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Abstract
The study is an analytical exploration of hybrid nanofluid flow at a stagnation-point with
Brinkman effect on a stretchable plate with thermal radiation. All of the aforementioned
factors were taken into account when developing the mathematical model based on the
Navier–Stokes equations for nanofluids, leading to a system of partial differential equations.
Using suitable scaling, these equations are reduced to system of ordinary differential equa-
tions. The outcome of the system of ordinary differential equations are solved analytically
and closed-form solutions are obtained in terms of incomplete error function. The results
are analysed for the many significant flow characteristics with the profiles of velocity and
temperature explored graphically. The amount of the heat transfer is increased due to the
interaction between nanoparticles and the wall, and the wall surface is cooled when wall
suction is present.

Keywords Brinkman ratio · Hybrid nanoparticles · Thermal radiation · Stagnation point

Introduction

Nanofluids are known as a type of fluid suspended with 100 nm or smaller carbon nanotubes
or oxide nanoparticles which is initially discovered by the Choi [1]. Later, several researchers
contributed to their work on the nanofluids like Makinde [2] and Hayat et al. [3]. The word
hybrid nanofluid (HNF) refers to the combination of two different types of nanofluids which
has a thermophysical characteristics that aids in regulating the rate of heat transfer and is
appropriate for a variety engineering applications. Several researchers looked at HNF flow
across various surfaces as a result of these characteristics. Water-based HNF flow in a porous

B A. Chan
a.chan5@rgu.ac.uk

U. S. Mahabaleshwar
u.s.m@davangereuniversity.ac.in

R. Mahesh
maheshrudraiah15@gmail.com

1 Department of Studies in Mathematics, Shivagangotri Davangere University, Davangere, India

2 School of Engineering, Robert Gordon University, Aberdeen AB10 7GJ, UK

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1007/s40819-024-01685-w&domain=pdf


   47 Page 2 of 16 Int. J. Appl. Comput. Math            (2024) 10:47 

channel with entropy production was investigated by Das et al. [4]. Anusha et al. [5] showed
the effect of the HNF on an unsteady stagnation point of non-Newtonian fluid. Aly et al. [6]
studied the wall jet flow on a suction/injection with thermal radiation. Mahabaleshwar et al.
[7] examined the effect of HNF on a Newtonian fluid. Recently Poornima [8] investigated
the effect of CuO + MgO nanoparticles on a stagnation point flow (SPF) of over a stretch-
ing/contraction cylinder. The fluid flow near stagnation point on stretching/shrinking sheet
with MHD, partial slip and viscous dissipation on heat transformed was investigated by the
Aly and Pop [9], and later on by Shatanawi et al. [10], Jamaludin et al. [11], Anuar et al. [12]
along similar directions.

A region in the flow field where the fluid particles have vanishing velocity from all direc-
tions is referred to as the stagnation point.When abody is lying in theflowfield, this stagnation
point often occurs at the surface of the body. Engineering solutions to these stagnation point
flow (SPF) problems are sought for use in aeroplanes, nuclear reactors, electronic appliance
coolants, wire and plastic sheet drawing or polymer extraction. Along this line of applica-
tion, the idea of non-Newtonian fluids flowing across a stretchy plate near their stagnation
point was first explained by Hiemenz [13]. As a continuation of this work, Wu et al. [14],
Weidman and Mahalingam [15], and Stuart [16] are works credited as leading investiga-
tions. The Cattaneo-Christov heat flux model was used by Hayat et al. [17] to analyse the
effects of SPF on a nonlinear stretched surface. Other writers, including Meraj et al. [18],
Bhattacharya et al. [19], Merkin and Pop [20], Zhang et al. [21], and recently, Mahabalesh-
war et al. [22], have been actively deliberating the study of SPF taking into account various
physical characteristics of applications.

The present work is carried with heat radiation and Brinkman ratio between the two fluid
components which has been studied bymany researchers like Hsu et al. [23], Sneha et al.[24],
Zhao et al. [25], Anusha et al. [26]. The impact of thermal radiation of HNF is crucial in the
fields of solar energy, astrophysical fluxes and energy production. According to Bestman and
Adjepong [27], thermal radiation influences are crucial to the structure of high-temperature
flowprocesses. The effect of heat radiation on boundary layermovement has been extensively
covered in the present body of knowledge. To give an example, the thickness of the thermal
boundary layer rises with an increase in radiation parameter, according to Sajid and Hayat’s
[28] investigation on the impact of thermal radiation on the viscous flow on an exponentially
stretchable sheet. The work by Sneha et al. [29], Lund et al. [30], and Maranna et al. [31]
explored how thermal radiation impacts heat transfer rate. The SPF of the non-Newtonian
fluid was presented by Lund [32] with radiation on an expanding/contracting sheet. Khan
et al. [33] inspected how thermal radiation effects on SPF.

The present investigation is an extension work of Turkyilmazoglu [34]. The novelty of
the present investigation describes the behaviour of a mixture of nanofluids with a certain
Brinkman ratio near a stretchable flat surfaces with thermal radiation. This work seeks appli-
cation in aerodynamic, nuclear reactors, electronic appliance coolants and other industrial
application. In spite of the aforementioned studies, this has not been accomplished up to
now. Exact form solutions of the SPF are offered in accordance with this objective. Analyt-
ical solution of the resulting thermal field also produces exact formulations for the thermal
field and heat transfer rate is calculated from the object immersed into the fluid.

Mathematical Formulation and Solution

We consider the two-dimensional stagnation point flow arising from an axial velocity of
u � U (x) � cx of hybrid nanofluid with a Brinkman ratio on a stretchable plate with
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Fig.1 The flow development in Cartesian coordinate system

thermal radiation. The velocity of the stretching surface is considered as u � U (x) + u0
where u0 is the constant velocity as shown in Fig. 1, with axis ′x ′ and ′y′ represented by
the velocity components (u, v) in this case. Also keep in mind that the system’s axial and
radial coordinates affect the pressure ‘p’. Additionally, only constant wall temperatures Tw

and ambient temperatures T∞ are related to temperature in terms of radial coordinates. The
coordinate system in Cartesian and cylindrical forms is used to study solution brinkman ratio
of the defined phenomenon in two dimensions. As a result, the following equations serve as
the governing equations for the aforementioned flow (see [34]).

The governing system of equations for the Cartesian coordinate system as follows

∂u

∂x
+

∂v

∂y
� 0 (1)

u
∂u

∂x
+ v

∂u

∂y
� − 1

ρhn f

∂p
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+

μe f f
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(
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∂x2
+

∂2u
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ρhn f
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u
∂T

∂x
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� αhn f

∂2T
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− 1(

ρCp
)
hn f

∂qr
∂y

, (4)

The boundary conditions are{
U (y � 0) � u0, U (y → ∞) � β1ν

2
hn f
a

T (y � 0) � Tw , T (y → ∞) � T∞,
(5)

It should be noted that the thermal and hydrodynamic parameters are assumed to be
constant and independent of any external factors. Using the aforementioned reasonable
hypotheses, the axial velocities in can be represented as follows{

u � U (x) +U (y),

v � −ay − v0,
(6)
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Table 1 Thermal properties of base fluid and hybrid nanofluid (See [36])

physical properties Ag TIO2 Fluid phase (water)

Cp(J/KgK) 235 686.2 4179

ρ
(
Kg/m3

)
10,500 4250 997.1

κ(W/mK) 429 8.9528 0.613

σ(	/m)−1 62.1 × 106 2.6 × 106 0.05

The stretchingflowvia v0 inEq. (11)makes a net rate of suctionor injection achievable over
a flat surface. Moreover, under the potential flow provided by the Eq. (5–8), the stagnation-
point flow occurs (12). It is also crucial to be aware of the pressure being applied to the flow.
The following is said to be the flat plate pressure solution (see [34])

p � −ρhn f

(
a2

2

(
x2 + y2

)
+ a v0y + β1ν

2
hn f x − p0

)
, (7)

where β1 and p0 are constants.

Expressions and Thermophysical Properties of the Hybrid Nanofluid

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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(
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κs2 + 2κb f − ϕ2

(
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κs1 + 2κ f + 2ϕ1

(
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)
κs1 + 2κ f − ϕ1

(
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) ,
(8)

where Cp is the specific heat capacity. ρs1, ρs2, κs1, κs2 and κb f , ρb f are the density and
thermal conductivities of nanoparticles of TIO2 and Ag and base fluid H2O. ϕ1 and ϕ2 are
the solid volume fraction of nanoparticles of TIO2 and Ag respectively. The thermophysical
values of the respective HNF properties are listed in Table 1

Analytical Solutions for Momentum Equations

The simplified form of the axial velocity is obtained as follows by using the Eqs. (6–8)

�ν f

A2

d2U (y)

dy2
+ (a y + v0)

dU (y)

dy
− aU (y) � −β1 ν2hn f , (9)

with boundary conditions

U (y � 0) � u0, U (y → ∞) � β1 ν2hn f

a
, (10)
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The asymptotic characteristics of velocity is the cause of the second boundary condition in
Eq. (10). Moreover, using the scaled quantities listed below, the dimensionless mode solution
for Eq. (9) is obtained:

�

U � U
νhn f
L

, �
v � v

νhn f
L

,
�
x � x

L
,

�
y � y

L
,

�
p � L2

ν 2
hn f ρ

p, (11)

The reference scale length in this case is L. Equation (9) is changed into the following
equation by using these scaling:

d2(U (y))

dy2
+ (Ay + s)

(
A2

�

)
d(U (y))

dy
− A

(
A2

�

)
U (y) � −β

(
A1

�

)
, (12)

with associated boundary conditions

U (y � 1) � u0, U (y → ∞) � β

A

(
A1

A2

)
. (13)

As you can see, A � a L2

ν f
known as stretching parameter, the permeability parameter is

known by s � v0 L
ν f

, and the pressure parameter β � β1L3,
The stretchable flow across a flat plate is evaluated using Eq. (12), and the axial velocity

is expressed as an incomplete error function given in the Eq. (14).
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(14)

where D � −2A
3
2
√

� +
√
2π A2As Exp

[
− s2A2

2A�

]
Er f c

[
s√
2A�

]
,

Exact Solutions for Heat Equation

Temperature at and far from the body surfaces is assumed to be constant, as stated in the
earlier section. As a result, in the flow field, the temperature of the flow is taken into account
vertically. Thus, temperature equations in Eq. (4) and Eq. (8) are simplified as:

−(ay + v0)
∂T

∂y
� α

∂2T

∂y2
− 1(

ρCp
)
hn f

∂qr
∂y

, (15)

with

T (y � 0) � Tw, and T (y → ∞) � T∞. (16)

The radiative heat flux qr is estimated using Rosseland approximations as below (Rosse-
land [35])

qr � −4σ ∗ T 3∞
3k∗

∂T 4

∂y
(17)

T 4 is expanded by Using Taylor series, and considered the expansion containing lower
order (T − T∞) terms, which results with, T 4 ∼� T 3∞( − 3T∞ + 4T ).
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Therefore, the radiative heat flux derivative is,

∂qr
∂y

� − 16σ ∗ T 3∞
3
(
ρCp

)
f κ f

∂2T

∂y2
, (18)

Using the scaling quantities in Eq. (8) and the transformation θ � T−T∞
Tw−T∞ , the thermal

Eq. (15) are reduced to

(A4 + Nr)
d2θ

dy2
+ Pr A3 (A y + s)

dθ

dy
� 0 (19)

with the corresponding conditions
θ(y � 0) � 1, and θ(y → ∞) � 0.and
Solving these equations, we get the thermal solutions as below:

θ(y) �
Er f c

(√
Pr A3(Ay+s)√
2A(A4+Nr)

)

Er f c
(

s
√
Pr A3√

2A(A4+Nr)

) (20)

where Nr � 16σ ∗T 3∞
3k∗κ f

and Pr � ν f
α f

.

Result and Discussion

The present investigation is to obtain the analytical solution of a hybrid nanofluid flow in a
stretching flat plate with effect Brinkman ratio with thermal radiation on the momentum and
thermal boundary. The TIO2 and Ag nanoparticles are consider and water acting as a base
liquid. The value of Prandtl number (Pr) is fixed 6.2. It is significant to note that the data on the
thermophysical properties of the fluid and nanofluid included in Table 1 and thermophysical
expressions in (14) was used to calculate each nanofluid scenario. The impact of the physical
parameter like A, S,� and Nr are discussed with help of graphs.

The demonstrates the normalised velocity distribution is affected by the stretching param-
eter A is and Brinkman ratio are show in the Fig. 2a, b. We observed that the stretching factor
rises as velocity reductions for maintaining the values of the other parameters at u0 � 0, s �
0, and � � 1. The asymptotic behaviour at infinity is realistic, and it is obvious that A has
a dampening effect on the intensity of the momentum. We also observed that when strength
A increased, the velocity boundary layer decreased. Figure 2b. Represents the normalised
velocity distribution is affected by the Brinkman ratio parameter �. We observed that by
increasing the value � the fluid velocity decreases.

The succeeding demonstration in Fig. 3a, b shows the appropriate patterns of the stream-
lines and vector field. As a result of the disparity in velocities between the horizontal surface
and the very top, we see that an oblique stagnation occurs. By increasing the value of A
(stretching parameter) an effect on streamlines and velocity fields as shown in the Figs. 4a, b
and 5a, b the impact of larger value of A leads the orthogonal stagnation-point flow as shown
in Fig. 2 which is cussed by the suppression of U. The vector and streamlines graphs for
the effect of the suction and injection are demonstrated in Figs. 6a, b and 7a, b respectively
streamlines and vector the concept of wall suction controls fluid flows which leads to the
collision of the particular downstream locations. Furthermore, the radial location y � − s
benefits from streamline divergence due to injection.

The impact of variables s andAon the temperature profile is seen in Fig. 8. It is obvious that
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Fig. 2 The velocity distribution of a stretching parameter A and b Brinkman ratio

raising A has a cooling effect and causes the thermal layer’s thickness to decrease. Compared
to the rapid cooling that is a feature of wall suction, wall injection slows the cooling.

The influence of the flow’s thermal radiation is shown in Fig. 9. It demonstrates that the
heat energy discharged from the flow area as a consequence of a rise in the Nr causes a rise
in the fluid temperature.
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Fig. 3 Impact of U0 � s � 0

V� 1 and A � 1 on a vector field and b Streamlines for
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Fig. 4 Impact of stretching parameter when U0 � s � 0

V� 1 and A � 2on a vector field and b Streamlines
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Fig. 5 Impact of stretching parameter whenU0 � s � 0

V� 1 and A � 10 on a vector field and b Streamlines
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Fig. 6 impact of stretching parameterwhenU0 � 0, s � 0.5

V� 1 andA� 1on a vector field and bStreamlines
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Fig. 7 Impact of stretching parameter when U0 � 0, s � 0.5

V� 1 and A � 11on a vector field and
b Streamlines
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Fig. 8 The impact of s on the temperature profile vector field and Streamlines pattern Nr � 0.5, Pr � 6.2,

V

� 1, a A � 1 b A � 5

Conclusions

In this study, the stagnation point flow on a circular pipe and a stretching flat surface are
examined with the effect of brinkman ratio and heat transfer with thermal radiation with
mass suction/injection is covered in the present study. In the absence of stretching, the walls
are exposed to injection and suction in accordance with the exact solutions, which tends to
the known specific constraints. The solutions lead to the following physical observations:

• The stretching surfaces have the effect of suppressing the flow’s axial velocities. The
stagnation-point phenomena is either orthogonal or tilted depending on the physical fea-
tures.
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Fig. 9 The impact of Nr on the temperature profile s � 1, Pr � 6.2,

V� 1, A � 1

• The velocity boundary dropped, by rising the magnitude of the stretching parameter A and
Brinkman ratio �.

• The thermal boundary layer increases by increasing the thermal radiation Nr .
• In comparison to wall injection, wall suction results in a reduction in the temperature
distribution.
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