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Abstract

This research presents a multiresolution wavelet analysis tool for analyzing motion in time

sequential imagery. A theoretical framework is developed for constructing an L, (1 3) wavelet mul-

tiresolution analysis from three non-identical spatial and temporal L2 (R) wavelet multiresolution

analyses. This framework provides the flexibility to tailor the spatio-temporal frequency characteris-

tics of the three dimensional wavelet filter to match the frequency behavior of the analyzed signal. An

unconventional, discrete multiresolution wavelet decomposition algorithm is developed which yields

a rich set of independent spatio-temporally oriented frequency channels for analyzing the size and

speed characteristics of moving objects. Unlike conventional wavelet decomposition methods, this

algorithm provides independent zoom-in and zoom-out capability in space and time. Symmetric 3D

filters produced by the unconventional decomposition process are combined with the properties of the

Hilbert transform to produce a bank of directionally selective wavelet filters. Multiple directionally

selective wavelet filters are integrated to form a multiresolution vector wavelet motion sensor capable

of unambiguously computing the optical flow of a 3D image sequence. A unique flow restoration

methodology is presented which incorporates a modified version of Grossberg's gated dipole filter in

a cooperative-competitive flow restoration methodology that reinforces consistent flow behavior and

removes flow inconsistencies. Finally, several digital and optical parnllel architectures are investigated

for their ability to speed up the 3D wavelet decomposition process.

xii



A NON-HOMOGENEOUS, SPATIO-TEMPORAL,

WAVELET MULTIRESOLUTION ANALYSIS

AND ITS APPLICATION TO THE ANALYSIS OF MOTION

I. Introduction

1. 1 Historical Background

Modem military target identification systems primarily detect and track heat sources in an

infrared (IR) image. They often require a "person-in-the-loop" for acquiring a potential target. Once

acquired, the target is generally tracked by first thresholding a high contrast scene for "hot spots"

and then applying one of several tracking techniques including 2D frame-to-frame feature matching,

centroid matching and correlation matching (7, 50). These systems make limited use of a priori

information, target models and other scene analysis techniques used in the computer vision field.

Computer vision target segmentation and recognition systems generally employ a "static is

basic" strategy in which single, static image frames from a time sequence of two dimensional imagery

are analyzed individually for attributes such as texture, color and boundaries. The results are then

later connected in various ways across time (5, 20). However, studies of biological systems show

the analysis of information in time provides animals with extremely valuable clues for segmenting

and identifying moving objects in a dynamic scene (37, 51, 52). Indeed, some animals, such as the

frog, employ a "motion is basic" perceptual strategy in which stationary objects, such as a dead fly, are

evidently ignored during their internal object segmentation and recognition computations. Additionally,

neurophysiological research in higher order mammals (e.g., the macaque) has uncovered anatomically

distinct visual pathways devoted exclusively (at least in the early stages of the visual processing system)

to motion analysis (43, 61).

From a biological perspective, then, it appears some types of object recognition problems may

be better-suited to the analysis of information in time (a spatio-temporal process) as opposed to the

analysis of information across time (a spatial and temporal process). Thus, the purpose of this research

effort was to focus on the use of motion cues as a means of facilitating the pattern recognition process. In



particular, the research concentrated on one of the earliest steps in the motion-based pattern recognition

process: determining the location, speed and direction of objects moving in a scene. The motion-based

object discrimination strategy employed in this research draws on the results of biological research into

the motion detection properties of the mammalian visual cortex.

The accumulated results of past and ongoing research into the motion detection properties of

cortical cells, layers of cells, and the interconnections between cells in the mammalian visual cortex

provide four valuable clues for the construction of a computer vision-based motion detection system.

First, motion is perceived locally. Humans are able to perceive different motions in different parts of

the scene. However, little is known about the size of localized motion detection regions (57). Second,

perceived motion is spatial frequency specific. Individual motion sensors tend to respond to a specific

band of spatial frequencies (2). The average spatial frequency bandwidth of these cells is approximately

one octave. Third, motion sensors are selective for speed. Indeed, cortical motion detection cells can

reliably detect speed variations on the order of 5% (41). And fourth, motion detection cells exhibit

a spatio-temporal contrast sensitivity that determines the range of spatial frequencies detectable for

moving objects (49). A 2D representation of the spatio-temporal contrast sensitivity data collected

by Robson is shown in Figure 1. Here, temporal frequency corresponds to the speed at which a

horizontally oriented sinusoidal grating moves past a viewer's field of view. Evidently, spatial and

temporal frequencies that lie outside the diamond shaped region cannot be detected by the human visual

system. These clues clearly point towards the existence of a biological motion detection system in

mammals that responds to localized spatial and temporal frequency stimuli.

Historically, motion analysis algorithms have employed frame-to-frame processing techniques

such as block matching, feature correspondence and spatio-temporal gradient analysis to characterize

objects moving in a 2D scene (5, 26, 27, 55). These techniques require densely sampled imagery in

space and time - which make them computationally expensive - and each is highly susceptible to the

presence of noise in the spatio-temporal imagery. Additionally, their primary emphasis has been on the

consiruction of a velocity field that depicts movement, rather than on the task of explicitly segmenting

moving objects in the scene.

In the mid-to-late 1980s, several researchers began to explore a spatio-temporal frequency

motion analysis approach that required the integration of several frames of time sequential imagery

(1, 19, 25, 57). Each of these approaches is based on the observation that the Fourier transform of

2



temporal
frequency

spatial
frequency

Figure 1. Diamond shaped spatio-temporal frequency plot of Robson's experimental data relating
spatial and temporal frequency sensitivity of motion cells in primary visual cortex. Tempo-

ral frequency corresponds to the speed at which a horizontally oriented sinusoidal grating
moves past a viewer's field of view (49).

a 2D brightness pattern moving with constant velocity across a 2D image plane lies on a plane in

spatio-temporal frequency space whose coordinates are governed by the x and y velocity components

of the object. In order to determine the orientation of the plane in frequency space, and, therefore,

the velocity of the moving object, each of these approaches employ heuristic spatio-temporal filtering

techniques that provide little control over inter-dependent filtering characteristics such as filter overlap,

filter bandwidth and space-time/frequency localization. Additionally, these approaches use rigid filter

designs that cannot be easily modified to meet a particular problem scenario. Finally, none of the

approaches are applied in the presence of noise. This research carries forward the Fourier filtering

concepts in the examples cited above, and combines them with the mathematical rigor of the wavelet

multiresolution analysis to yield a unique and powerful motion analysis tool that discriminates moving

objects in noise-corrupted imagery based on their size, speed and directional properties.

1.2 Problem Statement and Scope

Accurately detecting and discriminating multiple objects moving across a 2D sensor array in the

presence of physical and system noise is an unsolved problem. This research studies the feasibility of

using a spatio-temporal wavelet multiresolution analysis for this purpose. The analysis of this solution

strategy focuses on several key areas, including 1) the extension of existing 2D wavelet multiresolution

analysis theory to three dimensions, 2) the creation of separable, non-homogeneous, wavelet filters

3



that enhance the flexibility of the motion analysis process, 3) decoupling the spatial and temporal

multiresolution decomposition processes to provide the ability to independently analyze spatial and

temporal details in a 3D signal, 4) the construction of a wavelet filter bank that provides directional

selectivity, 5) combining the coefficients obtained in the decomposition process to estimate localized

velocity -formation in the presence of physical and system noise phenomena, and 6) the investigation

of se ,al digital and optical parallelization techniques to determine their ability to increase the speed

of the 3D wavelet motion analysis process. The research contributions made in these areas are briefly

reviewed below.

1. A Three-Dimensional Wavelet Multiresolhaion Analysis. Current wavelet literature focuses on

the multiresolution analysis of 1D time signals and 2D images. Y. Meyer's theory provides for

the extension of the separable wavelet multiresolution analysis to Pl", however, no details are

provided for constructing the corresponding orthonormal wavelet basis set (42). This research

shows that each detail space in the 3D multiresolution analysis is spanned by integer translations

of a set of seven wavelets, and that the family of wavelets consisting of all possible dyadic

dilations of these seven wavelets forms an orthonormal basis for L 2 (R
3). Additionally, an "oct-

tree" sub-band coding scheme for implementing a "Discrete Spatio-temporal Wavelet Transform"

is developed which generates a bank of non-overlapping octave-band filters with identical - or

"homogeneous" - spatial and temporal frequency characteristics.

2. A Non-Homnogeneous Three-Dimensional Wavelet Multiresolution Analysis. In the conventional

multiresolution scheme introduced by Meyer and Mallat, the 2D approximation space Vj was

created from two identical 1 D approximation spaces. This generates a wavelet filter with identical

frequency characteristics in the f, and fy spatial frequency dimensions. Similarly, in the 3D

"conventional" extension described above, the tensor product of three identical approximation

spaces was formed to create a 3D approximation space whose corresponding filter has identical

passband characteristics in ft, fv and ft. However, this approach does not provide the flexibility

to tailor the spatio-temporal frequency characteristics of the wavelet filter to match the frequency

behavior of the 3D signal under analysis. This section proves one can construct a "non-

homogeneous" wavelet multiresolution analysis and corresponding orthonormal wavelet basis

for L 2 (OR) from non-identical spatial and temporal filters, thereby increasing the flexibility of

the wavelet filter design process.

4



3. A Motion-Oriented Multiresolution Wavelet Analysis: Decoupling the Spatial and 7Tenporal

Decomposition Processes. At each stage in the "convenuional" non-homogeneous 3D wavelet

decomposition algorithm, the spatial and temporal samples of the approximation and detail

signals are both equally decimated to yield a bank of analysis filters whose spatial and temporal

bandwidths both decrease by a factor of two from one stage of the decomposition to the next.

Thus, at any level in the decomposition process, one is required to analyze the signal at equal

scales in space and time. It is shown, however, that the analysis of moving objects requires the

ability to examine the signal across multiple scales in time for a fixed scale in space. Thus, an

unconventional 3D wavelet decomposition theory and algorithm are presented that maintains

the orthogonality properties of the analyzing wavelets, employs a sub-band, multirate coding

scheme for rapid signal analysis, and allows one to independently zoom-in and zoom-out on

spatial and temporal details in the scene.

4. A Vector Wavelet Motion Sensor. The motion-oriented multiresolution wavelet analysis described

above was designed to detect objects of different sizes moving with different speeds across a

two-dimensional image plane. The symmetric 3D filters produced by the decomposition process

thus act as a scalar motion sensing detectors in that they respond to the magnitude of an object's

velocity vector (i.e., its speed), rather than to the vector quantity of speed and direction. In

order to obtain directional selectivity, the independently scaled wavelets are combined with the

traditional properties of the Hilbert Transform to yield an orthogonal set of wavelet motion

sensors that capture signal energy in diagonally opposing regions of frequency space. The

response, of these sensors are then combined to compute the localized speed and direction of a

moving object over multiple scales in space and time.

5. A Cooperative-Competitive Optical Flow Restoration Mechanism. The performance of the

wavelet-based flow estimation algorithm developed under this research effort is degraded by

the presence of physical and system noise phenomena. Therefore, a unique flow restoration

methodology is presented that incorporates a modified version of S. Grossberg's gated dipole

filter in a cooperative-competitive flow restoration methodology that reinforces consistent flow

behavior and removes flow inconsistencies. The vector wavelet motion sensor is then used in

conjunction with the cooperative-competitive flow restoration algorithm to discriminate moving

objects in noise-corrupted 3D imagery.

5



6. Digital and Optical Parallelization Techniques for Increasing the Speed of the Motion-Oriented

Wavelet Decomposition Algorithm. The bulk of the processing time required to run the wavelet

vector motion analysis algorithm is taken up by the motion-oriented 3D wavelet decomposition

process. Thus, several digital and optical parallel architectures are investigated to determine their

potential for increasing the computational speed of the motion oriented decomposition algorithm.

The digital parallel algorithms were implemented on a distributed SUN SPARCstation 2 network,

an Intel iPSC/2 Hypercube, and an iPSC/860 Hypercube. The optical architectures employ a

SEMETEX 128 x 128 Magneto-optic Spatial Light Modulator and thermo-plastic holography to

implement the 2D spatial decomposition stage of the 3D motion-oriented wavelet decomposition

algorithm.

1.3 Dissertation Organization

This dissertation is organized into seven main chapters. The following chapter presents back-

ground material that serves as a foundation for this research. The concepts of a continuous wavelet

transform and a wavelet multiresolution analysis are reviewed, including the non-uniform filter bank

properties of the conventional 2D wavelet multiresolution analysis. A cursory description of several

techniques used to compute an optical flow field are then reviewed, followed by a deeper examination

of existing methods for computing the optical flow from spatio-temporal frequency information. Chap-

ter III describes the extension of the conventional 2D multiresolution analysis to three dimensions.

It is shown that the detail space between two spatio-temporal approximations spaces is spanned by

integer translations of seven wavelets. In. df r to enhance the flexibility of the 3D wavelet design

process, Chapter IV proves one can construct a spatio-tempcral multiresolution analysis by forming

the tensor product of three non-homogeneous ID scaling functions. The theory is also developed

for an unconventional multiresolution wavelet analysis that allows one to independently control the

spatial and temporal analysis levels in the decomposition process. In Chapter V, the unconventional

decomposition technique is combined with the properties of the Hilbert transform to generate a wavelet

vector motion analysis tool that is selective for the size, speed and direction of objects moving in a 2D

image plane. The vector motion tool is combined with a inn-linear, competitive-cooperative flow en-

hancement technique that provides the ability to compute the optical flow in the presence of system and

physical noise phenomena. Chapter VI then presents several parallel digital and optical architectures
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designed to increase the speed of the 3D motion-oriented multiresolution decomposition algorithm.

The final chapter of the document provides a brief conclusion and lists the individual contributions

made throughout this research effort.
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II. Background Material

2.1 Introduction

This research fuses the concept of motion analysis using spatio-temporal frequency (STF)

information, with the analytical capabilities of a 3D wavelet multiresolution analysis. Many of the

theoretical contributions made here lie in the broadly defined area of wavelet transform theory. Thus,

this chapter provides a brief overview (as opposed to a rigorous mathematical analysis) of some

important wavelet related concepts. These concepts include the continuous wavelet transform and

its relationship to a multi-scale correlation process, the wavelet series approximation of a real, finite

energy signal, and the wavelet multiresolution analysis as first introduced by S. Mallat and Y. Meyer

(39, 40). The second major section of this chapter reviews the advantages and limitations of several

non-STF motion characterization techniques. It should be noted here that although several "motion

characterization" algorithms exist for the purpose of computing 3D structure from kinematic motion

data (for a survey of many of these techniques see T. Huang (29)), this research will restrict the

concept of "motion characterization" to the problem of assigning a velocity vector to each location in a

changing 2D scene. This section also contains a brief discussion of a fundamental problem inherent in

any optical flow computation - the aperture problem. The third and final section in the chapter draws

a connection between motion and its representation in spatio-temporal Fourier frequency space, and

discusses STF motion analysis techniques that apply to this research.

2.2 Signal Analysis with a Wavelet Transform

Wavelet transform theory and, in particular, multiresolution wavelet analyses are gaining pop-

ularity in the signal processing community for three main reasons (48). First, they yield orthonormal

building blocks for finite energy functions which are considerably more diverse than the complex

exponentials found in conventional Fourier analysis. Second each building block has a localized region

of support in R', making it possible to isolate rapid signal fluctuations over small regions of space or

time. And third, the sub-band coding scheme used in discrete multiresolution wavelet decomposition

and reconstruction algorithms provides a "fast" method for analyzing and synthesizing signals. This

section reviews several key concepts associated with wavelet transform theory that directly apply to

the spatio-temporal signal analysis conducted during this research.

8



2.2.1 The Continuous Wavelet Transform. The general definition of a continuous wavelet

transform is given in the literature by

[WVf! I(a, - __ f(x)4 ) dx (1)

where f belongs to the vector space L 2 (IR), 0 is a "wavelet" kernel, and a, b E P (although, for

practical purposes, the dilation parameter a is typically taken to be greater than zero). In order to

reconstruct f from W, f, the so-called "admissibility condition" requires that the constant CO must be

finite where

C Ov J (fz)12 ,f (2)

and ý(fx) [.F4](f,) is the Fourier transform of the wavelet P(x). The admissibility condition

ensures ¢ decays sufficiently fast to zero at +oo. Additionally, to be a true window function (11), it

follows from the admissibility condition that the wavelet transform kernel O must be "zero mean" in

the sense that

VI(x)dx = (3)

Taken together, the above conditions on the wavelet kernel imply the graph of 0 must look like a small

wave, or wavelet.

The continuous wavelet transform is obtained by integrating the signal over all possible shifts

and dilations of the wavelet kernel O. Through a simple variable substitution, this operation can also be

implemented as a correlation process. For example, let the one dimensional spatial wavelet transform,

[WV, s](a, b), of a signal, s(x), be given by

[WV,s](a,b) = J x b dx (4)

where a is a dilation parameter and b is a translation parameter. Letting 0p,(x) -- 7 (•), Equation

4 can be rewritten as

[WV, s](a, b) = s(x)Va(x - b)dx (5)

Equation 5 shows that the wavelet transform can be expressed as a correlation process in which the

signal is correlated with a scaled and dilated version, 0,,, of the wavelet 0. This relationship can
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also be described as a filtering operation in the spatial frequency domain. If S(f,) = If{s(x)},

•(f.) = YIV{(x)}, and .(f.) = T{IV(x)}, then Equation 5 becomes

[WpsI(a,b) = [.Y-K{S(f.) -/ 'a(-af.)}] (b) (6)

where V/`ai(af.) =*(f.).

In many signal analysis applications, including the problem of segmenting and characterizing

moving objects based on local spatio-temporal frequency measurements, one must simultaneously

analyze the space-frequency or time-frequency behavior of a signal. The most commonly used tool for

space-frequency analysis is the Short Time Fourier Transform (STFT). Introduced in its original form

by D. Gabor in the 1940s (18), the STFr can be described by the relationship

STFF(ý, f.) = f(x)w(x - ý)e-i2' 7rfdz (7)

where w(x) is a window function with limited extent and the signal's frequency characteristics are

assumed to remain stationary over the width of the window. Equation 7 shows the STFT simply

computes the Fourier transform of the portion of the signal enclosed by the window centered at ý.

One can also view the STFr from a filter bank perspective by considering the frequency be-

havior of the product f(x)w(x - ý). From Fourier transform theory, the frequency spectrum of the

product is obtained by convolving the Fourier transform, F(fx), of f (x) with the Fourier transform,

e- 2 'f"W(f.), of w(x - ý). This yields the following alternative expression for Equation 7

STFT(ý, f.) F(fx) * W(f.)e-i2rtf,

= F(q)W(f, - q)e-i 21ý(f, -q)dq (8)

where * indicates convolution and q is a dummy variable. If one defines the transfer function H (q)

by H(q) = W(q)e-i2 'q, and if the analysis is restricted to a single frequency, say , then the above

integral becomes:

STFT(ý, f.) = F(q)H(fo - q)dq (9)
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Figure 2. a) The STFT represented as a collection of uniform filters centered around a discrete set of
frequencies. b) Representing the continuous wavelet transform as a bank of non-uniform
filters with logarithmic coverage.

Equation 9 shows that when evaluated at a single frequency, the STFT can be expressed as a windowing

operation in frequency space where the window location is f,, and the size of the window is determined

by the bandwidth of the transfer function 11. Thus, Equation 9 represents the Fourier frequency

components of f localized in space around ý and localized in frequency around f,,. If the operation is

repeated for many discrete frequency values, the analysis amounts to a uniform filter bank representation

of the signal as shown in Figure 2a (56).

The major drawback to the STFT as a time-frequency analysis tool is that once a window is

chosen, the space-frequency resolution remains fixed over all space and all frequencies. This implies

the STFT analyzes long duration, low frequency components and short-duration, high frequency

components with the same window, which can lead to inaccurate estimates of the location and frequency

content of both signal types (56). This problem is of particular concern when attempting to analyze

the motion of multiple objects in a scene, each of which may have a different size and velocity.

The continuous wavelet transform overcomes this problem by replacing the fixed width window with

a prototype, or "mother", wavelet where all impulse responses of the filter bank and their Fourier

11



transforms are scaled versions of the mother, i.e.,

Vi (Gx) /a* (a f) (10)

Thus, unlike the STFT in Equation 9 where all the responses are obtained by a frequency

shift, the responses of the continuous wavelet transform are obtained by a frequency scaling operation.

Furthermore, if one constrains the dilation parameter of the wavelet so that a constant ratio is maintained

between the bandwidth, Af, and center frequency, f,, of the filters associated with the impulse

responses (i.e., • c), then the filter bank representation of the wavelet transform consists of

non-uniform filters spread logarithmically over the frequency axis (Figure 2b)). Moving out along

the frequency axis in Figure 2b), the bandwidth of each filter increases by an octave, implying the

spatial width of the corresponding wavelet impulse response decreases by an octave. The advantage

of this type of "constant Q" filter bank approach is that spatial resolution becomes arbitrarily good

at high frequencies, and frequency resolution becomes arbitrarily good at low frequencies. Thus, the

continuous wavelet transform can eventually resolve two narrowly separated spatial impulses simply

by increasing the analyzing frequency (i.e., reducing the analyzing scale) until the spatial dilation of

the corresponding wavelet is sufficiently small to separate the two impulses (48).

2.2.2 Signal Approxination With the Wavelet Series. The continuous wavelet transform

provides a valuable tool for analyzing the space-frequency behavior of a continuous signal. Another

valuable aspect of wavelet theory involves the approximation of finite energy (L 2 ) signals with the

wavelet series (sometimes called the Discrete Wavelet Transform (56)). Like the conventional Fourier

series, the wavelet series expands a signal as a weighted superposition of basis elements. However,

unlike the Fourier series, which requires signal periodicity and whose complex exponential basis

elements cover the entire real line, the wavelet series can be used to represent any L2 signal by shifted

and dilated versions of a prototype wavelet with limited extent.

For example, let L 2 (0, T) denote the vector space of T-periodic functions such that

]o if(x)I2 dx < oc. (11)

12



Then any function f in L2 (O, T) has a Fourier sen,.s representation given by

f(a) = icwet T x (12)

where the Fourier coefficients are given by the inner product

& f f(x)ei 2w .zdx. (13)

If b,(x) = e i2T•, then the set Ib,, I n E Z}, forms an orthonormal basis for L2 (0, T). Furthermore,

if b(x) = e 2
'x represents the prototype function for the basis set b,,, then every function in L, (0, T)

is obtained by a superposition of dilations of the prototype function.

Now consider the vector space L 2 (R) where f E L2 (R) implies

lfX12d < oo (14)

Clearly the set of complex sinusoidal functions b,,(x) can no longer serve as a basis set for L2 (R),

since they don't belong to L2 (IR). Additionally, since each vector in f 2 (OR) decays to zero at ±00, it

seems reasonable that candidate functions for an L2 (P) basis set must themselves decay rapidly to zero.

Finally, for practical purposes, it is advantageous to generate each element in the basis set by scaling

and shifting a single prototype function as in the case of the wavelet kernel for the continuous wavelet

transform (14). With these considerations in mind, one can define the coefficients of the wavelet series

by (56)

c,= j f(x)a',P(a,x - nT.)dx (15)

where the sampling parameters a. and T•, are constants and n E Z. The corresponding wavelet series

approximation of the L2 signal f is then given by

f(x) Z t cj.,,j.n(x) (16)
j=-DC n=-Oc

where j E Z and 'ijb1.(x) = a. 0 (ai x - nTx). Notice that the coefficients are obtained by discretizing

the dilation and shift parameters of the continuous wavelet transform. For this reason, Equation 15 is

often referred to as the Discrete Wavelet Transform, in which case the wavelet series approximation
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in Equation 16 becomes the means by which the signal f is reconstructed from its Discrete Wavelet

Transform. The idea, then, is to choose values of a., T, and the mother wavelet ?,(x) so that the

wavelet series approximation is close (under the L2 norm) to the signal f using as few coefficients as

possible. (11).

From the standpoint of this research, there are two important points to make about Equations 15

and 16. First, generally speaking, the dilated and shifted kernel in the discrete wavelet transform integral

(Equation 15) and the basis elements in the series approximation (Equation 16) are not necessarily the

same function. In order to form a wavelet series approximation, it is only required that the kernel

and corresponding prototype basis element are duals of one another (11). Throughout this research,

however, only identical kernels and wavelet basis elements will be considered. Second, the set f !,. k }

is not necessarily an orthonormal basis for L2 (M). It must simply be a "stable" basis, which may

introduce redundancy between coefficients in the approximation (11). In general terms, the amount

of redundancy in the series approximation is determined by the sampling parameter a,. If a0 is set

equal to two and T is chosen to be one, as will be the case with this research, then, under special

circumstances for the choice of 0', the wavelet basis set will be orthonormal (13). Assuming this

condition holds, the next section addresses how one constructs such an orthonormal basis set using a

wavelet Multiresolution Analysis.

2.2.3 The Wavelet Multiresolution AnalYsis in R1 and R'. A multiresolution analysis consists

of a chain of closed linear spaces Vj which satisfy (11)

•V- 2 C V-1 C Vo C V1 C V 2 C. (17)

where

U VL)= NlP{o} (18)
jEZ j~z

and

f(x) E Vj f(2x) EVj+1 ; jEZ

f(x) E Vj = f(x+-7) eV,; n E Z (19)
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S. Mallat has shown that if the chain of subspaces in Equation 17 meets these requirements,

then there exists a unique "scaling" function O(x) G L2 (IR) such that {2•-p(2Jx - n) I n C Z} is an

orthonormal basis for V, (often referred to as an approximationl space) (39). Furthermore, denoting

the orthogonal complement of Vj in 1"',1 by W, where

Vi+I = Vj B W, (20)

one can create a mother wavelet V'(x) such that {2iý0(21x - n) I n E 7L} is an orthonormal basis

for Wj (here ® indicates the direct sum). The spaces W, where j C Z are mutually orthogonal;

thus, by the denseness property of the multiresolution analysis the set of scaled and dilated wavelets

{2 i4(2Jx - 71) 1 i j, n) E Z2} forms an orthonormal basis for L2 (IR). The scaling functions and the

mother wavelet are related by the "two-scale" recursion relations

OW = E h,,vc/(2x - n)

V( ) = 1 g,, vý(2x - n) (21)

where the coefficients h,, and g,, are discussed below. Wj is typically referred to as the jth detail

space, because it captures the difference in signal information between the approximation spaces V+I

and Vj.

Approximation and detail signals are created by orthogonally projecting the input signal onto the

appropriate approximation or detail space. Since each space is spanned by an orthonormal basis set,

the signal projection onto a given approximation or detail space at, say, the jth resolution, is equivalent

(i.e., isometrically isomorphic) to the sequence of projection coefficients obtained by the inner product

operations

.,,= /f(x)240(2' -n)dx

dj = f(x)21V(2i - n)dx (22)

where aj,n and dj3 , represent the jth approximation and detail coefficients respectively. The coefficients

in Equation 22 are obtained through a convolution operation in which the output is sampled at the discrete
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Figure 3. 'Fop: Haar scaling function and its Fourier Transform. Bottom: corresponding Haar wavelet
and its Fourier Transform.

points P, k E Z. Thus, based on earlier discussions regarding the continuous wavelet transform, one

might intuitively conclude that the projection operations onto the approximation and detail spaces can

be represented by low and bandpass filtering operations, where the width of the filters depend on the

dyadic scale 2i of the scaling and wavelet functions. This is indeed the case as demonstrated by the

frequency behavior of the Haar scaling function and wavelet contained in Figure 3 (39).

In practice, the wavelet multiresolution analysis is implemented with a pyramidal sub-band

coding scheme introduced by Mallat (39). Following Mallat's approach, a discretely sampled version

of an L2 (R) function, f(n), is projected onto the detail space Wj by capturing the difference in

information between orthogonal projections onto the approximation spaces Vj+I and Vj. In this

scheme, the signal projections are represented by their respective projection coefficients; thus, the

algorithm is said to generate a Discrete-Space (or Time) Wavelet Transform (56). The approximation

and detail coefficients associated with Vj and Wj (Equation 22) are generated from the approximation

coefficients at the next higher scale, Vj+,, using a Quadrature Mirror Filter (QMF) pair with impulse

responses h, and g, and a decimation-by-2 subsampling process. The impulse responses h, and g,

represent the coefficients in the two-scale relationships defined in Equation 21. Although there are

several possible ways to define the relationship between the impulse responses (14, 48), the relationship
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Figure 4. The magnitudes of the frequency responses of the Daubechies order a) 4 and b) 8 QMF
pair. Note how the transition region decreases as the filter order increases.

used throughout this research, is given by g, = (-1)1'-,h 1 ,, where h, is formed by computing the

inner product between 0Q) and 0(u - n).

Perhaps the most commonly used QMF pairs in the wavelet literature are those constructed

by I. Daubechies (14). Throughout this dissertation, a Daubechies filter pair will be referred to

as "Daubechies N" where N is the number of coefficients in the impulse response of the filter.

Daubechies' filter pairs are easy to implement digitally because they have a finite impulse response

(FIR). Additionally, the transition region, AfTR, between a Daubechies filter's passband and stopband

narrows as the order of the filter increases as shown by the frequency responses of the Daubechies 4

and Daubechies 8 QMF pairs in Figure 4. Since the h and g filter coefficients are tabulated for a large

number of filter ordeis (13), this allows one to easily change the filter's cutoff frequency characteristics

to meet a given design constraint. Unfortunately, there is a major drawback to using Daubechies' QMF

pairs for the type of image processing work done in this research effort: their frequency responses do

not have linear phase.

A FIR filter has linear phase if and only if its impulse response is symmetric or antisymmetric,

i.e., h(n) = ±h(N - n) where N is the order of the filter (56). Daubechies QMF pairs are asymmetric,

thus they do not have linear phase. This can pose serious problems when the filters are used in image

processing applications (14, 16, 36). Edges and lines in an image are constructed from a sum of
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Figure 5. A cubic spline (top) and its corresponding wavelet (bottom), along with their Fourier trans-
forms. Both functions were generated recursively after truncating their impulse responses
h(n) and g(n) to 23 coefficients. Note the passband ripple in the Fourier transforms of
both functions as a result of the truncation process.

cri!ically aligned 2D frequency components. A high-pass filter with a non-linear phase response can

unevenly disperse the frequency components that comprise the edge, causing a blurring effect that

reduces the quality of the high-pass filtering operation. Since it was not the purpose of this research to

develop a FIR, linear phase QMF design technique, when necessary, symmetric FIR filter pairs were

constructed by equally truncating the h and g impulse responses of a symmetric, IIR cubic-spline filter

pair. Examples of a symmetric cubic spline scaling function and its corresponding wavelet are shown

in Figure 5. The scaling and wavelet functions were constructed recursively from their respective

impulse responses after truncating the impulse responses each to 23 coefficients. Note that even after

truncation, the DC component of the wavelet remains approximately zero (i.e., the wavelet meets the

admissibility condition mentioned earlier). Also note the passband ripple in the Fourier transforms

of both functions as a result of the truncation process. A rigorous development of the theory and

construction of cubic spline QMF pairs can be found in Chui (11).

A binary tree structure for implementing Mallat's 1 D wavelet multiresolution analysis is shown in

Figure 6a). The binary tree serves as a "canonical" structure for extending the conventional algorithm to

multiple dimensions. In Mallat's pyramidal coding scheme, the coefficients of the j + 1 st approximation

level are simultaneously decomposed into the jth detail and approximation coefficients using the low-
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Figure 6. 1 D sub-band coding algorithm for decomposing the coefficients of the j + 1 st approximation
level into the coefficients of the jth detail and approximation levels. b) Regions of support
along the frequency axis of the approximation and detail signals.

pass and high-pass impulse responses h(n) and g(n). The regions of support in frequency space of

the resulting approximation and detail signals are shown in Figure 6b). By repeatedly convolving each

approximation signal with h(n) and g(n) and decimating the outputs by a factor of two, the signal

is decomposed into frequency bands whose bandwidths and center frequencies vary by octaves. In

the signal processing literature, the set of filters generated by multiple stages of the the pyramidal

decomposition algorithm is referred to as a two channel paraunitary QMF filter bank (48, 56).

One can also construct a separable orthonormal wavelet basis set for L 2 (OR2) from the chain of

"2D" multiresolution approximation space-; {VjI j E Z}, where Vj is defined by (13)

Vj = V,' 0 VjI = Span{F(x,y) = f(x)g(y) If E Vj',g E Vj1} (23)

F(x,y) E Vj 4* F(2x, 2y) E Vj+x (24)

where Vj/ and KI are identical "ID" approximation spaces (i.e., they are spanned by the same scaling

function). Here, the 2D scaling function for V3 is formed from the product of both identical ID scaling

functions, and the wavelet orthonormal basis for the orthogonal complement Wj is given by three
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wavelets

4I'(x,y) = 2JO(2'x)V(2Jy)

*'(xy) = 2'V(2ix)0(2'y)

'pI(x,y) = 21V,(2 3x)0(2.y) (25)

The family of wavelets

{I'(x-m,y-n) E Z; (m,n) E Z2 ; p= 1,2,3} (26)

then forms an orthonormal basis set for L2 (p 2). Through a straightforward extension of the 1 D binary

tree structure, one obtains the 2D "quad tree" wavelet multiresolution decomposition algorithm as

shown in Figure 7a). Here Ajf and D' f, n = 1, 2, 3 denote the projection of the L2 (R
2 ) image,

f, onto the approximation space Vj and detail spaces, W', W2 , and W3 spanned respectively

by the wavelets {JI I p = 1, 2, 3} (40). Figure 7b) shows the frequency support of the separable

approximation and detail filters used to decompose the 2D image approximation Aj+lf into the

approximation Ajf and the details D, DV and D3. Notice that the 2D wavelet decomposition process

can be interpreted as a "signal decomposition in a set of independent, spatially oriented frequency

channels" (40). In Chapter M, the 2D wavelet multiresolution analysis is extended to three dimensions

to produce a new signal decomposition tool in which a set of spatio-temporally oriented frequency

channels are used to analyze movement in 3D imagery. In the following section, several traditional

methods for performing this task are reviewed and compared.

2.3 Traditional Methods for Computing Optical Flow

Optical flow is the apparent motion of three-dimensional objects as represented by changing

brightness patterns in a 2D image plane. Algorithms designed to compute optical flow attempt to

assign a velocity vector to each point in a sampled 2D image plane based on the apparent speed and

direction with which brightness patterns move across the image plane. Because optical flow is deduced

from the gray-scale content of an image, rather than directly sensed, optical flow computations are

often highly susceptible to pixel scintillations caused by noise sources in the imaging process.
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Figure 7. a) Stephane Mallat's 2D discrete multiresolution decomposition algorithm. b) Frequency
support of the 2D decomposition of the approximation image Aj+1 f into A3 f and the
detail images D~'f; p =1, 2,3 (40).

21



Optical flow representations are used for a wide variety of applications. Humans, for example,

may generate an internal optical flow map as evidenced by our ability to segment moving objects in a

monocularly viewed random dot field in the absence of non-motion cues, (30). Optical flow velocity

fields are also used to solve the so-called reverse optics problem, where one must deduce the 3D structure

and/or motion of real world objects based on changes in their 2D image projections (28, 4, 38).

Additionally, some interpolative and predictive video compression schemes use velocity fields to

reduce the transmission overhead of television signals (29, 32). More recently, researchers have

begun to examine the use of optical flow as a means of segmenting objects in changing 2D imagery

(3, 44). Finally, optical flow has been used in automated image understanding algorithms to determine

navigational parameters such as time-to-adjacency and time-to-collision (5).

Optical flow computational methods are generally divided into three categories. The first

method, often referred to as the correspondence technique, attempts to match blocks of data from one

time frame to the next. These blocks may contain gray-scale intensity values (point correspondence)

or they may consist of pre-extracted features such as edges or comers (feature correspondence) (33).

Correspondence techniques typically attempt to minimize an energy measure that depends on block

locations in two subsequent image frames. The second method computes the velocity field by measuring

the spatial and temporal intensity gradients surrounding each point in a changing 2D image (3,4,26,27).

These measurements are ambiguous in that they produce one equation at each point in the image which

must be solved for the velocity components in the x and y directions. Therefore, spatio-temporal

gradient techniques must further constrain the velocity field to generate a second equation. Typically,

the constrained problem is solved using a variety of optimization techniques. The third method

employs spatio-temporal Fourier phase and frequency information to compute optical flow. Fourier

phase-based computations rely on the well known Fourier transform property that converts shifts in

the spatial domain to linear phase terms in the frequency domain (23, 31, 33). Since digital phase is

phase wrapped between -- r and 7r, these techniques require phase unwrapping routines to compute

the velocity of an object whose movement generates phase shifts greater than 27r. Finally, Fourier

frequency methods compute optical flow using spatio-temporal frequency information (1, 19, 25, 58).

Various approaches that fall into each of the above categories are reviewed in the following sections.
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2.3.1 Feature Correspondence. Historically, the computation of a 2D velocity flow field

has been considered to be a correspondence task (33). That is, after determining the locations of a

corresponding pair of features in two subsequent time frames, a displacement vector is assigned to

the spatial coordinates underlying these features. The set of features used in the computation vary

from a block of gray-scale intensity values, to a complex arrangement of edges, comers, textures, or

colors. Features can be extracted using a feature matching template in a pre-processing stage, or, under

a more general scheme, they can be chosen arbitrarily by capturing data that exceeds a highly localized

contrast detection threshold (33). In any case, the features and their respective spatial coordinates in

one time frame are compared with a feature list from the subsequent time frame to find the best match.

The spatial displacement between the features is then divided by the interframe time interval to obtain

the optical flow for the points in the scene that correspond to the moving features.

Another common optical flow computational method that falls loosely into the category of feature

correspondence is called block-matching. This technique is often used in motion-compensated video

coding schemes. "Features" in this case are actually gray-scale intensity values contained in a block of

pixels (i.e. a pel) of some pre-defined size. Each pel in a time frame is compared with all pels in the

next time frame to locate the point that provides the best match between corresponding pel pairs. After

assigning a velocity vector to every sample point in, say, a 2D video image array, one can theoretically

reduce the transmission overhead of the video imagery by transmitting the original image frame once,

and updating it at the decoder with a subsequent set of block-matched displacement vectors.

The measuring stick with which features or blocks are matched between frames varies; however,

in most cases, the corresponding feature locations are required to minimize some cost function. A

simple example of a standard block matching cost function minimization scheme is one which searches

for the optimum pair of spatial coordinates (dj, d2 ) that minimize

£= 1 [bp(n-dj,m-d 2)-b,(n,m)]2  (27)
(n.7n)EBb

where b, and bp are blocks of equal dimension in the current and previous frames, and Bh represents

the compact region of support of the block (23). In order to increase the efficiency of the matching

algorithm, more sophisticated feature correspondence methods often take into account local and/or

global motion constraints.
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Figure 8. Pictorial representation of four common constraints used in optical flow computations (5).

Ballard lists several of the more common motion correspondence constraints for image frames

separated by small time intervals. These are depicted in Figure 8. The maximum velocity constraint

assumes a maximum velocity vma,, for each object in the scene. The maximum displacement of

any object then is simply vma .At where At is the interframe time interval. Knowing the maximum

displacement allows one to limit the best-match search space. The second heuristic is based on the

laws of physics which preclude the velocity of objects with finite mass from making discontinuous

changes over small time intervals. The third constraint assumes that rigid objects exhibit common

motion between frames. The final constraint assumes that two points from one image cannot match a

single point from the next image. The primary problem with each of these constraints is that they all

assume motion "sinks" and "sources" are absent from the scene (5). This assumption tends to increase

the sensitivity of the algorithms to natural phenomena found in military imagery such as noise and

occlusions. It is shown in Chapter V that the wavelet-based optical flow algorithm developed in this

research functions well despite the presence of these phenomena.

2.3.2 Spatio-Temporal Differentiation. The spatio-temporal gradient approach to computing

optical flow measures the first order spatial and temporal gradients around each spatial coordinate in

a sequence of densely sampled imagery. These measurements yield the component of motion in the

direction of maximally increasing intensity. The motion component that lies perpendicular to the spatial

gradient is then determined using a variety of constrained optimization techniques. In this section, the
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spatio-temporal gradient optical flow algorithm as originally developed by Horn et. al. is presented,

along with a brief explanation of an important problem that impacts the motion analysis approach

developed under this doctoral research - the aperture problem.

When an object moves in a scene, it generates a changing intensity pattern across the retina,

or image plane, of the viewer. If the object moves with constant velocity components (u, v) in a

time interval 6t, the intensity of a single point in the image plane can be represented by the function

f(x + 6x, y + 6y, t + 6t) where 6x = u6 t, by = v6t and the velocity vector (u, v) represents the

velocity of the object at the point x, y. Expanding this function in a Taylor series then yields

f(x + x, y + y, t +t) = f(X,y, t) + -Lxf + -f~ • t(
bX+L y b (28)

19X y (9t

where the higher order terms have been ignored and the partial derivatives are evaluated at (x,y,t). The

key assumption made in the optical flow derivation is that the intensity of a point x + 6x, y + 6 y at

time t + bt is identical to the intensity at x, y, t. That is, the moving pattern (or point in this case)

simply shifts position in time. This assumption implies

f(X + 6X, y + 6y, t + 6t) = f(x, y, t) (29)

Cancelling terms in Equation 28, dividing by 6t, and letting 6t go to zero then gives,

af Of dx af dy- = +----(0
at Oxdt Oy dt

where the velocity of the moving point is specified by the terms 7x and ,. Letting u , and v = '
dt d dt di'

Equation 30 can be written as
-f of &f- ýXu + -v (31)

Or, representing the velocity components by the vector u,

af - Vf .u (32)

where Vf is the spatial gradient of the image. Equation 31 has an interesting interpretation. It implies

that if a viewing point in the image plane is held fixed, the time rate of change in intensity of the image
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Figure 9. Direction ambiguity induced by a moving edge as seen through a circular aperture. The
motion computed by Equation 32 is consistent with any of the shown velocity vectors (47).

point equals the spatial rate of change at the point multiplied by the velocity with which points in the

scene move past the fixed viewing point.

The primary problem with the optical flow model as expressed in Equation 32, is that it is

underconstrained (i.e., it yields only one component of motion in the direction of maximally increasing

intensity). This shortcoming in the spatio-temporal gradient approach is often referred to as the

"aperture problem" (47). For example, consider the moving brightness contour (edge) in Figure 9.

Equation 32 gives the magnitude of the velocity component in the direction normal to the moving edge

(i.e., the direction of Vf); but, it does not provide any information about the magnitude of the velocity

component lying parallel to the edge. Therefore, the actual direction of the movement is ambiguous

and could lie along any of the vectors shown in the diagram. This same problem exists for a human

observing a moving edge through an aperture. When the edge moves in a direction parallel to its

boundary, it appears stationary to the observer.

The underconstrained spatio-temporal gradient flow model represented by Equation 32 is com-

monly solved by first imposing one or more of the motion constraints described earlier, and then

solving for the velocity at each point in the scene using various combinatorial optimization techniques

(4, 26, 27). Perhaps the most commonly used method imposes a non-linear, spatial smoothness con-

straint on the velocity field. This constraint, which requires that neighboring points in the image plane
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have similar velocities (similar to the "physics" constraint introduced in the previous section), attempts

to minimize the square of the magnitude of the gradient of the optical flow velocity:

2 (,V 2ov) 2 v
O- + +('u) and + (33)

In reality, however, neighboring points do not necessarily have similar velocities (such as at

an object boundary or at an occluding edge); thus, in these instances the smoothness constraint leads

to inaccurate velocity estimates. E. Hildreth (26) attempted to solve this problem tv computing the

velocity along boundary contours; however, her approach imposes a velocity smoothness constraint

along the arc of the boundary that also leads to inaccurate motion estimates (4). Other problems

commonly associated with the spatio-temporal gradient approach as implemented by Horn et. at.

include 1) it does not allow discontinuities in the velocity field that occur when a moving object is

temporarily occluded, and 2) imposing a smoothness constraint requires the computation of second

order spatial derivatives which magnify noise in the scene. The motion estimation approach developed

in this research performs better under these conditions by combining the flow "averaging" effects of

the wavelet transform with the cooperative-competitive flow correction properties of a gated dipole

filter (see Chapter V).

2.3.3 Fourier Phase Approach. The Fourier phase approach computes the optical flow of an

object moving across a 2D scene by measuring the phase change associated with a purely trandational

shift in x and y over time. The approach takes advantage of the shift property of the Fourier transform

which states that a shift in the spatial domain corresponds to a linear phase ter-i in frequency domain.

Or, more formally, (33):

Fourier Shift Property: If F(u, v) = FT{f(x, y)} and g(x, y) = f(x - a, y - b), then
G(u, v) = Yf{f (x - a, y - b)} = flu, v)e-""(

The Fourier phase approach generally works in the following way. Let f (m, n) represent a discretely

sampled signal traveling with a constant velocity. If the amplitude and plhase of the DFT of f (m, n)

are given by Af (k, 1) and of (k, 1) respectively, and if f translates a discrete distance Am, An in time

At across an M x M image plane, then the above shift property implies the phase difference over the
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discrete time interval can be expressed by

A0(k,l) = Of (k,1) - •p,(k,l)
2irk 2r

= O1f(k,1) - (pf(k,l) - ( -Am + -An))

S2rkArn± + 2M-An (34)

If the phase change is known at two frequencies, Equation 34 can be solved for Am and An which can

then be divided by At to yield the velocity of the object. Equation 34 holds for a single object translating

across an image plane (31). If multiple objects are present, the standard technique is to subdivide the

scene into non-overlapping blocks and compute the phase shift within each block. Additionally, if

noise is present in the scene, Equation 34 can be evaluated at several different frequencies (using a

least-mean-squares method, for example) to find the shift parameters that best fit the phase data (23).

The primary problem with aie Fourier phase approach lies in the ability to accurately estimate

the phase shift in Equation 34. If the object displacement over the time interval At is large, the change

in phase may be larger than 27r. Because the DFT wraps phase between -7r and 7r, discrete phase

measurements of a fast object may yield a gross underestimate of the actual velocity. One approach to

this problem is to evaluate Equation 34 at low frequencies where the longer spatial frequency periods

allow larger displacements over time before the phase periodically repeats. This approach, however,

prevents the accurate estimate of localized motion parameters. The optical flow algorithm in Chapter V

overcomes this problem through the use of spatio-temporal wavelets which are localized in space and

time. Another approach is to employ a phase unwrapping routine to unwrap the true phase difference

from the measured, periodic phase components. Unfortunately, these routines rely on user-defined

thresholds which make them difficult to generally apply to natural image sequences. For a good

example of a phase unwrapping routine see Oppenheim and Schafer (46).

2.4 Motion Analysis Using a Spatio-Temporal Frequency Approach

Experimental studies of motion analysis in the human visual system imply motion information

is processed by the brain in parallel channels, each of which is selective for a specific location,

spatial frequency, and velocity. Several researchers have attempted to model this behavior using a

spatio-temporal Fourier analysis technique which decomposes a moving object into patc --s of oriented
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sinusoids moving past an image plane region at some temporal frequency (15, 25, 57). This section

reviews several key concepts associated with the computation of optical flow using spatio-temporal

Fourier frequency measurements, beginning with a discussion of the connection between spatio-

temporal frequency (STF) and the velocity of a 2D object moving across an image plane. It is shown

that an STF component can be interpreted as a 2D sinusoid with a fixed spatial period and orientation

moving with a constant velocity proportional to its temporal frequency. Furthermore, the Fourier

transform of an object moving with constant speed and direction can be represented by a plane in

Fourier frequency space. Finally, a relevant frequency filtering technique is described which uses STF

information to compute optical flow.

Consider the single spatio-temporal frequency component shown in Figure 10a). If the frequency

component is expressed as the delta pair 6(f• - a, fu - b, ft - c) + 6(f_ + a, fy + b, f, + c), then

its inverse Fourier transform is given by the traveling wave:

f (x,y,t) = cos(ax + by + ct) (35)

where the amplitude of the inverse transform has been ignored. If the time-dependent cosine is

evaluated at t = 0, then, following Goodman (21), it can be represented by a family of parallel

lines of constant phase as shown in Figure 10b). Here, each line represents a locus of points along

which cos(ax + by) = 1 or, equivalently, ax + by = 2k7r, k = 0, 1, 2, .... The velocity of the

wave is depicted by the vector, V, drawn perpendicular to the lines of constant phase in Figure 10b).

Assuming the x and y velocity components of V are given by v, and v., the traveling cosine wave can

be expressed as

f(x,y,t) = cos(a(x - v.t) + b(y - vyt)) (36)

where c has been defined by c = -av, - bvy. Combining the ratio • = b obtained from like
V• a

triangles in Figure 10b), with Equations 35 and 36, yields the following relationship between the

velocity components of the wave and the spatio-temporal fiequencies (a, b, c)

ac
= a2 + b2

bc
a2 + b2  (37)
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Figure 10. a) Delta pair in spatio-temporal frequency space. b) Lines of constant phase associated
with inverse Fourier transform of delta pair in part a).

Thus, the spatial frequency pair (a, b) define the pitch, orientation and direction of the traveling wave,

while its speed is directly proportional to the temporal frequency c (19). This implies, a 3D sequence

of images can be constructed from the summation of appropriately shifted and scaled 2D sines and

cosines moving at different speeds. Now consider the behavior in spatio-temporal frequency space of

an object, rather than a single spatial frequency, traveling across a 2D image plane.

Assume a stationary object is imaged onto a viewing plane and that the intensity of the object

at some point in the image is described by the function f(x, y) (i.e., its intensity does not vary with

time). Next, assume the object translates along a linear trajectory with constant velocity (vi, v,,). The

motion of the intensity pattern as it sweeps across the image plane can then be modeled by the function

f(X - vXt, y -- vyt) (58). Now consider the spatio-temporal Fourier transform of this function.

TI{f(X - v-t, y - vyt)} = f1jf(X - vt, y - vYt)e-i2 r( f-+fvy?+ftt)dxdydt (38)

where f•, fy, ft are spatial and temporal frequencies. Using the substitution variables

p = X-V--t

q = y-vyt

the Fourier transform of the moving object can be expressed as

.7f(X - v;t,y - Vt)} = J Jf (p, q)e- i2"[f(p+•*+fv(q+•yt)+f'ttdpdqdt
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._ ] f (p, q)e-'"{"fP+f,•+ft +v.f-+-, fv t dpdqdt

j F .f, f e-i2,(f,++vf,+vfy)tdt

= F(f.,f•).6(ft+v f.+vyf•f1 ) (39)

where F(f•, fv) is the Fourier transform of the stationary object f(x, y). Equation 39 implies that

when an object moves in space with a constant velocity, each spatial frequency component of its

static Fourier transform (i.e., its Fourier transform when stationary in space) simply shifts along the

temporal frequency axis by the amount vý fý + v, fl. To help visualize this behavior, consider the one

dimensional function shown in Figure 11.

Figure 11 a) shows a stationary rectangle function, rect(x, t), in an image plane coordinate

system. Since the function is stationary and the shape of the rect does not change in time, its spatio-

temporal Fourier transform (Figure 11 b) is restricted to the f, axis. In Figure 11 c), the rectangle

moves with some constant velocity v.. The Fourier transform of the moving rect, shown in Figure 11

d), is then given by F (f•) .6 (ft + v, f,). Thus, constant velocity motion in one spatial dimension shifts

the Fourier transform of the stationary object to a line in 2D spatio-temporal frequency space defined

by ft = -vý f,. Similarly, constant velocity motion in two dimensions shifts the Fourier transform of

the object onto a plane in 3D frequency space defined by ft = - (v fý + vvfl) (see Figure 12).

A single temporal frequency component in the "velocity" spectrum of the moving object can

also be expressed as

ft = -(v. f. +vVfV)

= -v.f

= -vf cos(O - a) (40)

where v and 0 are the speed and direction of motion respectively, and f and a are the magnitude

and direction of the spatial frequency f•, fl. Equation 40 specifies the magnitude of the velocity

component lying in the direction of the spatial frequency. As one equation in two unknowns (v and 0),

it cannot unambiguously identify the velocity of the moving object. That is, like the spatio-temporal

gradient approach, this method also suffers from the "aperture" problem.
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Figure 11. a) and b) Stationary one dimensional rectangle function and its spatio-temporal Fourier
transform. c) and d) Rectangle function moving with constant velocity, v., and its Fourier
transform.
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Figure 12. Dashed lines outline plane generated in 3D spatio-temporal frequency space by a two
dimensional object moving with constant vertical velocity. Circles illustrate shift of a

single frequency component.

One possible way to solve this problem is to measure the temporal frequencies fl, ft associated

with two different spatial frequency pairs fl, f and f2, f2. This generates two equations which can

be used to simultaneously solve for the two unknowns v_ and v.. In previous efforts, researchers have

filtered the time varying image with a bank of spatially localized spatio-temporal filters (e.g., Gab.r

filters), where each filter is tuned to a different spatial and temporal frequency as shown in Figure 13

(25, 58). As an image moves past a receptive field, the spatio-temporal filters that match the texture

content and speed of the image at a given location will activate, yielding several spatial and temporal

frequency triplets which can then be used to determine the velocity vector associated with that receptive

field.

The major advantage of the Fourier motion analysis method is that it solves the aperture problem

without imposing the artificial constraints used in the spatio-temporal gradient optimization approach.

This has the potential of making the technique less susceptible to noise, and more accurate at velocity

boundaries such as occlusions or object edges in the scene. Additionally, the Fourier technique more

closely models the early stages of the human visual system by creating individual motion detection

channels that select for a given spatial frequency, direction and speed. The major disadvantages

associated with existing STF approaches are 1) they rely on "heuristic" filter banks that provide

little control over important inter-dependent filter design characteristics such as filter overlap, filter
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Figure 13. Bank of spatio-temporal Gabor filters used by Watson and Ahumada to compute local

velocity components (58).

bandwidth, and space/spatial frequency localization, 2) they employ short-time Fourier transform

techniques that limit their analysis to a fixed resolution in space and time, 3) their filter designs cannot

be easily modified to match the design constraints imposed by different problem scenarios, and 4) their

flow computation algorithms have not been demonstrated in the presence of noise. The spatio-temporal

frequency approach developed in the following chapters overcomes these problems through the use

of a rigorous, wavelet-based mathematical framework and a cooperative-competitive flow restoration

methodology.

2.5 Conclusion

Conventional methods for characterizing motion in 3D imagery are susceptible to noise and

require the use of motion constraints that reduce their accuracy at boundaries where the velocity

field is discontinuous. Spatio-temporal frequency techniques overcome many of these problems by

computing optical flow from multiples image frames. Current spatio-temporal frequency techniques

employ "heuristic" filter banks that are not easily adaptable to natural imagery. Additionally, these

methods are based on the Short Time Fourier Transform, which restricts the analysis to a single

scale in space and time. Finally, both the spatio-temporal gradient and spatio-temporal frequency

motion analysis methods are computationally expensive. The wavelet multiresolution analysis yields

a mathematically rigorous method for decomposing an image into a sequence of approximation and

detail spaces that capture unique object characteristics at multiple spatial scales. It is implemented as
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a fast, sub-band coding scheme which generates a non-uniform filter bank of independent, spanially

oriented frequency analysis channels. In the following chapters, the 2D multiresolution analysis will

be extended to three dimensions to yield an efficient algorithm for decomposing 3D imagery into a set

of spatio-temporallv oriented frequency channels. The conventional 3D multiresolution analysis will

be modified to enhance the flexibility of the separable filter design process and to increase the motion

selectivity of the analyzing wavelets. Unlike existing motion analysis algorithms, the modified 3D

wavelet decomposition algorithm allows one to rapidly compute optical flow over multiple scales in

space and time, thereby creating a powerful tool for extracting moving targets in a scene based on their

size, speed and direction.
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11. A Wavelet Multiresolution Analysis for L 2 ( p3)

3.1 Introduction

Although Y. Meyer developed the general theory for wavelet multiresolution analyses in L2 (P'T),

his work does not provide details for actually constructing orthonormal wavelet bases for these spaces.

Additionally, previous instantiations of Meyer's wavelet multiresolution analysis dealt exclusively with

one and two-dimensional signals (14, 39). Thus, this chapter begins by extending Mallat's theorems

for the construction of wavelet orthonormal bases for L2(OR) and L2 (R 2 ) to the space of finite energy

spatio-temporal signals, L2 (p
3 ). It is shown that a separable wavelet orthonormal basis for L2 (1R3)

consists of a set of seven dyadic wavelets evaluated over all possible integer shifts and dilations. The

second section of the chapter presents an "oct-tree" sub-band coding scheme for implementing the

Discrete Spatio-temporal Wavelet Transform. The algorithm generates a bank of octave-band filters

such that each filter possesses uniform spatial and temporal frequency characteristics. The sub-band

decomposition algorithm is then applied to a set of synthetic 3D imagery to demonstrate its ability

to extract vertical, horizontal or diagonal features from moving or stationary targets. The chapter

concludes with a discussion of the advantages and disadvantages of using the "conventional" wavelet

multiresolution analysis for 3D motion analysis.

3.2 Orthonormal Wavelet Basis

The vector space L2 (R
3 ) consists of all functions, f (x, y, t) such that

J -j If(X,y,t)12dxdydt < 0 (41)

A wavelet multiresolution analysis for L2 (1R3 ) consists of a chain of approximation spaces, Vj, that

differ in resolution by a factor of 2' in each of the three dimensions x, y, and t. These spaces satisfy an

extension of the L2 (IR) multiresolution analysis properties listed in Section 2.2.3. In particular, their

union is dense in L2 (1R') and their intersection contains only the zero element. Like the multiresolution

analysis for L2 (IR), the approximation of a three-dimensional signal at the jth resolution level is

obtained by orthogonally projecting the signal onto Vj. The details between the jth and j + 1st
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approximations are captured in the detail space Wj where

Vj+I = Vj e Wj (42)

and D denotes the direct sum operation. Each of the approximation spaces contains a three-dimensional

scaling function tk(2, x, 2y, 2it) where the set {€1'(2kr - 1, 2iy - m, 2it - n) 1 (1, m, n) E Z3 } forms

an orthonormal basis for Vj.

Vj is a closed, linear subspace of L2 (R3), and is formed from the tensor product of three identical

L2 (F) approximation spaces (42). The term "identical" here implies each space is constructed from

the same scaling function. If V•, V' and V t are identical approximation spaces in L 2 ( ), then the jth

approximation space in L2 (1R3 ) is defined by

Vj = Vj7 ® VY (® Vj' = Span{F(x,y,t) = f(x)g(y)h(t) I f E Vjx,g E V,' and h E Vlt} (43)

where 0 denotes the tensor product operation. The unique scaling function for V, is given by the

separable product

$(x, y, t) = OW(O)q(y)() (44)

where O(x), 0(y) and 0(t) are identical scaling functions in L2 (R). It is not difficult to show that the

set {2 %'2(2jx - I)q5(2jy - m)0(2jt - n) 1 (l, m, n) E Z3 } then forms an orthonormal basis for Vj.

Furthermore, if 4(x), V)(y) and 0(t) represent the wavelets generated by the L2 (R) scaling functions

O(x), 0(y) and 0(t), then the following theorem shows one can construct dyadic wavelet orthonormal

bases for Wj and L2 (IR') from seven sets of scaled and shifted "wavelets."

Theorem 1. Let 4 be the one-dimensional wavelet generated by the scaling function 0. Then

the seven "wavelets"

*I (x, y, t) = 24¢(2jx)¢(2Jy)V(2jt)

,p2(X,Y, t) = 2 22¢(2Jx)V,(2jy)¢(2jt)

'I'(x,y,t) = 22¢(2jx)¢(2jy)¢(2Jt)

'IF5(x,y,t) = 240(2jx)¢(2jy)V(2jt)
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T'(x,y,t) = 2ý#4,(2jx)V,(2Jy)0(2Jt)

7(Xy, t) = 24V(2Jx)0(2jy),(2Jt) (45)

are suchthat for eachj E Z,{%'(x-1,y-m,t- n) 1(l,m,n) E Z3; p =1,2,...,7} forms an

orthonormal basisfor Wj andthe set {f (x-l,y-m,t-n) Ij E Z; (l,m,n) E Z3; p = 1,2,...,7}

forms an orthonormal basis for L2(OR3).

Proof. Let Vj, j E Z, be a multiresolution approximation of L2 ( R3) formed by the tensor

product

Vj = V3 ® TVj! ® Vjt = Span{F(x,y,t) = f(z)g(y)h(t) f E VO,g E V7 and h E V,'} (46)

where V,', V1' and V,' are multiresolution approximations of L 2 (R). Let W1, WY and Wt be the

orthogonal complements of the closed, linear spaces V.p C Vj•.1, Vp C V7•_ and Vt C Vpt+. Then

v j+1 = ys 1 I (D Vy+1 (2 Vjt+l

= (Wx E Vjx) ® (W, D y v7) ® (We D V7) (47)

The right hand side of Equation 47 can be rewritten as follows

RHS [W® Yy Wf]D[W3'® w ® 0 ] & [W®T V ® WJ]

e [Wj 0 ®VY9V]E[VWjw'Y®Wj]D[V ®0WYV]

e [Vjx ® Vj7 ® Wt] ( [Vj7 ® Vj7 ® Vj7] (48)

Since V3 = V7 ®V7 0 V/t, the orthogonal complement, Wj, of Vj in Vj+j can be expressed as

Wj= V+ 1 - Vj = [W; ® Wj ® wj] ( [w;j® wY ® , 5] ( [w; ® p ® wj]

E [ & V7®v DW] (49)

The sets of functions {240(2jx -l) 1i E Z},{24i(2jy-m) Im E Z},andf{21(2jt-n) In E Z},

form orthonormal bases respectively for the L2 (IR) approximation spaces Vp, V1/ and Vjt. Additionally,

38



the sets of functions {2-iV(2Jx-1) 11 E Z}, {240(2Iy-m) I m E Z},and {2i,(2It-n) 1jn E Z},

form orthonormal bases respectively for the complementary spaces W,, W½• and III,. Thus, the set of

functions {*'(x - 1, y - m, t - n) 1 (1, m, n) E Z 3 ; p = 1, 2,..., 7} forms an orthonormal bases for

Wj. Furthermore, the fact that L2 (IR
3 ) can be formed by the direct sum decomposition

(9 = L2 ([R3 ) (50)
jEZ

implies the family of functions {f (x - l,y - m,t - n) J E Z; (1,m,n) E Z 3 ; p = 1,2.7}

constitutes an orthonormal basis for L2 (p
3 ). Q.E.D.

The approximation and detail signals at the jth resolution are obtained by orthogonally pro-

jecting the signal onto either Vj or Wj. Now, consider the projection of the signal onto V,. If

Oj;(I.,nn)(Xi Y, t) = 22%k(2ix - 1)€(2Jy - rn)0(2it - n), then the orthogonal projection, AJf, of

the signal f onto the approximation space Vj can be represented by the series

Ajf = E_ z •_ aE(E,,,.,,,,.., (51)
1 M n

where the projection coefficient aj,(I ....... ) is given by the inner product of the signal with the orthonormal

basis element 2 2 0(2jx - l)0(2jy - m)0(2it - n), i.e.,

aj;( ...,.n) = J1j f(x, y, t)240(2ix - l)0(2jy - m)¢(23 t - n)dxdydt (52)

The orthogonal projection of the signal onto the jth detail space, Wj, is obtained in a similar manner;

however, the signal must now be projected onto each of the seven basis subsets described in Theorem

1. Thus, if OP .(in,) (x, y, t) = 7j(x - 1, y - m, t - n), then, by Theorem 1, the detail signal Djf

can be expressed by the series

Dif = Z > d jP:(lnn) jb;(I'm') (53)

where p = 1,2,..., 7 and the detail coefficients d•:(.,,.) are given by the seven inner products

d';(,.,)= / f(x, y,t)2 0(2¾x -/)¢(2Jy - m)V(2't - n)dxdydt
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=~.... Jfj f(x, y, t)2'- ip(21x - l)p,(21y - m)q0(2't - n)dxdydtdi3d•:{1.F..... -`= f f(x, y,t) 2 1'-0d(2jx - 1) ý,(2J y - mn) i(21 t - n) dxdydt

:.., =f(X,y,t)2-V(2jx -/)0(2Jy - m)(p(21t - n)dzdydt

d:.5...) f (x, y, t)2"ý# /(23x - 1) p(2iy - m)V'(2J t - n )dxdydt

d 6t . . =f(x, y,t) 22 1 0 (2i x - /1) 1)(2i y - m ) 0(2J t - n) d xdydt

di:(M.m. - Jf f(x, y, t)2Y 0(2ix - l)V(2iy - m)V,(2Tt - n)ddxdydt (54)

Since the sets of shifted scaling functions and wavelets form orthonormal bases for the approxi-

mation and detail spaces Vj and Wj respectively, the signal projections onto either of these L 2 spaces

are uniquely and completely represented by the 12 coefficients in Equations 52 and 54. The next section

describes a pyramidal algorithm that enables one to quickly and efficiently compute these coefficients

for multiple spatial and temporal scales from a sampled version of the input signal.

3.3 Discrete Multiresolution Decomposition Algorithm

This section describes a fine-to-coarse digital algorithm for computing the approximation and

detail coefficients associated with an L2 (R3) wavelet multiresolution analysis. The algorithm is

constructed through an extension of Mallat's 1D decomposition algorithm (40). It begins by assuming

the sequence obtained by sampling the signal in x, y and t represents the coefficients associated with

the orthogonal projection of f onto the "zeroth" approximation space V 0 . The coefficients of the next

lower resolution approximation and detail signals, A 1 f and D_- f, are computed first by convolving

the discrete input signal with the 3D separable QMF pair derived below and keeping every other sample

in x, y and t (i.e., decimating the output by a factor of two). This process is repeatedly applied to the

approximation coefficients generated at each resolution level to obtain the detail and approximation

coefficients at successively lower levels.

Since the chain of approximation spaces { Vj I J E Z} forms a multiresolution analysis in

L 2 (' 3 ), the first property in Section 2.2.3 guarantees that Vj C Vj+1 for all j. This implies that

for any triplet (l, m, n) E Z3 , the basis element 2 tO(2Jx - l),b(2iy - m) 0(2't - n) in Vj can be
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expanded in the orthonormal basis of Vj+1 . Therefore, one can write

0(2jx - /)¢(21 y - m)¢(21 t - n) = 2 3(+l) Z : Z1(0(2'u - 1)0(2'v - m)4(21 w - n),
Sqr

0(2i'lu - p)0(2j~lv - q)¢(2+'w - r))0(2'+lx - p)-p(2j~ly - q)0(2j+lt - r) (55)

where p, q, r E Z. Expanding the inner product in the above expression in its integral form then gives

2 3(+ ) - 3(0+1) J[jk (2ju - 1)0(2jv - m)0(2jw - n)]

• [(2j+u -- p)0(2j+lv - q)0(2j+lw - r)ldudvdw (56)

Using the variable substitutions

a2 = 23u- 1
b- = 2jv - m

2
C- = 2jw- n (57)

the right hand side of Equation 56 can be rewritten as

a/ b c
I (),(2)0(2)][O(a - (p - 21))O(b - (q - 2m))O(c - (r - 2n))]dadbdc (58)

Next, defining the function h by

h(x) =- €( )(y - x)dy (59)

the right hand side of Equation 56 can be combined with Equation 59 to yield the following expression

for the arbitrary basis element 22 1(2jx - l)0(2jy - m)0(2it - n)

2' 0(2'x - 1)0(2jy - m)0(2't - n) =

E E E h(21 - p)h(2m - q)h(2n - r)¢(2'i'x - p)¢(2++1 y - q)0(2j+'t - r) (60)
p q r
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where h(x) = h(-x). In order to obtain the coefficients associated with the signal projection onto

V j, one can form the inner product of f with the arbitrary basis element in Equation 60 as follows

aj(. ....... = (f, 2 t(2Jx - /)€( 2jy - m)0(2it - n))

-EEIh(2/-p)h(2m- q)h(2n- r)ýf,¢(21"x -p)¢(2J+y - q)0(21"t - r))
p q r

- : Z Z h(21 - p)h(2m - q)h(2n - r)aJ+1:(p,q.,.)
p q

[ay+1 :(p qH * h(p) * h(q) * h(r)] (21, 2m, 2n) (61)

where "*" is the discrete convolution operator. Equation 61 shows the discrete representation of the

orthogonal projection of the signal onto the approximation space Vj can be obtained by discretely

convolving the coefficients of the projection onto the next higher resolution level, V,+I, with the

separable impulse response h(-p)h(-q)h(-r) and keeping every other sample in each dimension.

Next, a similar procedure is used to derive the coefficients associated with the orthogonal projection onto

the detail space, Di spanned by the functions {2 1 V(2i x -1)V)(2Jy- m)V(2Jt - nl) (1, m, n) E Z }.

These results can then be generalized to compute the coefficients associated with the projections onto

the remaining detail spaces D' - D 6

Recall that the approximation space Vj+I is formed by the direct sum of Vj and Wj. Thus,

Wj is contained in Vi+1 and any basis element in Wj can be expanded in the orthonormal basis of

Vy+1 . In particular, the Wj basis element Vb(2jx - l)0(2jy - m)I(2Jt - n) can be written as

V'(2jx - l)V,(2jy - m)¢(23 t - n) = 2 3j+l 1: Z(?P(2ju - l)V,(2jv - m)V'(2jw - n),
p q r

r(2J+'u -p)¢(2J+lv - q)¢(2J+lw - r))0(2J+'x - p)d(2j+'y - q)¢(2j+lt - r) (62)

Using the variable substitutions in Equation 57 and following the same procedure used earlier, the inner

product in the above expression becomes

J 17 [0(a)0(b),(c)][O(a - (p - 21))O(b - (q - 2m))¢(c - (r - 2n))]dadbdc (63)
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Defining the impulse response g(x) by

g(x) j g(Y)V(y - x)dy (64)

and combining it with the integral in Equation 63 yields

21LP(2Jx - I)V,(23 y - m)V)(2 3t - n) =

E E Z (21- p)g(2m - q)g(2n - r)¢(2J+'x - p)¢(2'i 1 y - q)¢(2J+'t - r) (65)
p q r

where 4(x) = g(-x). The detail coefficients for the orthogonal projection onto D' are now obtained

by taking the inner product of f with the Wj basis element 2 # b(2jx - l)ik(2jy - m)0(2 t - n) as

follows

d 7•

d;(Lmn) = (f, 2'V)(2jx - l)VP(2"y - m)V)(2it - n))

= E E Z §(21 - p)g(2m - q)g(2n - r)(f, ¢(2j~lx - p)0(2J+ly - q)0(2 1+lt - r))
p q r

= ZE 1Z : (21 - p)g(2m - q)g(2n - r)aj+l;(p,q,,.)
p q r

= [aj+1,(p,q,r) * 4(p) * 4(q) * 4(r)] (21, 2m, 2n) (66)

Equation 66 shows the discrete representation of the orthogonal projection of the signal onto the portion

of the detail space spanned by integer translations of the "wavelet" if can be obtained by discretely

convolving the coefficients of the projection onto the next higher resolution approximation level, Vj+1,

with the separable impulse response g(-p)g(-q)g(-r) and keeping every other sample in each

dimension. Following a similar procedure, the remaining detail coefficients d':(l.. through dj( .,

are given by the 3D discrete-space convolutions

d'j(t.....) [aj+1:(pq,,.) * h(p) * h(q) * p(r)] (21,2m, 2n)

j; (,.7..)= [aj+1;(p.qr) * h(p) * g(q) * h(r)] (21, 2m, 2n)

d•.(L.,fl,) = [aj+1;(1,.q,.) * h(p) * 4(q) * 40(r)] (21, 2m, 2n)

-j(~mn [aj+1;(p.q.,.) * P(p) * h(q) * h(r)] (21, 2m, 2n)

d•.(l~m.n) = [aj+l;(p,q.r) * g(p) * h(q) * h(r)] (21, 2m, 2n)
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Figure 14. Oct-tree sub-band coding structure used to decompose the j + 1st approximation coeffi-
cients into the jth approximation and detail coefficients in a conventional L2 ([R3) wavelet
multiresolution analysis.

dj;(t,,n,,) '= [aj+l;(pq,r) * g(p) * g(q) * h(r)] (21, 2m, 2n) (67)

Equations 61, 66 and 67 show that the jth approximation and detail coefficients are obtained in

a pyramidal fashion by discretely convolving the j + 1st approximation coefficients with various

combinations of the 1 D impulse response pairs h and g and decimating the outputs by a factor of two.

This process can be succinctly represented by the oct-tree sub-band coding structure shown in Figure

14. In a conventional extension of the L2 ([ 2) wavelet multiresolution analysis, the oct-tree structure

is formed by appending the canonical binary tree structure to each output of the quad-tree. The third

tier convolves h(-n) and g(-n) with the frames of the j + 1st approximation tensor where a frame

represents a snapshot of the spatio-temporal signal at an instant in time. The next section describes the

octave-band spatio-temporal frequency bank generated by this algorithm.

3.4 Spatio-Ternporal Filter Bank Representation

The sequences h(n) and g(n) are the impulse responses of a QMF pair; thus, their z-transforms

represent low and band-pass filters respectively (40). By repeatedly convolving a discrete ID signal
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with h (-n) and g (- n) and downsampling the outputs of each stage by a factor of two, the frequency

content of the signal is effectively partitioned into octave-band regions of support. The binary tree

decomposition algorithm developed by Mallat to generate the coefficients associated with orthogonal

projections onto approximation and detail spaces can therefore be viewed as a sub-band filtering process

in which the bandwidth and center frequency of each successive filter (moving out along the frequency

axis) increases by a factor of two (56).

In the L2 (1 3) oct-tree coding structure, the impulse responses are convolved separately with

each of th,, discrete spatial and temporal axes. By varying the order in which the impulse responses

are applied to the rows, columns and frames of the signal, one can control the frequency characteristics

of the corresponding sub-band filter. For example, convolving h(n) with each of the three axes yields

a filter with low-pass spatial and temporal frequency characteristics. Conversely, if g(n) is convolved

with each axis, the resulting filter will have band-pass spatial and temporal frequency characteristics.

Additionally, since the separable 3D impulse responses for these two examples are identical in space

and time, the transfer functions associated with the impulse responses will possess identical filter

characteristics (e.g., bandwidth, transition region, cut-off frequency, center frequency) along each

frequency axes. Thus, if the 3D frequency bandwidth of the discretely sampled input signal (i.e., the

bandwidth of the signal projection onto the 0th approximation space) is contained in the volume shown

in Figure 15a), convolving the rows, columns and frames with either h(n) or g(n) and downsampling

by two yields discrete approximation and d7 detail signals with the frequency supports shown in Figure

15b).

In order to obtain the remaining discrete detail signals d'l:( .... ) through d-_.( 17... ), h and g

are separately convolved in various con.' nations with each axis. The supporting regions in spatio-

temporal frequency space of the resulting discrete detail signals are shown in Figure 16. The passband

characteristics along each frequency axis for a given filter are determined by the order in which the

spatio-temporal axes are convolved with h and g (see Equation 67). Like Mallat's 2D algorithm,

the spatial frequency characteristics of the detail filters capture either horizontal, vertical or diagonal

spatial frequency components in the scene (40). However, by adding a temporal dimension to the

L2 (IR
3) decomposition algorithm, one can capture these same spatial frequency components for either

moving or stationary targets. Additionally, the multi-scale property of the decomposition algorithm

generates spatio-temporal filters tuned to different object sizes and speeds. Thus, the L2 (1R') discrete
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Figure 15. a) Spatio-temporal frequency volume of discretely sampled input signal, or, equivalently,
the bandwidth of the j = 0 discrete approximation space. b) Frequency supports of the
j = -1 approximation and detail spaces A_ 1 f and W_ 1 f respectively.

multiresolution analysis algorithm represents the decomposition of a 3D signal into a bank of indepen-

dent spatio-temporally oriented frequency channels. The next section presents the results of ipplying

the L2 (R3) discrete multiresolution analysis algorithm to a synthetic scene consisting of a moving and

a stationary object.

Finally, note that the j = -1 approximation region in Figure 15b) and the detail regions in

Figure 16 combine to span the j = 0 approximation region in Figure 15a). If one were to implement

the next stage of the sub-band decomposition algorithm, the j = -1 approximation frequency volume

in Figure 15b) would be decomposed into constituent j = -2 approximation and detail frequency

volumes identical to those contained in the j = 0 approximation volume but reduced in bandwidth

along each dimension by a factor of two. The important point to note here is that each stage in

the "conventional" L2(R3 ) decomposition process simultaneously reduces the spatial and temporal

bandwidths of the filters. Thus, for any given spatial scale, one is forced to analyze the scene at the

same temporal scale. This constraint precludes the possibility of analyzing multiple temporal scales

(i.e. object speeds) for a fixed spatial scale, which in turn limits the tools effectiveness for the purpose

of motion analysis (9). More will be said about this problem later in the chapter.
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Figure 16. Spatio-temporal frequency volumes of discrete detail signal
d'1;(L,,) through d_ 6 l;(Lmfl).

3.5 A Simple Application

The "conventional" L 2 (p3) discrete wavelet multiresolution analysis depicted by the oct-tree

sub-band coding structure in Figure 14 is theoretically capable of extracting horizontal, vertical and

diagonal features from moving or stationary objects in 3D imagery. In order to test these properties, the

algorithm was applied to a 64 x 64 x 64 synthetic image sequence. The image sequence was created

on a Silicon Graphics computer and consists of a simple animated scene containing a stationary and

a moving rectangle of equal size and intensity as shown in Figure 17. The moving rectangle starts in

the upper left comer of the scene and moves to the lower right comer in a parabolic fashion, while the

stationary rectangle remains fixed in the lower left comer. The sizes and speeds of the objects were

constructed to prevent spatial or temporal aliasing (this topic is discussed further in Chapter IV).

The decomposition algorithm was written in C and implemented on several UNIX platforms

including a NeXT, SUN SPARCstation 2, Silicon Graphics 4D, Silicon Graphics 8D, and a CRAY

MPX. The discrete convolutions in Equation 67 were carried out with a three-dimensional shift-and-

multiply routine rather than with filtering operations in the Fourier spatio-temporal frequency domain.
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n =8 n = 16 n 24 n = 32

n =40 n = 48 n =56 n =64

Figure 17. Several frames of an animated scene consisting of a stationary rectangle and a moving
rectangle of equal size and intensity. Each frame contains 6-1 x 64 pixels.

Border problems, which are a common problem in convolution schemes, were reduced by making the

borders symmetric about the spatial and temporal axes.

Assuming the discretely sampled image sequence represents the approximation coefficients at the

resolution level j - 0, Figure 18 shows several frames containing the detail coefficients d2_1 d3  (16 1

and d7' 1, all of which were produced using a Daubechies 4 QMF pair in both space and time (14).

Based on the frequency responses of the separable impulse responses in Equation 67, one expects that

d2 1 and d'1 will extract the horizontal features, and d'_. and d7 1 will extract the diagonal features

of either stationary or moving objects. It is instructive to compare these results with those obtained

by applying a 2D multiresolution analysis to a simple rectangle as demonstrated by S. Mallat (Figure

19). Recall that under the 2D multiresolution analysis, an L2 (IR2 ) image is decomposed into a set of

spatially oriented channels where each channel captures either vertical, horizontal or diagonal features

of the image. On the other hand, Figure 18 shows that under an L2 (E3 ) multiresolution analysis,

the scene i, 'composed into independent spatio-temporally oriented chamnels which now provide the

ability to extract these same spatial details for either stationary or moving objects.
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Figure 18. Four level j = -1 detail coefficients obtained by decomposing the scene in Figure 17
using a Daubechies 4 QMF pair in space and time. In a) and b) d2 1 and d1, respectively
extract horizontal features of moving and/or stationary objects. In c) and d) d6 1 and d 1

respectively extract diagonal features of stationary and/or moving objects.
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Original Image -
Approximation and Detail

Coefficients for 3 Decomposition
Levels

Figure 19. Multiscale results obtained by applying S. Mallat's 2D multiresolution analysis to a simple
rectangle. These results were taken from (40). The figure depicts the ability of the 2D
decomposition algorithm to extract horizontal, vertical and diagonal features at three
different resolution. The square in the upper left hand comer is the final approximation
signal produced by the decomposition process.

3.6 Discussion

The L2 (p 3) wavelet multiresolution analysis and the discrete decomposition algorithm presented

here were constructed from an extension of Mallat's L2 (P) and L2 (R
2) theory. Consequently, there

are several limitations that carry over with the "conventional" extension that make it less than ideal for

the analysis of motion. Three of these fundamental limitations are explained below.

In the conventional multiresolution analysis introduced by Meyer and Mallat, the 2D approx-

imation space L2 ([R2 ) was created from two identical ID approximation spaces. This generates an

approximation, or scaldig fiuimcUn, filter with idcltical frequency characteristics in the f, and f,,

spatial frequency dimensions. Similarly, the L2 (R3 ) approximation space developed in this chapter

was formed from the tensor product of three identical L2 (F) approximation spaces. Like the separable

2D wavelet filter, the corresponding 3D filter has identical passband, stopband and transition region

characteristics in f,, f, and f,. The major drawback to this approach is that it does not provide

the flexibility to tailor the spatio-temporal frequency characteristics of the wavelet filter to match the

frequency behavior of the 3D signal under analysis. For example, a particular problem may require

a narrow transition region between the temporal frequency passband and stopband, but allow a much

wider spatial frequency transition region. Since a wider transition region can be obtained with a lower
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Figure 20. a) Black lines represent the frequency support of two identical objects moving at dif-
ferent velocities superimposed on the filters formed in frequency space by one step in
a conventional multiresolution decomposition. b) Frequency support of moving objects
superimposed on filters formed by one spatial and two temporal decompositions. Notice
how the filters now separate the two objects.

order filter (i.e., fewer h and g coefficients), a multiresolution analysis constructed from filters with

non-homogeneous spatial and temporal frequency characteristics would improve the computational

efficiency of the design. In the conventional L2 (0R3 ) wavelet multiresolution analysis, the designer

must use an identical higher-order filter in both the spatial and temporal frequency dimensions in order

to meet the temporal frequency design specifications.

A second important limitation of the conventional L2 (R
3 ) multiresolution analysis is that it

restricts the analysis of spatial and temporal details in an image sequence to the same resolution level

(9). In order to demonstrate how this poses a problem for a spatio-temporal frequency motion analysis

approach, consider the 2D motion problem of two identical ID rectangles moving with slightly different

velocities. Assume that the size and intensity of the rectangles remain constant in time, and that they

move with the constant translational velocity components v, and v 2 . As discussed in Chapter II, the

Fourier transform of the moving rectangles are given by F(fý)- 6(f t + vi f.) and F(f,) .6(fl + v 2 f,,).

Thus, constant velocity motion in one spatial dimension shifts the Fourier transform of the stationary

rectangles, F(f:), to two lines in 2D frequency space defined by ft = -vIf: and ft = -v 2 fx. This

behavior is demonstrated in Figure 20a) where the lines represent the regions of support of the moving

rectangle's Fourier transforms. It is assumed here that the magnitude of v, is slightly less than v2 . The

lines are superimposed on the wavelet filterbank formed by one step in a conventional multiresolution

wavelet decomposition.
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Figure 21. Black lines represent the frequency supports of two 1D objects moving at the same speed
in opposite directions superimposed on the annulus formed in the Fourier plane by two
steps in a conventional multiresolution decomposition.

In order to discriminate between the two moving objects, spatio-temporal frequency based motion

analysis techniques commonly employ filters designed to separate their spectrums in frequency space.

However, in example a), the shaded filter marked W 2 generated by the conventional multiresolution

decomposition cannot resolve the two spectrums. Now consider the frequency support superimposed

on the "unconventional" filter bank shown in Figure 20b). These filters, marked W2 and W2, were

produced by decomposing the signal once in space and twice in time. Thus, by "decoupling" the spatial

and temporal decomposition stages of the conventional discrete wavelet multiresolution analysis, one

can clearly resolve the two spectra. This "decoupling" process is described in more detail in Chapter

IV.

The third problem with usinp a conventional multiresolution wavelet theory for motion analysis

is that it is not directionally selective. For example, now consider a pair of ID moving rectangles, one

of which moves to the right at a speed v and the other which moves to the left at the same speed. Their

frequency supports are shown by the crossed lines in Figure 21. Notice that both lines pass through

the frequency support of the detail space W'. Since the 2D wavelet associated with this space is real,

its Fourier transform is symmetric about both the f= and f, axes. Thus, the W3 wavelet will respond

equally to an object moving in either direction at the speed v. The conventional discrete wavelet

transform therefore is clearly not directionally selective. Chapter TV presents a solution to this problem

by incorporating a Hilbert Transform into the L2 (p3) wavelet multiresolution analysis.
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3.7 Conclusion

Y. Meyer's theory for wavelet multiresolution analyses in L 2 (IR') does not provide details for

constructing orthonormal wavelet bases for L2 (p3 ). Furthermore, previous instantiations of Meyer's

wavelet multiresolution analysis dealt exclusively with L2 (A) and L2 ( R2 ) signals (14, 39). Thus,

the first section of this chapter providel the mathematical details for the construction of wavelet

orthonormal bases for the space of finite energy spatio-temporal signals, L2 (p3). Theorem 1 shows

this basis set consists of seven dyadically dilated and translated wavelets which represent "independ nt"

spatio-temporal channels in 3D Fourier frequency space. In the second section, an "oct-tree" sub-band

coding scheme was presented for implementing the Discrete Spatio-temporal Wavelet Transform. The

algorithm generates a bank of octave-band filters such that each filter possesses uniform spatial and

temporal frequency characteristics. The sub-band decomposition algorithm was applied to a set of

synthetic 3D imagery to demonstrate its ability to extract vertical. horizontal or diagonal features

from moving or stationary targets. Lastly, three important problems were described which limit the

utility of the conventional wavelet multiresolution decomposition algorithm for motion analysis. These

problems are resolved in the following chapter.
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IV A Non-Homogeneous, Motion-Oriented L2 ( (3) Wavelet Multiresolution Analysis

4.1 Introduction.

The previous chapter discussed three major problems associated with using a conventional

L2( Rz) wavelet multiresolution analysis for segmenting and characterizing moving objects in time-

sequential imagery. The purpose of this chapter is to present solutions for two of these problems.

The two problems concern 1) the restrictions placed on the 3D wavelet filter design process by the

theoretical development of the homogeneous approximation space Vj, and 2) the oct-tree decompo-

sition architecture that constrains the analysis of spatial and temporal details to the same resolution

in space and time. The first problem is addressed in the following section, where it is shown that an

L2 (p3) wavelet multiresolution analysis can be constructed from a separable scaling function formed

from three non-identical L2 (R) scaling functions. This provides the flexibility to build wavelet filters

with non-homogeneous spatial and temporal frequency characteristics. Next a solution to the second

problem is presented which essentially "decouples" the spatial and temporal decomposition processes

using a modified wavelet packet and a non-standard decomposition tree structure. The resulting al-

gorithm, referred to as a motion-oriented wavelet multiresolution analysis, yields an analytical tool

with independent zoom-in and zoom-out capabilities in space and time. Since the algorithm is discrete

in both space and time, one must consider how it is affected by spatial and temporal aliasing. This

problem is examined in the fourth section. In particular, the aliasing problem is addressed in terms of

its affect on the discretely sampled input signal. The last major section of the chapter presents several

results obtained by applying the non-homogeneous, motion-oriented wavelet multiresolution analysis

to different sequences of synthetic and real IR imagery. The chapter concludes by summarizing the

capabilities and limitations of the new motion analysis tool.

4.2 A Non-Homogeneous Wavelet Multiresolution Analysisfor L2 (R
3 ).

The approximation space Vj of the conventional L2 (R3) wavelet multiresolution analysis

presented in the previous chapter was formed from the tensor product of three identical approximation

spaces. This approach produced a scaling function filter with identical passband characteristics in f•,

fu and ft.. This in turn limits the filter designer's ability to tailor the spatial and temporal frequency

characteristics of the wavelet filter to match the frequency behavior of the 3D signal under analysis.
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This section demonstrates one can increase the flexibility of the design process by creating a "non-

homogeneous" wavelet multiresolution analysis for L2 ([Ra) signals from non-identical spatial and

temporal L 2 (F) approximation spaces. The section begins by creating an L2 (Fl,) approximation

spaces from a separable 3D scaling function formed by multiplying different I D spatial and temporal

scaling functions.

4.2.1 Separable Scaling Function and Approximation Space. Let 0 be a scaling function

such that {2 ki(2i - -n) In E Z} forms an orthonormal basis for the multiresolution approximation,

Vj, of L2 (R). Let 'k be a different scaling function such that {2ik(2i. -n) I n E Z} forms an

orthonormal basis for the multiresolution approximation, V•, of L 2 (R). Define the separable, closed,

linear subspaces of L 2 (p
3) by

Vj = V,' 0 V1/7 0 = Span{F(x,y,t) f(x)g(y)h(t) If E Vf,g E V,' and h E f/,'} (68)

Given the above definition of the approximation space Vj, Theorem 2 shows there exists a separable

3D scaling function such that the set comprised of all its integer translations forms an orthonormal

basis for Vj.

Theorem 2. For each j E Z, the set of functions {240(2Jx - l)0(2jy - m)p(2Jt -

n) 1 (1, m, n) E Z3} forms an orthonormal basi! for Vj.

Proof Let -Ij;(X. I )(x, yt) = 2 2 (2i - l),b(2Jy - m)k(2 3 t - n). Then

J1 ifl=l'andm=m'andn=n'
('0j:(l,,,.n), $j:( L,.,'.n,)~ = :(69)

0 otherwise

where (., -) denotes the inner product on L2 ( Wp). Equation 69 implies the set of vectors {'lj: i...) 1(l, m, n) E

Z3} forms an orthonormal set in L 2(R 3 ).

Now, let F be a vector in V 3 . By definition of Vj, F(x,y,t) = f(x)g(y)h(t) for some

f E Vj1, g E V1/ and h E 17,. Expressing f, g art, t in terms of their respective orthonormal bases

and rearranging terms yields

F = 2j'(f, (I,)kj;I 2j(g, kj:m)j:m Z2j(h, j:n)kj;.
I M' n
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-: 1 : 2 2 /,F, ej;i,... n)),4)) ýj;(I.,n.n, (70)
rn n

where (2;q -q) and ej, = -(2i q). Equation 70 shows F can be expressed as a Fourier

series expansion of the orthonormal set {4ýj:(In.,n) 1 (l,m,n) C Z3}. Thus, by the Fourier Series

Theorem (45), {4j;(v..,n) I (l, m, n) E Z"} forms an orthonormal basis for Vj. Q.E.D.

Theorem 2 allows one to create an L2 (1R3) approximation space from non-identical L2 (0)

approx'mation spaces. Furthermore, it shows that the resulting approximation space is spanned by

integer translations of a separable scaling function formed from the product of three non-identical

scaling functions. The next section proves that the scaling function and approximation space generate

a multiresolution analysis. The multiresolution analysis L then used in section 4.2.3 to construct an

orthonormal wavelet basis for L2 (R') comprised of wavelets with non-homogeneous spatio-temporal

frequency characteristics.

4.2.2 Multiresolution Analysis. In order to construct a multiresolution analysis, recall from

Section 2.2.3 that the approximation spaces Vj must possess the following properties: there must 1)

exist a chain of closed linear spaces Vj,

•.. V-2 C V-1 C V-0 C V 1 C V 2 C ... (71)

such that 2)

U Vj = L2(1R3 ) and n Vi = {o} (72)
jEZ jEZ

and where 3)

f(x,y,t)EV 1  = f(2x,2y,2t)EVj+,; jEZ

I m n
f(x,y,t)E Vj • f(x + 2-Y,y + F-,,t + - ) E Vj; (l,m,n) EZ 3  (73)

23 2i

Theorem 3 shows the non-homogeneous approximation spaces Vj do indeed satisfy these properties.

Theorem 3. The family of closed, linear spaces, {Vj I J E Z}, forms a multiresolution analysis

in L2 (R3 ).
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Proof. To prove property 1), it will suffice to show V, C V,+l for arbitrary j E Z. Let F E V,

where F(x, y, t) = f(x)g(y)h(t) such that f E ! J-', g E V,' and h E 1i§. Now, f G ", g E I,"j

and h E Vj' implies f E 1+>,g E V-, and h E Vj+1. But,

V-+1 = Span{u(x)v(y)w(t) I u E jx+, v E Vj+1 and w E V'+ }

Thus, the vector F must also be contained in Vj+1 , implying Vj C Vj+1 .

To prove the denseness condition of property 2), let

M =U V (74)
jEZ

and assume M is not equal to L2(W 3). M is therefore a proper subspace of L2( 3 ) and, by Hahn-

Banach (45), there exists a linear functional £ on L2(R3) such that £(M) = 0 V M E M and

£(G) - 0 for some G E L2(OR') - M. Then, by the Riesz Representation Theorem (54), there exists

a unique H E L2 ( 3) such that

i(F) = F(x, y, t) H (x, y, t)dxdydt (75)

VF E L2([W). Furthermore, if i does not equal the zero functional, then H : 0. Additionally,

1(M) = 0 V M E M implies H I M. Consequently, the orthogonal projection of H onto Vj E M,

PjH, must equal zero. Now, since H E L2 (Q•R), there exists a compactly supported C' function, H6,

such that I I H, - HII <E . And, by the Orthogonal Projection Theorem, II Pj nH = I I Pj (Hn - H)I <

11Ho - HII < E. Thus, by Parseval's Identity,

IIPjHn1 2  = 2Z 1(-(2jx - /)0(2jy - m)¢(2Jt - n),Ho(xyt))12
Im n2

< C2 (76)

Using standard mathematical manipulations, it can be shown that

E 1: (0 ((2 1 x - 1)0(2'y - m) r(2it - n), Ho(x, y, t))12 = (77)
Sr5 n
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fIjo(,• ) (2-"6)0(2-*)0(2-j7)12 d~drd + Rj (78)

where [Ho denotes the Fourier Transform of Ho and

IRjI E Z: E 1I11o(6 + 27r23l,77 + 27r23m,r + 2r23nJnI(6,,7?,r)I (79)
1;0 m•0 n•:0

Now consider the sequence ef functions

Hj(6,77, T)= E E E-Z .IHo( + 27r2/l, l+ 2r2Jm, r + 27r2n)l (80)
1;40 m•0 h10

Since H11 is a compact C- function, HI is uniformly bounded and Hj - 0 as j -- co. Additionally,

HI, E L 1 (R
3 ) implies Rj -- 0 as j --+ o (11). Moreover, q$ and ¢ are continuous and uniformly

bounded and ý(O) = 0(0) = 1. Hence, Lebesgue's Dominated Convergence Theorem can be applied

in conjunction with Equation 76 to obtain

00C cc 00

S]f _ 1 7) 12 1(2-i6)ý( 12 d&d-d = IIH112 < 2 (81)

Finally, IIHo < c and II1Ho, - Hl1 < c implies IIHII < 2E. But f arbitrarily small implies H = 0,

which contradicts our original assumption. Thus, M is dense in L 2 ([R).

To prove the intersection property of Proposition 2) let

m = n ; V(82)
jEZ

Since each element Vj in M is closed, M is closed and {0} is therefore clearly contained in M.

Now, let F(x, y, t) = f(x)g(y)h(t) be an element in M. Then, F is contained in Vj for all j E Z.

And, by the definition of Vj, f E Vz, g E V- and h E V'for all j E Z. But, the sequence of spaces

{Vj I j E Z} forms a multiresolution analysis for L2 (R), implying f = 0, g = 0 and h = 0. Thus, F

is contained in {0} and M = {0}.

Like Property 1), Property 3) follows easily from the fact that Vj is constructed from a tensor

product of three multiresolution approximations of L2 (F). If F(x, y, t) = f(x)g(y)h(t) E Vj then

f(x) E Vý', g(y) E VjY and h(t) E Vjt . Thus, f(2x) E Vj+•, g(2y) E V7_• and h(2t) E ,
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implying F(2x,2y,2t) E Vj+1 . Moreover, f(x) E V1/, g(y) E V," and h(t) E Vt implies
f(x + ) E Vx,,g(y+l) E V,"andh(t+-) E f'). Thus, F(x+ -1, t +,t+-) E V,. Q.E.D.

Theorem 3 proves one can construct a multiresolution analysis from the non-homogeneous

separable scaling function ¢(x)¢(y)¢(t). Since the existence of an orthonormal wavelet basis is

guaranteed by the formation of a multiresolution analysis (39, 42), the purpose of the next section is to

describe the properties of such a basis set. In particular, it will be shown that the 3D wavelets in the basis

set are formed from the product of three non-identical ID functions, allowing one to independently

control the spatial and temporal frequency characteristics of the wavelet filters during the filter design

process.

4.2.3 Orthonorinal Wavelet Basis. In the 3D multiresolution analyses, approximations of a

spatio-temporal signal at the jth and (j + 1) st resolutions in space and time are obtained by orthogonally

projecting the signal respectively onto the spaces Vj and V j+. The spatial and temporal details that

comprise the difference in information between these two approximations are then contained in the

orthogonal complement of Vj in Vj+l. As in Chapter 3, this complementary space is denoted by the

symbol Wj. Theorem 4 shows an orthonormal basis for Wj (and for L 2 (1P3)) consists of seven sets

of scaled and translated "wavelets."

Theorem 4. Let o and 4 be the one-dimensional wavelets respectively generated by the scaling

functions € and q5. Then the seven "wavelets"

I' (x,y,t) = 2 1(2ix)0(2iy)4(2it)

V(X,y,t) = 2*0(23 x)0(2iy)q(2't)

T' '(x, y, t) = 2 1 0(2iax)4'(2iy)ý(2ji)

T' '(xr,y, t) = 2]22V(2ix)t0(2iy)ý(2it)

IF'(x yt)= 2'2140(2ix)0~(2iy)4(2jt)

Ik'(x yt)= 2' 24'(2ix)7P(2iy)tý(2it)

T7 (X,y,t) = 2t4(2ix)0(23y)4(2it) (83)
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are such that for each j E Z,I { (x - 1,y - m,t - n) (l,m,n) E Z3 ; p = 1,2..., 7} forms an

orthonormal basis for Wj and Q(x- l,y - m,t - n) j E Z; (l,m,n) E Z3 ; p = 1,2,...,7}

forms an orthonormal basis for L 2 (p
3 ).

The proof of Theorem 4 is not provided here because, with one exception, it follows precisely

the proof of Theorem 1 contained in Section 3.2. The only difference between the two proofs is that

the time dependent scaling function and wavelet 0(t) and 0/(t) in the proof of Theorem I are now

replaced everywhere by the new (and different) functions k(t) and /(t) respectively. Because the

orthonormal wavelet basis for a given detail space is formed from the product of three non-identical

1D spatial and temporal wavelets, the resulting wavelet filter for that space has non-homogeneous

spatial and temporal frequency characteristics. Also, because the wavelet basis for each detail space

is separable in space and time, the filter designer can easily and independently control the spatial and

temporal frequency behavior of the wavelet filter. This property will prove valuable in the following

chapter where the spatial and temporal frequency characteristics of the 3D filter are adpated to match

the spatial and velocity behavior of a moving object.

In the next section, discrete versions of the non-homogeneous wavelet filters are used in an

extension of Mallat's 2D discrete multiresolution analysis referred to here as a "non-homogeneous

L 2 (QR3) discrete wavelet multiresolution analysis." Since the development parallels the construction of

the homogeneous L 2 ('
3 ) discrete multiresolution analysis described in Chapter Im, many of the details

are left to the reader. Also, as was the case with the homogeneous discrete wavelet multiresolution

analysis, the resulting non-homogeneous oct-tree decomposition structure is somewhat impractical for

the analysis of moving objects. Thus, the non-homogeneous oct-tree structure is presented here more

for completeness than for its intended use as a motion analysis tool. A non-conventional discrete

decomposition structure more suited to the analysis of motion is presented later in the chapter.

4.2.4 Discrete Multiresolution Decomposition Algorithm. The development of the discrete,

non-homogeneous wavelet multiresolution decomposition algorithm closely follows the derivation in

Section 3.3 for the homogeneous case. This section, therefore, will briefly present a derivation of one

branch of the oct-tree decomposition algorithm, and simply list the discrete convolution operations that

comprise the remaining seven branches.
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Like the derivation in Chapter III, begin by assuming the sequence obtained by sampling the

signal in x, y and t represents the coefficients associated with the orthogonal projection of f onto

the approximation space V,. Since the chain of approximation spaces { V, I J E Z} forms a

multiresolution analysis in L2 W(), any basis element in Vj can be expanded in terms of the basis

elements of Vj+1 . Therefore, given the basis element 240(21 x -/)0(2.y - m)0(2it - n) in Vj

one can write

0(2.x - 1)0(23y - m)0(2It - n) = 2 3 E j E Qk(2'u - I)-(2jv - ,n)P(2'u - n),
p q r

€(2++'u -p)k(2'~lv- -r))4(2'+'x-p)¢(2j+ 1 y - q)¢(2j+'t - r) (84)

where p, q, r E Z. Expanding the inner product in the above expression in its integral form yields

23(j+ .) = 2 (J+l j [0(2'u - 1)0(2Jv - m)0(2Jw - n)]

•[¢(2J+lu - p)0(2-+lv - q)¢(2J+lw - r)]dudvdw (85)

Again, using the variable substitutions

a - 2 u--12

- 2 3v-m
2
C
- = 2Jw-n (86)2

the right hand side of Equation 85 can be rewritten as

2 2)( )()[O(a - (p - 2/))O(b - (q - 2m))¢(c - (r - 2n))]dadbdc (87)

Next, defining the functions h and h by

h(x) - (Y)O(y- x)dy

h(X) -- ( )(y6- x)dy (88)
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the right hand side of Equation 85 can be combined with the "impulse responses" in Equation 88 to

yield the following expression for the arbitrary basis element 2 4 0( 2Jx - l)0(2jy - m)¢(2Tt - n)

24•:(2'x - 1)0(2Jy - m)k(2't - n) -

ZZ h(21-p)h(2m - q)h(2n - r)4(2'+'x -p)¢(2j+ 1 y - q)¢(2j+t - r) (89)
p q r

where h(x) = h(-x) and h(x) = h(-x). In order to obtain the coefficients associated with the

signal projection onto Vj, one next forms the inner product of f with the arbitrary basis element in

Equation 89 as follows

aj;.,nn= (f, 24¢(2Jx - 1)0(2jy - m)k(2jt - n))

- Z• Z h(21 - p)h(2m - q)h(2n - r)(f, 4(2j+lx - p)0(2j+ly - q)0(2j+'t - r))
p q r

Y- Z Z ~h(21 - p)h(2m - q)h(2n - ,)aj+l;pq,r
p q r

[aj+l;p,q,,. * h(p) * h(q) * h(r)] (21,2m, 2n) (90)

where "'" is the discrete convolution operator. Equation 90 shows that the discrete representation

of the orthogonal projection of the signal onto the approximation space Vj is obtained by discretely

convolving the coefficients of the projection onto the next higher resolution level, Vj+,, with the

separable, non-homogeneous impulse response h(-p)h(-q)h(-r) and keeping every other sample

in each dimension. Following a similar procedure, the seven discrete 3D convolution operations that

produce the coefficients of the orthogonal projection onto the detail space Wj are given by

d}tm~n = [aj.F1;p.q,r * h(p) * ii(q) * .•(r)] (21, 2m, 2n)
d';,mn = [aj+l;p,q,r * h(p) * 4(q) * h(r)] (21,2m, 2n)

dý;t,m,n = [aj+l;pq,r * h(p) * g(q) * h(r)] (21,2m,2n)

d3;imn = [aj+i;p,qr * 4(p) * h(q) * •(r)] (21, 2m, 2n)

di;1,m,n = [aj+i;p,q,r * h(p) * §(q) * h(r)] (21, 2m, 2n)

d = [aj+i;p,q,r * g(p) * 4(q) * ý(r)] (21, 2m, 2n) (91)

62



where •(n) =(-n) and h(n), g(n) and h(n), § (n) represent two different QMF pairs. Equations

90 and 91 form all eight branches of the non-homogeneous oct-tree decomposition structure shown in

Figure 22. As before, the detail signals are obtained by convolving the discrete approximation signal

at the next higher resolution level along each axis with various combinations the discrete "impulse

responses" h(n), g(n) and h(n), j(n). The convolutions can also be viewed as filtering operations

in discrete 3D frequency space, where the separable 3D filters are constructed from non-identical ID

spatial and temporal filters. The discrete filter bank designer can now quickly and easily combine

different spatial and temporal QMF pairs to match the spatial and temporal frequency characteristics

of the signal. For example, one can construct a discrete 3D filter using, say, a Daubechies 4 QMF

pair for the spatial convolutions and a Daubechies 9 QMF pair for the temporal convolution. This

yields a filter with a larger passband and a narrower transition region along the temporal frequency

axis than along the spatial frequency axes. The design trade-off, of course, is that in order to meet

the "tighter" temporal design requirements, one must use a higher order filter. The practicality of this

design flexibility will be more evident in the following section where an unconventional decomposition

algorithm is presented which allows one to examine an image sequence at multiple resolutions in time

for a fixed resolution in space.

4.3 A Motion-Oriented Wavelet Multiresolution Analysis for L2 (R3)

In the discussion section at the end of Chapter 3, an argument was made against using the

conventional oct-tree decomposition structure for analyzing motion i' an image sequence. Essentially,

it was shown that the oct-tree structure generates a filter bank comprised of analysis filters whose spatial

and temporal bandwidths both decrease equally by a factor of two from one stage of the decomposition

to the next. That is, it does not allow one to simultaneously examine the image sequence at different

spatial and temporal resolutions. Thus, it is not possible with the conventional structure to construct

a filter that captures the energy of moving objects with dissimilar spatial and temporal frequency

characteristics such as large, fast objects (i.e., objects with high temporal frequency and low spatial

frequency content), or small, slow objects (low temporal frequency and high spatial frequency content).

In order to correct this problem, this section first presents the theory behind an unconventional, "motion-

oriented" multiresolution analysis that decouples the spatial and temporal decomposition processes of
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n : Keep every other sample 1(-n) 2n

Row D,-f

2A DI f

2:n D ,

Convolve with flipped spatial2n "

impulse5 response funlction h(.n) 2n

Convolve with flipped temporal h(-n) Zn Aj ftimpulse •esponse function

Figure 22. Oct-tree sub-band coding structure used to decompose the j + 1st approximation co-
efficients into the jth approximation and detail coefficients in a conventional, non-
homogeneous L2 (IaR) wavelet multiresolution analysis.

the conventional multiresolution analysis. A sub-band decomposition algorithm is then described which

provides the ability to independently analyze spatial and temporal details in a 3D image sequence.

4.3.1 Decoupling the Spatial and Temporal Decomposition Process. The motion-oriented

multiresolution wavelet analysis is based on the construction of an orthonormal basis for the "de-

coupled" spatio-temporal approximation space Vi~k. The definition of the decoupled spatio-temporal

approximation space is given by

Vj,k = Vj j!' V( = Span{F(x,y,t) = f(x)g(y)h(t) I f E Vjx,g E Vj7 and h E V!} (92)

where j represents spatial resolution, k represents temporal resolution and j is not necessarily equal to

k. The corresponding orthonormal bases for Vj,k are described in Theorem 5.

Theorem 5. For each j E Z and k E Z, the set of functions {2j+k4t(2Jx - l)0(2jy -

m)q$(2't - n) 1 (1, m, n) E Z3} forms an orthonormal basis for Vj, .k.
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Proof of Theorem 5. Let 4tj,k(li ...... ) (x, y, t) = 2j+ 10(2'x - l)0(2'y - m)0(2kt - n). Then

1 if/= 'and m'andn =n'

0 otherwise 
(93)

and the set of functions {rj,k;(t,) I (lm, n) E Z 3} therefore forms an orthonormal set in L 2 (p 3 ).

Now, let F be a vector in Vik. By construction of Vj,k, F(x,y,t) = f(x)g(y)h(t) for some

f E Vj', g E V7 and h E I/v. Expressing f, g and h in terms of their respective orthonormal bases

and rearranging terms yields

F =2j÷ (F, (94)
m n

Equation 94 implies F can be expressed as a Fourier series expansion of the orthonormal set

{f'j,k;UI,.,,) 1 (1, m, n) E Z3 }. Therefore, the Fourier Series Theorem ensures {4): ... (l, m, n) E
Z 3 } is an orthonormal basis for Vj,k. Q.E.D.

Now let Wj,k represent the orthogonal complement of Vj,k in Vj+l.k such that

Vj+l,k = Vj,k E) Wj,k (95)

Then, Theorem 6 describes an orthonormal basis for the spatial detail space Wj,&.

Theorem 6. Let 0 and ' be the one-dimensional wavelets generated by the scaling functions
0 and 4 respectively and let Wj,k represent the orthogonal complement of Vi,k in Vj+lk. Then the

three functions

"j,k(x,y,t) - 2j+ 4 4(2jx)V)(2jy)t(2kt)
• ,(~~)=2j+12V(2jx)0(2jy)ý(2't)

,k(xy, t) = 2J+'l(2)x)V(2jy)¢(2kt) (96)

are such that for each (j,k) E Z2 , {f*,Pk( - l,y-m,t-n) I (l,m,n) E Z3 ; p= 1,2,3} forms

an orthonormal basis for Wk.•.
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Proof of Theorem 6. Given Vj.k and the three multiresolution approximations in L 2 (0),

{V7ljeZ}, {I'lIEZ}, {Z jkE Z} (97)

V j +1,k can be expressed as

V 3+l'k. = V,4, 01/''10 ýk

= (Wj ED Vjl) ® (WjY (B e ) ® V1 (98)

The right hand side of Equation 98 can be rewritten as follows

RH S [w ® w ® 0 f I T [ W 0I f

÷ [ W® w ®V () [Vi ® 5Y ®() ] (99)

Since V,,k = V' (2) V-y ) Vk, the orthogonal complement, Wi,k, of Vi,k in Vj+lk can be expressed

as

wj. = vj~l,k - vj. = W 2 ]®•]÷[;®5 •]÷[•®w : lO

The sets of fuctions {2 k(2jx -1) 11 E Z}, {21 k(2iy- m) I m E Z}, and {21 [(2 t -n) In E Z}

form orthonormal bases respectively for the L2 (IR) approximation spaces 1/7j, Vj and V,. Additionally,

the functions {2j2,0(2Jx - 1) 11 E Z} and {2•¢(2jy - m) Im E Z} form orthonormal bases

respectively for the complementary spaces Wj and Wj. Thus, the set of functions {fqijpk(X - 1,y -

m,t - n) 1 (1, m, n) E Z3; p = 1,2, 3} forms an orthonormal basis for Wi,k. Q.E.D.

A straightforward consequence of Theorem 5 is that Vj.k is contained in Vj .k' if and only if

j < j' and k < k'. This fact is illustrated by the lattice of spaces shown in Figure 23. Here, the chain

of spaces comprising the "conventional," non-homogeneous 3D multiresolution analysis lies along the

diagonal formed when j = k. The remaining subspaces are created by independently decomposing

the conventional spaces along spatial (vertical) and temporal (horizontal) lines. In this illustration a

finite decomposition beginning at V2,2 is assumed. The detail spaces highlighted by gray squares are

obtained by vertically decomposing the originally sampled signal contained in V2, 2 using the algorithm
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Increasing temnporal resolutiou -i

r~l r F

Q. VO.*2 C V21- 9 V2.0  VO1I V. .
~ If- rrl ri 4 rV f-i

9 V I..2 Q:: V I,.1 F-: V I.O, :: V II :: V 1.2 e': • •i

g- V2 -2  C V2.- V2.0  V2.1  Q V2.2 Q .
nni nql i-

k Detail space produced by orthogonal

temporl resoutionProjeto of A3,1 Jf onto Ajjkf
spatial resolution

Figure 23. Array of embedded subspaces formed by further decomposing conventional multires-
olution spaces (represented by diagonal k = j) along vertical (spatial) and horizontal
(temporal) lines.

described below. These spaces capture the spatial details in the image sequence for a fixed resolution in

time of k = 2. Theorem 6 ensures the highlighted detail spaces are orthogonal. Theorem 7 now shows

that each detail space, Wj,k, can be decomposed in time to produce orthogonal, temporal detail spaces

for a fixed resolution in space. The temporal decomposition is based on a special case of Coifman and

Meyer's wavelet packet theory as proved by I. Daubechies (12, 14).

Theorem 7. Let WP,k (p -- 1, 2, 3) represent the space spanned by integer translations in space

and time of the function F, k(x, Y, t) = T(x, ( where,

T'•(x,y) --= 210(2ix)-0(2iy)

,@'(x,y) = 2iV(2jx)0(23 y)

,F'(x,y) = 2iV)(2ix)0(2Jy) (101)
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Define the functions,

4,I','(XY,t) = ,,(X,y)E2th,,p(2"t -n)
n

then 1,IP1, (x, - 1, y - m, t -2n),,IQs,(•- P 2t-2)I Zmn Z31 form an orthonormal

basis for

W•k = Span{ ',,k(x - l,y - m,t - n) (t,m,n) E Z3}

Proof. Consider the following Lemma which describes a special case of Coifman and Meyer's

wavelet packet theory as proved by I. Daubechies (12, 14).

Lemnma 1. Let f be any function such that the f(t - n), n E Z, are orthonormal. Define the

functions

F1(t) = 1 h7 ,f (t - n)
TI

n
F2 (t) = •g, 1 f(t- n) (1O_)

Then {F1 (t - 2rn), F2 (t - 2m) Im E Z} forms an orthonormal basis for Span{f(t - n) In E Z}.

Since the functions 2 (22t - n), n E Z, are orthonormal, Lemma 1 implies {F (t -

2m), Fk(t - 2m) m E Z} forms an orthonormal basis for Span{ý(2kt - n) I n E Z} where

Fk! (t) = Z: hn1q(2kt - n)
n

Fk(t) = Eg.7 (2kt - n) (104)
n

Now, let ,k(a-- 1o, y -m- to ) (x - 1., y -- m,,) 2 (2 kt) where the integer pair (1, mt) E Z2

is chosen arbitrarily. Next, define the functions *P.1 and jas follows:

,(- o,Y - mo,t) = %(x- o,y - m)Fi(t)

,kp, (X-l_,Iy -_Mo, t) kp -_o,y- m_ )FM(t) (105)
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Then, the set of functions {Ik ( 0k (x - I, y - m., t - 2n), '22ja -- ,y-ro, t - 2n) In E Z} forms

an orthonormal basis for Span{'P ,k (X - l1, y - inm, t - n) I ri E Z}. But (1, , moo) chosen arbitrarily

implies {j k(x-l,y-m,t-2n), (x -l,y-m,t- 2n) 1 (l,m,ný) Z -} form anorthonormal

basis for Span{f.k(X -1,y -m,t-n) I(l,m,n) E Z3 }. Q.E.D.

4.3.2 Discrete, Motion -Oriente-2 Decomposition Algorithm. The previous section ensures

the spatial and temporal decomposition processes in the conventional multiresolution analysis can

be decoupled to generate multiple temporal resolutions of a 3D signal for a fixed spatial resolution.

Furthermore, the spaces containing the temporal detail signals are orthogonal across all spatial and

temporal resolution levels. This section describes an O(N 3 ) sub-band decomposition algorithm that

produces the coefficients obtained by orthogonally projecting a 3D signal onto each of these orthogonal

detail spaces. It is further shown that the filter bank prr'. iced by this unconventional decomposition

algorithm yields a set of independent spatial-temporal channels for locating vertical edges, horizontal

edges and comers of objects moving at different speeds.

In order to describe the algorithm, consider the problem of analyzing the motion of a two

dimensional object traveling in an N x N x N image sequence. In this case, Vj.k represents the

closed linear space formed by the tensor product V,' 0 Vj1 0 V,. Additionally, le' Aoof (i.e., the

discrete projection of the original signal onto the space V 0 .0 ) represent the sampled 3D image sequence.

Finally, let D_ 1.0f represent the discrete projection of the signal onto the spatial detail spaces W' LO0

where it is understood that p = 1, 2, 3. A visualization of the decomposition process is shown in

Figure 24.

In the first stage of the decomposition algorithm, A 0,0f is decomposed spatially into the approxi-

mation and detail signals A-,.of and DP_1 ,of respectively by convolving the rows and columns of each

frame in Aoo f with flipped versions of the spatial filters h and g, and decimating the spatial dimensions

by a factor of two. This process is illustrated for arbitrary spatial and temporal resolution levels j and k

in Figure 25. The spatial algorithm is then applied recursively to each subsequent spatial approximation

signal, A -j,o; j = 1, 2, 3..., to generate a sequence of signals which captures the spatial details between

successively smaller spatial resolutions for the temporal resolution k = 0. The spatial approximation

signals, A_j,0 ; j = 1, 2, 3.... produced by this process are represented by the lightly shaded planes in

Figure 24. The darker planes represent the spatial detail signals D' j'of; p = 1, 2, 3; j = 1, 2, 3...
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Figure 24. A visualization of the 3D motion-oriented wavelet decomposition process.
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Figure 25. Spatial, and temporal decomposition algorithms for 3D motion-oriented multiresolution
wavelet analysis. Decomposition is shown for arbitrary spatial and temporal resolutions
levels j and k.
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Assuming the number of coefficients in the wavelet filter is small compared to the number of

samples, N, in each dimension of the image sequence, the computational complexity of this stage of the

algorithm is found by determining the total number of values computed by the spatial decomposition

piocess. To this end, first note that the number of samples at each spatial decomposition level are

half the number at the next higher level. Thus, if the spatial dimensions of a frame in the originally

sampled signal are N x N, then the dimensions of a frame at the next lower spatial decomposition

level are T x T". Furthermore, since four signals are produced by the spatial decomposition process (1

approximation and 3 detail), the total number of values computed by the first spatial decomposition is

N- + ± + _L + -= N 2 . Continuing the process, the next spatial decomposition produces a total
4 4 4 4

of 2 values per frame, and so on. Letting the num.ber of spatial decompositions go to infinity then4

gives an upper bound on the number of spatial values computed per frame of i--. Finally, assuming

their are N frames in the image sequence, the total number of spatial values computed in the spatial

decomposition stage of the algorithm is then N 4- = 4sN'
3 3

In the next stage of the algorithm, the first level spatial detail signals D-. f'; p = 1, 2, 3

are decomposed in time by convolving flipped versions of the temporal filters h and § across all

frames at each spatial location and decimating the temporal dimension by a factor of two (Figure 25).

The temporal decomposition algorithm is then applied in a cascade fashion to each of the temporal

approximation signals to yield a set of temporal detail signals, DP lkf; p = 1, 2, 3; k = 1,2, 3, ... ,

for each spatial detail signal in the first spatial decomposition level. This process is then repeated

for each spatial detail signal D' jLOf, D2j.0f, andDj.Of; j = 2, 3,4, ... at each stage of the spatial

decomposition process. The temporal detail signals produced by this process ar2 represented by the

unshaded planes in Figure 24.

In order to determine the computational complexity of the temporal decomposition stage of the

algorithm, note that the upper bound on the number of temporal values computed over all temporal

decomposition levels at one spatial location is 2N. Consequently, given that the number of spatial

locations produced in the spatial decomposition process is bounded by -- !, the total number of

3

the upper bounds on the spatial and temporal decomposition processes yields an upper bound of

+ - 4N 3 for the total number of values cor..puted in the spatio-tempora! decomposition
3 3
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process. Thus, the computational complexity of the discrete motion-oriented multiresolution wavelet

decomposition algorithm is 9(N 3 ).

By fepeatedly decomposing the temporal information contained in each spatial detail signal

one gains the ability to independently zoom-in and zoom-out on spatial and temporal details in the

scene. For example, assuming the size of a moving object corresponds to the spatial resolution

j = -3, its speed can be approximated by comparing the magnitude of the coefficients contained in

the temporal detail signals D 3.k f, D'_3,kf, andD' 3,kf; k = 1, 2, 3,... (recall that in the conventional

decomposition scheme, the analysis is restricted to temporal detail information contained in the space

W--3 ,- 3 ). Furthermore, Theorems 6 and 7 guarantee that the detail spaces generated by the spatial

and temporal decomposition processes in the motion-oriented algorithm are orthogonal. Therefore,

the main lobes of the spatio-temporal frequency spectrums of the basis functions associated with these

spaces have essentially non-overlapping regions of support in the Fourier frequency domain. This

behavior is illustrated in Figure 26.

Figure 26 shows the supporting regions in the positive half of the temporal frequency plane

of the 3D multiresolution motion analysis filters. Notice, that the filter's passbands in the 2D spatial

frequency plane (ft. = 0) are identical to those produced by the conventional 3D multiresolution

decomposition algorithm described in Section 3.1. However, unlike the frequency spectrum generated

by the conventional L2 (R
3) wavelet multiresolution analysis (Chapter HI), which contains only low

pass and band pass support regions for each of the horizontal, vertical and diagonal spatial detail filters

in the spatial frequency plane, the new frequency spectrum contains a bank of temporal frequency

bandpass filters for each spatial orientation. Viewed from a motion analysis perspective, this unique

and unconventional filter bank now provides the flexibility to discriminate objects moving in a 3D image

sequence with dissimilar spatial and temporal frequency characteristics (e.g., small objects traveling

slow and large objects traveling fast).

In the discussions that follow, it will sometimes be easier to first explain a particular concept as it

applies to the problem of computing the velocity of a 1D object moving in a 2D spatio-temporal image

sequence. Thus, as an aid to the reader, Figure 27 shows the spatio-temporal detail spaces obtained by

applying the motion-oriented decomposition algorithm to a 2D image sequence. The shaded regions in

Figure 27 each represent the frequency support of one detail signal filter generated by the 2D motion

wavelet decomposition process. The narrow, white vertical strip in the center represents the filter
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Wide obi c •t Narrow object
moving fatmovig fast
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Figure 27. A visualization of the frequency support in the Fourier plane of the basis functions for
each space generated by the 2D wavelet multiresolution motion decomposition.

associated with the last approximation space generated by the spatial decomposition algorithm. Just

as in Mallat's conventional ID multiresolution analysis, the abscissa of the frequency plane divides

the original signal into fine and coarse spatial detail signals. The outermost lighter region contains

the spatial details of narrow objects (i.e., high spatial frequencies), while the innermost dark region

captures the spatial details of wide objects. The ordinate axis divides each spatial detail signal into

multiple temporal detail signals that capture temporal frequency components associated with multiple

speeds.. Thus, for example, the large dark square in the upper right hand comer captures narrow, fast

moving ID objects; while the dark region two temporal resolution levels beneath it captures narrow,

slow moving 1D objects.

The filter banks produced by the 2D and 3D motion-oriented wavelet decomposition algorithm

yield a set of independent spatio-temporal channels for locating vertical edges, horizontal edges and

corners of objects moving at different speeds. The motion-oriented filter bank was generated using a

rapid sub-band coding scheme in which a discretely sampled input signal was decomposed indepen-

dently in space and time. By discretely sampling the input signal, one risks the possibility of spatial

and/or temporal aliasing. Spatial aliasing is a common image processing problem that is typically

handled by a 2D lowpass filtering operation (16, 20). The temporal aliasing problem, particularly as it

pertains to 2D objects moving in a 3D image sequence, is less commonly discussed in the literature.
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Therefore, the following section examines the effect of spatio-temporal aliasing on Fourier frequency

motion analysis.

4.4 Spatio-Temporal Aliasing and Fourier Frequency Motion Analysis

In Chapter II, a simple relationship was derived between the speed of a sinusoidal grating and

its temporal frequency. Additionally, it was shown that the temporal frequencies of a more complex

object moving at a constant velocity are related to the object's velocity components v, and vi,. In both

cases, the temporal frequency bandwidth increased proportionately with the velocity of the object. The

velocity of an object therefore plays a critical role in determining the temporal sampling rates required

to prevent aliasing in a discretely sampled signal. For example, consider the case of the simple traveling

sinusoid

f(X, y,t) = cos(ax + by + ct) (106)

It was shown in Section 2.4 that the x and y components of the sinusoid's velocity vector V are given

by

ac
v = a2 (107)a2 + b2

bc
v -- a2 +b2 (108)

If the spatial sampling frequency exceeds the Nyquist limit, and if the temporal sampling frequency is

given by C, then aliasing will not occur provided the temporal frequency c < ! This implies that, for

a fixed spatial frequency, the magnitude of the velocity vector V I must be such such that

ý2+V22

A ac (2 bc )

a2+b2 + a2 + b2

C
-< 2 2+ 2 (109)

The relationship in Equation 109 shows that the magnitude of the velocity is inversely proportional to the

magnitude of the sinusoid's spatial frequency. Consequently, as the spatial frequency of the sinusoid

decreases, larger velocities are allowed before temporal aliasing occurs. Of course, this argument
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assumes the moving object is a sinusoid of a given spatial frequency. And since a sinusoid always

travels perpendicular to its brightness contour, it was only necessary to consider the magnitude of the

velocity vector. In reality, however, the aliasing limits of more complicated objects are determined by

both the magnitude and the direction of their velocity. This topic is discussed next.

Recall from Chapter II that the Fourier transform of an object moving with the constant velocity

components (v,, v,) is given by

.F{f(x - v~t,y - vt)} = F(f.,f,,fý + vxfý + vJf) (110)

which implies the 2D Fourier transform of the moving object is shifted onto the plane given by

A = -(vff + v1,) (111)

If the temporal sampling frequency is givea by Ft, and if one again assumes that the spatial sampling

frequency exceeds the Nyquist limit, then temporal aliasing will not occur provided

ft= V~fX + 'v~fY

= IIVIIIIf11cos(Ov - Of)

< -t (112)- 2

where I f II is the magnitude of the spatial frequency pair (f, fy), I V I is the magnitude of the velocity

vector, Of is the angle of the spatial frequency pair, kv is the angle of the velocity vector and the

minus sign in Equation 111 has been neglected. Equation 112 shows that the presence or absence of

temporal aliasing depends on a vector product relationship between the spatial frequency content of

the object, its speed and its direction of motion in the sense that the temporal frequency depends on the

cosine of the angle between the direction of motion and the direction of a particular spatial frequency.

The following paragraphs provide examples of temporal aliasing in the frequency representation of an

image sequence that contains a single moving object.

Consider the 2D gaussian moving along a 45" trajectory as shown in Figure 28a). The image

volume is 64 x 64 x 64. The Fourier transform of the moving object lies along the plane in Figure

28b), where the "slope" of the plane (i.e., the tangent of the angle between the ft axis and the nearest
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a)

"'Shifted' Gaus.sian
freqiuncy dislribution

b) 0-

Figure 28. a) A gaussian moving along a 45" trajectory. b) The plane in the Fourier domain contains
the frequency components of the moving object. The shaded side of the frequency volume
represents the spatial frequency components associated with the most negative temporal
frequency component.

vector contained in the plane) is determined by the speed of the gaussian. The lightly shaded surface of

the frequency volume represents the spatial frequency components associated with the most negative

temporal digital frequency component f, = -7r.

Assume now that the velocity components of the moving gaussian are 1 frame/sec. in the x and

y directions. Also assume that input signal is sampled so that the spatial and temporal sampling rates

do not violate the Nyquist sampling criteria, and that the cutoff radius of the circularly symmetric DFT

of the gaussian is approximately ' . The spatial frequency components in the f --, frequency

plane will then form a single line as shown by the density plot of the moving object's FFT contained

in Figure 29a). Furthermore, Equation 112 implies the maximum temporal frequency of the object,

occurs at the spatial frequency that lies in the direction of motion (for the circularly symmetric

Gaussian frequency distribution). The spatial frequency coordinates at which this occurs are (Z, !),

yielding a maximum temporal frequency of

frame 7r cycles framc 7r cycles
sec 2 f rame sec 2 f rame

cycles (113)= 7rr- 13
sec
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which is equal to the digital Nyquist cutoff frequency. Now consider what occurs when the variance of

the gaussian is reduced so that the spatial frequency radius is increased to approximately v/27r radians.

If the object's x and y velocity components remain constant at 1 frame/sec., the maximum digital

temporal frequency now becomes

f . frame cycles frame cycles
sec frame sec frame

= 2 7rcycles (114)

sec

which is twice the digital Nyquist limit. Thus, one would expect to see aliased frequency components

near the temporal frequency borders of the FFF frequency volume. This is clearly the case as shown

by the ft = -- r plane contained in Figure 29b). Here, the aliased components appear as a second line

in the lower left comer of the frequency plane. Also, the length of the line is greater than in a) since

the frequency cutoff radius has doubled.

Equation 112 also implies that temporal aliasing will occur when large objects (with small spatial

frequency magnitudes) travel too fast. This is demonstrated by the double lines in Figure 29c). Here,

the velocity of the gaussian is 2 frames/sec. in both directions and the maximum spatial frequency

magnitude has been reduced to its previous value of '-, yielding a maximum temporal frequency of

2 frame ?r cycles frame ir cycles

sec 2 frame sec 2 frame

= 27r cycles (115)
sec

The maximum spatial frequency magnitude is once again the same size as the first example, therefore

the line of spatial frequency components in the density plot is shorter than those in b). Also, because

the object is traveling faster than the objects in the other two examples, the slope of the plane decreases

(i.e., the plane lies closer to the f, axis) and the lines in c) lie closer to each other.

In order to prevent temporal aliasing, Equation 112 implies one can spatially filter each frame i

the image sequence to limit the magnitude of the spatial frequencies. For example, a circular filter with

a radius of /f o + fl. might be a good choice where f.o and fyo are the cutoff frequencies of the

filter. One might then assume a worst case scenario in which the direction of motion would lie in the

direction of the spatial frequency with the largest magnitude contained within the passband of the filter.

78



a) C)

Figure 29. a) FFI of a single line of spatial frequency components in the f, = -- ,. temporal frequency
plane generated by a moving gaussian whose temporal frequencies satisfy the inequality

in Equation 112. b) Two lines appear in the f, = - 7r plane as a result of temporal aliasing.

The object travels with the same velocity as a), but the object size decreases by a factor

of two. c) Temporal aliasing again forms two lines in the f, = - 7r plane, Now, however,

the object size is the same as in a), but the velocity components have both doubled.

This assumption sets the cosine term equal to one and reduces Equation 112 to Equation 109. Under

these circumstances, one can then choose the appropriate temporal sampling frequency to ensure the

maximum expected speed of any object moving in the scene does not violate the inequality in Equation

109.

4.5 Application.s anl Resudts

The purpose of this section is to demonstrate the capabilities and the limitations of the motion-

oriented wavelet multiresolution analysis by applying it to several different image sequences. The

first two tests are designed to show that the motion-oriented decomposition algorithm, unlike the

conventional L2 (IR
3 ) algorithm in Chapter III, can simultaneously look across different scales in space

and time to differentiate between 1) two equally sized objects traveling at different speeds, and 2)

two different sized objects traveling at different speeds. In the third test, the motion-oriented motion

algorithm is applied to real IR imagery of a tank moving across open terrain. The outcome of this test

demonstrates the algorithm's ability to zoom-in and zoom-out on spatial and temporal details in a noisy

scene. The results are also briefly compared with the output of a simple frame-differencing motion

segmentation technique. Finally, the algorithm is applied to a synthetic image sequence containing two

equally-sized objects traveling at the same speed but in opposite directions. This test demonstrates a

fundamental limitation of the motion-oriented wavelet decomposition algorithm - it is not directionally

selective. A solution to this problem is presented in t-hapter V. Each of the tests ccnducted in the
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a)

b)

Figure 30. a) Several frames of 64 x 64 synthetic, grayscale imagery containing two equally sized
rectangles traveling at different speeds. The speed of the upper rectangle is twice that of
the lower rectangle. n represents a frame in the image sequence. b) A visualization of the
planes containing the Fourier transforms of both rectangles. The darker plane corresponds
to the faster rectangle.

chapter employed a Daubechies 4 QMF pair for spatial decomposition and a Daubechies 12 QMF pair

for tem[ -.-al decomposition (14). This yields greater resolution along the temporal frequency axis with

which to separate the speeds of the moving objects. Since the objects are identical, spatial resolution

is less important, allowing for the use of a more computationally efficient 4 tap spatial filter.

The first sequence of images consists of 128 frames of 64 x 64 synthetic, grayscale imagery.

The image sequence, shown in Figure 30a), contains two equally sized rectangles traveling horizontally

across an image plane at two different speeds. The upper object travels at one frame per second, and

the lower object travels at one-half frame per second. Since the vertical velocity, v,, of both rectangles

equals zero, their Fourier transforms will lie on the planes given by the equation f, -f,?', where

t,• is either one or one-half frames per second. If the largest digital spatial frequency of both objects is

7r, then the planes will appear as shown in Figure 30b).

Now consider the horizontal plane of the Fourier transform taken through the largest positive

digital spatial frequency f,, = 7r as shown in Figure 31. The frequency support of the wavelet filters

generated by several decompositions in space (f,) and time are overlayed on this plane. Considering
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Figure 31. Frequency supports of the wavelet filters generated by several decompositions in time
for a plane taken through the FF1 of the image sequence in Figure 30a) at the spatial
frequency fv = 7-r. The dark lines represent the 2D projections of the Fourier transforms
of the moving objects. The spatial frequency axis fl, points out of the paper.

only the spatial frequencies surrounding f, = 7r, the filters generated at each step in the temporal

decomposition process are highlighted in gray. Note that the Fourier transform of the fastest object

intersects the filter with digital center frequencies f = -r, fl = 7r, f, = ir, while the Fourier transform

of the slower object lies through the filter located at f 7= -r, fy = 7r, f, = !I. Further note that although

the center frequencies are specified here by their positive spatial and temporal frequencies, the filters

are actually symmetric around all three axes (recall Figure 26).

In order to segment the two horizontally moving objects, the representations in Figures 30 and

31 suggest choosing the wavelet coefficients associated with the first spatial decomposition level and

either the first or the second temporal decomposition levels. Furthermore, at either temporal level, one

can also choose between filters that extract diagonal or vertical object features. Figure 32 shows both

cases for the first and second temporal decomposition levels. Here, the outputs were thresholded to

eliminate the small amount of energy captured in overlapping frequency bands of neighboring filters.

Incidentally, since the planes do not pass through the wavelet filters associated with horizontal features,

it is not possible to segment horizontal features. This is consistent with the aperture problem described
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in Chapter H which prevents the measurement of motion in a direction parallel to a brightness contour

(in this case, a horizontal line moving horizontally).

The second image sequence contains two differently sizea objects traveling at two different

speeds. Again, the purpose of this test is to demonstrate the algorithm's ability to extract information

at different scales in space and time. Specifically, recall that the conventional wavelet multiresolution

analysis restricts the analysis of motion to the same resolution in space and time. That is, the filters

produced by this approach are tuned to either large, slow objects (low frequencies in space and time)

or small, fast objects (high spatial and temporal frequencies). The conventional approach therefore

cannot extract moving objects with dissimilar spatial and temporal frequency characteristics, such as

large/fast or small/slow objects. This experiment shows the motion-oriented multiresolution analysis

segments objects with both types of dissimilar 3D frequency spectrums. The 64 x 64 x 64 grayscale

image sequence is shown in Figure 33. The larger of the two rectangles is traveling vertically at two

frames per second, while the smaller rectangle's speed is one frame per second. The dimensions of the

large rectangle are twice those of the smaller rectangle.

In the second test set, the horizontal velocities of both objects equal zero, so their Fourier

transforms lie on the planes given by f t = -fyvv where v, is either one or two frames per second.

If the largest digital spatial frequencies of the small and large objects are 7r and 2 1 respectively,

their Fourier transforms will lie on the planes shown in Figure 33b). Following the previous example,

consider the vertical plane of the Fourier transform taken through the largest positive digital temporal

frequency ft, = 7r as shown in Figure 34. The frequency supports of the wavelet filters for several

spatial resolutions are overlayed on the ft = 7r plane, and the dark lines represent the intersections of

the planar frequency supports of the two object with this plane.

Figure 34 suggests that the two objects can be segmented in frequency space by filtering the

image sequence with the wavelet filters associated with either the light or dark gray regions of the

ft = 7r plane. This corresponds to a wavelet decomposition of one resolution level in time and either

one (dark gray) or two (light gray) resolution levels in space. Figure 35 shows the wavelet coefficients

obtained by such a decomposition. Assuming the image sequence represents the coefficients associated

with the projection of the signal onto the j = 0, k = 0 approximation space, then Figure 35a) contains

the magnitude of the coefficients of the projection onto the j = -1, k = -1 resolution level, and

the coefficients in Figure 35b) are from the j = -2, k = -1 resolution level. Two different detail
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Figure 32. a) Segmenting the diagonal and vertical features of the faster object by decomposing the
input signal one level in space and one level in time. The slower object is completely
attenuated by the motion-oriented filter bank. The dimensions of the resulting coefficient
sequence are 64 x 64 x 64. b) Segmenting the slower object by decomposing one level
in space and two levels in time. The coefficient sequence dimensions are 64 x 64 x 32
(row, column, frame). Here n represents a frame in a coefficient sequence. In this case,
the faster object is completely eliminated by the filter bank.
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Figure 33. a) Several frames of 64 x 64 synthetic, grayscale imagery containing two differently sized
rectangles traveling at two different speeds. The iirger rectangle is traveling at twice the
velocity as the small rectangle. b) A visualization ul the planes containing the Fourier

transforms of both rectangles. The Fourier transform of Zhe larger rectangle lies on the
narrower, lighter plane.

fy
A

ni2 n

Figure 34. Frequency supports of the wavelet filters generated by several spatial decompositions
for a plane taken thro'igh the FFT of the image sequence in Figure 33a) at the temporal
frtquency f, - 7r. The dark lines represent the 2D projections of the Fourier transforms
of the moving objects onto the f. = - frequency plane.

84



filters were applied at each resolution level to capture either horizontal or diagonal object features.

Additionally, since Figure 35b) was obtained by decomposing the image sequence two levels in space,

the dimensions of each image in Figure 35b) are now one-quarter the size of the images in the original

64 x 64 x 64 image sequence. Finally, as before, a threshold was applied to capture the largest

coefficients (in magnitude) at each resolution level.

The third sequence of images, shown in Figure 36, was chosen to demonstrate the motion-

oriented algorithm's ability to zoom-in and zoom-out on spatial and temporal details in a natural image

sequence. The image sequence contains a large, slow moving tank executing a 1800 turn. The imagery

is corrupted by background noise, and a plume of hot gasses is evident behind the tank in frame 100

after it executes the turn. In addition, the image jitters slightly from frame to frame, presumably as

a result of slight movements in the camera platform. The image dimensions are 128 x 128 (row,

columns, frames) and the values are eight bit grayscale (0 through 255).

The tank is fairly large and its movement is slow compared to other objects in the scene (notably,

the rapidly changing pixels associated with background noise). Thus, a large amount of its energy

should be contained in the coefficients corresponding to wavelets with longer dilations (i.e., lower

resolutions) in space and time. This behavior is clearly evident in Figure 37 which contains a single

frame from each of several different decomposition levels in space and time. Moving horizontally from

right to left across the top of figure, which corresponds to decreasing the spatial resolution for a fixed

temporal resolution, it is evident that the energy in the spatial wavelet coefficients increases. However,

since the temporal resolution is held constant at the highest level, the scintillating background pixels

with their correspondingly high temporal frequency energy are still very much present in the scene. If

one now moves vertically down the right side of the figure, so that the temporal resolution decreases

for a fixed spatial resolution, the coefficients associated with the large, slow tank become more and

more evident, until, at the spatio-temporal resolution level j = -3, k = -2, only the tank remains in

the image. Thus, a wavelet filter tuned to large, moderately slow moving objects successfully extracts

the tank from the noisy image sequence.

A second test conducted on the tank image sequence was performed to compare the motion

segmentation properties of the motion-oriented multiresolution analysis with a more traditional seg-

mentation technique known as frame differencing. In this technique, pixel values in an image frame at

time t + 1 are subtracted from the image at time t in order to remove stationary objects from the scene.
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Figure 35. a) Segmenting the diagonal and horizontal features of the larger, faster object by decom-
posing the input signal two levels in space and one level in time. Smaller, slower object
contained in original input image sequence is completely removed from the scene. The
coefficient sequence dimensions are 16 x 16 x 32. b) Segmenting the smaller, slower ob-
ject by decomposing one level in space and one level in time. In this case, the larger, faster

object has been eliminated by the motion-oriented filter bank. The coefficient sequence
dimensions are 32 x 32 x 32.
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Figure 36. Several frames of a sequence of IR images in which a large, slow moving tank executes a
180" turn.

This technique is used extensively in real-time motion detection systems such as the multiresolution

Pyramid Vision Machine developed by P. Burt (10). Two common problems with frame differencing

techniques are 1) they require pixel registration between image frames in order to "subtract out" sta-

tionary information, and 2) frame to frame pixel scintillations caused by noise are not removed by the

differencing process. The major advantage of the technique is that it can be implemented in real time.

Figure 38 compares several unprocessed frames of wavelet detail coefficients to similar poses of the

tank produced by a simple frame-differencing operation.

Figure 38b) shows the wavelet coefficients at the spatio-temporal resolution level j 1. k = 3.

In each frame, the spatial and temporal detail signals of the vertical, horizontal and diagonal features

are combined to yield a complete outline of the tank. The motion-oriented wavelet decomposition

algorithm has captured the edges of the tank while virtually eliminating the noisy background. The

frame differencing technique, shown in Figure 38a), also captures edge information, however this

technique is clearly more susceptible to noise sources in the "stationary" background. In Burt's smari

sensing pyramid vision scheme, objects of interest in the image sequence are located by analyzing frame

differenced images at multiple spatial resolutions. However, Figures 37 and 38 show these objects

can be significantly obscured by noise and other motion related phenomena (such as camera jitter) in

the scene. The motion-oriented decomposition tool, on the other hand, allows one to independently
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Decreasing Spatial Resolution "-

Large, Slow
Object

Figure 37. Single, unprocessed frame of detail coefficients from each of several different motion
decompositions in space and time. Moving left to right across the figure increases the

spatial dilation of the wavelet which in turn extracts lower spatial frequencies from
the sequence. Moving from top to bottom increases the wavelet's temporal dilation,
thereby extracting lower temporal frequencies from the sequence. The lower right image

corresponds to a spatio-temporal resolution of j = -3, k = -2.
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Figure 38. a) Several frames of moving tank image sequence processed with a traditional frame-
differencing motion extraction technique. b) Detail coefficients generated by a motion-
oriented wavelet decomposition at the spatial and temporal resolution levels j = 1, k = 3.
The temporal details of the horizontal, vertical and comer spatial details have been
combined to form an outline of the moving object.
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a)

b) 0

Figure 39. a) Several frames of 64 x 64 imagery containing two identical rectangles traveling with
the velocity components v,: = 0 frame/sec. and v, = ±1 frame/sec. b) A visualization
of the planes containing the Fourier transforms of both rectangles. The spheres represents
the frequency support of one of the seven "detail" wavelet filters.

examine spatial and temporal details in an image sequence in order to simultaneously locate features

at different scales and eliminate extraneous motion related information.

The final test conducted in this section is designed to reveal the directional insensitivity of the

motion-oriented algorithm as discussed in Section 3.6. The image sequence used for this test consists of

two identical rectangles moving horizontally across the field of view at the same speeds but in opposite

directions. The y velocity component of both objects equals zero and the x velocity components are

v, -= ± 1 frame/sec. Several frames of the moving objects, as well as the planes containing their Fourier

transforms are shown in Figure 39. The dimensions of the discrete image volume are 64 x 64 x 64.

The spheres in all eight comers of the frequency volume shown in Figure 39b) represent the

frequency support of one of the seven detail filters generated by one step in the spatial and temporal

decomposition process (i.e., j = k = -1). Since the coefficients of the QMF pair that generate

the filter are real, the frequency supports are symmetric about all three axes. The Fourier transforms

of both objects lie on the planes that cut through diagonally opposing quadrants of the frequency

volume. Although the planes correspond to motion in two opposite directions, they both pass through

four of the eight spheres. Clearly, this filter will "ring" in the presence of either of the two moving
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Figure 40. The "diagonal" detail coefficients obtained by one step in the motion-oriented spatial and
temporal decomposition processes. The filter associated with these coefficients captures
both objects even though they are traveling in opposite directions.

objects. Indeed, as Figure 40 shows, the coefficients associated with this wavelet filter capture both

oppositely moving rectangles. Thus, the detail filters generated by the motion-oriented decomposition

algorithm respond more like scalar motion (or speed) detectors than vector motion detectors. In order

to increase the directional selectivity of the wavelet filter, Chapter V employs a Hilbert transform

decomposition technique that allows one to capture the energy contained only in diagonally opposing

filter pairs (e.g., the two spheres located in the opposing octants defined by f, > 0. f,, > 0. f, > 0

and f, < O, f?, < 0, ft < 0).

4.6 Conclusions

This chapter presented an unconventional L2 (Dv) multiresolution wavelet analysis designed

for the purpose of analyzing motion in time sequential imagery. A theoretical framework was first

developed that allows for the construction of an L,2 ([R3 ) multiresolution wavelet analysis from three

non-identical L2 (R) spatial and temporal multiresolution wavelet analyses. This framework provides

greater flexibility for tailoring the spatio-temporal frequency characteristics of the three dimensional

wavc!et filter to match the frequency behavior of the analyzed signal. An unconventional, discrete

multiresolution wavelet decomposition algorithm was then described which yields a rich set of indepen-

dent spatio..temporally oriented frequency channels for analyzing the size and speed characteristics of

moving objects. Unlike the conventional L, ( l') wavelet decomposition method described in Chapter

m, this "motion-oriented" algorithm provides independent zoom-in and zoom-out capability in space

and time.

The motion oriented algorithm was applied to a natural image sequence and several synthetic

image sequences in order to demonstrate its capabilities and limitations. It was shown that decoupling

91



the conventional spatial and temporal decomposition processes provides the ability to segment objects

with dissimilar spatial and temporal frequency characteristics (e.g., small, slow objects or large, fast

objects). Additionally, the independent zoom-in and zoom-out capability of the motion-oriented

decomposition tool allows one to locate objects at different spatial scales in the presence of extraneous

motion related phenomena such as camera jitter, background noise and sensor noise.

The final example demonstrated that the motion-oriented algorithm produces scalar motion sen-

sors that are sensitive to object speed, but insensitive to object direction. In Chapter V, a Hilbert

Transform is used in conjunction with the unconventional wavelet decomposition process to produce

vector motion sensors that respond preferentially to vertical, horizontal or diagonal features corre-

sponding to a given object's size, speed, direction and location in the scene.
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V. Object Discrimination Using a Motion-Oriented Wavelet Multiresolution Analysis

5.1 Introduction

The previous chapter presented a unique motion-oriented L2 (p
3 ) multiresolution wavelet anal-

ysis designed to detect objects of different sizes moving with different speeds across a two-dimensional

image plane. Furthermore, it was shown that the symmetric wavelet detail filters generated by the

motion-oriented wavelet analysis act as scalar motion sensors in that they respond to the magnitude of

an object's velocity vector (i.e., its speed), rather than to the vector quantity of speed and direction. The

purpose of this chapter, therefore, is to expand the properties of the motion-oriented wavelet analysis

to provide a multiresolution motion analysis tool that discriminates multiple moving objects in a three-

dimensional image sequence based on their location, size, speed and direction of motion. The chapter

is divided into two major sections. The first section provides the mathematical foundation for the vector

motion analysis tool by combining the properties of the Hilbert transform with the motion-oriented

multiresolution wavelet analysis to yield a bank of directionally selective wavelet filters. An algorithm

is then presented which combines the responses of the directionally selective wavelet filters to discrim-

inate multiple objects in a 3D image sequence by computing the optical flow. The second major section

of the chapter introduces a unique cooperative-competitive strategy that restores localized flow fields

corrupted by noise. The strategy employs a modified gated dipole filter designed to reinforce consistent

flow behavior and remove flow inconsistencies. Several examples are provided which demonstrate the

utility of the gated dipole flow restoration process.

5.2 A Vector Wavelet Motion Sensor

Section 4.5 presented several examples which demonstrated the capabilities of the discrete

motion-oriented multiresolution wavelet analysis. These included the ability to differentiate between

objects moving in an image sequence based on their location, size and speed. The final example,

however, served to emphasize a key limitation of the motion analysis technique - it is not selective

for motion direction. Since velocity is a vector quantity consisting of both speed and direction, this

limitation constitutes a serious shortcoming for a motion analysis tool.

The inability of the motion-oriented multiresolution wavelet analysis to respond preferentially to

direction of motion is attributable to the symmetry of the quadrature mirror filters in three-dimensional
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Figure 41. 3D Fourier transform of the wavelet q,7((x, y. t) graphically rendered using a ray tracing
program developed at AFIT.

frequency space. This symmetry is clearly evident in Figure 41 which shows a three-dimensional

Fourier transform of the "seventh" detail wavelet, %7 (.., y, t) as defined in Theorem 1. The wavelet

was iteratively constructed from Daubechies 7 g filters in space and time. The figure was obtained by

graphically rendering the Fourier transform of '1' (X. y, I) using a ray tracing program developed at

AFIT (34).

As discussed in Section 4.5, when two objects move horizontally in opposite directions and

at equal speeds across an image plane, their Fourier transforms will lie on two planes as shown in

Figure 4?1). Assuming the speed of the objects matches the temporal frequency characteristics of the

Fourier transform in Figure 41, it's clear the corresponding filter will capture both objects in the inage

sequence. One might think that the inability to preferentially discriminate one object from the other

might be overcome by devising a way to cancel the response of thL, filter in four of the regions contained

in opposite quadrants of the frequency volume as shown by the four black spheres in Figure 42a). One

could then selectively extract objects moving in either direction by canceling the response of the filter

regions in the appropriate quadrants. The problem with this approach, however, is demonstrated by the

frequency response shown in Figure 42b) which contains the planes associated with two objects, one

moving vertically and the other moving horizontally at the same speeds.
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Figure 42. a) Fourier transforms of two objects moving horizontally with the same speed but in
opposite directions. Opposing quadrants are highlighted in dark lines. The spheres depict
the frequency supports of the filter shown in Figure 41. b) Fourier transforms of two
objects traveling horizontally and vertically with equal speeds. The black spheres are
located in diagonally opposite octants of the frequency volume.

Figure 42b) shows that by selectively canceling the filter response only in opposing quadrants

of the frequency volume, one cannot preferentially segment either of the horizontally and vertically

traveling objects. However, if it were possible to cancel the response of the filter everywhere but in

diagonally opposing octants of the frequency volume, as shown by the black spheres in Figure 42b),

one could theoretically discriminate between both objects in the image sequence (58). This section

describes a method for obtaining such a frequency response through the use of the Hilbert transform.

Although the Hilbert transform was employed for a similar purpose by Watson and Ahumada (58) the

contribution in this phase of the research consists of the creation of an "extended" real signal which

is incorporated in the motion-oriented multiresolution wavelet analysis to yield diagonally opposing

wavelet filters at all possible spatial and temporal resolutions. Several properties of the Hilbert transform

that are relevant to this objective are discussed next.

5.2.1 The Hilbert Transform. The Hilbert transform is a convolution operator with the

transfer function, Hil(f), where (60)

Hil(f) = -jsgn(f) (116)
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The sgn or "signum" function is defined as

I I1, f > O

sgn(f) = 0, f =O (117)

i1- 1, f< 0

so that the effect of the Hilbert transform is to shift the phase of all frequency components of a signal

by a factor of -1 radians. If X(f) is the Fourier transform of an input signal x(t), then its Hilbert

transform, i(t), is

k(t) = .,F-{X(f)Hil(f)}

= x(t) * hil(t) (118)

where the impulse response, hil(t) = -j.F- {sgn(f)}, is obtained from the Fourier transform pair

3- • sgn(f) (119)7rt

and where the double headed arrow denotes the Fourier and inverse Fourier transform operations.

Inserting Equation 119 into Equation 118 then yields the following definition for the Hilbert transform

of X (t)

t / x(r) d-
7r r( t - 'r)

Sx(t -r)d (120)

Clearly, -i(t) cannot be computed at t = 0, however, in this research, the Hilbert transform is

implemented in the Fourier domain where this problem does not arise (58).

Now consider the complex analytic signal, xa(t), defined in terms of the real signal x(t) and its

Hilbert transform, :ý (t),

X() = x(t) + ji(t) (121)

The spectrum of the analytic signal is often used in single-sideband communication systems to reduce

the transmission bandwidth of a signal (60). It is obtained by computing the Fourier transform of the
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right hand side of Equation 121 as follows

Xa(f) = X(f)±jX(f)

= X(f) +jH(f)X(f)

= X(f) +j[-jsgn(f)X(f)]

= X(f)[1 + sgn(f)] (122)

From the definition of the signum function, Equation 122 can be expressed as

Xa(f)={ 2X(f), f>O (123)
0, f<0

which shows the frequency response of the analytic signal contains only the positive frequency com-

ponents in the signal's spectrum. Similarly, by changing the sign in the first line of Equation 122

from a positive to a negative sign, one can retain only the negative frequency components of the signal

spectrum. This property is employed in the following section to selectively choose diagonally opposing

octants in 3D frequency space.

5.2.2 Directionally Selective Wavelet Filters. As a first step in understanding how the Hilbert

transform can be used to generate the directionally selective filters described above, consider again the

dyadic Wavelet transform of the one-dimensional signal x(t) previously presented in Chapter 11,

[Wf](2',m) = 2i j x (t)?p (2it - m) dt (124)

where 1 and m are integers that specify the dilation and translation of the wavelet kernel and 0 (t) is a

mother wavelet. As in Equation 4 in Section 2.2.1, the wavelet transform can be expressed in terms of

the convolution integral

[Wf](2,,m) = fx(t)VL(m - t)dt

= X(M)* 01(t) (125)
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where 7P, (t) = 2 • T ( -2t). Next, define the pair of analytic mother wavelets by

Oa± (t) = V, (t) ±-jrk(t) (126)

Notice that the analytic wavelet is indeed a "wavelet" in that it meets the admissibility condition

F I•(1W)I dw < oo (127)

given in Section 2.2.1. This follows from the fact that the energy in a signal and its Hilbert transform

are equal. That is,

IL,)(w)12  I.F-{(t))}12 = I-jsgnW12l''(W)[12 = Ik (W) 2 (128)

Using the relationship derived in Equation 122, the spectrum of the analytic mother wavelet pair

can be expressed by

*+'I(f) = { 2*(f), f>O (129)

0 0, f<0

and

I(f) = 0, (130)t 2V)(f), f< 0

where the symbols "+" and "-" indicate the positive and negative halves of the frequency axis and

*(f) is the Fourier transform of 0(t). The moduli of both "one-sided" spectra for a Daubechies 12

analytic wavelet pair are shown in Figure 43.

Now define the analytic wavelet transform pair by

[Wýxl](2', m) = 2J x(t) V,: (2't - m) dt

= 2 ( x(t)4 7(2't - m) dt ± j x(t)ý (2t - m) dt) (131)

where '$(t) is the Hilbert transform of the wavelet V(t). Using the previously defined substitution

variable il(() and the new variable ý'1(t) = 2Tz1(-21t), Equation 131 can be expressed as the sum
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Figure 43. a) A Daubechies 12 wavelet and b) the magnitude of its Fourier transform. c) The one-
sided spectrum of the analytic signal 0"+ (t) = ?b(t) +jý(t) and d) the one-sided spectrum
of the analytic signal V;-(t) = Vp(t) - jý(t).

of two convolution integrals:

[W zx](2', m) = x(t)Vk1(m - t)dt ±j x(t)4l(m - t)dt

= x(t) * 041(t) ± jx(t) * 7Pi(t)

= x(t) * 01(t) ± jx(t) * [hil(t) (t)

= x(t) * 01 (t) ± j[x(t) * hil(t)] ( bdt)

SM(t) * 0b(t) M± (i) W01)

- * 01(t) (132)

Equation 132 shows that the analytic wavelet transform of a real signal, x (t) is equivalent to the wavelet

transform of the analytic signal, xa,(t) where xa(t) = x(t) + jý&(t). Since the transforms are obtained

using convolution integrals, this process can also be implemented in the Fourier frequency domain as

follows,

[W~x](2',m) = x(t) * ± jt(t) * Vk(t)
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= F-'{X(f)'P,(f)±j[-jsgn(f)X(f)*I(f)]}

= .T_1{X(f)•,(f)[1 ± sgn(f)]} (133)

Viewed as filtering operation, the "one-sided" analytic wavelet transforms capture either the positive or

negative frequency components in the signal spectrum that lie within the bandpass regions of the wavelet

filter %F (f). The transforms are easily obtained by filtering the input signal with 'IQ(f) and retaining

only the positive or negative portions of the frequency spectrum. Since the resulting spectrums are

one-sided (i.e., asymmetric), the one-dimensional analytic wavelet transforms will always be complex.

Next consider how one can use a Hilbert transform in conjunction with a three dimensional Wavelet

transform to capture the frequency components contained in diagonally opposing octants of a three-

dimensional frequency spectrum.

In order to obtain directional selectivity in a spatio-temporal frequency analysis, the previous

section showed a filter is required that possesses identical regions of support in diagonally opposing

octants in three-dimensional frequency space. Because of its symmetry, the 3D wavelet filter yields

identical regions of support in all eight frequency quadrants. It is possible, however, to capture any

two diagonally opposing wavelet filter regions through the judicious application of multiple 1 D Hilbert

transforms. For example, consider the "extended real mother wavelet" given by

V,,-,18(x, y, t) = /(x, y, t) - hil(x) * hil(y) * 0 (x, y, t) - hil(x) * hil(t) * 7P (x, y, t)

-hil(y) * hil(t) * 0(x, y, t) (134)

where the subscript r 18 indicates the extended mother wavelet is real and, as shown next, its Fourier

transform captures frequencies in the first and eighth diagonally opposing octants of 3D frequency

space as defined in Figure 44.

Once again using the Hilbert transform pair

J
- ' sgn(f) (135)7rt

the Fourier transform of ,.is (x, y, t) can be written as

{¢,(,y, t)} = (f t,, ft)[1 + sgn(f.)sgn(f•) + sgn(f.)sgn(ft) + sgn(fy)sgn(f,)]
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octat fx, fy ft 'Pr18

1 + + + 41P

2 + - + 0

3 + + 0

4 - + 0

5 + - 0
6 + + - 0

7 + - 0
8 - - 4

Figure 44. Table showing the frequency response of the extended wavelet 0,.18 (x, y, t) in each of the
eight octants of a spatio-temporal frequency volume. The plus and minus signs indicate
the corresponding frequency region is greater than or less than zero respectively. The
frequency response is non-zero in the diagonally opposing octants 1 and 8 where it is four
times the frequency response of the constructing wavelet P (x, y, t).

= 4'(f.,fu,.ft)[l+sgn(f.,f,)+sgn(f.,ft)+sgn(f,,ft)] (136)

where the real, separable 2D signumn function, sgn(f,, f,), is formed from the product of the imaginary

ID signum functions -jsgn(f,,) • -jsgn(f,). The table in Figure 44 shows the frequency response

of Equation 136 for each of the eight octants in a spatio-temporal frequency volume. Evidently

the frequency response is non-zero only in the first and the eighth octants, which correspond to the

;agonally opposing frequency regions f. > 0, fy > 0, ft > 0 and f, < 0, fl < 0, ft < 0.

Furthermore, the frequency response in these two regions is four times the response of the constructing

wavelet VP(x, y, t). Figure 45 shows the 3D Fourier transform of the extended wavelet 7b18s(x, y, t),

where the constructing wavelet employs a Daubechies 7 g filter in space and time. The Fourier

transform of the constructing wavelet was previously shown in Figure 41. As before, the Fourier

transform of l)rlS (x, y, t) was graphically rendered using a 3D ray-tracing program.

The frequency response of the extended wavelet ?P18l(x,y,t) captures the spatio-temporal

frequency components lying in the diagonally opposing frequency regions fý > 0, fy > 0, f, > 0

and f, < 0, fy < 0, ft < 0. Three additional extended wavelets are needed to capture the remaining

three diagonally opposing octants. The three % tvelets and their Fourier frequency responses are shown
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Figure 45. 3D Fourier transform of the extended wavelet x. q. t) gaphically rendered using a
ray tracing prograrn developed at AFIT. The constructing wavelet employs a Daubechies
7 g filter in space and time.

in Equations 137 through 139. A visualization of the regions of support in spatio-ternporal frequency

space of each of the four extended wavelet's Fourier transforms is provided in Figure 46.

ý',.• ,/.t) = +'1r, Xj -t*1hi/l(,) hi/) *zy)*t(.ry. t - hi/Ix) h•27[l( t .1/. 1)

+ ( i hi(dI) * L'(,r,ý,y tJ

U, .. t( } = P'f,, f,,. f, - sgn(f,.f,,) 4- sinf,. f,) - sgn(f,, f, (137)

L',.c(X.?I. lt) L '),x.ql.t)- hi/La-)* hi/Ul) tLz..y.t)+/z i/la') h•i/)lt u t'li. I.)

+1211 hi/It) 2 i .Ix.y . I)

.F (.r. (f.f.f,)[1 +ssgn f, f s gn ,f ,ft- sgn(f ,,.ft (138)

102



4,. 4 5(X,y,t) = )(x,y,t) + hil(x) * hil(y) *,(x,y,t) + hil(x) * hil(t) * 4(x,y,t)

-hil(y) * hil(t) * ?P(x, y, t)

.F{4r,4 5(Xy,t)} (fsyt)[1-sgn(f.,fy) + sgn(fA,f,) + sgn(fu,ft)] (139)

fy

18: '1'(f1..fy. f,)(l + sqgi(f,)sqn(fu) + s~gn(f•)sgqn(ft) + sgqn(fQ)sg~q,(f))

27: 'I(f,, fy.ft)(1 - sgn(f•)sgn(f3 ) + sqn(f•)sqn(f1 ) -

36: ''(hf,. fft) (1 + s qn(f,)s~q,(f~u) - sgqn(f•)syqn(ft) - .'~q•,(f•)s~qn(ft))

45: '(fh. .fv. f,) (1 - s~qn(f.,).qqn(f~v) - sqn(fz)s~qn(f,) + .p~l(f•)s~q,(f,)l

Figure 46. A visualization of the regions of support in spatio-temporal frequency space of the Fourier

transforms of the four extended wavelets 0,18 (x, y, t) through 0,45 (X, y, t) where the

constructing wavelet V)(x, y, t) is bandpass in f•, f, and ft. Note that each wavelet

captures two diagonally opposing regions in frequency space and that four wavelets are

needed to cover all eight octants.
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Taken together, the four extended wavelets cover all four possible diagonally opposing regions

in spatio-temporal frequency space. As argued earlier, this adds a degree of directional selectivity not

provided by the symmetric frequency spectrum associated with a conventional 3D wavelet (although,

it will be shown later in this chapter that full directional selectivity is obtained only by combining

the responses of two extended wavelets). In the above examples, the constructing wavelet possessed

the highpass spatio-temporal frequency characteristics associated with the detail wavelet X7(x, y, t)

(see Theorem 4). The following section incorporates the "extended wavelet" concept into the motion-

oriented multiresolution wavelet analysis developed in Chapter IV to yield a bank of diagonally

opposing wavelet filters tuned to multiple object sizes, speeds and directions.

5.2.3 Directionallv Selective, Motion-Oriented Multiresolution Wavelet Analvsis. The pre-

ceding section showed that one can capture diagonally opposing supporting regions of a 3D symmetric

wavelet filter through the use of an extended real wavelet filter. It was also shown that the symmetric

filter bank generated by the discrete motion-oriented multiresolution wavelet analysis serves as a scalar

motion sensor in that it can sense the speed of moving objects but not their direction. The purpose of

this section is to wed the two concepts to form the foundation for a vector motion sensing tool that

responds preferentially to a given object size, speed and direction.

Begin the development by assuming that f(x, y, t) represents an L 2 (OR) spatio-temporal signal.

Without loss of generality, construct the extended real signal, f e(x, y, t), as follows

fe(x,y,t) = f(x,y,t) - hil(x) * hil(y) * f(x,y,t) - hil(x) * hil(t) * f(x,y,t)

-hil(y) * hil(t) * f(x,y,t) (140)

where hiI(x) is the Hilbert transform integral kernel given in Section 5.1. 1. and the signs in Equation

140 match those given in Equation 134. Theorem 8 shows that fe (x, y, t) is an element of L2 (W
3 ) and

can therefore be decomposed under a wavelet multiresolution analysis.

Theorem 8. Let f E L2 (R
3 ). Then fj is also contained in L2 I(F3).
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Proof. Let g(x,y,t) - hil(x) * hil(y) * f(x,y,t), and show that g E L 2 (R3 ). That is, show

I Ig(x, y, t)11 2 < oo where I II indicates the L2 norm. Now, by Parsevals Identity,

jlg(x,y,t)112 = •J-{g(x,yit)}lj
2

= ll(-jsgnu)wz))(-jsgu(wy))f(a•,W•, 7Ut )1 2

= IjF(w,,wY,wt)l]2

where F(wz,w v,wt) = FT{f(x,y,t)}. But, the Fourier transform maps L2 ([ 3 ) onto L2 (1R3 ). Thus,

IIF(w.,w',wt)I12 < oo which implies I g(x,y,t)I12 < oo. Furthermore, this result implies the L2

norm of each of the last two components in fe(x, y, t) are also finite, so that

IIfe(X,y,,t)I12  Ilf (x,y, t) - hil(x) * hil(y) * f(x,y,t) - hil(x) * hil(t) * f(x, y, t)

-hil(y) * hil(t) * f(x,y,t)112

< IIf(x,y, t)ll2 + lhil(x) hil(y) * f(X, y,t)112 + IIhil(x) * hil(t) * f(X, y,t)I1 2

+Ilhil(y) * hil(t), f(X, y, t)1 2

< 00 (141)

Thus f is an element of L 2 (W3 ). Q.E.D.

Next, following the notation in Chapter IV, assume the projection of the extended signal onto

the zeroth approximation space is given by

ao:peq. = ao:p.q,r - hil(p) *hil(q) *ao:p.q.,- hil(p) * hil(r) *ao:p.q,qr- hil(q) * hil(r) *ao•pq.,. (142)

where p, q and r are elements in a rectangular sampling grid and ao;p.q,r is simply a sampled version

of the original signal. Chapter IV showed that the projection coefficients at the -lst approximation

level can be obtained by discretely convolving the projection coefficients at the zeroth approximation

level with the separable scaling function h(p) h(q)h(r) and keeping every other sample. Recall that

the impulse responses h(n) and h(n) are formed from two different scaling functions. In Chapter IV,
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this process was expressed by the equation

S[ao;(p•q,r) * h(p) * h(q) * h(r)] (21, 2m, 2n) (143)

Inserting Equation 142 into Equation 143 and rearranging yields the following expression for the

projection of the extended signal onto the j 1st approximation level

a- [ao:(pq.,-) * h(p) * h(q) h(r) (21,2m,2n)

(ao;(p,q,,. - hil(p) * hil(q) * ao:(p,q,,.) - hil(p) * hil(r) * ao;(p.q.,.)

-hil(q) * hil(r) * ao;(p.q.,r) ) * h(p) * h(q) * h(r) ] (21,2m, 2n)

= [ao:(p,,.) * { h(p) * h(q) * h(r) - (hil(p) * hil(q)) * h(p) * h(q) h h(r)

-(hil(p) * hil(r)) h h(p) * h(q) * h(r)

-(hil(q) * hil(r))h(p) * h(q) • h(r) }](21, 2m, 2n)

= [ DFT-1 { Ao:(f,,,fj H (fp, fq, f) { 1

+sgn(fp, fq) + sgn(f, f,.) + sgn(f,, f,) } ](21, 2m, 2n) (144)

where

k(f,) = DFr{h(n)}

H(f,) = DFT{h(n)} (145)

and

H(fp,fq,fr) = !-(fp)H(fq)H(f,) (146)

Equation 144 shows that the projection coefficients at the j = -1 approximation level for the

extended signal defined in Equation 140 can be obtained by discretely filtering the originally sampled

signal aO((p.q.•r)) with the extended scaling function filter

-t(fp, fq, f,.) {1 + sgn(fp, fq) + Sgn(fp, fr) + sgn(fp, f,.)} (147)
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inverse Fourier transforming the result, and keeping every other sample in each dimension. As

discussed in the previous section, the signs in the definition of the extended signal determine the

non-zero, diagonally opposing frequency regions of the extended scaling function filter. In this

case, the resulting coefficients therefore represent the information in the sampled signal that lie in

the passband of the scaling function filter ft(fp,, fq, f,.) contained in the diagonally opposing regions

fp > O, fq > 0,f,. > 0andfp < 0, fq < 0, f,. < 0. The information in the remaining three diagonally

opposing frequency pairs is obtained by varying the signs of the extended signal in accordance with

Equations 134 through 139.

In practice, the coefficients associated with diagonally opposing frequency regions at an arbitrary

spatial and temporal resolution level are computed as follows. First, components 2, 3 and 4

aoe(p,q,,., = ao:(p.q.,) - hil(p) * hil(q) * ao;(p.q,.) - hil(p) * hil(r) * aO:(p..q,.) - hil(q) * hit(r) * aW:p.q,)

1 2 3 4

(148)

that comprise the discrete, extended real signal in Equation 148 are formed by multiplying the FFT of

the sampled image sequence by the appropriate combination of 1D Hilbert transform transfer functions

and inverse Fourier transforming the result. Causality problems associated with the temporal Hilbert

transform are avoided by defining the mid-frame in the N x N x N image sequence (i.e., f(p, q, I ))

as t = 0. After constructing the extended real signal, all four components are then decomposed

individually using the discrete motion-oriented multiresolution wavelet analysis in Chapter IV. At

each level of decomposition in space and time, the four sets of projection coefficients (one set for

each of the extended signal components) are summed in accordance with the sign conventions in

Equations 134 through 139. Each sign convention captures the information in one of four diagonally

opposing frequency regions for a symmetric wavelet filter generated at a given spatial and temporal

decomposition level. This process is illustrated by the flow diagram shown in Figure 47 in which the

extended jth approximation coefficients are decomposed into four sets of d7 detail coefficients which

are then summed to extract the information contained in diagonally opposing wavelet filters.

The "directionally selective motion-oriented multiresolution wavelet analysis" described above

produces a bank of spatio-temporal filters that are selective for both object speed and, to some degree,

direction of motion. The degree to which the extended wavelet filters are directionally selective is

determined by the orientation of the plane in Fourier space that contains the spatio-temporal frequency
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Coefficients of jth Approx. Space

aj~p,q.r

"j;p,q,r hil(p) * thil(q)ýa~q hil(p)* thffi(r)*a~q hiI(q) * hl(r)*apq

Decompose Each Component Separately by Convolving With
Separable Impulse Response g(-l)g(-m)i(-n)

+' + + + . +_

Sum to Form%
Diagonally E
Opposing Filter
Pairs

Figure 47. Flow diagram depicting one step in a process designed to capture frequency information
contained in diagonally opposing frequency regions of a symmetric wavelet filter. The 3 th
approximation coefficients are decomposed into four sets of dT detail coefficients which
are then summed to extract the diagonally opposing frequency information.
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Figure 48. Several frames of 6. x 64 imagery containing two identical rectangles traveling with the
velocity components (v, = 1. v, = 0) frame/sec. and (u, = 0. c, = 1) frame/sec.

components of the moving object. For example, consider the case of an object that is moving either

purely horizontally or purely vertically. The plane containing its Fourier transform will then consist of

one unknown velocity component, r, or v,, as given by:

Htorizontal Motion: .ft = -v-f,

Vertical .Motion: f, -

In this case, a single directionally selective wavelet filter with a center frequency pair f,. f or .. f

that matches the spectrum of the moving object can unambiguously segment the object from the scene.

In essence, a single wavelet filter, then, provides the ability to solve one equation in one unknown.

In order to demonstrate this capability, consider the image sequence shown in Figure 48. The image

sequence contains two objects traveling at the same speed, however one object moves horizontally

while the other moves vertically. Both sequences contain 6.1 frames of 6.4 x 6-1 grayscale imagery.

Now consider the Fourier transforms of the stationary and moving objects.

Figure 49a) displays the magnitude of the 2D Fourier transform of both identical rectangles.

This figure was obtained by Fourier transforming a single frame from the image sequence. The regions

of support of the horizontal, vertical and diagonal filters generated by two levels of decomposition in

a 2D spatial wavelet multiresolution analysis are overlayed in white on the 2D spectrum. The figure

in part b) provides a visualization of the planes in spatio-temporal Fourier space containing the 2D

Fourier transforms. The spheres in b) represent the symmetric detail filter created by decomposing the

image sequence one level in space and time in a motion-oriented multiresolution wavelet analysis. The

solid black and gay spheres represent diagonally opposing detail filters that capture objects traveling

horizontally (black) or vertically (gray).

In order to segment the two objects, all four discrete signal components in Equation 148 were

constructed using the methods described earlier. Each signal component was then decomposed one
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Figure 49. a) 2D FFT of the rectangles in Figure 48. The frequency supports of the spatial wavelet
filters generated by two steps in a wavelet multiresolution analysis are overlayed on the
FFT. b) A visualization of the planes in Fourier space containing the FFMs of the moving

objects. The spheres represent the symmetric wavelet filter generated by one spatial and

temporal decomposition level in a motion-oriented multiresolution wavelet analysis. The

solid black spheres are selective for horizontal motion while the gray spheres (one is
hidden) select for vertical motion. c) The coefficients obtained by segmenting the hori-

zontally moving object using the directionally selective motion-oriented multiresolution
wavelet analysis. The filter pair created during this process is highlighted in black in part
b).
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level in space and time using the motion-oriented multiresolution wavelet analysis. The coefficients

for each signal component associated with the symmetric detail filter shown in Figure 49b) were then

summed in accordance with the sign conventions in Equations 138 and 139 to produce the filters

represented by the diagonally opposing black and gray spheres in part b). The resulting coefficient

sequence associated with the filter pair that captures horizontally moving objects is shown in Figure

49c).

This test demonstrates that the directionally selective wavelet filters formed by appropriately

summing the decomposition coefficients of the four extended signal components are able to segment

two rectangular objects traveling horizontally and vertically with the same speed. However, the test also

shows that the coefficients produced by this process are clearly distorted compared to those produced

by the symmetric filter in Section 4.5. This distortioui is partly attributable to the directionally selective

filters which only capture the spatial frequency components in diagonally opposing quadrants of the

2D Fourier transform in Figure 49a). Additionally, some distortion is introduced by the digital Hilbert

transform process and by machine precision limitations that affect the coefficient summation process.

However, these distortion effects notwithstanding, there is yet a more fundamental problem associated

with the segmentation of moving objects using a single diagonally opposing filter pair.

The moving objects in the foregoing example travel in either a purely horizontal or purely vertical

direction. Consequently, they each have only one velocity component and their Fourier transforms

lie on planes that are described by a single equation in one unknown velocity component (the other

component equals zero). Only one diagonally opposing wavelet filter with a known center frequency

pair, say (fr 0, ft.) in the case of a horizontally moving object, is therefore required to solve the plane

equation, ft -(fv, + fv - 0), for the unknown velocity component v,. The problem, of course, is

that objects don't typically move in a purely horizontal or vertical direction, so that their corresponding

planes in Fourier space are generally described by one equation in two unknown velocity components,

i.e., ft = -(fv 2 , + fv-y). This implies objects moving in many different directions can produce

spectra that lie in the passband of a single diagonally opposing filter. Consequently, a single filter

cannot unambiguously segment objects moving in arbitrary directions, This problem is resolved in the

following section by computing the response of multiple filters at a given location in the scene and

combining the responses to solve for both unknown velocity components.
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5.2.4 Computing Optical Flow. The previous sections showed that the symmetric wavelet

filter produced by the motion-oriented multiresolution wavelet analysis acts a scalar motion sensor in

that it responds to object speed (a scalar quantity) rather than object velocity (a vector quantity consisting

of speed and direction). Consequently, a method was presented which combined the properties of

the Hilbert transform with the motion-oriented multiresolution wavelet analysis to produce a bank

of directionally selective wavelet filters. It was shown, however, that a single directionally selective

wavelet filter is not sufficient to unambiguously determine the direction of a moving object. The purpose

of this section, therefore, is to present a method that allows one to unambiguously compute direction

of motion by combining the responses of two directionally selective wavelet filters. Specifically, the

method yields the x and y velocity components - or optical flow - of a moving brightness pattern at

each point in the image plane.

5.2.4.! Concept. Consider again the case of a simple ID object traveling at some

speed v, as previously discussed in Chapter II. Recall that the Fourier transform of the moving object

lies on a line in 2D frequency space defined by ft = -vf,. If the largest digital spatial frequency

of the stationary object is ir radians, then the frequency support of the moving object is depicted by

the line in Figure 50. Here, the line is superimposed on the wavelet filters generated by multiple

spatial and temporal decompositions in a 2D motion-oriented multiresolution wavelet analysis as

discussed in Chapter IV. The shaded regions represent the wavelet detail filters produced by one spatial

decomposition and three temporal decompositions.

The digital center frequencies of each of the filters in the upper right quadrant of the filter bank

are shown along the spatial and temporal frequency axes of the 2D frequency space in Figure 50.

The wavelet detail filter in the upper right corner of the quadrant (marked with a "1") is produced by

convolving the rows and columns of the sampled spatio-temporal input signal with the discrete QMF g

filter. Since the digital center frequency of the discrete ID filter is 7r radians, the spatial and temporal

digital center frequencies of the 2D filter are also 7r radians.

Now consider the filter marked with a "2" located in the upper right quadrant of the frequency

plane. The digital spatial center frequency of the filter remain 7r radians; however, since the rows

(time axis) of the signal have twice been convolved with the discrete tempora: wavelet and decimated

by a factor of two, the temporal center frequency is now 1 radians. Because the line formed in
2
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Figure 50. The linear supporting region in 2D frequency space of the Fourier transform of a ID
object translating with some velocity v,. The line is superimposed on the wavelet filter
bank produced by a 2D directionally selective motion-oriented multiresolution wavelet
analysis. The shaded regions represent the diagonally opposing wavelet detail filters
produced by one spatial decomposition and three temporal decompositions. The digital
center frequencies of the filters are show in the upper right quadrant.

frequency space by the Fourier transform of the moving object lies through this filter, its (fr, I!)

digital center frequency pair (2, 7r) can be used to estimate the velocity of the object at each point along

the subsampled spatial axis as follows:

ft
A
7r

27r
1

= -- frame/sec (149)2

In order to extend the 2D velocity filtering concept to three dimensions, next consider Figure

51a). This figure shows several diagonally opposing filter pairs obtained by decomposing an "extended"

signal once in space and twice in time and summing the coefficients following the sign convention in

Equation 134. The digital center frequencies of the horizontal, vertical and diagonal filter pairs are

identified by their respective digital center frequency triplets.

Now suppose a single object is traveling diagonally from the lower left to upper right across an

image plane. The plane in 3D frequency space containing the object's Fourier transform is depicted in
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Figure 51. a) The digital center frequency triplets (fx, f,, ft) of the diagonally opposing filters

generated by decomposing a discrete input signal one level in space and two levels in time
using the directionally selective motion-oriented multiresolution wavelet analysis. b) A
visualization of the plane in 3D frequency space containing the Fourier transform of a 2D
brightness pattern moving diagonally from the lower left to the upper right hand corner
of an image plane.

Figure 51 b). Notice that the plane slices through the two darkly shaded filters with center frequencies

(0, 7r, -7r) and (7r, 0, -7r). Both center frequency pairs can be used to estimate the velocity components

of the moving object by solving the 2 x 2 system of equations given by

-7r = -(0.v+7r v

-- r = -- (7r v, +0-0 vy) (150)

Solving these equations then yields the velocity components v, = vy = I frame/sec.

Clearly, the accuracy of the velocity estimate depends on the spatio-temporal frequency charac-

teristics of the analyzing filter. A filter with a sharp transition region (i.e., narrow variance) will provide

a more accurate estimate of the true velocity and it will reduce the amount of overlap, or inter-band

aliasing, between neighboring filters. This also reduces the susceptibility of the velocity estimate to

noise. On the other hand, increasing the frequency resolution of the filter forces one to pay the price

of reduced resolution in space and time. Here, the non-homogeneous multiresolution wavelet analysis

developed under this research effort offers a distinct advantage over the conventional homogeneous
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Figure 52. Several frames of 64 x 64 imagery containing a gaussian brightness pattern traveling with

the velocity components (c, = v, = 1) frame/sec. The variance of the gaussian was
chosen to prevent spatial and temporal aliasing.

discrete wavelet transform algorithm in that it allows one to minimize the effects of the resolution

trade-off by constructing the 2D analyzing wavelet filter from I D filters of different orders.

For example, suppose several objects with significantly different spatial frequency characteristics

are traveling at similar speeds along the 1 D spatial axis. The temporal frequency resolution requirements

are more stringent than those for the spatial frequencies. Thus, one might design a more computationally

efficient separable 3D wavelet filter by combining a higher order temporal wavelet with a lower order

spatial wavelet. The homogeneous discrete multiresolution wavelet analysis, on the other hand, would

require one to use the higher order, more computationally expensive, filter in both the spatial and

temporal dimensions in order to meet the temporal design criteria.

5.2.4.2 Wavelet Velocityv Estimation Algorithmn. The previous discussion focused on

some general concepts associated with using the directionally selective motion-oriented multiresolution

wavelet analysis to compute the velocity of a single ID and a 2D object moving in a space-time image

sequence. This section presents a "multiresolution wavelet velocity estimation algorithm" used to

compute the flow field for the more general case of multiple 2D objects moving in a 3D image

sequence. In order to fw-,iliarize the reader with the details of the 3D algorithm, it is first applied

to a relatively simple image sequence containing a single moving 2D brightness pattern. It is then

applied to more general scenarios in which multiple objects with different sizes and velocities move in

noisy and occluding backgrounds. Several frames of the first test image sequence are shown in Figure

52. The sequence contains 64 frames of 64 x 64 grayscale imagery. The moving brightness pattern

consists of a single gaussian traveling diagonally across the field of view with the velocity components

(v, = 1) frame/sec. The variance of the gaussian was chosen to prevent spatial and temporal

aliasing as discussed in Chapter IV.
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The first stage of the multiresolution wavelet velocity estimation algorithm employs the discrete

directionally selective motion-oriented multiresolution algorithm previously summarized by the flow

diagram in Figure 47. The four components of the extended N x N x N (row, column, frame)

image sequence are first constructed and each is decomposed over all possible resolution levels in

space and time. The resulting coefficient sequences associated with each symmetric detail filter in

the non-conventional wavelet decomposition are then appropriately summed to extract the information

contained in diagonally opposing filter pairs. For example, denote the sampled input image sequence

in Figure 52 by a0 .0 , and assume it represents the discrete coefficients obtained by projecting the input

signal onto the zeroth approximation space Ao.of. As was the case in Chapter IV, the two subscripts

separately represent the spatial and temporal resolution level of the projection. Furthermore, assume

that the discrete extended signal has been formed as described in the previous section and that the 3D

component sequences are given by c' 0, c 2, c 3 and c', where c1 0 = aoo.00 0.0• ,0 0,0 00 a0 .

Decomposing tl four N x N x N extended signal components one level in space then

generates four sets of three E x E x N detail coefficient sequences denoted by d.0' dc.2
2 2-10, -1 and

d-10 where c = 1, 2, 3, 4 stands for "component". Each of the 4 x 3 = 12 spatial detail sequences

is then decomposed over all possible resolutions in time, while retaining only the temporal detail

coefficient sequences as discussed in Chapter IV. If the order of the temporal filter is such that only two

temporal decompositions occur before the length of the temporal filter exceeds the number of frames

in the decomposed image sequence, then the decomposition process will produce an N N L x N2 2 2

and 2 x L x A coefficient sequence for each of the twelve spatial detail coefficient sequences.

This process ultimately produces 24 sequences denoted by dC_,, where f = "filter" = 1,2, 3 and
"t = "time" = -1, -2. Note that each of the 24 sequences has spatial dimensions of × x L

2 2

The final step in the first stage of the wavelet velocity estimation algorithm is to sum the detail

coefficients to produce four diagonally opposing frequency pairs for each of the three filters at each

temporal resolution. This process generates a total of 24 coefficient sequences which can be described

by the equations

drl;lt= ZZ -d"' - d .~ d 3J d 4J

p q V

=f T;l~ = EE d +d 2,f- d, +J 4J
p q r
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df ZZ ~d'ý, -d 2f +d 3,f + d14

p q r

d _ = 1 1 1: d'ft + dft + d3 '1 - d4 _ (151)

P q "

where, again, f is the spatial detail filter, r18 thru r45 represent the four diagonally opposing frequency

pairs, t = -1, -2 is the temporal resolution level, p = q = E, and r = E or T depending on the

temporal resolution level. The sign conventions are those used in Equations 134 through 139.

In the second stage of the algorithm, the coefficients associated with ail 24 diagonally opposing

detail filters are compared to find the two largest coefficients across all time at each point in the
N N*

subsampled T xT image array. The digital center frequencies of the diagonally opposing detail filters

associated with the two largest coefficients at each location are then recorded and passed on to the third

stage of the algorithm. As shown previously in Figure 51, the value of each frequency element in the

triplet is determined by the filter type (i.e., horizontal, vertical or diagonal), the diagonally opposing

passband region, and the number of times the original coefficient sequence was decomposed along the

spatial or temporal axes to generate the filter.

The third stage of the wavelet velocity estimation algorithm computes and assigns a velocity

vector to each location in the subsampled image array. This is accomplished by solving the plane

equation f, = -(v~fý + vyfy) at each location using the center frequency triplet pair computed for

that location in the second stage of the algorithm. The third stage solves the two-by-two system using
Cramer's rule, which, given the center frequency pair (fU , f., fl) and (f•2, , fi2), computes the

velocity components as follows

= -(f 2 ftl - fylft2)
D

= - (f~Ift2 - f.2ftl) (152)
D

where D = flfy2 - flf.2 is the determinant of the two-by-two system. In the event that the

determinant at a particular location equals zero, the velocity components at that point are both set

to zero. Figure 53 shows the output of the wavelet velocity estimation algorithm at the first spatial

decomposition level for the input image sequence shown previously in Figure 52. The flow map was

obtained by passing the 32 x 32 subsampled array of velocity components compute?, by the third

stage of the wavelet velocity estimation algorithm to the MATLAB© flow generation package called
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Figure 53. The optical flow map produced by decomposing the image sequence in Figure 52 one
level in space and multiple levels in time. The vectors indicate the direction and speed of
the moving object.

"quiver." The length and direction of the velocity vectors indicate the speed and direction of the

moving object. The image sequence was decomposed using a truncated cubic spline (23 taps) in space

and a Daubechies' 12 in time. As discussed in Chapter II, a cubic spline was chosen for the spatial

component of the non-homogeneous 3D waveled filter es avoid introducing phase distortions associated

with asymmetric Daubechies' filters.

5.2.4.3 Results. The flow map in Figure 53 demonstrates the ability of the wavelet

velocity estimation algorithm to characterize motion in a simple scenario consisting of a single object

moving against a black background. This section presents the results obtained by applying the algorithm

to more complicated motion scenarios. In the first test, the scenario is complicated by the addition of a

second object traveling in the same direction but at a different speed (Figure 54a). The velocity of the

second object is (v• = vv= .5) frames/sec. Figure 54b) shows the flow map obtained by decomposing

the sequence one level in space using a 3D wavelet filter constructed from a 23 tap truncated cubic

spline in space and a Daubechies 4 in time. A smaller order temporal filter was used in this example in

order to generate more decomposition levels in time. This in turn increases the number of "speed bins"

in the directionally selective motion-oriented multiresolution wavelet filter bank, thereby enhancing
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the velocity estimation capabilities of the system. The flow map clearly shows that the wavelet-based

motion analysis method is able to discriminate between both objects by employing the space/time -

frequency localization properties of the multiresolution wavelet analysis. The next test sequence shows

that the method is also able to correctly compute the optical flow of multiple objects traveling in several

different directions at different speeds.

Figure 55a) shows several frames of a 64 x 64 x 64 image sequence containing four objects

traveling with the (v, v,,) velocity components (1, 1), (- 1, 1), (1, 0) and (0, 1) frames/sec. The

image sequence was designed to test the algorithm's response to discontinuities in the velocity flow

field. These phenomena occur where the paths of the moving objects cross, and where the 1 rtically

moving object in the lower right hand cormer abruptly vanishes halfway across the field of view (referred
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the locations where the objects cross paths generally match the direction and speed of at least one of

the overlapping objects. Additionally, the flow vectors at the motion sink do not display the random

behavior associated with more common spatio-temporal gradient flow computation techniques (see

Chapter II). Both these phenomena are attributable to the "flow averaging" effects of the spatial and

temporal wavelet convolution processes. The next example demonstrates the muitiresolution properties

of the wavelet velocity estimation algorithm.
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Figure 56. Several frames of 32 x 32 imagery containing two gaussian brightness patterns with
different variances and velocities. The large object travels at four times the speed of the
smaller object.

After completing the third stage of the flow computation process, the wavelet velocity estimation

algorithm returns control to the first stage. Here, the x- x x N spatial approximation coefficient

tensors generated by the first spatial decomposition are again decomposed one level in space and
v v

multiple levels in time to yield an optical flow map with the spatial dimensions ¥x "v. The entire

process then recursively repeats until a spatial decomposition level is reached where the number of taps

in the spatial component of the separable quadrature mirror filter exceeds the number of approximation

coefficients along one spatial dimension of the subsampled image tensor. Since each spatio-temporal

decomposition level corresponds to a particular spatial scale (size) and object speed, the wavelet

multiresolution velocity estimation algorithm provides the ability to discriminate between objects with

different sizes traveling at different velocities. This capability is demonstrated by the next test image

sequence shown in Figure 56. The sizes and velocities of the gaussians were chosen to demonstrate the

ability of the algorithm to discriminate between large objects traveling fast and small objects traveling

slow. Recall that the "conventional" LZ-(F 3 ) multiresolution analysis developed in Chapter III did not

provide this capability.

The results of the multiresolution test are shown in Figure 57. In order to clearly show the size

and velocity discrimination properties of the algorithm, a separate flow map was generated at each

spatial and temporal decomposition level. An I 1 tap cubic spline spatial filter and a 12 tap Daubechies

temporal filter were used to construct the separable 3D wavelet filter; therefore, the velocity estimation

algorithm allows two spatial and two temporal decompositions. This yields four multiresolution flow

maps, where each map captures a different size and speed combination for the gaussian brightness

patterns used in the test. The test results, which contain a single flow field at the spatial and temporal

resolutions associated with large, fast and small, slow objects, clearly demonstrate the size and velocity

resolution properties of the wavelet multiresolution velocity estimation algorithm.
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Figure 57. Four multiresolution optical flow maps generated by computing the optical flow of the
image sequence in Figure 56 at multiple resolutions in space and time. The results
show that the wavelet multiresolution velocity estimation algorithm is able to clearly
discriminate between large objects traveling fast, Rnd sma!l object tr,,2!4ng slow.
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Figure 58. a) A simulated tank moving across an occluded field of view. The simulated illumination
source located to the left and behind the reader causes the tank's pixels to scintillate as the
tank changes position with respect to the source. Additionally, the tank passes in front of
the tree on the right and behind the tree on the left. b) Optical flow field generated by the
wavelet multiresolution velocity estimation algorithm.

The final test conducted in this section applies the velocity estimation algorithm to a more

realistic image sequence containing a tank moving across an occluded field of view (Figure 58a)). The

64 x (61- x 64 image sequence was constructed on a Silicon Graphics computer using the computer

aided software design package BRL-CAD(®). In this image sequence, the tank moves across the field

of view at a constant velocity, passing in front of the tree on the right and partially behind the tree on

the left. Reflections from a simulated illumination source located behind and to the left of the reader

cause the pixels on the tank's surface to scintillate as it changes position with respect to the source. The

image sequence was decomposed using a 23 tap cubic spline in space and a Daubechies 12 in time.

The velocity flow field generated by applying the wavelet multiresolution velocity estimation

algorithm to the simulated tank image sequence is shown in Figure 58b). The flow field generally

indicates horizontal motion at a constant speed over the regions in the field of view corresponding to
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the moving tank. However, there are erroneous flow vectors located at several locatiuns in the scene.

These flow aberrations are primarily attributable to pixel scintillations on the tank's surface which

violate the constan: intensity assumption of the algorithm. The rapidly fluctuating pixels generate

temporal frequency components which lie off the object's motion plane, and which create the illusion

of motion in non-horizontal directions by exciting the filter pairs associated with these directions.

In addition to the scintillating pixels, the velocity discontinuities near the bast, of the occluding tree

also appear to cause minor problems for the velocity estimation algorithm. However, erroneous flow

information around these discontinuities, like the motion sink in a previous example, is for the most

part eliminated by the spatio-temporal averaging effects of the 3D wavelet correlation. The following

section presents a unique competitive-cooperative flow restoration mechanism that employs a gated

dipole filter to correct flow aberrations caused by these and other types of noise sources.

5.3 A Cooperative-Competitive Flow Restoration Mechanism

The final example in the previous section demonstrates the effect two common noise sources

have on the accuracy of the flow vectors computed by the wavelet multiresolution velocity estimation

algorithm. The purpose of this section is to present a unique flow restoration mechanism that finds and

corrects localized flow inconsistencies generated by these noise sources. The section begins with a brief

discussion of the gated dipole filter as first proposed by S. Grossberg as part of his Boundary Contour

System (22). Next, a methodology is presented that combines a modified version of Grossberg's

gated dipole filter with a cooperative-competitive strategy that rewards and enhances consistent flow

behavior and removes flow inconsistencies. Several examples are then provided which demonstrate

the flow correction capabilities of this methodology.

5.3.1 Modified Gated Dipole Filter. A gated dipole filter is a non-linear interpolation filter

that was first developed by S. Grossberg for the purpose of "filling in" partially completed object

boundaries (22). This section describes a modified version of Grossberg's dipole filter designed to

fill in partially completed flow fields and re-orient flow vectors that lie outside a prescribed orientation

bandwidth established by the orientations of neighboring flow vectors. The output of the modified
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dipole filter, Dik, for the kth orientation at the i, jth pixel location is given by

k+

Diik = -•[I",q][Fpqij]+ + E[Irpq][G pqj] (153)
I"p.q I ,p,q

where I denotes pixel intensity and the + symbol indicates rectification. The variable k represents

a particular flow vector orientation, where it is assumed that the flow vector orientations have been

discretized into M levels. Furthermore, it is assumed that the "composite" flow map generated by the

multiresolution wavelet velocity estimation algorithm has been subdivided into M oriented flow maps,

where the oriented flow map Mk contains only the vectors in the composite flow map that lie in the

kth direction. The filter is centered at the flow map coordinates i, j and the summation occurs over all

coordinates p, q in the "r-neighborhood" of oriented flow maps surrounding the kth orientation.

The functions F~pq and Gkq in Equation 153 are given by

Fk = e-2(NjP,/P-1)2 [cos(Qijpq - k)T]+

Gijpq = _e-2(Ni /p-)2 [cos(Qijpq - k)T]+

Nijpq = (i-p) 2 +(j-q)2

Qijpq = arctan jiq) (154)

where each function represents one lobe of a dipole receptive field. Figure 59 shows both lobes plotted

on a "horizontal" orientation plane. The activation of both lobes is plotted as a three dimensional

surface above the plane.

Now consider one lobe of the dipole plotted as a 2D projection onto the kth orientation plane

as shown in Figure 60. The major parameters that determine the characteristics of the dipole lobe are

Nijpq, Qijpq, P, and T. Nijpq computes the distance from the dipole center (i,j) to a surrounding

point (p, q). Qijpq computes the angle of the line segment joining (i,j) and (p, q). The major axis of

the dipole lobe lies in the kth direction and is represented by the vector k.

The cosine term, cos(Qijpq - k), determines the orientational tuning characteristics of the filter

by measuring how parallel the line segment (i,j -- p, q) is to the vector k. The maximum value of

the kernel occurs when k and the line segment (i, j - p, q) both lie in the same direction. Since the
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Figure 
59. Two views of the right and left hand lobes of a dipole filter lying on a horizontal 

orientation

plane. The lobe activations are represented as 3D surfaces above the orientation plane.
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Qijpq
Figure 60. A 2D projection of a dipole lobe onto the kth orientation plane. The major axis of the

dipole is oriented in the k direction.

cosine term is half-wave rectified, the kernel equals zero at all points (p, q) for which the absolute

value of the angle Qijpq is greater than 900.

The constant P in the leading exponential term determines the location along the major axis

of the highest activation region of the dipole lobe. Figure 61 (top) illustrates how the position of the

activation region changes with P. The constant T is an odd integer that determines the sharpness of

the orientational tuning by controlling the rate at which the activation region decays on either side of

the major axis. Figure 61 (bottom) shows tuning sharpness increases (i.e, the width of Fijp, decreases)

with T. Thus, as T decreases, the gated dipole filter is able to fill in missing flow vectors across like

oriented, but disjoint vectors in space. This behavior is shown in Figure 62.

As noted previously, the summation parameter r is an element of a small neighborhood of

orientations surrounding the kth oriented flow map. The size of the neighborhood determines the

"orientation bandwidth" of the gated dipole filter. For example, consider the localized flow field shown

in Figure 63a). Although the majority of the flow vectors indicate purely horizontal motion, a small

number indicate two slightly different motion directions, presumably caused by noise in the image

sequence. Figure 63 shows three oriented flow maps centered around the horizontal flow map that

contains the three differently oriented vectors. The horizontally oriented gated dipole filter is positioned

at the same location in each flow map. The response at this location, which consists of the sum of the
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Figure 61. Top: Plots showing how the location of the highest dipole activation region varies with
the constant P. Bottom: Plots showing how the decay of the dipole activation region
across the major axis (i.e., tuning sharpness) varies with the constant T.

128



Interpolated
flow vector

* .•---. ) 0 *---

Figure 62. Flow completion properties of dipole filter as a function of T. Top dipole: Small T
expands the width of the dipole lobes to complete flow path between two disjoint flow
vectors. Bottom dipole: Large T contracts the width of the dipole lobes and prevents the
formation of an interpolating flow vector.

respoi ses from each of the three flow maps, is clearly greater than the response of the horizontal flow

map alone. Thus, increasing the size of the orientation bandwidth can enhance the overall response of

an oriented gated dipole filter. Assuming the horizontally oriented response in this example exceeds

the response of all other directionally oriented filters, the flow restoration methodology described in

the next section then replaces the distorted vector with the correct, horizontally oriented flow vector,

thereby correcting the noise induced flow distortion.

5.3.2 Methodology. The flow restoration methodology presented here employs a cooperative-

competitive strategy that reinforces consistent flow behavior and eliminates flow inconsistencies. Con-

sistent flow behavior is defined as follows:

An ensemble of three or more neighboring flow vectors are "consistent" if they possess
the same orientation and magnitude, and if they propagate in a direction parallel to their
common orientation.

The fundamental premise here is that the path taken by an object as it travels across the field of view

should lie precisely in the same direction as its corresponding flow vectors. At first, this may seem

129



a)

- I

b) + +

r=k-I r=k r=k+l

C)I
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Figure 63. a) Localized flow distortions caused by noise in a 3D image sequence. b) Flow maps

contained in the orientation bandwidth surrounding the horizontal flow orientation. A
horizontally oriented gated dipole is shown at the position i, j in each of the flow maps.

c) Outputs of oriented flow maps sum to form interpolated flow vector at i, j.
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Figure 64. Several examples of consistent and inconsistent flow behavior.

like a trivial assumption, but one only has to examine the flow map of the moving tank in the previous

example to find an example of an ensemble of vectors that collectively propagate in one direction

(horizontal) yet point in a different direction. Several examples of consistent and inconsistent flow

behavior are shown in Figure 64. Incidentally, under this definition, the consistency of a single flow

vector or of two neighboring vectors is undetermined.

The cooperative-competitive flow restoration methodology consists of two main stages as shown

in Figure 65. The first stage, called the cooperative stage, is designed to reinforce consistent flow behav-

ior. This stage begins by discretizing the orientations of the flow vectors in each of the multiresolution

flow maps produced by the wavelet multiresolution wavelet velocity estimation algorithm. For this

research, the vector orientations were discretized to positive integer multiples of 22.50. This generates

16 possible discrete flow orientations between the angles of 0 and 360 degrees. In the next step of

the cooperative stage, the composite multiresolution flow maps are decomposed into a set of oriented

flow maps, where each oriented flow map contains only the vectors in the composite flow map that

match one of the discrete orientation levels. In this case, 16 oriented flow maps were generated for

each composite multiresolution flow map. Next, each oriented flow map is filtered with an identically

oriented gated dipole filter to cooperatively reinforce consistent flow behavior in the composite flow

map.

In order to determine flow consistency at a given orientation, a temporary, binary oriented flow

map is first created in which the existence of a flow vector at a given location is signified by placing

a value of 1 at that location. The response of each lobe in a like-oriented gated dipole filter is then
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Figure 65. Diagram showing the key elements of the cooperative-competitive flow restoration
methodology. Key terms are italicized.
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measured at each i, j location in the binary oriented map and in the adjacent binary maps contained

in the orientation bandwidth of the gated dipole filter. If the magnitude of the responses in each lobe

at a particular location both exceed a pre-defined activation threshold, then their "cooperative" action

causes the gated dipole to "fire" and the value of the response magnitude is inserted at the corresponding

location in the oriented flow map. This value is eventually converted back to a vector direction when

the oriented flow maps are recombined into a single composite flow map. The requirement that both

lobes exceed an activation threshold ensures that the flow propagates consistently over a minimum area

as determined by the locations of the highest activation regions and the widths of the dipole lobes.

The location of the highest activation region in a dipole lobe is specified by the value of the P

parameter in Equation 153. Here, P was chosen so that the locations of the highest activation regions

in each lobe occur at the nearest points on opposite sides of center point of the filter as determined by

the orientation of the filter (see Figure 66a). Because only three adjacent points are involved in the

computation, this setting corresponds to the minimum distance required to achieve flow consistency.

One can strengthen the consistency requirement by extending the location of the highest activation

region further from the filter center and increasing the activation threshold as shown in Figure 66b). In

addition to the location of the highest activation regions, the widths of the receptive fields associated

with each lobe also play a significant role in determining flow consistency. Recall that the width of

the receptive field is determined by the parameter T in Equation 153. As T decreases, the receptive

field of the lobe widens, and more vectors surrounding the main path of the object are included in the

flow consistency computation. As shown in Figure 66c), this essentially weakens the flow consistency

requirement.

The cooperative stage of the flow restoration methodology ends when the magnitude of the

gated dipole filter response is measured and recorded at each location in every oriented flow map. The

orientation and magnitude of the restored flow vector is then determined in the second, or competitive,

stage of the methodology. In this stage, the response magnitudes at a given location compete across all

possible flow orientation levels. Under a winner-take-all rule, the composite flow vector is assigned

the orientation of the oriented flow map that possesses the largest response at that location. This

winner-take-all strategy ensures that a single flow vector is ultimately assigned to each location in the

final composite flow map. The magnitudes of the remaining composite flow vectors are determined by

computing the average magnitude of the non-zero flow vectors contained under the gated dipole filter
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Figure 66. a) Minimum distance required to achieve flow consistency. The activation threshold
for each lobe of the gated dipole filter is shown on the right. b) Strengthening the flow
consistency requirement by shifting the location of the highest activation region away from
the dipole center and increasing the activation threshold. b) Weakening the consistency
requirement by expanding the lobes of the dipole receptive fields.
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in the winning oriented flow map. Several examples showing the flow restoration capabilities of the

two stage methodology are presented next.

5.3.3 Applications and Results. One of the most challenging problems associated with any

optical flow computation is the discrimination of moving targets in the presence of noise. This problem

is particularly troublesome for differential flow computation techniques, which generally require con-

tinuous spatial and temporal intensity distributions (6). Spatio-temporal integration techniques, on the

other hand, may be better suited for this task due to the spatial and temporal averaging effects inherent

in the integration process. In particular, this section provides several examples which demonstrate

the ability of the integration-based flow computation and correction algorithm developed under this

research to discriminate targets obscured by both system and physical noise phenomena.

The first set of examples test the algorithm's ability to discriminate targets moving in an image

sequence corrupted by system noise. It is assumed that system noise is an additive process consisting

of contributions from several different noise sources including the system's sensor and its electronics

package. Under the Central Limit Theorem, the cumulative effects of system noise on each pixel

of an output image can be approximated by a gaussian probability density function (PDF) (59).

Furthermore, the degree to which this additive gaussian noise is correlated between pixels is determined

by the physical properties of the system. In these examples, correlated gaussian noise was obtained

by lowpass filtering a white, or uncorrelated, gaussian noise profile using a purely real gaussian filter

(59). The degree of correlation between image pixels was determined by the size of the passband of

the lowpass gaussian filter.

The amount of noise energy added to each frame in an image sequence was controlled by the

standard deviation of the zero-mean gaussian random variable used to generate the noise distribution

of each pixel in the image and the average signal intensity of the frame. The relationship between the

standard deviation and the noise energy is given by (17)

SIN = 201ogl0 average signal intensity of frame (155)
standard deviation of pixel

where SIN is the signal to noise ratio of each pixel of the image. In these examples, Equation 155

was first used to determine the required standard deviation for a desired signal-to-noise ratio. The

procedures described in (59) were then followed to generate various degrees of spatially correlated

135



gaussian noise. The degree of correlation was determined by the cutoff frequency, o, of a circularly

symmetric real gaussian filter whose frequency response is given by

H(u,v) = e- e4(-J+-): (156)

where u and v are spatial frequency components. Under these procedures, the degree of correlation

increases with ci.

The first example is designed to demonstrate the ability of the flow restoration methodology

to remove inconsistent flow information contained in a 3D image sequence. Several frames of the

32 x 32 x 32 image sequence used in the first example are shown in Figure 67a). The sequence

consists solely of spatially correlated gaussian noise obtained using a filter cutoff frequency of a = 1.

Figure 67b) shows the multiresolution flow maps produced by the wavelet multiresolution velocity

estimation algorithm using an 11 tap cubic spline in space and a Daubechies 4 in time. Since the

flow vectors produced at both spatial resolutions demonstrate little if any flow consistency, the flow

restoration methodology should eliminate all vectors from each map. This is clearly the case as shown

by the "flow restored" maps in Figure 67c).

In the second example (Figure 68), two image sequences were constructed by adding two

differently correlated noise patterns to an image sequence consisting of a gaussian intensity distribution

moving at v. = v. = 1 frames/sec. across a 32 x 32 field of view. In both examples, the signal-to-

noise ratio was -1OdB and the average signal intensity value was 14.16 1. The noise sequence in part

a) is the same sequence generated in the first example, while part b) was formed from a noise sequence

with a higher degree of correlation as given by a = 10. Figure 69 shows the flow maps produced after

applying the cooperative-competitive flow restoration methodology to each of the image sequences in

Figure 67. In both cases, the technique was able to remove flow inconsistencies caused by the gaussian

noise sources while retaining the flow vectors associated with the moving object. The fact that the

flow restoration process in part a) was less successful than in b) is caused by the presence of higher

spatial frequency components that lie near the band limits of the signal spectrum. These frequency

components, which are not so strongly present in b), are captured in the first level spatial decomposition

whose resolution matches the resolution of the moving object.
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Figure 67. a)Several frames of a 32 x 32 x 32 noise sequence consisting solely of slightly correlated
gaussian noise obtained using a filter cutoff frequency of a = 1. b) Multiresolution flow
maps showing inconsistent flow behavior associated with noise sequence. c) Multires-
olution flow maps show flow inconsistencies removed by cooperative-competitive flow
restoration methodology.

Figure 68. Several frames from two different image sequences obtained by adding spatially correlated
gaussian noise to a 32 x 32 x 32 image sequence containing a gaussian brightness pattern
traveling at v. = v, = 1 frames/sec. The signal-to-noise ratio was - 10dB and the
average signal intensity value was approximately 14 in both examples. The degree of
correlation was obtained from Equation 156 using a) a = 1 and b) a = 10.
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Figure 69. Flow maps produced afer applying the cooprative-competitive flow restoration metho-
ology to the image sequences in Figue 67a) and b).
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The final example is designed to test the ability of the flow restoration algorithm to remove

flow inconsistencies caused by a combination of system and "physical" noise phenomena such as

occlusions and reflectance variations caused by movement with respect to a fixed illumination source.

In this example, four image sequences were formed by adding four equally correlated noise sequences

with different sigral-to-noise ratios to the simulated tank image sequence presented in Figure 58 at

the end of the previous section. Figure 70 shows the resulting image sequences and their respective

signal-to-noise ratios. The cutoff frequency of the filter used to generate the 64 x 64 x 64 equally

correlated noise sequences was a = 2. The average intensity of the tank sequence (including the trees)

was approximately 80. As before, each image sequence was decomposed with a 23 tap cubic spline

in space and a Daubechies 12 in time. The flow maps obtained after applying the flow restoration

methodology are shown in Figure 71. The flow map at the top of the figure was obtained by applying

the wavelet flow computation and restoration algorithm to the "noiseless" image sequence. Notice that

flow inconsistencies caused by pixel scintillations on the tank's surface and boundary occlusions have

been corrected to indicate the true speed and direction of the tank. The remaining flow maps show the

output of the algorithm for the four noisy image sequences in Figure 70. The flow computation and

restoration algorithm clearly produced a reasonable approximation of the flow field down to a signal-

to-noise ration of 5. After this point, spurious, noise-induced flow vectors began to appear outside the

flow region until, at at a signal-to-noise ratio of approximately one, the true flow field became difficult

to discern.

5.4 Conclusion

Chapter IV presented a unique, non-homogeneous multiresolution wavelet analysis designed to

extrqct moving objects in a 3D image sequence based on their location, size and speed. It was shown,

however, that this "scalar" motion-oriented multiresolution analysis lacked a key attribute of a useful

motion analysis tool - directional selectivity. The purpose of this chapter, therefore, was to extend the

properties of the motion-oriented wavelet filter bank to form a "vector" motion analysis tool. This new

tool is capable of discriminating moving objects based on their location, size, speed and direction of

movement. The method was based on the formation of four extended real image sequences from a

judicious application of ID spatial and temporal Hilbert transforms. These signals, when decomposed

using the discrete motion-oriented multiresolution wavelet analysis developed in Chapter IV, yielded
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Figure 70. Four image sequences generated by adding equally correlated gaussian noise to the tank
image sequence previously shown in Figure 58. The signal-to-noise ratio of each sequence
is shown along the left hand side of the figure.
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Figure 71. The upper flow map was produced by applying the flow computation and restoration
algorithm to the original "noiseless" tank image sequence in Figure 58. The remaining

flow maps correspond to various signal-to-noise ratios as indicated under each map.
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four sets of coefficients that could be summed to capture the signal frequency content contained in one

of four diagonally opposing regions in frequency space. The largest coefficients of the decomposition

process at each location in the image sequence were then combined to compute the optical flow of the

signal.

Several examples were provided which demonstrated the ability of the multiresolution wavelet

vector motion analysis to correctly compute the optical flow of an image sequence and thereby dis-

criminate between multiple objects of different sizes moving with different speeds and directions.

Furthermore, like all optical flow algorithms, it was shown that the performance of the wavelet-based

flow estimation algorithm was degraded by the presence of physical and system noise phenomena. The

final section of the chapter therefore presented a unique flow restoration methodology that incorporated

a modified version of S. Grossberg's gated dipole filter in a cooperative-competitive flow restoration

methodology. Several examples were provided which demonstrated the ability of the flow restoration

algorithm to find and correct localized flow inconsistencies caused by spatially cor. :ted gaussian

noise, occluding boundaries, and rapid fluctuations in reflected surface intensities.

The multiresolution wavelet vector motion analysis technique developed in this chapter offers

several distinct advantages over other spatio-temporal frequency motion analysis approaches. First,

and perhaps most important, the wavelet motion analysis provides a rigorous mathematical framework

for the construction of a multiresolution, motion-oriented filter bank. Other spatio-temporal frequency

approaches, most notably those developed by Heeger (24) and Watson (58), employ ad hoc, fixed

window, Fourier filtering strategies that do not provide a formal mechanism to control key properties

such as filter bandwidth, inter-band filter overlap, and space-time/frequency localization. Second, the

3D analyzing filters used in the motion analysis algorithm are constructed from the non-homogeneous

multiresolution wavelet analysis developed in Chapter IV. Thus, their spatial and temporal frequency

characteristics can be easily and independently varied to match the size and velocity constraints of

the design scenario. And third, the pyramidal, sub-band coding scheme used to generate the motion-

oriented filter bank provides a fast method for analyzing motion at multiple spatial scales.

Although the sub-band coding scheme used here is "fast" compared to the Fourier frequency

filtering techniques used in other spatio-temporal frequency motion analysis approaches, it is still much

too slow to implement in real-time on a sequential digital computer. For example, coding inefficiencies

notwithstanding, the average processing time required to decompose a 128 x 128 x 128 image sequence
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across all spatial resolution levels, generate a flow map for each level and post-process the flow maps

to remove flow inconsistencies was approximately 35 minutes on a single user SUN SPARCstation

2. Thus, the next chapter investigates the feasibility of reducing the computation time of the wavelet

multiresolution analysis using two very different parallel architectures - a digital Hypercube, and an

optical correlator.
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VI. Increasing the Speed of the Motion-Oriented Multiresolution Wavelet Decomposition

Algorithm through Digital and Optical Parallelization

6.1 Introduction

The bulk of the processing time required to run the wavelet vector motion analysis algorithm

is taken up by the motion-oriented 3D wavelet decomposition process. Indeed, a C version of the

O(N 3) serial decomposition algorithm requires approximately 30 minutes of wall clock time to fully

decompose a 128 x 128 x 128 image sequence on a dedicated SUN SPARCstation 2. Thus, the serial

motion-oriented decomposition algorithm would be difficult to implement in real-time on existing

single microprocessor platforms. The purpose of this chapter, therefore, is to investigate the potential

for increasing the computational speed of the decomposition algorithm using digital and optical parallel

architectures.

The first section of this chapter presents two parallel digital versions of the spatio-temporal

decomposition algorithm developed and implemented by AFIT students on a SUN SPARCstation

distributed network, an Intel iIPSC2 8-node Hypercube, and an i/PSC/860 64-node Hypercube. Exper-

imental results demonstrate an approximately linear increase in decomposition speed with the number

of Hypercube nodes. The second section of the chapter presents a parallel 2D optical wavelet architec-

ture published as part of this research effort in Optical Engineering, September, 1992. The purpose of

this phase of the research was to determine the feasibility of implementing the 2D spatial decomposition

stage of the 3D algorithm using optical technology. Experimental results verify the feasibility of the

concept; however, several adjustments must be made in the proposed architecture to make it applicable

to a general class of wavelet filters.

6.2 Digital Parallelization

This section summarizes the results of an investigation conducted by members of the AFRT

pattern recognition research group into the computational speed-up achieved by parallelizing the

discrete motion-oriented wavelet decomposition process (53). Although the wavelet decomposition

process is inherently parallelizable at many different scales, the original decomposition algorithm was

implemented in C on a single microprocessor machine. This serial algorithm was divided along

functional lines into modules that performed specific program tasks (e.g., load an image, perform

144

S.. ....... . . - --- -- - ,,m • =m, wmm unmm nn u n lun Im l I



spatial decomposition, perform temporal decomposition, etc.). Captain Laura Suzuki and Lieutenant

Rob Reid parallelized the serial program along these same functional lines, but at different levels of

"granularity" designed to match me parallel processing capabilities of three different parallel systems:

1) a distributed SUN SPARCstation 2 network (coarse-grain), 2) an 8-node Intel iPSC/2 Hypercube,

and 3) a 64-node Intel iPSC/860 Hypercube (fine-grain). Before discussing the parallel algorithms,

a brief review is provided of the major functions of the serial decomposition algorithm as previously

described in Chapter IV.

6.2.1 Serial Motion-Oriented Wavelet Decomposition Algorithm. A visualization of the

key functions in the serial motion-oriented wavelet decomposition algorithm is shown in Figure 72.

The input to the sequential algorithm is an N x N x N (rows, column, frames) 3D image sequence

representing the projection coefficients of the "zeroth" spatio-temporal approximation level. The first

stage of the algorithm spatially decomposes each frame of the image sequence into the next lower

spatial approximation and detail signals by convolving the ID spatial scaling function and wavelet

filters with the frame's rows and columns and keeping every other sample in space. This process is

then recursively applied to each successively sma!er spatial approximation signal until the number of

samples in the spatial dimension are less than the number of coefficients in the spatial filter.

In the next stage of the algorithm, the spatial detail signals formed by each spatial decomposition

are decomposed in time by convolving the ID temporal wavelet and scaling function filters across

all frames at each spatial location and keeping every other sample in time. Again, this process is

recursively applied to each temporal approximation signal until the number of time samples in the final

downsampled approximation signal is less than the number of coefficients in the temporal wavelet

filter.

As derived in Chapter IV, the computational complexity of the discrete motion-oriented mul-

tiresolution wavelet decomposition algorithm is of O(N3 ). This high degree of complexity makes it

difficult to apply the algorithm to real-time target discrimination problems using off-the-shelf, single

microprocessor platforms. Thus, the next section describes how the sequential algorithm described

above was parallelized to run on a distributed SUN SPARCstation 2 network, and on two 8 and 64-node

Hypercubes.
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Figure 72. A visualization of the motion-oriented multiresolution wavelet decomposition process.

6.2.2 Parallel Algorithms for Distributed SUN SPARCstation 2 Neitork and Intel iPSCI2 and

iPSC/860 Htypercubes. Viewed from a parallel programming standpoint, a major advantage of the

motion-oriented wavelet decomposition algorithm is its scalability (53). That is, each of the coefficients

produced by one spatial decomposition are computed independently, so that each computation can be

assigned to a single parallel node. Thus, given an unlimited number of parallel processing nodes,

one can theoretically reduce the order of the spatial decomposition from O(N 2) to 0(log 2 N), where

log 2 N is the bound on the number of spatial decompositions. Unfortunately, the parallel processing

systems available to AFIT have a limited number of nodes; thus, the parallel implementations described

next were much more "coarse-grain" than the 0(log 2 N) scenario.

The first parallel design was implemented on a distributed SUN SPARCstation 2 network. This

design, like the Hypercube design discussed next, broke out the program tasks along functional lines.

A task graph showing the major functions of the serial 3D decomposition program packet3D is shown

in Figure 73a). The lightly shaded circles represent the critical path of the decomposition. They include

the initial task of reading in the 3D input sequence (1), and the follow-on tasks of generating a spatial

approximation signal at each lower spatial decomposition level (3). Task (2) represents the generation

of the three spatial detail signals, and task (4) represents the complete temporal decomposition process.
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Figure 73. a) Major processing tasks associated with the motion-oriented wavelet decomposition
algorithm. The lighter shaded circles represent the critical path of the algorithm. Task (1)
reads in the input coefficients and generates the first spatial approximation level. Task (2)
generates the three spatial detail signals. Task (3) generates successively smaller spatial
approximation signals, and Task (4) generates a complete set of temporal detail signals. b)
Task assignments for the distributed decomposition algorithm shown by blocked regions
(53).

Figure 73b) displays the manner in which these tasks were assigned to the distributed SUN network.

Here, the critical path is left running on a single machine, and additional tasks are allocated (or forked)

to the remaining machines as data becomes available. One of the primary problems with this approach

is that the number of parallel tasks allocated during the spatio-temporal decomposition process is fixed.

Therefore, this coarse-grain parallel design is not scalable to the size of the input signal.

The second parallel design was implemented on an 8 and a 64-node Intel Hypercube. In this

design, a single node designated as a system supervisor sends data and control instructions to each of

the worker nodes. When the worker node has completed its task, it returns the results to the supervisor

node and awaits further processing instructions. The algorithm begins by passing a different 2D frame

of data to every available node. After receiving a frame of data, each node performs a complete 2D
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spatial decomposition and returns the results to the supervisor. The supervisor node then recombines the

data and initiates the temporal decomposition process. The temporal decomposition is accomplished

by bundling together groups of "time-strings" and passing them to available nodes for processing. A

time-string consists of the temporal values "found on a line drawn through all the frames at a given

(xr, y) point in some level of the spatial decomposition (53)." Since the degree of parallelism in the

spatial and temporal decomposition processes is dependent on the number of frames and time-strings

in the image sequence, this program is considerably more scalable than the distributed SUN algorithm.

A drawback to this architecture, however, is the memory restrictions of the individual processing nodes

limit the dimensions of the input image sequence to 48 x 48 x 48. The next section describes the

reduction in processing time achieved with both algorithms.

6.2.3 Tests and ResulA. Threo experiments were conducted to determine the average speed-

up of the distributed SUN and Hypercube algorithms over the serial version of the motion-oriented

multiresolution wavelet decomposition algorithm. For the purposes of these tests, the speed-up, S is

defined as (53)

s = Thase (157)

where Trhs, is the baseline run time of the serial algorithm, and -r..,,. is the run time of the parallel

algorithm.

The first test was performed to determine the average speed-up of the distributed SUN algorithm.

The test was performed on a 128 x 128 x 128 image sequence using a 12 tap Daubechies' wavelet in

space and time. The baseline time was determined by timing the serial version of the algorithm from

start to finish. The average baseline time over five runs was 31.6 minutes. Since the decomposition

algorithm was distributed across several machines, the run time was determined by measuring the time

required to execute the critical path on the main machine, as well as the execution times of the side

processes on the remaining three machines. Averaging the results over five runs, the overall speed up

of the distributed network was

S......, = min (Scritica6, Ss.ide)

= m in( 3 1.6 ,3 1.6 )( an10.2' 16.6]

= 1.904 (158)
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Figure 74. Speed-up vs. number of nodes for the iPSC/2 implementation using a Daubechies 8 tap
filter in space and time (53).

which is less than the linear value of 4. This slower-than-linear behavior is caused by I/O contention

created when the machines running the side processes are forced to wait to obtain input data from the

same file server. Although not attempted here, it should be possible to alleviate this contention by

passing the information directly to the side path machines. This would in turn reduce the run times of

the side paths and increase the speed-up of the distributed SUN system.

The second experiment was performed using an 8-node Intel iPSC/2 Hypercube. Four test

image sequences were used in the experimeLt. The dimensions of the test sequences were 8 x 8 x 8,

16 x 16 x 16, 32 x 32 x 32 and 48 x 48 x 48 (recall that memory limitations prevented the use

of larger image sequences). The experiments were conducted with both a Daubechies' 4 tap and a

Daubechies' 8 tap spatio-temporal filter. It was determined that the serial version of the algorithm was

different enough from the parallel version that it made a poor baseline for the tests. Thus, a 2-node

version of the Hypercube algorithm was chosen as the baseline test case. Since the memory allocation

scheme used in these tests was inefficient, the run times were obtained by measuring "'computational"

times only (i.e., memory allocation and 1/O times were ignored). Figure 74 shows the speed-up for 2, 4

and 8 nodes using the Daubechies 8 tap filter. Note that the speed-up is nearly linear for each of the

test image sequences.

The third and final experiment was conducted with an iPSC/860 64-node Hypercube. Although

the parallel algorithm was developed and debugged at AFRT, the tests were conducted on an iPSC/860

located in Beaverton Oregon. Additionally, with the exception of the number of nodes used in the

experiments, the tests performed here were identical to those previously performed with the iPSC/2.

The results of the iPSC/860 tests for an 8 tap spatio-temporal Daubechies filter are shown in Figure
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Figure 75. Speed-up vs. number of nodes for the iPSC/860 implementation using a Daubechies 8
tap filter in space and time (53).

75. Notice that the speed-up past the 8 - 10 node point is generally slower-than-linear. This behavior

is caused by the fact that the communications time, which is included in the run time calculation and

which is approximately constant for all configurations, is considerably larger than the nodal processing

time. Thus, as more nodes are added to the system configuration, the reduction in processing time

is small compared to the constant communications time and the speed-up no longer appears linear.

However, the speed-up is still quite significant, particularly for the larger test sequences.

The results of the above experiments suggest that the time required to perform a 3D motion-

oriented decomposition can be significantly reduced by parallelizing the algorithm and running it on a

parallel digital platform such as the Intel Hypercube. Furthermore, it appears quite possible that one

can improve the speed-up beyond the results achieved here by, for example, more efficiently allocating

memory, reducing 1/O operations, and lowering the communications overhead of the algorithm. In

the next section, an optical alternative for increasing the speed-up is explored in which the spatial

decomposition stages of the algorithm are implemented in frequency space using Fourier transforming

lenses and thermoplastic holography.

6.3 Optical Parallelization

Test results from the previous section showed that the speed-up achieved by parallelizing the

motion-oriented multiresolution wavelet algorithm on a digital Hypercube increases approximately

linearly with the number of parallel nodes used in the computation. Theoretically then, one can

achieve real time processing speeds by simply adding enough nodes to the parallel implementation.

However, the speed-up curves obtained for the modestly sized 48 x 48 x 48 image sequence show
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that even if one ignores memory allocation and 1/0 times, thousands of nodes would be required to

reach a minimum video system computational throughput of thirty frames per second. These types

of frame rates would clearly be difficult to achieve with existing parallel digital technology. Thus,

the purpose of this section is to present the results of an investigation into the feasibility of using a

parallel optical architecture for performing the 2D spatial decompositions required by the first stage of

the spatio-temporal decomposition algorithm.

6.3.1 Optical Wavelet Theory. Chapter II described how a continuous ID wavelet transform

can be implemented as a Fourier filtering operation. This pror -rty makes the 2D wavelet transform

ideally suited for optical implementation. To demonstrate this property, let the two dimensional, spatial

wavelet transform, [Wi](a, b, c, d), of an image, i(x, y), be given by

/ '-+• VaI tx-c y-d\_
[Wpi](a,b,c,d) = ] (x,) 1 a !- , ) dxdy (159)

wherea,baredilationparameters, andc,daretranslationparameters. Letting kab(x, Y )

Equation 159 can be rewritten as

[Wvi]I(a,b,c,d) = i(x,y)Vkb(X - c,y - d)dxdy (160)

Equation 160 shows the wavelet transform can be expressed as a correlation process in which the

image is correlated with a dilated version, 0ab, of the wavelet 4. Of course, correlations can be easily

implemented as filtering operations in the spatial frequency domain. Thus, if I(f•, f 7) =.{i(x, y)},

YJ(f•,fy) {4'(x, y)}, and *.b(fU, f,) = F{4ab(X, y)}, then Equation 5 becomes

[Wpi](a, b, c, d) [.T7' {I(f, f,f) V-)• / (-af•, -bfy)}] (c, d) (161)

where V/'I-'q(af•, bf,) = 'Fb(fz, fy). For a given pair of dilation parameters a, b, Equation 161

can be implemented optically by first recording the image's Fourier transform on a hologram placed

in the frequency plane of a Vander Lugt correlator (21). The hologram is then illuminated with the

Fourier transform of an appropriately dilated Haar wavelet, and the resulting correlation term is Fourier

transformed to produce the wavelet transform. The results described in this section were produced
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using a sinr'wlar approach in which the image and the optical wavelet were generated with a binary

SEMETEX 128 x 128 MOSLM. (8).

One drawback to using a binary device t, generate an optical wavelet is that it cannot produce

the continuous scaling factor traditionally associated with a wavelet. For example, in one dimension
the wavelet kernel is typically given by i (b-S--) where the scaling term c-san e

normalization factor (14). Because the wavelet and the image are both generated with the MOSLM, it

is not possible to include an energy normalization factor in the optical wavelet transform. However, the

absence of the normalization factor does not affect the existence of the transform's inversion integral

(8); therefore, the optical implementation presented here is referred to as a "wavelet" transform, where

the transform filtering operation in terms of the unnormalizod wavelet keimel, a b ) is given

by

[WhiI(a, b, c, d) = [F7- 1 {I(f., f) - ab'(-af,, -bfy)}] (c. d) (162)

A second drawback to generating an optical wavelet with a binary device is that one is restricted

to wavelets with binary amplitude distributions. One such mother wavelet commonly used in early

wavelet applications is the Haar wavelet (11). In two dimensions, a separable Haar mother wavelet is

given by

I if0_<x<.5and0<y<.5 or .5<_x< land.5<y< 1

h(xy) { -1 if.5_<x<land0_<y<.5 or 0_<x<.5and.5_<y<l (163)

0 otherwise

A two dimensional Haar mother wavelet and its Fourier transform are shown in Figure 76. Although

the discontinuities along the borders between the zero, positive, and negative states of the Haar wavelet

make it undesirable as a kernel for transforming highly continuous images, the uniform regions of

intensity between these well defined discontinuities make it suitable for implementation with binary

electro-optic devices. In particular, this section examines the feasibility of implementing a Haar wavelet

transform using a Vander Lugt optical correlator in which a family of Haar wavelets is generated with

a SEMETEX 128 x 128 Magneto-Optic Spatial Light Modulator (MOSLM).

Figure 77 contains a digital simulation of the optical Haar wavelet transform where the binarized,

128 x 128 image used in the experiment (Figure 77a) is correlated with four differently dilated Haar
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Figure 76. Two dimensional Haar mother wavelet (left) and its Fourier transform (right).

wavelets. In order to accurately simulate the holographic storage and recall process, each of the

wavelet space projections was obtained by first multiplying the Fourier transform of an unnormalized

Haar wavelet with the conjugate of the Fourier transform of the image, and then Fourier transforming

the result. The optical designs used to accomplish this process are described in the following section.

.-..2 System Desigpn. Two system designs were used to optically implement Equation 162.

Both designs used different methods for generating a family of Haar wavelets on the MOSLM. The first

method employed the ternary phase-amplitude state capability of the MOSLM. Here. the + 1. 0. -1

pixels of the Haar wavelet were generated by operating the MOSLM in a phase-only mode. The

surrounding 0 state pixels were generated by accessing the MOSLM's neutral, or demagnetized state.

In this state, plane wave light passing through the demagnetized pixels was diffracted into higher order

spatial frequency components which were eliminated by low-pas spatial filtering techniques (35).

Multiple dilations were achieved by electronically varying the number of +1, -1 and 0 state pixels.

The second method used a variable square aperture to control the dilation of the wavelet. Here,

a full 128 x 128 Haar wavelet was written on the MOSLM and a variable square aperture positioned

at the center of the wavelet controlled the wavelet's dilation. The 0 state was obtained by simply

blocking the light surrounding the + 1, -1 region inside the square aoerture. This dilation technique

was investigated after experiments revealed the ternary mode MOSLM was unable to produce a true

zero state.
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a) 128 x 128 image b) 4 x 4 wavelet

c) 8 x 8 wavelet d) 16 x 16 wavelet

Figure 77. Theoretical results from a digital simulation of the optical continuous Haar wavelet trans-
form: a) 128 x 128 binarized input image. b) - d) Correlation of the input image with
four different wavelet dilations.
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Figure 78. Vander Lugt optical correlation designs: a) Wavelet dilations controlled electronically
using ternary state MOSLM and spatial filter. b) Wavelet dilations controlled by variable
square aperture.

Figure 78 shows the Vander Lugt correlation schemes used to implement both wavelet transform

methods. In each implementation, a 128 x 128 binarized input image was generated by the MOSLM

and recorded on a thermo-plastic hologiam using a Newport HC-310 thermal holographic camera. The

reference-to-object beam power ratio generated by the 60mw HeNe laser was maintained at 10 : 1 an('

the reference beam angle was 310 off the optic axis. In the first design (see Figure 78a) two lenses, L1

and L-2, together with a low-pass spatial filter are used to block the energy diffracted into higher order

spatial frequency components by the demagnetized pixels in the MOSLM. The second design, Figure

78b), uses lenses L1 and L2 to image the 128 x 128 Haar wavelet onto a variable square aperture located

in the front focal plane of the 4f correlator. The correlation results for both designs were imaged onto

a CCD array and captured using an AT&T Truevision Advanced Raster Graphics Adapter (TARGA)

framegrabber.

6.3.3 Tests and Results. An example of a Haar wavelet generated using the first design

method is shown in Figure 79. This figure was obtained by rotating the output polarizer of the MOSLM
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Figure 79. Optical Haar wavelet implemented with ternary state MOSLM. Center region containing
1, -1 pixels is 64x64. Output polarizer is adjusted for maximum contrast.

to produce maximum contrast between its three operational states. Figure 80 shows a typical result

obtained by correlating a 16 x 16 ternary phase-amplitude state wavelet with the binarized input image

shown in Figure 77a). The poor quality of these results was traced to the inability of the spatial filtering

process to remove enough diffracted energy from the zero state pixels for the MOSLM to adequately

approximate the behavior of a Haar wavelet. Although several potential solutions to this problem were

implemented, none yielded adequate results. Thus, even though the ability to electronically clock in

multiple wavelet dilations using the ternary phase-amplitude mode of the MOSLM is highly desirable,

this research shows the ternary design technique cannot be implemented satisfactorily with current

MOSLM technology. The second design method yielded substantially better results.

Figure 81 shows a 32 x 32 Haar wavelet produced using the aperture stop wavelet design

method. In this figure, the output polarizer is adjusted to produce maximum contrast between the two

different wavelet states. During operation, the polarizer is adjusted so that the MOSLM operates in a

phase-only mode to yield a uniform intensity across the + 1 and -1 regions of the wavelet.

Figure 82 allows a comparison of the theoretical and experimental results obtained by correlating

the input image with a 8 x 8 Haar wavelet. Although there are strong similarities in the shape and

contrast of the edges predominantly detected by both the digital and optical wavelets, the digital wavelet
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Figure 80. 16 x 16 spatially filtered wavelet correlated with binarized input image.

Figure 81. 32 x 32 Haar wavelet produced using the aperture stop wavelet design method.
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a) b)

Figure 82. Comparison of digital a) and optical b) results obtained by correlating the binarized input
image with an 8 x 8 Haar wavelet.

was able to resolve finer details in the scene. This difference is attributable to the existence of a DC

component in the optical wavelet's frequency spectrum (recall that a true wavelet is a "zero mean"

signal so that the wavelet filter has no DC frequency component). The DC component is caused by

1) SLM pixel drop-outs that prevent the number of +1 and -1 pixels in the wavelet from summing

to zero, and 2) unavoidable stray light passed by approximately 257c of each of the SLM's pixels.

Additionally, the frequency spectrum of the wavelet is altered by energy diffracted off the edges of

the square aperture. These factors combine to allow low frequency components of the input image

spectrum to survive the correlation process, thereby reducing the edge resolving capabilities of the

optical wavelet transform.

0•.4 C'onclusiont

Two different parallel methods were investigated for reducing the computational time of the

order C)(N ) serial, motion-oriented wavelet decomposition algorithm. The first, or digital, method

employed three digital parallel architectures with varying degrees of "granularity." The first architecture

was a course-grain parallelization of the serial algorithm using a distributed SUN SPARCstation 2

network. Although the overall processing time was reduced by a factor of approximately 2, the system

and algorithm designs were not scalable, The second two architectures investigated were Intel iPSC/2

and iPSC/860 Hypercubes. The parallel algorithms associated with these platforms were less "coarse-
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grained" than the distributed SUN algorithm in that they were scalable with the number of frames and

"time-strings" in the input image sequence. The results of several tests conducted with differently

sized image sequences and wavelet filters displayed a near linear speed-up in computational time over

a serial baseline system. Furthermore, the results suggest that the speed-up can be further increased by

improving administrative tasks such as memory allocation and 1/0 operations.

The second method presented was designed to investigate the feasibility of using an optical

architecture to implement the spatial decomposition stages of the serial motion-oriented decomposition

algorithm. Here, two different optical architectures were presented for implementing an optical Haar

wavelet transform. Both methods used a Vander Lugt correlator to perform the wavelet transform and

a SEMETEX 128 x 128 MOSLM to generate multiple dilations of the Haar mother wavelet. The most

successful method employed a variable square aperture to control the dilation of a 128 x 128 Haar

wavelet written to the MOSLM. This method was developed to compensate for the poor ternary phase-

amplitude operation of the MOSLM. Although the results of the variable aperture method compare

favorably to a digital simulation of the process, inherent limitations of the binary MOSLM (e.g., stray

light, pixel drop-outs) prevent the creation of a true "zero mean", scaled wavelet. Additionally, the

binary device does not allow for the construction of more general wavelets with continuous amplitude

distributions.
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VIi. Conclusion and Contributions

7.1 Conclusion

Accurately detecting and discriminating multiple objects moving across a 2D sensor array in

the presence of physical and system noise is an unsolved problem. Modern military target recognition

systems generally employ a "static is basic" strategy in which single, static image frames from a

time sequence of two dimensional IR imagery are individually analyzed for hot spots in the scene.

However, biological studies show many animals rely on a "motion is basic" strategy in which objects

are detected and identified by analyzing the temporal behavior (direction and speed) of more complex

object attributes such as texture, orientation, edges and color. Furthermore, research into mammalian

motion analysis systems reveal the existence of biological motion detectors that are 1) localized in

space, 2) spatial frequency specific, and 3) sensitive to both direction and speed for spatial frequency

contrasts greater than the subject's contrast sensitivity. The goal of this research, therefore, was to

develop a computer vision-based motion analysis system that borrows on these biological concepts

to discriminate between multiple objects moving in a noise corrupted scene. This goal was achieved

through the development of a unique and powerful spatio-temporal, multiresolution wavelet motion

analysis tool that computes the location, speed and direction of 2D brightness patterns moving within

a sampled 3D image sequence.

Previous computer vision techniques designed for this same purpose have generally fallen into

two categories: spatio-temporal differentiation, and, more recently, spatio-temporal integration tech-

niques. Spatio-temporal differentiation techniques were made popular from the discovery that localized

velocity information can be computed from the spatio-temporal gradient of a moving brightness pattern.

However, these techniques require densely sampled imagery and are extremely sensitive to noise. They

also require the use of ad hoc rules to compute motion at object boundaries and in regions of constant

intensity. Spatio-temporal integration techniques, on the other hand, deduce local motion by integrating

across many frames in an image sequence, generally in the form of a convolution or Fourier filtering

operation. An important advantage of spatio-temporal integration is that flow discontinuities caused by

object boundaries, occlusions and image noise are "averaged out" in the integration process. The dis-

advantage of previous spatio-temporal integration methods is that they employ heuristic mathematical

techniques that provide little control over inter-dependent filtering characteristics such as filter overlap,
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filter bandwidth, and space-time/frequency localization. Additionally, these techniques use rigid filter

designs that cannot be easily modified to meet a particular problem scenario. The spatio-temporal

integration technique presented here solves these and other problems by constructing a motion analysis

framework on the rigorous mathematical foundation provided by a multiresolution wavelet analysis.

The development of the wavelet motion analysis tool occurred in a stepwise fashion, where

each step of the research depended on the success of the previous step. Thus, although the overall

contribution of this research effort is the development of mathematically rigorous yet flexible spatio-

temporal frequency motion analysis tool, several smaller contributions were made throughout the

design process. These contributions are described below in the order which they occurred in the design

process.

7.2 Contributions

"* An L 2 (p 3 ) Wavelet Multiresolution Analysis. Although Y Meyer developed the general

theory for wavelet multiresolution analyses in L2(L'), previous instantiations of the wavelet

multiresolution analysis dealt exclusively with one and two-dimensional signals. Thus, the first

step in this research effort was to extend the mathematical details that governed the construction

of wavelet orthonormal bases for L2 (P) and L 2 (p
2 ), tc t1ie zpace of finite energy spatio-temporal

signals, L2 (p3). As a result of this effort, it was shown that a separable wavelet orthonormal basis

for L2 (IR 3) consists of a set of seven dyadic wavelets evaluated over all possible integer shifts

and dilations. Additionally, an "oct-tree" sub-band coding scheme for implementing a "Discrete

Spatio-temporal Wavelet Transform" was developed which generates a bank of non-overlapping

octave-band filters with uniform spatial and temporal frequency characteristics. This sub-band

decomposition algorithm was then applied to a synthetic 3D image sequence to demonstrate its

ability to extract vertical, horizontal or diagonal features from moving or stationary targets.

"* A Non-Homogeneous L2 (OR3 ) Wavelet Multiresolution Analysis. The approximation spaces

of the L2 (p
2 ) wavelet multiresolution analyses developed by previous researchers, as well

as the above L2 (R3) wavelet multiresolution analyses, are formed from the tensor product

of identical ID approximation spaces. This approach produces a scaling function filter with

identical passband characteristics in each dimension of Fourier frequency space. This in turn

limits the filter designer's ability to tailor the frequency characteristics of the wavelet filter to
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match the frequency behavior of the input signal. Additionally, it reduces the computational

efficiency of the 2D or 3D discrete wavelet transform algorithm by preventing the use of lower

order, less computationally expensive filters along frequency coordinates with "looser" design

constraints (e.g., a motion analysis problem that requires a higher degree of spatial frequency

resolution than temporal frequency resolution). The next step of the research therefore was

to increase the flexibility of the wavelet filter design process to allow for the construction of

a separable spatio-temporal wavelet filter with non-uniform spatial and temporal frequency

characteristics. This was accomplished through the creation of a unique "non-homogeneous"

L 2 (W) wavelet multiresolution analysis which generates a separable wavelet orthonormal basis

for L 2 (O
3 ) consisting of seven dyadic 3D wavelets constructed from non-identical 1D spatial

and temporal wavelets. The resulting theory is quite flexible in that it allows one to construct an

orthonormal wavelet bases for L2 ([R
3) from any three L2 (R) scaling functions provided each

generates an L2 (IR) multiresolution analysis.

e A Motion-Oriented Multiresolution Wavelet Analysis: Decoupling the Spatial and Temn.

poral Decomposition Processes. At each stage in the "conventional" non-homogeneous 3D

wavelet decomposition algorithm, the spatial and temporal samples of the approximation and

detail signals are both equally decimated to yield a bank of analysis filters whose spatial and

temporal bandwidths both decrease by a factor of two from one stage of the decomposition to

the next. Thus, at any level in the decomposition process, one is required to analyze the signal

at equal scales in space and time. It is therefore not possible with the conventional structure to

generate a wavelet filter that captures the energy of moving objects with dissimilar spatial and

temporal frequency characteristics such as large, fast objects (i.e., objects with high temporal

frequency and low spatial frequency content), or small, slow objects (low temporal frequency

and high spatial frequency content). The purpose of the this phase of the research, then, was

to develop a 3D multiresolution wavelet decomposition technique that provides the ability to

independently zoom-in and zoom-out on spatial and temporal details in a 3D image sequence.

This was accomplished by "decoupling" the spatial and temporal decomposition processes to

produce a rich set of independent spatio-temporally oriented frequency channels for analyzing

the size and speed characteristics of moving objects. The motion-oriented wavelet decomposi-

tion algorithm was applied to a battlefield IR image sequence which demonstrated its ability to
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locate objects at different spatial scales in the presence of extraneous motion related phenomena

such as camera jitter, background noise and sensor noise.

* A Vector Wavelet Motion Sensor. The motion-oriented multiresolution wavelet analysis de-

scribed above was designed to detect objects of different sizes moving with different speeds

across a two-dimensional image plane. The symmetric 3D filters produced by the decomposi-

tion process thus act as a scalar motion sensing detectors in that they respond to the magnitude

of an object's velocity vector (i.e., its speed), rather than to the vector quantity of speed and

direction. The purpose of this stage of the research, therefore, was to expand the properties of the

motion-oriented wavelet analysis to provide a multiresolution motion analysis tool that discrim-

inates multiple moving objects in a three-dimensional image sequence based on their location,

size, speed and direction of motion. This effort was implemented by dividing a symmetric

wavelet filter into four diagonally opposing frequency pairs whose response more accurately

determines the speed and direction of a moving object. The method employs the unique concept

of an "extended real signal", which, when decomposed under a motion-oriented multiresolution

wavelet analysis, yields four sets of wavelet coefficients that can be summed to extract the

portion of the signal's frequency spectrum that lies in a given diagonally opposing region in

3D frequency space. The spatio-temporal center frequencies of multiple diagonally opposing

wavelet pairs are then used to compute the optical flow of spatio-temporal image sequence.

* A Cooperative-Competitive Optical Flow Restoration Mechanism. Like all optical flow

algorithms, the performance of the wavelet-based flow estimation algorithm developed under

this research effort is degraded by the presence of physical and system noise phenomena.

Therefore, a unique flow restoration methodology was developed in the next phase of the

research that incorporates a modified version of S. Grossberg's gated dipole filter in a cooperative-

competitive flow restoration methodology that reinforces consistent flow behavior and removes

flow inconsistencies. Several examples were provided which demonstrated the ability of the

flow restoration algorithm to find and correct localized flow inconsistencies caused by spatially

correlated gaussian noise, occluding boundaries, and rapid fluctuations in reflected surface

intensities.

* Digital and Optical Parallelization Techniques for Increasing the Speed of the Motion-

Oriented Wavelet Decomposition Algorithm. The bulk of the processing time required to run
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the wavelet vector motion analysis algorithm is taken up by the motion-oriented 3D wavelet

decomposition process. For example, coding inefficiencies notwithstanding, approximately 30

minutes of wall clock time was required to fully decompose a 128 x 128 x 128 image sequence

on a dedicated SUN SPARCstation 2. Thus, the serial motion-oriented decomposition algorithm

would be difficult to implement in real-time on existing single microprocessor platforms. The

purpose of this stage of the research, therefore, was to investigate the potential for increas-

ing the computational speed of the decomposition algorithm using digital and optical parallel

architectures. The contributions made in these two areas are discussed below.

1. Digital Parallelization of the Discrete Motion-Oriented Mutliresolution Wavelet Algo-

rithl,. A serial C version of the 3D motion-oriented wavelet decomposition algorithm was

parallelized by members of the AFrT pattern recognition group to investigate the speed-

up potential of three digital parallel architectures with varying degrees of "granularity."

The first architecture was a course-grain parallelization of the serial algorithm using a

distributed SUN SPARCstation 2 network. Although the overall processing time was re-

duced by a factor of approximately 2, the system and algorithm designs were not scalable.

The second two architectures investigated were Intel iPSC/2 and iPSC/860 Hypercubes.

The parallel algorithms associated with these platforms were less "coarse-grained" than

the distributed SUN algorithm in that they were scalable with thc number of frames and

"time-strings" in the input image sequence. The results of several tests conducted with

differently sized image sequences and wavelet filters displayed a near linear speed-up in

computational time over a baseline serial platform. Furthermore, the results suggest that

the speed-up can be further increased by improving administrative tasks such as memory

allocation and 1/0 operations.

2. Optical Parallelization of a 2D Spatial Wavelet Decomposition. The purpose of this

research was to determine the feasibility of using a parallel optical architecture for per-

forming the 2D spatial decompositions required by the first stage of the spatio-temporal

decomposition algorithm. Here, two different optical architectures were investigated for

implementing an optical Haar wavelet transform. Both methods used a Vander Lugt corre-

lator to perform the wavelet transform and a SEMETEX 128 x 128 MOSLM to generate

multiple dilations of the Haar mother wavelet. The most successful method employed a
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variable square aperture to control the dilation of a 128 x 128 Haar wavelet. The results

of this phase of the doctoral research are published in the September 1992 issue of Optical

Engineering.
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