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Improved PET/CT Respiratory Motion
Compensation by Incorporating Changes

in Lung Density
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Abstract—Positron emission tomography/computed tomogra-
phy (PET/CT) lung imaging is highly sensitive to motion.
Although several techniques exist to diminish motion artifacts, a
few accounts for both tissue displacement and changes in den-
sity due to the compression and dilation of the lungs, which
cause quantification errors. This article presents an experimen-
tal framework for joint activity image reconstruction and motion
estimation in PET/CT, where the PET image and the motion
are directly estimated from the raw data. Direct motion estima-
tion methods for motion-compensated PET/CT are preferable
as they require a single attenuation map only and result in
optimal signal-to-noise ratio (SNR). Previous implementations,
however, failed to address changes in density during respira-
tion. We propose to account for such changes using the Jacobian
determinant of the deformation fields. In a feasibility study, we
demonstrate on a modified extended cardiac-torso (XCAT) phan-
tom with breathing motion—where the lung density and activity
vary—that our approach achieved better quantification in the
lungs than conventional PET/CT joint activity image reconstruc-
tion and motion estimation that does not account for density
changes. The proposed method resulted in lower bias and vari-
ance in the activity images, reduced mean relative activity error
in the lung at the reference gate (−4.84% to −3.22%) and more
realistic Jacobian determinant values.

Index Terms—Density, lung, Positron emission tomog-
raphy/computed tomography (PET/CT), respiratory motion
compensation.
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I. INTRODUCTION

POSITRON emission tomography (PET) lung imaging
suffers from patient respiratory motion, affecting the

image resolution, localization, and quantification due to the
mismatch of the acquired PET data with the attenuation
map, typically computed from a single snapshot computed
tomography (CT) acquisition. A common approach to com-
pensate for respiratory motion, known as motion-compensated
image reconstruction (MCIR), is to use image registration
to compute deformation fields between different respiratory
states (determined using a respiratory signal [1]), in order
to warp the attenuation map and match the PET data, while
performing iterative reconstruction. This has shown promis-
ing results, particularly for improved tumor delineation in
lung imaging.

Commonly used MCIR techniques rely on the previous
determination of the deformation fields from gated images,
which are then incorporated into the reconstruction [2].
A standard option relies on registering gated PET images
reconstructed without attenuation correction [1] or, more
recently, with attenuation correction [3] and accurate
time-of-flight (TOF) information [4], leading to a reduction in
localized image artifacts. A second option exploits CINE-CT
images to obtain CT-based deformation fields, which should
be more robust because of better contrast and higher resolu-
tion. However, this is contingent on having corresponding CT
and PET gates for good results (therefore requiring amplitude-
based respiratory gating). Also, because of the longer CT
acquisition, the radiation dose is increased, which cannot be
justified in some circumstances.

Instead of deformation fields determined from image reg-
istration, the deformation can also be estimated directly from
the acquired PET data. Joint reconstruction and motion esti-
mation (JRM) [5]–[9] is a reconstruction strategy in which,
from the entire PET acquisition (as well as a gated respira-
tory surrogate signal and a single CT image), it is possible to
estimate an activity image and the deformation between (res-
piratory) states. The input single CT image does not need to
correspond to one of the gates of the respiratory signal; the
computed activity image corresponds to the same respiratory
state as the attenuation map (obtained from the CT image).
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The estimated deformation operator can warp both activity
and attenuation images to each gate of the respiratory signal.

The previous methods however usually do not account for
the change of density in the lungs, due to respiration. This
could be a source of error, especially as both activity concen-
tration and attenuation are affected. In good approximation, the
changes can be estimated from local volume changes [10] (due
to overall lung compression and dilation), although the lung
mass is not entirely preserved during the respiration. Some
fluid exchanges indeed contribute to an additional change
of total lung tissue mass [11], which can be up to 10%
over the respiratory cycle [12], where the lowest mass cor-
responds approximately to end-expiration and the largest to
end-inspiration (likely due to the distension of blood ves-
sels following the dilation of the lungs). This would also
contribute to the variation of the lung density and tracer con-
centration during respiration. Accounting for density changes
during respiration might be particularly relevant when studying
lung diseases, such as fibrosis or tumors where the diseased
region of the lung is more rigid than other parts of the lung.
Therefore, we want to investigate here a method which would
comprise a mass-preserving deformation model, which could
help with both reducing data inconsistencies and estimating
motion more robustly. In this article, the volume changes
will be estimated by computing the “Jacobian determinant”
(sometimes also referred as “Jacobian”) of the deformation
field [13]. Mass-preserving image registration, via incorpora-
tion of the Jacobian of the transformation field in the process,
has been utilized before [14]–[17], but the idea has not been
brought directly into a joint estimation of PET activity image
and motion so far.

This article aims to demonstrate the feasibility of a recon-
struction algorithm for respiratory-gated PET data that can
take local density changes into account, when only a single
CT image is available. We provide an evaluation based on sim-
ulated PET data of extended cardiac-torso (XCAT) phantom
images.

In the first section, the theory of mass-preserving registra-
tion will be discussed, as well as the modifications necessary
to the existing PET JRM to incorporate mass preservation.
The method introduced will then be validated using simulated
XCAT data of lung acquisition, where density and activity
concentration changes are included within the lung.

II. THEORY

This section presents a method built upon [7]–[9] and
therefore similar notations will be used.

A. Motion-Free PET Image Reconstruction

The activity and attenuation maps are, respectively, denoted
as λ ∈ C+ and μ ∈ C+, where C+ = C0(R3,R+) is the set of
non-negative continuous functions defined on R

3.
The set of detected prompts gi ∈ N at a detection bin

i ∈ �1, nb�, where nb is the number of detection bins (either
defined from the corresponding detector pair in non-TOF case
or from the detector pair and the time bin in TOF case), follows

a Poisson distribution of expectation ḡi(λ, μ) such that:

gi ∼ Poisson(ḡi(λ, μ)) (1)

with

ḡi(λ, μ) = τai(μ)Hiλ+ bi (2)

where τ is the duration of the acquisition, ai(μ) is the atten-
uation along the line of response Li corresponding to the
detection bin i, and Hi and ai are defined as

Hiλ =
∫
R3

λ(r)hi(r) dr (3)

and

ai(μ) = exp

(
−
∫

Li

μ(r) dr

)
(4)

where hi : R
3 → R

+ is the system response function
corresponding to the detection bin i, which is compactly sup-
ported such that (3) is well defined, and bi is the number of
background events (either scatter or randoms) at the bin i.

The log likelihood L, omitting the terms independent of λ

and μ, is given by

L(λ, μ) =
nb∑

i=1

gi log ḡi(λ, μ)− ḡi(λ, μ) (5)

where nb denotes the number of detection bins and log(·)
denotes the natural logarithm. Assuming the attenuation μ

is known (e.g., from CT reconstruction), the activity image
λ can be reconstructed by maximizing (5), for example, the
expectation–maximization (EM) algorithm [18].

B. Standard Approach

PET acquisitions are in practice longer than cardiac and res-
piratory cycles. However, if we assume the acquired PET data
can be binned into several ng “gates” such that g = {g�}ng

�=1,
where each g� ∈ N

nb is a vector regrouping the counts corre-
sponding to gate � at each bin—during which intragate motion
can be considered negligible in comparison to PET resolu-
tion. The previous model from Section II-A can then be used
separately at each gate �

∀� ∈ �1, ng�,
[
g�

]
i = gi,� ∼ Poisson

(
ḡi,�(λ�, μ�)

)
(6)

which depends on the activity distribution λ� and the attenu-
ation distribution μ� at gate � through the expectation

ḡi,�(λ�, μ�) = τ� ai(μ�)Hiλ� + bi,� (7)

where τ� corresponds to the duration of the binned respiratory
gate � and bi,� is the background term for the �th gate at the
detection bin i. The corresponding log likelihood �� to be
maximized is

��(λ�, μ�) =
nb∑

i=1

gi,� log ḡi,�(λ�, μ�)− ḡi,�(λ�, μ�). (8)

One approach to tackle motion blur is therefore to recon-
struct a single image λ�0 from the gated PET data g�0

(8).
However, this approach suffers from a low signal-to-noise ratio
as only a fraction of the measured counts are used. To address
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this, each gate � can be reconstructed individually, followed
by image registration to a single reference gate and averaging,
but this approach requires gated attenuation maps (Cine-CT)
which is not always available in practice; and increases the
patient dose. Alternatively, the motion between each of the
gates and the reference gate can be estimated [e.g., from CT or
magnetic resonance imaging (MRI)] and incorporated in the
reconstruction framework; it is referred to as MCIR.

C. Direct Approach

In this section, we derive an extended version of the model
proposed in [7]–[9].

We define the warping operator Wϕ : C+ → C+ associated
to a diffeomorphism ϕ : R3 → R

3 such that

Wϕ f = f ◦ ϕ, where f ∈ C+. (9)

In addition, another warping operator can be introduced, using
the approximation that the mass is preserved in the lung and
both the changes in activity concentration and density during
the respiration are directly correlated to the change in vol-
ume [10]. A modified “mass-preserving” warping operator W̃ϕ

can therefore be defined, incorporating into the previous Wϕ

the absolute value of the determinant of the Jacobian matrix
of ϕ in R

3, denoted as | detJ ϕ |, such that ∀f ∈ C+

W̃ϕ f = ∣∣ detJ ϕ

∣∣ ·Wϕ f (10)

where the Jacobian matrix

Jϕ : R3 →M3,3(R)

(x, y, z) �→
(

∂ϕ

∂x
(r),

∂ϕ

∂y
(r),

∂ϕ

∂z
(r)

)
(11)

is differentiable.
The definition of this operator is motivated by the considera-

tion of local mass preservation: if we consider a diffeomorphic
deformation ϕ which transforms a non-negative continuous
distribution f1 into f2 (i.e., f2 = f1 ◦ ϕ), then∫

R3
f1(r) dr =

∫
R3

∣∣ det
(Jϕ(r)

) ∣∣f2(r) dr (12)

where det(Jϕ(r)) consequently reflects the volume changes.
At each gate � ∈ �1, ng�, the corresponding motion is

ϕ�. The mass-preserving motion-compensated maximum like-
lihood is defined by replacing λ� and μ� by the deformed
reference images λ and μ in (8) then summing over the gates

L
(
λ, {ϕ�}ng

�=1, μ
)
=

ng∑
�=1

��

(W̃ϕlλ, W̃ϕ�
μ
)
. (13)

The addition of mass-preserving conditions within a
cost function (not necessarily using |Jϕ |) has been
used by various authors, for CT [15], PET [16], [19],
single photon emission computed tomography (SPECT) [20],
[21], and MRI data [22], mostly for image registration.
However, mass preservation has never been used, to the best
of our knowledge, directly within a motion-compensating
PET image reconstruction scheme, using a log-likelihood cost
function to estimate the motion between respiratory gates.

D. Discretization

In this article, the discretization is achieved following
the scheme proposed in [5] and [7]. Vectors derived from
discretization appear in bold. The discretized images corre-
sponding to λ and μ are λ ∈ R

nv and μ ∈ R
nv respectively,

where nv is the number of voxels in the image, and fj = [f ]j

and μj = [μ]j, respectively, correspond to the activity and
attenuation at voxel j ∈ �1, nv�.

We use B-spline functions for the deformation
field [5], [7], [23]. The discrete motion is expressed with an
nc control point grid {rn}nc

n=1, rn ∈ R
3 and with a B-spline

coefficient vector α = (αX = {αX
n }nc

n=1,α
Y = {αY

n }nc
n=1,α

Z =
{αZ

n }nc
n=1), where αC

n ∈ R is the cubic B-spline coefficient
in direction C ∈ {X, Y, Z} and at control point rn. The
corresponding motion ϕα is defined at each location r ∈ R

3

as on a subgrid of the original image grid comprising nc
control points of coordinates {rn}nc

n=1, such that

ϕα(r) = r +
⎛
⎝
∑nc

n=1 αX
n B
( r−rn

D

)
∑nc

n=1 αY
n B
( r−rn

D

)
∑nc

n=1 αZ
nB
( r−rn

D

)
⎞
⎠ (14)

where D is the distance between the control points, rn is
the nth control point, and B(r) = b(x) · b(y) · b(z) where
r = (x, y, z) are the coordinates of a point in the grid and
b is the (uniform) cubic B-spline function. We assume here
that the control points are equally spaced in the x, y, and z
directions but the implementation could be extended to uneven
spacing.

The discrete version of the warping operator Wϕ becomes
a matrix Wα ∈Mnv,nv(R). Additionally, we define the “dis-
crete” determinant �α ∈ R

nv by sampling detJ ϕα (r) at each
voxel.

We redefine the expected number of counts at a gate � such
as ḡi,�(λ, θ ,μ) = τ� ai(W̃α�

μ)[HW̃α�
λ]i + si,�, where H is

the discretized PET system matrix and ai(μ) is the attenuation
factor corresponding to the discretized attenuation map μ.

Finally, the discrete version of (13) is

L(λ, θ ,μ) =
ng∑

�=1

��

(W̃α�
λ,W̃α�

μ
)

(15)

where θ = {α�}ng
�=1 and α� is the motion parameter at gate �.

E. Joint Image Reconstruction and Motion Estimation

We propose to estimate the activity image λ and the motion
parameter ensemble θ by maximizing (15) with the addition
of regularization terms on λ and θ

	(λ, θ ,μ) � L(λ, θ ,μ)+ βU(λ)+ γ V(θ) (16)

where β and γ are the penalty weights associated to the
(quadratic) penalty terms U(λ) and V(θ), respectively. Thus,
the discussed JRM tries to solve the following optimization
problem to estimate an activity image λ̂ and a set of deforma-
tion parameters θ̂ :

(̂
λ, θ̂

) ∈ arg max
λ, θ

	(λ, θ ,μ). (17)
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The proposed method proceeds by alternating between
λ and θ updates, using block sequential regularized
expectationmaximization (BSREM) algorithm proposed by
Ahn and Fessler [24] for λ—which will not be detailed
here—and limitedmemory Broyden-Fletcher-Goldfarb-Shanno
(L-BFGS) [25] for θ—for which we propose a summary
in Appendix B. When a mass-preserving model is used, it
will be referred as “mass-preserving JRM,” as compared to
“standard JRM.”

With the mass-preserving case, the derivation of the gradi-
ent of the cost function in the motion update needs to account
for the additional dependence in θ due to the addition of
the Jacobian determinant in the model. The gradient in θ

is somehow similar to that of [7] with the addition of the
analytical derivatives of |�α�

| with respect to the B-spline
coefficients α� which are obtained in a similar way as in [15].
Details on the derivation of the cost function are given in
Appendices A and B.

F. Image and Motion Estimation Regularization

1) Activity Image Regularization: In standard JRM [7], a
quadratic prior was used to regularize image reconstruction.
In this article, U(λ) is the relative difference prior [26] and
can be expressed as

U(λ) = −
nv∑

j=1

∑
v∈Nj

ωj,v

(
λj − λv

)2
(
λj + λv

)+ γ |λj − λv| (18)

where ωj,v in the inverse distance between the center of a voxel
j and the center of a voxel v and Nj is the neighborhood of
voxel j.

2) Deformation Regularization: V(θ) in (16) can be
expressed as a sum of penalties over all the gates � ∈ �1, ng�

V(θ) =
ng∑

�=1

R(α�) (19)

where R is a penalty on the coefficients {α�}ng
�=1. In this arti-

cle, instead of only regularizing the deformation parameters,
the regularization is also performed on the Jacobian deter-
minant image. This should prevent the optimization in θ to
favor a mass-preserving motion that matches with the noise—
as pointed out in [19] for mass-preserving registration—by
constraining the Jacobian determinant image to be smooth.
The smoothed total variation (STV) penalty [27] was chosen
here

RSTV(α�) = −
nv∑

j=1

√
‖[F|�α�

|]j‖22 + ζ 2, ζ > 0 (20)

where F is the finite forward difference operator used to
approximate the gradient of an image and ζ (chosen as 0.3) is
used as a smoothing factor, also enabling differentiation in 0.
To ensure smooth deformation fields, a small regularization on
the B-spline coefficients was also added within V(θ)

Rdef(α�) = −1

2

nc∑
n=1

∑
m∈Ñn

ω̃n,m

∑
C∈{X,Y,Z}

(
αC

�,n − αC
�,m

)2
(21)

Fig. 1. Modified XCAT activity images at each respiratory gate used for
the simulation: original scale (left) and reduced scale (right) for better visu-
alization of the lung activity concentration change, from end-inspiration (top)
to end-expiration (bottom); a red horizontal line was plotted to visualize
respiratory motion.

where ω̃n,m is the inverse distance between the control points
n (i.e., 1,

√
2, or

√
3) and m, and Ñn is the neighborhood of

a control point n (within the nc control points grid). The size
of the neighborhoods Ñn was set to 3 × 3 × 3. The values
at the image borders were handled by adding padding to the
image, using the nearest values.

More details are given in Appendix B.

III. EXPERIMENTS

Five sets of lung XCAT images were generated, corre-
sponding to five different respiratory gates (ng = 5). The
corresponding activity and attenuation images are denoted
as {λ�}ng

�=1 and {μ�}ng
�=1, respectively (where � = 1 is the

end-inspiration and � = 5 is the end-expiration), mimicking
displacement gating. The values in the activity images cor-
respond to a standard FDG acquisition 60-min postinjection
acquired in our imaging facility.

Additionally, to simulate density changes in lungs obey-
ing mass preservation, the activity distribution and density
values were varied uniformly in the lung, depending on the
total volume change compared to mid-expiration, using XCAT
gated lung masks. As a result, compared to the mid-expiration
state (gate 3), the changes in density and activity concentra-
tion were, respectively, as follows: gate 1: −11%, gate 2:
−6.9%, gate 3: 0%, gate 4: +8.2%, and gate 5: +11.5%.
It should however be noted that these changes do not cor-
respond to the Jacobian determinant of the true deformation
fields from XCAT, therefore the simulations include some
model mismatch as would be the case for patient data. For
healthy patients, however, we do not expect a uniform change
in density and activity concentration throughout the lung, as
some regions are expected to ventilate more than others as
documented in [12] and [28]. The resulting images are shown
in Figs. 1 and 2.
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Fig. 2. Modified XCAT attenuation images at each respiratory gate used
for the simulation: original scale (left) and reduced scale (right) for better
visualization of the lung density change, from end-inspiration (top) to end-
expiration (right); a red horizontal line was plotted to visualize respiratory
motion.

After the activity and activity images were created, the gated
projection data were obtained via the forward projection of
the activity images and separate attenuation correction fac-
tors were computed for each gate. Scatters and randoms were
added with a level similar to a usual lung acquisition (about
60% of the total number of detected counts). Poisson noise was
added to the projection data in the results presented (number
of prompts ≈ 3 ·107), to simulate a standard FDG lung acqui-
sition in our imaging facility. A GE Discovery 710 scanner
geometry was used to simulate the data (using GE proprietary
projectors in a MATLAB package). For all gates �, the back-
ground sinogram {si,�}nb

i=1 in (7) is considered to be known
accurately during the entire reconstruction.

The input attenuation map corresponds to the end-expiration
state μ5, which means that the first gated activity image
reconstructed in the algorithm is perfectly aligned with the
attenuation map. The number of JRM iterations numJRMIter
was set to 3 (introduced in Appendix B-A).

In addition to the mass-preserving JRM presented here, the
“standard” JRM (i.e., without mass preservation, as in [7])
was used to reconstruct the data. A range of regularization
values γ for the motion update (16) was tested, from weak to
strong visual smoothing of the Jacobian determinant images.
The image reconstruction parameters were kept identical for
all simulations (eight subsets). For each model and penalty
weight, 30 different Poisson noise realizations were performed.

The image variance and squared bias in all attenuation
images and only in the lung were studied to select the best reg-
ularization configuration for each model and to compare the
two models. The attenuation image squared bias is given as

Bias2
μ =

1

ng

ng∑
�=1

1

|V�|
∑
j∈V�

(
1

K

K∑
κ=1

[
μ

[κ]
�

]
j
− [μ�

]
j

)2

(22)

and the attenuation image variance as

Varμ = 1

ng

1

K − 1

ng∑
�=1

1

|V�|
∑
j∈V�

K∑
κ=1

([
μ

[κ]
�

]
j
− matn

j,�

)2

(23)

where

matn
j,� =

1

K

K∑
κ=1

[
μ

[κ]
�

]
j

(24)

K = 30, μ
[κ]
� = Ẇ

α̂
[κ]
�

μ1 is the estimated μ image at a respira-

tory gate � and at the κth noise realization, Ẇ denoting either
the mass-preserving JRM warping operator (i.e., Ẇ = W̃) or
the standard JRM warping operator (i.e., Ẇ =W).

Similarly, we define the image squared bias and variance in
the activity images {λ�}ng

�=1 as follows:

Bias2
λ =

1

ng

ng∑
�=1

1

|V�|
∑
j∈V�

(
1

K

K∑
κ=1

[
λ

[κ]
�

]
j
− [λ�]j

)2

(25)

and

Varλ = 1

ng

1

K − 1

ng∑
�=1

1

|V�|
∑
j∈V�

K∑
κ=1

([
λ

[κ]
�

]
j
− mact

j,�

)2

(26)

where

mact
j,� =

1

K

K∑
κ=1

[
λ

[κ]
�

]
j

(27)

λ
[κ]
� = Ẇ

α̂
[κ]
�

λ[κ] is the estimated activity image at a respi-

ratory gate � and at the κth noise realization and λ[κ] is the
MCIR activity image.

These measures of variances and squared biases were used
to assess the best regularization configuration (using a scatter
plot), for each model.

We also define the mean relative error activity image RD� ∈
R

nv at a gate � such that at a voxel i

[RD�]i = mj(λ�)− [λ�]i

[λ�]i
. (28)

All measures in the lung were made using the respiratory-
dependent masks from XCAT, which were eroded using a
small kernel.

IV. RESULTS

The scatter plots for the bias–variance study for the atten-
uation map are given in Fig. 3 and for the activity image in
Fig. 4. The results show that using a mass-preserving model in
JRM reduces the image squared biases, especially in the lung
region of the activity image. The activity image variances are
also decreased.

From the previous bias–variance analysis, we choose to
compare the following results using a medium regularization.
Reconstructed activity images corresponding to the two differ-
ent models on θ , are shown alongside the true activity image in
Fig. 5 (at the reference gate, i.e., end-expiration). Visually, the
differences between the two reconstructed images are not con-
spicuous. The mean activity ± standard deviation in the lung
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(a) (b)

Fig. 3. Tradeoff between the variance and the (squared) bias in the μ images,
in (a) entire image and in (b) lung only, between the two JRM models, using
an edge-preserving JRM regularization.

(a) (b)

Fig. 4. Tradeoff between the variance and the (squared) bias in the λ images,
in (a) entire image and in (b) lung only, between the two JRM models, using
an edge-preserving JRM regularization.

Fig. 5. Coronal views of the (c) true activity image λ� and the motion-
compensated images using either the (a) standard model for λStd or (b) mass-
preserving model for λMP.

(using a slightly eroded lung mask given by XCAT at end-
expiration), averaged over all noise simulations, was found
to be 1559.6 ± 99.7 Bq.mL−1 in mass-preserving JRM and
1533.1 ± 98.7 Bq.mL−1 in standard JRM, where the true
activity concentration is of 1612.1 Bq.mL−1. The mean rel-
ative error in the lung mask at end-expiration is −3.22% for
mass-preserving JRM and −4.84% for standard JRM. Mass-
preserving JRM therefore performs better than standard JRM,
although the difference is small.

When we compute the mean relative error images {RD�}ng
�=1

for both JRM versions, we can see that including mass preser-
vation in the imaging model decreases the error in the lung
and outside of the lung over the different gates. The images
are shown in Fig. 6.

Finally, we want to assess how closely the estimated
Jacobian determinant images correspond to the simulated
activity concentration and density change ratio images in
Fig. 7. The values in the liver and in the cardiac region
are improved for the mass-preserving model, as they are
closer to 1 (this value corresponds to the simulated density
and activity concentration change ratio between all gates and
end-expiration).

Fig. 6. Mean relative activity error image at each gate for standard JRM (left)
and mass-preserving JRM (right), from end-expiration (top) to end-inspiration
(bottom).

Fig. 7. Coronal views of the Jacobian determinant images (unitless), at
each respiratory gate, computed from the deformation fields estimated using
either the mass-preserving model (1st column) or the standard model (2nd col-
umn), compared to the true activity concentration and density change ratios
(3rd column).

V. DISCUSSION

The results presented in this article show that incorporating
a mass-preserving condition within a reconstruction method,
such as JRM, can reduce quantification errors, especially in
the lungs. A direct estimation of the activity image and of the
deformation fields between gates can also help with estimating
motion more accurately, especially internally in the lung, while
needing only one CT acquisition and respiratory-gated PET
data.

A bias–variance study overall gates was first done, from a
range of penalty weights for the regularization of the defor-
mation parameters. The scatter plots showed that both bias
and variance reduce in the gate-dependent activity images
(i.e., after using the deformation operator applied to the
reconstructed image) when the mass-preserving model is
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used—both inside and outside the lungs (e.g., in the cardiac
region or in the liver). Additionally, the mean relative error
images for all different gates were computed. The errors in
the lung decreased, especially for the gates which were the
most different to the reference end-expiration gate. In particu-
lar, for medium regularization on the deformation parameters,
the mean relative error in the lung of the reconstructed activity
image at end-expiration decreased from −4.84% to −3.22%.
The Jacobian determinant images obtained from the defor-
mation fields were also more consistent with the simulated
density and activity concentration changes, with values closer
to 1 outside of the lungs.

Although we do not show large benefits when the mass-
preserving method is applied to the XCAT phantom, our
approach could have a larger impact for chest acquisitions
of patient data. A possible domain of application could be
data of patients suffering from diffuse lung diseases, such
as idiopathic pulmonary fibrosis or chronic obstructive pul-
monary disease; since the lung rigidity varies locally because
of the pathology, lung internal motion could be more precisely
estimated by considering mass preservation.

A drawback for joint reconstruction in PET is however
linked to rather slow convergence and therefore increased com-
putational time (in our settings, using an implementation based
on CPU projectors without multithreading, it took about 11
times longer to process the data with JRM as compared to
standard MCIR, i.e., approximately two days), especially when
the activity image used to initialize the algorithm has quan-
tification issues (due to misalignment with the μ map). As
suggested in [7], the initialization of the activity image at the
start of the alternating strategy is important for both algo-
rithm acceleration and convergence (as the likelihood is not
concave, it is necessary to start as close as possible to the
true activity image to ensure that it converges). Therefore, it
is recommended to initialize the activity image using a gated
reconstruction corresponding to the sinogram of the respira-
tory gate which is the closest to the gate of the input μ map.
Additionally, estimating coarse deformation fields between all
gates should be beneficial to accelerate the method presented
and could also be used for a less noisy activity image ini-
tialization using MCIR. To do so, standard methods such as
registering non-attenuation-corrected gated images could be
used [1]. Another alternative would be the use of a reconstruc-
tion of type maximum-likelihood reconstruction of activity and
attenuation (MLAA) [29], for which the attenuation sinogram
can be estimated up to a constant [30] in TOF PET (within the
activity hull). When applied to respiratory-gated data, although
MLAA μ maps are expected to be very noisy, recent work on
gated data have shown that it could be possible to extract
information on motion [31], when deep learning is used to
denoise the images [32].

Moreover, a parameterization of the deformation field using
cubic B-splines was used in this article. Although B-splines
have the advantage of being simple for derivation and com-
putational reasons, other deformation parameterization could
be more adapted for lung registration, for example, to han-
dle sliding motion against the ribs. Possible approaches could
be to extend supervoxel techniques [33], [34] or to use

“fluid material” deformation fields, such as introduced by
Christensen et al. [35].

Finally, the method presented here could be extended to
estimate the values in the μ map jointly with the defor-
mation fields and the activity image. Using the additional
constraint linked to the modulation of the attenuation and
the activity concentration changes with the Jacobian determi-
nant, it may be possible to estimate the attenuation sinograms
accurately, determining intrinsically the additive attenuation
sinogram [30] linked to standard MLAA TOF reconstruction.

VI. CONCLUSION

This article shows the feasibility of a mass-preserving
joint activity image reconstruction and motion estimation in
PET/CT, which could be also extended to PET/MR imaging.
Future work will involve validation on patient data.

APPENDIX A
DERIVATION OF THE DETERMINANT OF THE

DEFORMATION JACOBIAN MATRIX FOR B-SPLINE

REPRESENTATION

The element (k, l) of the 3× 3 matrix Jϕα (r) is given by

[Jϕα (r)
]

k,l = δk,l +
nc∑

n=1

α
Ck
n

D

∂B
∂xl

(
r − rn

D

)
(29)

where δk,l is the Kronecker delta for k, l and (∂B/∂xl) is the
partial derivative of B with respect to xl, Ck corresponding to
X, Y , and Z for k = 1, k = 2, and k = 3, respectively, and
xl corresponding to x, y, or z for l = 1, l = 2, and l = 3
respectively. The derivatives of a determinant of a matrix can
be obtained via Jacobi’s formula, with respect to a given α

Ck
n

∂ detJ ϕα (r)

∂α
Ck
n

(α) = tr

(
adj

(Jϕα (r)
) ∂Jϕα (r)

∂α
Ck
n

(α)

)
(30)

where tr(·) is the trace of the matrix and adj(·) is its adjugate.
For a given r, the partial derivatives of Jϕα (r) with respect to
α

Ck
n are equal to

∂Jϕα (r)

∂α
Ck
n

(α) = 1

D

3∑
l=1

∂B
∂xl

(
r − rn

D

)
. (31)

By the chain rule, the partial derivative of | detJ ϕα (r)| is
therefore

∂
∣∣ detJ ϕα (r)

∣∣
∂α

Ck
n

=

sgn
(
detJ ϕα (r)

) ·tr
(

adj
(Jϕα (r)

) · ∂Jϕα (r)

∂α
Ck
n

)
(32)

where sgn(·) is the sign function. The nondifferentiability of
|·| function in 0 is handled by adding a small number to the
Jacobian determinant. The analytical derivatives of | det(Jϕα ) |
were validated against finite differences in terms of absolute
percentage error between the gradient and the finite differ-
ences, normalized with respect to the maximum absolute
value of the gradient, for random B-spline coefficients and
ε = 0.00001 used in finite differences. The mean and maxi-
mum errors were found to be less than 3 ·10−11 and 4 ·10−10,
respectively.
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Algorithm 1 Joint Reconstruction of Motion and Activity
Input: μ, gated projection data g
θ (0)← 0
λ(0)← BSREM(g1,μ, β)
for r = 1, . . . , numJRMIter do

θ (r)← Motion estimation from (g, μ, θ (r−1),λ(r−1), γ )

λ(r)← MC-BSREM(g, μ, θ (r), β)

end for
Output: estimated PET image λ̂, B-spline coefficients θ̂

APPENDIX B
IMPLEMENTATION AND DERIVATION DETAILS

A. Joint Reconstruction Outline

Joint reconstruction of activity image/motion estimation
consists of numJRMIter alternations between:

1) Motion Update: maximizing the log likelihood, from
a given activity image, with respect to the B-spline
coefficients θ to estimate the deformation between the
reference respiratory state (corresponding to the CT
image used to compute the input attenuation map) and
the PET respiratory gates (binned using a respiratory sur-
rogate signal). The optimization is performed for each
respiratory gate separately;

2) Regularized Image Reconstruction: given the deforma-
tion fields estimated during the previous step, MCIR is
used to obtain λ, with a modified version of BSREM.
Contrary to [7], the image is always reinitialized to 1nv

before each reconstruction.
The algorithm is initialized from a gated regularized image

reconstruction at end-expiration (according to the respiratory
trace). The first motion estimation is chosen to have more
iterations than the following ones (here twice as many). A con-
cise pseudocode is given in Algorithm 1 and some additional
details on the motion update and image update are provided
in Appendices B-B and B-C. A more detailed summary of the
implementation used in this article can be found in [8].

B. Motion Update

The penalized log likelihood 	(λ, θ ,μ) is maximized with
respect to θ during the motion update. Let θ (k) be a current
estimate of θ at iteration k. θ (k+1) is obtained by performing
a maximization along a gradient ascent search direction t(k)

α(k+1) = θ (k) + δ(k)t(k) (33)

where

δ(k) = arg max
δ≥0

	
(
λ, θ (k) + δt(k),μ

)
(34)

and t(k) is a gradient ascent direction that incorporates
the inverse Hessian of 	, computed with an L-BFGS
quasi-Newton line-search algorithm, handling bound con-
straints [25]; although any line-search method could be used.
A Fortran implementation [36] was used to compute t and
δ� at each motion estimation iteration. The step length (34)
satisfies the Wolfe conditions [37], i.e., guarantees sufficient
increase of (16).

To simplify the notation, dependencies on λ and μ will be
omitted in this appendix. For each gate �, the expected number
of counts at bin i ḡi,�(W̃α�

λ,W̃α�
μ), is regrouped in a vector

ḡ�(α�) ∈ R
nb . The likelihood L(λ, θ ,μ) will be denoted as

L(θ) and J(·) will represent the Jacobian matrix in α�.
Using the chain rule, the gradient of the log likelihood in

α� is

∇α�
L(θ) = J

(
ḡ�(α�)

)�∇�

(
ḡ�(α�)

)
(35)

where ∇�(ḡ�(α�)) = g�/ḡ�(α�)− 1Rnc .
The latter is modified with the incorporation of the mass-

preserving warping operator ˜W instead of the regular warping
operator W used in [7] (see Appendix A)

J
(
ḡ�(α�)

) = −τ� diag
{

Ha

(
˜Wα�

μ
)

˜Wα�
λ
}
LJ
(

˜Wα�
μ
)

+ τ�Ha

(
˜Wα�

μ
)

J
(

˜Wα�
λ
)

where L ∈ Mnb,nv(R) represents the line integral matrix
where an element (i, j) is the length of intersection of the
line connecting the two detectors corresponding to the bin i
with voxel j, Ha(μ) = diag{exp(−Lμ)}H and ∀f ∈ {μ,λ},
J(˜Wα�

f ) is the Jacobian matrix associated to W̃α�
f with

respect to α�. We have the following formula:

J
(W̃α�

f
) = diag

{∣∣�α�

∣∣}J(Wα�
f
)

+ diag
{Wα�

f
}
J
(∣∣�α�

∣∣)

where J(Wα�
f ) is obtained as in [7] and J(|�α�

|) is obtained
by discretizing (32).

The gradient ∇	, corresponding to the regularized motion
estimation step, is equal to ∇L + ∇V , where ∇L is the con-
catenation of all gate-dependent gradients ∇α�

L and ∇V is the
gradient of V .

C. Regularized Image Reconstruction

The image update maximizes the motion-dependent penal-
ized log likelihood (16), using BSREM [24], using the rel-
ative difference prior introduced in [26]. This algorithm was
also modified as motion-compensated BSREM (MC-BSREM),
using the warping operators introduced in this article. The step
size for gated reconstructions (to initialize the joint reconstruc-
tion) at a given iteration k was chosen as [1/(k/15+ 1)] and
for MC-BSREM reconstruction as (1/ng)[1/(k/15 + 1)], in
order to diminish the problem of using too large step sizes
at the edges of the field of view when parts of the images
are only present in some gates. The parameters of the update
are the number of subsets numSubs and the penalty weighting
factor β; the image update stops either when the median rela-
tive change between two iterations is lower than 0.1% inside
the XCAT phantom or after 300/numSubs iterations.
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J. A. Schnabel, “Deformable image registration by combining uncer-
tainty estimates from supervoxel belief propagation,” Med. Image Anal.,
vol. 27, pp. 57–71, Jan. 2016.

[34] L. Lafitte, C. Zachiu, L. G. W. Kerkmeijer, M. Ries, and
B. Denis De Senneville, “Accelerating multi-modal image registration
using a supervoxel-based variational framework,” Phys. Med. Biol.,
vol. 63, no. 23, 2018, Art. no. 235009.

[35] G. E. Christensen, R. D. Rabbitt, and M. I. Miller, “Deformable tem-
plates using large deformation kinematics,” IEEE Trans. Image Process.,
vol. 5, no. 10, pp. 1435–1447, Oct. 1996.

[36] C. Zhu, R. H. Byrd, P. Lu, and J. Nocedal, “Algorithm 778: L-BFGS-
B: Fortran subroutines for large-scale bound-constrained optimization,”
ACM Trans. Math. Softw., vol. 23, no. 4, pp. 550–560, 1997.

[37] J. J. Moré and D. J. Thuente, “Line search algorithms with guaran-
teed sufficient decrease,” ACM Trans. Math. Softw., vol. 20, no. 3,
pp. 286–307, 1994.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


