AIMS Mathematics, 9(2): 3253-3263.
DOI: 10.3934/math.2024158
ATMS Mathematics Received: 13 September 2023
Revised: 01 November 2023
Accepted: 10 November 2023
http://www.aimspress.com/journal/Math Published: 03 January 2024

Research article

Stability results for neutral fractional stochastic differential equations

Omar Kahouli'*, Saleh Albadran?, Zied Elleuch’, Yassine Bouteraa* and Abdellatif Ben
Makhlouf®

! Department of Electronics Engineering, Applied College, University of Ha’il, Ha’il 2440, Saudi

Arabia

Department of Electrical Engineering, College of Engineering, University of Ha’il, Ha’il 2440,
Saudi Arabia

Department of Computer Science, Applied College, University of Ha’il, Ha’il 2440, Saudi Arabia
Department of Computer Engineering, College of Computer Engineering and sciences, Prince
Sattam bin Abdulaziz University, Al-Kharj 11942, Saudi Arabia

Department of Mathematics, Faculty of Sciences of Sfax, University of Sfax, Sfax, Tunisia

* Correspondence: Email: a.kahouli@uoh.edu.sa.

Abstract: Many techniques have been recently employed by researchers to address the challenges
posed by fractional differential equations. In this paper, we investigate the concept of Ulam-Hyers
stability for a class of neutral fractional stochastic differential equations by using the Banach fixed
point theorem and the stochastic analysis techniques. An example is presented at the end of the paper
to show the interest and the applicability of the results.
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1. Introduction

The purpose of fractional analysis is to extend derivatives with integer orders to non-integer orders.
In the literature, many dynamical systems are described by a fractional-order dynamical model,
generally according to the notion of fractional differentiation or integration. The study of fractional
order systems is more delicate than the study of their counterparts in classical derivatives.

Classical calculus is based on the differentiation and integration of integer order. However, the
concept of fractional calculus has enormous potential to change the way we see, model and control the
world around us. Several theoretical and experimental studies show that certain electrochemical [1-3],
thermal [4-6], viscoelastic [7-9] and mechanical systems [10-12] are governed by differential
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equations with non-integer derivatives. Therefore, the use of the classical models based on the
derivation with integer order is not appropriate. Thus, models based on differential equations with non-
integer derivatives have been developed, like physical models [13—16] and mechanical models [4,9].

The origins of fractional calculus dates back to the late 17th century, when Newton and Leibniz
developed the foundations of differential and integral calculus, but it was only during the last three
decades that fractional calculus has had the most interest and applications [4, 8, 9].

In 1940, Ulam has introduced the stability question of the solutions of functional equations [17].
Then, Hyers gave the first answer to Ulam’s problem in Banach spaces in 1941 [18]. After Hyers’s
answer, many scientists were interested in the Ulam-Hyers stability (UHS) [19, 20], the Ulam-Hyers-
Rassias stability [21,22] and for the case when « € (%, 1), see [23].

In the literature, there is no existing work which investigates the qualitative study like the EU and
UHS for a class of neutral fractional stochastic differential equations (CNFSDE). So, it is an interesting
challenge to cover this gap. In this sense, this paper generalizes the works in [19,21] to the neutral
case. Different from the results in [19-21], the highlights of this paper are as follows:

(i) Investigate the existence, uniqueness (EU) and UHS of solution of CNFSDE by employing the
Banach fixed point theorem (BFT) and the techniques of stochastic calculus like the Cauchy-Schwartz
inequality and Itd’s isometry formula.

(i) The neutral term and the fractional operator make our systems much more sophisticated.

(iii) A numerical example is presented, as an application of the theoretical obtained results.

The paper is organized as follows: Section 2 is devoted to the basic classical notions and results.
Section 3 is devoted to the fundamental results about the EU and UHS of CNFSDE. We present an
example in Section 4 to make our results much more applicable. We give a conclusion in Section 5 to
give perspective and present an idea for a future work.

2. Preliminaries

Let @ > 0. Then,
{Q’ P» T = (PQ)OSQS(I’ P}’

is a complete probability space and W(p) is an d-dimensional Brownian motion.
Let
XQ = Lz(Qa PQ’ P) v o€ [0,a])

be the family of all F,-measurable and mean-square integrable functions h = (hy, ..., hy)" : Q — RY.

Definition 2.1 ( [9]). Given 0 < @ < 1. The CFD is given by,

C o _ 1 ifs _ -w _
D%g(s) = T - o) ds Jo (s — W) 7(g(w) - g(@)dw. (2.1)

Definition 2.2 ( [9]). The MLF is defined by:

+00
s
Eg(s)= ) ——0
) ;r(qwﬂ)

where @ > 0 and s € C.
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Consider the following CNFSDE with respect to the Caputo derivative:

dW(o)
—_—, 0 <o<a), (2.2)
do
with initial condition {(0) = w,0 < @ < 3, 1 + @) < @, < 1 and f,g,h : [0,@] X R? — R? are
measurable.
The associated integral equation of CNFSDE (2.2) is given by:

D™ (o) = D”'h(p, {(0)) = f (0.£(0)) + g (0, {(0))

— _ sz_ml 1 ¢ _ wr—w—1
() = 0= 0.0+ [ o= Loy
1 ¢ wr—1
1
+ = fg (© =™ g L(0))AW (). (2.3)
I(@2) Jo

Consider the following assumptions:
H,: There is L > 0 satisfying

170, £1) = h(o, I + 1l f (0, £1) = flo, DIl + g, £1) = g(o, L)l < LISy = £al, 2.4)

for all
(0,41,6) € [0,a] X RY x RY,

Hy: h(-,0), f(-,0) and g(:,0) verify

(. Dlleo = ess sup [|g(v, 0)I] < oo, (2.5)

ve[0,a]

f [IA(v, O)I* dv < eo,
0

and

fo If 0, 0)II” dv < co.

3. Main results
Let G*([0, a], R9) be the set of all processes ¢ which are ¥ -adapted and measurable such that

Iilllcz = sup [I{()]lms < oo.

O<p<a

Thus (G*([0, a],R9), || - llg2) 1s a Banach space.
Now, we give the definition of UHS.

Definition 3.1. Equation (2.2) is Ulam-Hyers stable with respect to € (UHS with respect to €) if there
is a constant V > 0 such that, for each € > 0 and for each solution z of
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wr—W|
4

M@~ + 1)
fg (0 - 1™ Iy, 240

E||z(0) — z(0) + h(0, z(0))

F(wz — W)

f (0= W™ flu, z(w))du

F(w 2)

_ _ @21
F(ZD'Q) fo ()
<eg, Yoe|0,a], (3.1

there is a solution ¢ € G*([0, ], RY) of (2.2), with £(0) = z(0), which satisfies
Ellz(0) - {()II* < Ve, (Yo €[0,a.
Lemma 3.2 ([22]). Letd : G*([0, a],RY) x G*([0, @], RY) — R, be the function such that

EllZi(0) = LI
h(0)

where hy, hy € C([0, a],R%). Then, (G*([0, a],RY),d) is a complete metric space.

d*({1.42) = inf {A € [0, +00), < Aly(0). Vo € [0, a1},

Theorem 3.3 ( [24]). Suppose that (T, d) is a complete metric space and Q : T — T is a contraction
(with v € [0,1)). Also, let & € T, o > 0 and d(9, Q(9)) < o. Then, there exists a unique y € T that
satisfies y = Q(y). Moreover, we have

d(9,y) < %v 3.2)

Theorem 3.4. Suppose that the hypotheses H, and H, hold true. Then Eq (2.2) is Ulam-Hyers stable
with respect to .

Proof. We consider the operator A : G*([0, ], RY) — G*([0, ], RY) defined by

— _ sz_zm 1 ¢ _ wr—w—1
(A)(e) = z(0) N r—— 1)h(0, z(0)) + T fo ©-v) h(v,{(v))dv
0
wy—1
t s [ v o
1 0
+ — f (0o— y)@! g, L(»))dW(v), VYo €[0,al]. (3.3)
(@) Jo

We will divide our proof into two steps:
Step 1: First, we will prove that A is well defined. Let £ € G*([0, a], RY), we have

)
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— 07" fu, {@)dp

F(w2)2 ( fg 0- ™!

Using the Cauchy-Schwartz inequality, we have

2
E(\ — ™ By, £G0)du )

0
0 0
s( fo (g—u>2<”2—“1>—2du)E( fo ||h(/1,§(/1))||2du)

2(wr—wy)-1
. - 1E( f ||h(y,§<u>)||2du).

- U@, - @)

)

1"(132)2 (

Using hypothesis H, we get
2
1A, C@)||” < 2L2 1@l + 2 1w, O

)

a,Z(wz—im)—l 2(wr—w1)-1

Then, we have
5

Similar to (3.7), we get

0
fo (0= 10" iy, £

E(H f; (0 - ™" flu1, 2))du

2 2
<2L sup E(lIZ@IP) + o
2
) <
According to It0’s isometry formula, we obtain
¢ 2w,-2 2
= E(f (0 — ™™ |g(u, Cw)|| du).
0
Hence, by using hypothesis H;, we find that
2
E( fg 0—w™! )
0
<2I? sup E([lCI) +2
2@~ 1 g (IcGorr)
Step 2: Consider d,, ,, : G*([0, @], RY) x G*([0, @], R?) — R, such that
E _ 2
sup I£1(0) — &0l

2wy — @) = 1 peo.al
0 2
E( f (0 - )
0
2wy—1 2w—1
Therefore, A is well defined.
ocl0,a] Y(o)

1,172

2

& (G 0) =

f (s O dut < o,

1||g<-,0>||§o <o

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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where
U(©0) = Eximy-o-1 (10" ") Esg, 1120”7 71).

We will prove that A is contractive for some 7y, 77, > 0.
Let £, &> € G*([0, ], RY), we have Yo € [0, a]

(AL () — (AL) (o)
1 0
= f (0 — W™ ™ [h(u, &i(w) — h(u, & (w)] du
@, — @) Jo

! ¢ wr—1 _

1 ¢ wr—1 _
+r(m)f0 (0 = ™" [ i) — 8(ut, L)) AW ().

Thus, we obtain
Ell(AL)(0) — (AL))IIP
0
fo (0 = 1™ [y, Gu(u) — o, La(u))] i

)

0 2
fo (0 - ™ [8( 1) — 8t )] AW () ) |
)

0 0
<L’ (I) dﬂ) fo (0 — W™ "2 E |14 (1) — L)l du

< Ia fog (0 — WP 2B 14, (0) — LI i

|

By the It6 isometry formula, we obtain

0 2
E( f (0 - 107 2, 61)) — 8ot H@)] AW )
= E( fg (0 — ™|, & (W) - g, W) du)
0

)

: ['(w, _wl)zE(

3 ¢ wr—1
i F(wZ)ZE( fo (0 =™ [f (. (1) = f(w, ()] dpt

+

3
[(w)* 8 (

Now, by using the Cauchy-Schwartz inequality, we have

|

fo (0= 107" [, £1(40)) — By, Co(u)] d

and

)

fog (0 - 10 [ (s 50) — fs Cau))] du

0
<o fo (0 - W E N () - @I du.

(3.10)

(3.11)

(3.12)

(3.13)
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% fo (0 - w2 E G0 - LR du
Then, we get
EIAL)(©) — (ALY
La f: (0 - P 2B 4y () - (P d

S N
[N@, — @)?

ropl @D f: (0~ "™ ElG () - L@l du

3 0 o2 Bl = Ll
< 2 f _ R @-on-2 d
= F(ID'Z - w1)2 @ 0 (Q IJ) W(.U) l/l(#) H

L EIGW - L@l
L2 1 f _ 2wy—2 d
(@+1) ) (0—mw ) Y(u) du

+

+

[(w@>)*

S - @
@, — @)?

3 2 2
+ F(wz)zL (a+ l)a’m’,72

3
- mLzadsl,ﬂz(gl,{Z)r(z(wz —@) — Dy(o)

2 2
+ WL (@ + Dd,, (&1, 2w — (o).
Then, we get
dy, 1, (AL, AL) < kdy, 5, (L1502,
where

I = 3L2al' (2w — @) — 1) N 32 (a+ DI'Qw, - 1)
N mI (@, — @;)? I (@,)? '

Thus, clearly, S¢ is a contractive mapping on G*([0, a], RY) for some 7;,7, > 0.
Consider a function z that satisfies (3.1). We have

Ellz(0) — Sz(o)II* <
¥ (o) 7

for all o € [0, a]. Then,
d’]]J]Z(Z’ ﬂZ) S \/E-

In view of Theorem 3.3, there exists a unique solution (£(0) = z(0)) such that

N7
dy i, (£, 2) < T—%
Consequently, Yo € [0, ], we have
_ 2 . l/’(a) .
E|l{(0) — zII" < - k)ze

Therefore, Eq (2.2) is UHS with respect to &.

(3.14)

Lad; , (41,0 Ezm,-1(20°™ ") f@ (© = W™ 772 Exgry—ar-1 (™ ™7V dut
0

(&1, 0 Enwy-my-1 (@™~ 707) f (© = W*™7? Engryot (™™ dpt
0

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

O
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4. Numerical example

Now, we illustrate the interest of our results by providing a theoretical example. Consider Eq (2.2)
for

(o) € G*([0,a],R),
h(o, £(0)) = cos® ({(0)),

flo, (o)) = sin® (£(0)),

and

g(0,£(0)) = £(0).

Let (0,1, %) € [0,00) x R? x R?. Then,

lh(o, 1) — h(o, DIl < 2[5t — &l 4.1)

lf (o, &1) = fo, oIl < 201 = &l 4.2)
and

llg(o, &1) — glo, LI < I8y = &l 4.3)

Consequently, the assumption H; holds true. Moreover, we have

g 0)ll = ess sup [lg(o, 0}l = 0, (4.4)
0€[0,a]
fo (o, 0)l’do < a. @.5)
and
fa (0, 0)ll%do = 0. 4.6)
0

Hence, assumption H, holds true. Then, applying Theorem 3.4, the equation is UHS with respect to .

For Eq (2.2), we conduct a simulation based on Euler-Maruyama scheme with a step size 107°. Set
@, = 0.15, @, = 0.85 and the initial data £(0) = —2. Then, the simulations results of £ and z with the
same initial data of Eq (2.2) are shown in Figure 1. We can see from Figure 1 that the solution trajectory
of the inequations (3.1) almost coincides with that of Eq (2.2). It follows that the distance between {(o)
and z(o) is less than a constant, which shows that Eq (2.2) is UHS according to Definition 3.1.

AIMS Mathematics Volume 9, Issue 2, 3253-3263.
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Sample path of {(o)
Sample path of z(p)

100 -

80

and 2(p)

60

40
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0

Sample paths of {(o)

-20

-40 . : : :
0 2 4 6 8 10
Time (o)
Figure 1. Trajectory simulation of {(0) and z(0) on the interval [0, 10] for @w; = 0.15 and

w, = 0.85.

5. Conclusions
This article investigated the EU problem for CNFSDE, and obtained the UHS result. It has been
achieved that these results can be shown by using the BFT (Theorem 3.3) and some stochastic calculus
techniques like the 1t6 isometry formula. Finally, a numerical example has been presented to illustrate

the effectiveness of the theoretical results. In a future paper, it would be interesting to extend this work
to the neutral case with time delay effects.
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