x)dx.

Note that the integrand is integrable since | sin(λx)/x| ≤ λ for all x ∈ R and ν̃ is
integrable. Recall that ν̃(x) = 0 for x ∈ R\ [0, 1) and ν̃ is of bounded variation (since
ν̃ ≥ 0 is non-increasing with ν̃(0) < ∞). Hence, Fourier’s single-integral formula in
Theorem A.6 gives∫

(0,∞)
u−2|ℜψ(u)|du = lim

λ→∞

∫
R
x−1 sin(λx)ν̃(x)dx

= (π/2)ν̃(0) = (π/2)

∫
(−1,1)

|x|ν(dx).

This quantity is infinite if and only if X is of infinite variation, completing the
proof.
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Chapter 3

Asymptotic shape of the concave
majorant of a Lévy process

§3.1 Introduction and main results

The main objective of this chapter is to understand the asymptotic shape of the
concave majorant of a Lévy process as the time horizon tends to infinity (see Fig-
ure 3.1).

t 7→ Xt

t 7→ C⌢T (t)

t 7→ C⌣T (t)

(γ⌢T , C
⌢
T )

(γ⌣T , C
⌣
T )

(T,XT )(0, 0)

Figure 3.1: A sample path of a Lévy process X on the interval [0, T ], the graphs
of the concave majorant C⌢T and the convex minorant C⌣T and the time and space
position of their respective supremum (γ⌢T , C

⌢
T ) and infimum (γ⌣T , C

⌣
T ).

Let X = (Xt)t≥0 be a one-dimensional Lévy process and fix a time interval
[0, T ] for some positive time horizon T > 0. As in Definition 2.16, let (C⌢T (t))t∈[0,T ]

(resp. (C⌣T (t))t∈[0,T ]) be the concave majorant (resp. the convex minorant) of a path
of a Lévy process X on the interval [0, T ]. Let Υ⌢

T (resp. Υ⌣
T ) denote the length

of the graph of the concave (resp. convex) function t 7→ C⌢T (t) (resp. t 7→ C⌣T (t))
over the interval [0, T ]. The following inequalities are immediate from Figure 3.2 on
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page 28 below:

1 ≤ Υ⌢
T /T ≤

(
T + 2C

⌢
T − C⌢T (T )

)
/T, where C⌢T := sup

t∈[0,T ]
C⌢T (t). (3.1)

If E|X1|1+ϵ < ∞ for some ϵ > 0 and EX1 = 0, the bounds in (3.1) and Propos-
ition A.45 imply that Υ⌢

T /T → 1 a.s. as T → ∞ (note C⌢T = supt∈[0,T ]Xt and
C⌢T (T ) = XT ). Our main aim is to identify the precise asymptotic behaviour and
the dependence of the shape parameters Υ⌢

T , supremum C
⌢
T , time of supremum

γ⌢T and final position C⌢T (T ) of the concave majorant C⌢T . More precisely, we seek
to identify the correct asymptotic mean, analyse the fluctuations of the length Υ⌢

T

around its asymptotic mean and study their dependence on other shape parameters.
If the second moment is infinite, we study analogous questions for X in the domain
of attraction of a stable process.

Our main result describes the asymptotic dependence between the fluctuations
of the length of the concave majorant, its supremum, final position and the time the
supremum is attained, for Lévy processes that have zero mean and finite variance
(see Theorem 3.1 below). We also describe this dependence in the case the process
is in the domain of attraction of a stable law with stability parameter α ∈ (0, 2] \
{1} (see Theorems 3.4, 3.6 and 3.7 for α ∈ (1, 2) with zero mean, α ∈ (1, 2] with
nonzero mean and α ∈ (0, 1), respectively). As we shall see, the dependence has very
different structure in each of these cases, with Theorem 3.1 being the most subtle.
In particular, for example, the dependence between the fluctuations of the length
of the concave majorant and the other statistics weakens with increasing α. For a
short overview of the results in this chapter see YouTube [9].

Before stating our results, recall that the concave majorant of a path of a
Lévy process X is a piecewise linear function with countably many faces (see The-
orem 2.18). Each face is given by a horizontal length l > 0 and a vertical height
h ∈ R, thus having the slope h/l. Note that all the faces with slope equal to a given
real value s ∈ R must lie next to each other in the graph of the concave majorant
and can be concatenated into a maximal face with slope s. Let HT equal the number
of maximal faces with horizontal length l at least 1.

Theorem 3.1. Let X = (Xt)t≥0 be a Lévy process with Lévy measure ν. Assume
that the Lévy process has zero mean E[X1] = 0 and finite positive variance σ :=√
E[X2

1 ] ∈ (0,∞). For T > 0 define Θ(T ) := 1
2

∫
R x

2 log+(min{T, x2})ν(dx). Then
the following weak limit holds as T → ∞:(

Υ⌢
T − T − (σ2/2)HT +Θ(T )√

log T
,
HT − log T√

log T
,
C
⌢
T√
T
,
C⌢T (T )√

T
,
γ⌢T
T

)
d→
(
σ2
√
2
Z1, Z2, σB1, σB1, ρ

)
,

(3.2)
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where the standard Brownian motion B = (Bt)t≥0 is independent of the normal
random vector (Z1, Z2) with zero mean, satisfying EZ2

1 = EZ2
2 = 1 and E[Z1Z2] = 0,

B1 := supt∈[0,1]Bt and ρ ∈ [0, 1] is the a.s. unique time such that Bρ = B1.

The weak limit in (3.2) shows that the asymptotic centering of the length Υ⌢
T

of the concave majorant C⌢T is stochastic. Moreover, the fluctuations around the
centering are asymptotically independent of the centering itself and the randomness
in the centering is a function of the horizontal lengths of the faces of C⌢T only. A
linear transformation of the vector in (3.2) yields a deterministic centering of Υ⌢

T at
the cost of increasing the asymptotic variance. Put differently, the variance of the
centering contributes σ4/4 (recall σ2 = E[X2

1 ]) to the total asymptotic variance of
the length Υ⌢

T .

Corollary 3.2. Under the assumptions of Theorem 3.1, we have

1√
log T

(
Υ⌢
T − T − σ2

2
log T +Θ(T )

)
d→

√
3

2
σ2Z, as T → ∞, (3.3)

where Θ(T ) = 1
2

∫
R x

2 log+(min{T, x2})ν(dx) = o(log T ) and Z is a standard normal
variable. Moreover, if

∫
R x

2 log+(|x|)1/2ν(dx) < ∞, then Θ(T ) = o(
√
log T ), and

thus
1√
log T

(
Υ⌢
T − T − σ2

2
log T

)
d→

√
3

2
σ2Z, as T → ∞. (3.4)

Further remarks about Theorem 3.1 and Corollary 3.2 are in order.

Remark 3.3. (i) The limit in (3.2) reveals that the fluctuations of the asymptotic
length of the concave majorant C⌢T are independent of its asymptotic supremum,
time of supremum and final position. In the case only the first moment of X1 is finite,
the dependence of these shape statistics persists in the limit (see Theorem 3.4 below),
while if even the first moment ofX1 is infinite, the length Υ⌢

T becomes a deterministic
function of the asymptotic supremum and final position (see Theorem 3.7 below).
(ii) Corollary 3.2 is stated for the deterministic centering of the length only. However,
the same linear transform yields a quintuple limit analogous to (3.2). Put differently,
as T → ∞, we have(

Υ⌢
T − T − (σ2/2) log T +Θ(T )√

log T
,
HT − log T√

log T
,
C
⌢
T√
T
,
C⌢T (T )√

T
,
γ⌢T
T

)
d→
(
σ2
√
2
Z1 +

σ2

2 Z2, Z2, σB1, σB1, ρ
)
.

The dependence structure of the length Υ⌢
T and HT is intractable for any finite

T > 0, but, as shown by this limit, is asymptotically rather simple.
(iii) There exist Lévy processes for which (3.3) holds and (3.4) does not. Indeed, by
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Fubini’s theorem, the integral in the asymptotic mean satisfies

2Θ(T ) =

∫
R
x2 log+(min{T, x2})ν(dx) =

∫ T

1

1

t

∫
R\(−

√
t,
√
t)
x2ν(dx)dt,

(iv) Note that in the weak limit of Theorem 3.1 neither X nor its concave majorant
C⌢T are scaled before the length Υ⌢

T is calculated. Since X is in the domain of
attraction of Brownian motion, one could scale space by 1/

√
T and time by 1/T and

then compute the length of the graph of the resulting concave majorant. This length
would, by continuity, converge to the length of the concave majorant of a Brownian
motion on [0, 1]. For the original length Υ⌢

T , this approach only yields Υ⌢
T /T

d→ 1.
(v) To the best of our knowledge, Theorem 3.1 had been established neither for
Brownian motion nor compound Poisson processes. Moreover, the marginal conver-
gence in Corollary 3.2 does not follow easily from the random walk case, recently
analysed in [4], since, for instance, the law of the length of the convex minorant is
not invariant under stochastic time-changes, see Figure 3.3 below.
(vi) Consider the counting measure hT (A), where A is a Borel subset in R, recording
the number of maximal faces with horizontal lengths in A. In (3.2) we considered
the variable HT = hT ([1,∞)), but the same weak limit holds for any hT ([a,∞)) with
a ∈ (0,∞). Moreover, for any bounded set A, the mean measure E[hT (A)] equals∫
A t
−1dt for all T > 0 satisfying A ⊂ [0, T ] by Lemma 3.9 below. ♢

Recall from (2.6), that a Lévy process X is in the domain of attraction of
an α-stable law for some α ∈ (0, 2] if XT /aT

d→ Sα(1), as T → ∞, with scaling
function aT = T 1/αl(T ) (positive function) and (Sα(t))t≥0 denote an α-stable process
(see §2.3). We note that if X is as in Theorem 3.1 (E[X1] = 0 and σ =

√
E[X2

1 ] <

∞), the standard CLT implies that X satisfies (2.6) with α = 2 and scaling function
aT =

√
T . Results analogous to Theorem 3.1 for Lévy process in the domain of

attraction of an α-stable law will now be presented: the case α ∈ (1, 2) with E[X1] =

0 (resp. α ∈ (1, 2] with E[X1] ̸= 0; α ∈ (0, 1)) is considered in Theorem 3.4 (resp.
Theorem 3.6; Theorem 3.7). The case α = 2 with E[X2

1 ] = ∞ and E[X1] = 0 as well
as the case α = 1 are not considered. To state these theorems, recall the definition
of a uniform stick-breaking process (ℓn)n∈N on [0, 1] from Definition 2.17.

Theorem 3.4. Assume X is in the domain of attraction of an α−stable law with
α ∈ (1, 2) and E[X1] = 0. Then, as T → ∞, we have(

T

a2T
(Υ⌢

T − T ) ,
C
⌢
T

aT
,
C⌢T (T )

aT
,
γ⌢T
T

)
d→

(
1

2

∞∑
n=1

ℓ2/α−1n

(
S(n)
α

)2
,

∞∑
n=1

ℓ1/αn

(
S(n)
α

)+
,

∞∑
n=1

ℓ1/αn S(n)
α ,

∞∑
n=1

ℓn1{S(n)
α >0}

)
,

(3.5)
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where (ℓn)n∈N is a uniform stick-breaking process that is independent of the sequence
(S

(n)
α )n∈N of independent copies of Sα(1).

Under the assumptions of Theorem 3.4, the Lévy processX has infinite variance.
By (3.5), the fluctuations of Υ⌢

T about its centering function are typically of order
T 2/α−1, compared with the fluctuations of order

√
log T in the finite variance case

(see Theorem 3.1 above). The last three coordinates of the limit law in (3.5) have
the same law as (supt∈[0,1] Sα(t), Sα(1), γ

α⌢), where γα⌢ is the time at which the
supremum of Sα(t) over t ∈ [0, 1] is attained. We do not know of an interpretation of
the law of the first coordinate as a simple functional of the path of the stable process
Sα. In particular, it is not equal to the law of the length of the concave majorant of
Sα on [0, 1]. However, the tail decay of this coordinate can be characterised using the
fact that the law of the series

∑∞
n=1 ℓ

2/α−1
n (S

(n)
α )2 satisfies a stochastic perpetuity

equation.

Proposition 3.5. The following asymptotic equivalence holds

lim
x→∞

P
(
1
2

∑∞
n=1 ℓ

2/α−1
n (S

(n)
α )2 > x

)
P((S

(1)
α )2 > x)

= lim
x→∞

P
(
1
2

∑∞
n=1 ℓ

2/α−1
n (S

(n)
α )2 > x

)
(c+ + c−)x−α/2

=
21−α/2

2− α
,

for the constants c+, c− ≥ 0 defined by c± := limx→∞P(±S(1)
α >

√
x)/x−α/2, which

satisfy c+ + c− > 0.

Note that in Theorems 3.1 and 3.4, we have assumed that X has a finite first
moment and E[X1] = 0. If the mean is not zero, the behaviour in these cases is
described by the following result. In this description, it is important to distinguish
between the cases of positive and negative mean.

Theorem 3.6. Assume µ := EX1 ̸= 0 and that X is in the domain of attraction of
an α-stable law with α ∈ (1, 2].
(a) Suppose µ > 0, then, as T → ∞, we have(

Υ⌢
T −

√
1 + µ2T

aT
,
C
⌢
T − µT

aT
,
C⌢T (T )− µT

aT

)
d→ Sα(1)

(
µ√

1 + µ2
, 1, 1

)
.

(b) Suppose µ < 0 and let (X∞, γ⌢∞) be the a.s. finite limit of the supremum and its
time (C

⌢
T , γ

⌢
T ) as T → ∞. Then, as T → ∞, we have(

Υ⌢
T −

√
1 + µ2T

aT
, C

⌢
T ,

C⌢T (T )− µT

aT
, γ⌢T

)
d→
(

µ√
1 + µ2

Sα(1), X∞, Sα(1), γ
⌢
∞

)
,

where Sα(1) and (X∞, γ
⌢
∞) are independent.
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Note that the centering function of Υ⌢
T in Theorem 3.6 equals the length of the

graph of the linear function t 7→ µt on [0, T ]. Moreover, the order of the fluctuations
of Υ⌢

T in this case is different than that in Theorems 3.1 and 3.4. Asymptotically,
Υ⌢
T and C⌢T (T ) are positively correlated when µ > 0 and negatively correlated when

µ < 0.
When X is in the domain of attraction of an α-stable law with α ∈ (0, 1), the

tails of X are very heavy. The large jumps of X make its concave majorant thin
and tall, implying that the length Υ⌢

T will be well approximated by the extremes of
X. Define C⌣

T := inft∈[0,T ]C
⌣
T (t) and let γ⌣T be the time at which the infimum is

attained (see Figure 3.1). Denote Sα(1) := supt∈[0,1] Sα(t), Sα(1) := inft∈[0,1] Sα(t)

and let γα⌢ (resp. γα⌣) be the time at which (Sα(t))t∈[0,1] attains its supremum
(resp. infimum).

Theorem 3.7. Let X be in the domain of attraction of the α-stable law Sα(1) for
α ∈ (0, 1). Define

Λ1
T :=

(
Υ⌢
T

aT
,
C
⌢
T

aT
,
C⌢T (T )

aT
,
γ⌢T
T

)
, Λ1 :=

(
2Sα(1)− Sα(1), Sα(1), Sα(1), γ

α⌢
)
,

Λ2
T :=

(
Υ⌣
T

aT
,
C⌣T
aT

,
C⌣T (T )

aT
,
γ⌣T
T

)
, Λ2 := (Sα(1)− 2Sα(1), Sα(1), Sα(1), γ

α⌣) .

Then the following joint convergence holds:
(
Λ1
T ,Λ

2
T

) d→
(
Λ1,Λ2

)
as T → ∞.

The Lévy process X in Theorem 3.7 has a thin and tall concave majorant,
so the asymptotic centering by T , present in Theorems 3.1 and 3.4, is no longer
required. Moreover, note that in Theorems 3.1 and 3.4 the fluctuations of Υ⌢

T about
this centering were significantly smaller than T , which is no longer the case here.
The proof of Theorem 3.7 in §3.3.2 below is based on and approximation of C⌢T by
simpler geometric figures such as the ones in Figure 3.2.

The concave majorant lies between two natural geometric figures. Under the
concave majorant lies the ‘hut’ C∧T , defined as the linear path connecting the vertices:
(0, 0), (γ⌢T , XT ) and (T,XT ), where γ⌢T = arg inf{t > 0 : Xt ∨ Xt− = XT } is the
time X attains its supremum on [0, T ]. Over the concave majorant lies the ‘box-top’
C⊓T , defined as the linear path connecting the vertices: (0, 0), (0, XT ), (T,XT ) and
(T,XT ).

Suppose that the lengths of the hut C∧T and the box-top C⊓T are Υ∧T and Υ⊓T ,
respectively. It is clear from the triangle inequality that Υ∧T ≤ Υ⌢

T ≤ Υ⊓T . These
lengths do not generally all have the same asymptotic behaviour. The next result
provides a short comparison in the cases α ∈ (1, 2] with E[X1] = 0 and α ∈ (0, 1).
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Xt

C⌢T
C∧T

C⊓T

Figure 3.2: The figure shows a sample of the path of X, the concave majorant C⌢T ,
the hut C∧T and the box-top C⊓T .

Proposition 3.8. Define Υ∧T and Υ⊓T as before then the following statements hold
as T → ∞.
(a) Suppose E[X1] = 0 and σ2 = E[X2

1 ] <∞, then(
Υ∧T − T,

1√
log T

(
Υ⌢
T − T − σ2

2
log T +Θ(T )

)
,

1√
T

(
Υ⊓T − T

))
d→
(
σ2

2

(
B

2
1

ρ
+

(B1 −B1)
2

1− ρ

)
,

√
3

2
σ2Z, σ(2B1 −B1)

)
,

where Z is a standard normal variable independent of the standard Brownian motion
B = (Bt)t≥0, B1 = supt∈[0,1]Bt and ρ ∈ [0, 1] is the a.s. unique time such that
Bρ = B1.
(b) Suppose the limit in (2.6) holds for some α ∈ (1, 2), scaling function aT and
E[X1] = 0, then(
T

a2T

(
Υ∧T − T

)
,
T

a2T

(
Υ⌢
T − T

)
,
1

aT

(
Υ⊓T − T

)) d→

1

2

(( ∞∑
n=1

ℓ1/αn

(
S(n)
α

)+)2

+

( ∞∑
n=1

ℓ1/αn

(
S(n)
α

)−)2

,

∞∑
n=1

ℓ2/α−1n

(
S(n)
α

)2
, 2

∞∑
n=1

ℓ1/αn

∣∣S(n)
α

∣∣),
where (ℓn)n∈N is a uniform stick-breaking process that is independent of the sequence
(S

(n)
α )n∈N of independent copies of Sα(1).

(c) Suppose the limit in (2.6) holds for some α ∈ (0, 1) and scaling function aT , then(
Υ∧T
aT

,
Υ⌢
T

aT
,
Υ⊓T
aT

)
d→ (2Sα(1)− Sα(1))(1, 1, 1).

Under the assumptions of either Theorem 3.1 or Theorem 3.4, the centering
functions of Υ∧T , Υ⌢

T and Υ⊓T in Proposition 3.8 are of the form T + o(T ) as T → ∞.
However, even though the three statistics are closely related, the order of their fluc-
tuations, measured via the scaling functions, exhibits a wide variety of behaviours,
see Table 3.1 below. In the case α ∈ (0, 1), the centering functions are all zero and
the corresponding scaling functions coincide with the scale of the process.
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Setting Scaling of XT Υ∧T Υ⌢
T Υ⊓T

Theorem 3.1
(E[X2

1 ] <∞)
aT =

√
T 1

√
log T

√
T

Theorem 3.4
(1 < α < 2)

aT = T 1/αl(T ) T 2/α−1l(T )2 T 2/α−1l(T )2 T 1/αl(T )

Theorem 3.7
(0 < α < 1)

aT = T 1/αl(T ) T 1/αl(T ) T 1/αl(T ) T 1/αl(T )

Table 3.1: The table shows the scaling functions (after centering) in the weak limits
of the lengths Υ∧T , Υ⌢

T and Υ⊓T under the assumptions of the corresponding theorems
with aT as in (2.6).

Recall that Υ∧T ≤ Υ⌢
T ≤ Υ⊓T . Interestingly, for X with finite variance, by

Proposition 3.8(a) the fluctuations of Υ⌢
T are asymptotically independent of those

of Υ∧T and Υ⊓T , while the fluctuations of the sandwiching lengths Υ∧T and Υ⊓T exhibit
a strong asymptotic dependence, both being deterministic functions of the vector
(B1, B1, ρ). Proposition 3.8(b)&(c) states that the dependence of the fluctuations of
all three statistics persists in the limit when α < 2.

§3.1.1 Overview of the proofs

Our starting point is Theorem 2.18, which implies the following crucial identity for
any Lévy process and time horizon T > 0:

(Υ⌢
T , H

′
T , C

⌢
T (T ), C

⌢
T , γ

⌢
T )

d
=
∞∑
n=1

(√
(Tℓn)2 + ξ2n,1{Tℓn≥1}, ξn, ξ

+
n , T ℓn1{ξn>0}

)
,

(3.6)

where ξn := XTLn−1 − XTLn , H ′T is a random variable such that |HT − H ′T | is
bounded in L1 as T → ∞ (see Lemma 3.14 below for details) and ℓ is a uniform
stick-breaking process independent of X with stick-remainders (Ln)n∈N∪{0}. This
identity is essential in all that follows as it reduces the claims in Theorems 3.1,
3.4 and 3.6 to limit statements for the sum in (3.6), which is given in terms of the
increments of the Lévy process over independent stick-breaking lengths. Establishing
those limits as time horizon T → ∞ turns out to be a delicate task.

In the case of finite variance and zero mean, the proof of Theorem 3.1 re-
quires splitting the weak limits into three asymptotically independent weak limits.
The faces of C⌢T of length smaller than 1 do not contribute to the fluctuations of
(Υ⌢

T , H
′
T ). However, all faces of C⌢T of moderate size contribute in aggregate to

its fluctuations, with any finite set of faces the of moderate size not surviving in
the limiting fluctuations. In contrast, only the largest few faces of C⌢T influence the
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scaling limit of the vector (C⌢T (T ), C
⌢
T , γ

⌢
T ), making its limit independent of the

limiting fluctuations of (Υ⌢
T , H

′
T ). Moreover, the CLT for (Υ⌢

T , H
′
T ) consists of two

asymptotically independent weak limits. The first captures the fluctuations due to
the stick-breaking process while the second describes the fluctuations conditional on
a manifestation of the stick-breaking process. The remaining work in the proof of
Theorem 3.1 is mostly concerned with establishing weak limits, conditional on the
stick-breaking process, and crucially depends on Theorem 3.20. Theorem 3.20 re-
quires different methods to those used in this section. Consequently, Theorem 3.20
is stated and proved in §3.4 below.

In the case of finite first moment and infinite variance, the proofs of Theor-
ems 3.4 and 3.6 split the sum in (3.6) into two sums according to whether the faces
are shorter or longer than one. However, unlike in the finite-variance zero-mean
case, here this is just a technical step: in the proof of Theorems 3.4 all the faces
of the concave majorant survive in the limit, contributing both to the fluctuations
of its length as well as the remaining statistics of C⌢T . It follows from the proof of
Theorem 3.6 that only the vertical heights of the faces of C⌢T in aggregate contribute
to the fluctuations of its length, which are determined by the asymptotic behaviour
of its final point C⌢T (T ) = XT as T → ∞.

In the infinite first moment case, Theorem 3.7 follows by a sandwiching argu-
ment involving the weak limits for the lengths Υ∧T and Υ⊓T as in Proposition 3.8
above. As in the proof of Theorem 3.6, only the heights of the faces of C⌢T in
aggregate contribute to this limit.

§3.1.2 Connections with the literature

Convex hulls of stochastic processes are of longstanding interest, see e.g. [1] and
the references therein. Of particular interest are the geometric properties of convex
hulls such as the length, area and diameter, see [4, 54, 66, 81, 82] for random walks
and [44] for isotropic stable process. Concave majorants of one-dimensional Lévy
processes are also of interest in physics. In the monograph [57, Ch. XI], for example,
the problem of whether a quantum particle stays within the light cone is analysed
using concave majorants of one-dimensional Lévy processes.

If the Lévy process is in the domain of attraction of a stable law, one can pose
two types of questions about the limiting behaviour of its convex hulls. A limit of
a geometric quantity (e.g. perimeter) of the convex hull of the original process may
be considered or the limit of the convex hull of the scaled process may be analysed.
Since taking the convex hull of the graph of a function is a continuous mapping1,

1This mapping takes càdlàg functions equipped with the Skorokhod topology to compact sets
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in the latter case it is natural to expect that the limit will be given in terms of the
corresponding geometric quantity of the convex hull of the stable limit, which is what
happens in [56, Sec. 5]. In this chapter, we consider the former type of question for
the length of the concave majorant. It is clear from Theorems 3.1 and 3.4 above that
in this case the asymptotic mean and the scale of the fluctuations around them are
of different order than those of the process. Moreover, the limit is not given in terms
of the corresponding quantity for the stable process. Differently put, we analyse the
statistics describing the geometry of the convex hull of the original process as the
time horizon tends to infinity without scaling the process first and then considering
the limiting behaviour of such statistics.

The object of study in [56] is the convex hull of the scaled multi-dimensional
Lévy process attracted to an isotropic α-stable process. This confers upon the convex
hull a spatial homogeneity not enjoyed by the concave majorant, which is a one
dimensional object in space-time that behaves very differently in space and time
coordinates. A further difference with problem considered in [56] is that our aim is to
understand the fluctuations around the asymptotic centering rather than obtaining
the limit, which in our case is straightforward, see (3.1) above.

A related question about the fluctuations of the length of the convex minorant
of a random walk, as the time horizon tends to infinity, was studied in the recent
paper [4]. CLT-type results for the length of the convex minorant of a random
walk ware established in [4] under hypothesis analogous to ours (i.e. the increments
either have finite variance and zero mean or are in the domain of attraction of an
α-stable law for α ∈ (0, 2) \ {1}). The joint limits for the shape statistics in the
random walk case are not discussed in [4]. Moreover, we stress that the fluctuations
of the length of the concave majorant in our Theorems 3.1, 3.4 and 3.6 cannot be
deduced easily from the results of [4] even in the case of a compound Poisson process
since the random time-change connecting it with a random walk distorts the concave
majorant, see Figure 3.3 below.

As mentioned in §3.1.1 above, a crucial structure used to establish our main res-
ults is the characterisation of the law of the concave majorant for all Lévy processes
given Theorem 2.18, proved in the recent article [38].

Finally we note that in [70, Sec. 28], Sato explores the long time behaviour of a
Lévy process and its supremum of the process. Since the concave majorant on [0, T ]

always coincides with the process at times T and γ⌢T , our results may be viewed as
an extension of those in [70, Sec. 28].

The remainder of the chapter is organised as follows. Theorem 3.1 is proved

in R2 equipped with the Hausdorff distance.
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Random walk Sn Compound Poisson process Xt = SNt

Figure 3.3: The figure shows a sample of the path of a random walk Sn (left)
and that of the compound Poisson process Xt = SNt (right), where Nt is a Poisson
process independent of Sn. Note that both processes visit the same states and in
the same order, but the random time-change induced by Nt distorts the shape of the
concave majorant, since the two concave majorants have a different number of faces.

in §3.2. Theorems 3.4, 3.6 and 3.7 as well as the two propositions in the introduction
are proved in §3.3. A Gaussian approximation theorem (Theorem 3.20), is proved
in §3.4.

§3.2 Proof of Theorem 3.1

Recall that ξn = XTLn−1 −XTLn and denote tn := Tℓn for n ∈ N, where ℓ = (ℓn)n∈N

is a uniform stick-breaking process on [0, 1], independent of the Lévy process X, and
L = (Ln)n∈N∪{0} is its stick-remainder process. Recall that (tn)n∈N is a uniform stick-
breaking process on [0, T ]. Define the following set of indices IT := {n ∈ N : tn ≥ 1}.

The strategy for the proof of Theorem 3.1 is the following. We will show that
the cardinality of IT is by Theorem 2.18 closely related to the random variable HT

appearing in Theorem 3.1 (see Lemma 3.14 below for more details). Setting

ϖT :=

(
0,

|IT | − log T√
log T

,

∑∞
n=1 ξ

+
n√

T
,

∑∞
n=1 ξn√
T

,

∑∞
n=1 tn1{ξn>0}

T

)
,

and using the aforementioned close relationship and Theorem 2.18, we will find that
Theorem 3.1 is equivalent to the vector(∑∞

n=1(
√
ξ2n + t2n − tn)− σ2

2 |IT |+Θ(T )
√
log T

, 0, 0, 0, 0

)
+ϖT , (3.7)

converging weakly to ζ := (σ2Z1/
√
2, Z2, σB1, σB1, ρ) as T → ∞. We next apply

certain moment estimates for X and limit results for the stick-breaking process ℓ to
show that the quintuple in (3.7) converges weakly to ζ if and only if the following
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weak limit holds as T → ∞:(∑
n∈IT (ξ

2
n/tn − σ2tn)

2
√
log T

, 0, 0, 0, 0

)
+ϖT

d→ ζ, (3.8)

where σ2t := σ2 −
∫
R\(−κ

√
t,κ
√
t) x

2ν(dx) for any t ≥ 1 and some κ ≥ 1 such that
σ1 > 0 (see Proposition 3.16 below for details). Note that the second coordinate in
the quintuple in (3.8) is a deterministic function of the stick-breaking process ℓ and
denote the remaining quadruple by ζ ′T . In order to establish (3.8), we condition ζ ′T on
ℓ and prove that its weak limit under the conditional law is (σ2Z1/

√
2, σB1, σB1, ρ).

Since this limit law does not depend on ℓ, applying Proposition 3.11 below will
complete the proof of Theorem 3.1.

The steps described in this strategy require a variety of technical results. The
details of the proof of Theorem 3.1 are given after the technical results have been
established (see page 43 below).

§3.2.1 Limit properties of the stick-breaking process

The proof of Theorem 3.1 requires a detailed analysis of certain asymptotic prop-
erties of the stick-breaking process. We start with a compensation formula for the
point process based on a stick-breaking process, analogous to Campbell’s formula
for Poisson point processes.

Lemma 3.9. Define the point process ΞT :=
∑

n∈N δtn , where δx is the Dirac measure
at x. Then for any measurable function f : [0, T ] → R+ the following identities hold
(with all quantities possibly equal to +∞):

E

[ ∫
R+

f(x)ΞT (dx)

]
= E

[∑
n∈N

f(tn)

]
=

∫ T

0

f(t)

t
dt. (3.9)

The point process ΞT converges weakly as T → ∞ to a Poisson point process Ξ∞ on
(0,∞) with intensity t 7→ t−1. Moreover, there exists a coupling of point processes
Ξ∞ and ΞT for all T > 0 such that: ΞT

d
= ΞT and Ξ∞

d
= Ξ∞, ΞT → Ξ∞ a.s. in the

vague topology and for every compact set A ⊂ (0,∞), we have ΞT |A = Ξ∞|A for all
sufficiently large T .

The distributional convergence in Lemma 3.9 holds in the vague topology of
locally finite measures on (0,∞), i.e.

∫
f(x)ΞT (dx) →

∫
f(x)Ξ∞(dx) a.s. as T → ∞

for any continuous function f on (0,∞) that vanishes at 0 and ∞ (see also [43, Ch. 16,
p. 316]).

Proof. Note that − log ℓn is gamma distributed with density t 7→ tn−1e−t/(n − 1)!.
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Thus, Fubini’s theorem implies (3.9):

E

[∑
n∈N

f(tn)

]
=
∑
n∈N

∫ ∞
0

f(Te−t)tn−1

(n− 1)!
e−tdt =

∫ ∞
0

f(Te−t)dt =

∫ T

0

f(t)

t
dt.

To prove ΞT
d→ Ξ∞ as T → ∞, it suffices to provide a coupling (ΞT ,Ξ∞) with

ΞT
d
= ΞT and Ξ∞

d
= Ξ∞ such that ΞT → Ξ∞ a.s. as T → ∞. To that end, let Y

be a subordinator with infinite mean E[Y1] = ∞ and the convex minorant C∞ on
R+. By Corollary 2.19, for any enumeration of the horizontal lengths (ln)n∈N and
vertical heights (hn)n∈N of the faces of C∞, the point process Ξ̃∞ :=

∑
n∈N δ(ln,hn) on

(0,∞)2 is Poisson with mean measure t−1P(Yt ∈ dx)dt, (t, x) ∈ (0,∞)2. Similarly,
let Ξ̃T be the point process of lengths and heights of the convex minorant CT of Y
on [0, T ].

For any s > 0 define the set As := {(t, x) ∈ (0,∞)2 : x/t < s} and let Ts be
the last time the right derivative of C∞ was smaller than s, which is a.s. finite by
Remark 2.21. It follows that CT = C∞ on [0, Ts] for any T > Ts, implying that Ξ̃T

and Ξ̃∞ agree on As for any T > Ts. Since
⋃
s>0As = (0,∞)2 and any compact set

in (0,∞)2 is contained in some As, we have∫
(0,∞)2

f(y)Ξ̃T (dy) =

∫
(0,∞)2

f(y)Ξ̃∞(dy), T > Ts,

for any compactly supported continuous function f : (0,∞)2 → R+. Since Ts < ∞
for all s > 0, we therefore have Ξ̃T → Ξ̃∞ a.s. in the vague topology. Moreover, this
implies that the projections ΞT := Ξ̃T (·×R+)

d
= ΞT converge to Ξ∞ := Ξ̃∞(·×R+)

d
=

Ξ∞ a.s. in the vague topology.

Recall that IT = {n ∈ N : tn ≥ 1} is the finite set of indices of sticks in [0, T ]

of length greater than one and denote by IcT := N \ IT its infinite complement.

Corollary 3.10. (a) Let f : R+ → R+ be a measurable function and T ≥ 1. Then
the following equalities hold:

E
∑
n∈IT

f(tn) =

∫ T

1

f(t)

t
dt and E

∑
n∈IcT

f(tn) =

∫ 1

0

f(t)

t
dt. (3.10)

In particular, the first expectation in (3.10) always has a (possibly infinite) limit as
T → ∞ and for any q > 0 we have limT→∞E

∑
n∈IT t

−q
n = 1/q.

(b) For any bounded and measurable function f : [1,∞) → R with limt→∞ f(t) =

0 we have E
∑

n∈IT f(tn) = o(log T ), implying that (log T )−1
∑

n∈IT f(tn)
L1

−→ 0.

Proof. (a) Note that f(tn)1{n∈IT } = h(tn) where h(t) = f(t)1{T>1}, so (3.10) follows
from (3.9). The formulae for the power functions then follow easily.
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(b) Let T > 1 and note that

1

log T
E
∑
n∈IT

f(tn) =

∫ T

1

f(t)

t log T
dt = E[f(ZT )],

where ZT has the density t 7→ (t log T )−1, t ∈ [1, T ]. Since ZT
P→ ∞, we have

f(ZT )
P→ 0 and since the variables |f(ZT )| are bounded by supt∈[1,∞) |f(t)|, the

dominated convergence theorem implies that E[f(ZT )] → 0.

We now prove the following CLT for the cardinality of the set IT defined above.

Proposition 3.11. The cardinality |IT | of the set IT satisfies the limits

|IT |/ log T
L1

−→ 1 and (|IT | − log T )/
√
log T

d→ N(0, 1) as T → ∞.

Moreover, for any T we have IT ⊂ {1, . . . , τ(T ) + 1} and E[τ(T )] = E[|IT |] =

log+(T ), where we define τ(T ) := |{n ∈ N : Ln ≥ 1/T}|.

Proof. Recall by definition of the stick-remainder that Ln =
∏n
i=1(1 − Ui) for an

iid sequence (Ui)i∈N of uniform random variables on the unit interval. Thus Sn :=

− logLn is a random walk with exponential increments of unit mean or, equivalently,
the jump times of a Poisson process with unit intensity. Thus, the definition of τ(T )
implies that, for T > 1, τ(T ) follows the marginal distribution of the Poisson process
with unit intensity at time log T . Put differently, τ(T ) is Poisson distributed with
mean log T . In particular, we have (τ(T )− log T )/

√
log T

d→ N(0, 1) as T → ∞.
Recall that ℓm = Ln

∏m
i=n+1 Ui < Ln for all m > n. Since Lτ(T )+1 < 1/T

we get ℓm < 1/T for all m > τ(T ) + 1 and thus IT ⊂ {1, . . . , τ(T ) + 1} and
τ(T ) + 1 − |IT | ≥ 0. Corollary 3.10(a) gives E[τ(T ) + 1 − |IT |] = 1 and thus

E[|τ(T ) − |IT ||] ≤ 2 for all T > 0, implying (τ(T ) − |IT |)/
√
log T

L1

−→ 0. Hence,
the CLT for τ(T ) yields the CLT for |IT |. Since the random variables τ(T )/ log T ,

T ≥ 2, are uniformly integrable, we have τ(T )/ log T L1

−→ 1 and thus

|IT |/ log T = (|IT | − τ(T ))/ log T + τ(T )/ log T
L1

−→ 1.

Remark 3.12. The law |IT | is much more complicated than that of τ(T ), which fol-
lows a Poisson distribution with mean log T (for T > 1). The reason for this lies
in the fact that τ(T ) is a stopping time in a correct filtration, while |IT | is not,
making its moments hard to control. In Proposition 3.11 we circumvent this prob-
lem by approximating |IT | with τ(T ). We note that, even though the expectation
E [|τ(T )− |IT ||] ≤ 2 is bounded for all T > 0, the difference |τ(T ) − |IT || takes
arbitrarily large values with positive probability. ♢

The following L1 limit holds.
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Proposition 3.13. Let f : [1,∞) → R+ be measurable and non-increasing with
limt→∞ f(t) = 0. Then, as T → ∞,

1√
log T

( ∑
n∈IT

f(tn)− E
∑
n∈IT

f(tn)

)
=

1√
log T

( ∑
n∈IT

f(tn)−
∫ T

1

f(t)

t
dt

)
L1

−→ 0.

Proof. Define for every T the random variables

AT :=
∑
n∈IT

f(tn)−
τ(T )∑
n=1

f(TLn), and BT :=

τ(T )∑
n=1

f(TLn)−
∫ T

1

f(t)

t
dt.

Note that it suffices to show that E|AT | is bounded for T > 1 and BT /
√
log T

L1

−→ 0.
By Lemma 3.9 and the equality in law tn

d
= TLn, we have

E[AT ] =
∑
n∈N

E[f(tn)1{tn≥1}]−
∑
n∈N

E[f(TLn)1{TLn≥1}] = 0. (3.11)

Since the function f is non-increasing and tn ≤ TLn−1 for all n ∈ N, we have CT :=∑
n∈IT (f(tn)−f(TLn−1)) ≤ 0. Similarly, as f is non-increasing, by Proposition 3.11

|CT −AT | =
∣∣∣∣ τ(T )+1∑

n=2

f(TLn−1)−
∑
n∈IT

f(TLn−1)

∣∣∣∣
=

∣∣∣∣− f(T ) +
∑

n∈{1,...,τ(T )+1}\IT

f(TLn−1)

∣∣∣∣ ≤ f(1)|τ(T ) + 2− |IT ||.

Thus (3.11) and Proposition 3.11 yield E[|CT |] = −E[CT ] = E[AT − CT ] ≤ 2f(1),
implying that E|AT | is bounded by 4f(1) for all T > 1.

It remains to show that BT /
√
log T

L1

−→ 0. Let Sn := − logLn and note that
ΞT :=

∑τ(T )
i=1 δSi is a random measure with atoms at the jump times on the interval

[0, log T ] of a Poisson process with unit intensity. Thus ΞT is a Poisson point process
on [0, log T ] with the Lebesgue measure as its mean measure. By the reflection and
translation invariance of the Lebesgue measure, the mapping theorem for Poisson
point processes (Theorem A.47) gives ΞT

d
=
∑τ(T )

i=1 δlog T−Si
, implying

DT :=

τ(T )∑
n=1

f(eSn)
d
=

τ(T )∑
n=1

f(elog T−Sn) =

τ(T )∑
n=1

f(TLn) = BT +

∫ T

1

f(t)

t
dt.

Campbell’s formula (Theorem A.48) yields

E[DT ] =

∫ log T

0
f(ex)dx =

∫ T

1

f(t)

t
dt, Var[DT ] =

∫ log T

0
f(ex)2dx =

∫ T

1

f(t)2

t
dt.

Thus, it suffices to show that E[B2
T ]/ log T = Var[DT ]/ log T → 0 as T → ∞.

Consider the distribution functions gT (t) = log t/ log T for t ∈ [1, T ] and define
ZT := g−1T (U) = TU for all T > 1 and some fixed uniform random variable U on
(0, 1). Then ZT → ∞ a.s. and hence f(ZT )2 → 0 a.s. as T → ∞. By the dominated
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convergence theorem, Var[DT ]/ log T = E[f(ZT )
2] → 0 as T → ∞.

§3.2.2 A conditional limit theorem and the proof of Theorem 3.1

Recall from the first paragraph of §3.2 that (tn)n∈N denotes a uniform stick-breaking
process on [0, T ], independent of X, and that IT denotes the set {n ∈ N : tn ≥
1}. Each horizontal length tn has an associated slope given by ξn/tn, where ξn =

XTLn−1 − XTLn is the corresponding vertical height. Aggregate all the horizontal
lengths with a common slope in the sequence (tn)n∈N into a maximal horizontal
length corresponding to that slope. Consider the set FT of the maximal horizontal
lengths with size at least 1. Note that, by Theorem 2.18, |FT |

d
= HT , where HT is

the number of all horizontal lengths greater or equal to 1 of the maximal faces of the
concave majorant t 7→ C⌢T (t). The analysis of the set FT is based on the properties
of the IT established in §3.2.1 above. This strategy is feasible because the difference
of sets FT and {tn : n ∈ IT } is bounded in L1 in the following sense.

Lemma 3.14. For any bounded function f : [1,∞) → R, the following holds

sup
T>0

E

∣∣∣∣∣ ∑
t∈FT

f(t)−
∑
n∈IT

f(tn)

∣∣∣∣∣ <∞.

Proof. Suppose X is not compound Poisson with drift. Then, by Doeblin’s diffuse-
ness lemma (Lemma 2.2) and Theorem 2.18, no two slopes in the sequence (ξn/tn)n∈N
coincide, implying the identity FT = {tn : n ∈ IT } a.s. The claim then follows since
both random sums are equal a.s.

Suppose X is compound Poisson with drift γ (see Remark 2.1 for the definition
of the drift of a Lévy processes of finite variation). Consider two horizontal lengths tn
and tm such that the corresponding slopes ξn/tn and ξm/tm are equal with positive
probability. Since the pair (tn, tm) has a density fn,m : (0, T )× (0, T ) → (0,∞), the
result in Proposition A.12 implies

P

(
ξn
tn

=
ξm
tm

)
=

∫
(0,T )2

P

(
Xs

s
=
X ′u
u

)
fn,m(s, u)dsdu = P

(
ξn
tn

= γ =
ξm
tm

)
,

where X ′ d= X is a Lévy process independent of X. Thus all slopes ξn/tn different
from γ are also different from each other with probability one and therefore the
corresponding faces are already maximal. Hence the set equality {tn : n ∈ IT }\FT =

{tn : n ∈ IT , ξn = γtn} holds a.s.
To complete the proof, it is sufficient to show that the number of faces with

length at least 1 and slope ξn/tn = γ is bounded in L1. By Corollary 3.10(a), we

38



have

E|{n ∈ IT : ξn/tn = γ}| = E
∑
n∈IT

P(Xtn = γtn|tn)

=

∫ T

1

P(Xt = γt)

t
dt −−−−→

T→∞

∫ ∞
1

P(Xt = γt)

t
dt,

where the limit is finite by Lemma A.44.

Remark 3.15. The proof of Lemma 3.14 implies that the only maximal face of the
concave majorant C⌢T of a compound Poisson processX with drift γ that corresponds
to more than one face in the representation in Theorem 2.18 is the face whose slope
equals γ. All the other faces in this representation are finite in number and have
slopes different from each other. ♢

The following result, a conditional CLT given ℓ, is the final ingredient for the
proof of Theorem 3.1.

Proposition 3.16. Suppose E[X1] = 0 and σ :=
√
E[X2

1 ] ∈ (0,∞). If ν ̸= 0,
choose κ ≥ 1 such that ν((−κ, κ)) ∈ (0,∞] and otherwise set κ := 1 and recall that
σ2t = σ2 −

∫
R\(−κ

√
t,κ
√
t) x

2ν(dx) for t > 0. Then we have the following limit in
probability as T → ∞:

ΣT −
∑∞

n=1(
√
ξ2n + t2n − tn)− 1

2(σ
2|IT | −

∫
R x

2 log+(min{T, x2})ν(dx))
√
log T

P→ 0,

where ΣT :=
1

2
√
log T

∑
n∈IT

(
ξ2n
tn

− σ2tn

)
.

(3.12)

Proof. Define for every T > 1, the random variables

Σ
(1)
T :=

1√
log T

∑
n∈IcT

(√
t2n + ξ2n − tn

)
, Σ

(2)
T :=

1√
log T

∑
n∈IT

(√
t2n + ξ2n − tn −

ξ2n
2tn

)
,

and Σ
(3)
T :=

1

2
√
log T

( ∑
n∈IT

(
σ2 − σ2tn

)
−
∫
R
x2 log+(min{T, x2})ν(dx)

)
,

and note that, since N = IcT ∪ IT , (3.12) states that Σ
(3)
T − Σ

(1)
T − Σ

(2)
T

P→ 0 as
T → ∞. It is therefore sufficient to prove that the expectations E[|Σ(1)

T |], E[|Σ(2)
T |1/2]

and E[|Σ(3)
T |] all tend to 0 as T → ∞.

Since
√
t2n + ξ2n − tn ≤ |ξn| and E[|ξn||ℓ] ≤ E[ξ2n|ℓ]1/2 = σ

√
tn, by Corol-

lary 3.10(a),

E[|Σ(1)
T |] ≤ 1√

log T
E
∑
n∈IcT

E[|ξn||ℓ] ≤
1√
log T

E
∑
n∈IcT

σ
√
tn −−−−→

T→∞
0.
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Taylor’s theorem for the function x 7→
√
1 + x2 around x = 0 applied to

√
1 + ξ2n/t

2
n

yields

|Σ(2)
T | = 1√

log T

∣∣∣∣ ∑
n∈IT

ξ4n
8t3n

· θ(|ξn|/tn)
∣∣∣∣ ≤ 1√

log T

∑
n∈IT

ξ4n
8t3n

,

where θ : [0,∞) → [0, 1] is a bounded function. Recall that E[X2
t ] = Var(Xt) = σ2t

for all t ≥ 0. Since x 7→
√
x is concave and starts at 0, we have

E

[∣∣∣∣ 1√
log T

∑
n∈IT

ξ4n
t3n

∣∣∣∣1/2] ≤ E
∑

n∈IT t
−3/2
n ξ2n

log1/4 T
=
E
∑

n∈IT E[t
−3/2
n ξ2n|ℓ]

log1/4 T

= σ2
E
∑

n∈IT t
−1/2
n

log1/4 T
= 2σ2

1− T−1/2

log1/4 T
−−−−→
T→∞

0,

where the last equality follows from Corollary 3.10(a). This implies E[|Σ(2)
T |1/2] → 0

as T → ∞.
It remains to prove that E[|Σ(3)

T |] → 0 as T → ∞. Applying Corollary 3.10(a)
and Fubini’s theorem, for any T > 1 we obtain

E
∑
n∈IT

(σ2 − σ2tn) =

∫ T

1

1

t

∫
R\(−κ

√
t,κ
√
t)
x2ν(dx)dt

=

∫
R\(−κ,κ)

∫ T∧(x2/κ2)

1

dt

t
x2ν(dx) =

∫
R
x2 log+(min{T, x2/κ2})ν(dx).

Moreover, since κ ≥ 1, we have

0 ≤
∫
R
x2 log+(min{T, x2})ν(dx)− E

∑
n∈IT

(σ2 − σ2tn)

=

∫
R
(log(κ2)1{|x|<

√
T} + log(Tκ2/x2)1{

√
T≤|x|<κ

√
T})x

2ν(dx)

≤ log(κ2)

∫
R
x2ν(dx) <∞.

Thus, Proposition 3.13 implies that, as T → ∞,

Σ
(3)
T =

1

2
√
log T

( ∑
n∈IT

(σ2 − σ2tn)− E
∑
n∈IT

(σ2 − σ2tn)

)

+
1

2
√
log T

(
E
∑
n∈IT

(σ2 − σ2tn)−
∫
R
x2 log+(min{T, x2})ν(dx)

)
L1

−→ 0.

The conditional limit result is a key ingredient for the proof of Theorem 3.1 is
the following conditional limit result.

Proposition 3.17. Let ΣT be as in (3.12) in Proposition 3.16. Then the following
conditional limit holds: for any x ∈ R,

P(ΣT ≤ x|ℓ) L1

−→ Φ(
√
2x/σ2), as T → ∞, (3.13)
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where Φ is the distribution function of a standard normal random variable.

The limit law in (3.13) is N(0, σ4/2) and the convergence in L1 is equivalent to
the convergence in probability since the random variables P(ΣT ≤ x|ℓ) are bounded.
In particular, (3.13) implies the weak convergence P(ΣT ≤ x) → Φ(

√
2x/σ2) for all

x ∈ R. The proof of Proposition 3.17 requires certain limit results for stick-breaking
processes from §3.2.1 and Theorem 3.20.

Proof of Proposition 3.17. The proof consists of three steps.
Step 1. Let Z ∼ N(0, 1) be independent of the stick-breaking process ℓ. Fix

r > 0 and γ ≥ 0, let

gT (t) := (log T )−γ/2|E[|X2
t /t|γ1{X2

t /t ≤ r
√

log T} − |σ2tZ2|γ1{σ2tZ2 ≤ r
√

log T}]|,

for t > 0, where we recall that σ2t = σ2 −
∫
R\(−κ

√
t,κ
√
t) x

2ν(dx). In this step we
establish the following limit:∑

n∈IT

gT (tn)
L1

−→ 0, as T → ∞. (3.14)

The integration-by-parts formula implies that for any non-negative random variable
ζ and constant a ∈ (0,∞) we have

a−γE[ζγ1{ζ≤a}] = P(ζ ≤ a)− γ

∫ 1

0
xγ−1P(ζ ≤ ax)dx.

Applying the identity in the previous display twice yields

0 ≤ gT (t) ≤ rγKT (t) ≤ 2rγK(t), where (3.15)

KT (t) := |P(X2
t /t ≤ r

√
log T )− P(σ2tZ2 ≤ r

√
log T )|

+ γ

∫ 1

0
xγ−1|P(X2

t /t ≤ xr
√
log T )− P(σtZ ≤ xr

√
log T )|dx

and K(t) := supx∈R |P(Xt/
√
t ≤ x) − P(σtZ ≤ x)|. Since the normal distribution

has a bounded density, the weak limits Xt/
√
t
d→ N(0, σ2) and σtZ

d→ N(0, σ2) as
t→ ∞ hold in the Kolmogorov distance by Theorem A.8, implying limt→∞K(t) = 0.
Moreover, by the dominated convergence theorem, we have limT→∞KT (t) = 0 and
thus limT→∞ gT (t) = 0 for all t > 0.

Let ΞT and Ξ∞ be the coupled point processes described in Lemma 3.9 and recall
that ΞT → Ξ∞ in the vague topology and, for any N > 1, we have Ξ∞([1, N ]) <

∞ and ΞT |[1,N ] = Ξ∞|[1,N ] for all sufficiently large T . By the definition of vague
topology, we have

∫
[1,∞)K(x)ΞT (dx) →

∫
[1,∞)K(x)Ξ∞(dx) a.s. Since gT (t) → 0 as
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T → ∞ for every atom t of Ξ∞|[1,N ], we have

lim sup
T→∞

∫
[1,∞)

gT (x)ΞT (dx)

≤ lim sup
T→∞

∫
[1,N ]

gT (x)ΞT (dx) + lim sup
T→∞

∫
(N,∞)

2rγK(x)ΞT (dx)

= lim sup
T→∞

∫
[1,N ]

gT (x)Ξ∞(dx) +

∫
(N,∞)

2rγK(x)Ξ∞(dx) = 2rγ
∫
(N,∞)

K(x)Ξ∞(dx).

By Theorem 3.20 we have E
∫
[1,∞)K(x)Ξ∞(dx) =

∫∞
1 t−1K(t)dt < ∞. Therefore,

the display above and Fatou’s lemma imply, as N → ∞,

lim sup
T→∞

E
∑
n∈IT

gT (tn) ≤ E lim sup
T→∞

∫
[1,∞)

gT (x)ΞT (dx)

≤ 2rγE

∫
(N,∞)

K(x)Ξ∞(dx) = 2rγ
∫ ∞
N

K(x)

x
dx→ 0,

thus proving (3.14).
Step 2. Denote Sn,T := ξ2n/(2tn

√
log T ) for all n ∈ N and T > 1. Assume that

the following limits in probability hold as T → ∞:∑
n∈IT

Pℓ(Sn,T ≥ ϵ)
P→ 0, for every ϵ > 0, (3.16)

∑
n∈IT

Varℓ
(
Sn,T1{Sn,T≤r}

)
P→ σ4

2
, for some r > 0, (3.17)

∑
n∈IT

(
Eℓ

[
Sn,T1{Sn,T≤r′}

]
−

σ2tn
2
√
log T

)
P→ 0, for some r′ > 0, (3.18)

where we denote Pℓ(·) = P(·|ℓ), Eℓ[·] = E[·|ℓ] and Varℓ(·) := Var(·|ℓ). We now prove
that (3.16)–(3.18) imply the L1 limit in (3.13).

Since the random variables in (3.13) are bounded, it suffices to prove the limit
in probability. Fix a sequence (Tk)k∈N such that Tk → ∞. By a diagonal argument,
there exists a subsequence, again denoted (Tk)k∈N for ease of notation, such that the
limit in (3.16) holds for all positive rational ϵ as Tk → ∞ almost surely. Thus, the
limit in (3.16) holds for all ϵ > 0 as Tk → ∞ a.s. Moreover, we may assume that the
limits in (3.17)–(3.18) hold a.s. as Tk → ∞. Recall that, given the stick-breaking
process ℓ, the variables {Sn,Tk : n ∈ ITk} are independent, making ({Sn,Tk : n ∈
ITk})k∈N a triangular array of row-wise independent random variables. Applying
the CLT for triangular arrays in Theorem A.9, we deduce that (3.13) holds a.s. as
Tk → ∞.

Step 3. In this step we prove (3.16)–(3.18). Recall that Z ∼ N(0, 1) is inde-
pendent of ℓ. By (3.14) with γ = 0 and r = ϵ, Markov’s inequality and Proposi-
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tion 3.11, we have

lim
T→∞

E
∑
n∈IT

Pℓ

(
ξ2n/tn√
log T

> ϵ

)
= lim

T→∞
E
∑
n∈IT

Pℓ

(
σ2tnZ

2

√
log T

> ϵ

)

≤ lim
T→∞

E
∑
n∈IT

σ6tnE[Z
6]

(ϵ
√
log T )3

≤ lim
T→∞

15σ6E|IT |
ϵ3(log T )3/2

= 0,

for all ϵ > 0, implying (3.16) (recall that Sn,T = ξ2n/(2tn
√
log T )).

To prove the limit in (3.17), first note that |a2− b2| ≤ (a+ b)|a− b| for a, b ≥ 0,
implying∣∣∣Eℓ[12 t−1n ξ2n1{ξ2n≤2tnϵ

√
log T}

]2
− Eℓ

[
1
2σ

2
tnZ

2
1{σ2

tn
Z2≤2ϵ

√
log T}

]2∣∣∣
≤ 2ϵ

√
log T

∣∣∣Eℓ[12 t−1n ξ2n1{ξ2n≤2tnϵ
√
log T}

]
− Eℓ

[
1
2σ

2
tnZ

2
1{σ2

tn
Z2≤2ϵ

√
log T}

]∣∣∣.
Thus, by applying (3.14) with γ = 1 and γ = 2 and r = 2ϵ, we find (all limits are
taken in L1):

lim
T→∞

∑
n∈IT Varℓ

(
1
2 t
−1
n ξ2n1{ξ2n≤2tnϵ

√
log T}

)
log T

= lim
T→∞

∑
n∈IT Varℓ

(
1
2σ

2
tnZ

2
1{σ2

tn
Z2≤2ϵ

√
log T}

)
log T

= lim
T→∞

∑
n∈IT Varℓ

(
1
2σ

2
tnZ

2
)

log T

= lim
T→∞

1

2 log T

(
σ4|IT |+

∑
n∈IT

(σ4tn − σ4)

)
=
σ4

2
,

where the first equality in the second line follows from the fact that Var(Z2) = 2 and
the last equality in the same line follows from Proposition 3.11 and Corollary 3.10(b)
applied to the bounded function t 7→ σ4t − σ4 with zero limit as t → ∞. This
establishes (3.17) since Sn,T = ξ2n/(2tn

√
log T ).

It remains to prove (3.18). Markov’s inequality, the equality E[Z2] = 1 and
Proposition 3.11 imply

1√
log T

∑
n∈IT

∣∣∣∣Eℓ[12σ2tnZ2
1{σ2

tn
Z2≤2ϵ

√
log T}

]
−
σ2tn
2

∣∣∣∣
=

1√
log T

∑
n∈IT

Eℓ

[
1
2σ

2
tnZ

2
1{σ2

tn
Z2>2ϵ

√
log T}

]
≤ 1√

log T

∑
n∈IT

Eℓ[σ
8
tnZ

8]

(2ϵ
√
log T )3

=
1

8ϵ3 log2 T

∑
n∈IT

σ8tnE[Z
8] ≤ 105σ8

8ϵ3 log2 T
|IT |

L1

−→ 0.

The display above and (3.14) with γ = 1 and r = 2ϵ imply (3.18), completing the
proof.

Proof of Theorem 3.1. The proof of Theorem 3.1 consists of several steps.
Step 1. In this step we show that (3.2) follows from the limits in (3.20) below.
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By Theorem 2.18, Lemma 3.14 and Proposition 3.16, the weak limit in (3.2) of
Theorem 3.1 is equivalent to the following limit as T → ∞:

ζT :=

(∑
n∈IT (ξ

2
n/tn − σ2tn)

2
√
log T

,
|IT | − log T√

log T
,

∑∞
n=1 ξ

+
n√

T
,

∑∞
n=1 ξn√
T

,

∑∞
n=1 tn1{ξn>0}

T

)
d→ ζ = (σ2Z1/

√
2, Z2, σB1, σB1, ρ),

(3.19)

where the standard Brownian motion B, the stick-breaking process ℓ and the stand-
ard normal variables Z1 and Z2 are all independent.

Define ηn := ξn/
√
tn for n ∈ N and note that

ζT =

(∑
n∈IT (η

2
n − σ2tn)

2
√
log T

,
|IT | − log T√

log T
,
∞∑
n=1

ℓ1/2n η+n ,
∞∑
n=1

ℓ1/2n ηn,
∞∑
n=1

ℓn1{ηn>0}

)
.

Let W1,W2 . . . be an iid sequence of standard normal random variables independent
of ℓ, Z1 and Z2. For k ∈ N and T > 1 define the random variables

χk,T :=

(∑∞
n=k(η

2
n − σ2tn)1{tn≥1}

2
√
log T

,

∑∞
n=k 1{tn≥1} − log T

√
log T

, 0, 0, 0

)

+

(
0, 0,

k−1∑
n=1

ℓ1/2n η+n ,

k−1∑
n=1

ℓ1/2n ηn,

k−1∑
n=1

ℓn1{ηn>0}

)
, and

χk :=

(
σ2√
2
Z1, Z2,

k−1∑
n=1

ℓ1/2n σW+
n ,

k−1∑
n=1

ℓ1/2n σWn,
k−1∑
n=1

ℓn1{σWn>0}

)
.

By Theorem A.7, (3.19) will follow if we prove that the following limits hold:

(a) χk,T
d−−−−→

T→∞
χk, (b) χk

d−−−→
k→∞

ζ, (c) lim
k→∞

lim sup
T→∞

P(∥χk,T − ζT ∥ > ϵ) = 0, ∀ϵ > 0,

(3.20)
where ∥x∥ =

∑d
i=1 |xi| denotes the ℓ1-norm in Rd, d ≥ 1.

Step 2. In this step we establish (3.20a). Define ℓ(k) := (ℓ1, . . . , ℓk−1). To
prove (3.20a), it suffices to show that E[ϕ(χk,T )|ℓ(k)] → E[ϕ(χk)|ℓ(k)] a.s. as T → ∞
for any continuous and bounded function ϕ : R5 → R. With this in mind, denote by
P(k) the conditional probability measure P given ℓ(k).

Under P(k), the process (ℓk, ℓk+1, . . .) is a uniform stick-breaking process on
[0, Lk−1] independent of (ηn)n<k. Thus the first two coordinates of χk,T are inde-
pendent under P(k) of the last three coordinates. Moreover, since Xt/

√
t

d→ σZ1

as t → ∞, then, under P(k), we have (η1, . . . , ηk−1) = (ξ1/
√
t1, . . . , ξk−1/

√
tk−1)

d→
(σW1, . . . , σWk−1) as T → ∞ (recall that tn = Tℓn). Thus, to prove (3.20a), it
suffices to show that the first two coordinates of χk,T converge weakly to the first
two coordinates of χk under P(k).

Recall that, under P(k), the process (ℓk, ℓk+1, . . .) is a uniform stick-breaking
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process on [0, Lk−1] and
∑∞

n=k tn = TLk−1. Thus, Proposition 3.11 implies that∑∞
n=k 1{tn≥1} − log(TLk−1)√

log(TLk−1)

d→ Z2, as T → ∞ under P(k).

Since log(TLk−1) = log T + logLk−1, where Lk−1 is deterministic under P(k), then

MT :=

∑∞
n=k 1{tn≥1} − log T

√
log T

d→ Z2, as T → ∞ under P(k).

Moreover, since P(k)(·|ℓ) = P(·|ℓ), Proposition 3.17 implies that P(k)(ΣT ≤ x|ℓ) L1

−→
P(σ2Z1/

√
2 ≤ x) for all x ∈ R as T → ∞, where ΣT is as in (3.12). Denote by E(k)

the expectation under P(k). Thus, taking limits in the following identity

E(k)[1{MT≤y}P
(k)(ΣT ≤ x|ℓ)] = P(k)(MT ≤ y)P(k)(σ2Z1/2 ≤ x)

+ E(k)[1{MT≤y}(P
(k)(ΣT ≤ x|ℓ)− P(k)(σ2Z1/

√
2 ≤ x))],

implies P(k)(MT ≤ y,ΣT ≤ x) → P(k)(Z2 ≤ y)P(k)(σ2Z1/
√
2 ≤ x) as T → ∞. To

see that the first two coordinates of χk,T converge weakly to those of χk under P(k),
note that E(k)

∑k−1
n=1 |η2n − σ2tn |/

√
log T ≤ 2(k − 1)σ2/

√
log T → 0 as T → ∞.

Step 3. In this step we establish (3.20b)–(3.20c). To prove (3.20b), it suffices
to show the convergence for the last three coordinates. Note that
k−1∑
n=1

(√
ℓnσW

+
n ,
√
ℓnσWn, ℓn1{σWn>0}

) a.s.−→
k→∞

∞∑
n=1

(
√
ℓnσW

+
n ,
√
ℓnσWn, ℓn1{σWn>0}),

where the limit has the same law as (σB1, σB1, ρ) by the scaling property of Brownian
motion and (3.6) applied to σB, implying (2.14b).

If we prove limm→∞ lim supT→∞E∥χk,T − ζT ∥ = 0, (3.20c) will follow by
Markov’s inequality. Moreover, the previous limit is a consequence of the follow-
ing limits

lim sup
T→∞

E
∑k−1

n=1 |η2n − σ2tn |1{tn≥1}
2
√
log T

= 0, lim sup
T→∞

E
∑k−1

n=1 1{tn≥1}

2
√
log T

= 0,

lim
k→∞

lim sup
T→∞

E

∞∑
n=k

√
ℓn|ηn| = 0, lim

k→∞
E

∞∑
n=k

ℓn = 0.

The first two limits in the display obviously hold. The fourth limit holds since∑∞
n=k ℓk = Lk−1 and ELk−1 = 21−k. Finally, the third limit in the display above

follows from the bounds

E

∞∑
n=k

√
ℓn|ηn| ≤

∞∑
n=k

E[
√
ℓnEℓ

[
η2n]

1/2
]
= σ

∞∑
n=k

E
√
ℓn = σ

∞∑
n=k

(2/3)n = 3σ(2/3)k,

implying (3.20c) and completing the proof.

Proof of Corollary 3.2. By Theorem 3.1, it suffices to prove the claims on the integral
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∫
R x

2 log+(min{T, x2})ν(dx). Since x2 log+(min{T, x2})/ log T tends to 0 pointwise
on x as T → ∞ and is upper bounded by the ν-integrable function x 7→ x2, the
dominated convergence theorem implies that the integral is o(log T ). Similarly, the
integral is o(

√
log T ) if x 7→ x2(log+ |x|)1/2 is ν-integrable.

§3.3 Stable domain of attraction

This section is dedicated to proving Theorems 3.4, 3.6 and 3.7, stated in §3.1. Assume
the limit in (2.6) holds for some α ∈ (0, 2] \ {1}, and recall that this is equivalent
to (2.7), i.e. (XtT /aT )t∈[0,1]

d→ (Sα(t))t∈[0,1], as T → ∞, in the Skorokhod space
D[0, 1] equipped with the J1-topology, with the scaling function aT is as in (2.6).
Since aT → ∞ as T → ∞, we assume without loss of generality that aT > 1 is
locally bounded for all T ≥ 1. The following lemma provides a key step in the proofs
of Theorems 3.4 and 3.6.

Lemma 3.18. Suppose a Lévy process X satisfies (2.7) for some α ∈ (0, 2]. Then,
for every p ∈ [0, α), there exists a constant Kp ∈ (0,∞) such that E[|Xt/at|p] ≤ Kp

for all t ≥ 1.

Proof. By the the concavity of x 7→ xp (when p ∈ [0, 1]) and Jensen’s inequality
(when p ∈ (1, α)), we have (a + b)p ≤ 2(p−1)

+
(ap + bp) for any a, b ≥ 0. Thus,

E[|Xt|p] ≤ 2(p−1)
+
(E[|X⌊t⌋|p] + E[|Xt−⌊t⌋|p]) for all t ≥ 1, where ⌊t⌋ := sup{m ∈ N :

m ≤ t}. By Lemma 2.15, E[|Xn/an|p] is bounded for all n ∈ N. By the regular
variation of at ≥ 1, we have

1 ≤ lim inf
t→∞

at
a⌊t⌋

≤ lim sup
t→∞

at
a⌊t⌋

≤ lim sup
t→∞

at
act

= c−1/α,

for any c ∈ (0, 1), implying at/a⌊t⌋ → 1 as t → ∞. Thus, it suffices to show that
E[|Xs|p] is bounded for s ∈ [0, 1]. This bound follows from Lemma 2.6 and the
inequality E[|Xs|p] ≤ E[X

p
s] + E[|Xs|p] implied by |Xs|p ≤ max{Xp

s, |Xs|p}.

Remark 3.19. An explicit upper bound in Lemma 3.18 can be obtained in terms
of the characteristics of X and the regularly varying function at by using methods
analogous to the ones in the proof of Lemma 2.6 (see the proof of [39, Lem. 2]).
Since the explicit value of the upper bound Cp is not important in our context, we
only provide the short proof above. ♢

§3.3.1 The case of finite mean

Proof of Theorem 3.4. Recall Pℓ(·) = P(·|ℓ) and Eℓ[·] = E[·|ℓ], where ℓ is the stick-
breaking process on [0, 1], and tn = Tℓn. Denote ηn := ξn/atn and ϱn := atn/aT for
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n ∈ N and note that
√
t2n + ξ2n − tn = ξ2n/(tn +

√
t2n + ξ2n). Thus, by (3.6), we have(

Υ⌢
T − T

a2T /T
,
C
⌢
T

aT
,
C⌢T (T )

aT
,
γ⌢T
T

)
d
=
∞∑
n=1

(
ϱ2nη

2
n

ℓn +
√
ℓ2n + ϱ2nη

2
na

2
T /T

2
, ϱnη

+
n , ϱnηn, ℓn1{ϱnηn>0}

)
.

By Theorem A.7, (3.5) will follow if we prove the following limits: for any k ∈ N,
k−1∑
n=1

(
ϱ2nη

2
n

ℓn +
√
ℓ2n + ϱ2nη

2
na

2
T /T

2
, ϱnη

+
n , ϱnηn, ℓn1{ϱnηn>0}

)

d−−−−→
T→∞

k−1∑
n=1

(
1

2
ℓ2/α−1n

(
S(n)
α

)2
, ℓ1/αn

(
S(n)
α

)+
, ℓ1/αn S(n)

α , ℓn1{S(n)
α >0}

)
,

(3.21)

and, for all ϵ > 0,

lim
k→∞

lim sup
T→∞

P

( ∞∑
n=k

∥∥(Rn, ϱnη+n , ϱnηn, ℓn1{ϱnηn>0}
)∥∥ > ϵ

)
= 0,

where Rn :=
ϱ2nη

2
n

ℓn +
√
ℓ2n + ϱ2nη

2
na

2
T /T

2
,

(3.22)

and ∥x∥ =
∑d

i=1 |xi| denotes the ℓ1-norm in Rd, d ≥ 1.
To prove (3.21), it suffices to show that the weak convergence holds conditional

on ℓ. By assumption, we have Xt/at
d→ S

(1)
α , act/at → c1/α and at/t→ 0 as t→ ∞.

Thus, given ℓ, the random variables η1, . . . , ηk are independent and we have the
following convergences as T → ∞: (η1, . . . , ηk)

d→ (S
(1)
α , . . . , S

(k)
α ), (ϱ1, . . . , ϱk) →

(ℓ
1/α
1 , . . . , ℓ

1/α
k ) and aT /T → 0. The continuous mapping theorem then yields the

weak convergence in (3.21) conditional on ℓ.
Next we prove (3.22). To prove this, we note that

∑∞
n=k ℓk = Lk−1 and

P(Lk−1 > ϵ) ≤ ϵ−1ELk−1 → 0 as k → ∞, so it suffices to show that, for all
ϵ > 0, the following limits hold as k → ∞:

lim sup
T→∞

P

( ∞∑
n=k

Rn > ϵ

)
→ 0, lim sup

T→∞
P

( ∞∑
n=k

ϱn|ηn| > ϵ

)
→ 0. (3.23)

We will prove both limits via Markov’s inequality P(|ζ| > ϵ) ≤ ϵ−pE[|ζ|p] for p > 0,
and bounding the first moment by splitting the summation over the sets IT and
IcT (recall that IT = {n ∈ N : tn ≥ 1}). First note that Rn ≤ |ξn|(T/a2T ) and
ρn|ηn| = |ξn|/aT , where aT → ∞ and a2T /T → ∞ as T → ∞. There exists a constant
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K such E[|Xt|] ≤ K
√
t for all t ≤ 1 (see, e.g. Lemma 2.6), so Corollary 3.10(a) yields

lim sup
T→∞

E
∑

n∈IcT ,n≥k
ϱnEℓ|ηn| ≤ lim sup

T→∞

K

aT
E
∑
n∈IcT

ℓ1/2n = lim sup
T→∞

2K

aT
= 0, and

lim sup
T→∞

E
∑

n∈IcT ,n≥k
Rn ≤ lim sup

T→∞

KT

a2T
E
∑
n∈IcT

ℓ1/2n = lim sup
T→∞

2KT

a2T
= 0.

It remains to consider the summation sets IT ∩{k, k+1, . . .}. By Lemma 3.18,
for any p ∈ (0, α), we have Eℓ[|ηn|p] ≤ Kp for some Kp > 0. Since t 7→ at is regularly
varying at infinity with index 1/α, Potter’s bound (Theorem A.53) implies that for
all q ∈ (0, 1/α) there exists a constant K ′q > 0 such that as/at ≤ K ′q(s/t)

q for all
t > s ≥ 1. Thus, the second limit in (3.23) follows from the limit

lim sup
T→∞

E
∑

n∈IT ,n≥k
ϱnEℓ|ηn| ≤ K1K

′
1/2

∞∑
n=k

E[ℓ1/2n ] = 3K1K
′
1/2(2/3)

k−1 −−−→
k→∞

0.

Fix any p ∈ (0, α/2) and q ∈ (1/2, 1/α) and note that Rn ≤ ϱ2nη
2
n/ℓn. By

Markov’s inequality and the subadditivity of x 7→ xp, the first limit in (3.23) follows
from

lim sup
T→∞

E
∑

n∈IT ,n≥k
Rpn ≤ K2p(K

′
q)

2p
∞∑
n=k

E[ℓp(2q−1)n ]

=
K2p(K

′
q)

2p(1 + p(2q − 1))1−k

p(2q − 1)
−−−→
k→∞

0.

Proof of Proposition 3.5. Note that Q := 1
2

∑∞
n=1 ℓ

2/α−1
n (S

(n)
α )2 satisfies

2Q = ℓ
2/α−1
1 (S(1)

α )2 +
∞∑
i=2

ℓ2/α−1n (S(n)
α )2

= ℓ
2/α−1
1 (S(1)

α )2 + L
2/α−1
1

∞∑
i=2

(
ℓn
L1

)2/α−1
(S(n)
α )2.

Let A := L
2/α−1
1 , B := 1

2ℓ
2/α−1
1 (S

(1)
α )2 and Q′ := 1

2

∑∞
i=2(ℓn/L1)

2/α−1(S
(n)
α )2 and

note that Q = AQ′ + B. Since (ℓn/L1)n≥2 is a stick-breaking process on [0, 1]

independent of L1 and S(1)
α , we conclude that Q′ d= Q is independent of (A,B).

By Theorem A.59 it follows that P(Q > x) ∼ (1 − E[Aα/2])−1P(B > x), as
x→ ∞. Furthermore, by Lemma A.60, we have

P(B > x) ∼ E
[(

1
2ℓ

2/α−1
1

)α/2]
P((S(1)

α )2 > x), as x→ ∞.

Recall that L1 = 1 − ℓ1 ∼ U(0, 1). Similarly, we have that ℓ1 ∼ U(0, 1). Thus, it
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follows that(
1− E[Aα/2]

)−1
E
[(

1
2ℓ

2/α−1
1

)α/2]
= 2−α/2

(
1− E

[
V

1−α/2
1

])−1
E
[
V

1−α/2
1

]
= 2−α/2

(
1− 2

4− α

)−1 2

4− α
=

21−α/2

2− α
.

Thus we have P(Q > x) ∼ 21−α/2P((S
(1)
α )2 > x)/(2 − α), as x → ∞. The last

asymptotic equivalence in Proposition 3.5 follows from the identity P((S
(1)
α )2 >

x) = P(S
(1)
α >

√
x) + P(−S(1)

α >
√
x).

Proof of Theorem 3.6. (a) Assume µ > 0. We assume without loss of generality that
t 7→ at is continuous and at ≥ 1 for all t > 0. Define

ZT :=

(
µ√

1 + µ2
, 1, 1

)
XT − µT

aT
, Z ′T :=

1

aT

(
Υ⌢
T −

√
1 + µ2T,XT −µT,XT −µT

)
.

Since ZT
d→ (µ/

√
1 + µ2, 1, 1)Sα(1) as T → ∞, it suffices to show that ∥ZT −Z ′T ∥

P→
0 as T → ∞. Define

∆T := Υ⌢
T −

√
1 + µ2T − µ√

1 + µ2
(XT − µT ), T > 0.

Note that |XT /aT |
P→ 0 as T → ∞ since the positive drift µ > 0 implies that −XT →

−X∞ < ∞ a.s. as T → ∞. Since ∥Z ′T − ZT ∥ = a−1T ∥(∆T , 0, (XT −XT )/aT )∥, and
XT −XT

d
= −XT , part (a) will follow if we show that ∆T /aT

P→ 0 as T → ∞.
By (3.6), we have (Υ⌢

T − T,XT − µT )
d
=
∑∞

n=1(
√
t2n + ξ2n − tn, ξ̃n), where we

define ξ̃n := ξn − µtn. Thus we have ∆T
d
=
∑

n∈N ζn, where

ζn :=
√
t2n + ξ2n −

√
1 + µ2tn −

µ√
1 + µ2

ξ̃tn

=
√
1 + µ2tn

((
1 +

ξ̃2n + 2µtnξ̃n
t2n(1 + µ2)

)1/2

− 1− µ

1 + µ2
ξ̃n
tn

)
.

To prove that ∆T /aT
P→ 0, we again split the summation set with IT and IcT . Define:

∆
(1)
T :=

∑
n∈IT ζn and ∆

(2)
T :=

∑
n∈IcT

ζn and note that ∆T
d
= ∆

(1)
T +∆

(2)
T .

Fix some p ∈ (0, α/2) and use the inequality
√
1 + z ≤ 1 + z/2 for z ≥ −1 and

the subadditivity of x 7→ xp to obtain

E[|∆(1)
T /aT |p] ≤ E

[∣∣∣∣ ∑
n∈IT

ξ̃2n

2aT
√

1 + µ2tn

∣∣∣∣p] ≤ E ∑
n∈IT

|ξ̃n|2p

apT t
p
n
.

Recall that (Xt − µt)/at
d→ Sα(1) as t → ∞. Thus, by Lemma 3.18, there exists

a constant K2p > 0 such that E[|Xt − µt|2p] ≤ K2pa
2p
t for all t ≥ 1. Therefore

Eℓ[|ξ̃n|2p] ≤ K2pa
2p
tn for n ∈ IT .

Suppose α ∈ (1, 2). Pick q ∈ (1/2, 1/α) and apply Potter’s bound (The-
orem A.53) to obtain at/aT ≤ K ′q(t/T )

q for all T > t ≥ 1 and some K ′q > 0.
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Thus, Corollary 3.10(a) yields

E[|∆(1)
T /aT |p] ≤ K2pE

∑
n∈IT

a2ptn
apT t

p
n
= K2p

(aT
T

)p
E
∑
n∈IT

ℓ−pn

(atn
aT

)2p
≤ K2p(K

′
q)

2p
(aT
T

)p
E

∞∑
n=1

ℓp(2q−1)n =
K2p(K

′
q)

2p

p(2q − 1)

(aT
T

)p
,

which tends to 0 as T → ∞, implying ∆
(1)
T /aT

P→ 0.
Suppose α = 2. We may assume at =

√
tl(t) for a locally bounded and slowly

varying function l. Thus, by Proposition A.54, l̃(T ) :=
∫ T
1 t−1l(t)2pdt is also slowly

varying and Corollary 3.10(a) yields

E[|∆(1)
T /aT |p] ≤ K2pE

∑
n∈IT

a2ptn
apT t

p
n
= K2pE

∑
n∈IT

l(tn)
2p

apT
= K2p

l̃(T )

apT
−−−−→
T→∞

0.

It remains to show that ∆
(2)
T /aT

P→ 0 as T → ∞. The inequality
√
1 + x+ y ≥

1 + y/2 for x ≥ y2/4 and x+ y ≥ −1 shows that ∆
(2)
T ≥ 0 a.s. By the subadditivity

of x 7→
√
x, we obtain

1

aT
E[|∆(2)

T |] ≤
√
1 + µ2

aT
E
∑
n∈IcT

tn

∣∣∣∣ ξ̃n

tn
√

1 + µ2
+

(2|µ||ξ̃n|)1/2√
tn(1 + µ2)

− µ

1 + µ2
ξ̃n
tn

∣∣∣∣
≤ 1

aT
E
∑
n∈IcT

((
1− µ√

1 + µ2

)
|ξ̃n|+

√
2|µ|tn|ξ̃n|

)
.

By (2.5) and Jensen’s inequality, there exists a constant K > 0 such that E[|Xt −
µt|] ≤ K

√
t for all t ≤ 1. Thus, Corollary 3.10(a) yields ∆

(2)
T /aT

L1

−→ 0 as T → ∞,
completing the proof of part (a).

(b) Note that XT → X∞ < ∞ a.s. and γ⌢T → γ⌢∞ < ∞ a.s. as T → ∞. Next,
we split the length of the concave majorant in two at the time of the supremum, so
the total length Υ⌢

T up to time T is equal to the sum of the length ∆
(1)
T up to time

γ⌢T and the length ∆
(2)
T from γ⌢T to T . It follows that ∆

(1)
T → Υ⌢

γ⌢∞
a.s. as T → ∞,

implying ∆
(1)
T /aT → 0 a.s. Thus, it suffices to consider ∆

(2)
T for the weak limit of

Υ⌢
T . Since the post-supremum process is independent of the pre-supremum process

by Lemma 2.7, as in part (a) we conclude that, as T → ∞,(
∆

(2)
T − (T − γ⌢T )

aT
,
(C⌢T (T )−XT )− µ(T − γ⌢∞)

aT

)∣∣∣∣(X∞, γ⌢∞)
d→
(

µ√
1+µ2

, 1
)
Sα(1).

Note here that the limit law does not depend on (X∞, γ
⌢
∞), so the limit is independ-

ent of (X∞, γ⌢∞). Since we also have |X∞ − XT | → 0 and |γ⌢∞ − γ⌢T | → 0 a.s. as
T → ∞, the result follows.
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§3.3.2 Sandwiching the concave majorant

When the tails of X are sufficiently heavy for it not to have the first moment, the
asymptotic behaviour of the boundary of its convex hull is straightforward.

Proof of Theorem 3.7. The supremum, infimum and the times at which they are
attained are functionals that are continuous a.s. in J1-topology with respect to the
law of an α-stable process, since the times at which the extrema are attained are
a.s. unique (see Lemma A.4 and Theorem 2.22). Thus, by the continuous mapping
theorem, it suffices to prove |Υ⌢

T − (2C
⌢
T −C⌢T (T ))|/aT → 0 and |Υ⌣

T − (C⌣T (T )−
2C⌣T )|/aT → 0 a.s. as T → ∞. Recall XT = C⌢T (T ) ≤ XT = C

⌢
T and γ⌢T ∈ [0, T ].

Hence, by Figure 3.2, the following inequalities hold:

2XT −XT ≤ ((γ⌢T )2 + (XT )
2)1/2 + ((T − γ⌢T )2 + (XT −XT )

2)1/2

≤ Υ⌢
T ≤ 2XT −XT + T.

Since α ∈ (0, 1) we have limT→∞ T/aT = 0, implying |Υ⌢
T −(2C

⌢
T −C⌢T (T ))|/aT → 0

a.s. as T → ∞. The proof of the second limit is analogous.

Proof of Proposition 3.8. (a)&(b) In part (a), define aT :=
√
T for all T > 0. Note

that Υ⊓T − T = 2XT −XT and

Υ∧T − T =
(√

(γ⌢T )2 +X
2
T − γ⌢T

)
+
(√

(T − γ⌢T )2 + (XT −XT )2 − (T − γ⌢T )
)
.

We will show that

T

a2T

∣∣∣∣Υ∧T − T − X
2
T

2γ⌢T
− (XT −XT )

2

2(T − γ⌢T )

∣∣∣∣ P→ 0, as T → ∞. (3.24)

The conclusions of parts (a) & (b) will then follow from (3.24), an application of the
continuous mapping theorem and Theorems 3.1 & 3.4, respectively.

To prove (3.24), by symmetry, it suffices to establish, as T → ∞, the limit
Ta−2T |((γ⌢T )2 +X

2
T )

1/2 − γ⌢T −X
2
T /(2γ

⌢
T )| P→ 0. Taylor’s theorem yields

√
1 + x2 =

1 + x2/2 + x4θ(|x|)/8, where θ : [0,∞) → [0, 1] is a bounded function. Thus, the
limit in probability is implied by the limit Ta−2T X

4
T /(γ

⌢
T )3

P→ 0 as T → ∞, which
is itself a direct consequence of the fact that aT /T → 0, the continuous mapping
theorem and the weak limits γ⌢T /T

d→ γα⌢ and XT /aT
d→ Sα(1) as T → ∞.

(c) The proof follows as in the proof of Theorem 3.7, using the triangle inequality
to obtain

2XT −XT ≤ Υ∧T ≤ Υ⊓T = T + 2XT −XT ,

and then using the fact that T/aT → 0 as T → ∞.
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§3.4 A Gaussian approximation theorem for Lévy pro-
cesses

The classical central limit theorem (CLT), applied to a one-dimensional Lévy pro-
cesses X = (Xt)t≥0 with zero mean and finite variance, states that P(Xt/

√
t ≤

x) → Φ(x/σ) as t → ∞ for all x ∈ R, where σ2 is the variance of X1 and Φ is the
distribution function of a standard normal random variable Z. Since the law Φ has
a bounded density, this weak convergence is well-known to imply the convergence
in the Kolmogorov distance supx∈R |P(Xt/

√
t ≤ x) − Φ(x/σ)| → 0 as t → ∞, see

Theorem A.8. It is natural to inquire about the rate of this convergence without
additional assumptions on the Lévy process. In this section we answer this question,
thus extending to the continuous-time setting the classical random walk result by
Friedman, Katz and Koopmans [35].

Theorem 3.20. Let X = (Xt)t≥0 be a Lévy process satisfying σ := E[X2
1 ]

1/2 ∈
(0,∞), EX1 = 0 and X0 = 0 a.s. If the Lévy measure ν of X is nontrivial, choose
κ ≥ 1 such that 0 < ν((−κ, κ)) ≤ ∞ and otherwise set κ := 1. Defining σ2t :=

σ2 −
∫
R\(−κ

√
t,κ
√
t) x

2ν(dx) for t > 0, we have∫ ∞
1

sup
x∈R

∣∣P(Xt/
√
t ≤ x

)
− Φ

(
x/σt

)∣∣dt
t
<∞. (3.25)

Heuristically, (3.25) states that the Kolmogorov distance between the laws of
Xt/

√
t and σtZ decays faster than say 1/ log(t) as t → ∞. The parameter κ ≥ 1 is

chosen to ensure σt > 0, with its precise value not being important for (3.25). We
stress that σt in (3.25) cannot, in general, be replaced by σ. Such a replacement would
require strictly more than second moment. This result is proved in [8, Thm 1.2],
but has been omitted here since it is outside of the scope of this thesis. The main
idea behind the proof of Theorem 3.20 is to apply Berry-Esseen bounds to a Lévy
process possessing all moments, obtained by removing from a path of X the finitely
many jumps with magnitude greater than κ

√
t during the time interval [0, t].

§3.4.1 Proof of Theorem 3.20

Let (Σ2, β, ν) be the generating triplet of the Lévy process X = (Xt)t≥0 corres-
ponding to the cutoff function x 7→ 1(−1,1)(x), where Σ2 ≥ 0 and β ∈ R (see §2.2).
All generating triplets in the following proof are with respect to the cutoff function
x 7→ 1(−1,1)(x).

Proof of Theorem 3.20. For any t ≥ 1, let Ỹ (t) = (Ỹ
(t)
s )s≥0 be the compound Poisson

process consisting of jumps of X with magnitude at least κ
√
t and define Y (t) =
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(Y
(t)
s )s≥0 as Y (t)

s := Xs − Ỹ
(t)
s . Then, by Theorem 2.3, Y (t) is a Lévy process with

generating triplet (Σ2, ν|(−κ√t,κ√t), β) whose jumps are of magnitude smaller than
κ
√
t. Since the support of the Lévy measure of Y (t) is compact, by Theorem A.11,

Y
(t)
t has moments of all orders. Thus, we may define the real number µt := EY

(t)
t .

Moreover, the constant κ ≥ 1, chosen in the statement of Theorem 3.20, ensures

0 < σ2t = Σ2 +

∫
(−κ
√
t,κ
√
t)
x2ν(dx) = Var(Y (t)

t )/t <∞ for all t ≥ 1.

The first equality in the last display follows from the identity σ2 = Σ2+
∫
R x

2ν(dx),
which holds by Example A.1 applied to X. The same argument applied to the Lévy
process Y (t) yields the second equality in the display.

Define the function

K(t) := sup
x∈R

|P(Xt/
√
t ≤ x)− Φ(x/σt)| for all t > 0.

Let Jt denote the event on which X only has jumps of magnitude smaller than κ
√
t

during the time interval [0, t]. Note that on the event Jt we haveXt = Y
(t)
t , implying,

for all x ∈ R and t ≥ 1, the inequality

|P(Xt ≤ x)− P(Y (t)
t ≤ x)| ≤ E|1{Xt≤x} − 1{Y (t)

t ≤x}
| ≤ E[1Jc

t
] = P(Jc

t ).

By adding and subtracting the probability P(Y (t)
t /

√
t ≤ x) in the definition of K(t),

for all t ≥ 1 we obtain the inequality

K(t) ≤ A(t) + P(Jc
t ), where A(t) := sup

x∈R

∣∣P(Y (t)
t /

√
t ≤ x

)
− Φ

(
x/σt

)∣∣. (3.26)

The triangle inequality implies

A(t) = sup
x∈R

∣∣P((Y (t)
t − µt)/

√
t ≤ x

)
− Φ

(
(x+ µt/

√
t)/σt

)∣∣ ≤ B(t) +D(t),

where for any t ≥ 1 we define

B(t) := sup
x∈R

∣∣P((Y (t)
t − µt)/

√
t ≤ x

)
− Φ

(
x/σt

)∣∣ and

D(t) := sup
x∈R

∣∣Φ(x/σt)− Φ
(
(x+ µt/

√
t)/σt

)∣∣.
To complete the proof, it suffices to show that the following integrals are finite:

(a)
∫ ∞
1
P(Jc

t )
dt

t
<∞, (b)

∫ ∞
1

B(t)
dt

t
<∞, (c)

∫ ∞
1

D(t)
dt

t
<∞.

The integrals in (a)–(c) exist since the integrands are non-negative. It remains
to prove they are finite. Fubini’s theorem yields

I :=

∫
R
x2ν(dx) =

∫ ∞
0

2xν(x)dx =

∫ ∞
0

ν(
√
x)dx <∞, (3.27)

where ν is the Lévy measure of X and we recall that ν(x) = ν(R\(−x, x)) for x > 0.
(a) Since Ỹ (t) = X−Y (t) is a compound Poisson process with intensity ν(κ

√
t),
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the first jump of Ỹ (t) is exponentially distributed with mean 1/ν(κ
√
t). As the event

Jt can be defined by the first jump of Ỹ (t) being greater than t, it has probability
P(Jt) = e−tν(κ

√
t). Thus, we have

P(Jc
t ) = 1− e−tν(κ

√
t) ≤ tν(κ

√
t), for t > 0,

implying the bound
∫∞
1 t−1P(Jc

t )dt ≤
∫∞
1 ν(κ

√
t)dt ≤ I/κ2.

(b) For any t ≥ 1, Y (t)
t is nontrivial and infinitely divisible with a finite third mo-

ment. More precisely, Y (t)
t =

∑n
k=1 Zk, where the variables Zk := Y

(t)
tk/n−Y

(t)
t(k−1)/n

d
=

Y
(t)
t/n are independent. The Berry-Esseen inequality for independent random variables

yields a constant c > 0 such that it for all n ∈ N holds that

B(t) = sup
y∈R

∣∣∣∣P(∑n
k=1 Zk − E

∑n
k=1 Zk

Var
(∑n

k=1 Zk
)1/2 ≤ y

)
− Φ(y)

∣∣∣∣
≤
cnE

[
|Y (t)
t/n − EY

(t)
t/n|

3
]

(
nVar(Y (t)

t/n)
)3/2 ≤

4cn
(
E
[∣∣Y (t)

t/n

∣∣3]+ ∣∣E[Y (t)
t/n

]∣∣3)(
nVar

(
Y

(t)
t/n

))3/2 .

The second inequality in the display above follows from the inequality |(a+ b)/2|p ≤
(|a|p+|b|p)/2 for any a, b ∈ R and p ≥ 1 (which holds by convexity), applied with a =

Y
(t)
t/n, b = −EY (t)

t/n and p = 3. Since, by Lemma 2.4, the limit limn→∞ nE
[∣∣Y (t)

t/n

∣∣3] =
t
∫
(−κ
√
t,κ
√
t) |x|

3ν(dx) holds, the equalities E
[
Y

(t)
t/n

]
= E

[
Y

(t)
1

]
t/n and Var

(
Y

(t)
t/n

)
=

Var
(
Y

(t)
1

)
t/n imply

B(t) ≤ lim
n→∞

4cn(E
[
|Y (t)
t/n|

3
]
+
∣∣E[Y (t)

t/n

]∣∣3)(
nVar

(
Y

(t)
t/n

))3/2
=

4c(limn→∞ nE
[
|Y (t)
t/n|

3
]
+ limn→∞

∣∣E[Y (t)
1

]∣∣3t3/n2)(
Var
(
Y

(t)
1

)
t
)3/2

=
4ct
∫
(−κ
√
t,κ
√
t) |x|

3ν(dx)(
Σ2t+ t

∫
(−κ
√
t,κ
√
t) x

2ν(dx)
)3/2 ≤ 4c√

tσ31

∫
(−κ
√
t,κ
√
t)
|x|3ν(dx)

for any t ≥ 1 (recall that t 7→ σ2t , defined in Theorem 3.20, is non-decreasing). We
thus obtain ∫ ∞

1
B(t)

dt

t
≤ 4c

σ31

∫ ∞
1

t−3/2
∫
(−κ
√
t,κ
√
t)
|x|3ν(dx)dt

≤ 12c

σ31

∫ ∞
1

t−3/2
∫ κ
√
t

0
x2ν(x)dxdt,

(3.28)

where the second inequality follows from the identity
∫
(−w,w) |x|

3ν(dx) = −w3ν(w)+

3
∫ w
0 x2ν(x)dx for all w > 0. The limit 0 ≤ y2ν(y) ≤

∫
R\(−y,y) x

2ν(dx) → 0 as

y → ∞ implies
∫ κ√T
0 x2ν(x)dx/

√
T → 0 as T → ∞. Thus, the bound in (3.28) and
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integration-by-parts imply that the integral in (b) is finite:∫ ∞
1
t−3/2

∫ κ
√
t

0
x2ν(x)dxdt

=

[
− 2t−1/2

∫ κ
√
t

0
x2ν(x)dx

]∞
1

+

∫ ∞
1

2t−1/2 · κ2tν(κ
√
t) · κ

2
√
t
dt

= 2

∫ κ

0
x2ν(x)dx+ κ3

∫ ∞
1

ν(κ
√
t)dt = 2

∫ κ

0
x2ν(x)dx+ κ

∫ ∞
κ2

ν(
√
y)dy

≤ 2

∫ κ

0
x2ν(x)dx+ κI,

where the final inequality follows from (3.27).
(c) Since the distribution Φ is unimodal and symmetric, the mean-value theorem

implies that D(t) satisfies

D(t) =
∣∣Φ(µt/(2√tσt))− Φ(−µt/(2

√
tσt))

∣∣ = e−c
2/2|µt|/(

√
2πtσt) ≤ |µt|/(σ1

√
t)

for t ≥ 1 and some c ∈ (−|µt|/(2
√
tσt), |µt|/(2

√
tσt)) (recall that t 7→ σ2t is non-

decreasing). Since σ1 > 0, it suffices to prove that
∫∞
1 |µt|t−3/2dt < ∞. By 0 =

E[Xt] = βt + t
∫
R\(−1,1) xν(dx), we have µt = E[Y

(t)
t ] = −t

∫
R\(−κ

√
t,κ
√
t) xν(dx).

Hence |µt| ≤ t
∫
R\(−

√
t,
√
t) |x|ν(dx) for all t ≥ 1 since κ ≥ 1. Apply Fubini’s theorem

to obtain∫ ∞
1

|µt|
t3/2

dt ≤
∫ ∞
1

1√
t

∫
R\(−

√
t,
√
t)
|x|ν(dx)dt ≤ 2

∫
R\(−1,1)

x2ν(dx) <∞.

This implies that the integral in (c) is finite, completing the proof of Theorem 3.20.
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Chapter 4

When is the convex hull of a Lévy
path smooth?

§4.1 Introduction and main results

The boundary of the convex hull of the range of a planar Brownian motion con-
sists of piecewise linear segments but is well-known to be smooth (i.e. continuously
differentiable) everywhere [30]. The convex hull of a graph of a path of a standard
Cauchy process also possesses a smooth boundary almost surely [21], a fact not easily
discerned from the simulation in Figure 4.1 below (but cf. discussion following The-
orem 4.2 below). Since the law of the graph of the standard Cauchy process scales
linearly in time, it is natural to ask whether smoothness of the hull occurs at all
for Lévy process without a linear scaling property (note that the range of a planar
Brownian motion also possesses a temporal scaling property). In this chapter we
characterise (in terms of transition laws) what turns out to be a rich and interesting
class of Lévy processes whose graphs have smooth convex hulls almost surely. We
study its properties by analysing how the smoothness of the hull of a graph may fail
for a general Lévy process (see YouTube [14] for a short presentation on the results).

Recall that the boundary of the convex hull of the graph of a Lévy process
X over a finite interval [0, T ] is a union of the graphs of the convex minorant and
the concave majorant defined in Definition 2.16 (see Figure 4.1). Recall that the
minorant and majorant are piecewise linear functions for any Lévy process X. The
set of slopes S ⊂ R of the convex minorant, which has the same law as the set
of slopes of the concave majorant (see e.g. Theorem 2.18), plays a key role in the
question of smoothness of the boundary of the hull. Unless otherwise stated, X
is assumed to be of infinite activity (i.e. X is not compound Poisson with drift,
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Figure 4.1: The path of a Cauchy process and its convex hull.

which would make S clearly a finite set and thus smoothness infeasible), making Xt

diffuse (i.e. the law of Xt has no atoms) for all t > 0 (see Lemma 2.2) and thus
the cardinality of the set of slopes S is infinite by Theorem 2.18. The following
zero-one law characterises the local finiteness of S in terms of the increments of X.
The characterisation holds for all Lévy processes X with diffuse increments.

Theorem 4.1. For any measurable set I ⊆ R, the set S ∩ I is either finite a.s. or
infinite a.s. Moreover, the cardinality |S ∩ I| of the intersection S ∩ I is infinite
almost surely if and only if ∫ 1

0
P(Xt/t ∈ I)

dt

t
= ∞. (4.1)

Theorem 4.1 follows from a novel zero-one law for stick-breaking processes in
Theorem 4.18 and Corollary 4.19, established in §4.3 below, and the characterisation
of the law of convex minorant of a Lévy process (see e.g. Theorem 2.18). Since the set
of slopes of the concave majorant of the path of X has the law of S, Theorem 4.1 can
be used to establish the following characterisation of the smoothness of the convex
hull.

Theorem 4.2. The boundary of the convex hull of the graph t 7→ (t,Xt), t ∈ [0, T ],
of a path of any Lévy process X is continuously differentiable (as a closed curve in
R2) a.s. if and only if (4.1) holds for all bounded intervals I in R. Moreover, this
is equivalent to the set S being dense in R a.s.

It is clear that if the set of slopes S is not dense in R, the convex hull cannot
possess a smooth boundary. Indeed, a gap in S (i.e. an open interval contained in
the complement R \ S) results in the jump of the derivative of the convex minorant
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and concave majorant (see §4.4.2 below for the proof of Theorem 4.2). Intuitively,
as suggested by the simulation in Figure 4.1, S is dense if every contact point of
X with the boundary of the hull is both preceded and followed by infinitely many
contact points between the path and the boundary. More generally, Theorem 4.1
(applied to intervals I = (a, b) with rational a < b) implies that, interestingly, the
set L(S) of the accumulation points (see §4.5 for definition) of the random set S is
almost surely constant for any Lévy process X. Theorem 4.2 thus states that the
convex hull of the path of X has a smooth boundary if and only if L(S) = R a.s.
Note that the criterion in Theorem 4.1 depends neither on the time horizon T nor
(by the Lévy-Itô decomposition of X) on the behaviour of the Lévy measure of X
on the complement of any neighbourhood of zero, even though the set of slopes S
does depend on both. In particular, if the paths of X have finite variation, then
both sides of the equivalence in Theorem 4.2 fail, see §4.1.1.1 below for details.

It was conjectured (without proof) in [3, Rem. 3.4.4] that if the paths of X
have infinite variation (or, equivalently, if the integral over any neighbourhood of
zero of the distance from zero against the Lévy measure of X is infinite), then S has
finitely many points on every interval (a, b) if and only if (4.1) fails for all a < b.
This is implied by Theorem 4.1 above and is furthermore equivalent to L(S) = ∅ a.s.
Moreover, as we will see below (Proposition 4.3), since X is not compound Poisson
with drift, L(S) = ∅ a.s. in fact implies that X must be of infinite variation.

Recall from Definition 2.26, that an infinite variation process X is abrupt if,
lim supε↑0(Xt+ε − Xt−)/ε = −∞ and lim infε↓0(Xt+ε − Xt)/ε = ∞ at every local
minimum t of the path of X. The notion of abruptness captures Lévy processes that
approach and leave very rapidly each local minimum of their trajectory. Interestingly,
Theorem 2.27 states that an infinite variation process X is abrupt if and only if
condition (4.1) fails for all intervals in R. Since the minimum is a contact point
between the path ofX and its convex minorant, abrupt Lévy processes are unlikely to
have smooth convex minorants. In fact, the criteria in Theorem 4.2 and Theorem 2.27
imply that an infinite variation Lévy process X is abrupt if and only if L(S) = ∅
a.s. Recall from Definition 2.28, that an infinite variation Lévy process X is eroded
if lim supε↑0(Xt+ε − Xt−)/ε = 0 and lim infε↓0(Xt+ε − Xt)/ε = 0. Eroded Lévy
processes approach and leave their local minima very slowly and are good candidates
to possess a smooth convex minorant. However, eroded processes appear not to
satisfy the condition in Theorem 4.2 that the limit set L(S) equals R a.s. Indeed, it
follows from Theorem 2.29 and Theorem 4.1 that an infinite variation Lévy process
is eroded if and only if 0 ∈ L(S) a.s. is approached continuously by the slopes of
the minorant from both sides, i.e. 0 ∈ L−(S) ∩ L+(S) a.s. (see §4.5 below for the
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definition of L±(S)).
It is clear that, if X is abrupt, then (Xt − rt)t≥0 is also abrupt for any r ∈ R.

However, since an infinite variation Lévy process X is eroded if and only if 0 ∈
L−(S) ∩ L+(S) a.s. and the left- and right-accumulation points of the slopes of the
process (Xt − rt)t≥0 equal L−(S) and L+(S) shifted by the drift −r, respectively,
this invariance may fail for an eroded process. Recall that a Lévy process X is
strongly eroded if (Xt − rt)t≥0 is eroded for every r ∈ R, which is equivalent to
L−(S)∩L+(S) = R a.s. Since the interior of L(S) is contained in L−(S)∩L+(S) ⊆
L(S) by definition, the process X is strongly eroded if and only if L(S) = R a.s.
or, equivalently, if the boundary of its convex hull is smooth. Since the respective
criteria on the law of X in Theorem 4.2 and Theorem 2.27 are not complementary,
an interesting question, closely related to Vigon’s point-hitting conjecture discussed
below (see Conjecture 4.10), is which (if any) infinite variation processes satisfy (4.1)
for some bounded intervals I but not for others. In particular, are there any eroded
processes that are not strongly eroded? See §4.1.1 below for further discussion of
these questions.

The class of strongly eroded Lévy processes, defined in terms of the transition
probabilities by the criterion in Theorem 4.2, has a rich structure. For example, it
contains families of processes with symmetric and asymmetric Lévy measures, includ-
ing a standard Cauchy process but excluding all non-standard Cauchy (i.e. weakly
1-stable) processes with asymmetric Lévy measures, see §4.2 below. Moreover, a
strongly eroded process has no Gaussian component (by Proposition 4.6) and, since
it satisfies L(S) = R a.s., has paths of infinite variation (by Proposition 4.3). Its
Blumenthal–Getoor index is thus greater or equal to one while the related index β−,
defined in (2.4), is less or equal to one (see Proposition 4.6). More generally, for any
strongly eroded Lévy process X, the Lévy process X + Y is strongly eroded for any
Lévy process Y of finite variation (see Proposition 4.5 below). In contrast, if Y and
X are both strongly eroded and independent of each other, the Lévy process X + Y

need not (but, of course, could) be strongly eroded, see Example 4.6 below. The
properties of strongly eroded Lévy processes will be discussed in more detail in the
remainder of §4.1 and in §4.2.

It is natural to attempt to construct the non-random set of limit slopes L(S)
directly from the characteristics of an arbitrary Lévy process X. It turns out that, if
X is of finite variation, L(S) is a singleton given by the natural drift of the process,
see Table 4.1 below for an overview of our results. In the infinite variation case, we
characterise L(S) up to Conjecture 4.9 stated below, which is implied by Vigon’s
point-hitting conjecture [80, Conj. 1.6] (see the discussion of Conjectures 4.9 and 4.10
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below). More precisely, if Vigon’s conjecture were true, our sufficient condition for
X to be strongly eroded (i.e. L(S) = R a.s.), given in terms of the characteristic
exponent of X, would also be necessary, and its complement would imply abrupt-
ness (i.e. L(S) = ∅ a.s.). Moreover, via Orey’s process in Example 4.7 below, if
Conjecture 4.10 were true, there would exist a strongly eroded Lévy processes whose
path variation is arbitrarily close to two. This is in contrast to all known examples
of strongly eroded Lévy processes, which turn out to have Blumenthal–Getoor in-
dex equal to one (see §4.2 below). However, if Vigon’s conjecture is not true, there
would exist an infinite variation Lévy process with slopes of the convex minorant
accumulating at some deterministic values but not at others. Differently put, in this
case the non-random set L(S) would be a proper closed subset of R, implying that
kinks in the boundary of the hull would constitute a proper subset of the contact
points between the boundary and the closure (in R2) of the graph of the path. As
it is not easy to imagine a boundary of the hull of the path being smooth in some
regions but not in others, our results could perhaps be viewed as further evidence
for Vigon’s point-hitting conjecture.

§4.1.1 Where and how does the continuous differentiability of the
boundary fail?

This change of perspective sheds light on where the smoothness features of the
boundary discussed above come from. Before stating our results in detail, we give an
overview in Table 4.1. Let C : [0, T ] → R denote the piecewise linear convex minorant
of the path of X on [0, T ], see e.g. Theorem 2.18. Its right-derivative C ′ : (0, T ) → R
is a non-decreasing piecewise constant function with image {C ′(x)|0 < x < T} ⊃ S.
Moreover, we have {C ′(x)|0 < x < T} ⊂ L+(S) ∪ S ⊂ L(S) ∪ S, see Table 4.2
in §4.5 below for details. Differently put, for every r ∈ S there exists a maximal
open interval Ir ⊂ (0, T ), satisfying C ′(Ir) = {r}. Note that, in general, C ′ may
but need not be discontinuous at a boundary point of Ir. However, as an increasing
right-continuous process, its path is completely determined by the set S of values
on the dense set

⋃
r∈S Ir and its discontinuities are in a one-to-one relationship with

the gaps of S.
The second derivative (as a distribution) is given by a positive Radon measure

dC ′ on (0, T ). Since the set of slopes of the concave majorant and the convex
minorant have the same law, the second derivative of the concave majorant has
the same law as the (negative) Radon measure −dC ′. Thus, the derivative of the
boundary of the convex hull over the open interval (0, T ) is discontinuous at a point
if and only if the point is an atom of the measure dC ′. Over the set {0, T} ⊂ [0, T ],
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the discontinuity of the boundary occurs if and only if the derivative C ′ is either
bounded below or above.

Lévy process X Derivative C ′ and the limt set L(S) Measure dC ′

Finite variation

C ′ bounded below and above; C ′

discontinuous on boundary ∂Ir,
∀r ∈ S; L(S) = {γ0}, where

γ0 = limt↓0Xt/t a.s., and γ0 /∈ S

atomic; atoms
accumulate from
left/right or from
both sides at a

unique (random)
accumulation point

in [0, T ]

Infinite variation
& s1 locally
integrable

C ′ discontinuous on boundary ∂Ir,
∀r ∈ S;

− limt↓0C
′(t) = limt↑T C

′(t) = ∞;
L(S) = ∅

atomic; atoms
accumulate only at 0

and T

Infinite variation
& s1(r) = ∞,

∀r ∈ R

C ′ is continuous on (0, T );
− limt↓0C

′(t) = limt↑T C
′(t) = ∞;

L(S) = R
singular continuous

Table 4.1: Summary of the regularity results of the convex minorant C : [0, T ] → R
of any Lévy process X of infinite activity (i.e. not compound Poisson with drift)
over time horizon T . The function s1, defined in (4.2) in terms of the generating
triplet of X, is either locally integrable or everywhere infinite under Conjecture 4.10.
By Theorem 4.8 below, this conjecture is known to hold for most Lévy processes.

Let ψ be the Lévy-Khintchine exponent of the Lévy process X (see (2.1)). Note
that ℜ(1/(1+ iur−ψ(u))) > 0 for all r, u ∈ R since ℜψ(u) ≤ 0, where ℜz is the real
part of a complex z ∈ C and i2 = −1. Hence 0 < s1(r) ≤ ∞ for any r ∈ R, where

s1(r) :=
1

2π

∫
R
ℜ 1

1 + iur − ψ(u)
du, r ∈ R. (4.2)

The identity in Theorem 2.34 below (first established in [80] for Lévy processes with
bounded jumps) yields the following equivalence for any real a < b:∫ b

a
s1(r)dr <∞ if and only if

∫ 1

0
P(Xt/t ∈ (a, b))

dt

t
<∞. (4.3)

By definition, s1 ∈ L1
loc(r) if and only if s1 is Lebesgue integrable on a neighbourhood

of r ∈ R. Thus r ∈ L(S) is (by (4.3) and Theorem 4.1) equivalent to the condition
s1 /∈ L1

loc(r), involving only the characteristic exponent of X and not the law of Xt

for t > 0. For example, the presence of a non-trivial Brownian component implies
that L(S) = ∅ and, equivalently, that S is locally finite a.s., see Proposition 4.6
below.

The sum of the lengths of the open maximal intervals {Is : s ∈ S} of constancy
of C ′ equals the time horizon T . As suggested by Table 4.1, the random Radon
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measure dC ′, supported on the complement of
⋃
s∈S Is, must therefore be singular

a.s. with respect to the Lebesgue measure. Thus the Lebesgue decomposition of
dC ′ is in general a sum of an atomic and a purely singular continuous components.
Moreover, if Conjecture 4.10 holds, only one of these summands is non-trivial for
any Lévy process.

The convex minorant of a compound Poisson process with drift has only finitely
many faces, making its derivative necessarily discontinuous at all boundary points of
its maximal intervals of constancy. If X has infinite activity but finite variation, then
C ′ is bounded on [0, T ] and discontinuous at every point in

⋃
s∈S ∂Is, but is possibly

continuous at the single (random) accumulation point of this set (see Proposition 4.3
below and discussion thereafter for details). If X has too much jump activity or a
Brownian component, then C ′ is discontinuous at every point in

⋃
s∈S ∂Is and infinite

on {0, T} (see Proposition 4.6 below and the discussion thereafter for details). Hence,
for C to be continuously differentiable on the open interval (0, T ) (i.e., for X to be
strongly eroded), the process X must have sufficient jump activity to be of infinite
variation, but not too much, as its index β− (see (2.4)) must be bounded above by
one. These features are discussed in more detail in the following subsections (see
Table 4.2 in §4.5 for all possible behaviours of the right-derivative of a piecewise
linear convex function).

§4.1.1.1 Finite variation

Throughout this subsection we assume X has finite variation but infinite activity.
Let γ0 denote the natural drift of X defined in terms of the characteristics in (4.17)
below. Since, by Lemma 2.2, it follows that P(Xt = γ0t) = 0 for all t > 0, the
integrals

I− :=

∫ 1

0
P(Xt < tγ0)

dt

t
and I+ :=

∫ 1

0
P(Xt > tγ0)

dt

t
(4.4)

satisfy I− + I+ = ∞, implying that at least one is infinite. Moreover, the integrals
I± are given in terms of the law of a pure-jump Lévy process (Xt−γ0t)t≥0, uniquely
determined by the Lévy measure of X. Let L+(S) (resp. L−(S)) be the set of
right-accumulation (resp. left-accumulation) points of S (see §4.5 for definition).
Equivalence (4.3) and Theorem 4.1 imply that, for any s ∈ R, P(s ∈ L+(S)) ∈ {0, 1}
(resp. P(s ∈ L−(S)) ∈ {0, 1}) and that it equals 1 if and only if s1 /∈ L1

loc(s+) (resp.
s1 /∈ L1

loc(s−)), where a function f is in L1
loc(s+) (resp. L1

loc(s−)) if and only if
f · 1(s,∞) ∈ L1

loc(s) (resp. f · 1(−∞,s) ∈ L1
loc(s)). In particular, if the a.s. constant

set L(S) is countable, then limit sets L+(S) and L−(S) (which are subsets of L(S))
are also constant a.s.
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Figure 4.2: Behaviour of C and C ′ for a finite variation infinite activity process X. The left
panels graph the piecewise linear convex function C (circles mark contact points with the
path of X). The panels on the right graph the corresponding right-continuous derivative C ′

(jump-size equals the difference of consecutive slopes). The top (resp. middle) panels cor-
respond to right-accumulation (resp. left-accumulation) in Prop. 4.3(b) (resp. Prop. 4.3(c)).
Note that in both of these cases, C ′ is only right-continuous at the accumulation point of
jump-times. The bottom panels depict two-sided accumulation in Prop. 4.3(a), making C ′

continuous at the unique accumulation point of the jump-times.

Proposition 4.3. Let X have infinite activity and finite variation. Then the de-
rivative C ′ (and thus the set of slopes S) is bounded from below and above. C ′ is
discontinuous on

⋃
r∈S ∂Ir, where Ir is the maximal interval of constancy of C ′ cor-

responding to slope r, and the limit set of slopes L(S) is a singleton {γ0} (the natural
drift γ0 of X is defined in (4.17)). Time v ∈ [0, T ] at which the process (Xt−γ0t)t≥0
attains its minimum in [0, T ] is a.s. unique. If v > 0, denote the left limit of C ′ at
v by C ′(v−) := limt↑v C

′(t). Then we have:
(a) if I+ = I− = ∞, then v ∈ (0, T ), L−(S) = L+(S) = {γ0} and C ′(v−) =

C ′(v) = γ0 a.s.;
(b) if I− < ∞, then v ∈ [0, T ) with P(v = 0) > 0, L−(S) = ∅, L+(S) = {γ0},

C ′(v) = γ0 a.s. and, on the event {v > 0}, we have C ′(v−) < γ0 a.s.;
(c) if I+ < ∞, then v ∈ (0, T ] with P(v = T ) > 0, L+(S) = ∅, L−(S) = {γ0},

C ′(v−) = γ0 a.s. and, on the event {v < T}, we have C ′(v) > γ0 a.s.
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By Rogozin’s criterion (see Theorem 2.8), the integral conditions in Propos-
ition 4.3(a) are equivalent to 0 being regular for both half-lines for the process
(Xt − γ0t)t≥0. In particular, for the two conditions to hold concurrently it is neces-
sary (but not sufficient) for X to exhibit infinitely many positive and negative jumps
in any finite time interval (see Theorem 2.10) and sufficient (but not necessary) for
X to be spectrally symmetric. The other cases are also possible since I− <∞ (resp.
I+ < ∞) if X is the difference of two stable subordinators and the positive (resp.
negative) jumps have a larger stability index. The following corollary is a simple
consequence of Proposition 4.3, equivalence (4.3) and Theorem 2.9. It characterises
which case in Proposition 4.3 occurs in terms of either the Lévy measure ν or the
characteristic exponent ψ (via s1 defined in (4.2)) of the process X.

Corollary 4.4. Let X have infinite activity but finite variation with natural drift
γ0. Then we have

I+ = ∞ ⇐⇒ s1 /∈ L1
loc(γ0+) ⇐⇒

∫
(−1,1)

max{x, 0}ν(dx)∫ max{x,0}
0 ν((y,∞))dy

= ∞;

I− = ∞ ⇐⇒ s1 /∈ L1
loc(γ0−) ⇐⇒

∫
(−1,1)

max{−x, 0}ν(dx)∫ max{−x,0}
0 ν((−∞,−y))dy

= ∞.

Proposition 4.3 and Corollary 4.4 give a complete description (in terms of the
characteristics of any infinite activity, finite variation Lévy process X) of how the
continuity of the derivative C ′ fails, see Figure 4.2 for all possible behaviours. The
proof of Proposition 4.3 is based on the criterion in Theorem 4.1 and the crucial
fact that, as t → 0, the quotient Xt/t a.s. stops visiting closed intervals that do
not contain the natural drift γ0 (since limt→0Xt/t = γ0 a.s.), see §4.4.1 below for
details. The smoothness of the minorant in the infinite variation case is more intricate
precisely because in that case we do not have a good understanding in general of
how frequently the quotient Xt/t visits intervals in R as t→ 0.

§4.1.1.2 Infinite variation

The set of slopes S is unbounded on both sides for any X of infinite variation,
i.e. supS = − inf S = ∞, and hence − limt↓0C

′(t) = limt↑T C
′(t) = ∞ a.s. (cf.

Figure 4.3). Indeed, by Theorem A.38, asserting that Xt/t takes arbitrarily large
positive and negative values at arbitrarily small times t for anyX of infinite variation,
it is impossible for the convex minorant to start at 0 or end at T with a finite slope:
−∞ = lim inft↓0Xt/t ≥ inf S, and, by time reversal, ∞ = lim supt↓0(XT−XT−t)/t ≤
supS. Thus the boundary of the convex hull of the path of X is differentiable over
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the set {0, T}.1 However, the smoothness of the boundary of the convex hull of the
graph of t 7→ Xt over the open interval (0, T ) is a much more delicate matter. We
now state some results to elucidate this structure.
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Figure 4.3: The left pictures show the graph of a piecewise linear convex function C with
circle marks on

⋃
r∈S ∂Ir. The right pictures show the graph of the derivative C ′ with

visible points of increase marked with a circle. In the top two pictures, there are no points
of continuity as C ′ tends to ±∞ near times 0 and 1. In the bottom two pictures, the function
C is continuously differentiable with a singular continuous derivative C ′.

A strongly eroded Lévy process, perturbed by a finite variation process, is still
strongly eroded. In fact, for any Lévy process, such a perturbation shifts the set
L(S) by the natural drift, defined in (4.17), of the finite variation process (given a
set A ⊂ R, define A+ b := {a+ b : a ∈ A} for any b ∈ R with convention ∅+ b := ∅).

Proposition 4.5. Suppose the Lévy process X is of the form X = Y +Z for (possibly
dependent) Lévy processes Y and Z. Let SX and SZ be the sets of slopes of the faces
of the convex minorants of X and Z, respectively. If Y is of finite variation (possibly
finite activity) with natural drift b defined in (4.17), then L(SX) = L(SZ) + b.

The proof of Proposition 4.5 relies on the a.s. limit b = limt↓0 Yt/t and the
stick-breaking representation of the convex minorant in Theorem 2.18. The main
idea is that if Zt/t frequently visits any neighborhood of a point x ∈ R as t ↓ 0, then
Xt/t visits the neighborhoods of x+ b just as frequently. Crucially, when the visits
of Zt/t to the neighborhoods of x occur, Yt/t must necessarily be close to b (since
the limit Ytn/tn → b holds along any random sequence of times tn ↓ 0).

1More precisely, the boundary of the convex hull of the graph of t 7→ Xt, as a closed curve in
R2, contains points (0, 0), (T, 0) ∈ R2 and possesses local parametrisations φ0, φT : (−ε, ε) → R2,
for some ε > 0, such that φ0(0) = (0, 0) ∈ R2, φT (0) = (T, 0) ∈ R2 and the derivatives φ′

0(0) and
φ′

T (0) exist.
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Proposition 4.5 and its proof may suggest that, if Yt/t and Zt/t were to visit all
open intervals as t ↓ 0 with such frequency that their respective sets of slopes SY and
SZ are dense, then the same should be true for Xt/t. This intuition, however, turns
out to be false, as Example 4.6 below illustrates. Intuitively, the reason for this is
that the frequent visits of Yt/t and Zt/t to such neighborhoods may be sufficiently
rare so that they do not occur simultaneously with sufficient frequency even when
Y and Z are independent.

Too much jump activity breaks smoothness. Denote by σ ≥ 0 the volatility of the
Brownian component of X and recall the function σ2(u) =

∫
(−u,u) x

2ν(dx) for u > 0

(see (2.2)). Moreover, from (2.4) & (2.3) recall the definitions of the lower-activity
index β− and the Blumenthal–Getoor index β+, that 0 ≤ β− ≤ β+ ≤ 2, and that
we in general may have β− < β+. However, both indices agree if the tails of ν are
regularly varying at 0 (e.g. if Xt is in the domain of attraction of an α-stable law as
t ↓ 0).

Proposition 4.6. If
∫∞
1 (1 + u2(σ2 + σ2(1/u)))−1du < ∞, then L(S) = ∅ a.s. and

hence X is abrupt. In particular, this is the case if σ2 > 0 or β− > 1.

Proposition 4.6 shows that a strongly eroded process necessarily satisfies β− ≤
1 ≤ β+. This is natural since, in some sense, the running supremum of the process
X fluctuates between the functions t 7→ t1/β+ and t 7→ t1/β− as t ↓ 0 (see Pro-
position A.39) and the visits of Xt/t to compact intervals determine whether X is
strongly eroded. In other words, it is natural that strongly eroded processes require
the linear map t 7→ t to lie between the functions t 7→ t1/β+ and t 7→ t1/β− as t ↓ 0,
which is equivalent to β− ≤ 1 ≤ β+. We remark that, despite the necessary condition
on the indices β− and β+ allowing a strict inequality, all our examples of strongly
eroded processes lie in the boundary case β− = 1 = β+. However, as explained in
Example 4.7 below, Conjecture 4.10 implies that a strict inequality is feasible for
certain strongly eroded Lévy processes.

Too much asymmetry breaks smoothness. Recall from Definition 2.30, that a Lévy
process is said to creep upwards (resp. downwards) if P(T(x,∞) < ∞, XT(x,∞)

=

x) > 0 (resp. P(T(−∞,x) < ∞, XT(−∞,x)
= x) > 0) for some x > 0 (resp. x < 0),

where TA := inf{t > 0 : Xt ∈ A} denotes the first hitting time of set A ⊂ R
(with convention inf ∅ = ∞), i.e., if the process crosses levels continuously with
positive probability. Processes that creep (upward or downward), all of which are
abrupt by Example 2.3, tend to have Lévy measures that are asymmetric on a
neighborhood of 0 (see Theorem 2.31 for a characterisation of such processes in terms
of ν). For instance, if σ = 0 and ν is of infinite variation but

∫
(0,1) xν(dx) <∞ (resp.
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∫
(−1,0) |x|ν(dx) <∞), then X creeps upwards (resp. downwards), see Remark 2.32.

These facts suggest that asymmetry tends to produce abrupt processes. This
heuristic is also suggested by the following:

ℜ 1

1 + iur − ψ(u)
=

1−ℜψ(u)
|1 + iur − ψ(u)|2

≤ 1

1−ℜψ(u))
≤ 1, (4.5)

where we note that the characteristic exponent of the symmetrisation X̂ of X (a
process with the same law as X − Y , where Y is independent of X but shares its
law) equals 2ℜψ. In particular, under Vigon’s point-hitting conjecture (see Conjec-
ture 4.10 below), this inequality and (4.3) yield the following implications: (I) if X̂ is
abrupt then X is abrupt and (II) if X is strongly eroded then X̂ is strongly eroded.
We complement these observations with the following result, further supporting this
heuristic.

Proposition 4.7. Let X be an infinite variation Lévy process and suppose there
exist constants c > 1 and x0 ∈ (0,∞] such that ν([x, y)) ≥ cν((−y,−x]) for all
0 < x < y < x0. Then X is abrupt.

We stress that the process in Proposition 4.7 is abrupt but need not creep. The
assumption in Proposition 4.7 requires, on a neighborhood of 0, the restriction of ν
on the negative half-line to be absolutely continuous with respect to its restriction
on the positive half-line with Radon–Nikodym derivative φ(x) = ν(d(−x))/ν(dx)
bounded above by 1/c < 1 (equivalently, lim supx↓0 φ(x) < 1). This condition is
nearly optimal, since there exist strongly eroded processes with positive asymmetry
1 − φ(x) that vanishes (arbitrarily) slowly 1 − φ(x) ↓ 0 as x ↓ 0, see Example 4.10
below.

The domination of the positive jumps in the assumption of Proposition 4.7 is
not essential. If the negative jumps dominate, i.e. cν([x, y)) ≤ ν((−y,−x]) for
all 0 < x < y < x0, then Proposition 4.7 implies that −X is abrupt. Thus, by
Theorem 2.27, condition (4.1) with −X fails for all intervals in R. Therefore (4.1)
also fails with X for all intervals in R, making it abrupt. Finally, we note that by
using Propositions 4.7 and 4.5 jointly, we obtain a simple recipe to construct abrupt
processes with β− ≤ 1 ≤ β+.

Sufficient conditions for X to be strongly eroded (or abrupt). The following theorem,
implied by Theorem 4.1 above and the results in [79], shows that most Lévy processes
of infinite variation are either strongly eroded or abrupt (cf. paragraph following
Theorem 4.8). Moreover, Theorem 4.8 offers simple conditions to ascertain whether
X is strongly eroded or abrupt. The criteria are (mostly) in terms of the behaviour
at infinity of the Lévy–Khintchine exponent ψ of X. More precisely, it is connected
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to the ratio ψ(u)/u for large |u|. This ratio appears naturally since the characteristic
exponent of Xt/t is given by u 7→ tψ(u/t), whose behaviour for small t is described
by the behaviour of ψ(u)/u for large |u|.

Let ℑz and |z| denote the imaginary part and the modulus of the complex
number z ∈ C. Recall from (2.1), that ψ(u) = −u2σ2/2 + iuγ +

∫
R(e

iux − 1 −
iux1(−1,1)(x))ν(dx), for u ∈ R, where ℜψ (resp. ℑψ) is an even (resp. odd) function
on R, making |ψ| an even function on R.

Theorem 4.8. Let X be a Lévy process of infinite variation with eψ(u) = EeiuX1 for
u ∈ R. Then the following hold.
(i) If lim sup|u|→∞ |ψ(u)/u| <∞, then X is strongly eroded.
(ii) If lim|u|→∞ |ψ(u)/u| = ∞, then X is either abrupt or strongly eroded.
(ii-a) Assume that lim|u|→∞ |ℜψ(u)/u| = ∞, then X is strongly eroded if and only

if
∫∞
1 ℜ(1/(1− ψ(u)))du = ∞,

(ii-b) Assume that 0 < lim inf |u|→∞ |ℜψ(u)/u| ≤ lim sup|u|→∞ |ℜψ(u)/u| < ∞ and
lim|u|→∞ |ℑψ(u)/u| = ∞, then X is strongly eroded if and only if

∫∞
1 u(1 +

|ℑψ(u)|2)−1du = ∞,
(ii-c) Assume lim|u|→∞ |ℜψ(u)/u| = 0 and lim|u|→∞ |ℑψ(u)/u| = ∞, then X is

strongly eroded if and only if we have
∫∞
1 (1−ℜψ(u))(1+|ℑψ(u)|2)−1du = ∞.

In fact, the proof of Theorem 4.8 shows that, under the assumptions of The-
orem 4.8, s1 is either locally bounded (making X abrupt) or everywhere infinite
(making X strongly eroded). Cases (i) and (ii) in Theorem 4.8 are in some sense
generic, but they do not exhaust the class of infinite variation Lévy processes, see
Examples 4.5 and 4.7 below. In fact, Example 4.5 defines a strongly eroded Lévy
process, outside of the scope of Theorem 4.8, with the characteristic exponent that
fluctuates between linear and superlinear behaviour as u → ∞. However, the class
of processes in the union of case (i) and (ii) is closed under addition of independ-
ent summands. Similarly, cases (ii-a), (ii-b) and (ii-c) are not exhaustive within (ii).
However, for neither case (i) nor case (ii) to hold, it is necessary that |ψ(u)| fluctuate
between (sub-)linear and superlinear functions of |u|, suggesting that most Lévy pro-
cesses satisfy the assumptions of Theorem 4.8. Furthermore, any infinite variation
process satisfies

∫∞
1 u−2|ℜψ(u)|du = ∞ (by Lemma 2.37, see also [78, Prop. 1.5.3]),

which further restricts the Lévy–Khintchine exponent of any process outside of the
domain of Theorem 4.8. Note that this class is not empty, see Examples 4.6, but
for those specific examples we can nevertheless determine whether they are strongly
eroded or abrupt.

A conjectural dichotomy. Our results may be viewed as further evidence for Vigon’s
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point-hitting conjecture (see Conjecture 4.10 below), whose origins go back to Vi-
gon’s PhD thesis [78, p. 10] in 2002 and which implies the following dichotomy for
infinite variation Lévy processes:

Conjecture 4.9. Any infinite variation Lévy process is either abrupt or strongly
eroded.

In order to understand the relationship between Conjecture 4.9 and Vigon’s
point-hitting conjecture, recall first that the process X hits points if for some x ∈ R,
the hitting time Tx := inf{t > 0 : Xt = x} is finite with positive probability. If X
has infinite variation, Theorem A.29(b) implies that P(Tx <∞) > 0 for some x ∈ R
if and only if P(Tx <∞) > 0 for all x ∈ R.

Conjecture 4.10 ([80, Conject. 1.6]). Let X be an infinite variation process and for
any r ∈ R define the Lévy processX(r) = (Xt−rt)t≥0. Then the following statements
are equivalent.
(i) There exists some r ∈ R such that the process X(r) hits points.
(ii) For all r ∈ R the process X(r) hits points.
(iii) The process X is abrupt.

By Theorem A.29(a), s1(r) <∞ is equivalent to X(r) hitting points (recall the
definition of s1 in (4.2)). Moreover, by the equivalence in (4.3) and Theorem 2.27, X
is abrupt if and only if s1 is locally integrable on R. Conjecture 4.10 thus says that
the following three statements are equivalent for any infinite variation Lévy process
X: (i) s1(r) < ∞ for some r ∈ R, (ii) s1(r) < ∞ for all r ∈ R and (iii) the function
s1 is locally integrable on R. In particular, under Conjecture 4.10, the function s1

is either everywhere infinite or locally integrable, thus implying Conjecture 4.9 by
Theorem 4.1, equivalence (4.3) and Theorem 2.27.

The finiteness of s1(r), hinging entirely on the integrability at infinity of the
positive bounded function u 7→ ℜ(1/(1 + iur − ψ(u))), becomes a focal point under
Conjecture 4.10. For instance, Conjecture 4.10 holds if X satisfies the assumptions
of either Proposition 4.7 or Theorem 4.8 (the below proofs of these results establish
that s1 is locally finite on R). The condition s1(0) <∞ is equivalent to a number of
probabilistic statements about the infinite variation process X:

• the potential measure of X is absolutely continuous with a bounded density (by
Theorem A.28(a)),

• the point 0 is regular for itself for the process X, i.e. P(T0 = 0) = 1 (by
Theorem A.29),

• the process X possesses a local time field (by Theorem A.22).
In principle, any of these properties may hold for X but not for some X(r). Conjec-
ture 4.10, which asserts that this is not the case, can thus be equivalently stated by
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substituting “hitting of points” with any of the three properties in the bullet-point
list.

The structure of Conjecture 4.10, in terms of varying drifts, is natural as a
number of properties of infinite variation processes are known to be invariant under
addition of a deterministic drift and, more generally, under a perturbation by an in-
dependent finite variation process Y . For instance, as Vigon shows in Theorem 2.31,
if the infinite variation process X creeps in either direction, then X+Y also creeps in
the same direction. Despite Vigon’s extensive body of work in the area over the years
(see [77, 78, 79, 80]), to the best of our knowledge Conjecture 4.10 remains unsolved.
In Conjecture 4.9 we offer a weaker conjectural dichotomy and prove that, if it holds
for X then it holds for X+Y , where Y is any finite variation process independent of
X, see Proposition 4.5. As Conjecture 4.9 remains unsolved in spite of our efforts,
in conclusion we only remark that it implies the existence of a strongly eroded Lévy
process with high activity of small jumps, i.e. Blumenthal–Getoor index arbitrarily
close to two (see Example 4.7 below).

§4.1.1.3 Infinite time horizon

Given any Lévy process X (possibly compound Poisson with drift), define the quant-
ity l := lim inft→∞Xt/t ∈ [−∞,∞]. The convex minorant C∞ of X on the time
interval [0,∞) is finite a.s. if and only if l ∈ (−∞,∞] by Remark 2.21 (recall from
Kolmogorov’s zero-one law shows that the limit l is a.s. constant); otherwise, C∞
equals −∞ on (0,∞). By Corollary 2.19, when l ∈ (−∞,∞], C∞ is also piecewise
linear and the slopes of the faces of C∞ lie on the interval (−∞, l). Whenever the ex-
pectation EX1 is well defined, i.e., if min{EX+

1 ,EX
−
1 } <∞, Theorems A.13 & A.14

imply that l = EX1 = limt→∞Xt/t a.s. Otherwise, we have EX+
1 = EX−1 = ∞ and

the following theorem (see also [32]) characterises l.

Theorem 4.11 ([31, Thm 15]). If EX+
1 = EX−1 = ∞, then l ∈ {−∞,∞} and

l = ∞ if and only if
∫
(−∞,−1)

|x|∫ |x|
0 ν([max{1, y},∞))dy

ν(dx) <∞. (4.6)

Hence, the convex minorant and concave majorant of X are both finite a.s. if
and only if E|X1| <∞, and in that case l = EX1 = limt→∞Xt/t a.s.

Proposition 4.12. Suppose l ∈ (−∞,∞], then we have limt→∞C
′
∞(t) = l a.s.

Proposition 4.12 implies that the set of slopes S∞ of the convex minorant C∞
satisfies l ∈ L−(S∞) and S∞ ⊆ (−∞, l) a.s. whenever l ∈ R. This means that C∞
becomes nearly parallel to the line t 7→ lt as t → ∞; however, this does not entail
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any additional continuity for C ′∞ (other than during its intervals of constancy) as
it does not occur at a finite time. In particular, Proposition 4.12 shows that, if
l ∈ (−∞,∞], then S∞ is an infinite set even for compound Poisson processes.

Proposition 4.13. Suppose l ∈ (−∞,∞]. Let S be the set of slopes of the convex
minorant C of an arbitrary Lévy process X (possibly compound Poisson with drift)
on the time interval [0, 1]. Then we have

L(S∞) = {l} ∪ (L(S) ∩ (−∞, l)) a.s. (4.7)

Moreover, for any s ∈ (−∞, l), we have P(s ∈ L±(S∞)) = P(s ∈ L±(S)) ∈ {0, 1}.

As a consequence of Propositions 4.12 & 4.13, the limit set L(S∞) is constant
a.s. The results in §4.1.1.1 & §4.1.1.2 together with Propositions 4.12 & 4.13 yield
the following.

Corollary 4.14. Suppose X has finite variation and l ∈ (−∞,∞]. Let Ir,∞ be the
maximal open interval of constancy of C ′∞ corresponding to slope r. Then C ′∞ is
discontinuous on

⋃
r∈S∞ ∂Ir,∞, lower bounded and limt→∞C

′
∞(t) = l a.s. Moreover,

the following statements hold:
If X has finite activity, then
(i) C∞ has infinitely many faces with L(S∞) = ∅ when l = ∞ and otherwise

L−(S∞) = {l} and L+(S∞) = ∅.
If X has infinite activity, then:
(ii) If l ∈ (γ0,∞], then the process t 7→ Xt − γ0t attains its infimum on [0,∞) at

a unique time v and L(S∞) = {γ0, l} if l < ∞ and otherwise L(S∞) = {γ0}.
Moreover,

(ii-a) if I+ = I− = ∞, then v ∈ (0,∞) and C ′∞(v−) = C ′∞(v) = γ0 ∈ L−(S∞) ∩
L+(S∞) a.s.,

(ii-b) if I− <∞, then v ∈ [0,∞), P(v = 0) ∈ (0, 1], C ′∞(v) = γ0 /∈ L−(S∞) and,
on the event {v ̸= 0}, we have C ′∞(v−) < γ0 a.s.,

(ii-c) if I+ < ∞, then v ∈ (0,∞), C ′(v−) = γ0 /∈ L+(S∞) and we have C ′(v) >
γ0 a.s.

(iii) If l ∈ (−∞, γ0], then L−(S∞) = {l} and L+(S∞) = ∅.

Corollary 4.15. Assume that X has infinite variation and l ∈ (−∞,∞], then
inf S∞ = −∞ a.s. Moreover, C ′∞ is continuous if and only if

∫ 1
0 t
−1P(Xt/t ∈

(a, b))dt = ∞ for all a < b < l.

Again, under Conjecture 4.9, the Lebesgue–Stieltjes measure dC ′∞ is either
purely atomic or purely singular continuous.
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§4.1.2 Related literature

The smoothness of the convex hull of planar Brownian motion goes back to Paul
Lévy [51]. In [30], the authors establish lower bounds on the modulus of continuity
of the derivative of the boundary of the convex hull (see [30] and the references
therein). These results all concern the spatial convex hull of Brownian motion while
we consider the time-space convex hull of a real-valued Lévy process X, i.e. the
convex hull of t 7→ (t,Xt). However, in our context it is also natural to enquire about
the modulus of continuity of the convex minorant of X, a topic that is addressed in
Chapter 5.

In [21], Bertoin describes the law of the convex minorant of Cauchy process in
terms of a gamma process, establishing the continuity of its derivative. The result
relies on an explicit description of the right-continuous inverse of the slope process of
Cauchy process (see [38, 40] and [57, Ch. XI] for similar characterisations for other
Lévy processes). Our approach is instead based on the stick-breaking representation
of the convex minorant of Lévy process first established in [64] (see also [1, 38, 63]).
This is an important stepping stone for our results in §4.3 below.

The abruptness of a Lévy process X is closely connected via (4.1) to the proper-
ties of the contact set between X and its α-Lipschitz minorant (the largest Lipschitz
function with derivative equal to ±α a.e.) or between X and its convex minorant.
This connection also has a geometric interpretation. By [2, Thm 3.8], the subor-
dinator associated to the contact set between the process X and its α-Lipschitz
minorant has infinite activity if and only if (4.1) holds for the interval I = [−α, α].
By Theorem 4.1 this subordinator has infinite activity if and only if C has infinitely
many faces whose slope lies on [−α, α]. When this occurs, the Lévy process remains
close to the α-Lipschitz minorant after touching it [2, Rem. 4.4]. We also observe this
behaviour at every contact point between the Lévy process and its convex minorant
when the latter is continuously differentiable. In contrast, an abrupt Lévy process
must leave its convex minorant sharply after every contact point in the same way it
leaves its running supremum [77] (see also [80]). This strengthens the contrasting be-
haviour between abrupt processes and strongly eroded processes, cf. the conjectural
dichotomy in §4.1.1.2 above.

§4.1.3 Organisation of the chapter.

The remainder of this chapter is organised as follows. In §4.2 we illustrate the
breath of the class of strongly eroded Lévy processes. In particular, we show that
even within the class of Lévy processes with regularly varying Lévy measure at
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zero, a wide variety of behaviours is possible. In §4.3 we introduce and establish a
zero-one law for the stick-breaking process (see Theorem 4.18 below), which implies
Theorem 4.1. Theorem 4.2 and all other results of §4.1 are established in §4.4.
In §4.6 we describe informally, in terms of the path behaviour of the process X
as it leaves 0, what appears to be the main stumbling block for establishing the
dichotomy in Conjecture 4.9 and, more strongly, Vigon’s point-hitting conjecture
(see Conjecture 4.10 above). The analytical behaviour of an arbitrary piecewise
linear convex function and its right-derivative is described in §4.5.

§4.2 Is an infinite variation Lévy process strongly eroded?
Examples and counterexamples

The class of strongly eroded Lévy processes has a delicate structure, depending
crucially on the fine behaviour of the Lévy measure at zero. In this section we
present evidence for the following principles for constructing strongly eroded Lévy
processes, as well as study their limitations. Heuristically, the boundary of the
convex hull of the path of an infinite variation Lévy process X becomes smoother as
any of the following occur:

(I) the jump activity decreases (cf. Example 4.9);

(II) the small jumps become more symmetric (cf. Examples 4.9 and 4.10);

(III) at zero, the Lévy measure “approaches” that of a Cauchy process (cf. Ex-
ample 4.1).

However, as we shall see from the examples below, the following features are also
demonstrated: (I) a decrease of the straightforward measure of the jump activity,
such as the Blumenthal–Getoor index, appears not to be sufficient for X to be-
come strongly eroded, cf. Example 4.7; (II) there exist both asymmetric strongly
eroded processes with one of the tails of the Lévy measure at zero dominating (i.e.
|ℑψ(u)|/ℜψ(u) → ∞ as |u| → ∞, where ψ is the characteristic exponent of X), cf.
Example 4.10, and symmetric abrupt processes; (III) there exist abrupt processes
attracted to Cauchy process, cf. Example 4.2. We further show that the classes
of abrupt processes (i.e., with L(S) = ∅) and strongly eroded processes (i.e., with
L(S) = R) are not closed under addition of independent summands. Moreover,
the sum of a strongly eroded and an independent abrupt process may be either ab-
rupt or strongly eroded, cf. Examples 4.6 and 4.10. In addition, a subordinated
abrupt process of infinite variation may be either abrupt or strongly eroded, while
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a subordinated strongly eroded process may (but need not) be strongly eroded, cf.
Example 4.11.

§4.2.1 Near-Cauchy processes

We begin with processes in the domain of attraction of a Cauchy process. Already
in this class, we will see how easily a minor change in the jump activity of a process
turn a strongly eroded process into an abrupt one. In particular, it is clear that
information that does not capture the asymmetry of ψ (such as the indices β+ and
β− defined in (2.3) & (2.4)) will have limitations in determining whetherX is strongly
eroded or abrupt.

Example 4.1 (Domain of normal attraction to Cauchy process). Suppose that Xt/t

converges weakly as t ↓ 0 to a Cauchy random variable S with density proportional
to x 7→ 1/(λ21 + (x − λ2)

2) on R for some λ1 > 0 and λ2 ∈ R. Then X is strongly
eroded. Indeed, limt↓0P(Xt/t ∈ (a, b)) = P(S ∈ (a, b)) > 0 for any a < b by
assumption, so Theorem 4.1 immediately gives the claim. Such an assumption is
satisfied if, for instance, ν+(x)x → c, ν−(x)x → c and

∫
(−1,−x]∪[x,1) yν(dy) → c′ as

x ↓ 0 for some c > 0 and c′ ∈ R by Theorem 2.12. △

Example 4.2 (Domain of non-normal attraction to Cauchy process). Assume the
characteristic exponent ofX is given by ψ(u) = iuγ+

∫
R(e

iux−1−iux1(−1,1)(x))ν(dx)
for u ∈ R where ν is symmetric with ν+(x) = x−1ρ(x), x > 0, for a slowly varying
function ρ at 0 with limx↓0 ρ(x) = ∞. By symmetry, we have

∫
{x≤|y|<1} yν(dy) = 0

implying that (γ −
∫
{x≤|y|<1} yν(dy))/(xν

+(x)) = γ/ρ(x) → 0 as x ↓ 0. Thus,
Theorem 2.12 imply that Xt/h(t) converges weakly as t ↓ 0 to a Cauchy random
variable S for an appropriate function h (given in terms of the de Bruijn inverse
of ρ) with non-constant ratio h(t)/t that is slowly varying at 0. However, X may
be abrupt or strongly eroded. In fact, ℑψ(u) = γu and ℜψ(u) is bounded between
multiples of |u|ρ(1/|u|) as |u| → ∞ by Lemma 4.17 below. Hence (4.3) and The-
orem 4.1 show that X is abrupt (resp. strongly eroded) if

∫ 1
0 (xρ(x))

−1dx is finite
(resp. infinite). Intuitively, as shown by the following examples, a sufficiently large
ρ may make X sufficiently different from a Cauchy process, resulting in an abrupt
process X. Pick ρ(x) := log(1/x)21(0,1/2)(x), then X has infinite variation (since∫ 1
0 x
−1ρ(x)dx = ∞) and is abrupt since

∫ 1
0 (xρ(x))

−1dx = 1/ log(2) <∞. If instead
ρ(x) := log(1/x)1(0,1/2)(x), then X is strongly eroded as

∫ 1
0 (xρ(x))

−1dx = ∞. △

Next we consider 1-semi-stable and weakly 1-stable processes, both of which
have relatively simple characteristic exponents.

Example 4.3 (Weakly stable processes). Let X be a (possibly weakly) 1-stable pro-
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cess, i.e., with Lévy measure ν(dx) = |x|−2(c+1(0,∞)(x)+ c−1(−∞,0)(x))dx for some
c± ≥ 0 with c++c− > 0. If c+ = c−, thenX is Cauchy (strictly 1-stable), has infinite
variation, ψ(u) = −θ|u| for some θ > 0 and X is strongly eroded by Theorem 4.8(i).
If c+ ̸= c−, then X is weakly 1-stable, has infinite variation, is not attracted to a
Cauchy process as t ↓ 0 (see Example 2.2), ψ(u) = −θ|u|(1 + iβsgn(u) log |u|) for
some θ > 0, β ∈ R \ {0} (where sgn(x) := 1(0,∞)(x)− 1(−∞,0)(x)) and X is abrupt
by Proposition 4.7. Since the symmetrisation of a weakly 1-stable process is Cauchy
(strictly 1-stable), the class of abrupt Lévy processes is not closed under addition
even within the class of weakly stable processes. △

Example 4.4 (Semi-stable processes). Let X be a 1-semi-stable process (see Defini-
tion A.31). Then, by Theorem A.32 and Proposition A.33, X has infinite variation
and there exists a positive constant b > 1 such that the Lévy measure ν is uniquely
defined as a periodic extension of its restriction to (−b, b) \ (−1, 1). Moreover, by
Theorem A.36, if X is strictly 1-semi-stable (i.e. if

∫
(−b,b)\(−1,1) xν(dx) = 0), then

s1(r) = ∞ for all r ∈ R, in which caseX is strongly eroded by Theorem 4.1 and (4.3).
Otherwise (i.e., if X is not strictly 1-semi-stable), then s1 is locally bounded by The-
orem A.36, making X abrupt. In both cases, the tails of the Lévy measure of X need
not be regularly varying at 0. In particular, this gives examples of strongly eroded
processes with possibly asymmetric Lévy measures that are not regularly varying at
0. However, all these examples have β− = β+ = 1. △

§4.2.2 Oscillating characteristic exponent

The fact that abrupt processes are not closed under addition is obvious since any
strongly eroded process is the sum of two spectrally one-sided processes, both of
which creep and are thus abrupt. In contrast, proving that strongly eroded pro-
cesses are not closed under addition requires us to look at processes with oscillating
characteristic function in the sense that |ψ(u)/u| has a finite lower limit and an
infinite upper limit as |u| → ∞.

Example 4.5 (Strongly eroded with mild oscillation). Define ρ : (0, e−e) → (0,∞)

given by ρ(1/x) := (1+sin(log log x)2 · log x · (log log x)2)1(ee,∞)(x). We claim that ρ
is slowly varying at 0. By Karamata’s representation theorem (see Theorem A.50),
it suffices to show that h(x) := log ρ(e−x) (i.e. ρ(x) = eh(log(1/x))) satisfies h′(x) → 0

as x→ ∞. This is easy to see in our case since we have h(x) = log(1 + sin(log x)2 ·
x · (log x)2), establishing the slow variation of ρ.

Let X be symmetric with ν(dx) = x−2ρ(|x|)1(0,e−e)(|x|)dx (note that ν is a
Lévy measure since ρ ∈ L1

loc(0) as |ρ(x)| = O(|x|−ε) for any ε > 0 by Potter’s
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bound (Theorem A.53)) and σ = 0, implying that ℑψ(u) = 0 and the even function
−ℜψ(u) = |ℜψ(u)| is bounded between multiples of |u|ρ(1/|u|) as |u| → ∞ (see
Lemma 4.17 below). Thus, for some c > 0 and all sufficiently large |u|, (4.5) gives

ℜ 1

1 + iur − ψ(u)
=

1−ℜψ(u)
u2r2 + (1−ℜψ(u))2

≥ c

|u|(1 + sin(log log |u|)2 · log |u| · (log log |u|)2)
.

We claim that X is strongly eroded. To see this, note that sin(kπ + u)2 ≤ u2

for any k ∈ N and u ∈ R, implying that sin(log log u)2 · (log log u)2 ≤ 1 for u ∈
[exp(ekπ−1/(kπ)), exp(ekπ)]. Hence, we have∫ ∞

ee

du

u(1 + sin(log log u)2 · log u · (log log u)2)
≥
∞∑
k=1

∫ exp(ekπ)

exp(ekπ−1/(kπ))

du

2u log u

=
∞∑
k=1

1

2kπ
= ∞,

proving that X is strongly eroded. We note here that Theorem 4.8 is inapplicable
as lim infu→∞ |ψ(u)/u| <∞ and lim supu→∞ |ψ(u)/u| = ∞. △

Example 4.6 (Eroded processes are not closed under addition). Define the function ϱ :

(0, e−e) → (0,∞) given by ϱ(1/x) = (1+cos(log log x)2 · log x ·(log log x)2)1(ee,∞)(x).
A similar argument to the one made in Example 4.5 above shows ϱ is slowly varying at
0 and yields another strongly eroded process. However, the sum X of such a process
and the one from Example 4.5 above is symmetric with Lévy measure ν([x,∞)) =

x−1(2 + log(1/x)(log log(1/x))2)1(0,e−e)(x) for all x > 0. Lemma 4.17 then implies
that for some c > 0 and all sufficiently large |u|, (4.5) gives

ℜ 1

1 + iur − ψ(u)
≤ 1

1−ℜψ(u)
≤ c

|u| · log |u| · (log log |u|)2
.

Since
∫∞
ee (u·log u·(log log u)

2)−1du = 1 <∞, the processX is abrupt by Theorem 4.1
and (4.3). △

The fluctuations present in the previous examples are tame enough for us to
determine decisively that s1 is identically infinite and hence not locally integrable.
In the following example we find a symmetric process for which we may show that
s1(0) = ∞ but for which, as a consequence of the heavy oscillations of its charac-
teristic function, it is incredibly hard to find whether s1(r) is finite or not for any
given r ̸= 0. The oscillations of the characteristic exponent in particular satisfy
both lim inf |u|→∞ |ψ(u)| = 0 (hence β− = 0) and lim sup|u|→∞ |ψ(u)|/|u|α > 0 for
a constant α ∈ (1, 2) (which in fact agrees with β+) that may be taken arbitrarily
close to 2. In particular, this symmetric process is a prime candidate for one of the
two interesting possibilities: (I) a counter-example to Conjecture 4.10, as s1(0) = ∞
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but s1(r) is possibly finite for some r ̸= 0 (which may possibly result in a non-
eroded, non-abrupt process) or (II) a strongly eroded process with path variation
β+ = α ∈ (1, 2) arbitrarily close to that of a Brownian motion. When the process is
asymmetric, however, it is abrupt.

Example 4.7 (Can an eroded Lévy process have path variation close to that of
Brownian motion?). We recall the definition of Orey’s process [58]. Fix any α ∈
(1, 2), c± ≥ 0 with c+ + c− > 0 and integer η > 2/(2 − α). Set σ = 0, γ = 0 and
ν =

∑
n∈N a

−α
n (c+δan + c−δ−an) for an = 2−η

n . Then we have
∫
(−1,1) |x|ν(dx) =

(c++ c−)
∑

n∈N a
1−α
n = ∞, making the associated Lévy process of infinite variation.

Since cos(2kπ) = 1 for every integer k and 1− cos(x) ≤ x2 for x ∈ [0, 1],

−ℜψ(2π/an)
(c+ + c−)

=
∞∑
k=1

a−αk (1− cos(2πak/an)) =
∞∑
k=1

2αη
k(
1− cos

(
2π2η

n−ηk))
≤ 4π2

∞∑
k=n+1

22η
n−(2−α)ηk = 4π2

∞∑
k=1

2−η
n((2−α)ηk−2) −−−→

n→∞
0,

where the limit follows by the monotone convergence theorem and the inequality
η > 2/(2 − α). Thus, we conclude that lim infu→∞ |ℜψ(u)| = 0. Similarly, we have
−aαnℜψ(π/an) = (c+ + c−)a

α
n

∑∞
k=1 a

−α
k (1 − cos(πak/an)) ≥ 2(c+ + c−), implying

lim supu→∞ |ψ(u)|/|u|α ≥ 2(c+ + c−).
Suppose c+ = c−. Then ℑψ = 0 and, since u 7→ 1/(1−ψ(u)) is the characteristic

function of Xe1 , where e1 is a unit-mean exponential time independent of X, and
lim sup|u|→∞ 1/(1− ψ(u)) = 1 > 0, the Riemann–Lebesgue lemma implies that Xe1

is singular continuous. In particular, u 7→ 1/(1−ψ(u)) is not integrable on R, giving
s1(0) = ∞. If instead c+ ̸= c−, then X is abrupt by Proposition 4.7.

Furthermore, we note that β− = 0 and β+ = α, with the strong oscillation
of ψ resulting in a large gap between these indices. To see that β+ = α, note
that

∫
(−1,1) |x|

pν(dx) = 2
∑∞

n=1 2
(α−p)ηn , where the sum diverges for all p ≤ α and

converges for all p > α. Since σ2(u) = 2
∑

n∈N, an<u a
2−η
n , the lower limit of u−2σ2(u)

is attained along the sequence an and

lim inf
n→∞

a−2n σ2(an) = lim inf
n→∞

2

∞∑
k=n+1

22η
n−(2−α)ηk = lim inf

n→∞
2

∞∑
k=1

2−η
n((2−α)ηk−2) = 0,

by the monotone convergence theorem. △

§4.2.3 Lévy measure with regularly varying tails

We begin with some estimates on the characteristic exponent ψ(u) for u ∈ R
(see (2.1)) in terms of commonly used functions of the Lévy measure for the proofs
of Proposition 4.6 and Lemma 4.17 below. Recall, from (2.2), the functions σ2(x),
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ν(x) = ν(R \ (−x, x)) and γ(x) =
∫
(−1,1)\(−x,x) yν(dy), for x > 0.

Lemma 4.16. (a) For any u ̸= 0, 1
3u

2σ2(|u|−1) ≤ −ℜψ(u)− 1
2u

2σ2 ≤ 2ν(2|u|−1) +
1
2u

2σ2
(
2|u|−1

)
.

(b) For any |u| > 1, we have |ℑψ(u) + (γ(|u|−1)− γ)u| ≤ 1
3u

2σ2(|u|−1) + ν(|u|−1).

Proof. (a) Note that 1
3x

2
1{|x|<1} ≤ 1 − cos(x) ≤ 1

2 min{x2, 4} for all x ∈ R. Integ-
rating then gives

1

3

∫
R
(ux)21{|ux|<1}ν(dx) ≤

∫
R
(1− cos(ux))ν(dx) ≤ 1

2

∫
R
min{(ux)2, 4}ν(dx),

implying the inequality in (a).
(b) First note that∫

R
(sin(ux)− ux1{|x|<1})ν(dx) = −uγ

(
|u|−1

)
+

∫
R
(sin(ux)− ux1{|ux|<1})ν(dx).

Hence, integrating | sin(ux) − ux1{|ux|<1}| ≤ 1
31{|ux|<1}u

2x2 + 1{|ux|≥1} gives the
result.

Assume throughout the remainder of this section that, for some α ∈ [0, 2], the
functions

℘−(x) := xαν((−∞,−x]) and ℘+(x) := xαν([x,∞)) for x ∈ (0, 1), (4.8)

are slowly varying at 0 (see definition in §1.5). The infinite variation of X requires
either α ≥ 1 or σ2 > 0. However, if either α > 1 or σ2 > 0, then X is abrupt
by Proposition 4.6. Thus, without loss of generality we assume α = 1 and σ = 0

throughout the remainder of this section. Moreover, since we may modify arbitrarily
the Lévy measure of X away from 0 without changing L(S) (by Proposition 4.5),
we may assume that ν is supported on (−1, 1).

The following result controls the real and imaginary parts of the characteristic
exponent ψ. This is important in determining whether X is abrupt or strongly
eroded because they feature in the integrand in the definition of s1(r). The proof of
Lemma 4.17 is based on Karamata’s theorem and the elementary estimates from
Lemma 4.16. Define ℘(x) := ℘+(x) + ℘−(x) and ℘̃±(x) :=

∫ 1
x t
−1℘±(t)dt for

x ∈ (0, 1). Note that the infinite variation of X is equivalent to
∫ 1
0 x
−1℘(x)dx = ∞,

which is further equivalent to limx↓0(℘̃+(x) + ℘̃−(x)) = ∞. Moreover, we see that
the functions ℘̃± are slowly varying at 0 with limx↓0 ℘̃±(x)/℘±(x) = ∞ by Proposi-
tion A.54.

Lemma 4.17. Suppose σ = 0 and the Lévy measure ν is supported on (−1, 1) and
satisfies (4.8) for α = 1. Then γ in (2.2) satisfies γ(x) = ℘+(x)+ ℘̃+(x)− (℘−(x)+
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℘̃−(x)) for all x ∈ (0, 1) and, as |u| → ∞,

ℜψ(u) ≈ |u|℘
(
|u|−1

)
and ℑψ(u) =

(
γ − γ

(
|u|−1

))
u+O

(
|u|℘

(
|u|−1

))
. (4.9)

Proof. The formula for γ follows by applying Fubini’s theorem. Similarly, Fubini’s
theorem yields

σ2(x) =

∫
(−x,x)

y2ν(dy) =

∫ x

0
2y(ν(y)− ν(x))dy =

∫ x

0
2yν(y)dy − x2ν(x).

Note that ν(x) = x−1℘(x) for all x ∈ (0, 1). Karamata’s theorem (see Theorem A.55)
then shows that

∫ x
0 2yν(y)dy ∼ 2x℘(x) while x2ν(x) = x℘(x), implying that σ2(x) ∼

x℘(x) as x ↓ 0. Then the estimates in (4.9) follow from Lemma 4.16.

Lemma 4.17 provides sufficient control over the characteristic exponent of X in
two regimes: if ν is near-symmetric (defined by the condition γ(x) = O(1) as x ↓ 0,
see definition in (2.2)), or if ν is skewed (defined by limx↓0 x

−1γ(x)/ν(x) ∈ {−∞,∞},
which is equivalent to limx↓0(℘̃+(x) − ℘̃−(x))/℘(x) ∈ {−∞,∞} by Lemma 4.17),
motivating the two ensuing subsections. In the remainder of this section we freely
apply equivalence (4.3) and Theorems 4.2 and 4.8.

§4.2.3.1 Near-symmetric Lévy measure

Suppose γ in (2.2) satisfies γ(x) = O(1) as x ↓ 0 (e.g., ν symmetric). By Lemma 4.17,
|ℑψ(u)| = O(|u|(1 ∨ ℘(|u|−1))) = O(|u| ∨ ℜψ(u)) as |u| → ∞, where x ∨ y :=

max{x, y}. Thus, the integrand in the definition of s1(r) is asymptotically sand-
wiched between multiples of ℘(1/|u|)/(u(1 + ℘(1/|u|)2)) as |u| → ∞ for all r ̸= γ.

Example 4.8 (Near-symmetric with high activity). Suppose lim infx↓0 ℘(x) = ∞.
Then lim inf |u|→∞ |ψ(u)/u| = ∞ by Lemma 4.17, so Theorem 4.8(ii) shows that X
is either eroded or abrupt. Moreover, by Lemma 4.17, we have as |u| → ∞,

ℜ 1

1 + iur − ψ(u)
=

1−ℜψ(u)
(1−ℜψ(u))2 + (ur −ℑψ(u))2

≈ 1

ℜψ(u)
≈ 1

|u|℘(|u|−1)
.

Thus, X is strongly eroded if and only if x 7→ 1/(x℘(x)) is not integrable at 0. △

Example 4.9 (Near-symmetric with low activity). Suppose lim supx↓0 ℘(x) < ∞.
Then Lemma 4.17 implies that lim sup|u|→∞ |ψ(u)/u| <∞ so Theorem 4.8(i) shows
that X is strongly eroded. △

§4.2.3.2 Skewed Lévy measure

Suppose limx↓0 x
−1γ(x)/ν(x) ∈ {−∞,∞} (which is equivalent to limx↓0(℘̃+(x) −

℘̃−(x))/℘(x) ∈ {−∞,∞}), where γ is defined as in (2.2). This is the case if,
for instance, we have lim infx↓0 ℘+(x)/℘−(x) > 1 or lim supx↓0 ℘+(x)/℘−(x) < 1
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by Proposition A.54. Moreover, either of these inequalities essentially imply that
X is abrupt. More precisely, if the maps x 7→ ν([x, 1)) = x−1℘+(x) and x 7→
ν((−1,−x]) = x−1℘−(x) are eventually differentiable with a monotone derivative
as x ↓ 0, then the monotone density theorem (see Theorem A.57) shows that the
respective derivatives are asymptotically equivalent to −x−2℘+(x) and −x−2℘−(x).
Hence, the Radon-Nikodym derivative ν(dx)/ν(d(−x)) is asymptotically equivalent
to ℘+(x)/℘−(x) as x ↓ 0. Thus, either of the limits lim infx↓0 ℘+(x)/℘−(x) > 1 or
lim supx↓0 ℘+(x)/℘−(x) < 1 imply that X is abrupt by Proposition 4.7.

The following example shows that the condition in Proposition 4.7 is close to
being sharp. It constructs strongly eroded processes whose asymmetry, quantified by
the quotient (℘+(x)−℘−(x))/℘−(x) > 0, converges (arbitrarily) slowly to 0 as x ↓ 0.
Clearly, the roles of ℘+ and ℘− could be reversed without affecting these conclusions.
Moreover, since Cauchy process is strongly eroded but spectrally one-sided infinite
variation processes are abrupt, the following example also shows that the sum of an
abrupt process and an independent strongly eroded process may result in an abrupt
or a strongly eroded process.

Example 4.10 (Low asymmetry). Suppose that ℘+(x) = (p(x) + q(x))1(0,ε)(x) and
℘−(x) = p(x)1(0,ε)(x) for positive slowly varying functions p and q defined on
(0, ε). Define recursively log(1)(x) = log x and log(n+1)(x) = log(log(n)(x)) for
n ∈ N. Fix n ∈ N ∪ {0}, define the functions p(x) = 1/

∏n
k=1 log

(k)(1/x) and
q(x) = p(x)/ log(n+1)(1/x) (where an empty product equals 1 by convention) and
choose ε sufficiently small to ensure p and q are both positive and the maps x 7→
x−1℘±(x) are monotone on (0, ε). Then Lemma 4.17 gives |ℜψ(u)| ≈ |u|p(1/|u|) and
|ℑψ(u)| ≈ |u| log(n+2)(|u|) as |u| → ∞. Since |u|−1p(1/|u|)/(log(n+2)(|u|))2 is not
integrable at infinity, then sq(r) = ∞ for all r ∈ R, making X strongly eroded with
slowly varying asymmetry ℘+(x)/℘−(x) − 1 = q(x)/p(x) = 1/ log(n+1)(1/x) → 0

as x ↓ 0 and, furthermore, with |ℑψ(u)/ℜψ(u)| ≈ log(n+2)(|u|)/p(1/|u|) → ∞ as
|u| → ∞.

A similar analysis shows that the choice q(x) = p(x)/ log(n)(1/x) instead leads
to an abrupt process. We point out that, in either case, p cannot be much smaller
since the infinite variation of X requires the function u−2|ℜψ(u)| ≈ |u|−1p(1/|u|) to
be non-integrable at infinity by Lemma 2.37. △

§4.2.4 Subordination

Let X be an infinite variation Lévy process and Y be an independent driftless subor-
dinator with Fourier–Laplace exponent ϕ(u) := logE[exp(uY1)] for any u ∈ C with
ℜu ≤ 0. Then, for any c ≥ 0, the subordinated process Z = (Xct+Yt)t≥0 is Lévy

80



with characteristic exponent given by u 7→ ϕ(ψ(u)) + cψ(u). The following example
shows that subordinating an abrupt processes can result in either an abrupt or a
strongly eroded process Z and that subordinated strongly eroded processes can still
be strongly eroded.

Example 4.11 (Subordinating abrupt and strongly eroded processes). (a) Suppose
X is a Brownian motion, Y is an α-stable subordinator (with α ∈ (0, 1)) and c = 0.
Then Z is a symmetric 2α-stable process, making it abrupt for α > 1/2, strongly
eroded for α = 1/2 and of finite variation for α < 1/2.
(b) Suppose c > 0 and (XYt)t≥0 is of finite variation. Then Z = (Xct+Yt)t≥0

can be decomposed as the sum of two independent processes, one with the law
of (Xct)t≥0 and the other with the law of (XYt)t≥0. Thus, Proposition 4.5 implies
L(SX) = cL(SZ), where SX and SZ are the set of slopes of the convex minorants of
X and Z, respectively, with convention cA := {ca : a ∈ A} and c∅ := ∅.
(c) Suppose lim|u|→∞ |ψ(u)/u| = ∞ and c > 0 (implying that Z is of infinite vari-
ation). For any R ∈ (0, c) there exists some K > 0 such that for all |z| > K, we have
|ϕ(z)| ≤ R|z| by Example 2.1. Thus, Z satisfies the conditions of Theorem 4.8(ii),
making the process either strongly eroded or abrupt.
(d) Suppose lim sup|u|→∞ |ψ(u)/u| < ∞ and Z is of infinite variation. Then, for
some R ≥ 0 there exists K > 0 such that we for all |z| > K have |ϕ(z)| ≤ R|z| by
Example 2.1 implying that Z satisfies the assumptions of Theorem 4.8(i), making it
strongly eroded. In particular, this is the case if X is symmetric Cauchy of unit scale
(i.e. the law of X1 has parameters (λ1, λ2) = (1, 0) as in Example 4.1 above), c = 0

and Y has Lévy measure νY (dt) = t−2(log(1/t))−21(0,1)(t)dt. Indeed, it suffices to
verify that Z has infinite variation. By Example 2.1 the Lévy measure νZ of Z is
given by the formula νZ(dx) =

∫ 1
0 P(Xt ∈ dx)νY (dt), thus Fubini’s theorem yields∫

(−1,1)
|x|νZ(dx) =

∫
(−1,1)

|x|
∫ 1

0
P(Xt ∈ dx)

dt

t2(log(1/t))2

=

∫ 1

0

∫ 1

0

x

t2 + x2
dx

2

πt(log(1/t))2
dt =

∫ 1

0

log(1 + t−2)

πt(log(1/t))2
dt

≥
∫ 1

0

dt

πt log(1/t)
= ∞.

△
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§4.3 Zero-one law for stick breaking and the slopes of the
minorant

For T > 0, let (ℓn)n∈N be a uniform stick-breaking process on [0, T ], defined in
Definition 2.17. Let (Vn)n∈N be an i.i.d. sequence of U(0, 1) random variables,
independent of the stick-breaking process (ℓn)n∈N. Recall that a measurable function
f on R is in L1

loc(0+) if for some ε > 0 it satisfies
∫ ε
0 |f(t)|dt < ∞. The following

zero-one law, which does not involve the Lévy process X, is key for the analysis of
the regularity of the convex hull of X.

Theorem 4.18. Let φ : R+ × [0, 1] → R+ be measurable and bounded. Define
ΣT :=

∑∞
n=1 φ(ℓn, Vn) and the function ϕ : t 7→

∫ 1
0 φ(t, u)du. Then ΣT is either

finite a.s. or infinite a.s., characterised by

ΣT <∞ a.s. ⇐⇒ t 7→ t−1ϕ(t) ∈ L1
loc(0+). (4.10)

Moreover, the mean of ΣT is given by EΣT =
∫ T
0 t−1ϕ(t)dt.

Note that, by (4.10) in Theorem 4.18, ΣT is either finite a.s. for all T > 0 or
infinite a.s. for all T > 0. Furthermore, the proof of Theorem 4.18 implies that
ΣT <∞ a.s. if and only if t 7→ t−1Φ(t) ∈ L1

loc(0+), where Φ(t) := t−1
∫ t
0 ϕ(s)ds.

Proof. Proving that ΣT is either finite a.s. or infinite a.s., according to (4.10), re-
quires three steps. First, we show that the events {ΣT = ∞} and {Σ̃T = ∞} agree
a.s., where Σ̃T :=

∑∞
n=1Φ(Ln). Second, we use the Poisson process embedded in

the stick remainders (Ln)n∈N to establish that P(Σ̃T = ∞) = 1 if
∫ 1
0 t
−1Φ(t)dt = ∞

and otherwise P(Σ̃T = ∞) = 0. Third, we use the Poisson point process, given
by the stick-breaking process on an independent exponential time horizon, to estab-
lish (4.10).

Define the filtration (Fn)n∈N∪{0} by F0 := {∅,Ω} and Fn := σ((Uk, Vk); k ≤ n)

for n ≥ 1. Note that the conditional distribution of ℓn, given Fn−1, is uniform on
the interval (0, Ln−1), implying

E[φ(ℓn, Vn)|Fn−1] = E[ϕ(ℓn)|Fn−1] = L−1n−1

∫ Ln−1

0
ϕ(s)ds = Φ(Ln−1), n ∈ N.

Hence, the process (Mn)n∈N∪{0}, given by M0 := 0 and Mn :=
∑n

k=1(φ(ℓk, Vk) −
Φ(Lk−1)) for n ∈ N, is a (Fn)-martingale with bounded increments (recall that φ
is bounded). By Proposition A.10, the event A := {Mn converges to a finite limit}
satisfies the following equality

A =

{
sup
n∈N

Mn <∞
}

=

{
inf
n∈N

Mn > −∞
}

a.s. (4.11)
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On A we have ΣT = Σ̃T+limn→∞Mn, implying that ΣT = ∞ if and only if Σ̃T = ∞.
On the complement of A, by (4.11), we must have supn∈NMn = − infn∈NMn = ∞,
implying ΣT = Σ̃T = ∞. Thus, the events {ΣT = ∞} and {Σ̃T = ∞} agree a.s.

Note that (− log(Un))n≥1 are iid exponential random variables with unit mean.
Hence, the process (N(t))t≥0, given by N(t) :=

∑∞
n=1 1{− log(T−1Ln)≤t}, is a stand-

ard Poisson process. Denote by (N(dx);x ∈ (0,∞)) the corresponding Poisson
point process on (0,∞). Since Σ̃T =

∫
(0,∞)Φ(Te

−x)N(dx), Campbell’s formula

(Theorem A.48) yields the Laplace transform of Σ̃T :

logE[exp(−qΣ̃T )] = −
∫ ∞
0

(
1− e−qΦ(Te−x)

)
dx = −

∫ T

0

(
1− e−qΦ(t)

)dt
t
, q ≥ 0.

Since φ is bounded, there exists q0 > 0 such that 0 ≤ Φ(t) ≤ 1/q0 for all t > 0.
The inequalities x/2 ≤ 1 − e−x ≤ x, valid for x ∈ [0, 1], imply the following for all
q ∈ (0, q0]:

(q/2)

∫ T

0
Φ(t)

dt

t
≤
∫ T

0

(
1− e−qΦ(t)

)dt
t

≤ q

∫ T

0
Φ(t)

dt

t
. (4.12)

The monotone convergence theorem implies

P(Σ̃T <∞) = lim
q↓0
E
[
e−qΣ̃T

]
= lim

q↓0
exp

(
−
∫ T

0

(
1− e−qΦ(t)

)dt
t

)

=

1, t 7→ t−1Φ(t) ∈ L1
loc(0+),

0, t 7→ t−1Φ(t) ̸∈ L1
loc(0+).

Since {ΣT = ∞} = {Σ̃T = ∞} a.s., the first claim in the theorem follows.
In order to prove the equivalence in (4.10), note first that whether the function

t 7→ t−1Φ(t) is in L1
loc(0+) does not depend on T . Hence the random variable Σ̃T

(and thus ΣT ) is either finite a.s. for all T > 0 or infinite a.s. for all T > 0. Let
E be an exponential random variable with unit mean, independent of (ℓ, V ) where
ℓ = (ℓn)n∈N and V = (Vn)n∈N. Thus {ΣT = ∞} = {Σ = ∞} almost surely, where
Σ :=

∑
n∈N φ(ℓnE/T, Vn). It is hence sufficient to prove the equivalence between

P(Σ <∞) = 1 and t 7→ t−1ϕ(t) ∈ L1
loc(0+).

Since (ℓnE/T )n∈N is a stick-breaking process on the random interval [0, E],
Remark 2.20 and the marking theorem (see Theorem A.49) imply that the process
Ξ =

∑∞
n=1 δ(ℓnE/T,Vn) is a Poisson point process with mean measure

µ(dt,du) := t−1e−tdtdu, (t, x) ∈ R+ × [0, 1].

Moreover, as Σ =
∫
R+×[0,1] φ(t, u)Ξ(dt,du), Campbell’s formula (Theorem A.48)
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implies

− logE
[
e−qΣ

]
=

∫
R+×[0,1]

(
1− e−qφ(t,u)

)
µ(dt,du)

=

∫
R+×[0,1]

(
1− e−qφ(t,u)

)
e−t

dt

t
du.

(4.13)

There exists q1 > 0 such that for all q ∈ (0, q1] we have 0 ≤ φ(t, u) ≤ 1/q for
all (t, u) ∈ R+ × [0, 1]. The elementary inequalities that implied (4.12) yield the
following for all q ∈ (0, q1]:
q

2

∫ ∞
0

ϕ(t)e−qt
dt

t
≤
∫
R+×[0,1]

(
1− e−qφ(t,u)

)
e−qt

dt

t
du ≤ q

∫ ∞
0

ϕ(t)e−qt
dt

t
. (4.14)

The monotone convergence theorem yields P(Σ < ∞) = limq↓0E[e
−qΣ]. Since∫∞

0 t−1ϕ(t)e−tdt < ∞ if and only if t 7→ t−1ϕ(t) ∈ L1
loc(0+), (4.13)-(4.14) imply

that P(Σ <∞) = 1 if and only if t 7→ t−1ϕ(t) ∈ L1
loc(0+), establishing (4.10).

Recall that
∑∞

n=1E[f(ℓn)] =
∫ T
0 t−1f(t)dt for any measurable f : [0, T ] → R+,

see e.g. (3.9). Since the stick-breaking process (ℓn)n∈N and the iid sequence (Vn)n∈N

are independent, the following holds EΣT =
∑∞

n=1E [φ(ℓn, Vn)] =
∑∞

n=1E [ϕ(ℓn)] =∫ T
0 ϕ(t)t−1dt.

Recall thatX is a Lévy process, assumed not to be compound Poisson with drift.
Let F (t, x) := P(Xt ≤ x) for all t ≥ 0 and x ∈ R. Let u 7→ F−1(t, u) := inf{u ∈
R : F (t, u) ≥ x} be the right-inverse of x 7→ F (t, x) for every t > 0 and note that
Xt

d
= F−1(t, U) for any U ∼ U(0, 1). The convex minorant C of the path of X on

the interval [0, T ] is piecewise linear. Take any enumeration of the maximal faces of
C and let gn and dn be the left and right endpoints, respectively, of the n-th interval
of linearity. Then the set of length-height pairs {(dn − gn, C(dn)− C(gn)) : n ∈ N}
(note that the n-th face of C has length dn − gn and height C(dn) − C(gn)) of the
maximal faces satisfies the following identity in law:

{(dn − gn, C(dn)− C(gn)) : n ∈ N} d
= {(ℓn, F−1(ℓn, Vn)) : n ∈ N}, (4.15)

see Theorem 2.18 (see also [64, Thm 1]). We stress that the specific enumeration
of the length-height pairs on the left-hand side of (4.15) is not important for our
purposes because the smoothness of C is determined by the limit set of the quotients
of these pairs. The identity in law in (4.15) and Theorem 4.18 yield the following
result.

Corollary 4.19. Pick a measurable function f : (0,∞)× R → R and a measurable
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set I ⊆ R. Then we have that P({f(dn−gn, C(dn)−C(gn))) ∈ I} i.o.) ∈ {0, 1} and

P({f(dn − gn, C(dn)− C(gn))) ∈ I} i.o.) = 1 ⇐⇒
∫ 1

0
P(f(t,Xt) ∈ I)

dt

t
= ∞.

(4.16)

Note that Corollary 4.19 (with f(t, x) = x/t) directly implies Theorem 4.1
above.

Proof. Define the function φ : (s, u) 7→ 1{f(s,F−1(s,u))∈I}. For any U ∼ U(0, 1) we
have

ϕ(s) =

∫ 1

0
φ(s, u)du = P(f(s, F−1(s, U)) ∈ I) = P(f(s,Xs) ∈ I) for all s > 0.

An application of Theorem 4.18 and (4.15) imply the corollary.

Remark 4.20. (i) The equality in law in (4.15) follows from the representation the-
orem for convex minorants of Lévy processes in Theorem 2.18 because X is assumed
not to be compound Poisson with drift. Under this assumption, the law of Xt (for
any t > 0) is diffuse (i.e. non-atomic) by Lemma 2.2, implying that no two linear
segments in the piecewise linear convex function defined in Theorem 2.18 have the
same slope. Thus all these linear segments are maximal faces. The identity in law
in (4.15) is essentially the content of [64, Thm 1]. Since the proof of [64, Thm 1]
is highly non-trivial and moreover relies on deep results in the fluctuation theory of
Lévy processes, we chose the route above based on Theorem 2.18, whose proof is
short and elementary, requiring only the definition of a Lévy process.
(ii) The limit points of the countable random set Sf := {f(dn− gn, C(dn)−C(gn)) :
n ∈ N} can be determined via Corollary 4.19. Indeed, the set L(Sf ) is determ-
ined by the following countable family of events {|Sf ∩ (a, b)| = ∞} = {f(dn −
gn, C(dn) − C(gn)) ∈ (a, b) i.o.}, where a < b range over the rational numbers. In-
deed, x ∈ L(Sf ) if and only if |Sf ∩ (a, b)| = ∞ for all rational a, b with a < x < b.
By Corollary 4.19, the indicator of any such event is almost surely constant, making
the limit set L(Sf ) also almost surely constant. Thus, L(Sf ) is stochastically inde-
pendent of Sf itself (recall that any a.s. constant random element is stochastically
independent of all other random variables) and is not affected under conditioning
on an event of positive probability such as X not having jumps larger than some
ε > 0 on [0, T ]. In particular, we may modify the Lévy measure of X by adding
or removing a finite amount of mass anywhere on R \ {0} without altering L(Sf ).
These facts will be used throughout the chapter.
(iii) It can be easily shown that, when the time horizon T is an exponential variable
independent of X with mean 1/p, |S ∩ I| is a Poisson random variable with mean

85



∫∞
0 P(Xt/t ∈ I)e−ptt−1dt. ♢

§4.4 Continuous differentiability of the boundary of the
convex hull – proofs

This section is dedicated to proving the results stated in §4.1. Let ψ be the Lévy–
Khintchine exponent of the Lévy process X, defined as in (2.1), and let (σ2, γ, ν) be
the generating triplet of X corresponding to the cutoff function x 7→ 1(−1,1)(x).

§4.4.1 Finite variation – proofs

Recall that a Lévy process X has paths of finite variation if and only if σ2 = 0 and∫
(−1,1) |x|ν(dx) <∞, and recall from Remark 2.1 that the natural drift γ0 ∈ R of X

is defined by

γ0 := γ −
∫
(−1,1)

xν(dx). (4.17)

Proof of Proposition 4.3. Since X has finite variation, Theorem A.37 yields that
limt↓0Xt/t = γ0 a.s. Recall that the positive (resp. negative) half-line is regular for
a process Z with Z0 if and only if inf{t > 0 : Zt > 0} = 0 a.s. (resp. inf{t > 0 :

Zt < 0} = 0 a.s.). Hence, the positive (resp. negative) half-line is not regular for the
process (Xt − ct)t≥0 if c > γ0 (resp. c < γ0). Rogozin’s criterion (see Theorem 2.8)
then yields

∫ 1
0 t
−1P(Xt − (γ0 + ε)t > 0)dt < ∞ and

∫ 1
0 t
−1P(Xt − (γ0 − ε)t <

0)dt < ∞ for all ε > 0. By Theorem 4.1 we get that, for every ε > 0, the set
S ∩ (R \ (γ0 − ε, γ0 + ε)) is finite a.s. In particular, S is bounded and for any
r ∈ R \ {γ0}, P(r ∈ L(S)) = 0 a.s. Moreover, since X is of infinite activity,
by Theorem 2.18 and Lemma 2.2, the cardinality of the set of slopes S is infinite
implying that it has an accumulation point, which can only be γ0, i.e. γ0 ∈ L(S) a.s.
In particular, the set of slopes S consists of isolated points with a single accumulation
point L(S) = {γ0} satisfying γ0 /∈ S a.s. (in fact, since X is diffuse, for any x ∈ R
we have P(x /∈ S) = 1 by (4.15)). Hence C ′, whose image is contained in the closure
of S, is bounded and discontinuous on

⋃
r∈S ∂Ir (recall that Ir = (C ′)−1({r})).

Without loss of generality we may assume that X has right-continuous paths
with left limits. In particular, recall that Xt− = lims↑tXs if t > 0 and X0− = X0

otherwise. Let v be the last time in [0, T ] the process (Xt − γ0t)t≥0 attains its
minimum, i.e. v is the greatest time in [0, T ] satisfying min{Xv, Xv−} − γ0v =

inft∈[0,T ](Xt − γ0t). Since t 7→ C(t) − γ0t is the convex minorant on [0, T ] of t 7→
Xt − γ0t, if the latter function attained its minimum at two or more times with
positive probability, the former function, which is piecewise linear and convex, would
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have a face of slope zero with positive probability. Since the increments of X are
diffuse by Lemma 2.2, this contradicts the formula for the slopes in Theorem 2.18.
Moreover, v is the a.s. unique time at which the convex function t 7→ C(t)− γ0t on
[0, T ] attains its minimum.

The probability P(v = 0) = P(inft∈[0,T ](Xt − γ0t) = 0) (resp. P(v = T ) =

P(inft∈[0,T ](γ0t + X(T−t)− − XT ) = 0) = P(0 = inft∈[0,T ](γ0t − Xt))) is positive if
zero is not regular for the half-line (−∞, 0) for (Xt− γ0t)t≥0 (resp. (−Xt+ γ0t)t≥0),
which is by Rogozin’s criterion (see Theorem 2.8) equivalent to I− < ∞ (resp.
I+ < ∞). In particular, v ∈ (0, T ) a.s. is equivalent to I+ = I− = ∞. We proved
above that γ0 is the only limit point of S a.s. Thus, by definition of L−(S) (resp.
L+(S)) in the paragraph containing (4.4) above, γ0 is a left (resp. right) limit point
of S if and only if the set S ∩ (−∞, γ0) (resp. S ∩ (γ0,∞)) has infinitely many
elements a.s., which is by Theorem 4.1 equivalent to I− = ∞ (resp. I+ = ∞). Thus
I± <∞ implies L±(S) = ∅ and L∓(S) = {γ0}, where ∓ = −(±). Furthermore, if γ0
is in L+(S) (resp. L−(S)), then C ′(v) = inf{s > γ0 : s ∈ S} = γ0 (resp. C ′(v−) =

sup{s < γ0 : s ∈ S} = γ0), where the infimum (resp. supremum) is necessarily taken
over a non-empty set. If L+(S) = ∅ (resp. L−(S) = ∅), on the event v ∈ (0, T ) we
have C ′(v) = inf{s > γ0 : s ∈ S} > γ0 (resp. C ′(v−) = sup{s < γ0 : s ∈ S} < γ0),
where the infimum (resp. supremum) is necessarily taken over a finite non-empty
set. This concludes the proof of the proposition.

Proof of Corollary 4.4. The equivalence I± = ∞ ⇐⇒ s1 /∈ L1
loc(γ0±) follows from

the equivalence in (4.3). We now prove that I+ = ∞ is equivalent to the integral
condition in the corollary (the equivalence involving I− = ∞ follows from this one
by considering −X). Define the function ϖ(x) := x/

∫ x
0 ν((−∞,−y))dy, x > 0. We

consider two cases:
(I) ν((−∞, 0)) < ∞: then both integrals are infinite. Indeed, since Xt > tγ0

whenever X does not have a negative jump on [0, t], we have P(Xt > tγ0) ≥
exp(−tν((−∞, 0))) and hence I+ = ∞ by definition. The function ϖ is bounded be-
low by the positive constant 1/ν((−∞, 0)) ∈ (0,∞], implying

∫
(0,1)ϖ(x)ν(dx) = ∞

as the infinite activity of X requires ν((0, 1)) = ∞.
(II) ν((−∞, 0)) = ∞: then ϖ(x) is finite for x > 0 and I+ = ∞ is equivalent to∫
(0,1) ν((x,∞))dϖ(x) = ∞ by Theorem 2.9, where the Radon measure dϖ(x) is well

defined since 1/ϖ(x) = x−1
∫ x
0 ν((−∞,−y))dy is a non-increasing function as it is

the average over the interval (0, x) of the non-increasing function y 7→ ν((−∞,−y)).
The function ϖ is continuous on (0,∞) and, since 1/ϖ(x) ≥ ν((−∞,−x)) → ∞ as
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x ↓ 0, we have limx↓0ϖ(x) = 0. By Fubini’s theorem,∫
(0,1)

ν((x,∞))dϖ(x) =

∫
(0,1)

∫
(x,∞)

ν(dy)dϖ(x) =

∫
(0,∞)

∫
(0,1∧y)

dϖ(x)ν(dy)

=

∫
(0,∞)

ϖ(1 ∧ y)ν(dy) = ν([1,∞))ϖ(1) +

∫
(0,1)

ϖ(y)ν(dy).

Thus
∫
(0,1)ϖ(y)ν(dy) = ∞ is equivalent to

∫
(0,1) ν((x,∞))dϖ(x) = ∞ and hence to

I+ = ∞ by Theorem 2.9.

§4.4.2 Infinite variation – proofs

Proof of Theorem 4.2. First note that the smoothness of the boundary of the convex
hull of X requires X to have infinite variation by Proposition 4.3. Similarly, if X is
of finite variation, then (4.1) fails for any compact interval I with γ /∈ I. Thus, both
conditions in Theorem 4.2 require X to have infinite variation, which we assume in
the remainder of this proof.

Since X is of infinite variation, the set of slopes S is unbounded below and
above by Rogozin’s theorem as explained in the first paragraph of §4.1.1.2. This
makes the boundary of the convex hull of X smooth at times 0 and T . Indeed,
let C⌣ (resp. C⌢) be the convex minorant (resp. concave majorant) of X over
the interval [0, T ]. For a sufficiently small ε > 0, we may locally parametrise the
curve (t, C⌣(t)); t ∈ [0, ε] (resp. (t, C⌢(t)); t ∈ [0, ε]) as the curve (ς⌣(u), u); u ∈
[C⌣(ε), 0] (resp. (ς⌢(u), u); u ∈ [0, C⌢(ε)]), using a local inverse ς⌣ (resp. ς⌢) of
C⌣ (resp. C⌢). The function ς⌣ is continuous, so for any u ∈ (C⌣(ε), 0] and all
sufficiently small h > 0 we have

ς⌣(u)− ς⌣(u− h)

h
=

h′

u− C⌣(ς⌣(u)− h′)
=

h′

C⌣(ς⌣(u))− C⌣(ς⌣(u)− h′)
,

where h′ := ς⌣(u)− ς⌣(u−h) ↑ 0 as h ↓ 0. Thus, we have ς ′⌣(u) = 1/(C⌣)′(ς⌣(u))

where ς ′⌣ is the left-derivative of ς⌣ and (C⌣)′ is the right-derivative of C⌣. Simil-
arly, the right-derivatives of ς⌢ and C⌢ satisfy ς ′⌢(u) = 1/(C⌢)′(ς⌢(u)) and hence,
the concatenation ς(u) = ς⌣(u)1(C⌣(ε),0)(u)+ς⌢(u)1(0,C⌢(ε))(u) can be used to loc-
ally parametrise the boundary of the convex hull ofX around (0, 0) as the curve given
by (ς(u), u); u ∈ [C⌣(ε), C⌢(ε)]. Moreover, ς is differentiable at 0 with ς ′(0) = 0

since limt↓0 1/|(C⌣)′(t)| = limt↓0 1/|(C⌢)′(t)| = 0 a.s., implying the smoothness of
the boundary of the convex hull of X at time 0. By time reversal, the boundary of
the convex hull of X is also smooth at time T .

It remains to prove that the convex minorant C of X is continuously differ-
entiable if and only if the condition (4.1) holds for all bounded intervals I. Recall
that the right-derivative C ′ is right-continuous by definition, and thus, its image
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equals L+(S)∪ S (see Table 4.2 for all possible behaviours of the right-derivative of
a piecewise linear convex function).

Suppose the boundary of the convex hull of X is smooth a.s., making C ′ con-
tinuous a.s. By the intermediate value theorem, since C ′ is unbounded from below
and above, its image L+(S)∪S must equal R. Since S is countable, L+(S)∪S = R
a.s. implies L+(S) = R a.s. Since L+(S) ⊂ L(S), we have L(S) = R, implying that
S is dense in R a.s. and thus condition (4.1) holds for all bounded intervals I.

Now assume (4.1) holds for all bounded intervals I. Note that L+(S) ∩ L−(S)
contains the interior of L(S), so the condition L(S) = R implies L+(S) = R. Since
C ′ is right-continuous and non-decreasing with image L+(S) ∪ S = R, it must be
continuous, completing the proof.

Proof of Proposition 4.5. Recall that Y and Z are possibly dependent Lévy pro-
cesses, X = Y +Z and Y is of finite variation with natural drift b. Let (ℓn)n∈N be an
independent uniform stick-breaking process on [0, T ] as defined in Definition 2.17.
For n ≥ 1 define ζXn := XLn −XLn+1 , ζYn := YLn − YLn+1 and ζZn := ZLn − ZLn+1 .
By Theorem 2.18, the convex minorant of X (resp. Y ; Z) has the same law as
the unique piecewise linear convex function with faces ((ℓn, ζ

X
n ) : n ∈ N) (resp.

((ℓn, ζ
Y
n ) : n ∈ N); ((ℓn, ζZn ) : n ∈ N)). In particular, the sets of slopes SX , SY and

SZ (with a.s. constant limit sets) have the same law as the sets {ζXn /ℓn : n ∈ N},
{ζYn /ℓn : n ∈ N} and {ζZn /ℓn : n ∈ N}, respectively, and hence their respect-
ive limit sets are a.s. constant and equal to L(SX), L(SY ) and L(SZ), respect-
ively. These limit sets must be constant a.s. by Theorem 4.1. In particular,
L({ζYn /ℓn : n ∈ N}) = {b} a.s. by Proposition 4.3. The result now follows from the
fact that, for any deterministic sequences (yn)n∈N and (zn)n∈N with limn→∞ yn = b,
we have L({yn + zn : n ∈ N}) = L({zn : n ∈ N}) + b.

Proof of Proposition 4.6. Our assumption implies that s1 is finite and uniformly
bounded. Indeed, by Lemma 4.16(a) and (4.5), we obtain

2πs1(r) =

∫
R
ℜ 1

1 + iru− ψ(u)
du ≤

∫
R

1

1−ℜψ(u)
du

≤
∫
R

3

1 + u2(σ2 + σ2(1/|u|))
du <∞.

Thus, Theorem 4.1 and (4.3) imply L(S) = ∅.
It remains to show that the assumption holds if σ2 > 0 or β− > 1. If σ2 > 0

(resp. β− > 1) fix some α ∈ (1, 2) (resp. α ∈ (1, β−)) and note that, by the
definition of β−, there exists some K > 0 such that u2(σ2 + σ2(|u|−1)) ≥ K|u|α for
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all u ∈ R \ (−1, 1). Hence, we have∫ ∞
1

du

1 + u2(σ2 + σ2(1/u))
≤
∫ ∞
1

du

1 +Kuα
<∞.

Proof of Proposition 4.7. We may assume without loss of generality that x0 = 1,
ν(R \ (−1, 1)) = 0 and γ = 0, due to Proposition 4.5. If σ2 > 0 then X is abrupt by
Proposition 4.6 and if σ2 = 0 and either

∫
(−1,0) |x|ν(dx) < ∞ or

∫
(0,1) xν(dx) < ∞,

then X creeps and is thus abrupt by Remark 2.32. Thus, it suffices to assume that
σ2 = 0 and

∫
(−1,0) |x|ν(dx) =

∫
(0,1) xν(dx) = ∞. Decompose X = Y + Z where the

Lévy processes Y and Z are independent of each other and have generating triplets
(0, 0, ν|(0,1)) and (0, 0, ν|(−1,0)), respectively. Let ψY and ψZ be the characteristic
exponents of Y and Z, respectively. Note that ψ = ψY + ψZ and recall that the
functions ℜψ, ℜψY and ℜψZ are even while ℑψ, ℑψY and ℑψZ are odd. The idea
is to bound the function s1 of X uniformly over compact sets by the corresponding
function of Y (note that Y is of infinite variation and creeps, making it abrupt by
Example 2.3).

The assumption implies that
∫
(0,1) f(x)ν(dx) ≥ c

∫
(−1,0) f(−x)ν(dx) ≥ 0 for

any measurable function f : (0, 1) → [0,∞). Thus, the following inequalities hold
for all u > 0:

|ℜψY (u)| ≤ |ℜψ(u)| ≤ (1 + 1/c)|ℜψY (u)|, and ℑψ(−u) ≥ (1− 1/c)ℑψY (−u) > 0.

(4.18)
Fubini’s theorem and the infinite variation of Y imply that

∫
(0,1) ν([x, 1))dx =∫

(0,1) yν(dy) = ∞. Moreover, for any u > 0, Fubini’s theorem yields

ℑψY (−u)
u

=
1

u

∫
(0,1)

(ux− sin(ux))ν(dx) ≥ 1

u

∫
(1/u,1)

(ux− 1)ν(dx)

=

∫
(1/u,1)

∫
(1/u,x]

dyν(dx) =

∫
(1/u,1)

ν([y, 1))dy −−−→
u→∞

∞.

Fix any R > 0 and let M > 0 satisfy 1
2(1−1/c)|ℑψY (u)| ≥ |u|R for all |u| ≥M

(recall that ℑψY is an odd function). Then, by (4.18), for all |u| ≥ M and |r| ≤ R,
we have

|ur −ℑψ(u)| ≥ |ℑψ(u)| − |ur| ≥ (1− 1/c)|ℑψY (u)| − |ur| ≥ 1
2(1− 1/c)|ℑψY (u)|.

Since by the first inequality in (4.18) we have |1−ℜψ(u)| = 1−ℜψ(u) ≥ 1−ℜψY (u) ≥
1
2(1−1/c)|1−ℜψY (u)|, the inequality in the last display yields |1+iur−ψ(u)| ≥ 1

2(1−
1/c)|1−ψY (u)| for all |u| ≥M and |r| ≤ R. Recall that ℜ (1/(1 + iru− ψ(u))) ≤ 1
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for all u, r ∈ R. Applying (4.18) and (4.5) then gives, for all u ∈ R and r ∈ [−R,R],

ℜ 1

1 + iru− ψ(u)
=

1−ℜψ(u)
|1 + iur − ψ(u)|2

≤ 1{|u|<M} + 1{|u|≥M}
1 + 1/c

(1− 1/c)2/4
· 1−ℜψY (u)
|1− ψY (u)|2

.

Since all the jumps of Y are positive, the infinite variation Lévy process Y creeps
and hence hits points. By Theorem A.29(a), this is equivalent to

∫
R(1−ℜψY (u))|1−

ψY (u)|−2du =
∫
Rℜ (1/(1− ψY (u))) du <∞, implying that the left-hand side of the

last display is integrable over u ∈ R for every r ∈ [−R,R]. Thus, the function
r 7→ s1(r) is finite, uniformly bounded and hence integrable on [−R,R]. Since R > 0

was arbitrary, X is abrupt by (4.3) and Theorem 4.1.

Proof of Theorem 4.8. For the proofs of Parts (i) and (ii), we adapt the arguments
given in [80].
Part (i). Assume that there exists some k ∈ (0,∞) such that (1 + |ψ(u)|)/u ≤ k for
all u ≥ 1. Recall that ℜψ(u) ≤ 0, and note from (4.5) that∫ ∞

1
ℜ 1

1 + iur − ψ(u)
du =

∫ ∞
1

1−ℜψ(u)
|1 + iur − ψ(u)|2

du

≥
∫ ∞
1

|ℜψ(u)|
(1 + |iur|+ |ψ(u)|)2

du ≥ 1

(k + |r|)2

∫ ∞
1

|ℜψ(u)|
u2

du.

Since X has infinite variation the right hand side is always infinite by Lemma 2.37.
Hence s1(r) = ∞ for all r, implying the claim.

Part (ii). Suppose that lim infu→∞ |ψ(u)/u| = ∞. It suffices to show that, if
s1(r0) <∞ for some r0 ∈ R, then supr∈[r0−R,r0+R] s1(r) <∞ for any R > 0. Indeed,
this would imply that either s1(r) = ∞ for all r (making X strongly eroded) or s1

is bounded uniformly on compact sets (making X abrupt). Suppose s1(r0) < ∞
for some r0 and fix R > 0. By assumption, there exists some M ≥ 1 such that
|ψ(u)/u| ≥ 3(1 + |r0|) + 2R for all |u| ≥M . Thus, for |u| ≥M and |r− r0| ≤ R, we
have the inequalities |ψ(u)| ≥ 3|1+ ir0u|+2R|u| ≥ 2|1+ iru|+ |1+ ir0u|, and hence

|1 + ir0u− ψ(u)| ≤ |ψ(u)|+ |1 + ir0u| ≤ 2(|ψ(u)| − |1 + iur|) ≤ 2|1 + iur − ψ(u)|.

Thus, for any r ∈ [r0 −R, r0 +R], we have∫ ∞
0

ℜ 1

1 + iru− ψ(u)
du ≤

∫ M

0
ℜ 1

1 + iru− ψ(u)
du+ 2

∫ ∞
M

ℜ 1

1 + ir0u− ψ(u)
du,

implying s1(r) ≤ M/π + 2s1(r0) since ℜ(1/(1 + r − ψ(u))) ≤ 1 for all r, u ∈ R
by (4.5).

It remains to prove parts (ii-a)–(ii-c). By Part (ii), s1(r) is either everywhere
finite and locally integrable, or s1(r) = ∞ for all r. Thus, in the remainder of the
proof it suffices to check if s1(0) <∞. Since ℜ(1/(1−ψ(u))) ≤ 1 is locally integrable,
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ℑψ is an odd function and ℜψ is an even function, the finiteness of s1(0) depends
only on that of the following integral:∫ ∞

1

1−ℜψ(u)
(1−ℜψ(u))2 + ℑψ(u)2

du. (4.19)

Part (ii-a). Assume that lim|u|→∞ |ℜψ(u)/u| = ∞. The integral in (4.19) equals∫∞
1 ℜ(1/(1− ψ(u)))du, giving (ii-a).

Part (ii-b). Assume now that the upper and lower limits of |ℜψ(u)/u| as |u| →
∞ lie in (0,∞) and that lim|u|→∞ |ℑψ(u)/u| = ∞. In this case the denominator of
the integrand in (4.19) is asymptotically equivalent to |ℑψ(u)|2 and the numerator
of (4.19) is asymptotically sandwiched between multiples of |u|. Hence the integral
in (4.19) is infinite if and only if

∫∞
1 u(1 + |ℑψ(u)|2)−1du = ∞.

Part (ii-c). Assume now lim|u|→∞ |ℜψ(u)/u| = 0 and lim|u|→∞ |ℑψ(u)/u| = ∞.
In this case the denominator of the integrand in (4.19) is asymptotically equivalent
to |ℑψ(u)|2. Hence the integral in (4.19) is infinite if and only if

∫∞
1 (1−ℜψ(u))(1+

|ℑψ(u)|2)−1du = ∞.

§4.4.3 Infinite time horizon – proofs

Proof of Proposition 4.12. Let Ξ =
∑

n∈N δ(ℓn,ξn) be a Poisson point process with
mean measure given by µ(dt,dx) = 1{x/t<l}t

−1P(Xt ∈ dx)dt. By Corollary 2.19
and the convexity of C∞, the result will follow if we show that Ξ({(t, x) : c ≤ x/t <

l, t ≥ 1}) = ∞ a.s. for any c < l. Since Ξ is Poisson, it suffices to show that its
mean is infinite. To that end, we will prove that µ({(t, x) : x/t < c, t ≥ 1}) < ∞
and µ({(t, x) : x/t < l, t ≥ 1}) = ∞.

Fix any c < l and define the Lévy process X(c) = (X
(c)
t )t≥0 := (Xt − ct)t≥0.

Since limt→∞X
(c)
t = ∞ a.s. (by definition of l), Theorem A.46 yields

µ({(t, x) : x/t < c, t ≥ 1}) =
∫ ∞
1
P
(
X

(c)
t < 0

)dt
t
<∞.

It remains to establish that µ({(t, x) : x/t < l, t ≥ 1}) = ∞. If we assume l = ∞
then µ({(t, x) : x/t < l, t ≥ 1}) =

∫∞
1 t−1dt = ∞. Assume instead that l < ∞

and let X(l) be as before with c = l. In this case EX(l)
1 = 0, making X(l) recurrent

by Remark A.15, so the event {lim inft→∞X
(l)
t = ∞} has probability 0. Hence,

Theorem A.46 yields

µ({(t, x) : x/t < l, t ≥ 1}) =
∫ ∞
1
P
(
X

(l)
t < 0

)dt
t

= ∞.

Proof of Proposition 4.13. By Theorem 4.1, with probability 1, for all rational T >

0, the set of slopes of the convex minorant of X on the interval [0, T ] have L(S)
as their limit set, where S is the set of slopes of the convex minorant of X on the
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interval [0, 1]. Without loss of generality, in this proof, we restrict the underlying
probability space to this event.

Fix any c ∈ (−∞, l). By Proposition 4.12, the random time τ := inf{t > 0 :

C ′∞(t) > c} is finite a.s. Let T = ⌊τ⌋ + 1 be the smallest integer larger than τ

and let C̃ be the convex minorant of X on the time interval [0, T ]. Observe that
Xt ≥ C∞(t ∧ τ) + c(t ∨ τ − τ) and Xt ≥ C̃(t ∧ τ) + c(t ∨ τ − τ) for all t ≥ 0, where
x ∧ y := min{x, y}. Note that the term c(t ∨ τ − τ) vanishes for t ∈ [0, τ ] and that
the functions t 7→ C∞(t∧ τ)+ c(t∨ τ − τ) and t 7→ C̃(t∧ τ)+ c(t∨ τ − τ) are convex.
The maximality of the convex minorant C̃ (resp. C∞) implies that C̃ ≥ C∞ (resp.
C∞ ≥ C̃) on [0, τ ]. Thus, C̃ = C∞ on [0, τ ] and all the faces of C̃ and C∞ with slope
smaller than c occur during the time interval [0, τ ].

Let S̃ be the set of slopes of C̃ and note that L(S̃) = L(S), because the random
time horizon τ is rational. Thus, L(S∞)∩(−∞, c) = L(S̃)∩(−∞, c) = L(S)∩(−∞, c)

a.s. Moreover, by Theorem 4.1, we have P(s ∈ L±(S)) = P(s ∈ L±(S̃)) ∈ {0, 1} for
any s ∈ R, which is further equal to P(s ∈ L±(S∞)) if s ∈ (−∞, c). By taking c ↑ l
along a countable sequence, (4.7) follows.

§4.5 Vertices, slopes and derivatives of piecewise linear
convex functions

A point x ∈ R is an accumulation (or limit) point of a set A ⊂ R if every neigh-
borhood of x in R intersects A \ {x}. Denote by L(A) the set of all accumulation
points in R of the set A. A point x ∈ R is a right-accumulation (or right-limit) point
of A if every neighborhood of x in R intersects A ∩ (x,∞). Denote by L+(A) the
set of all right-accumulation points in R of the set A. A set of left-accumulation
(or left-limit) points of A, denoted by L−(A), is defined analogously. Note that
L(A) = L+(A) ∪ L−(A) with the intersection L+(A) ∩ L−(A) consisting of points
in R that are limits of a strictly decreasing and a strictly increasing sequence of
elements in A. Moreover, the closure A of A in R equals A∪L(A). Throughout the
chapter, the sets L(A) and L±(A) are called the limit sets of A.

Let C : [0, T ] → R be a piecewise linear convex function on a bounded interval.
Let S be the set of the slopes of the linear segments of C and {Ir : r ∈ S} the family
of maximal open intervals of constancy of the right-continuous derivative C ′ of C.
Denote by V :=

⋃
r∈S ∂Ir a subset of [0, T ] consisting of all the boundary points

of the intervals of constancy of C ′. Both S and V are countable sets. Table 4.2
describes all possible behaviours of the derivative C ′.
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Times in [0, T ] Slopes S Derivative C ′

v ∈ [0, T ] \ V C ′(v) ∈ S C ′ is constant on a
neighbourhood of v

v ∈ V \ L(V ) C ′(v) ∈ S \ L(S)

C ′ is equal to a constant on
(v − ε, v) and a different

constant on [v, v + ε) for some
ε > 0

v ∈
L+(V ) \ L−(V )

(thus
v ∈ V ∩ [0, T ))

C ′(v) ∈ L+(S) ∩ S

C ′ is continuous at v;
C ′(v) < C ′(v + δ) for all

δ ∈ (0, T − v); C ′ is constant on
(v − ε, v] for some ε > 0

C ′(v) ∈ L+(S) \ S

C ′(v) < C ′(v + δ) for all
δ ∈ (0, T − v); if v > 0,

C ′(v) > C ′(v−) and C ′ constant
on (v − ε, v) for some ε > 0;

v ∈
L−(V ) \ L+(V )

(thus
v ∈ V ∩ (0, T ])

C ′(v−) ∈ L−(S)∩S

C ′ is continuous at v,
C ′(v − ε) < C ′(v−) for any
ε > 0 and C ′ is constant on
[v, v + ε) for some ε > 0

C ′(v−) ∈ L−(S)\S

C ′(v− ε) < C ′(v−) for any ε > 0
and, if v ̸= T , C ′(v) > C ′(v−)

with C ′ constant on [v, v + ε) for
some ε > 0

v ∈
L−(V ) ∩ L+(V )

(thus v /∈ V )

C ′(v) ∈
L+(S) \ L−(S)
(and C ′(v) /∈ S)

C ′ is discontinuous at v with
C ′(v−) < C ′(v) < C ′(v + ε) for

any ε > 0
C ′(v) ∈

L−(S) ∩ L+(S)
(and C ′(v) /∈ S)

C ′ is continuous at v with
C ′(v − ε) < C ′(v) < C ′(v + ε)

for any ε > 0

Table 4.2: The behaviours of C ′ and of the sets of times V and slopes S of an arbitrary
piecewise linear function C : [0, T ] → R. The table exhausts all possibilities. Recall
that C ′ is non-decreasing and right-continuous on (0, T ), defined by its limits on
{0, T}, C ′(0) := limt↓0C

′(t) ∈ [−∞,∞) and C ′(T ) := limt↑T C
′(t) ∈ (−∞,∞], and

has left-limits C ′(v−) := limt↑v C
′(t) for all v ∈ (0, T ].
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§4.6 Concluding remarks

The probabilistic arguments used in the proofs of Theorem 4.1 (see §4.3) and Propos-
ition 4.5 (see §4.4.2) strongly suggest that “frequent” visits of the process (Xt/t)t∈(0,1]

to bounded intervals as t ↓ 0 play a major role in X being strongly eroded. The
time spent during such visits, and not the number of visits, appears to be the key
quantity for the following reasons.
(I) The integral

∫ 1
0 P(Xt/t ∈ I)t−1dt in Theorem 4.1, which needs to be infinite if X

is to be strongly eroded, is equal to the mean of the (weighted) occupation measure
T (I) :=

∫ 1
0 1I(Xt/t)t

−1dt of the interval I corresponding to the process (Xt/t)t∈(0,1].
(II) For any abrupt process X, the process (Xt/t)t∈(0,ε] visits every bounded interval
infinitely many times for every ε > 0. Indeed, since s1 is locally integrable, s1(r)
is finite for a.e. r ∈ R. Moreover, if s1(r) < ∞, then 0 is regular for itself for
the process (Xt − rt)t≥0 and hence (Xt/t)t∈(0,ε] visits r infinitely often for every
ε > 0. These visits, however, are brief since X is abrupt and thus ET (I) < ∞ for
all bounded intervals I.

In the finite variation case, our ability to obtain a complete picture of how and
where smoothness of the derivative C ′ fails is due to the fact that, for every open
interval I, the process (Xt/t)t∈(0,ε] spends all of the (resp. no) time in I for all
sufficiently small ε > 0 if the limit limt↓0Xt/t lies inside (resp. outside) of I. In
order to establish Conjectures 4.9 and 4.10, we would need a better understanding
(in the infinite variation case) of how much time the process (Xt/t)t∈(0,1] spends on
any bounded interval. Such a result would allow us to apply Theorem 4.18 above
to obtain the conjectured dichotomy. However, a result of this type appears to be
delicate because the jumps of (Xt/t)t∈(0,ε] visit all bounded intervals infinitely many
times for all ε > 0 whenever the positive and negative jumps of X both have infinite
variation. (Recall that if

∫
(−1,0) |x|ν(dx) <∞ or

∫
(0,1) xν(dx) <∞, then the process

X creeps and is therefore abrupt.) Indeed, let ∆t := Xt −Xt− denote the jump of
X at time t > 0 and let Ξ =

∑
∆t ̸=0 δ(t,∆t) be the Poisson random measure on the

set (0,∞)× (R \ {0}) of the jumps of X with mean measure Leb ⊗ ν. For any ε >
0, the Poisson variable T (I) :=

∑
t∈(0,ε] 1I(∆t/t) =

∫
(0,ε]×(R\{0}) 1I(x/t)Ξ(dt,dx)

is infinite a.s. for any interval I = [a, b) ⊂ (0,∞) since its mean is infinite: by
Campbell’s formula,

ET ([a, b)) =

∫
(0,∞)

∫ ε

0
1[a,b)(x/t)dtν(dx) ≥

(
1
a −

1
b

) ∫
(0,aε]

xν(dx) = ∞.

Theorem 4.1 can be rephrased as follows: for a given interval I, we have |S∩I| =
∞ a.s. if and only if ET (I) = ∞ where we recall T (I) =

∫ 1
0 1I(Xt/t)t

−1dt. In light
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of Theorem 4.18, it is natural to speculate that something stronger is true, namely,
ET (I) = ∞ if and only if T (I) = ∞ a.s. We make the final observation that this
occupation measure equals the total time Xt/t spends in I under an exponential
change of variable: T (I) =

∫∞
0 1I(Xe−u/e−u)du. This emphasis on the time spent

by Xt/t over exponentially small times is in line with the geometric decay of the
length of the sticks in the stick-breaking representation for the convex minorant C,
the main tool in proving Theorem 4.1.
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Chapter 5

How smooth can a convex hull of
a Lévy path be?

§5.1 Introduction

The class of Lévy processes with paths whose graphs have convex hulls in the plane
with smooth boundary almost surely was characterised in Chapter 4. In fact, as
explained in Chapter 4, to understand whether the boundary is smooth at a point
with tangent of a given slope, it suffices to analyse whether the right-derivative
C ′ = (C ′(t))t∈(0,T ) of the convex minorant C = (C(t))t∈[0,T ] of a Lévy process
X = (Xt)t∈[0,T ] is continuous as it attains that slope (recall C from Definition 2.16).
The main objective of this chapter is to quantify the smoothness of the boundary of
the convex hull of X by quantifying the modulus of continuity of C ′ via its lower and
upper functions. In the case of times 0 and T , we quantify the degree of smoothness
of the boundary of the convex hull by analysing the rate at which |C ′(t)| → ∞ as t
approaches either 0 or T (see YouTube [14] for a short presentation of the results).

It is known that C is a piecewise linear convex function (see e.g. Theorem 2.18
or [64]) and the image of the right-derivative C ′ over the open intervals of linearity
of C is a countable random set S with a.s. deterministic limit points that do not
depend on the time horizon T , see Theorem 4.1. These limit points of S determine
the continuity of C ′ on (0, T ) outside of the open intervals of constancy of C ′, see §4.5.
Indeed, the vertex time process τ = (τs)s∈R, given by τs := inf{t ∈ (0, T ) : C ′(t) >

s} ∧ T (where a ∧ b := min{a, b} and inf ∅ := ∞), is the right-inverse of the non-
decreasing process C ′. The process τ finds the times in [0, T ] of the vertices of the
convex minorant C (see §2.4 or [38, Sec. 2.3]), so the only possible discontinuities of
C ′ lie in the range of τ . Clearly, it suffices to analyse only the times τs for which
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C ′ is non-constant on the interval [τs, τs + ε) for every ε > 0 (otherwise, τs is the
time of a vertex isolated from the right). At such a time, the continuity of C ′ can
be described in terms of a limit set of S. In this chapter we analyse the quality of
the right-continuity of C ′ at such points. By time reversal, analogous results apply
for the left-continuity of t 7→ C ′(t) on (0, T ) (i.e., as t ↑ τs for s ∈ R) and for the
explosion of C ′(t) as t ↑ T . Throughout this chapter, the variable s ∈ R will be
reserved for slope, indexing the vertex time process τ .

§5.1.1 Contributions

We describe the small-time fluctuations of the derivative of the boundary of the
convex hull of X at its points of smoothness. This requires studying the local growth
of C ′ in two regimes: at finite slope (FS) s in the deterministic set L∗ ⊂ R of points
s that are a.s. in the set L+(S) of right-limit points1 of the set of slopes S and
at infinite slope (IS) for Lévy processes of infinite variation, see Figure 5.1 below.
In terms of times, regime (FS) with s ∈ L∗ analyses how C ′ leaves the slope s at
vertex time τs in [0, T ) and regime (IS) analyses how C ′ enters from −∞ at time
0 = limu↓−∞ τu. At all other times t ∈ (0, T )\{τs : s ∈ L∗}, the derivative C ′ is a.s.
constant on [t, t+ ε) for some sufficiently small ε > 0. In particular, in what follows
we exclude all Lévy processes that are compound Poisson with drift, since C ′ only
takes finitely many values in that case.

0.0 0.1 0.2 0.3 0.4 0.5 0.6

t

−1.0

−0.8

−0.6

−0.4

−0.2

0.0
Lévy path Xt

Convex minorant Ct

0.0 0.1 0.2 0.3 0.4 0.5

t

0.00

0.05

0.10

0.15

Post−τ0 Lévy path Xt+τ0
− Xτ0

Post−τ0 convex minorant Ct+τ0
− Cτ0

Figure 5.1: The picture on the left shows the path of an α-stable Lévy process X with
α ∈ (1, 2) and its convex minorant C starting at time 0. The picture on the right shows
the post-minimum process (Xt+τ0 − Xτ0)t∈[0,T−τ0] of an α-stable process with α ∈ (0, 1)
and its corresponding convex minorant (C(t+ τ0)−C(τ0))t∈[0,T−τ0]. Note that, in the case
α ∈ (0, 1), the derivative C ′ is continuous only at τ0, i.e. at t = 0 in the graph, and at no
other contact point between the path and its convex minorant.

1A point x is a right-limit point of A ⊂ R, denoted x ∈ L+(A) if A ∩ (x, x+ ε) ̸= ∅ for all ε > 0
(see also §4.5).
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Regime (FS): C ′ immediately after τs. Given a slope s ∈ R, we have s /∈ S
a.s. by Theorem 2.18 since the law of X is diffuse. By Theorem 4.1, s ∈ L∗ if
and only if, with probability 1, the derivative C ′ attains level s at a unique time
τs ∈ (0, T ) (i.e. C ′(τs) = s) and is not constant on every interval [τs, τs + ε), ε > 0,
a.s. Moreover, s ∈ L∗ if and only if

∫ 1
0 P(Xt/t ∈ (s, s + ε))t−1dt = ∞ for all

ε > 0. The regime (FS) includes an infinite variation process X if it is strongly
eroded (implying L∗ = R) or, more generally, if (Xt − st)t≥0 is eroded (implying
s ∈ L∗), see Chapter 4. Moreover, regime (FS) includes a finite variation process
X at slope s ∈ L∗ if and only if the natural drift γ0 = limt↓0Xt/t equals s and∫ 1
0 P(Xt > γ0t)t

−1dt = ∞ or, equivalently, if the positive half-line is regular for
(Xt − γ0t)t≥0 (see Corollary 4.4 for a characterisation in terms of the Lévy measure
of X or its characteristic exponent).

Our results in regime (FS) are summarised as follows. For any process with
s ∈ L∗, Theorem 5.2 establishes general sufficient conditions identifying when the
limit lim inft↓0(C

′(t+ τs)− s)/f(t) is either 0 a.s. or ∞ a.s. In particular, we show
that lim inft↓0(C

′(t+ τs)− s)/f(t) cannot take a positive finite value if X has jumps
of both signs and is an α-stable with α ∈ (0, 1] (recall that, if α > 1, then L∗ = ∅
by Proposition 4.6).

For processes X in the small-time domain of attraction of an α-stable process
with α ∈ (0, 1) (see §5.2.2 below for definition), Theorem 5.7 finds a parametric
family of functions f that essentially determine the upper fluctuations of C ′(t +
τs) − s up to sublogarithmic factors. In particular, Theorem 5.7 determines when
lim supt↓0(C

′(t+ τs)− s)/f(t) equals 0 a.s. or ∞ a.s., essentially characterising the
right-modulus of continuity2 of C ′ at τs. The family of functions f is given in terms
of the regularly varying normalising function of X.

Regime (IS): C ′ immediately after 0. The boundary of the convex hull of X
is smooth at the origin if and only if limt↓0C

′(t) = −∞ a.s., which is equivalent to X
being of infinite variation (see Proposition 4.5 & §4.1.1.2). If X has finite variation,
then C ′ is bounded (see Proposition 4.3). In this case, C ′ has positive probability of
being non-constant on the interval [0, ε) for every ε > 0 if and only if the negative
half-line is not regular. Moreover, if this event occurs, then C ′(t) approaches the
natural drift γ0 as t ↓ 0 by Proposition 4.3(b) and the local behaviour of C ′ at
0 would be described by the results of regime (FS). Thus, in regime (IS) we only
consider Lévy processes of infinite variation.

Results in regime (IS) are summarised as follows. For any infinite variation pro-
2We say that a non-decreasing function φ : [0,∞) → [0,∞) is a right-modulus of continuity of

a right-continuous function g at x ∈ R if lim supy↓x |g(y)− g(x)|/φ(y − x) < ∞.
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cess X, Theorem 5.9 establishes general sufficient conditions for lim supt↓0 |C ′(t)|f(t)
to equal either 0 a.s. or ∞ a.s. In particular, we show that lim supt↓0 |C ′(t)|f(t) can-
not take a positive finite value if X is α-stable with α ∈ [1, 2) and has (at least some)
negative jumps.

If the Lévy process lies in the domain of attraction of an α-stable process, with
α ∈ (1, 2], Theorem 5.13 finds a parametric family of functions f that essentially
determine the lower fluctuations of C ′ up to sublogarithmic functions. The function
f is given in terms of the regularly varying normalising function of X. Again, these
results describe the right-modulus of continuity of the derivative of the boundary
of the convex hull of X (as a closed curve in R2) at the origin. In this case, for a
sufficiently small ε > 0, we may locally parametrise the curve ((t, C(t)); t ∈ [0, ε]), as
((ς(t), t); t ∈ [C(ε), 0]), using a local inverse ς(t) of C(t) with left-derivative ς ′(t) =
1/C ′(ς(t)) that vanishes at 0 (since limt↓0 1/|C ′(t)| = 0 a.s.). Thus, the left-modulus
of continuity of ς at 0 is described by the upper and lower limits of (|C ′(t)|f(t))−1

as t ↓ 0, the main focus of our results in this regime.
Consequences for the path of a Lévy process and its meander. In §5.2.5

we present some implications the results in this chapter have for the path of X. We
find that, under certain conditions, the local fluctuations of X can be described
in terms of those of C ′, yielding novel results for the local growth of the post-
minimum process of X and the corresponding Lévy meander (see Lemma 5.15 and
Corollaries 5.16 and 5.17 below).

§5.1.2 Strategy and ideas behind the proofs

An overview of the proofs of our results is as follows. First we show that, under
our assumptions, the local properties of C ′ do not depend on the time horizon T .
This reduces the problem to the case where the time horizon T is independent of X
and exponentially distributed. When T ∼ Exp(λ), we denote the convex minorant
by (Ĉ(t))t∈[0,T ], with the corresponding right-derivative denoted by Ĉ ′. Second, we
translate the problem of studying the local behaviour of Ĉ ′ to the problem of studying
the local behaviour of its inverse: the vertex time process τ̂ . Third, we exploit the
fact that, since the time horizon T is an independent exponential random variable
with mean 1/λ, the vertex time process τ̂ is a time-inhomogeneous non-decreasing
additive process (i.e., a process with independent but non-stationary increments)
and its Laplace exponent is given by (see Theorem 2.23)

E[e−wτ̂u ] = e−Φu(w), Φu(w) :=

∫ ∞
0

(1− e−wt)e−λtP(Xt ≤ ut)
dt

t
, (5.1)
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for all w ≥ 0 and u ∈ R. These three observations reduce the problem to the analysis
of the fluctuations of the additive process τ̂ .

The local properties of Ĉ ′ are entirely driven by the small jumps of X. However,
different facets of the small-jump activity of X dominate in each regime, resulting
in related but distinct results and criteria. Indeed, regime (FS) corresponds to the
short-term behaviour of τ̂s+u − τ̂s as u ↓ 0 while regime (IS) corresponds to the
long-term behaviour of τ̂u as u → −∞ (note that, when X is of infinite variation,
τ̂u > 0 for u ∈ R and limu→−∞ τ̂u = 0 a.s.). This bears out in a difference in the
behaviour of the Laplace exponent Φ of τ̂ at either bounded or unbounded slopes
and leads to an interesting diagonal connection in behaviour that we now explain.

Our main tool is the novel description of the upper and lower fluctuations of a
non-decreasing time-inhomogeneous additive process Y started at Y0 = 0, in terms
of its time-dependent Lévy measure and Laplace exponent. In our applications, the
process Y is given by (τ̂u+s− τ̂s)u≥0 in regime (FS) and (τ̂−1/u)u≥0 (with conventions
−1/0 = −∞ and τ̂−∞ = 0) in regime (IS). Then our main technical tools, Theor-
ems 5.22 & 5.24 of §5.3 below, describing the upper and lower fluctuations of Y , also
serve to describe the lower and upper fluctuations, respectively, of the right-inverse
L of Y . Since, in regime (FS), we have Ĉ ′(t + τ̂s) − s = Lt but, in regime (IS), we
have Ĉ ′(t) = −1/Lt, the lower (resp. upper) fluctuations of Ĉ ′ in regime (FS) will
have a similar structure to the upper (resp. lower) fluctuations of Ĉ ′ in regime (IS).
This diagonal connection is a priori surprising as the processes considered by either
regime need not have a clear connection to each other. Indeed, regime (FS) considers
most finite variation processes and only some infinite variation processes while re-
gime (IS) considers exclusively infinite variation processes. This diagonal connection
is reminiscent of the duality between stable process with stability index α ∈ (1, 2]

and a corresponding stable process with stability index 1/α ∈ [1/2, 1) arising in the
famous time-space inversion first observed by Zolotarev for the marginals and later
studied by Fourati [34] for the ascending ladder process (see also [45] for further
extensions of this duality).

The lower and upper fluctuations of the corresponding process Y require vary-
ing degrees of control on its Laplace exponent Φ in (5.1). The assumptions of
Theorem 5.22 require tight two-sided estimates of Φ, not needed in Theorem 5.24.
When applying Theorem 5.22, we are compelled to assume X lies in the domain
of attraction of an α-stable process. In regime (FS) this assumption yields sharp
estimates on the density of Xt as t ↓ 0, which in turn allows us to control the term
P(0 < Xt − st ≤ ut) for small t > 0 in the Laplace exponent Φs+u −Φs of τ̂u+s − τ̂s

as u ↓ 0, cf. (5.1) above. The growth rate of the density of Xt as t ↓ 0 is controlled
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is by lower estimates on the small-jump activity of X given in Lemma 5.33 below, a
refinement of the results in [62] for processes attracted to a stable process. In regime
(IS) we require control over the negative tail probabilities P(Xt ≤ ut) for small t > 0

appearing in the Laplace exponent Φu of τ̂u as u→ −∞, cf. (5.1). The behaviour of
these tails are controlled by upper estimates of the small-jump activity of X, which
are generally easier to obtain. In this case, moment bounds for the small-jump com-
ponent of the Lévy process and the convergence in Kolmogorov distance implied by
the attraction to the stable law, give sufficient control over these tail probabilities.

§5.1.3 Connections with the literature

In [21], Bertoin finds the law of the convex minorant of Cauchy process on [0, 1] and
finds the exact asymptotic behaviour (in the form of a law of interated logarithm
with a positive finite limit) for the derivative C ′ at times 0, 1 and any τs, s ∈ R. The
methods in [21] are specific to Cauchy process with its linear scaling property, making
the approach hard to generalise. In fact, the results in [21] are a direct consequence
of the fact that the vertex time process τ̂ has a Laplace transform Φ in (5.1) that
factorises as Φu(w) = P(X1 ≤ u)Φ∞(w), making τ̂ a gamma subordinator under the
deterministic time-change u 7→ P(X1 ≤ u), cf. Example 5.2 below.

Paul Lévy showed that the boundary of the convex hull of a planar Brownian
motion has no corners at any point, see [51], motivating [30] to characterise the
modulus of continuity of the derivative of that boundary. Given the characterisation
of the smoothness of the convex hull of a Lévy path in Chapter 4, the results in
this chapter are likewise motivated by the study of the modulus of continuity of the
derivative of the boundary in this context.

The literature on the growth rate of the path of a Lévy process X is vast, par-
ticularly for subordinators, see e.g. [20, 36, 37, 47, 71, 72, 83]. The authors in [36, 37]
study the growth rate of a subordinator at 0 and ∞. In [36] (see also [20, Prop 4.4])
Fristedt fully characterises the upper fluctuations of a subordinator in terms of its
Lévy measure, a result we generalise in Theorem 5.24 to processes that need not
have stationary increments. In [20, Thm 4.1] (see also [37, Thm 1]), a function es-
sentially characterising the exact lower fluctuations of a subordinator is constructed
in terms of its Laplace exponent. These methods are not easily generalised to the
time-inhomogeneous case since the Laplace exponent is now bivariate and there is
neither a one-parameter lower function to propose nor a clear extension to the proofs.

In [68], Sato establishes results for time-inhomogeneous non-decreasing additive
processes similar to our result in §5.3. The assumptions in [68] are given in terms of
the transition probabilities of the additive process, which are generally intractable,
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particularly for the processes (τ̂−1/u)u>0 and (τ̂u+s − τ̂s)u≥0, considered here. Our
results are also easier to apply in other situations as well, for example, to fractional
Poisson processes (see definition in [16]).

The upper fluctuations of a Lévy process at zero have been the topic of numerous
studies, see [17, 72] for the one-sided problem and [47, 71, 83] for the two-sided
problem. Similar questions have been considered for more general time-homogeneous
Markov processes [29, 50]. The time-homogeneity again plays an important role in
these results. The lower fluctuations of a stochastic process is only qualitatively
different from the upper fluctuations if the process is positive. This is the reason why
this problem has mostly only been addressed for subordinators (see the references
above) and for the running supremum of a Lévy process, see e.g. [7]. We stress that
the results in this chapter, while related in spirit to this literature, are fundamentally
different in two ways. First, we study the derivative of the convex minorant of a Lévy
path on [0, T ], which (unlike e.g. the running supremum) cannot be constructed
locally from the restriction of the path of the Lévy process to any short interval.
Second, the convex minorant and its derivative are neither Markovian nor time-
homogeneous. In fact, the only result in our context prior to our work is in the
Cauchy case [21], where the derivative of the convex minorant is an explicit gamma
process under a deterministic time-change, cf. Example 5.2 below.

§5.1.4 Organisation of the chapter

In §5.2 we present the main results of this chapter, and the section is split in four,
according to regimes (FS) and (IS) and whether the upper or lower fluctuations
of C ′ are being described. The implications of the results in §5.2 for the Lévy
process and meander are covered in §5.2.5. In §5.3, technical results for general
time-inhomogeneous non-decreasing additive processes are established. In §5.4 we
recall from [38] the definition and law of the vertex time process τ and provide the
proofs of the results stated in §5.2. The chapter is concluded with §5.6.

§5.2 Growth rate of the derivative of the convex minor-
ant

Let X = (Xt)t≥0 be an infinite activity Lévy process, and let C = (C(t))t∈[0,T ] be
the convex minorant of X on [0, T ] for some T > 0. In this section we analyse the
growth rate of the right derivative of C, denoted by C ′ = (C ′(t))t∈(0,T ), near time
0 and at the vertex time τs = inf{t > 0 : C ′(t) > s} ∧ T of the slope s ∈ R (i.e.,
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the first time C ′ attains slope s). More specifically, we give sufficient conditions to
identify the values of the possibly infinite limits (for appropriate increasing functions
f with f(0) = 0): lim supt↓0(C

′(t + τs) − s)/f(t) & lim inft↓0(C
′(t + τs) − s)/f(t)

in the finite slope (FS) regime and lim supt↓0 |C ′(t)|f(t) & lim inft↓0 |C ′(t)|f(t) in
the infinite slope (IS) regime. The values of these limits are constants in [0,∞]

a.s. by Corollary 5.32 below. We note that these limits are invariant under certain
modifications of the law of X, which we describe in the following remark.

Remark 5.1.
(a) Let P be the probability measure on the space where X is defined. If the

following limits lim supt↓0 |C ′(t)|f(t), lim inft↓0 |C ′(t)|f(t), lim supt↓0(C
′(t+τs)−

s)/f(t) and lim inft↓0(C
′(t+τs)−s)/f(t) are P-a.s. constant, then they are also

P′-a.s. constant with the same value for any probability measure P′ absolutely
continuous with respect to P. In particular, we may modify the Lévy measure
of X on the complement of any neighborhood of 0 without affecting these limits
(see e.g. Theorems A.16 & A.17).

(b) We may add a drift process to X without affecting the limits at 0 since such
a drift would only shift |C ′(t)| by a constant value and f(t) → 0 as t ↓ 0.
Similarly, for the limits of (C ′(t + τs) − s)/f(t) as t ↓ 0, it suffices to analyse
the post-minimum process (i.e., the vertex time τ0) of the process (Xt − st)t≥0.
For ease of reference, our results are stated for a general slope s. ♢

§5.2.1 Regime (FS): lower functions at time τs

The following theorem describes the lower fluctuations of C ′(t + τs) − s as t ↓ 0.
Recall that L∗ is the deterministic set of points that are a.s. right-limit points of
the set of slopes S.

Theorem 5.2. Let s ∈ L∗ and f be continuous and increasing, satisfying f(t) ≤
1 = f(1) for t ∈ (0, 1] and f(0) = 0 = limc↓0 lim supt↓0 f(ct)/f(t). Let c > 0 and
consider the following conditions:∫ 1

0
P(0 < (Xt − st)/t ≤ f(t/c))

dt

t
<∞, (5.2)∫ 1

0
E

[
t

f−1((Xt − st)/t)2
1{f(t/2)<(Xt−st)/t≤1}

]
dt <∞, (5.3)

2n
∫ 2−n

0
P(f(t/2) < (Xt − st)/t ≤ f(2−n))dt→ 0, as n→ ∞. (5.4)

Then the following statements hold.
(i) If (5.2)–(5.4) hold for c = 1, then lim inft↓0(C

′(t+ τs)− s)/f(t) = ∞ a.s.
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(ii) If (5.2) fails for every c > 0, then lim inft↓0(C
′(t+ τs)− s)/f(t) = 0 a.s.

(iii) If lim inft↓0(C
′(t+ τs)− s)/f(t) > 1 a.s., then (5.2) holds for any c > 1.

Some remarks are in order.

Remark 5.3.
(a) Any continuous regularly varying function f of index r > 0 satisfies the as-

sumption in the theorem: limc↓0 limt↓0 f(ct)/f(t) = limc↓0 c
r = 0. Moreover,

the assumption f(t) ≤ 1 = f(1) for t ∈ (0, 1] is not necessary but makes condi-
tions (5.2)–(5.4) take a simpler form.

(b) The proof of Theorem 5.2 is based on the analysis of the upper fluctuations of τ
at slope s. Condition (5.2) ensures (τu+s−τs)u≥0 jumps finitely many times over
the boundary u 7→ f−1(u), condition (5.4) makes the small-jump component of
(τu+s − τs)u≥0 (i.e. the sum of the jumps at times v ∈ [s, u+ s] of size at most
f−1(v)) have a mean that tends to 0 as u ↓ 0 and condition (5.3) controls the
deviations of (τu+s − τs)u≥0 away from its mean.

(c) Eq. (5.4) holds if
∫ 1
0 P(f(2

−nt/2) < (X2−nt − s2−nt)/(2−nt) ≤ f(2−n))dt → 0

as n→ ∞, which, by the dominated convergence theorem, holds if we have the
limit P(f(u/2) < (Xu − su)/u ≤ f(u/t)) → 0 as u ↓ 0 for a.e. t ∈ (0, 1).

(d) Condition (5.3) in Theorem 5.2 requires access to the inverse f−1 of the function
f . In the special case when the function f is concave, this assumption can be
replaced with an assumption given in terms of f (cf. Proposition 5.26 and
Corollary 5.28). However, it is important to consider non-concave functions f ,
see Corollary 5.4 below. ♢

§5.2.1.1 Simple sufficient conditions for the assumptions of Theorem 5.2

Let f be as in Theorem 5.2. By Theorem 5.24(c) below (with measure Π(dx,dt) =

P((Xt − st)/t ∈ dx)t−1dt), the following condition implies (5.3)–(5.4):∫ 1

0
E

[
1

f−1((Xt − st)/t)
1{f(t/2)<(Xt−st)/t≤1}

]
dt <∞. (5.5)

If estimates on the density ofXt are available (e.g., via assumptions on the generating
triplet of X), (5.5) can be simplified further, see Corollary 5.4 below.

Throughout the chapter, we denote by (σ2, γ, ν) the generating triplet of X
(corresponding to the cutoff function x 7→ 1(−1,1)(x), see §2.2). For ε > 0, we
recall γ(ε) =

∫
(−1,1)\(−ε,ε) xν(dx) and σ2(ε) = σ2+(ε) + σ2−(ε) from (2.2), where

σ2+(ε) :=
∫
(0,ε) x

2ν(dx) and σ2−(ε) :=
∫
(−ε,0) x

2ν(dx). Recall that, in regime (FS), we
have σ2 = 0 (see Proposition 4.6).

Corollary 5.4. Fix β ∈ (0, 1] and let s ∈ L∗ and f be as in Theorem 5.2.
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(a) If lim infε↓0 ε
β−2(σ2(ε) + σ2) > 0, f is differentiable with positive derivative

f ′ > 0 and the integrals
∫ 1
0

∫ 1
t/2(f

′(y)/y)t1−1/βdydt and
∫ 1
0 t
−1/βf(t)dt are finite,

then lim inft↓0(C
′(t+ τs)− s)/f(t) = ∞ a.s.

(b) Assume
∫ 1
0 ((t

−1/βf(t)) ∧ t−1)dt = ∞ and either of the following hold:
(i) (σ2(ε) + σ2) ≈ ε and |γ(ε)| = O(1) as ε ↓ 0,
(ii) β ∈ (0, 1) and σ2±(ε) ≈ ε2−β as ε ↓ 0 for both signs of ±,
then lim inft↓0(C

′(t+ τs)− s)/f(t) = 0 a.s.

We stress that the sufficient conditions in Corollary 5.4 are all in terms of the
characteristics of the Lévy process X and the function f .

Remark 5.5.
(a) The assumptions in Corollary 5.4 are satisfied by most processes in the class

Zα,ρ of Lévy processes in the small-time domain of attraction of an α-stable
distribution, see §5.2.2 below (cf. (2.6)). Thus, the assumptions of part (a) in
Corollary 5.4 hold for any X ∈ Zα,ρ and β < α (by Karamata’s theorem in
Theorem A.55, we can take β = α if the normalising function g of X satisfies
lim inft↓0 t

−1/αg(t) > 0). Moreover, the assumptions of cases (b-i) and (b-ii)
hold for processes in the domain of normal attraction (i.e. if the normalising
function equals g(t) = t1/α for all t > 0) with ρ ∈ (0, 1) and β = α ∈ (0, 1], see
Theorem 2.12. In particular, these assumptions are satisfied by stable processes
with α ∈ (0, 1] and ρ ∈ (0, 1).

(b) Both integrals in part (a) of Corollary 5.4 are finite or infinite simultaneously
whenever f ′ is regularly varying at 0 with nonzero index by Karamata’s theorem
(see Theorem A.55). Thus, in that case, under the conditions of either (b-i) or
(b-ii), the limit lim inft↓0(C

′(t+τs)−s)/f(t) equals 0 or ∞ according to whether∫ 1
0 t
−1/βf(t)dt is infinite or finite, respectively.

(c) The case β > 1 is not considered in Corollary 5.4(a) and (b-ii) since in this case
we would have L∗ = ∅ by Proposition 4.6. ♢

Proof of Corollary 5.4. Assume without loss of generality that s = 0 ∈ L∗ (equival-
ently, we consider the process (Xt − st)t≥0 for s ∈ L∗).

(a) Our assumptions and Theorem A.19 show that the density x 7→ pX(t, x) of
Xt exists for t > 0 and moreover supx∈R pX(t, x) ≤ Ct−1/β for some C > 0 and all
t ∈ (0, 1]. Thus, (5.5) is implied by∫ 1

0

∫ t

tf(t/2)

1

f−1(x/t)
t−1/βdxdt =

∫ 1

0

∫ 1

t/2

f ′(y)

y
t1−1/βdydt <∞, (5.6)

where we have used the change of variable x = tf(y). Similarly, the bound on the
density of Xt shows that condition (5.2) holds if

∫ 1
0 t
−1/βf(t)dt < ∞. Thus, the
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result follows from Theorem 5.2.
(b) In either case (i) or (ii), our assumptions and Theorem A.20 show that

Ct−1/β ≤ pX(t, x) for some C > 0 and all |x| ≤ t1/β . Thus P(0 < Xt ≤ tf(t/c)) ≥
((tf(t/c)) ∧ t1/β)Ct−1/β , implying that (5.2) fails for some c > 0 whenever we have∫ 1
0 ((t

−1/βf(t/c))∧t−1)dt = ∞. A simple change of variables shows that this integral
is either finite for all c > 0 or infinite for all c > 0. The result then follows from
Theorem 5.2(ii).

The following is another simple corollary of Theorem 5.2. This result can also
be established using similar arguments to those used to prove Corollary 2.25

Corollary 5.6. Let X be a Cauchy process, f be as in Theorem 5.2 and pick s ∈ R.
Then lim inft↓0(C

′(t+ τs)−s)/f(t) equals 0 (resp. ∞) a.s. if
∫ 1
0 t
−1f(t)dt is infinite

(resp. finite).

Proof. Assume without loss of generality that s = 0. Then the law of Xt/t does not
depend on t > 0 and hence the integral in (5.5) equals∫ 1

0
E

[
1{t/2<f−1(X1)≤1}

f−1(X1)

]
dt = E

[ ∫ 1

0

1{t/2<f−1(X1)≤1}

f−1(X1)
dt

]
≤ 2P(X1 ∈ (0, 1]) <∞.

Moreover, condition (5.2) simplifies to
∫ 1
0 P(0 < X1 ≤ f(t/c))t−1dt < ∞, which is

equivalent to the integral
∫ 1
0 t
−1f(t/c)dt being finite since X1 has a bounded density

that is bounded away from zero on [0, 1]. The change of variables t′ = t/c shows that
this integral is either finite for all c > 0 or infinite for all c > 0. Thus, Theorem 5.2
gives the result.

§5.2.2 Regime (FS): upper functions at time τs

The upper fluctuations of C ′(t+ τs)− s are harder to describe than the lower fluc-
tuations studied in §5.2.1 above. The main reason for this is that in Theorem 5.7
below the lim sup of C ′ at a vertex time τs can be expressed in terms of the lim inf

of the vertex time process τ , which requires strong two-sided control on the Laplace
exponent Φu+s(w) − Φs(w), defined in (5.1), of the variable τu+s − τs as w → ∞
and u ↓ 0. (In the proof of Theorem 5.2, lim sup of the vertex time process τ is
needed, which is easier to control.) In turn, by (5.1), this requires sharp two-sided
estimates on the probability P(0 < Xt − st ≤ ut) as a function of (u, t) for small
u, t > 0. In particular, it is important to have strong control on the density of Xt

for small t > 0 on the “pizza slice” {(t, x) : s < x/t ≤ u+ s} as u ↓ 0. We establish
these estimates for the processes in the domain of attraction of an α-stable process,
leading to Theorem 5.7 below.
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We denote by Zα,ρ the class of Lévy processes in the small-time domain of
attraction of an α-stable process with positivity parameter ρ ∈ [0, 1] (see (2.6)). In
the case α < 1, relevant in the regime (FS) at slope s equal to the natural drift γ0,
for each Lévy process X ∈ Zα,ρ there exists a normalising function g that is regularly
varying at 0 with index 1/α and an α-stable process (Zu)u∈[0,T ] with ρ = P(Z1 >

0) ∈ [0, 1] such that the weak convergence ((Xut − γ0ut)/g(t))u∈[0,T ]
d→ (Zu)u∈[0,T ]

holds as t ↓ 0. Given X ∈ Zα,ρ with normalising function g, we define G(t) := t/g(t)

for t ∈ (0,∞).

Theorem 5.7. Suppose X ∈ Zα,ρ for some α ∈ (0, 1) and ρ ∈ (0, 1]. Define
f : (0, 1) → (0,∞) through f(t) := 1/G(t logp(1/t)), t ∈ (0, 1), for some p ∈ R.
Then the following hold for s = γ0:

(i) if p > 1/ρ, then lim supt↓0(C
′(t+ τs)− s)/f(t) = 0 a.s.,

(ii) if p < 1/ρ, then lim supt↓0(C
′(t+ τs)− s)/f(t) = ∞ a.s.

The class Zα,ρ is quite large and the assumption X ∈ Zα,ρ is essentially reduced
to the Lévy measure of X being regularly varying at 0, see Theorem 2.12. In partic-
ular, α agrees with the Blumenthal–Getoor index β+ defined in (2.3). Moreover, for
α < 1 and ρ ∈ (0, 1], the assumption X ∈ Zα,ρ implies that X is of finite variation
with P(Xt − γ0t > 0) → ρ as t ↓ 0, implying L∗ = {γ0} by Proposition 4.3 and
Corollary 4.4.

Note that the function f in Theorem 5.7 is regularly varying at 0 with index
1/α − 1. The appearance of the positivity parameter ρ, a nontrivial function of
the Lévy measure of X, in Theorem 5.7 suggests that the upper fluctuations of
C ′ at time τs (for s = γ0) are more delicate than its lower fluctuations described
in Theorem 5.13. Indeed, if X ∈ Zα,ρ is in the domain of normal attraction (i.e.
g(t) = t1/α) and ρ ∈ (0, 1), then the fluctuations of C ′ at vertex time τs, char-
acterised by Corollary 5.4(a) & (b-ii) (with β = α) and Remark 5.5(a), do not
involve parameter ρ. In particular, by Theorem 5.7 and Corollary 5.4(b-ii), we have
lim inft↓0(C

′(t + τs) − s)/f(t) = 0 and lim supt↓0(C
′(t + τs) − s)/f(t) = ∞ a.s.

for f(t) = t1/α−1 logq(1/t) and any q ∈ [−1, (1/α − 1)/ρ), demonstrating the gap
between the lower and upper fluctuations of C ′ at vertex time τs.

Remark 5.8.
(a) The case where X is attracted to Cauchy process with α = 1 is expected to

hold for the functions f in Theorem 5.7. For such X ∈ Z1,ρ, a multitude of
cases arise including X having (i) less activity (e.g., X is of finite variation),
(ii) similar amount of activity (i.e., X is in the domain of normal attraction)
or (iii) more activity than Cauchy process (see, e.g. Examples 4.1–4.2. In
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terms of the normalising function g of X, these cases correspond to the limit
limt↓0 t

−1/αg(t) being equal to: (i) zero, (ii) a finite and positive constant or (iii)
infinity. (Recall that in cases (ii) and (iii) X is strongly eroded with L∗ = R, see
Examples 4.1–4.2, and in case (i) X may be strongly eroded, by Theorem 4.8,
or of finite variation with L∗ = {γ0} by Proposition 4.3 and the fact that
limt↓0P(Xt > 0) = ρ ∈ (0, 1).) However, we stress that our methodology can be
used to obtain a description of the lower fluctuations of C ′ at τs in cases (i), (ii)
and (iii). This would require an application of Theorem 5.22 along with two-
sided estimates of the Laplace exponent Φ of the vertex time process in (5.1),
generalising Lemma 5.34 to the case α = 1. In the interest of brevity we do not
give the details of this extension.

(b) The boundary case p = 1/ρ can be analysed along similar lines. In fact, our
methods can be used to get increasingly sharper results, determining the value
of lim supt↓0(C

′(t + τs) − s)/f(t) for functions f containing powers of iterated
logarithms, when stronger control over the densities of the marginals of X is
available. Such refinements are possible when X is a stable process cf. §5.6. In
particular, we may prove the following law of iterated logarithm given in (2.9)
for a Cauchy process X with density x 7→ pX(t, x) at time t > 0: for any s ∈ R
and the function f(t) = (log log log(1/t))/ log(1/t), we have lim supt↓0(C

′(t +

τs)− s)/f(t) = 1/pX(1, s) a.s. ♢

§5.2.3 Regime (IS): upper functions at time 0

Throughout this subsection we assume X has infinite variation, which is equivalent
to lim inft↓0C

′(t) = −∞ a.s. by §4.1.1.2. The following theorem describes the upper
fluctuations of C ′(t) as t ↓ 0.

Theorem 5.9. Let f be continuous and increasing with limc↓0 lim supt↓0 f(ct)/f(t) =

0, f(0) = 0 and f(t) ≤ 1 = f(1) for t ∈ (0, 1]. Let c > 0, denote F (t) := t/f(t) for
t > 0 and consider the conditions∫ 1

0
P(Xt ≤ −cF (t))dt

t
<∞, (5.7)∫ 1

0
E[(Xt/F (t))

2
1{−2F (t)<Xt≤−t}]

dt

t
<∞, (5.8)

2n
∫ 2−n

0
P(−t/f(2−n) ≥ Xt > −2F (t/2))dt→ 0, as n→ ∞. (5.9)

Then the following statements hold.
(i) If (5.7)–(5.9) hold for c = 1 and f is concave, then lim supt↓0 |C ′(t)|f(t) = 0

a.s.
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(ii) If (5.7) fails for all c > 0, then lim supt↓0 |C ′(t)|f(t) = ∞ a.s.
(iii) If lim supt↓0 |C ′(t)|f(t) < 1 a.s., then (5.7) holds for any c > 1.

Some remarks are in order.

Remark 5.10.
(a) Any continuous regularly varying function f of index r > 0 satisfies the assump-

tion in the theorem, see Remark 5.3(a) above.
(b) The proof of Theorem 5.9 is based on the analysis of the upper fluctuations

of the vertex time τ−1/u as u ↓ 0. The interpretation and purpose of condi-
tions (5.7)–(5.9) are analogous to those of conditions (5.2)–(5.4), respectively,
see Remark 5.3(b) above.

(c) Note that (5.9) holds if
∫ 1
0 P(−2F (2−nt/2) < X2−nt ≤ −tF (2−n))dt → 0 as

n → ∞, which, by the dominated convergence theorem, is the case if we have
the limit P(−2F (u/2) < Xu ≤ −tF (u/t)) → 0 as u ↓ 0 for a.e. t ∈ (0, 1).

(d) The assumed concavity of f in part (ii) can be dropped by modifying assump-
tion (5.8) into a condition involving the inverse of f (cf. Corollary 5.28 and
Proposition 5.26). We do not make this explicit in the statement of Theorem 5.9
because the functions of interest in this context are typically concave. ♢

§5.2.3.1 Simple sufficient conditions for the assumptions of Theorem 5.9

The tail probabilities of Xt appearing in the assumptions of Theorem 5.9 are not
analytically available in general. In this subsection we present sufficient conditions,
in terms of the generating triplet (σ2, γ, ν) of X, implying the assumptions in (5.7)–
(5.9) of Theorem 5.9. Let f and F be as in Theorem 5.9 and note that F (t) ∈ (0, 1]

since f is concave with f(1) = 1. The inequalities in Lemma 5.36 (with p = 2, ε =
F (t) ∈ (0, 1] and K = cF (t)), applied to P(|Xt| ≥ cF (t)) and E[min{X2

t , 4F (t)
2}] ≥

E[X2
t 1{|Xt|≤2F (t)}], show that the condition∫ 1

0

[
F (t)−2

(
(γ − γ(F (t)))2t+ σ2(F (t)) + σ2

)
+ ν(F (t))

]
dt <∞, (5.10)

implies (5.7)–(5.8). Similarly, by Remark 5.10(c) and Lemma 5.36, the following
condition implies (5.9):[

F (t)−2
(
(γ − γ(F (t)))2t+ σ2(F (t)) + σ2

)
+ ν(F (t))

]
t→ 0, as t ↓ 0. (5.11)

These simplifications lead to the following corollary.

Corollary 5.11. Suppose ν(ε) + ε−2(σ2(ε) + σ2) + ε−1|γ − γ(ε)| = O(ε−β) as ε ↓ 0

for some β ∈ [1, 2] and, as before, let F (t) = t/f(t). If we have F (t)−βt → 0 as
t→ 0 and

∫ 1
0 F (t)

−βdt <∞, then lim supt↓0 |C ′(t)|f(t) = 0 a.s.
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Proof. By virtue of Theorem 5.9(i), it suffices to verify (5.10) and (5.11). By as-
sumption, we have [F (t)−2(σ2(F (t))+σ2)+ν(F (t))]t = O(F (t)−βt) and F (t)−2(γ−
γ(F (t)))2t2 = O((F (t)−βt)2), which tend to 0 as t ↓ 0, implying (5.11). Condi-
tion (5.10) follows similarly, completing the proof.

Recall the definition of the Blumenthal–Getoor index β+ ∈ [0, 2] from (2.3).
Note that, in our setting, X has infinite variation and hence β+ ≥ 1. Since Iβ <∞
for any β > β+, Lemma 2.5 shows that β satisfies the assumptions of Corollary 5.11.
Hence lim supt↓0 |C ′(t)|tp = 0 a.s. for any p > 1− 1/β+ ∈ [0, 1/2] by Corollary 5.11.

Stronger results are possible when stronger conditions are imposed on the law
of X. For instance, for stable processes we have the following consequence of The-
orem 5.9.

Corollary 5.12. Let X be an α-stable process with α ∈ [1, 2). Then the following
statements hold.
(a) If t 7→ t−1/αF (t) is bounded as t ↓ 0, then lim supt↓0 |C ′(t)|f(t) = ∞ a.s.
(b) If t−1/αF (t) → ∞ as t ↓ 0 and X is not spectrally positive, then the limit

lim supt↓0 |C ′(t)|f(t) is equal to ∞ (resp. 0) a.s. if the integral
∫ 1
0 F (t)

−αdt is
infinite (resp. finite).

Proof. The scaling property of X gives P(Xt ≤ −cF (t)) = P(X1 ≤ −ct−1/αF (t))
for any c, t > 0. If t 7→ t−1/αF (t) is bounded, then lim inft↓0P(Xt ≤ −cF (t)) > 0

making (5.7) fail for all c > 0. In that case, we have lim supt↓0 |C ′(t)|f(t) = ∞ a.s.
by Theorem 5.9(ii), proving part (a).

To prove part (b), suppose X is not spectrally positive and let t−1/αF (t) → ∞
as t ↓ 0. Then xαP(X1 ≤ −x) converges to a positive constant as x → ∞, im-
plying the following equivalence:

∫ 1
0 t
−1P(Xt ≤ −ct−1/αF (t))dt < ∞ if and only

if
∫ 1
0 F (t)

−αdt < ∞, where we note that the last integral does not depend of
c > 0. If

∫ 1
0 F (t)

−αdt < ∞, then (5.10)–(5.11) hold and Theorem 5.9(i) gives
lim supt↓0 |C ′(t)|f(t) = 0 a.s. If instead

∫ 1
0 F (t)

−αdt = ∞, then
∫ 1
0 t
−1P(Xt ≤

−ct−1/αF (t))dt = ∞ for all c > 0, so Theorem 5.9(ii) implies lim supt↓0 |C ′(t)|f(t) =
∞ a.s., completing the proof.

For a Cauchy process (i.e. α = 1), Corollary 5.12 contains the dichotomy in
Corollary 2.25 for the upper functions of C ′ at time 0. We note here that results
analogous to Corollary 5.12 can be derived for a spectrally positive stable process
X (and for Brownian motion), using the exponential (instead of polynomial) decay
of the probability P(X1 ≤ x) in x as x → −∞. The exponential decay follows
by Markov’s inequality, since this implies that P(X1 ≤ x) = P(e−cX1 ≥ e−cx) ≤
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E[e−cX1 ]ecx for any c > 0, where E[e−cX1 ] < ∞ since X is spectrally positive. The
exact asymptotic behaviour of P(X1 ≤ x) can be found in [75, Thm 4.7.1], but is
not necessary here, and is mentioned for the sake of completeness.

§5.2.4 Regime (IS): lower functions at time 0

As explained before, obtaining fine conditions for the lower fluctuations of C ′ is more
delicate than in the case of upper fluctuations of C ′ at 0. The main reason is that
the proof of Theorem 5.13 requires strong control on the Laplace exponent Φu(w)

of τu, defined in (5.1), as w → ∞ and u → −∞. This in turn requires sharp two-
sided estimates on the negative tail probability P(Xt ≤ ut) as a function of (u, t) as
u→ −∞ and t ↓ 0 jointly.

Due to the necessity of such strong control, in the following result we assume
X ∈ Zα,ρ for some α > 1. In other words, we assume there exist some normalising
function g that is regularly varying at 0 with index 1/α and an α-stable process
(Zs)s∈[0,T ] with ρ = P(Z1 > 0) ∈ (0, 1) such that (Xut/g(t))u∈[0,T ]

d→ (Zu)u∈[0,T ] as
t ↓ 0. Recall that G(t) = t/g(t) for t > 0.

Theorem 5.13. Let X ∈ Zα,ρ for some α ∈ (1, 2] (and hence ρ ∈ (0, 1)). Let
f : (0, 1) → (0,∞) be given by f(t) := G(t logp(1/t)), for some p ∈ R and all
t ∈ (0, 1). Then the following statements hold:

(i) if p > 1/(1− ρ), then lim inft↓0 |C ′(t)|f(t) = ∞ a.s.,
(ii) if p < 1/(1− ρ), then lim inft↓0 |C ′(t)|f(t) = 0 a.s.

Remark 5.14.
(a) The assumption X ∈ Zα,ρ for some α > 1 implies that X is of infinite variation.

Note that the function f in Theorem 5.13 is regularly varying at 0 with index
1 − 1/α. The ‘negativity’ parameter 1 − ρ = limt↓0P(Xt < 0) ∈ (0, 1) is a
nontrivial function of the Lévy measure of X. The fact that 1 − ρ features
as a boundary point in the power of the logarithmic term in Theorem 5.13
indicates that the lower fluctuations of C ′ at time 0 depends in a subtle way on
the characteristics of X. Such dependence is, for instance, not present for the
upper fluctuations of C ′ at time 0 when X is α-stable, see Corollary 5.12 above.
Indeed, for an α-stable process X, Theorem 5.13 and Corollary 5.12(b) show
that lim inft↓0 |C ′(t)|f(t) = 0 and lim supt↓0 |C ′(t)|f(t) = ∞ a.s. for f(t) =

t1−1/α logq(1/t) and any q ∈ [−1/α, (1− 1/α)/(1− ρ)), demonstrating the gap
between the lower and upper fluctuations of C ′ at time 0.

(b) The case where X is attracted to Cauchy process with α = 1 is expected to
hold for the functions f in Theorem 5.13. As explained in Remark 5.8(a) above,

112



many cases arise, with even some abrupt processes being attracted to Cauchy
process (see Example 4.2). We again stress that, in this case, our methodology
can be used to obtain a description of the upper fluctuations of C ′ at time 0 via
Theorem 5.24 and two-sided estimates, analogous to Lemma 5.35, of the Laplace
exponent Φ in (5.1) of the vertex time process. In the interest of brevity, we
omit the details of such extensions.

(c) As with Theorem 5.7 above (see Remark 5.8(b)), the boundary case p = 1/(1−ρ)
in Theorem 5.13 can be analysed along similar lines. In fact, our methods can be
used to get increasingly sharper results for the lower fluctuations of C ′ at time
0 when stronger control over the negative tail probabilities for the marginals X
is available. Such improvements are possible, for instance, when X is α-stable.
We decided to leave such results for future work in the interest of brevity. For
completeness, however, we mention that the following law of iterated logarithm
from Corollary 2.25 can also be proved using our methods (see Example 5.2
below): lim inft↓0 |C ′(t)|f(t) = pX(1, 0) a.s., where x 7→ pX(t, x) is the density
of Xt. ♢

§5.2.5 Upper and lower function of the Lévy path at vertex times

In this section we establish consequences for the lower (resp. upper) fluctuations
of the Lévy path at vertex time τs (resp. time 0) in terms of those of C ′. Recall
Xt− = limu↑tXu for t > 0 (and X0− = X0) and define ms := min{Xτs , Xτs−} for
s ∈ L∗.

Lemma 5.15. Suppose s ∈ L∗. Let the function f : [0,∞) → [0,∞) be continuous
and increasing and define the function f̃(t) :=

∫ t
0 f(u)du, t ≥ 0. Then the following

statements hold for any M > 0.
(i) If lim inft↓0(C

′(t + τs) − s)/f(t) > M a .s. then lim inft↓0(Xt+τs − ms −
st)/f̃(t) ≥M a.s.

(ii) If lim supt↓0(C
′(t + τs) − s)/f(t) < M a.s. then lim inft↓0(Xt+τs − ms −

st)/f̃(t) ≤M a.s.

The proof of Lemma 5.15 is pathwise. The lemma yields the following implica-
tions

(i) lim inft↓0(C
′(t+ τs)− s)/f(t) = ∞ =⇒ lim inft↓0(Xt+τs −ms− st)/f̃(t) = ∞,

(ii) lim supt↓0(C
′(t+ τs)− s)/f(t) = 0 =⇒ lim inft↓0(Xt+τs −ms − st)/f̃(t) = 0.

The upper fluctuations of X at vertex time τs cannot be controlled via the fluctu-
ations of C ′ since the process may have large excursions away from its convex minor-
ant between contact points. Moreover, the limits lim inft↓0(C

′(t+τs)−s)/f(t) = 0 or
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lim supt↓0(C
′(t+τs)−s)/f(t) = ∞, do not provide sufficient information to ascertain

the value of the lower limit lim inft↓0(Xt+τs −ms− st)/f̃(t), since this limit may not
be attained along the contact points between the path and its convex minorant.

Theorems 5.2 and 5.7 give sufficient conditions, in terms of the law of X, for
the assumptions in Lemma 5.15 to hold. This leads to the following corollaries.

Corollary 5.16. Let s ∈ L∗ and let f be a continuous and increasing function with
f(0) = 0 = limc↓0 lim supt↓0 f(ct)/f(t), f(1) = 1 and f(t) ≤ 1 for t ∈ (0, 1]. If
conditions (5.2)–(5.4) hold for c = 1, then lim inft↓0(Xt+τs −ms− st)/f̃(t) = ∞ a.s.
where we denote f̃(t) :=

∫ t
0 f(u)du.

Denote by ϖ(t) := t−1/αg(t) the slowly varying (at 0) component of the nor-
malising function g of a process in the class Zα,ρ. Recall that G(t) = t/g(t) for
t > 0.

Corollary 5.17. Let X ∈ Zα,ρ for some α ∈ (0, 1) and ρ ∈ (0, 1]. Given p ∈ R,
denote f̃(t) :=

∫ t
0 G(u log

p(u−1))−1du for t > 0. Then the following statements hold
for s = γ0.

(i) If p > 1/ρ, then lim inft↓0(Xt+τs −ms − st)/f̃(t) = 0 a.s.
(ii) If α ∈ (1/2, 1), p < −α/(1 − α) and (ϖ(c/t)/ϖ(1/t) − 1) log log(1/t) → 0 as

t ↓ 0 for some c ∈ (0, 1), then lim inft↓0(Xt+τs −ms − st)/f̃(t) = ∞ a.s.
(iii) If α ∈ (0, 1/2], then lim inft↓0(Xt+τs −ms−st)/tq = ∞ a.s. for any q > 1/α ≥

2.

Remark 5.18.
(a) The function f̃ is regularly varying at 0 with index 1/α. This makes conditions

in Corollary 5.17 nearly optimal in the following sense: the polynomial rate in
all three cases is either 1/α (cases (i) and (ii) in Corollary 5.17) or arbitrarily
close to it (case (iii) in Corollary 5.17). If α > 1/2, then the gap is in the power
of the logarithm in the definition of f̃ .

(b) When the natural drift γ0 = 0, Corollary 5.17 describes the lower fluctuations
(at time 0) of the post-minimum process X→ = (X→t )t∈[0,T−τ0] given by X→t :=

Xt+τ0 −m0 (note that m0 = inft∈[0,T ]Xt). The closest result in this vein is [79,
Prop. 3.6] where Vigon shows that, for any infinite variation Lévy process X and
r > 0, we have lim inft↓0X

→
t /t ≥ r a.s. if and only if

∫ 1
0 P(Xt/t ∈ [0, r])t−1dt <

∞. Our result considers non-linear functions and a large class of finite variation
processes.

(c) By Theorem 2.11, the assumption X ∈ Zα,ρ and γ0 = 0 implies that the post-
minimum process, conditionally given τ0, is a Lévy meander. Hence, Corol-
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lary 5.17 also describes the lower functions of the meanders of Lévy processes
in Zα,ρ. A similar remark applies to the results in Corollary 5.16. ♢

When X has infinite variation, the process X and C touch each other infinitely
often on any neighborhood of 0 (see Chapter 4), leading to the following connection
in small time between the paths of X and its convex minorant C.

Lemma 5.19. Let f : [0,∞) → [0,∞) be continuous and increasing with f(0) = 0

and finite f̃(t) :=
∫ t
0 f(u)

−1du, t ≥ 0. Then the following statements hold for any
M > 0.

(i) If lim supt↓0 |C ′(t)|f(t) < M a.s., then lim supt↓0(−Xt)/f̃(t) ≤M a.s.
(ii) If lim inft↓0 |C ′(t)|f(t) > M a.s., then lim supt↓0(−Xt)/f̃(t) ≥M a.s.

Theorem 5.9 and the corollaries thereafter give sufficient explicit conditions for
the assumption in Lemma 5.19(i) to hold. Similarly, Theorem 5.13 gives a fine
class of functions f satisfying the assumption in Lemma 5.19(ii) for a large class of
processes. Such conclusions on the fluctuations of the Lévy path of X would not be
new as the fluctuations of X at 0 are already known, see [29, 71, 72]. In particular,
the upper functions of X and −X at time 0 were completely characterised in [72] in
terms of the generating triplet of X. Let us comment on some two-way implications
of our results, the literature and Lemma 5.19.

Remark 5.20.
(a) By Lemma 6.7 ([47, Fundamental lemma]), the assumption in Theorem 5.9(ii)

implies lim supt↓0 |Xt|/F (t) = ∞ a.s. where we recall that F (t) = t/f(t). Sim-
ilarly, by Lemma 6.7, if lim supt↓0 |Xt|/F (t) = ∞ a.s. then the assumption in
Theorem 5.9(ii) must hold for either X or −X, which, by time reversal, implies
that at least one of the limits lim supt↓0 |C ′(t)|f(t) or lim supt↓0 |C ′(T−t)|f(t) is
infinite a.s. This conclusion is similar to that of Lemma 5.19, the main difference
being the use of either f̃ or F . Note however, that if f is regularly varying with
index different from 1, then Theorem A.55 implies limt↓0 f̃(t)/F (t) ∈ (0,∞).

(b) The contrapositive statements of Lemma 5.19 give information on C ′ in terms of
−X. Indeed, if we have lim supt↓0(−Xt)/f̃(t) > 0, then lim supt↓0 |C ′(t)|f(t) >
0. Similarly, if lim supt↓0(−Xt)/f̃(t) <∞, then lim inft↓0 |C ′(t)|f(t) <∞. ♢

The connections between the fluctuations of X and those of C ′ at time 0 are
intricate. Although the one-sided fluctuations ofX at 0 were essentially characterised
in Theorem A.40, its combination with Lemma 5.19 is not sufficiently strong to
obtain conditions for any of the following statements: lim supt↓0 |C ′(t)|f(t) = 0,
lim supt↓0 |C ′(t)|f(t) > 0, lim inft↓0 |C ′(t)|f(t) <∞ or lim inft↓0 |C ′(t)|f(t) = ∞ a.s.
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§5.3 Small-time fluctuations of non-decreasing additive
processes

Consider a pure-jump right-continuous non-decreasing additive (i.e. with independ-
ent and possibly non-stationary increments) process Y = (Yt)t≥0 with Y0 = 0 a.s.
and its mean jump measure Π(dt,dx) for (t, x) ∈ [0,∞)× (0,∞), see Theorem 2.3.
Then, by Campbell’s formula (Theorem A.48), its Laplace transform satisfies

E
[
e−uYt

]
= e−Ψt(u), where Ψt(u) :=

∫
(0,∞)

(1− e−ux)Π((0, t], dx), for u ≥ 0.

(5.12)
Let Lt := inf{u > 0 : Yu > t} for t ≥ 0 (with convention inf ∅ = ∞) denote the
right-continuous inverse of Y . Our main objective in this section is to describe the
upper and lower fluctuations of L, extending known results, such as the following
theorem, for the case where Y has stationary increments (making Y a subordinator)
in which case Π(dt,dx) = Π((0, 1],dx)dt for all (t, x) ∈ [0,∞)× (0,∞).

Theorem 5.21 ([20, Thm 4.1]). Assume that Y is a subordinator. Then there exist
a finite and positive constant cΨ, such that

lim sup
t↓0

LtΨ1(t
−1 log logΨ1(t

−1))

log logΨ1(t−1)
= cΨ a.s.

§5.3.1 Upper functions of L

The following theorem is the main result of this subsection.

Theorem 5.22. Let f : (0, 1) → (0,∞) be increasing with limt↓0 f(t) = 0 and
ϕ : (0,∞) → (0,∞) be decreasing with limu→∞ ϕ(u) = 0. Let the positive sequence
(θn)n∈N satisfy limn→∞ θn = ∞ and define the associated sequence (tn)n∈N via tn :=

ϕ(θn) for n ∈ N.
(a) If we have

∑∞
n=1 exp(θntn−Ψf(tn)(θn)) <∞ then the following inequality holds

a.s. lim supt↓0 Lt/f(t) ≤ lim supn→∞ f(tn)/f(tn+1).
(b) If we have limu→∞ ϕ(u)u = ∞,

∑∞
n=1[exp(−Ψf(tn)(θn)) − exp(−θntn)] = ∞

and
∑∞

n=1Ψf(tn+1)(θn) <∞, then we a.s. have lim supt↓0 Lt/f(t) ≥ 1.

Remark 5.23.
(a) Theorem 5.22 plays a key role in the proofs of Theorems 5.7 and 5.13. Be-

fore applying Theorem 5.22, one needs to find appropriate choices of the free
infinite-dimensional parameters h and (θn)n∈N. This makes the application of
Theorem 5.22 hard in general and is why, in Theorems 5.7 and 5.13, we are re-
quired to assume that X lies in the domain of attraction of an α-stable process.
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(b) If Y has stationary increments (making Y a subordinator), the proof of The-
orem 5.21 follows from Theorem 5.22 by using the specific form of f , and finding
a sequences (θn)n∈N (the specific choices of (θn)n∈N are omitted here, but can
be found in [20, Lem. 4.2 & 4.3]) satisfying the assumptions of Theorem 5.22.
In this case, the function f is given in terms of the single-parameter Laplace
exponent Ψ1 as seen in Theorem 5.21. ♢

Proof of Theorem 5.22. (a) We have that {Ltn > f(tn)} = {tn ≥ Yf(tn)} for n ∈ N,
since L is the right-inverse of Y . Using Chernoff’s bound (Markov’s inequality), we
obtain

P
(
tn ≥ Yf(tn)

)
≤ eθntnE

[
exp

(
− θnYf(tn)

)]
= exp(θntn −Ψf(tn)(θn)), for all n ≥ 1.

The assumption
∑∞

n=1 exp(θntn − Ψf(tn)(θn)) < ∞ thus implies
∑∞

n=1P(Ltn >

f(tn)) <∞. Hence, the Borel–Cantelli lemma yields lim supn→∞ Ltn/f(tn) ≤ 1 a.s.
Since L is non-decreasing and (tn)n∈N is decreasing monotonically to zero, we can
conclude (a), since it a.s. holds that

lim sup
t↓0

Lt
f(t)

≤ lim sup
n→∞

sup
t∈[tn+1,tn]

Ltn
f(t)

≤ lim sup
n→∞

Ltn
f(tn)

lim sup
n→∞

f(tn)

f(tn+1)

≤ lim sup
n→∞

f(tn)

f(tn+1)
.

(b) It suffices to establish the following limits: lim supn→∞ Yf(tn+1)/tn ≤ δ a.s.
for any δ > 0 and lim infn→∞(Yf(tn) − Yf(tn+1))/tn ≤ 1 a.s. Indeed, by taking
δ ↓ 0 along a countable sequence, the first limit gives lim supn→∞ Yf(tn+1)/tn = 0

a.s. and hence lim infn→∞ Yf(tn)/tn ≤ 1 a.s. For any t > 0 with Yf(t) ≤ t we have
Lt > f(t). Since the former holds for arbitrarily small values of t > 0 a.s., we obtain
lim supt↓0 Lt/f(t) ≥ 1 a.s.

We use the Borel–Cantelli lemmas to prove lim infn→∞(Yf(tn) − Yf(tn+1))/tn ≤
1 a.s. and lim supn→∞ Yf(tn+1)/tn ≤ δ a.s. for any δ > 0. Applying Markov’s
inequality, we obtain the upper bound P(Yt > s) ≤ (1− e−θs)−1E[1− e−θYt ] for all
t, s, θ > 0, implying

P
(
Yf(tn) ≤ tn

)
≥

exp(−Ψf(tn)(θn))− exp(−θntn)
1− exp(−θntn)

, for all n ≥ 1.

Since θntn = θnϕ(θn) → ∞ as n→ ∞, the denominator of the lower bound in the dis-
play above tends to 1 as n→ ∞, and hence the assumption

∑∞
n=1[exp(−Ψf(tn)(θn))−

exp(−θntn)] = ∞ implies
∑∞

n=1P(Yf(tn) < tn) = ∞. Since Y has non-negative in-
dependent increments and

∞∑
n=1

P(Yf(tn) − Yf(tn+1) < tn) ≥
∞∑
n=1

P(Yf(tn) < tn) = ∞,
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the second Borel–Cantelli lemma yields lim infn→∞(Yf(tn) − Yf(tn+1))/tn ≤ 1 a.s.
To prove the second limit, use Markov’s inequality and the elementary bound

1− e−x ≤ x to get

P
(
Yf(tn+1) > δtn

)
≤
E[1− exp(−θnYf(tn+1))]

1− exp(−δθntn)

=
1− exp(−Ψf(tn+1)(θn))

1− exp(−δθntn)
≤

Ψf(tn+1)(θn)

1− exp(−δθntn)
,

for all n ∈ N. Again, the denominator tends to 1 as n → ∞ and the assumption∑∞
n=1Ψf(tn+1)(θn) < ∞ implies

∑∞
n=1P(Yf(tn+1) > δtn) < ∞. The Borel–Cantelli

lemma implies lim supn→∞ Yf(tn+1)/tn ≤ δ a.s. and completes the proof.

§5.3.2 Lower functions of L

To describe the lower fluctuations of L, it suffices to describe the upper fluctuations
of Y . The following result extends known results for subordinators (see, e.g. [36,
Thm 1] i.e. Remark 5.30). Given a continuous increasing function h with h(0) = 0

and h(1) = 1, consider the following statements, used in the following result to
describe the upper fluctuations of Y :

lim sup
t↓0

Yt/h(t) = 0, a.s., (5.13)

lim sup
t↓0

Yt/h(t) < 1, a.s., (5.14)

Π({(t, x) : t ∈ (0, 1], x ≥ h(t)}) <∞, (5.15)∫
(0,1]×(0,1)

x2

h(t)2
1{2h(t)>x}Π(dt,dx) <∞, (5.16)

2n
∫
(0,h−1(2−n)]×(0,2−n)

x1{2h(t)>x}Π(dt,dx) ↓ 0, as n→ ∞, and (5.17)∫
(0,1]×(0,1)

x

h(t)
1{2h(t)>x}Π(dt,dx) <∞. (5.18)

Theorem 5.24. Let h be continuous and increasing with h(0) = 0 and h(1) = 1.
Then the following implications hold:

(a) (5.13) =⇒ (5.14) =⇒ (5.15),
(b) (5.15)–(5.17) =⇒ (5.13),

(c) (5.18) =⇒ (5.16)–(5.17).

Remark 5.25. If h is as in Theorem 5.24 and Π({(t, x) : t ∈ (0, 1], x ≥ ch(t)}) = ∞
for all c > 0, then we have that lim sup↓0 Yt/h(t) = ∞ a.s., which follows from the
negation of Theorem 5.24(a). ♢
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Figure 5.2: A graphical representation of the implications in Theorem 5.24 and
Proposition 5.26.

In the description of the lower fluctuations of L, we are typically given the
function h−1 directly instead of h. In those cases, the conditions in Theorem 5.24
may be hard to verify directly (see e.g. the proof of Theorem 5.9(i)). To alleviate
this issue, we introduce alternative conditions describing the upper fluctuations of
Y in terms of the function h−1. However, this requires the additional assumption
that h−1 is concave, see Proposition 5.26 below. Consider the following conditions
on h−1:

∫
(0,1]×(0,1)

h−1(x)2

t2
1{2t≥h−1(x)}Π(dt,dx) <∞, (5.19)

2n
∫
(0,2−n]×(0,h(2−n))

h−1(x)1{2t≥h−1(x)}Π(dt,dx) ↓ 0, as n→ ∞, and (5.20)∫
(0,1]×(0,1)

h−1(x)

t
1{2t≥h−1(x)}Π(dt,dx) <∞. (5.21)

Proposition 5.26. Let h be convex and increasing with h(0) = 0 and h(1) = 1.
Then the following implications hold:

(a) (5.19) =⇒ (5.16),
(b) (5.21) =⇒ (5.19)–(5.20),

(c) (5.15) & (5.19)–(5.20) =⇒ (5.13).

The relation between the assumptions of Theorem 5.24 and Proposition 5.26
(concerning h and h−1) is described in Figure 5.2. The following elementary result
explains how the upper fluctuations of Y (described by Theorem 5.24) are related
to the lower fluctuations of L.

Lemma 5.27. Let h be a continuous increasing function with h(0) = 0 and denote
by h−1 its inverse. Then the following implications hold for any c > 0:
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(a) lim inft↓0 Lt/h
−1(t/c) > 1 =⇒ lim supt↓0 Yt/h(t) ≤ c,

(b) lim supt↓0 Yt/h(t) < c =⇒ lim inft↓0 Lt/h
−1(t/c) ≥ 1.

Proof. The result follows from the implications Lu > t =⇒ u ≥ Yt =⇒ Lu ≥ t

for any t, u > 0. Indeed, if lim infu↓0 Lu/h
−1(u/c) > 1 then Lu > h−1(u/c) for all

sufficiently small u > 0 implying that Yt ≤ ch(t) for all sufficiently small t > 0 and
hence lim supt↓0 Yt/h(t) ≤ c. This establishes part (a). Part (b) follows along similar
lines.

A combination of Lemma 5.27, Theorem 5.24, Proposition 5.26 and Remark 5.25
yield the following corollary.

Corollary 5.28. Let h be a continuous and increasing function with h(0) = 0 and
h(1) = 1 such that limc↓0 lim supt↓0 h

−1(ct)/h−1(t) = 0. Then the following results
hold:

(i) If lim inft↓0 Lt/h
−1(t/c) > 1 a.s. for some c ∈ (0, 1) then (5.15) holds.

(ii) Suppose (5.15)–(5.17) hold, then lim inft↓0 Lt/h
−1(t) = ∞ a.s.

(ii’) Suppose h is convex and conditions (5.15) and (5.19)–(5.20) hold, then we a.s.
have lim inft↓0 Lt/h

−1(t) = ∞.
(iii) If Π({(t, x) : t ∈ (0, 1], x ≥ ch(t)}) = ∞ for all c > 0 then we a.s. have

lim inft↓0 Lt/h
−1(t) = 0.

To prove Theorem 5.24 we require the following lemma. For all t ≥ 0 denote by
∆t := Yt−Yt− the jump of Y at time t, so that Yt =

∑
u≤t∆u since Y is a pure-jump

additive process. We also let N denote the Poisson jump measure of Y , given by
N(A) := |{t : (t,∆t) ∈ A}| for A ⊂ [0,∞)× (0,∞) and note that its mean measure
is Π(dt,dx).

Lemma 5.29. Let h be continuous and increasing with h(0) = 0 and h(1) = 1.
Assume (5.15)–(5.17) hold, then lim supt↓0 Yt/h(t) = lim supt↓0 Yh−1(t)/t = 0 a.s.

Proof. For all n ∈ N, we let Bn := [2−n,∞) and set Cn := h−1((2−n−1, 2−n])× Bn.
Then we have ∑

n∈N
P(N(Cn) ≥ 1) =

∑
n∈N

(
1− e−Π(Cn)

)
≤
∑
n∈N

Π(Cn),

by the definition of N and the inequality 1− e−x ≤ x. Note that
∑

n∈NΠ(Cn) <∞
by (5.15), since ∑

n∈N
Π(Cn) ≤ Π({(t, x) : t ∈ [0, 1], x ≥ h(t)}) <∞.

By the Borel–Cantelli lemma, there exists some n0 ∈ N with N(h−1((2−n−1, 2−n])×
Bn) = 0 a.s. for all n ≥ n0. By the mapping theorem, the random measure
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Nh(A×B) := N(h−1(A)×B) for any measurable A,B ⊂ [0,∞), is a Poisson random
measure with mean measure Πh(A × B) := Π(h−1(A), B). Note that Yh−1(t) =∫
(0,h−1(t)]×(0,∞) xN(du,dx) =

∫
(0,t]×(0,∞) xNh(du,dx) for t ≥ 0 and, for any n ≥ n0

and t ∈ (2−n−1, 2−n], we have |Yh−1(t)/t| ≤ ζn := 2n+1
∑∞

m=n ξm, where

ξm :=

∫
(2−m−1,2−m]×(0,2−m)

xNh(du,dx), m ∈ N.

To complete the proof, it suffices to show that ζn ↓ 0 a.s. as n → ∞. Fubini’s
theorem yields

2−n−1E[ζn] =
∞∑
m=n

∫
(2−m−1,2−m]×(0,2−m)

xΠh(du,dx)

=

∫
(0,2−n]×(0,2−n)

x
∞∑
m=n

1{x<2−m}1{u≤2−m<2u}Πh(du,dx)

≤
∫
(0,2−n]×(0,2−n)

x1{2u>x}Πh(du,dx)

=

∫
(0,h−1(2−n)]×(0,2−n)

x1{2h(v)>x}Π(dv,dx).

By assumption (5.17), we deduce that E[ζn] ↓ 0 as n→ ∞. Similarly, note that

Var(ζn) = 4n+1
∞∑
m=n

∫
(2−m−1,2−m]×(0,2−m)

x2Πh(du,dx),

and hence, by Fubini’s theorem and assumption (5.16), we have
∞∑
n=1

Var(ζn) =
∞∑
m=1

m∑
n=1

4n+1

∫
(2−m−1,2−m]×(0,2−m)

x2Πh(dt,dx)

≤
∞∑
m=1

4m+2

∫
(2−m−1,2−m]×(0,2−m)

x2Πh(du,dx)

=

∫
(0,1]×(0,1)

x2
∞∑
m=1

4m+2
1{x<2−m}1{u<2−m<2u}Πh(du,dx)

≤ 42
∫
(0,1]×(0,1)

x2

u2
1{2u>x}Πh(du,dx)

= 42
∫
(0,h−1(1)]×(0,1)

x2

h(v)2
1{2h(v)>x}Π(dv,dx) <∞.

Thus, the sum
∑∞

n=1(ζn − E[ζn])2 has finite mean equal to
∑∞

n=1 Var(ζn) <∞ and
is thus finite a.s. Hence, the summands must tend to 0 a.s. and, since E[ζn] → 0,
we deduce that ζn ↓ 0 a.s. as n→ ∞.

Proof of Theorem 5.24. It is obvious that (5.13) implies (5.14). If (5.14) holds,
then Yt < h(t) for all sufficiently small t. Thus, the path bound Yt ≥ ∆t implies
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P(N({(t, x) : t ∈ [0, 1], x > h(t)}) < ∞) = 1 and hence (5.15). By Lemma 5.29,
conditions (5.15)–(5.17) imply (5.13), so it remains to show that (5.18) implies (5.16)
and (5.17).

It is easy to see that (5.18) implies (5.16). Moreover, if (5.18) holds, then

2n
∫
(0,h−1(2−n)]×(0,2−n)

x1{2h(t)>x}Π(dt,dx)

≤
∫
(0,h−1(1)]×(0,1)

x

h(t)
1{2h(t)>x}1(0,h−1(2−n)]×(0,2−n)(t, x)Π(dt,dx),

where the upper bound is finite for all n ∈ N and tends to 0 as n → ∞ by the
monotone convergence theorem, implying (5.17).

Proof of Proposition 5.26. Since h−1 is concave with h−1(0) = 0, then x 7→ h−1(x)/x

is decreasing, so the condition h(t) > x/2 implies (x/2)/h(t) ≤ h−1(x/2)/t ≤
h−1(x)/t. The inequality h−1(x)/x ≤ h−1(x/2)/(x/2) gives {(t, x) : 2h(t) > x} ⊂
{(t, x) : 2t > h−1(x)}, proving the first claim: (5.19) implies (5.16).

Since h−1 is concave with h−1(0) = 0, it is subadditive, implying

ζt :=
∑
u≤t

h−1(∆u) ≥ h−1(Yt).

Since lim supt↓0 ζt/t ≤ c implies lim supt↓0 Yt/h(ct) ≤ 1 for c > 0 and h is a convex
function, it suffices to show that lim supt↓0 ζt/t = 0 a.s. Note that ζ is an additive
process with jump measure Π(dt, h(dx)). Applying Theorem 5.24 to ζ with the
identity function yields the result, completing the proof.

Remark 5.30. We now show that, when the increments of Y are stationary (making
Y a subordinator), Theorem 5.24 gives a complete characterisation of the upper
functions of Y , recovering [36, Thm 1] (see also [20, Prop. 4.4]). This is done in two
steps.

Suppose h is convex and Y has stationary increments with mean jump measure
Π(dt,dx) = Π((0, 1], dx)dt. Then h−1 is concave and the non-decreasing additive
process Ỹt :=

∑
s≤t h

−1(∆s) ≥ h−1(Yt) has mean jump measure Π(dt, h(dx)), making
it a subordinator. Theorem 5.24 applied to Ỹ and the identity function makes all
conditions (5.15)–(5.17) equivalent to

∫
(0,1) h

−1(x)Π((0, 1],dx) < ∞ and therefore,

by Theorem 5.24, also equivalent to the condition lim supt↓0 Ỹt/t = 0 a.s.
Note that condition (5.15) for Ỹ and the identity function coincides with con-

dition (5.15) for Y and h. This equivalence, together with the fact that the limit
lim supt↓0 Ỹt/t = 0 implies lim supt↓0 Yt/h(t) = 0, shows that both limits are either
0 a.s. or positive a.s. jointly. Thus, lim supt↓0 Yt/h(t) = 0 a.s. if and only if∫
(0,1) h

−1(x)Π((0, 1], dx) < ∞ and, if the latter condition fails, then Remark 5.25
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implies that lim supt↓0 Yt/h(t) = ∞ a.s. This is precisely the criterion given in [36,
Thm 1] (see also [20, Prop. 4.4]). ♢

Remark 5.30 shows that condition (5.15) perfectly describes the upper fluctu-
ations of Y when Y has stationary increments, making conditions (5.16) & (5.17)
appear superfluous. These conditions are, however, not superfluous since (5.15) by
itself cannot fully characterise the upper fluctuations of Y , as the following example
shows.

Example 5.1. Let Π(dt,dx) =
∑

n∈N n
−12nδ(2−n,2−n/n)(dt,dx), where δx denotes

the Dirac measure at x, and consider the corresponding additive process Y (whose
existence is ensured by Theorem 2.3). Equation [59, Eq. (6)] says that P(ξ ≥
µ) ≥ 1/5 for every Poisson random variable ξ with mean µ ≥ 2, implying that∑

n∈NP(N({(2−n, 2−n/n)}) ≥ 2n/n) = ∞. The second Borel–Cantelli lemma
then shows that ∆2−n ≥ 1/n2 i.o. Thus, Y2−n/2−n ≥ 2n∆2−n ≥ 2n/n2 i.o.,
implying lim supt↓0 Yt/t = ∞ a.s. even when condition (5.15) holds. In fact,
Π({(t, x) : t ∈ (0, 1], x ≥ ct}) <∞ for all c > 0. △

§5.4 The vertex time process and the proofs of the results
in §5.2

We first recall basic facts about the vertex time process τ = (τs)s∈R. Fix a de-
terministic time horizon T > 0, let C be the convex minorant of X on [0, T ] with
right-derivative C ′ and recall the definition τs = inf{t > 0 : C ′(t) > s} for any slope
s ∈ R. By the convexity of C, the right-derivative C ′ is non-decreasing and right-
continuous, making τ a non-decreasing right-continuous process with lims→−∞ τs = 0

and lims→∞ τs = T . Intuitively put, the process τ finds the times in [0, T ] at which
the slopes increase as we advance through the graph of the convex minorant t 7→ C(t)

chronologically. We remark that the vertex time process can be constructed dir-
ectly from X without any reference to the convex minorant C, as follows (cf. [57,
Thm 11.1.2]): for each slope s ∈ R and time epoch t ≥ 0, define X(s)

t := Xt − st,
X

(s)
t := infu∈[0,t]X

(s)
u and note τs = sup

{
t ∈ [0, T ] : X

(s)
t− ∧ X(s)

t = X
(s)
T

}
, where

X
(s)
u− := limv↑uX

(s)
u− for u > 0 and X

(s)
0− := X

(s)
0 = 0. Put differently, subtracting

a constant drift s from the Lévy process X “rotates” the convex hull so that the
vertex time τs becomes the time the minimum of X(s) during the time interval [0, T ]
is attained.
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§5.4.1 The vertex time process over exponential times

Fix any λ > 0 and let E be an independent exponential random variable with unit
mean. Let Ĉ := (Ĉ(t))t∈[0,E/λ] be the convex minorant of X over the exponential
time-horizon [0, E/λ] and denote by τ̂ the right-continuous inverse of Ĉ ′, i.e. τ̂s :=
inf{u ∈ [0, E/λ] : Ĉ ′(u) > s} for s ∈ R. Hence, in the remainder of the chapter, the
processes with (resp. without) a ‘hat’ will refer to the processes whose definition is
based on the path of X on [0, E/λ] (resp. [0, T ]), where E is an exponential random
variable with unit mean independent of X and T > 0 is fixed and deterministic.

It is more convenient to consider the vertex time processes over an independent
exponential time horizon rather than the fixed time horizon T , as this does not affect
the small-time behaviour of the process (see Corollary 5.32 below), while making its
law more tractable. Moreover, as we will see, to analyse the fluctuations of Ĉ ′ over
short intervals, it suffices to study those of τ̂ . By Theorem 2.23, the process τ̂ has
independent but non-stationary increments and its Laplace exponent is given by

E[e−uτ̂s ] = e−Φs(u), where Φs(u) :=

∫ ∞
0

(1− e−ut)e−λtP(Xt ≤ st)
dt

t
, (5.22)

for all u ≥ 0 and s ∈ R. The following lemma states that, after a vertex time, the
convex minorants C and Ĉ must agree for a positive amount of time, see Figure 5.3
for a pictorial description.

Lemma 5.31. For any s ∈ L∗, on the event {τs < E/λ ≤ T}, we have τs = τ̂s and
the convex minorants C and Ĉ agree on and interval [0, τs+m] for a random m > 0.
If X is of infinite variation, the functions C and Ĉ agree on an interval [0,m] for a
random variable m satsifying 0 < m ≤ min{T,E/λ} a.s.

Since the Lévy process X and the exponential time E are independent, we have
P(τs < E/λ ≤ T ) > 0.

Proof. The proof follows directly from the definition of the convex minorant of f
as the greatest convex function dominated by the path of f over the correspond-
ing interval. Let f be a measurable function on [0, t] with piecewise linear convex
minorant M (t). Then, for any vertex time v ∈ (0, t) of M (t) and any u ∈ (v, t], the
convex minorant M (u) of f on [0, u] equals M (t) over the interval [0, v]. The result
then follows since the condition s ∈ L∗ (resp. X has infinite variation) implies that
there are infinitely many vertex times immediately after τs (resp. 0).

The following result shows that local properties of C agree with those of Ĉ.
Multiple extensions are possible, but we opt for the following version as it is simple
and sufficient for our purpose.
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Figure 5.3: The picture shows a path of X (black) and its convex minorants C (red)
on [0, T ] and Ĉ (blue) on [0, E/λ]. Both convex minorants agree until time m, after
which they may behave very differently.

Corollary 5.32. Fix any measurable function f : (0,∞) → (0,∞).
(a) If s ∈ L∗, then the following limits are a.s. constants on [0,∞]:

lim sup
t↓0

C ′(t+ τs)− s

f(t)
= lim sup

t↓0

Ĉ ′(t+ τ̂s)− s

f(t)
and

lim inf
t↓0

C ′(t+ τs)− s

f(t)
= lim inf

t↓0

Ĉ ′(t+ τ̂s)− s

f(t)
.

(b) If X is of infinite variation, then the following limits are a.s. constants on [0,∞]:

lim sup
t↓0

C ′(t)/f(t) = lim sup
t↓0

Ĉ ′(t)/f(t) and lim inf
t↓0

C ′(t)/f(t) = lim inf
t↓0

Ĉ ′(t)/f(t).

Proof. We will prove part (a) for lim inf, with the remaining proofs being analog-
ous. First note that the assumption s ∈ L∗ implies that (τu+s − τs)u≥0 and the
additive processes (τ̂u+s − τ̂s)u≥0 have infinite activity as u ↓ 0 a.s. Thus, applying
Blumenthal’s 0–1 law (see Corollary A.1) to (τ̂u+s − τ̂s)u≥0 (and using the fact that
Ĉ ′(τ̂s) = s a.s.), implies that lim inft↓0(Ĉ

′(t + τ̂s) − s)/f(t) is a.s. equal to some
constant µ in [0,∞]. Moreover, by the independence of the increments of τ̂s, this
limit holds even when conditioning on the value of τ̂s. Recall further that τ̂s = τs on
the event {τs < E/λ ≤ T} by Lemma 5.31. By Lemma 5.31 and the independence
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of E and X, we a.s. have

0 < P

(
τs <

E

λ
≤ T

∣∣∣ τs) = P

(
lim inf
t↓0

Ĉ ′(t+ τ̂s)− s

f(t)
= µ, τs <

E

λ
≤ T

∣∣∣ τs)
= P

(
lim inf
t↓0

C ′(t+ τs)− s

f(t)
= µ, τs <

E

λ
≤ T

∣∣∣ τs)
= P

(
lim inf
t↓0

C ′(t+ τs)− s

f(t)
= µ

∣∣∣ τs)P(τs < E

λ
≤ T

∣∣∣ τs),
implying that lim inft↓0(C

′(t+ τs)− s)/f(t) = µ a.s.

By virtue of Corollary 5.32 it suffices to prove all the results in §5.2 for Ĉ instead
of C. This allows us to use the independent increment structure of the right inverse
τ̂ of the right-derivative Ĉ ′.

Example 5.2 (Cauchy process). If X is a Cauchy process, then the Laplace exponent
of τ̂u factorises Φu(w) = P(X1 ≤ u)

∫∞
0 (1 − e−wt)e−λtt−1dt for any u ∈ R and

w ≥ 0. This implies that τ̂ has the same law as a gamma subordinator time-changed
by the distribution function u 7→ P(X1 ≤ u) = 1

2 + 1
π arctan(cu+ µ) for some c > 0

and µ = tan(π(12 − ρ)). This result can be used as an alternative to Theorem 2.24,
in conjunction with classical results on the fluctuations of a gamma process (see,
e.g. [20, Ch. 4]), to establish Corollary 2.25 and all the other results in [21]. △

The proofs of the results in §5.2 are based on the results of §5.3: we will construct
a non-decreasing additive process Y = (Yt)t≥0, started at 0, in terms of τ̂ and apply
the results in §5.3 to Y and its inverse L = (Lu)u≥0. These proofs are given in the
following subsections.

§5.4.2 Upper and lower functions at time τs - proofs

Let s ∈ L∗. Fix any λ > 0 and let Yu := τ̂u+s − τ̂s, u ≥ 0. Then the right-inverse
Lu := inf{t > 0 : Yt > u} of Y equals Lu = Ĉ ′(u + τ̂s) − s for u ≥ 0. Note that Y
has independent increments and (5.22) implies

Ψu(w) := − logE[e−wYu ] =

∫ ∞
0

(1− e−wt)Π((0, u], dt), for all w, u ≥ 0, (5.23)

where Π(du,dt) = e−λtP((Xt − st)/t ∈ du)t−1dt is the mean jump measure of Y .

Proof of Theorem 5.2. Since s ∈ L∗, all three parts of the result follow from a direct
application of Proposition 5.26 and Corollary 5.28 to the definitions of Y and L

above.

To prove Theorem 5.7, we require the following two lemmas. The first lemma
establishes some general regularity for the densities of Xt as a function of t and the
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second lemma provides a strong asymptotic control on the function Ψs(u) as s ↓ 0

and u→ ∞. Recall that, when X is of finite variation, γ0 = limt↓0Xt/t denotes the
natural drift of X.

Lemma 5.33. Let X ∈ Zα,ρ for some α ∈ (0, 1) and ρ ∈ (0, 1] and denote by g its
normalising function.
(a) Define Qt := (Xt − γ0t)/g(t), then Qt has an infinitely differentiable density pt
such that pt and each of its derivatives p(k)t are uniformly bounded: for any k ∈ N∪{0}
it holds that supt∈(0,1] supx∈R |p(k)t (x)| <∞.
(b) Define Q̃t := Xt/

√
t, then Q̃t has an infinitely differentiable density p̃t such that

p̃t and each of its derivatives p̃(k)t are uniformly bounded: for any k ∈ N ∪ {0} it
holds that supt∈[1,∞) supx∈R |p̃(k)t (x)| <∞.

Proof. Part (a). We assume without loss of generality that g(t) ≤ 1 for t ∈ (0, 1],
and note that Qt is infinitely divisible. Denote by νQt the Lévy measure of Qt, and
note for A ⊂ R that νQt(A) = tν(g(t)A) and

σ2Qt
(u) :=

∫
(−u,u)

x2νQt(dx) =
t

g(t)2

∫
(−ug(t),ug(t))

x2ν(dx) =
t

g(t)2
σ2(ug(t)),

for t ∈ (0, 1] and u ∈ R\{0}. The regular variation of ν (see Theorem 2.12), Fubini’s
theorem and Theorem A.55(ii) imply that, as u ↓ 0,

σ2(u) = −
∫ u

0
x2ν(dx) = −

∫ u

0
2

∫ x

0
zdzν(dx) = −

∫ u

0

∫ u

z
2zν(dx)dz

=

∫ u

0
2z(ν(z)− ν(u))dz =

∫ u

0
2zν(z)dz − u2ν(u) ∼ α

2− α
u2ν(u).

Since X ∈ Zα,ρ, Theorem 2.12 implies that g−1(u)u−2σ2(u) → c0 for some
c0 > 0 as u ↓ 0. Thus,

0 < inf
z∈(0,1]

g−1(z)

z2
σ2(z) ≤ inf

u,t∈(0,1]

g−1(ug(t))

u2g(t)2
σ2(ug(t)).

Since g is regluarly varying with index 1/α, we suppose that g(t) = t1/αϖ(t) for a
slowly varying function ϖ. Thus, Potter’s bound (Theorem A.53) imply that, for
some constant c > 1 and all t, u ∈ (0, 1], we have ϖ(t)/ϖ(tuβ) ≤ cu−βδ for δ =

1/β − 1/α > 0. Hence, we obtain ug(t) ≤ cg(tuβ) and moreover g−1(ug(t)) ≤ cβtuβ

for all t ∈ (0, 1] and u ∈ (0, 1/c]. Multiplying the rightmost term on the display
above (before taking infimum) by tuβ/g−1(ug(t)) gives

inf
t∈(0,1]

inf
u∈(0,1/c]

uβ−2σ2Qt
(u) = inf

t∈(0,1]
inf

u∈(0,1/c]

tuβ

u2g(t)2
σ2(ug(t)) > 0. (5.24)

Hence, Lemma A.18 gives the desired result.
Part (b). As before, we see that σ2

Q̃t
(u) = σ2(u

√
t). Hence, the left side of (5.24)
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gives
inf

t∈[1,∞)
inf

u∈(0,1]
uβ−2σ2

Q̃t
(u) = inf

u∈(0,1]
uβ−2σ2(u) > 0,

for any β ∈ (0, α). Thus, Lemma A.18 gives the desired result.

Lemma 5.34. Let X ∈ Zα,ρ for some α ∈ (0, 1) and ρ ∈ (0, 1], denote by g its
normalising function and define G(t) = t/g(t) for t > 0. The following statements
hold for any sequences (un)n∈N ⊂ (0,∞) and (sn)n∈N ⊂ (0,∞) such that un → ∞
and sn ↓ 0 as n→ ∞:

(i) if unG−1(s−1n ) → ∞, then Ψsn(un) ∼ ρ log(unG
−1(s−1n )),

(ii) if unG−1(s−1n ) → 0, then Ψsn(un) = O([unG
−1(s−1n )]q + sn) for any q ∈ (0, 1]

with q < 1/α− 1.

Proof. Part (i). Define Qt := (Xt − γ0t)/g(t) and note that

Ψsn(un) =

∫ ∞
0

(1− e−tun)e−λtP
(
0 < Qt ≤ snG(t)

)dt
t
, for all n ∈ N.

Fix δ ∈ (0, ρ/3), let κn := G−1(δ/sn) and note that κn ↓ 0 as n → ∞. We will
now split the integral in the previous display at κn and 1 and find the asymptotic
behaviour of each of the resulting integrals.

The integral on [1,∞) is bounded as n→ ∞:∫ ∞
1

(1− e−tun)e−λtP
(
0 < Qt ≤ snG(t)

)dt
t

≤
∫ ∞
1

e−λt
dt

t
<∞.

Next, we consider the integral on [κn, 1). By Lemma 5.33(a), there exists a uni-
form upper bound C > 0 on the densities of Qt, t ∈ (0, 1]. An application of
Theorem A.55(i) gives, as n→ ∞,∫ 1

κn

(1− e−unt)e−λtP
(
0 < Qt ≤ snG(t)

)dt
t

≤ C

∫ 1

κn

snG(t)
dt

t

∼ αC

1− α
snG(κn) =

δαC

1− α
,

which is finite. Since we will prove that Ψsn(un) → ∞ as n → ∞, the asymptotic
behaviour of Ψsn(un) will be driven by asymptotic behaviour of the integral on
(0, κn):

J0
n :=

∫ 1

0
(1− e−unκnt)e−λκntP

(
0 < Qκnt ≤ snG(κnt)

)dt
t
. (5.25)

We will show that, asymptotically as n → ∞, we may replace the probability
in the integrand with the probability P(0 < Z < δt1−1/α) in terms of the limiting
α-stable random variable Z. Since Z has a bounded density (see, e.g. Remark A.35
or [75, Ch. 4]), the weak convergence Qt

d→ Z as t ↓ 0 implies that the distributions
functions converge in Kolmogorov distance by Theorem A.8. Thus, since κn → 0 as
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n→ ∞, there exists some Nδ ∈ N such that

sup
n≥Nδ

sup
t∈(0,κn]

sup
x∈R

|P(0 < Qt ≤ x)− P(0 < Z ≤ x)| < δ,

where δ ∈ (0, ρ/3) is as before, arbitrary but fixed. In particular, the following
inequality holds supn≥Nδ

supt∈(0,κn] |P(0 < Qt ≤ snG(t))−P(0 < Z ≤ snG(t))| < δ.
For any N ≥ Nδ the triangle inequality yields

Bδ,N := sup
n≥N

sup
t∈(0,1]

|P(0 < Z < δt1−1/α)− P(0 < Qtκn ≤ snG(tκn))|

≤ δ + sup
n≥N

sup
t∈(0,1]

|P(0 < Z < δt1−1/α)− P(0 < Z ≤ snG(tκn))|

≤ δ + sup
n≥N

sup
t∈(0,1]

P(mt,n < Z < Mt,n),

where mt,n := min{snG(tκn), δt1−1/α} and Mt,n := max{snG(tκn), δt1−1/α}. We
aim to show that Bδ,N ′

δ
< 2δ for some N ′δ ∈ N.

By Remark A.35 (see also [75, Ch. 4]), there exists K > 0 such that the stable
density of Z is bounded by the function x 7→ Kx−α−1 for all x > 0. Thus, since
Mt,n −mt,n = |δt1−1/α − snG(tκn)|, we have

P(mt,n < Z < Mt,n) ≤ Km−α−1t,n |δt1−1/α − snG(tκn)|

≤ K((δt1−1/α)−α−1 + (snG(tκn))
−α−1)|δt1−1/α − snG(tκn)|.

(5.26)

To show that this converges uniformly in t ∈ (0, 1], we consider both summands.
First, we have

(δt1−1/α)−α−1|δt1−1/α − snG(tκn)| = δ−α
∣∣∣∣t1−α − (tκn)

(1−α2)/αG(tκn)

κ
(1−α2)/α
n G(κn)

∣∣∣∣,
which tends to 0 as n → ∞ uniformly in t ∈ (0, 1] by Theorem A.51 since t 7→
t(1−α

2)/αG(t) is regularly varying at 0 with index 1−α > 0 (recall that g is regularly
varying at 0 with index 1/α and G(t) = t/g(t)). Similarly, since sn = δ/G(κn), we
have

(snG(tκn))
−α−1|δt1−1/α − snG(tκn)| = δ−α

∣∣∣∣(tκn)1−1/αG(tκn)−α−1
κ
1−1/α
n G(κn)−α−1

− G(tκn)
−α

G(κn)−α

∣∣∣∣.
Since both terms in the last line converge to δαt1−α as n→ ∞ uniformly in t ∈ (0, 1]

by Theorem A.51, the difference tends to 0 uniformly too. Hence, the right side
of (5.26) converges to 0 as n → ∞ uniformly in t ∈ (0, 1]. Thus, for a sufficiently
large N ′δ, we have

sup
n≥N ′

δ

sup
t∈(0,1]

|P(0 < Z < δt1−1/α)− P(0 < Qtκn ≤ snG(tκn))| = Bδ,N ′
δ
< 2δ. (5.27)

We now analyse a lower bound on the integral J0
n in (5.25). By (5.27), for all
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n ≥ N ′δ, we have

J0
n ≥

∫ 1

0
(1− e−unκnt)e−λκnt

(
P
(
0 < Z ≤ δt1−1/α

)
− 2δ

)dt
t
.

Recall that κn = G−1(δ/sn), define ξn := G−1(1/sn) and note from the regular vari-
ation of G−1 that κn/ξn → δα/(α−1) as n → ∞, implying log(unκn) ∼ log(unξn) as
n→ ∞ since unξn → ∞. We split the integral from the display above at log(unκn)−1

and note, as n→ ∞, that∫ 1

log(unκn)−1

(1− e−unκnt)e−λκnt
(
P
(
0 < Z ≤ δt1−1/α

)
+ 2δ

)dt
t

≤
(
1 + 2δ

) ∫ 1

log(unκn)−1

dt

t
=
(
1 + 2δ

)
log(log(unκn)) ∼

(
1 + 2δ

)
log(log(unξn)).

For the integral over (0, log(unκn)
−1), note, for all sufficiently large n ∈ N, that

P(0 < Z ≤ δt1−1/α) ≥ P(0 < Z ≤ δ log(unκn)
1/α−1) > ρ− δ, t ∈ (0, log(unκn)

−1),

since unκn → ∞. Thus, as n→ ∞, we have∫ log(unκn)−1

0
(1− e−unκnt)e−λκnt

(
P
(
0 < Z ≤ δt1−1/α

)
− 2δ

)dt
t

≥
(
ρ− 3δ

)
e−λκn/ log(unκn)

∫ log(unκn)−1

0
(1− e−unκnt)

dt

t
∼
(
ρ− 3δ

)
log(unξn),

where the asymptotic equivalence follows from the fact that unκn/ log(unκn) → ∞
as n → ∞ and

∫ 1
0 (1 − e−xt)t−1dt ∼ log x as x → ∞. (In fact, we have

∫ 1
0 (1 −

e−xt)t−1dt = log x+Γ(0, x) + γ for x > 0 where Γ(0, x) =
∫∞
x t−1e−tdt is the upper

incomplete gamma function and γ is the Euler–Mascheroni constant.) This shows
that lim infn→∞ J

0
n/ log(unξn) ≥ ρ− 3δ > 0 since δ ∈ (0, ρ/3).

Similarly, (5.27) implies that for all n ≥ N ′δ, we have

J0
n ≤

∫ 1

0
(1− e−unκnt)e−λκnt

(
P
(
0 < Z ≤ δt1−1/α

)
+ 2δ

)dt
t

≤ (ρ+ 2δ)

∫ 1

0
(1− e−unκnt)

dt

t
∼ (ρ+ 2δ) log(unξn), as n→ ∞,

implying lim supn→∞ J
0
n/ log(unξn) ≤ ρ+ 2δ. Altogether, we deduce that

ρ− 3δ ≤ lim inf
n→∞

Ψsn(un)/ log(unξn) ≤ lim sup
n→∞

Ψsn(un)/ log(unξn) ≤ ρ+ 2δ.

Since δ ∈ (0, ρ/3) is arbitrary and the sequence Ψsn(un)/ log(unξn) does not depend
on δ, we may take δ ↓ 0 to obtain Part (i).

Part (ii). We will bound each of the terms in Ψsn(un) = J1
n + J2

n + J3
n, where
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ξn = G−1(1/sn) and

J1
n :=

∫ ξn

0
(1− e−unt)e−λtP(0 < Qt ≤ snG(t))

dt

t
,

J2
n :=

∫ 1

ξn

(1− e−unt)e−λtP(0 < Qt ≤ snG(t))
dt

t
and

J3
n :=

∫ ∞
1

(1− e−unt)e−λtP(0 < Xt − γ0t ≤ snt)
dt

t
.

Recall that our assumption in part (ii) states that unξn → 0 as n→ ∞. Using
the elementary inequality 1−e−x ≤ x for x ≥ 0, we obtain J1

n = O(unξn) as n→ ∞.
Next we bound J3

n. Lemma 5.33(b) shows the existence of a uniform upper bound
C̃ > 0 on the densities of Xt/

√
t. Thus, P(0 < Xt−γ0t ≤ snt) = P(γ0

√
t < Xt/

√
t ≤

(γ0 + sn)
√
t) ≤ C̃sn

√
t and hence

J3
n ≤ C̃sn

∫ ∞
1

t−1/2e−λtdt = O(sn), as n→ ∞.

It remains to bound J2
n. Let q ∈ (0, 1] with q < 1/α−1 and C > 0 be a uniform

bound on the densities of Qt (whose existence is guaranteed by Lemma 5.33(a)).
The elementary bound 1 − e−x ≤ xq for x ≥ 0 for q ∈ (0, 1] and Theorem A.55(i)
yield

J2
n ≤ Cuqnsn

∫ 1

ξn

tqG(t)
dt

t
∼ C

1/α− q − 1
uqnsnG(ξn)ξ

q
n = O(uqnξ

q
n), as n→ ∞.

Proof of Theorem 5.7. Throughout this proof we let ϕ(u) := γu−1(log log u)r, for
some γ > 0, r ∈ R.

Part (i). Since p is arbitrary on (1/ρ,∞) and f(t) = 1/G(t logp(1/t)), it suffices
to show that lim supt↓0(Ĉ

′(t + τ̂s) − s)/f(t) = lim supt↓0 Lt/f(t) < ∞ a.s. (Recall
that Lt = C ′(t + τ̂s) − s and Ψu(w) = − logE[e−wYu ] for all u,w ≥ 0.) By The-
orem 5.22(a), it suffices to find a positive sequence (θn)n∈N with limn→∞ θn = ∞
such that

∑∞
n=1 exp(θntn − Ψf(tn)(θn)) < ∞ and lim supn→∞ f(tn)/f(tn+1) < ∞

where tn := ϕ(θn).
Let θn := en and r = 0. Since the function f is regularly varying at 0, it follows

that lim supn→∞ f(tn)/f(tn+1) = limn→∞ f(tn)/f(tn+1) = e1−1/α. Thus, it suffices
to prove that the series above is finite. Since tn = ϕ(θn), it follows that tnθn = γ.
Note from the definition of f that, as u→ ∞,

uG−1(f(ϕ(u))−1) = uh(u)(log(ϕ(u)−1))p = γ(log(γ−1u))p ∼ γ(log u)p → ∞.

(5.28)
Since θnG−1(f(tn)−1) ∼ γ(log θn)

p → ∞ as n→ ∞ by (5.28), Lemma 5.34(i) implies
that Ψf(tn)(θn) ∼ ρ log(θnG

−1(f(tn)
−1)) as n→ ∞.

Fix some ε > 0 with (1− ε)ρp > 1. Note that Ψf(tn)(θn) ≥ (1− ε)ρp log log θn
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for all sufficiently large n. It suffices to show that the following sum is finite:∑∞
n=1 exp

(
γ − (1 − ε)ρp log log θn

)
. Since (1 − ε)ρp > 1, this sum is bounded by a

multiple of the series
∑∞

n=1 n
−(1−ε)ρp <∞.

Part (ii). Since p is arbitrary in (0, 1/ρ), it suffices to show lim supt↓0 Lt/f(t) ≥
1 a.s. By Theorem 5.22(b), it is therefore sufficient to find a positive sequence
(θn)n∈N satisfying limn→∞ θn = ∞,

∑∞
n=1(exp(−Ψf(tn)(θn)) − exp(−θntn)) = ∞

and
∑∞

n=1Ψf(tn+1)(θn) <∞.
Let r = γ = 1, choose σ > 1 and ε > 0 to satisfy σ(1 + ε)ρp < 1 and set

θn := en
σ for n ∈ N. We start by showing that the second sum in the paragraph

above is finite. Since σ > 1, (5.28) yields

θnG
−1(f(tn+1)

−1) ∼ θn
θn+1

(log θn+1)
p log log θn+1 ↓ 0, as n→ ∞. (5.29)

Hence, Lemma 5.34(ii) with q ∈ (0, 1] and q < 1/α− 1 and (5.29) imply

Ψf(tn+1)(θn) = O
(
[θnG

−1(f(tn+1)
−1)]q + f(tn+1)

)
, as n→ ∞.

By (5.29), it is enough to show that
∞∑
n=1

(
θn
θn+1

(log θn+1)
p log log θn+1

)q
<∞, and

∞∑
n=1

f(tn+1) <∞.

Newton’s generalised binomial theorem implies that θn/θn+1 = exp(nσ− (n+1)σ) ≤
exp(−σnσ−1/2) for all sufficiently large n. Since log θn+1 ∼ nσ, we conclude that
the first series in the previous display is indeed finite. The second series is also finite
since f ◦ h is regularly varying at infinity with index (α − 1)/α < 0 (recall that
tn+1 = ϕ(θn+1)).

Next we prove that
∑∞

n=1(exp(−Ψf(tn)(θn)) − exp(−θntn)) = ∞. Note that
we have exp(−θntn) = exp(− log log θn) = n−σ, which is summable. Applying
Lemma 5.34(i) and (5.28), we see that Ψf(tn)(θn) ∼ ρ log(θnG

−1(f(tn)
−1)) as n →

∞. As in Part (i), it is easy to see that for every ε > 0, the inequality Ψf(tn)(θn) ≤
(1 + ε)ρp log log θn holds for all sufficiently large n. Thus exp(−Ψf(tn)(θn)) ≥
n−σ(1+ε)ρp is not summable (since σ(1 + ε)ρp < 1):

∑∞
n=1 exp(−Ψf(tn)(θn)) = ∞,

completing the proof.

§5.4.3 Upper and lower functions at time 0 - proofs

Fix any λ > 0. Let Ys := τ̂−1/s for s ∈ (0,∞) and note that the mean jump measure
of Ys is given by

Π(ds, dt) := t−1e−λtP(−t/Xt ∈ ds)dt,
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implying Π((0, s], dt) = t−1e−λtP(Xt ≤ −t/s)dt. Since Ĉ ′ is the right-inverse of
τ̂ , we have the identity Ĉ ′(t) = −1/Lt where Lt := inf{s > 0 : Ys > t}. Thus,
lim supt↓0 |Ĉ ′(t)|f(t) equals 0 (resp. ∞) if and only if lim inft↓0 Lt/f(t) equals ∞
(resp. 0). Corollary 5.28 and Proposition 5.26 above are the ingredients in the proof
of Theorem 5.9.

Proof of Theorem 5.9. Since the conditions in Theorem 5.24 only involve integrating
the mean measure Π of Y near the origin, we may ignore the factor e−λt in the defin-
ition of the mean measure Π above. After substituting Π(du,dt) = t−1P(−t/Xt ∈
du)dt in conditions (5.15) and (5.19)–(5.20), we obtain the conditions in (5.7)–
(5.9). Thus, Corollary 5.28 and the identity Ĉ(t) = −1/Lt yield the claims in
Theorem 5.9.

The following technical lemma which establishes the asymptotic behaviour of
the characteristic exponent Φ defined in (5.22). This result plays an important role in
the proof of Theorem 5.13. We will assume that X ∈ Zα,ρ. For simplicity, by virtue
of (A.4) and Theorem A.52, we assume without loss of generality that: g(t) = 1

for t ≥ 1, g is continuous and decreasing on (0, 1] and the function G(t) = t/g(t) is
continuous and increasing on (0,∞). Hence, the inverse G−1 of G is also continuous
and increasing.

Lemma 5.35. Let X ∈ Zα,ρ for some α ∈ (1, 2] and ρ ∈ (0, 1) and assume E[X2
1 ] <

∞ and E[X1] = 0. The following statements hold for any sequences (un)n∈N ⊂ (0,∞)

and (sn)n∈N ⊂ R− such that un → ∞ and sn → −∞ as n→ ∞:
(i) if unG−1(|sn|−1) → ∞, then Φsn(un) ∼ (1− ρ) log(unG

−1(|sn|−1)),
(ii) if unG−1(|sn|−1) ↓ 0, then Φsn(un) = O([unG

−1(|sn|−1)](α−1)/2 + |sn|−2).

Proof. Part (i). Denote Qt := Xt/g(t) and note that, for all n ∈ N,

Φsn(un) =

∫ ∞
0

(1− e−tun)e−λtP
(
Qt ≤ snG(t)

)dt
t
.

For every δ > 0 let κn := G−1(δ/|sn|) and note that κn ↓ 0 as n→ ∞. The integral
in the previous display is split at κn and we control the two resulting integrals.

We start with the integral on [κn,∞). For any q ∈ (0, α) we claim that
K := supt≥0E[|Qt|q] < ∞. Indeed, since E[X2

t ] < ∞, t−1/2g(t)Qt converges
weakly to a normal random variable as t → ∞. Applying Lemma 3.18 gives
supt≥1E[|Qt|q]t−q/2g(t)q < ∞, and hence supt≥1E[|Qt|q] < ∞ since t−1/2g(t) is
bounded from below for t ≥ 1. Similarly, supt≤1E[|Qt|q] < ∞ by Lemmas 2.13
& 2.14, implying that K <∞. Markov’s inequality then yields

K ≥ sup
n∈N

sup
t≥κn

|sn|qG(t)qP(Qt ≤ snG(t)). (5.30)
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Let q′ := q(1 − 1/α) > 0 and note that G(t)−q is regularly varying at 0 with index
−q′. By (5.30) we have P(Qt ≤ snG(t)) ≤ K|sn|−qG(t)−q for all t ≥ κn and n ∈ N.
Hence, Karamata’s theorem (see Theorem A.55) gives, as n→ ∞, that∫ ∞

κn

(1− e−unt)e−λtP
(
Qt ≤ snG(t)

)dt
t

≤ K

∫ ∞
κn

|sn|−qe−λtG(t)−q
dt

t

∼ K

q′
|sn|−qG(κn)−q =

K

q′δq
<∞.

Thus, the integral
∫∞
κn

(1− e−unt)e−λtP
(
Qt ≤ snG(t)

)
t−1dt is bounded as n→ ∞.

It remains to establish the asymptotic growth of the corresponding integral on
(0, κn). Since the limiting α-stable random variable Z has a bounded density (see,
e.g. Remark A.35 or [75, Ch. 4]), the weak convergence of Qt

d→ Z as t ↓ 0 extends
to convergence in Kolmogorov distance by Theorem A.8. Thus, there exists some
Nδ ∈ N such that

sup
n≥Nδ

sup
t∈[0,κn]

|P(Qt ≤ snG(t))− P(Z ≤ snG(t))| < δ.

Since G(κn) = δ/|sn| and P(Z ≤ 0) = 1− ρ, the triangle inequality yields

Bδ := sup
n≥Nδ

sup
t∈[0,κn]

|1− ρ− P(Qt ≤ snG(t))| ≤ |1− ρ− P(Z ≤ −δ)|+ δ.

which tends to 0 as δ ↓ 0.
Define ξn := G−1(1/|sn|) for and note from the regular variation of G−1 that

κn/ξn → δα/(α−1) as n → ∞, implying log(unκn) ∼ log(unξn) as n → ∞ since
unξn → ∞. As in the proof of Lemma 5.34 above, we have

∫ 1
0 (1−e

−xt)t−1dt ∼ log x

as x→ ∞. Since unξn → ∞ and ξn ↓ 0 as n→ ∞, we have∫ κn

0
(1− e−unt)e−λtP

(
Qt ≤ snG(t)

)dt
t

≤ (1− ρ+Bδ)

∫ κn

0
(1− e−unt)e−λt

dt

t

∼ (1− ρ+Bδ) log(unξn), as n→ ∞.

This implies that lim supn→∞Φsn(un)/ log(unξn) ≤ 1− ρ+Bδ. A similar argument
can be used to obtain lim infn→∞Φsn(un)/ log(unξn) ≥ 1 − ρ − Bδ. Since δ > 0 is
arbitrary and Bδ ↓ 0 as δ ↓ 0, we deduce that Φsn(un) ∼ (1−ρ) log(unξn) as n→ ∞.

Part (ii). We will bound each of the terms in Φsn(un) = J1
n + J2

n + J3
n, where

ξn = G−1(1/|sn|) and

J1
n :=

∫ ξn

0
(1− e−unt)e−λtP(Xt ≤ snt)

dt

t
, J2

n :=

∫ ∞
1

(1− e−unt)e−λtP(Xt ≤ snt)
dt

t
,

and J3
n :=

∫ 1

ξn

(1− e−unt)e−λtP(Qt ≤ snG(t))
dt

t
.

The elementary inequality 1− e−x ≤ x for x ≥ 0 implies that the integrand of J1
n is

bounded by un. Hence, we have J1
n = O(unξn) = O((unξn)

(α−1)/2) as n→ ∞.
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To bound J2
n, we use Markov’s inequality as follows: since E[X2

t ] = E[X2
1 ]t for

all t > 0, we have P(Xt ≤ snt) ≤ E[X2
1 ]t/(|sn|2t2) = E[X2

1 ]|sn|−2t−1, for all n ∈ N,
t > 0. Thus, we get

J2
n ≤ E[X2

1 ]

|sn|2

∫ ∞
1

dt

t2
=
E[X2

1 ]

|sn|2
= O(|sn|−2), as n→ ∞.

It remains to bound J3
n. Let r := (α − 1)/2, pick any q ∈ (α/2, α) and recall

from Part (i) that K = supt≥0E[|Qt|q] < ∞. Note that q′ = q(1 − 1/α) > r, so
Karamata’s theorem (see Theorem A.55), the inequality in (5.30) and the elementary
bound 1− e−x ≤ xr for x ≥ 0 yield

J3
n ≤ Kurn

∫ 1

ξn

tr|sn|−qG(t)−q
dt

t
∼ Kurn
q′ − r

ξrn|sn|−qG(ξn)−q =
K

q′ − r
(unξn)

r,

as n→ ∞. We conclude that J3
n = O((unξn)

r) as n→ ∞, completing the proof.

Proof of Theorem 5.13. Throughout this proof we let ϕ(u) := γu−1(log log u)r, for
some γ > 0 and r ∈ R. By Remark 5.1 we may and do assume without loss of
generality that (Xt)t≥0 has a finite second moment and zero mean.

Part (i). Since p is arbitrary on the interval (1/(1 − ρ),∞), it suffices to show
that lim inft↓0 |Ĉ ′(t)|f(t) > 0 a.s. where f(t) = G(t logp(1/t)). Since Ĉ ′(t) =

−1/Lt, this is equivalent to lim supt↓0 Lt/f(t) < ∞ a.s. Recall that Ψu(w) =

logE[e−wYu ] = logE[e−wτ̂−1/u ] = Φ−1/u(w) for all u > 0 and w ≥ 0. By virtue
of Theorem 5.22(a), it suffices to show that

∑∞
n=1 exp(θntn − Ψf(tn)(θn)) < ∞ and

lim supn→∞ f(tn)/f(tn+1) <∞ for tn := ϕ(θn) and a positive sequence (θn)n∈N with
limn→∞ θn = ∞.

Let θn := en and r = 0. Since f is a regularly variation function at 0, it holds
that lim supn→∞ f(tn)/f(tn+1) = limn→∞ f(tn)/f(tn+1) = e1−1/α. Thus, it suffices
to prove that the series is finite. Since tn = ϕ(θn), it follows that tnθn = γ. Note
from the definition of f that, as u→ ∞,

uG−1(f(ϕ(u))) = uϕ(u)(log(ϕ(u)−1))p = γ(log(γ−1u))p ∼ γ(log u)p → ∞. (5.31)

By Lemma 5.35(i) we have Ψf(tn)(θn) = Φ−1/f(tn)(θn) ∼ (1 − ρ) log(θnG
−1(f(tn)))

as n→ ∞, since θnG−1(f(tn)) ∼ γ(log θn)
p → ∞ as n→ ∞ by (5.31).

Fix ε > 0 with (1−ε)(1−ρ)p > 1. Note that Ψf(tn)(θn) ≥ (1−ε)(1−ρ)p log log θn
for all sufficiently large n. It is enough to show that the following sum is finite:∑∞

n=1 exp
(
γ − (1 − ε)(1 − ρ)p log log θn

)
. Since (1 − ε)(1 − ρ)p > 1, this sum is

bounded by a multiple of
∑∞

n=1 n
−(1−ε)(1−ρ)p <∞.

Part (ii). As before, since p is arbitrary in (0, 1/(1−ρ)), it suffices to show that
we have lim inft↓0 |Ĉ ′(t)|f(t) < ∞ a.s. By Theorem 5.22(b), it suffices to show that
there exists some r > 0 and a positive sequence (θn)n∈N satisfying limn→∞ θn = ∞,

135



such that
∑∞

n=1(exp(−Ψf(tn)(θn))− exp(−θntn)) = ∞ and
∑∞

n=1Ψf(tn+1)(θn) <∞.
Let γ = r = 1, choose σ > 1 and ε > 0 satisfying σ(1 + ε)p(1 − ρ) < 1 (recall

p(1− ρ) < 1) and set θn := en
σ . We start by showing that the second sum is finite.

Since σ > 1, (5.31) yields

θnG
−1(f(tn+1)) ∼

θn
θn+1

(log θn+1)
p ↓ 0, as n→ ∞. (5.32)

Hence, the time-change Ĉ ′(t) = −1/Lt, Lemma 5.35(ii) and (5.32) imply

Ψf(tn+1)(θn) = Φ−1/f(tn+1)(θn) = O
(
[θnG

−1(f(tn+1))]
(α−1)/2 + f(tn+1)

2
)
,

as n→ ∞. By (5.32), it is enough to show that
∞∑
n=1

(
θn
θn+1

(log θn+1)
p log log θn+1

)(α−1)/2
<∞, and

∞∑
n=1

f(tn+1)
2 <∞.

Newton’s generalised binomial theorem implies that θn/θn+1 = exp(nσ− (n+1)σ) ≤
exp(−σnσ−1/2) for all sufficiently large n. Since log θn+1 ∼ nσ, we conclude that
the first series in the previous display is indeed finite. The second series is also
finite since f ◦ h is regularly varying at infinity with index −(α − 1)/α (recall that
tn+1 = ϕ(θn+1)).

Next we prove that
∑∞

n=1(exp(−Ψf(tn)(θn))− exp(−θntn)) = ∞. First observe
that the terms exp(−θntn) = exp(− log log θn) = n−σ are summable. Applying
Lemma 5.35(i) and (5.31), we obtain Ψf(tn)(θn) ∼ (1 − ρ) log(θnG

−1(f(tn))) as
n → ∞. As in Part (i), Ψf(tn)(θn) ≤ (1 + ε)p(1 − ρ) log log θn for all sufficiently
large n. Thus exp(−Ψf(tn)(θn)) ≥ n−σ(1+ε)p(1−ρ) and, since σ(1+ ε)p(1−ρ) < 1, we
deduce that

∑∞
n=1 exp(−Ψf(tn)(θn)) = ∞, completing the proof.

§5.4.4 Proofs of §5.2.5

In this subsection we prove the results stated in §5.2.5.

Proofs of Lemmas 5.15 and 5.19. We first prove Lemma 5.15. Let s ∈ L∗ and let
the function f : [0,∞) → [0,∞) be continuous and increasing with f(0) = 0 and
define the function f̃(t) :=

∫ t
0 f(u)du, t ≥ 0. Note that ms = Xτs ∧ Xτs− equals

C(τs) since τs is a contact point between t 7→ Xt ∧Xt− and its convex minorant C.
Part (i). By assumption, for any M > 0 there exists δ > 0 such that C ′(t +

τs)− s ≥ Mf(t) for t ∈ (0, δ). Since
∫ t
0 (C

′(u+ τs)− s)du = C(t+ τs)−ms − st it
follows that C(t+ τs)−ms − st ≥Mf̃(t) for all t ∈ [0, δ). Note that the path of X
stays above its convex minorant, implying C(t + τs) −ms − st ≤ Xt+τs −ms − st.
Thus, Xt+τs −ms − st ≥ Mf̃(t) for all t ∈ [0, δ), implying that lim inft↓0(Xt+τs −
ms − st)/f̃(t) ≥M .
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Part (ii). Assume f̃ is convex on a neighborhood of 0, and that lim supt↓0(C
′(t+

τs)−s)/f(t) = 0. Then, for all M > 0 there exists some δ > 0 such that C ′(t+ τs)−
s ≤ Mf(t) for all t ∈ [0, δ). Integrating this inequality gives C(t+ τs)−ms − st ≤
Mf̃(t) for all t ∈ [0, δ). Since s ∈ L∗, there exists a decreasing sequence of slopes
sn ↓ s such that tn = τsn − τs ↓ 0 and Xtn+τs ∧Xtn+τs− = C(tn + τs) for all n ∈ N.
Thus, either Xtn+τs −ms − stn ≤Mf̃(tn) i.o. or Xtn+τs− −ms − stn ≤Mf̃(tn) i.o.
Since f̃ is continuous, we deduce that lim inft↓0(Xt+τs −ms − st)/f̃(t) ≤M .

The proof of Lemma 5.19 follows along similar lines with f̃(t) =
∫ t
0 f(u)

−1du,
t > 0, the slope s = −∞ and m−∞ = X0 = 0.

Proof of Corollary 5.17. Part (i) follows from Theorem 5.7 and Lemma 5.15(ii).
Part (ii). Assume α ∈ (1/2, 1). By Theorem 5.2 and Lemma 5.15(i) it suffices

to prove that (5.2)–(5.4) hold for c = 1. As described in §5.2.1.1, condition (5.6)
implies (5.3)–(5.4). By Lemma 5.33, the density of (Xt − st)/g(t) is uniformly
bounded in t > 0. Hence, the following condition implies (5.6):∫ 1

0

∫ 1

f(t/2)

1

f−1(x)
dx

t

g(t)
dt <∞. (5.33)

Similarly, (5.2) holds with c = 1 if
∫ 1
0 (f(t)/g(t))dt < ∞. Thus, it remains to show

that (5.33) holds and
∫ 1
0 (f(t)/g(t))dt <∞.

We first establish (5.33). Let a = α/(1 − α), where f(t) := 1/G(t(log t−1)p) =

t1/aϖ̃(t) with slowly varying function ϖ̃ given by ϖ̃(t) = logp/a(1/t)ϖ(t logp(1/t)).
Thus, by Theorem A.56, the inverse f−1 of f admits the representation f−1(t) =

taϖ̂(t) for some slowly varying function ϖ̂(t). This slowly varying function satisfies

t = f−1(f(t)) = f(t)aϖ̂(f(t)) =⇒ ϖ̂(f(t)) ∼ t/f(t)a ∼ 1/ϖ̃(t)a, as t ↓ 0. (5.34)

Since a > 1, the function f−1 is not integrable at 0. Thus, by Karamata’s
theorem (see Theorem A.55) and (5.34), the inner integral in (5.33) satisfies∫ 1

f(t/2)

1

f−1(x)
dx ∼ 1

a− 1
f(t/2)1−aϖ̂(f(t))−1 ∼ 2(a−1)/a

a− 1
f(t)1−aϖ̃(t)a, as t ↓ 0.

Since t/g(t) = t−1/a/ϖ(t) for t > 0, condition (5.33) holds if and only if the following
integral is finite∫ 1

0
f(t)1−a

ϖ̃(t)a

ϖ(t)
t−1/adt =

∫ 1

0
logp/a(1/t)

ϖ(t logp(1/t))

ϖ(t)

dt

t
.

The integrand is asymptotically equivalent to logp/a(1/t)t−1, since we have that
ϖ(t logp(1/t))/ϖ(t) → 1 as t ↓ 0 uniformly on [0, 1] by Theorem A.58 and our
assumption on ϖ. Thus, the condition p < −a makes the integral in display finite,
proving condition (5.33).
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To prove that
∫ 1
0 (f(t)/g(t))dt <∞, take any δ > 0 with p(1/a−δ) < −1 (recall

p/a < −1 by assumption) and apply Potter’s bound, i.e. Theorem A.53(iii), with δ
to obtain, for some constant K > 0,∫ 1

0

f(t)

g(t)
dt =

∫ 1

0

g(t logp(1/t))

g(t) logp(1/t)

dt

t
≤ K

∫ 1

0
logp(1/a−δ)(1/t)

dt

t
<∞.

Part (iii). The result follows from Corollary 5.4 and Lemma 5.15(i).

§5.5 Elementary estimates

Recall that (σ2, γ, ν) is the generating triplet of X and the definition of the functions
γ, σ2 and ν in (2.2).

Lemma 5.36. For any p ∈ (0, 2], t,K > 0 and ε ∈ (0, 1], the following bounds hold

E[(|Xt| ∧K)p] ≤
(
(γ − γ(ε))2t2 + (σ2(ε) + σ2)t

)p/2
+Kpν(ε)t,

P(|Xt| ≥ K) ≤
(
(γ − γ(ε))2t2 + (σ2(ε) + σ2)t

)
/K2 + ν(ε)t.

Proof. Let Xt = (γ − γ(ε))t+ Jt +Mt be the Lévy-Itô decomposition of X at level
ε, where J is compound Poisson containing all of the jumps of X with magnitude
at least ε and Mt is a martingale with jumps of size smaller than ε. Fix t > 0 and
define the event A of not observing any jump of J on the time interval [0, t]. Clearly
1 − P(A) = 1 − e−ν(ε)t ≤ ν(ε)t. Consider the elementary inequality |Xt|p ∧ Kp ≤
|(γ−γ(ε))t+Mt|p1A+Kp

1Ac . Taking expectations and applying Jensen’s inequality
(with the concave function x 7→ xp/2 on (0,∞)), we obtain the bound

E
(
|Xt|p ∧Kp

)
≤
(
(γ − γ(ε))2t2 + E

[
M2
t

])p/2
+Kp(1− P(A)),

because EMt = 0. The first inequality readily follows. The second inequality follows
from the first one: using Markov’s inequality we get

P(|Xt| ≥ K) = P(|Xt| ∧K ≥ K) ≤ E(X2
t ∧K2)/K2.

Thus, the second result follows from the first with p = 2.

§5.6 Concluding remarks

The points on the boundary of the convex hull of a Lévy path where the slope
increases continuously were characterised (in terms of the law of the process) in
Chapter 4. In this chapter we address the question of the rate of increase for the
derivative of the boundary at these points in terms of lower and upper functions,
both when the tangent has finite slope and when it is vertical (i.e. of infinite slope).
Our results cover a large class of Lévy processes, presenting a comprehensive picture
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of this behaviour. Our aim was not to provide the best possible result in each case
and indeed many extensions and refinements are possible. Below we list a few that
arose while discussing our results in §5.2 as well as other natural questions.

• Find an explicit description of the lower (resp. upper) fluctuations in the finite
(resp. infinite) slope regime for Lévy processes in the domain of attraction of
an α-stable process in terms of the normalising function (cf. Corollaries 5.4
and 5.12). In the finite slope regime, this appears to require a refinement of
Theorem A.20 for processes in this class.

• In Theorems 5.7 and 5.13 we find the correct power of the logarithmic factor,
in terms of the positivity parameter ρ, in the definition of the function f for
processes in the domain of attraction of an α-stable process. It is natural to ask
what powers of iterated logarithm arise and how the boundary value is linked
to the characteristics of the Lévy process. This question might be tractable for
α-stable processes since power series and other formulae exist for their transition
densities [75, Sec. 4], allowing higher order control of the Laplace transform Φ

in Lemmas 5.34 and 5.35.
• Find the analogue of Theorems 5.7 and 5.13 for processes attracted to Cauchy

process (see Remarks 5.8(a) and 5.14(b) for details).
• Find Lévy processes for which there exists a deterministic function f such that

any of the following limits is positive and finite: lim supt↓0(C
′(t+ τs)− s)/f(t),

lim inft↓0(C
′(t+ τs)− s)/f(t), lim supt↓0 |C ′(t)|f(t) or lim inft↓0 |C ′(t)|f(t). By

Corollaries 5.4 and 5.12, such a function does not exist for lim inft↓0(C
′(t+τs)−

s)/f(t) or lim supt↓0 |C ′(t)|f(t) within the class of regularly varying functions
and α-stable processes with jumps of both signs.
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Chapter 6

Hölder continuity of the convex
minorant of a Lévy process

§6.1 Introduction and main results

The Hölder continuity1 of continuous random functions is a classical topic, analysed
extensively for Brownian motion and related processes, see e.g. [73] for fractional
Brownian motion. Typically, such results make use of Kolmogorov’s extension the-
orem (see Theorem A.2). The convex minorant of a Lévy process is a continuous
random function, which may but need not be smooth as described in Chapters 4
& 5, motivating the question of its Hölder continuity. However, as the increments of
the convex minorant (and their moments) are not tractable and its local behaviour
varies greatly with the characteristics of the Lévy process (as seen in Chapter 4),
Kolmogorov’s extension theorem is not the right tool. In this chapter we establish
sufficient and necessary conditions for the Hölder continuity the convex minorant of
a Lévy process, using a generalisation of the 0–1 law in Theorem 4.18, the character-
isation of small time behaviour of the Lévy path in Theorem A.41 and an elementary
lemma by Khinchine (see Lemma 6.7 below). We prove for example that, in the ab-
sence of a Brownian component, the critical Hölder exponent is the reciprocal of the
Blumenthal–Getoor index for most infinite variation Lévy processes (complete res-
ults are given in Table 6.1 below). A short YouTube [15] video describes the results
and the structure of our proofs.

Let C = (Ct)t∈[0,T ] be the convex minorant of the one-dimensional Lévy process
X (see Definition 2.16). By Proposition 4.3, C is Lipschitz (i.e., 1-Hölder) continuous

1Given r ∈ (0, 1] the function f : [0, T ] → R is r-Hölder continuous by definition if its Hölder
constant sup0≤x<y≤T |f(y)− f(x)|/(y − x)r is finite.
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if and only if X is of finite variation. In what follows we assume that X is of infinite
variation. Then C is not Lipschitz on [0, T ] but, by convexity, is Lipschitz on every in-
terval [ε, T−ε], ε > 0, with Lipschitz constant max{|C ′(ε)|, C ′(T − ε)} given in terms
of the right-derivative C ′ of C. Note that the rate at which max{|C ′(ε)|, C ′(T − ε)}
tends to infinity as ε ↓ 0, analysed in Chapter 5, is insufficient to characterise the
r-Hölder continuity of C on [0, T ] for r ∈ (0, 1), since C ′(ε) may fluctuate between
functions that are not asymptotically equivalent as ε ↓ 0, see Remark 5.14(a) (ana-
logous behaviour is observed for C ′(T − ε)).

Let σ and ν be the Gaussian coefficient and Lévy measure of X, respectively.
Recall the definition of the Blumenthal–Getoor index β+ from (2.3). Note that
β+ ∈ [1, 2] since X is of infinite variation. Finally, when β+ ∈ (1, 2], define

Jβ+ :=

∫ 1

0
E
[
min{|Xt|/t1/β+ , 1}β+/(β+−1)

]dt
t

∈ (0,∞].

Our results are summarised in Table 6.1 below.

Infinite variation Lévy process X r
Is C r-Hölder
continuous?

σ2 > 0
0 < r < 1/2 Yes
1/2 ≤ r < 1 No

σ2 = 0

β+ = 1 0 < r < 1 Yes

β+ ∈ (1, 2]

∫
(−1,1) |x|

β+ν(dx) = ∞ 0 < r < 1/β+ Yes
1/β+ ≤ r < 1 No

Jβ+ <∞ 0 < r ≤ 1/β+ Yes
1/β+ < r < 1 No

Table 6.1: Critical level r ∈ (0, 1) for r-Hölder continuity of the convex minorant
is 1/2 in the presence of a Brownian component and 1/β+ in its absence if the
Blumenthal–Getoor index β+ is greater than one.

Our results present an almost complete picture in the sense that only a small
portion of Lévy processes are not covered in Table 6.1 above. Indeed, the condi-
tions

∫
(−1,1) |x|

β+ν(dx) = ∞ and Jβ+ < ∞ are mutually exclusive (by Theorem 6.2
and (6.1)) but not necessarily complementary. However, as discussed below, Propos-
ition 6.3 suggests that there are very few Lévy processes with Blumenthal–Getoor
index β+ < 2 satisfying

∫
(−1,1) |x|

β+ν(dx) < ∞ = Jβ+ . In contrast, when X has
no Brownian component and β+ = 2, there is a class of Lévy processes where our
methods are inconclusive, see Proposition 6.4 below for details.

141



§6.1.1 r-Hölder continuity and sets of r-slopes

The convex minorant C is piecewise linear with countably many maximal intervals of
linearity (see, e.g. Theorem 2.18). Denote the corresponding sequences of horizontal
lengths and vertical heights by (ℓn)n∈N and (ξn)n∈N, respectively. Thus, over the n-
th interval of linearity (where C has slope ξn/ℓn), C is clearly r-Hölder with Hölder
constant |ξn|/ℓrn. Our main objective is to characterise the Lévy processes with
convex minorants that are r-Hölder continuous for r ∈ (0, 1). It turns out that, for a
large class of Lévy processes, the a.s. finiteness of kr := supn∈N |ξn|/ℓrn implies that
C is r-Hölder a.s. It is important to note that neither 0 nor T are the endpoints of
an interval of linearity of C since X is of infinite variation (see §4.1.1.2), implying
that, even though C is “locally r-Hölder” on (0, T ) (i.e. kr < ∞), it may fail to be
r-Hölder on [0, T ].

For any r ∈ (0, 1), define the set of r-slopes by Sr := {ξn/ℓrn : n ∈ N}, which is
either a.s. bounded (kr < ∞) or a.s. unbounded (kr = ∞) by Corollary 4.19. By
Lemma 6.5 below, we have:

kr = sup
s∈Sr

|s| ≤ sup
0≤u<t≤T

|C(t)− C(u)|
(t− u)r

≤
(∑
s∈Sr

|s|1/(1−r)
)1−r

=: Kr a.s. (6.1)

Note that the upper bound Kr on the r-Hölder constant in (6.1) is in fact the Lp-
norm of C ′ for p = 1/(1 − r). The utility of (6.1) lies in the fact that it controls
the Hölder continuity of convex minorant C, since C is r-Hölder if Kr < ∞ and it
is not r-Hölder if kr = ∞. Our main results, Theorems 6.1 and 6.2 below, show
that, for most Lévy processes, kr and Kr are simultaneously finite or infinite, i.e.,
P({Kr = ∞} ∩ {kr < ∞}) = 0, yielding Table 6.1. Since, by Proposition 6.6
below, for any Lévy process X and any r ∈ (0, 1), we have P(kr = ∞) ∈ {0, 1} and
P(Kr = ∞) ∈ {0, 1}, the main function of Theorems 6.1 and 6.2 is thus to rule out
the possibility of having kr <∞ = Kr a.s.

Theorem 6.1. Let X be a Lévy process of infinite variation. If σ2 > 0, then
kr = ∞ for 1/2 ≤ r < 1 and Kr < ∞ for 0 < r < 1/2. If σ2 = 0, then kr = ∞ for
1/β+ < r < 1 and Kr <∞ for 0 < r < 1/β+.

By the inequalities in (6.1), Theorem 6.1 characterises Hölder continuity of C
when either β+ = 1 or σ2 > 0, implying the rows one, two and three in Table 6.1.
Moreover, Theorem 6.1 reveals that the critical level of the Hölder exponent is r =
1/β+ with β+ ∈ (1, 2], considered next.

Theorem 6.2. Let X be a Lévy process of infinite variation and suppose that σ2 = 0

and β+ ∈ (1, 2]. The equivalences hold: (i)
∫
(−1,1) |x|

β+ν(dx) = ∞ ⇐⇒ k1/β+ =

∞ a.s.; (ii) Jβ+ <∞ ⇐⇒ K1/β+ <∞ a.s.
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Implicit in Theorem 6.2 is the fact that Jβ+ <∞ implies
∫
(−1,1) |x|

β+ν(dx) <∞.
Checking the finiteness of the integral Jβ+ in Theorem 6.2(ii) may appear hard as
it is given in (§6.1) in terms of the truncated moments of the marginals of X. For
β+ ∈ (1, 2), we now give sufficient conditions for Jβ+ < ∞ in terms of the Lévy
measure ν. Recall the functions ν and γ in (2.2). Note that, by Fubini’s theorem,
we have

∫
(−1,1) |x|

pν(dx) =
∫ 1
0 ν(x

1/p)dx − ν(1) for any p > 0. In particular, the

condition
∫
(−1,1) |x|

β+ν(dx) <∞ is equivalent to
∫ 1
0 ν(x

1/β+)dx <∞.

Proposition 6.3. Suppose σ2 = 0, β+ ∈ (1, 2) and
∫ 1
0 ν(x

1/β+)dx < ∞. Consider
the conditions:

(i) lim sup
x↓0

xν
(
x1/β+

)
<∞, (ii)

∫ 1

0
xν
(
x1/β+

)2
dx <∞,

(iii)

∫ 1

0
x1−2/β+γ

(
x1/β+

)2
dx <∞, (iv)

∫ 1

0
E
[
min{|Xt|/t1/β+ , 1}2

]dt
t
<∞,

(v) Jβ+ =

∫ 1

0
E
[
min{|Xt|/t1/β+ , 1}β+/(β+−1)

]dt
t
<∞.

Then the following implications hold: (i) =⇒ (ii) =⇒ (iii) =⇒ (iv) =⇒ (v).

By Proposition 6.3, for most processes with β+ ∈ (1, 2), Theorem 6.2 char-
acterises the (1/β+)-Hölder continuity of C. Indeed, for Theorem 6.2 not to im-
ply K1/β+ < ∞ a.s., by Proposition 6.3, a Lévy measures ν would have to satisfy∫ 1
0 ν(x

1/β+)dx <∞ =
∫ 1
0 xν

(
x1/β+

)2
dx. Put differently, the function x 7→ xν(x1/β+)

would have to be integrable but not square integrable with respect to the measure
x−1dx on (0, 1). While such a ν could be constructed, it does not arise frequently
in applications. Moreover, it is not clear whether a Lévy measure ν, satisfying∫ 1
0 ν(x

1/β+)dx <∞ = Jβ+ , exists.
If X has no Brownian component (i.e. σ2 = 0) but satisfies β+ = 2, it is

possible to have k1/2 <∞ andK1/2 = ∞ a.s., rendering (6.1) insufficient to ascertain
whether C is 1

2 -Hölder continuous. Indeed, the phenomenon k1/2 <∞ = K1/2 occurs
whenever the a.s. constant value λ := lim supt↓0 |Xt|/

√
t ∈ [0,∞] (Theorem A.42

expresses λ in terms of ν) lies in (0,∞). In fact, we have the following.

Proposition 6.4. Suppose σ2 = 0, β+ = 2 and set λ := lim supt↓0 |Xt|/
√
t ∈ [0,∞].

Then (i) λ = ∞ implies k1/2 = ∞ a.s., (ii) λ ∈ (0,∞) implies k1/2 < ∞ = K1/2

a.s., (iii) λ = 0 implies k1/2 <∞ a.s.

We suspect that K1/2 < ∞ a.s. in the case λ = 0 of Proposition 6.4. We were
unable to establish this because the lower bound on the (1/2)-slopes in the proof of
Proposition 6.4 is zero for λ = 0.
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§6.1.2 Strategy for the proofs and connections with the literature

For any r ∈ (0, 1), we give sufficient as well as necessary conditions for the convex
minorant C to be r-Hölder continuous in terms of the set of r-slopes Sr := {ξn/ℓrn :

n ∈ N} (see (6.1) and Lemma 6.5). In Proposition 6.6 we generalise the 0–1 law in
Theorem 4.18 and use it to characterise the finiteness of Kr in terms of the truncated
moments of the marginals of X. Through Khintchine’s characterisation of the two-
sided upper functions of X [47], given in Lemma 6.7 below, and the 0–1 law in
Corollary 4.19, we find that kr < ∞ a.s. if and only if lim supt↓0 |Xt|/tr < ∞ a.s.,
see Corollary 6.9 below. The final ingredient in the proofs of Theorems 6.1 and 6.2
are the characterisations of the limit lim supt↓0 |Xt|/tr given in [70, Sec. 47] and [17],
respectively (see §1.3.5). In §6.4 we discuss a possible extension of Theorem 6.1 and
its connection to the characterisation in [83] of the limits lim supt↓0 |Xt|/h(t) for a
non-decreasing h.

§6.2 Proofs of results from §6.1.1

We begin with an elementary deterministic lemma that implies the inequalities
in (6.1).

Lemma 6.5. Let f be an absolutely continuous, piece-wise linear function with in-
finitely many faces, defined on the interval [a, b]. Given any enumeration of the
maximal intervals of linearity of f , let (ln)n∈N and (hn)n∈N be the corresponding se-
quences of horizontal lengths and vertical heights, respectively, of those line segments.
Then for any r ∈ (0, 1) we have

sup
n∈N

|hn|l−rn ≤ sup
a≤u<t≤b

|f(t)− f(u)|
(t− u)r

≤
(∑
n∈N

(|hn|l−rn )1/(1−r)
)1−r

.

Proof. Fix r ∈ (0, 1) and let p = 1/(1 − r) > 1. Let (gn, dn), n ∈ N, be the
maximal intervals of linearity of f where the slope of f over (gn, dn) equals hn/ln
and

∑
n∈N(dn − gn) = b − a. The lower bound is obvious since it is attained by

restricting the supremum to the values (u, t) = (gn, dn). To establish the upper
bound, first note that f ′ exists on the set

⋃
n∈N(gn, dn) of measure b− a and∫ b

a
|f ′(t)|pdt =

∑
n∈N

∫ dn

gn

|f ′(t)|pdt =
∑
n∈N

|hn|p

lpn

∫ dn

gn

dt =
∑
n∈N

|hn|p

lp−1n

.

By Hölder’s inequality with p and q = p/(p− 1) = 1/r > 1, it follows

|f(t)−f(u)| ≤
∫ t

u
|f ′(x)|dx =

∫ b

a
1[u,t](x)|f ′(x)|dx ≤ (t−u)1/q

(∫ b

a
|f ′(x)|pdx

)1/p

.
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Thus, we have

sup
a≤u<t≤b

|f(t)− f(u)|
(t− u)r

≤
(∫ b

a
|f ′(x)|pdx

)1/p

=

(∑
n∈N

|hn|p

lp−1n

)1/p

=

(∑
n∈N

(|hn|l−rn )1/(1−r)
)1−r

.

The proofs of Theorems 6.1 & 6.2 hinge on two key tools. First is the 0–1 law
in Proposition 6.6, generalising Theorem 4.18 to unbounded functionals of the faces
of C, and second is Khintchine’s characterisation of the upper functions of |X| at
zero given in Lemma 6.7 below. Recall that since X is of infinite activity, its convex
minorant C is a piecewise linear function whose maximal intervals of linearity have
corresponding sequences of horizontal lengths (ℓn)n∈N and vertical heights (ξn)n∈N

given by the formulae in Theorem 2.18.

Proposition 6.6. Let ϕ : R × (0,∞) → [0,∞) be measurable. Then the sum∑
n∈N ϕ(ξn, ℓn) is either a.s. finite or a.s. infinite. Moreover, we have∑

n∈N
ϕ(ξn, ℓn) <∞ a.s. ⇐⇒

∫ 1

0
E[min{ϕ(Xt, t), 1}]

dt

t
<∞. (6.2)

Proof. Note that
∑

n∈N an < ∞ if and only if
∑

n∈Nmin{an, 1} < ∞ for any se-
quence (an)n∈N in [0,∞). Thus, it follows that

∑
n∈N ϕ(ξn, ℓn) < ∞ a.s. if and

only if
∑

n∈Nmin{ϕ(ξn, ℓn), 1} < ∞ a.s. and the equivalence in (6.2) follows from
Theorem 2.18 and the 0–1 law in Theorem 4.18 applied to the bounded function
(t, x) 7→ min{ϕ(x, t), 1}.

The following characterisation due to Khintchine [47] is central in relating the
upper fluctuations of |X| and the faces of C. Recall that, for any positive measurable
function h : (0,∞) → (0,∞), lim supt↓0 |Xt|/h(t) is a.s. a constant on [0,∞] by
Blumenthal’s 0–1 law Corollary A.1 (see also [70, Prop. 40.4]).

Lemma 6.7 (Khintchine). Suppose X is not compound Poisson with drift. Let
h : (0,∞) → (0,∞) be measurable and increasing at 0 and fix R > 0. Then the
following statements hold.

(i) If
∫ 1
0 P(|Xt|/h(t) > R/4)t−1dt <∞, then lim supt↓0 |Xt|/h(t) ≤ R a.s.

(ii) If
∫ 1
0 P(|Xt|/h(t) > 8R)t−1dt = ∞, then lim supt↓0 |Xt|/h(t) ≥ R a.s.

Remark 6.8. For completeness, we give a short elementary proof of Lemma 6.7
in §6.3 below. It is based on Khintchine’s proof of a closely related result in [47,
Fundamental lemma]. It is not essential for the results in this thesis, but it is natural
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to enquire whether Lemma 6.7 holds with the constants R/4 and 8R in the integral
conditions substituted by R. ♢

Corollary 6.9. Suppose X is not compound Poisson with drift. Let h : (0,∞) →
(0,∞) be measurable and increasing at 0. Define the set of h-slopes Sh := {ξn/h(ℓn) :
n ∈ N} and set kh := sups∈Sh |s|. Then P(kh = ∞) ∈ {0, 1}. Moreover, kh <∞ a.s.
if and only if lim supt↓0 |Xt|/h(t) <∞ a.s.

Proof. Suppose there exists R ∈ (0,∞) such that
∫ 1
0 P(|Xt|/h(t) > R)t−1dt < ∞.

Then Corollary 4.19 (applied to f(t, x) = |x|/h(t)) implies that Sh ∩ (R \ [−R,R])
is a.s. a finite set and hence kh < ∞ a.s. Similarly, since lim supt↓0 |Xt|/h(t) is a.s.
constant, Lemma 6.7(i) implies lim supt↓0 |Xt|/h(t) ≤ 4R.

Next assume that for all R ∈ (0,∞) we have
∫ 1
0 P(|Xt|/h(t) > R)t−1dt = ∞.

Then Corollary 4.19 (applied to f(t, x) = |x|/h(t)) implies that Sh ∩ (R \ [−R,R]) is
a.s. an infinite set for any R > 0. Hence kh ≥ R a.s. for any R > 0, implying that
kh = ∞ a.s. Similarly, Lemma 6.7(ii) implies lim supt↓0 |Xt|/h(t) ≥ R/8 a.s. for any
R > 0 and hence lim supt↓0 |Xt|/h(t) = ∞.

Since
∫ 1
0 P(|Xt|/h(t) > R)t−1dt is either finite for some R or infinite for all R,

it follows that P(kh = ∞) is either 0 or 1, respectively. Moreover, the former (resp.
latter) case implies that lim supt↓0 |Xt|/h(t) is finite (resp. infinite) a.s.

Proof of Theorem 6.1. First note that, for any p > 0 the sum
∑

n∈N ℓ
p
n is finite a.s.

(with mean T p/p) by Theorem 4.18. Pick any r′ > r and note that |ξn|/ℓrn ≤ kr′ℓ
r′−r
n

for every n ∈ N, implying

K1/(1−r)
r =

∑
s∈Sr

|s|1/(1−r) =
∑
n∈N

(|ξn|/ℓrn)1/(1−r) ≤ k
1/(1−r)
r′

∑
n∈N

ℓ(r
′−r)/(1−r)

n . (6.3)

In particular, Kr <∞ whenever kr′ <∞ for some r′ > r.
Assume first that σ2 > 0, then lim supt↓0 |Xt|/

√
t log log(1/t) =

√
2|σ| > 0 by

Proposition A.43. Thus, the limit lim supt↓0 |Xt|/tr equals 0 (resp. ∞) a.s. for
r ∈ (0, 1/2) (resp. r ∈ [1/2, 1)). Then, by Corollary 6.9, we have kr = ∞ for all
r ∈ [1/2, 1) and k(r+1/2)/2 <∞ for r ∈ (0, 1/2) since (r+1/2)/2 < 1/2. In the latter
case, r < (r + 1/2)/2 and hence Kr <∞ by (6.3).

Next assume σ2 = 0. By Proposition A.39, the limit lim supt↓0 |Xt|/tr equals 0

(resp. ∞) a.s. for r ∈ (0, 1/β+) (resp. r ∈ (1/β+, 1)) where β+ is the Blumenthal–
Getoor index defined in (2.3). As before, by Corollary 6.9, we have kr = ∞ for all
r ∈ (1/β+, 1) and k(r+1/β+)/2 < ∞ for r ∈ (0, 1/β+) since (r + 1/β+)/2 < 1/β+. In
the latter case, r < (r + 1/β+)/2 and hence Kr <∞ by (6.3).

Recall, by Fubini’s theorem,
∫
(−1,1) |x|

pν(dx) =
∫ 1
0 ν(t

1/p)dt−ν(1) for any p > 0.
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Proof of Theorem 6.2. Let r = 1/β+ ∈ [1/2, 1). By Theorem A.41,
∫ 1
0 ν(t

r)dt is
finite (resp. infinite) if and only if lim supt↓0 |Xt|/tr is finite (resp. infinite) a.s. Thus,
by Corollary 6.9,

∫ 1
0 ν(t

r)dt = ∞ if and only if kr = ∞. By Proposition 6.6 (with
ϕ(x, t) = (|x|/tr)1/(1−r)): Jβ+ =

∫ 1
0 E[min{|Xt|/tr, 1}1/(1−r)]t−1dt is finite if and

only if K1/(1−r)
r =

∑
n∈N |ξn|1/(1−r)/ℓr/(1−r)n is finite a.s., completing the proof.

Proof of Proposition 6.3. Let r = 1/β+ and note that
∫ 1
0 ν(t

r)dt < ∞. It is thus
clear that (i) lim supt↓0 tν(t

r) <∞ implies (ii)
∫ 1
0 tν(t

r)2dt <∞. Since 1/(1− r) =

β+/(β+ − 1) > 2 and min{|x|, 1}p ≤ min{|x|, 1}q for p ≥ q, (iv) implies (v). It
remains to show that (ii) =⇒ (iii) =⇒ (iv).

Let us show that (ii) implies (iii)
∫ 1
0 t

1−2rγ(tr)2dt < ∞. Denote ν1(x) :=

ν(x) − ν(1) for x ∈ (0, 1] and recall γ(u) =
∫
(−1,1)\(−u,u) xν(dx) for u ∈ (0, 1]. By

Fubini’s theorem, we have

|γ(u)| ≤
∫
(−1,1)

1{u≤|x|<1}

∫ |x|
0

dyν(dx) =

∫ 1

0
ν1(max{y, u})dy

= uν1(u) +

∫ 1

u
ν1(y)dy.

Hence, the elementary inequality (a+ b)2 ≤ 2(a2 + b2) yields

1

2
t1−2rγ(tr)2 ≤ tν(tr)2 + t1−2r

(∫ 1

tr
ν(y)dy

)2

, t ∈ (0, 1].

Since
∫ 1
0 tν(t

r)2dt <∞ by assumption (ii), to establish (iii) we need only show that
the integral

∫ 1
0 t

1−2r(
∫ 1
tr ν(y)dy)

2dt is finite. Since min{a, b}2 ≤ ab and r = 1/β+ <

1, Fubini’s theorem yields

(2− 2r)

∫ 1

0
t1−2r

(∫ 1

tr
ν(y)dy

)2

dt

= (2− 2r)

∫ 1

0

∫ 1

0

(∫ min{x,y}1/r

0
t1−2rdt

)
ν(x)ν(y)dxdy

=

∫ 1

0

∫ 1

0
min{x, y}2/r−2ν(x)ν(y)dxdy

≤
(∫ 1

0
x1/r−1ν(x)dx

)2

=

(
r

∫ 1

0
ν(tr)dt

)2

<∞.

It remains to show that the condition (iii)
∫ 1
0 t

1−2rγ(tr)2dt < ∞ implies the
following (iv)

∫ 1
0 E[min{|Xt|/tr, 1}2]t−1dt < ∞. Let γ be the drift parameter of X

corresponding to the cutoff function x 7→ 1(−1,1)(x) (see §2.2) and recall the function
u 7→ σ2(u) from (2.2). Apply Lemma 5.36 (with ε = K = tr) to obtain∫ 1

0
E
[
min{|Xt|, tr}2

] dt

t1+2r
≤
∫ 1

0

[
t2(γ − γ(tr))2 + tσ2(tr) + t2r+1ν(tr)

] dt

t1+2r
.
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Since the integrals
∫ 1
0 γ

2t1−2rdt = γ2/(2 − 2r),
∫ 1
0 t

1−2rγ(tr)2dt and
∫ 1
0 ν(t

r)dt are
all finite (recall r = 1/β+ < 1), it remains to show that

∫ 1
0 t
−2rσ2(tr)dt < ∞. By

Fubini’s theorem, we obtain

σ2(x) =

∫
(−x,x)

(∫ |u|
0

2ydy

)
ν(du) = 2

∫ x

0
y(ν(y)− ν(x))dy ≤ 2

∫ x

0
yν(y)dy,

for x ∈ (0, 1]. Thus, again by Fubini’s theorem (recall that r = 1/β+ ∈ (1/2, 1)),∫ 1

0
t−2rσ2(tr)dt ≤ 2

∫ 1

0

∫ tr

0
t−2ryν(y)dydt = 2

∫ 1

0

y1/r−2 − 1

2r − 1
yν(y)dy.

Since,
∫ 1
0 y

1/r−1ν(y)dy = r
∫ 1
0 ν(t

r)dt < ∞, the integral on the right side of the
display above is finite.

Proof of Proposition 6.4. Define λ := lim supt↓0 |Xt|/
√
t ∈ [0,∞] . If λ = ∞, then

k1/2 = ∞ by Corollary 6.9. If λ ∈ [0,∞) then k1/2 <∞ by Corollary 6.9. Finally, as-
sume λ ∈ (0,∞). Then

∫ 1
0 t
−1P(|Xt|/

√
t > R)dt = ∞ for R < λ/4 by Lemma 6.7(i).

Thus, for any ε ∈ (0, λ/4), S1/2 has infinitely many points with magnitude on the
interval [ε,∞) by Corollary 4.19, implying Kr = ∞.

§6.3 Proof of Lemma 6.7

We present a short proof of Lemma 6.7, based on the proof of [47, Fundamental
lemma].

Proof of Lemma 6.7. Fix 0 < s < t and 0 < y < x, then {|Xt| ≥ x} ⊂ {|Xs| ≥
y} ∪ {|Xt −Xs| ≥ x− y}. Since Xt −Xs

d
= Xt−s, this yields

P(|Xt| ≥ x) ≤ P(|Xs| ≥ y) + P(|Xt−s| ≥ x− y). (6.4)

In particular, the choice s = t/2 and y = x/2 gives P(|Xt| ≥ x) ≤ 2P(|Xt/2| ≥ x/2).
Without loss of generality, we assume throughout h is non-decreasing on (0, 1].

Part (i). It suffices to show that, given R > 0, the condition
∫ 1
0 P(|Xt| >

Rh(t))t−1dt < ∞ implies lim supt↓0 |Xt|/h(t) ≤ 4R a.s. The proof is split in three
steps.

Step 1. We first show that P(|Xt| > 2Rh(t)) → 0 as t ↓ 0 and, in particular,
there exists some ε > 0 such that P(|Xt| > 2Rh(t)) < 1/2 for all t ∈ (0, ε). Since h
is non-decreasing, (6.4) implies

P(|Xt| > 2Rh(t)) ≤ P(|Xs| > Rh(s)) + P(|Xt−s| > Rh(t− s)).
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Integrating the previous inequality over [t/2, t] w.r.t. the measure s−1ds, yields

P(|Xt| > 2Rh(t)) log 2 ≤
∫ t

t/2
P(|Xs| > Rh(s))

ds

s
+

∫ t

t/2
P(|Xt−s| > Rh(t− s))

ds

s

≤
∫ t

t/2
P(|Xs| > Rh(s))

ds

s
+

∫ t

t/2
P(|Xt−s| > Rh(t− s))

ds

t− s

=

∫ t

0
P(|Xs| > Rh(s))

ds

s
<∞.

The integral
∫ t
0 P(|Xs| > Rh(s))s−1ds is finite and vanishes as t ↓ 0, implying the

following limit P(|Xt| > 2Rh(t)) → 0 as t ↓ 0.
Step 2. Define Xt := sups∈[0,t]Xs for t ≥ 0. We will show that P(Xt >

4Rh(t)) ≤ 2P(Xt > 2Rh(t)) for t ∈ (0, ε) where ε is as in Step 1. Fix n ∈ N,
set tk := tk/n for k ∈ {1, . . . , n} and define the events

Ak := {Xti ≤ 4Rh(t) for all i ∈ {1, . . . , k − 1}} ∩ {Xtk > 4Rh(t)}, k ∈ {1, . . . , n}.

Since the increments of X are independent and stationary, we have

P(Xt > 2Rh(t)|Ak) ≥ P(Xt −Xtk > −2Rh(t)|Ak) = P(Xt −Xtk > −2Rh(t))

≥ P(|Xt −Xtk | < 2Rh(t)) = P(|Xt−tk | < 2Rh(t))

≥ P(|Xt−tk | < 2Rh(t− tk)).

By step 1, for all t ∈ (0, ε) we have t− tk < ε and hence P(Xt > 2Rh(t)|Ak) > 1/2

for all k ∈ {1, . . . , n}.
Define M (n)

t := max1≤k≤nXtk , then {M (n)
t > 4Rh(t)} =

⋃n
k=1Ak. Since the

sets Ak are disjoint, for any t ∈ (0, ε) we have

P
(
M

(n)
t > 4Rh(t)

)
=

n∑
k=1

P(Ak) ≤ 2

n∑
k=1

P(Ak)P(Xt > 2Rh(t)|Ak)

≤ 2P(Xt > 2Rh(t)).

Since X is right-continuous with limits from the left, M (2n)
t ↑ Xt a.s. as n →

∞. Hence, the monotone convergence theorem yields that P(Xt > 4Rh(t)) =

limn→∞P(M
(2n)
t > 4Rh(t)) ≤ 2P(Xt > 2Rh(t)).

Step 3. Define the probability pn := P(supt∈[2−n,21−n](Xt/h(t)) > 4R) for n ∈ N
and let nε be the smallest positive integer larger than 1 + log(1/ε)/ log 2, where ε is
as in Step 1. Since h is non-decreasing, Step 2 and (6.4) imply that for all n ≥ nε
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and t ∈ [2−n, 21−n] we have

pn ≤ P
(

sup
t∈[2−n,21−n]

Xt > 4Rh(2−n)

)
= P

(
X2−n > 4Rh(2−n)

)
≤ P

(
Xt > 4Rh(2−n)

)
≤ 2P(Xt > 2Rh(2−n)) ≤ 2P(Xt > 2Rh(t/2))

≤ 4P(Xt/2 > Rh(t/2)).

Integrating the previous inequality over t ∈ [2−n, 21−n] and summing over n ≥ nε

gives
∞∑

n=nε

pn
log 2

4
=

∞∑
n=nε

∫ 21−n

2−n

pn
4

dt

t
≤
∞∑
n=1

∫ 21−n

2−n

P(Xt/2 > Rh(t/2))
dt

t

=

∫ 2

0
P(Xt > Rh(t))

dt

t
<∞.

The Borel–Cantelli lemma implies supt∈[2−m−1,2−m](Xt/h(t)) ≤ 4R for all but fi-
nitely many n, implying lim supt→0Xt/h(t) ≤ 4R a.s. By symmetry, it follows that
lim supt→0(−Xt)/h(t) ≤ 4R a.s., proving part (i).

Part (ii). It suffices to show that, given R > 0, the condition
∫ 1
0 P(|Xt|/h(t) >

8R)t−1dt = ∞ implies lim supt↓0 |Xt|/h(t) ≥ R a.s. The proof is split in three steps.
Step 1. Define M(t) := sups∈(0,t](|Xs|/h(s)). We will show that

Bn :=

{
sup

t∈[2−n−1,2−n]

|Xt−X2−n−1 | > 2Rh(2−n), M(2−n−1) ≤ R

}
⊂ {M(2−n) > R}.

(6.5)
To see (6.5) note that, on the event Bn there exists some t ∈ [2−n−1, 2−n] satisfying

M(2−n) ≥ |Xt| ≥ |Xt −X2−n−1 | − |X2−n−1 | > 2Rh(2−n)−Rh(2−n−1)

≥ Rh(2−n) ≥ Rh(t).

Step 2. We claim
∑

n∈N qn = ∞, where qn := P(supt∈[0,2−n−1] |Xt| > 2Rh(2−n)).
For t ≤ 2−n−1, apply (6.4) twice to get 4qn ≥ 4P(|Xt| > 2Rh(2−n)) ≥ P(|X4t| >
8Rh(2−n)). Hence, for any t ∈ [2−n−2, 2−n−1], we have 4qn ≥ P(|X4t| > 8Rh(4t)).
Integrating the previous inequality on [2−n−2, 2−n−1] with respect to t−1dt yields

(4 log 2)qn ≥
∫ 2−n−1

2−n−2

P(|X4t| > 8Rh(4t))
dt

t
=

∫ 2−n+1

2−n

P(|Xt| > 8Rh(t))
dt

t
,

for all n ∈ N. Thus,
∫ 1
0 P(|Xt| > 8Rh(t))t−1dt = ∞ implies

∑
n∈N qn = ∞.

Step 3. Define rn := P(M(2−n) > R) for n ∈ N ∪ {0}. By Step 1, the event
Bn ⊂ {M(2−n−1) ≤ R} in (6.5) satisfies

qn(1− rn+1) = P(Bn) ≤ P(M(2−n−1) ≤ R, M(2−n) > R) = rn − rn+1.
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This further implies that, for any k ≥ 0 and n ∈ N,

0 ≤ 1− rn ≤ (1− rn+1)(1− qn) ≤ (1− rn+k+1)
n+k∏
i=n

(1− qi).

Since
∑

n∈N qn = ∞, it follows that
∏n+k
i=n (1 − qi) → 0 as k → ∞ (see, e.g.

Lemma A.3), implying rn = 1 for all n ∈ N ∪ {0}. Thus, lim supt↓0 |Xt|/h(t) =

limt↓0M(t) ≥ R a.s.

§6.4 Concluding remarks

It is natural to consider the question of whether the convex minorant C is h-Hölder
continuous, i.e., if sup0≤u<t≤T |C(t)−C(u)|/h(t−u) <∞, for an appropriate general
concave increasing function h : (0,∞) → (0,∞). In this context, it is also easy to
see that

sup
0≤u<t≤T

|C(t)− C(u)|
h(t− u)

≥ kh = sup
n∈N

|ξn|
h(ℓn)

= sup
s∈Sh

|s|,

where the finiteness of kh can be completely characterised via Corollary 6.9 and
Theorem 6.10 in terms of the Lévy measure ν (see Corollary 6.11 in §6.4.1 below for
details).

It is not however immediately clear how to construct a tractable upper bound,
say Kh, satisfying Kh < ∞ whenever kh < ∞. Indeed, a crucial step in proving
Lemma 6.5 (and hence (6.1)) is the application of Hölder’s inequality to establish
that the r-Hölder constant of C is bounded by the Lp-norm of the derivative C ′ for
p = 1/(1−r). This step is not easily extendable to a general concave function h since
there is no sufficiently sharp extension of Hölder’s inequality (see, e.g. [52, 53]). Thus,
it appears that a generalisation of our results beyond the case where h is a power
function would require analysing the integral

∫ t
u |C

′(v)|dv for all 0 ≤ u < t ≤ T by
other means. For instance, the results in Chapter 5 obtain upper and lower functions
for |C ′| at 0 and T , yielding upper and lower bounds on

∫ t
u |C

′(v)|dv for u < t close to
either 0 or T . Note however, that there may exist a large gap between the upper and
lower functions of C ′, see Remark 5.14(a), showing that this question is nontrivial.

§6.4.1 When is kh finite?

Recall the definition of the functions ν, γ and σ2 in (2.2) and let γ be the drift
parameter of X (for the cutoff function x 7→ 1(−1,1)(x)). We start by considering
the main theorem from [83].
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Theorem 6.10 ([83, Thm (a)]). Let (Xt)t≥0 be a Lévy process with generating triplet
(σ2, γ, ν), and assume that σ2 = 0. Then there exists some function β(t) that is a
positive non-decreasing function defined on [0,∞] with β(0) = 0 and β(∞) = ∞ such
that lim supt↓0 |Xt|/β(t) ∈ (0,∞) a.s. if and only if

lim inf
x↓0

ν(x)/(ν(x) + x−2σ2(x) + x−1|γ − γ(x)|) = 0. (6.6)

If (6.6) fails, and β is a function as above, then lim supt↓0 |Xt|/β(t) = 0 or ∞ a.s.
according as

∫ 1
0 ν(β(t))dt converges or diverges.

The ensuing corollary is a direct consequence of Corollary 6.9 and Theorem 6.10.

Corollary 6.11. Suppose X is not compound Poisson with drift. Then, for any
function h increasing at 0 with h(0) = 0, the variable kh < ∞ a.s. (resp. kh = ∞
a.s.) if and only if lim supt↓0 |Xt|/h(t) is a.s. finite (resp. infinite). Moreover, the
following statements hold.

(i) If σ2 > 0, then kh < ∞ a.s. if and only if lim inft↓0 h(t)/
√
t log log(1/t) >

0 a.s.

(ii) If σ2 = 0 and lim supx↓0(x
−2σ2(x)+x−1|γ−γ(x)|)/ν(x) <∞, then the random

variable kh <∞ a.s. if and only if
∫ 1
0 ν(h(t))dt <∞.

(iii) Suppose σ2 = 0 and lim supx↓0(x
−2σ2(x) + x−1|γ − γ(x)|)/ν(x) = ∞. Then

there exists a non-decreasing function h∗ such that lim supt↓0 |Xt|/h∗(t) ∈
(0,∞) a.s. (h∗ constructed in the paragraph below). Moreover, the following
implications hold

lim sup
t↓0

h∗(t)/h(t) <∞ =⇒ kh <∞ a.s.

lim inf
t↓0

h∗(t)/h(t) = ∞ =⇒ kh = ∞ a.s.

Wee and Kim proved in Theorem 6.10 that lim supt↓0 |Xt|/h∗(t) ∈ (0,∞) a.s.
for a non-decreasing function h∗ if and only if σ2 = 0 and lim infx↓0 ν(x)/(ν(x) +

x−2σ2(x) + x−1|γ − γ(x)|) = 0. In the following two cases, which are exhaustive by
Lemma 6.12 (stated below), we describe a construction of h∗, implicitly given in the
proof of [83, Thm 3.4].

(a) Suppose that lim infx↓0(ν(x) + x−1|γ − γ(x)|)/(x−2σ2(x)) = 0. Choose a se-
quence un ↓ 0, such that u−2n+1σ

2(un+1) > 2u−2n σ2(un) for all n ∈ N and∑
n∈N log(n)(ν(un) + u−1n |γ − γ(un)|)/(u−2n σ2(un)) < ∞. For all n ∈ N, let

tn = log(n)/(u−2n σ2(un)), and define h∗(t) := un log(n) for tn+1 < t ≤ tn and
n ∈ N.
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(b) Suppose lim infx↓0(ν(x) + x−2σ2(x))/(x−1|γ − γ(x)|) = 0. Choose a sequence
un ↓ 0, such that u−1n+1|γ − γ(un+1)| ≥ 2u−1n |γ − γ(un)| for n ∈ N and∑

n∈N(ν(un)+u
−2
n σ2(un))/(u

−1
n |γ−γ(un)|) <∞. Let tn = 1/(u−1n |γ−γ(un)|)

and define h∗(t) := un for tn+1 < t ≤ tn and n ∈ N.

Lemma 6.12 ([83, Lem. 3.3]). lim infx↓0 ν(x)/(ν(x)+x
−2σ2(x)+x−1|γ−γ(x)|) = 0

hold if and only if at least one of the following conditions hold: lim infx↓0(ν(x) +

x−1|γ − γ(x)|)/(x−2σ2(x)) = 0 or lim infx↓0(ν(x) + x−2σ2(x))/(x−1|γ − γ(x)|) = 0.
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Appendix A

Probabilistic & analytical results

Throughout this appendix, we will state the results applied in this thesis, that are
not already stated in Chapter 2. We start by introducing some classical results
from [43].

In the ensuing theorem we introduce Blumenthal’s 0–1 law, that is a 0–1 law for
canonical Feller processes [43, Ch. 19] (see [70, Prop. 40.4] for the special case of Lévy
processes). Let S be a locally compact, separable space, and let C0 = C0(S) denote
the class of continuous functions f : S → R where f(x) → 0 as x → ∞. We say
that T is a positive contraction operator, if 0 ≤ f ≤ 1 implies that 0 ≤ Tf ≤ 1. A
semi-group of positive contraction operators Tt on C0 is called a Feller semi-group,
if it has the additional properties: TtC0 ⊂ C0 for any t ≥ 0 and Tff(x) → f(x)

as t → 0, for any f ∈ C0 and x ∈ S. Let (Ft) be the right continuous filtration
generated by X and define the shift-operator θt by (θtω)s = ωs+t for s, t ≥ 0 and
ω ∈ Ω. We say that X has distribution Pρ, where ρ is the initial distribution of X.
If ρ = δx we write Px. The process X with associated distribution Pρ, filtration (Ft)
and shift operators θt is called the canonical Feller process with semi-group (Tt).

Corollary A.1 ([43, Cor. 19.18]). For any canonical Feller process, it holds that
Px(A) = 1 or 0, for x ∈ S and A ∈ F0 =

⋂
s>0Ft.

In the following we state Kolmogorov’s extension theorem, which is a classical
probabilistic result used often in the analysis of Hölder continuity of stochastic pro-
cesses such as Brownian motion and fractional Brownian motion.

Theorem A.2 ([43, Thm 3.23]). Let X be a process on R with values in a complete
metric space (S, ρ), and assume for some a, b > 0, that E[ρ(Xs, Xt)

a] ≤ K|s− t|1+b,
for all s, t ∈ R, for some constant K < ∞. Then X has a continuous version, and
this version is a.s. locally Hölder continuous with exponent c, for any c ∈ (0, b/a).
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Lemma A.3 ([43, Lem. 5.8]). Consider a null array of constants qnj ≥ 0, and fix
c ∈ [0,∞]. Then Πj(1− qnj) → e−c as n→ ∞ if and only if

∑
j qnj → c as n→ ∞

Recall that the Skorokhod space D[0, 1], is the the space of functions on [0, 1]

that are right-continuous with left-limits.

Lemma A.4 ([43, Lem. 14.12]). Consider on D[0, 1] the functional f(x) = inf{t ∈
[0, 1] : xt ∨ xt− = sups∈[0,1] xs}. Then, f is continuous at x if and only if xt ∨ xt−
has a unique maximum.

§1.1 Fourier formulas

In this section we state some general Fourier formulas. We start with Fourier inver-
sion formula.

Theorem A.5 ([22, Thm 26.2]). If a probability measure µ has characteristic func-
tion φ, and if µ({a}) = µ({b}) = 0, then

µ((a, b]) = lim
T→∞

1

2π

∫ T

−T

e−ita − e−itb

it
φ(t)dt.

The ensuing theorem is called the Fourier’s single-integral formula.

Theorem A.6 ([74, Sec. 1.14, Thm 12, p. 25]). The formula
1

2
(f(x+ 0) + f(x− 0)) = lim

λ→∞

1

π

∫ ∞
∞

f(t)
sin(λ(x− t))

x− t
dt

holds if both of the following holds:
(i) f(x)/x is of bounded variation in (a,∞) and (−∞,−a) for some a > 0, and

f(x)/x tends to 0 as x→ ∞,
(ii) f(x) is of bounded variation in an interval including x.

§1.2 Convergence results

The following result is stated in the setting of random variables on R, but can be
proven for general random elements on a metric space S.

Theorem A.7 ([23, Thm 3.2]). Suppose that (ξun, ξn) are random variables on R×R.
If ξun

d−→
u→∞

ζn
d−→

n→∞
ξ and limu→∞ lim supn→∞P(|ξun − ξn| ≥ ϵ) = 0 for all ϵ > 0,

then ξn
d→ ξ as n→ ∞.
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For two random variables ξ, ζ on R, we define the Kolmogorov distance dK and
the Lévy metric as dL as

dK(ξ, ζ) := sup
x∈R

|P(ξ ≤ x)− P(ζ ≤ x)|, (A.1)

dL(ξ, ζ) := inf{h > 0 : P(ξ ≤ x− h)− h ≤ P(ζ ≤ x) ≤ P(ξ ≤ x+ h) + h, ∀x ∈ R}.
(A.2)

Theorem A.8 ([61, 1.8.31 & 1.8.32, p. 43]). (a) Let ξ, ζ be two random variables on
R. If ζ has an absolutely continuous distribution function F (x) = P(ζ ≤ x), then

dK(ξ, ζ) ≤
(
1 + sup

x∈R
F ′(x)

)
dL(ξ, ζ).

(b) Let (ξn)n∈N be a sequence of random variables on R and ξ be a random
variable on R. Then, ξn

d→ ξ as n → ∞ if and only if dL(ξn, ξ) = 0 as n → ∞.
Moreover, by part (a) above, ξn

d→ ξ as n→ ∞ implies that dK(ξn, ξ) = 0 as n→ ∞,
if ξ has an absolutely continuous distribution function.

Denote by (ξnk)k=1,...,kn, n∈N the sequence of random variables

ξ11, . . . , ξ1k1 , ξ21, . . . , ξ2,k2 , . . . ξn1, . . . , ξnkn , . . . ,

where the random variables are independent within each series ξm1, . . . , ξmkm for all
m ∈ N, and such that kn → ∞ as n → ∞. Such a sequence is called a triangular
array of row-wise independent random variables, and the following theorem is a CLT
for such a sequence.

Theorem A.9 ([60, Thm 18, Chap. IV, §4]). Let (ξnk)k=1,...,kn, n∈N triangular array
of row-wise independent random variables, and let Fnk(x) denote the distribution
function of ξnk. Then it holds that max1≤k≤kn P(|ξnk| ≥ ϵ) → 0 as n→ ∞ for every
fixed ϵ > 0, and there will exist a sequence (bn)n∈N such that the distribution of the
sums

∑kn
k=1 ξnk − bn converges in distribution to a standard normal distribution, if

and only if the following conditions are fulfilled:
kn∑
k=1

P(|ξnk| ≥ ϵ) → 0, as n→ ∞ for every ϵ > 0, and

kn∑
k=1

∫
|x|<τ

x2dFnk(x)−

(∫
|x|<τ

xdFnk(x)

)2
→ 1, as n→ ∞ for some τ > 0.

As stated in [43, p.119], given a filtration F = (Fn)n∈N, we say that a sequence
M = (Mn)n∈N is a martingale wrt. F if E[Mn|Fn−1] = Mn−1 a.s. for all n. Note
that ∆Mn =Mn −Mn−1 for all n ∈ N.

Proposition A.10 ([43, Prop. 7.19]). Let M be a martingale on Z+ with ∆Mn ≤ c

a.s. for some constant c <∞. Then, {Mn converges} = {supn∈NMn <∞} a.s.

156



§1.3 Classical resluts for Lévy processes

We say that a function g is submultiplicative, if it is non-negative and there exists
some constant a > 0, such that g(x+ y) ≤ ag(x)g(y) for all x, y ∈ R.

Theorem A.11 ([70, Thm 25.3]). Let g be a submultiplicative, locally bounded and
measurable function on R. Moreover, let X be a Lévy process on R with Lévy measure
ν. Then, E[g(Xt)] <∞ for all t > 0 if and only if

∫
R\(−1,1) g(x)ν(dx) <∞.

Example A.1 ([70, Example 25.12]). Let X be a Lévy process with generating triplet
(σ2, γ, ν). Then, E[Xt] < ∞ for all t > 0 if and only if

∫
R\(−1,1) |x|ν(dx) < ∞. In

this case

E[Xt] = t

(∫
R\(−1,1)

xν(dx) + γ

)
= tγ1,

with γ1 defined as in Remark 2.1. Moreover, E[X2
t ] < ∞ for all t > 0 if and only if∫

R\(−1,1) x
2ν(dx) <∞, in which case

E[(Xt − E[Xt])
2] = t

(
σ2 +

∫
R
x2ν(dx)

)
.

△

For a discrete measure ρ, we denote by Cρ := {x ∈ R : ρ({x}) > 0} the carrier
of ρ. If a random variable X on R has discrete distribution PX , we denote by CX
the carrier of PX .

Proposition A.12 ([70, Prop. 27.6]). Assume that the Lévy process X has Gaussian
coefficient σ2 = 0, Lévy measure ν which satisfies ν(R) < ∞ and drift γ0. Then
CXt = ({0} ∪

⋃∞
n=1{x1 + · · ·+ xn : x1, . . . , xn ∈ Cν}) + γ0t for all t > 0.

In the following, we state the weak law of large numbers.

Theorem A.13 ([70, Thm 36.4]). Let (Sn)n∈N be a random walk on R and let γ ∈ R.
Then, n−1Sn → γ in probability as n → ∞ if and only if limr→∞ rP(|S1| > r) = 0

and limr→∞E[S11{|S1|≤r}] = γ.

Strong law of large numbers is likewise given in the ensuing theorem.

Theorem A.14 ([70, Thm 36.5]). Let X be a Lévy process on R. If E[|X1|] < ∞
and E[X1] = γ, then limt→∞ t

−1Xt = γ a.s. and limt→∞E[|t−1Xt − γ|] = 0. If
E[|X1|] = ∞ then lim supt→∞ t

−1Xt = ∞ a.s.

Recall that a Lévy process X on R is called recurrent (resp. transient) if
lim inft→∞ |Xt| = 0 (resp. limt→∞ |Xt| = ∞) a.s.

Remark A.15 ([70, Rem. 37.9]). If E[X+
1 ] <∞ or E[X−1 ] <∞, then a necessary and

sufficient condition for X to be recurrent, is that E[X1] = 0. ♢
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§1.3.1 Densities and density transformations of Lévy processes

As in [70, Sec. 33], we will now consider density transformation of Lévy processes. Let
D := D([0,∞),R) be the space of mappings ξ from [0,∞) to R of right-continuous
mappings with left limits. We use the local notation that ξ(t) = Xt(ξ). Define
FD (resp. Ft) as the smallest σ-algebra that makes Xt, t ∈ [0,∞) (resp. Xs,
s ∈ [0, t)) measurable. The Lévy processes in the next two theorems, are a Lévy
process (Xt)t≥0 with probability measure P on (D,FD), denoted ((Xt)t≥0,P) where
we specify the probability measure. We say that two measures ρ1, ρ2 on a common
measurable space (M,FM ) are mutually absolutely continuous, stated as ρ1 ≈ ρ2, if
{B ∈ FM : ρ1(B) = 0} and {B ∈ FM : ρ2(B) = 0} are identical. Recall that the
Radon-Nikoým derivative of ρ2 wrt. ρ1 is denoted by dρ2

dρ1
.

Theorem A.16 ([70, Thm 33.1]). Let ((Xt)t≥0,P) and ((Xt)t≥0, P̂) be Lévy pro-
cesses on R with generating triplets (σ2, γ, ν) and (σ̂2, γ̂, ν̂) respectively. Then the
following are equivalent:
(i) P|Ft ≈ P̂|Ft for all t ∈ (0,∞).
(ii) The generating triplets satisfy that σ2 = σ̂2, ν ≈ ν̂, with the function φ(x),

defined as eφ(x) = dν̂
dν , satisfying

∫
R(e

φ(x)/2 − 1)2ν(dx) <∞ and

γ̂ − γ −
∫
(−1,1)

x(ν̂(dx)− ν(dx))

{
∈ R, if σ2 > 0,

= 0, if σ2 = 0.

Theorem A.17 ([70, Thm 33.2]). Let ((Xt)t≥0,P) and ((Xt)t≥0, P̂) be Lévy pro-
cesses on R with generating triplets (σ2, γ, ν) and (σ̂2, γ̂, ν̂) respectively. Suppose
that the equivalent conditions from Theorem A.16 are satisfied. Chose some η ∈ R,
such that γ̂ − γ −

∫
(−1,1) x(ν̂(dx)− ν(dx)) = σ2η. We can now define, P-a.s.,

Ut = η(Xt −Xν
t )−

1

2
tη2σ2 − tγη

+ lim
ε↓0

 ∑
(s,Xs−Xs−)∈(0,t]×{|x|≥ε}

φ(Xs −Xs−)− t

∫
{|x|≥ε}

(eφ(x) − 1)ν(dx)

 ,

where φ is the function defined in Theorem A.16(ii) and ((Xt − Xν
t )t≥0,P) is the

continuous part of ((Xt)t≥0,P). The convergence of the right hand side of the equa-
tion in the display above is uniform in t on any bounded interval, P-a.s. The process
((Ut)t≥0,P) is a Lévy process on R with generating triplet (σ2U , γU , νU ) given by
σ2U = η2σ2, νU = νφ−1 and γU = −1

2η
2σ2 −

∫
R(e

y − 1− y1(−1,1)(y))(νφ
−1)(dy).

As defined in [70, Def. 7.1] and the preceding paragraph, we say that a measure
µ on R is infinitely divisible if, for any n ∈ N there exist a probability measure µn on
R such that µ = µn ∗ · · · ∗ µn = µn∗n . Note that µn∗ denotes the n-fold convolution
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of µ with itself. Moreover, assuming that two processes with the same law are
considered to be the same, then the collection of all infinitely divisible distributions
has a one-to-one correspondence with the collection of all Lévy processes (see [70,
Thm 7.10]).

Next, we consider the following technical results, describing when the density
of an infinitely divisible law is smooth, and when the density is uniformly bounded.
Note, that we denote the k’th derivative with respect to x of a differentiable function
f , by f (k)(x), i.e. f (k)(x) = dk

dxk
f(x).

Lemma A.18 ([62, Lem. 2.3]). Consider a family of infinitely divisible laws Qi with
generating triplets (σ2i , γi, νi), and suppose that cε2−β ≤

∫
(−ε,ε) x

2νi(dx)+σ
2 for any

ε ∈ [0, 1] and for some c > 0 and β ∈ (0, 2]. Then Qi has a smooth density pi, and
pi(x) (as well as all its derivatives p(k)i (x)) are uniformly bounded in (i, x).

In the following results we will consider, when it exists, the density x 7→ pt(x)

of the Lévy process Xt for t > 0.

Theorem A.19 ([62, Thm 3.1]). Let X be a Lévy process with Lévy measure ν.
Suppose that lim infε↓0 ε

β−2(σ2(ε) + σ2) > 0 for some β ∈ (0, 2]. Then Xt has an
infinitely differentiable density satisfying supx∈R pt(x) = O(t−1/β) as t ↓ 0, and more
generally supx∈R |p(k)t (x)| = O(t−(k+1)/β) as t ↓ 0.

Theorem A.20 ([62, Thm 4.3]). Let X be a Lévy process on R with generating
triplet (σ2, γ, ν). Assume that cεβ−2 ≤ σ2(ε) + σ2 ≤ Cεβ−2, for any ε ∈ [0, 1] and
for some β ∈ (0, 2]. Suppose that one of the following is true.
(i) β > 1;
(ii) β = 1 and lim supε↓0

∣∣ ∫
(−1,−ε]∪[ε,1) xν(dx)

∣∣ <∞;
(iii) β < 1 (making σ2 = 0), both σ2+(ε) =

∫
(0,ε) x

2ν(dx) and σ2−(ε) =
∫
(−ε,0) x

2ν(dx)

satisfy cεβ−2 ≤ σ2±(ε) ≤ Cεβ−2, and γ −
∫
(−1,1) xν(dx) = 0.

Then, for any ρ > 0, we have that |x| ≤ ρt1/β implies that ct−1/β ≤ pt(x) ≤ Ct−1/β

for small enough t, so in particular pt(0) is of order t−1/β.

§1.3.2 Local times of a Lévy process

In this section of the appendix, we will introduce the terminology of local times of a
Lévy process.

Definition A.21 ([18, Defn. (Occupation measure), Sec. V]). For all t > 0, the
occupation measure on the time interval [0, t] of the Lévy process X, is the measure
µt, given for any measurable function f : R → [0,∞) by

∫
R f(x)µt(dx) =

∫ t
0 f(Xs)ds.
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Theorem A.22 ([18, Thm 1, Sec. V]). Let X be a Lévy process on R, and sq(r) as
in §2.5.1. Then, sq(0) <∞ if and only if for every t ≥ 0, µt is absolutely continuous
w.r.t. Leb, with density in L2(dx⊗ dP). Moreover, if sq(0) = ∞ then µt is singular
for every t > 0.

Under the assumption that Theorem A.22 holds, we can consider the following
particular version of the density of the occupation measure, called the local time.

Definition A.23 ([18, Defn. (Local times), Sec. V]). We denote by L(x, t) the local
time of X at level x and time t, and define L(x, t) := lim supε↓0

1
2ε

∫ t
0 1{|Xs−x|<ε}ds,

for every t ≥ 0 and x ∈ R.

Since ε can be restricted to the rational numbers Q, we can consider (L(x, t))x∈R
as an (Ft)-measurable version of µt. We say that X has has a local time field, if µt
is absolutely continuous.

§1.3.3 Potential theory and q-capacity

In this section, we introduce some potential theory, and define the q-capacity and
related necessary results, which are closely related to the behaviour of sq(r) defined
in §2.5.1. To understand and define the bascis of potential theory, we start by
introducing the q-potential measure V q [70, Def. 30.9], the q-potential operator U q

[70, Def. 41.2], an assumption called the (ACP) assumption [70, Def. 41.11] and the
q-co-excessive function uq [70, Thm 41.16] in the following definition.

Definition A.24. Let X be a Lévy process on R. Then we define the q-potential
measure V q, as

V q(B) = E

[∫ ∞
0

e−qt1B(Xt)dt

]
, for B ∈ B(R), q ≥ 0.

We say that the absolute continuity of potential measure (ACP) assumption is satis-
fied, if V q is absolutely continuous for all q ≥ 0. The q-potential kernel U q(x,B) is
defined as

U q(x,B) =

∫ ∞
0

e−qtP(Xt + x ∈ B)dt, for B ∈ B(R), q ≥ 0, x ∈ R.

The q-potential operator U q is then defined as U qf(x) =
∫
R f(y)U

q(x,dy). Under
the assumption of (ACP), there is a unique q-co-excessive function uq, such that

U qf(x) =

∫
R
uq(y − x)f(y)dy, for q > 0,

and any non-negative universally measurable function f .
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Definition A.25 ([70, Defs. 42.6 & 43.1]). The q-capacity of the set {0} for the
process (Xt)t≥0 is defined to be

cq := q

∫
R
E
[
e−qTx1{XTx=0}

]
dx, for all q > 0,

where Tx = inf{t > 0 : Xt = x}.

Remark A.26 ([70, Eqs. (42.32) & (42.34)]). The q-capacity cqr of the set {0} for the
process (Xt − rt)t≥0, satisfies that

1

4sq(r)
≤ cqr ≤

1

sq(r)
, for any q > 0. ♢

For all q > 0, we define the hq function for the process (Xt)t≥0, by hq(x) :=

E[e−qTx ] and h0(x) := P(Tx <∞), where Tx is defined as Definition A.25.

Theorem A.27 ([67, Thms 1.5 & 2.6]). If hq is continuous, then cq ↑ ∞ as q → ∞.

The following theorem allows us to translate the statement from Theorem A.27,
into a statement on the q-co-excessive function uq of X. We say that the set {x} for
x ∈ R is essentially polar, if and only if P(Tx−y = ∞) = 1 for a.e. y.

Theorem A.28 ([70, Thms 43.3 & 43.5]). Let q > 0, and let the hq and uq functions
be for X.
(a) A one-point set is not essentially polar if and only if (ACP) is satisfied, uq is

bounded and cquq(x) = hq(x), for all x ∈ R. Furthermore, this is equvalent to
V q(dx) having a bounded density.

(b) The set {0} is not essentially polar and 0 is regular for itself if and only if (ACP)
holds and uq is bounded, continuous and positive on R.

Note that some one-point set is essentially polar if and only if any one-point
set is essentially polar. As a consequence of Theorem A.28, we see that if uq is
continuous, then so is hq.

Theorem A.29 ([27, Thms 7 & 8]). Let X be a Lévy process with generating triplet
(σ2, γ, ν). Let P = {x ∈ R : P(Xt = x for at least one t > 0) > 0}. Then the
following statements hold.
(a) A necessary and sufficient condition for Leb(P) > 0 is that sq(0) <∞.
(b) Consider the following cases:

(b-i) If σ2 > 0, then we have that P = R, and 0 is regular for itself.
(b-ii) If σ2 = 0 and

∫
R(|x|∧1)ν(dx) = ∞, then P = ∅ or P = R (use the integral

criteria from part (a) to see which) and if P = R, then 0 is regular for
itself.
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(b-ii) Assume that σ2 = 0 and
∫
R(|x| ∧ 1)ν(dx) < ∞, and denote by γ0 the drift

of X from Remark 2.1. If γ0 = 0 then P = ∅; if γ0 > 0 and ν is carried
by R+ then P = R+ and 0 is not regular for itself; if γ0 > 0 and ν gives
positive mass to R− then P = R and 0 is not regular for itself.

We say that ν is carried by (0,∞) if ν((−∞, 0)) = 0. For an alternative reference
for a similar result, see [46, Thms 1 & 2]. If Leb(P) > 0, we say that (Xt)t≥0 visits
points, and note that if Leb(P) > 0 then we know that P(Tx <∞) > 0.

Remark A.30. The application throughout the thesis will be on the process X(r) =

(Xt − rt)t≥0, and we can now see from Theorem A.27 that sq(r) < ∞ implies that
the q-capacity of {0} for X(r), satisfies cqr ↑ ∞ as q → ∞ for all r ∈ R.

Indeed, to see this, we note that, sq(r) < ∞ implies that 0 is regular for itself
for X(r), this holds since X(r) hits points by Theorem A.29. Since 0 is regular for
itself, it follows by Theorem A.28, that uq and hence hqr is continuous, and hence
Theorem A.27 implies that cqr ↑ ∞ as q → ∞ for all r ∈ R. ♢

§1.3.4 Stable and semi-stable processes

We will in the section define semi-stable processes, as well as add some details for
α-stable processes as introduced in §2.3.

Definition A.31 ([70, Defs. 13.1 & 13.2]). Let X be a Lévy process on R, and denote
by µ the distribution of Xt at t = 1. We say that X is semi-stable if for some a > 0

with a ̸= 1 there exists b > 0 and c ∈ R such that µ̂(z)a = µ̂(bz)eicz, where µ̂ is
the characteristic function of µ. Moreover, X is said to be strictly semi-stable, if for
some a > 0 with a ̸= 1 there is a b > 0 such that µ̂(z)a = µ̂(bz). If b = a1/α in the
first case (resp. second case), for some α ∈ (0, 2], we say that X is α-semi-stable
(resp. strictly α-semi-stable).

Let Sn(b) = {x ∈ R : bn < |x| ≤ bn+1} for n ∈ Z, and note that Sn(b) = bnS0(b).
If µ is the distribution of a random variableX, then we denote by Trµ the distribution
of rX. Moreover, the restriction of a measure ρ to a Borel set B, is denoted by ρ|B.
Recall that a distribution is trivial if it is a δ-distribution. In the following we see
equivalent definitions of being α-semi-stable and α-stable.

Theorem A.32 ([70, Thm 14.3]). Let µ be infinitely divisible and non-trivial with
generating triplet (σ2, γ, ν) and let α ∈ (0, 2).
(i) Let b > 1. Then the following are equivalent:

(a) µ is α-semi-stable with b as span.
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(b) σ2 = 0 and, for each integer n the measure ν on Sn(b) is determined by the
measure ν on S0(b) by ν|Sn(b) = b−nαTbn(ν|S0(b)).

(ii) The following are equivalent:
(a) µ is α-stable;
(b) σ2 = 0 and there is a finite measure λ on {−1, 1} such that ν(B) =∫

{−1,1}
∫∞
0 1B(rx)

dr
r1+αλ(dx), for B ∈ B(R).

Proposition A.33 ([70, Prop. 14.5]). Let µ be non-trivial and α-semi-stable on R
with α ∈ (0, 2) and Lévy measure ν. Then,

∫
(−1,1) |x|ν(dx) <∞ if and only if α < 1.

Moreover,
∫
R\(−1,1) |x|ν(dx) <∞ if and only if α > 1. The total mass of ν is always

infinite.

The characteristic function of an α-stable law has a specific closed form, which
is introduced in the ensuing theorem.

Theorem A.34 ([70, Prop. 14.15]). Assume that α ∈ (0, 2)\{1}. If µ is non-trivial
and α-stable, then

µ̂(z) = exp (−c|z|α (1− iβsgn(z) tan (πα/2)) + iτz) ,

with c > 0, β ∈ [−1, 1] and τ ∈ R.

A non-trivial process X with ditribution µ as in Theorem A.34, is called a
stable process with parameters (α, β, τ, c), where τ = γ0 if α ∈ (0, 1) and τ = γ1

if α ∈ (1, 2). In the case where we consider an α-stabel process, the asymptotic
behaviour of its density is known, which is explained in the following remark.

Remark A.35 ([70, Rem. 14.18]). If µ is non-trivial and α-stable, then it has a
continuous density. Let (Xt)t≥0 be a stable process with parameters (α, β, τ, c) and
α ∈ (0, 2) \ {1}, and let X0

t = Xt − tτ . By pt(x) (resp. p0t (x)) we denote the
continuous density of Xt (resp. X0

t ) for t > 0. Then

pt(x) = t−1/αp1(t
−1/αx+ (1− t(α−1)/α)τ) = t−1/αp01(t

−1/α(x− τt)),

where p01(x) ∼ 1
πΓ(1+α) sin(πρα)x

−α−1, if β ̸= −1 as x→ ∞. We can also see that
the density p1(x) is bounded, since it is continuous and bounded at infinity, since its
asymptotic behaviour at ∞ is bounded. ♢

The full characterisation of the densities can be found in the full remark [70,
Rem. 14.18] and the ensuing paragraphs.

Recall that a one-point set {x} is polar for the process X, if P(Tx−y = ∞) for
all y ∈ R, where Tx is as in Definition A.25.
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Theorem A.36 ([69, Thm 7.4]). If X is strictly 1-semi-stable, then a one-point set
is polar. If X is 1-semi-stable and not strictly 1-semi-stable, then a one-point set is
non-polar.

§1.3.5 Small-time results

Throughout this section, we introduce some important small-time fluctuation results
for Lévy processes.

Theorem A.37 ([70, Thm 43.20]). Let X be a Lévy process with generating triplet
(0, γ, ν), where ν(R) < ∞ or ν(R) = ∞ with

∫
(−1,1) |x|ν(dx) < ∞ with drift γ0.

Then P(limt↓0 t
−1Xt = γ0) = 1.

Next, we introduce Rogozin’s theorem (see also [5, Thm 1]).

Theorem A.38 ([70, Thm 47.1]). Let X be a Lévy process with generating triplet
(σ2, γ, ν), where σ2 ̸= 0 or

∫
(−1,1) |x|ν(dx) = ∞. Then

P(lim sup
t↓0

t−1Xt = ∞ and lim inf
t↓0

t−1Xt = −∞) = 1.

For the following proposition, we consider a Lévy process X with generating
triplet (0, γ, ν). Let h(r) := ν(r)+ r−2σ2(r)+ r−1|γ−γ(r)| for r < 1, and define the
small-time indices:

βL = inf{η > 0 : lim sup
r↓0

rηh(r) = 0}, δL = inf{η > 0 : lim inf
r↓0

rηh(r) = 0}.

From [70, p. 362], we know that, in the special case whereX is α-stable, α = βL = δL.
Recall the index β+ from (2.3) and γ0 from Remark 2.1, and note moreover that
βL = β+, except when

∫
(−1,1) |x|ν(dx) < ∞ and γ0 ̸= 0. Moreover, the index β−

from (2.4) coincides with δL.

Proposition A.39 ([70, Prop. 47.24]). Let X be a Lévy process on R with generating
triplet (0, γ, ν). Let η > 0, then

lim sup
t↓0

sup0≤s≤t |Xt|
t1/η

=

{
0 a.s., η > βL,

∞ a.s., η < βL.

lim inf
t↓0

sup0≤s≤t |Xt|
t1/η

=

{
0 a.s., η > δL,

∞ a.s., η < δL.

In the following theorem, we will state the full characterisation of the upper
fluctuations of a Lévy process X with no Gaussian component. For the following
theorem, we let b be an increasing positive function, with b(0) = 0, b(1) = 1 and the
following properties: b(t)tϵ−1 ↑ ∞ as t ↓ 0 for some ϵ > 0 and, for some α > 1/2,
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b(t)t−α ↓ 0 as t ↓ 0. Let b← be the right inverse of b and let w(t) = v←(t) where
v(t) = b←(t)t−1. Moreover, define W−(x) = 2

∫ x
0 yν

−(y)dy +
∫ 1
x ν
−(y)dy and λJ =

inf{λ > 0 : J(λ) <∞}, where

J(λ) =

∫ 1

0
exp

(
−w

(
λ

ρ

W−(ρ)

)
ρ−1
)

dρ

ρ
.

For the ensuing theorem, we define ν± as ν+((x,∞))) = ν((x,∞)) and ν−((x,∞)) =

ν((−∞,−x)) for x > 0.

Theorem A.40 ([72, Thm 3.1]). Let X be an infinite variation Lévy process with no
Gaussian component, i.e. σ2 = 0. Let b be a function as described in the paragraph
above. Then lim supt↓0Xt/b(t) = ∞ a.s. if and only if
(i)
∫ 1
0 b
←(t)ν+(dt) = ∞, or

(ii)
∫ 1
0 b
←(t)ν+(dt) <

∫ 1
0 b
←(t)ν−(dt) = ∞ and λJ = ∞.

If both (i) and (ii) fail, then lim supt↓0Xt/b(t) = 0 a.s. if and only if
(iii)

∫ 1
−1 b

←(t)ν(dt) <∞, or
(iv)

∫ 1
0 b
←(t)ν+(dt) <

∫ 1
0 b
←(t)ν−(dt) = ∞ and λJ = 0.

Alternatively, suppose that
∫ 1
0 b
←(t)ν+(dt) <

∫ 1
0 b
←(t)ν−(dt) = ∞ and λJ ∈ (0,∞).

Then lim supt↓0Xt/b(t) ∈ (0,∞) a.s.

Theorem A.41 ([17, Thm 2.1]). Let X be a Lévy process (not a compound Poisson
process) on R with generating triplet (σ2, γ, ν), where σ2 = 0, and take κ > 1/2.
Moreover, if X is of finite variation, we assume that its drift is 0.
(i) If

∫ 1
0 ν(x

κ)dx <∞ then limt↓0Xt/t
κ = 0 a.s.

(ii) Conversely, if
∫ 1
0 ν(x

κ)dx <∞ fails, then lim supt↓0 |Xt−a(t)|/tκ = ∞ a.s. for
any non-stochastic function a : [0,∞) → R.

Theorem A.42 ([17, Thm 2.2]). Let X be a Lévy process (not a compound Poisson
process) on R with generating triplet (σ2, γ, ν), where σ2 = 0, and put

I(λ) =

∫ 1

0
exp

(
− λ2

2σ2(x)

)
dx

x
, and λ∗J := inf{λ > 0 : I(λ) <∞} ∈ [0,∞].

Then,

− lim inf
t↓0

Xt√
t
= lim sup

t↓0

Xt√
t
= lim sup

t↓0

|Xt|√
t

= λ∗I a.s.

Proposition A.43 ([70, Prop. 47.11]). Let X be a Lévy process with σ2 ≥ 0, then
lim supt↓0 |Xt|/

√
t log log(1/t) =

√
2|σ|.

§1.3.6 Long-time results

Lemma A.44 ([70, Lem. 48.3]). Let (Xt)t≥0 be a non-zero Lévy process on R. Then,
for any finite interval K, we have that P(Xt ∈ K) = O(t−1/2), as t→ ∞.
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Proposition A.45 ([70, Prop. 48.10]). Let (Xt)t≥0 be a non-zero Lévy process on
R, where E[|X1|1+ϵ] < ∞ for some ϵ > 0 and E[X1] = 0. Let η > 0 and define
β := sup{p ∈ [0, 2] :

∫
R\(−1,1) |x|

pν(dx) <∞}, then

lim sup
t→∞

sup0≤s≤t |Xt|
t1/η

=

{
0 a.s., η < β,

∞ a.s., η > β.

In the following theorem, we introduce Rogozin’s criterion, which gives criteria
in terms of the transition probabilities for when a Lévy process drifts to ∞, −∞ or
oscillates.

Theorem A.46 ([70, Thm 48.1]). Let (Xt)t≥0 be a Lévy process on R. Then X is
drifting to ∞ if and only if

∫∞
1 t−1P(Xt > 0)dt < ∞; drifting to −∞ if and only

if
∫∞
1 t−1P(Xt < 0)dt < ∞; and oscillating if and only if

∫∞
1 t−1P(Xt > 0)dt =∫∞

1 t−1P(Xt < 0)dt = ∞.

§1.4 Poisson processes

In the following theorem we state the mapping theorem for Poisson processes.

Theorem A.47 ([48, Sec. 2.3]). Let Π be a Poisson process on S with σ-finite mean
measure µ, and let f : S → T be a measurable function such that the induced measure
µ∗ = µ∗(B) = µ(f−1(B)) (B is a measurable subset of T ) has no atoms. Then f(Π)
is a Poisson process on T having the induced measure µ∗ as its mean measure.

Next, Campbell’s formula from [48] (see also [43, Lem. 12.2]) is stated.

Theorem A.48 ([48, Campbell’s Theorem, p. 28]). Let Π be a Poisson process
on S with mean measure µ, and let f : S → R be measurable. Then the sum
Σ :=

∑
N∈Π f(N) is absolutely convergent with probability if and only if∫

S
min{|f(x)|, 1}µ(dx) <∞.

If this condition holds, then E[eθΣ] = exp
{ ∫

S(e
θf(x) − 1)µ(dx)

}
, for any θ ∈ C

for which the integral on the right converges, and in particular whenever θ is purely
imaginary. Moreover,

E[Σ] =

∫
S
f(x)µ(dx), (A.3)

in the sense that the expectation exists if and only if the integral converges and they
are equal. If (A.3) converges, then Var(Σ) =

∫
S x

2µ(dx), which can be finite or
infinite.
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In the following, we present the marking theorem for Poisson processes, see [48,
Sec. 5.2] for the theorem and the ensuing discussion. Let Π be a Poisson process on
S with mean measure µ. Assume that we with each point X of the random set Π

associate some random variable mX (called the mark of X) taking values in a space
M . Note that the distribution of mX may depend on X but not the other points of
Π, and that mX for different X are independent. We denote by X∗ the pair (X,mX)

in S ×M , and note that the totality of such points form a random countable subset
Π∗ = {(X,mX) : X ∈ Π} of S ×M . The following marking theorem then tells us
that Π∗ is a Poisson process on the product space S ×M .

Theorem A.49 ([48, Marking Thm]). Let Π be a Poisson process on S with mean
measure µ and probability distribution p(x, ·) on M depending on x ∈ S such that
p(·, B) is a measurable function on S for B ⊆M . The random subset Π∗ is a Poisson
process on S ×M with mean measure µ∗, given as

µ∗(C) =

∫∫
(x,m)∈C

µ(dx)p(x, dm).

§1.5 Asymptotic theory

We say that a function l is slowly varying at 0 (resp. ∞), if l(cx)/l(x) → 1 as
x ↓ 0 (resp. x → ∞) for all c > 0. Note that slowly varying functions may be
wildly oscillating, i.e. lim infx→∞ l(x) = 0 but lim supx→∞ l(x) = ∞. Karamata’s
representation theorem gives us an exact representation of slowly varying functions.

Theorem A.50 ([24, Thm 1.3.1]). A function l is slowly varying at infinity if and
only if it can be written in the form

l(x) = c(x) exp

(∫ x

a
ε(u)u−1du

)
, for x ≥ a,

for some a > 0, where x 7→ c(x) is a measurable function and c(x) → c ∈ (0,∞),
ε(x) → 0 as x→ ∞.

In a similar fashion to above, we say that a positive function f is regularly
varying at 0 (resp. ∞) with index α, if f(λx)/f(x) → λα as x ↓ 0 (resp. x → ∞)
(see [24, Sec. 1.4.2]). From [24, Eq. (1.5.1)], we know that if f is regularly varying
at ∞ with index α, then

f(x) = xαc(x) exp

(∫ x

a
ε(u)u−1du

)
, for x ≥ a, (A.4)

for some a > 0, where c(x) → c ∈ (0,∞) and ε(x) → 0 as x→ ∞.
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Theorem A.51 ([24, Thm 1.5.2]). Assume that f is regularly varying at ∞ with
index α, then (in the case α > 0, assuming f is bounded on each interval (0,K]),
f(λx)/f(x) → λα as x→ ∞ uniformly in λ

(i) on each [a, b], with 0 < a ≤ b <∞ if α = 0;
(ii) on each (0, b], with 0 < b <∞ if α > 0;
(iii) on each [a,∞), with 0 < a <∞ if α < 0.

Theorem A.52 ([24, Thm 1.5.4]). A positive, measurable function l is slowly vary-
ing at ∞ if and only if, for every α > 0, there exists a non-decreasing function ϕ

and non-increasing function ψ with xαl(x) ∼ ϕ(x) and x−αl(x) ∼ ψ(x) as x→ ∞.

In the following theorem we state the results known as Potter’s bound.

Theorem A.53 ([24, Thm 1.5.6]). (i) If l is a slowly varying function at ∞, then
for any chosen constants A > 1 and δ > 0 there exists some K = K(A, δ), such
that

l(y)/l(x) ≤ Amax{(y/x)δ, (y/x)−δ}, for all x, t ≥ K.

(ii) If further, l is bounded away from 0 and ∞ on every compact subset of [0,∞),
then for any δ > 0, there exists a A′ = A′(δ) > 1 such that

l(y)/l(x) ≤ A′max{(y/x)δ, (y/x)−δ}, for all x, y > 0.

(iii) If f is a regularly varying function at ∞ with index α, then for any chosen
constants A > 1 and δ > 0 there exists some K = K(A, δ), such that

f(y)/f(x) ≤ Amax{(y/x)α+δ, (y/x)α−δ}, for all x, y ≥ K.

Proposition A.54 ([24, Prop. 1.5.9a]). Let l be slowly varying at ∞, and choose
K such that l ∈ L1

loc([K,∞)). Then
∫ x
K l(t)t

−1dt is slowly varying at ∞ and∫ x
K l(t)t

−1dt/l(x) → ∞ as x→ ∞.

Note that a similar result holds in the case where l is slowly varying at 0. We
now state Karamata’s theorem.

Theorem A.55 ([24, Thm 1.5.11]). Let f be a regularly varying function at ∞ with
index ρ, and assume that f is locally bounded in [K,∞). Then,
(i) for any κ ≥ −(ρ+ 1),

xκ+1f(x)∫ x
K t

κf(t)dt
→ κ+ ρ+ 1, as x→ ∞;

(ii) for any κ < −(ρ + 1) (and for κ = −(ρ + 1) if t 7→ t−(ρ+1)f(t)dt is integrable
at ∞)

xκ+1f(x)∫∞
x tκf(t)dt

→ −(κ+ ρ+ 1), as x→ ∞.
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Theorem A.56 ([24, Thm 1.5.12]). If f is regularly varying at ∞ (resp. 0) with
index α, then there exists a function g that is regularly varying at ∞ (resp. 0) with
index 1/α, so that f(g(x)) ∼ g(f(x)) ∼ x as x→ ∞ (resp. x ↓ 0).

Let U be absolutely continuous with density u. In the following theorem, we
will describe the asymptotic behaviour of u if we know the behaviour of U , this is
called the monotone density theorem.

Theorem A.57 ([24, Thm 1.7.2]). Let U(x) =
∫ x
0 u(y)dy. If U(x) ∼ cxρl(x) as

x → ∞, where c ∈ R, ρ ∈ R, l is slowly varying at ∞ and if u is ultimately
monotone, then u(x) ∼ cρxρ−1l(x), as x→ ∞.

Theorem A.58 ([24, Thm 2.3.1(i)]). If l is slowly varying at ∞, and l satisfies
(l(λx)/l(x) − 1) log(f(x)) → 0 as x → ∞ for some λ > 1 and f(x) > 0, then
for γ > 0, if xγf(x) is eventually non-decreasing, l(xf(x)δ)/l(x) → 1 as x → ∞
uniformly in δ ∈ [0,∆] for 0 < ∆ < 1/γ.

§1.5.1 Regularly varying random variables

We say that a random variable ξ is regularly varying with index α ≥ 0, if there exists
p, q ≥ 0 with p+q = 1 and a slowly varying function l, such that P(ξ > x) ∼ px−αl(x)

and P(ξ < −x) ∼ qx−αl(x) as x→ ∞.

Theorem A.59 ([28, Thm 2.4.3]). Assume for the random variable A, that A ≥ 0

a.s. and P(A = 0) < 1. Moreover, assume that E[Aα] < 1 for some α > 0 and
E[Aα+δ] <∞ for some δ > 0. Then the following holds:
(i) Assume that ξ solves the equation ξ

d
= Aξ + B, where ξ is independent of the

pair of random variables (A,B). If the random variable ξ is regularly varying
with index α > 0, then B is regularly varying with index α.

(ii) Conversely, if B is regularly varying with index α > 0, then there exists a
solution to the equation ξ

d
= Aξ + B, where ξ is independent of the random

variables (A,B). If limx→∞P(±B > x)/P(|B| > x) = c± for some positive
constants c− and c+, then P(±ξ > x) ∼ (1− E[Aα])−1P(±B > x), as x→ ∞.

Breiman’s Lemma is stated in the following lemma.

Lemma A.60 ([28, Lem. B.5.1]). Assume that ξ and ζ are independent and non-
negative random variables, where ξ is regularly varying with index α > 0, and one of
the following conditions holds
(i) E[ζα+ϵ] <∞ for some ϵ > 0.
(ii) P(ξ > x) ∼ c0x

−α as x→ ∞ for some c0 > 0 and E[ζα] <∞.
Then P(ξζ > x) ∼ E[ζα]P(ξ > x), as x→ ∞.
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