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1 | INTRODUCTION

In [28], Muckenhoupt and Wheeden, introduced a new type of the weak-type inequality, that consists in considering a
perturbation of the Hardy-Littlewood maximal operator, M, with an A, weight. The result was the following, if w € A,
then

el

) (x)dx.

{x e R" : w(x)Mf(x)> A} < cw/
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Inequalities with this kind of perturbation, and some further ones that we describe in the following lines, are known in
the literature as mixed weak-type inequalities.
In [34], having as an application an alternative proof to Muckenhoupt’s A, theorem, Sawyer settled the following result.
Ifu,v € A, then, in thecasen =1,

uv<{x eR" : % > /1}) <cuy /Rn @u(x)v(x)dx. (1Y)

The preceding estimate was extended to higher dimensions and for Calderén-Zygmund operators in [7]. In that paper,
new sufficient conditions on the weights for Equation (1.1) to hold were introduced as well. To be more precise, there it
was shown that is u and v satisfy either u,v € A; oru € A; and v € A (u), then the inequality

uv <{x eR" % > ﬂ.}) < Chup /Rn lf;—xﬂu(x)v(x)dx (1.2)

holds for every t where T is either M or a Calderén-Zygmund operator. Note that the assumption u,v € A; is weaker, in
the sense that the product uv does not necessarily have any regularity, in contrast to what happens with the assumption
u € A; and v € A, (u) for which uv € A,. It was also conjectured in [7] that the assumption u,v € A; could be further
weakened to u € A; and v € A,,. That conjecture was solved in the positive in [22].

Over the past few years, there have been some contributions on mixed weak-type inequalities such as [3] for the case
of fractional integral and related operators, [1] for generalized maximal functions, [5, 29, 30] for related quantitative esti-
mates and [23] for multilinear extensions. Results for commutators of Calderén Zygmund operators and Hérmander-type
operators were obtained in [2, 4] (see as well [5] for quantitative estimates).

In this paper, we aim to provide some mixed weak-type estimates both in the Euclidean setting and in spaces of homo-
geneous type being the results in the latter setting the first ones in such a degree of generality that we are aware of. Also,
our results can be regarded as a revisit of certain endpoint estimates in [25], and as a generalization of the estimates settled
in [2, 4, 5]. In both cases, our approach will rely upon sparse domination, pushing forward ideas in [5]. We describe our
contribution in the following subsections.

1.1 | Resultsin the Euclidean setting

Our first result is concerned with operators satisfying a bilinear sparse domination result. Given A a Young function (see
Section 2.3 for the precise definition), we assume that T admits the following bilinear sparse bound:

3"

[Tz X 3 Ifholsliolal (13)

j=1Qes;
where S; are dyadic sparse families.

Theorem 1.1. Let 1< p,r < co. Letu € A; NRH, with ¢ =2r — 1 and v € Ap(u). Let A be a Young function such that
A € B, forall p > r and T be an operator that satisfies Equation (1.3). Then,

uv({x eR" : % > l}) < cnrCuyp /Rn |fs,t—x)lu(x)v(x)dx,
where

+4 1+
Cuv = Haululgyy” Tl 101 Togle + [l Tl [uwla_[0]a,0)

In the case of A(t) = t"(1 + logJr t)Y we have x,, = [u’]z < [u]qu [u]zl.
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Before presenting our next result, we need some notation. Letb = (by, by, ..., by,,) be a set of symbols with b; € Osceyxp i,
i=1,..,m.Letb = 0 Uc’ where o and ¢’ are pairwise disjoint sets. We introduce the following notation:

(b— 1) = [Jbix) - 2,

ieo

Ib—Aly =[] 1b:x) - Al

ieo

where & = (11,45, ..., 4,,.). Let C;(b) the family of all the subsets o of b such that #o = j. Observe that the cardinality of
Ci(b)is (’j") Also, we denote

m
bll = TT 1billose,,, -
i=1

We remit the reader to Section 2.3 for the definition of the spaces OscCeyp -
Having the notation above at our disposal, we define T}, as follows:

Tpf(x) = [by, ... [b2, [by, TT]1f (x).

At this point, we are in the position to present our next result. Let A be a Young function. We consider T an operator such
that T}, satisfies the following bilinear sparse bound:

3 m
/ To(Ng<cn ), D, 2, X IIf1b=bolollollglb(x) = bolerllaglQl, (1.4)

J=1 h=00eCj(b) QES;
where S; are dyadic sparse families. For such operators, we have the following result.

Theorem 1.2. Let 1 < p,s <oco. Let u € A NRH, with q=2s—1 and v € A,(u). Let m €N, r; > 1 for every 1 <
i<m L= E:’il Landb= (b1, ..., by,), where b; € Osceyp i for 1 <i <m. Let A and B be Young functions such that
r T r

B7L(1) log(t)l/’ S AN t) forallt > eand B € B, forall p > s and T be an operator that satisfies Equation (1.4). Then,

uv<{x eR" : —Tb(fv)(x) > /1}) < cn,TCu,U/ P1 (_lf(x/)1|||b|| )u(x)v(x)dx,
[Rn

v(x) ;
1
where ¢1(t) = t(1+ log+ t)r and

q m—h m—h q 1

n +4 14+ 1+ . 1+
Cuo= X el [, Tuol, * TogCe+ [wol, " rululgy [l [0l ).
h=0

- + _ 4 Y ¥

In the case of A(t) = t°(1 + log" t)?, we have x,, = [us]Aoc < [u]RHq [u]Al.

The usual iterated commutator is just a particular case of the result above that consists just in assuming that all the

symbols involved coincide. Let A be a Young function, m be a positive integer, and b € BMO (bounded mean oscillation).
We consider T an operator such that the m-order iterated commutator Tt’)" satisfies the following bilinear sparse bound:

3n
/ TrIE < cn Y, Y, (b =bol™ fulligllgullaglQl + Il folligligulb — bol™ll4qlQl] (1.5)

j=1QesS;

where S; are dyadic sparse families. Then, we have the following result.
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Theorem 1.3. Let1 < p,s < co. Letu € Ay NRH, withq =2s —1andv € Ap(u). Let m € Nand b € BMO. Let A and B
be Young functions such that B~(t) log(t)" < A='(t) forallt > eand B € B, forall p > s. Let T be an operator that satisfies
Equation (1.5). Then,

uv({x eR": m >/1}> < chCuU/ gom(%)u(x)v(x)dx,
v(x) R 1

where ¢,,,(t) = t(1 + log+ )™ and

44
Cuw = [u]RH:S L [u]Al [uv]x;m log(e + x, [u]Al [uv]}ﬁltom[v]Ap(u))l+m

a4
+ [l e, Tl TogCe + x,ul, w01,

1.2 | Results in spaces of homogeneous type

We recall that (X, d, u) is a space of homogeneous type if X is a set endowed with a quasi-metric d and a doubling Borel
measure u. d is a quasi-metric if there exists a constant x; > 1 such that

d(x,y) <xgq(d(x,z) +d(z,y)) x,y,z€X,

namely, if the triangle inequality holds modulo a constant. Since u satisfies the doubling property, we have that there
exists ¢, > 1 such that

u(B(x,2p)) < ey u(B(x,p)) x€X, p>0,

where B(x, p) :={y € X : d(x,y) < p}. We will assume additionally that all balls B are Borel sets and that 0 < u(B) < co.
Since u is a Borel measure defined on the Borel o-algebra of the quasi-metric space (X, d) we have that the Lebesgue
differentiation theorem holds. This yields that continuous functions with bounded support are dense in LP(X) for every
1<p<oco.
Let A be a Young function. Let T be an operator satisfying the following bilinear sparse bound:

l

[1e<ers Y T ifholslaou. (16)

Jj=1Qes;

where S; are e-sparse families of dyadic cubes (see Section 2.1 for the precise definition). Observe that in contrast with the
results in the Euclidean case, in this setting we need to be precise about the sparseness constant of the families involved
since it plays a role in the proof.

Theorem 1.4. Let 1< p,r < co. Letu € Ay N RH,; with ¢ = 2r — 1 and v € A,(u). Let A be a Young function such that
A € B, forall p > r and let T be an operator that satisfies Equation (1.6). Then,

T
uv<{x EX: % > l}) < CX,TCu,vL If;x)l u(x)v(x)du(x),

where
+4ir 1+% 3
Cuv =Ky [u]RHq [u]Al [uU]AP [uv]Aoo log(e + cn,pku[u]RHq [u]A1 [U]Ap(u)[uU]AP)-

In the case of A(t) = t"(1 + logJr )Y we have x,, = [ur]z < [u]qu [u]zl.
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In the case of iterated commutators, we need to assume that

I m
/Tb<f)g3c1i822 > D (/Qﬂb—bQ|afdu>||g|b—bQ|g||A,Q, 1.7)

Jj=1 h=0G€Cy(b) QES;

where S; are e-sparse families of dyadic cubes (see Section 2.1 for the precise definition). Under this assumption, we have
the following result.

Theorem 1.5. Let 1 < p,s <oco. Let u € Ay NRH, with q=2s—1 and v € A,(u). Let m €N, r; > 1 for every 1 <
i<m, 1= leil Landb= (b1, ..., by,) where b; € Osceyprri for 1 <i < m. Let A and B be Young functions such that
r -

B~1(t)log(t)'/" S A™\(t) forallt > eand B € B, forall p > s and T be an operator that satisfies Equation (1.7). Then,

uv<{xeX : % >A}> Scn,TCu,U/qul<w>u(x)v(x)dxy

r

1
where ¢1(t) = t(1 +log* t)7 and

r

m

14-
Cu,v = 2 Tu,v,h[uU]Am log(e + Tuoh [uv]ip [U]Ap(u)) +’,
h=0

q m—h

1+-1L
wheret, , , = Ky (Ul [ula, <[uv]AP [uv]Am> ' [uv]Ap.In thecase A(t) = t5(1 + logJr t)’, additionally we have that x,, =
q

[T, < [y, [Ty,

Remark 1.6. At this point, we would like to note that the dependencies obtained in the case of spaces of homogeneous
type are slightly worse than those in the Euclidean setting. The additional constants appear due to the fact that reverse
Holder inequality is actually a weak reverse Holder inequality for balls instead of cubes in this setting, and due to the fact
that doubling conditions do not behave as good as in the Euclidean setting.

The remainder of the paper is organized as follows. In Section 2, we provide some preliminaries. Section 3 is devoted
to the proofs of the main results. Finally, in Section 4 we show how to derive results for A-Hérmander operators and
their commutators from the main results and we provide a sparse domination result for Ty, in the context of spaces of
homogeneous type, generalizing [10, 16].

2 | PRELIMINARIES
2.1 | Dyadic structures on spaces of homogeneous type

We shall follow the presentation and the notation provided in [27]. Let us fix 0 < ¢y < Cy < o0 and § € (0,1). Assume
that for each k € Z we have an index set J, and a pairwise disjoint collection Dy = {Q?} jes, of measurable sets and an

associated collection of points {Z;{} jer,- We will say that D = | J, _, Dy is a dyadic system with parameters ¢y, Cy and & if
the following properties hold.

(1) Foreveryk € Z

X = UQf

JEJk

(2) Fork > lif P € Dy and Q € D, then either QNP =@ or P C Q.

858017 SUOWWOD 8AIE8.D 3(qedljdde ayy Aq peusencb ae 3ol VO '8sN JO S9|NJ 0} A%eiqi8UIjUO AB[IA UO (SUOTHPUOO-PUR-SWBILI0D" A3 1M A1q 1 U1 UO//SdNL) SUORIPUOD pue SWwie 1 8y} 88S *[Z02/T0/9T] Uo Akeid1auluo A8|IM ‘Sedsiol|qig 8Q 01I0su0D-enad Aq 65200£202 BUEW/Z00T 0T/I0pALI0D" A8 IM"Aleiq Ul |Uo//:Sdny WOy pepeoumoq ‘0 ‘9T92zZST



6 &A:gg&lhéﬁ'%lé‘)ﬁHE IBANEZ-FIRNKORN and RIVERA-RIOS
[NACHRICHTEN |

(3) Foreachk € Zand j € J;

B(z},¢o6") € Q) € B(z}, Co8%).
We will call the elements of D cubes and we will denote
DQ) :={PeD:PCQ}
the family of cubes of D that are contained in Q. We will say, as well, that an estimate depends on D if it depends on the
parameters ¢, Cy, and §.

The point z;.‘ could be regarded as the “center” and §* as the “side length” of each cube Q’; € Dy. These need to be with
respect a certain k € Z since k may not be unique. Consequently, a cube Q also encodes the information of its center z
and generation k.

We define the dilations «Q fora > 1 of Q € D as

aQ .= B(zj.‘,ocCoék).
Abusing of this dilation notation, we denote
1Q := B(zf,coak).
Note that these dilations are not cubes anymore but balls.

The following proposition, settled in [14], ensures the existence of dyadic systems that provide a convenient replacement
for the translations of the usual dyadic systems in Euclidean spaces.

Proposition 2.1. Let (X, d, i) be a space of homogeneous type. There exist 0 < cy < Cyp < oo,y >1,0<d <landmeN
such that there are dyadic systems Dy, ..., D,, with parameters c,, Co, and 6, and with the property that for each s € X and
p > Othereisa j €{1,..,m}and aQ € D; such that

B(s,p) CQ, and diam(Q) < yp.

We end up this section borrowing from [27] the following covering Lemma.

Lemma 2.2. Let (X,d, u) be a space of homogeneous type and D a dyadic system with parameters cy, Cy, and &. Suppose

that diam(X) = oo, take o > 3(:(21/5 and let E C X satisfy 0 < diam(E) < oo. Then, there exists a partition P C D of X such
that E C aQ forallQ € P.

2.2 | Weights

We recall that given a weight u, v € A,(u) if

1 p-1
[v]a (u)=SuPL/vu L/v_PTlu < o0,
b o u@) Jg u(Q) Jo

in the case 1 < p < o0 and

M,v
v

V14, = ”

o)
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where M,,v = sup, % /Q vu. If u = 1 we recover the classical Muckenhoupt’s condition. We would like also to recall
u
that

Ao =J4,
p>1
with the constant

1
[wla, = sgp —— [ M()qw) < co.

w(Q)

S~

Also we recall the Reverse-Holder’s condition, w € RH, 1 < 5§ < oo if

1 s
[w]lrp, = sup M < 00.

1
EW(Q)

1
N

If s = 1 the condition RH; is trivial.
An auxiliary lemma that we need is the following.

Lemma23. Let1 <s<q<oco. Ifu €A NRH, thenu® € A; and [u®],, < [u]mqq[u]A1

In spaces of homogeneous type, we recall that the A, classes and the A, and A, constants are defined exactly in the
same way as we showed above for the Euclidean setting just replacing cubes by balls. There is an important difference
with the Euclidean setting for the reverse Holder classes. We say that w € RH, if

Q=

wi(B) w(cqB)
( u(B) ) < e, e By

where c; is some constant depending on the space. Another fundamental result for us will be the sharp reverse Holder
inequality that was settled in [15]. There it was established that if w € A, then

< u!(B) ) B <e u(cyB)
uB) ) T u(egB)’

wherel <t <1+ !

and ¢, 7 > 0 are some constants depending on the space. Note that from this property it follows
T(u Aco

as well that if E C B then

1

w5 28)

for some constants c, cy depending on the space X.
Note that if w € Ap, then for every ball B, we have that

W(AB) < Cyzlw] 4, W(E).

We continue with the following sum property.
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Lemma2.4. Letw € A, and S be an n-sparse family of cubes. Then

Y w@ < cnip[w]APw< U Q>-

Qes Qes

Proof. First, we note that

_HQ _1#Ee 1 1 Swh
1T HQ S 7 @ _W(Q)/EQw ¢

1

1 < w(Eq) > : w P (EQ)

3,
~

<
“n\ Q) u(Q)

|-

< l<w(EQ) >1P w_lﬁ(lQ)
~n\ Q) u(1Q)

1 w(EQ>>5 i<u<m>>i
Sn(u(Q) whi, oo

and hence
w(Q) § 751wl wiEo).

Taking this into account

Y 0@ 5lwl, Y wiEe) = nip[w]pr< U Q)

Qes Qes Qes
and we are done. O

We end this section with the following lemma that readily follows from the definitions both in the Euclidean setting
and for spaces of homogeneous type.

Lemma 2.5. I[fu € A andv € A,(u), thenuv € A,

2.3 | Young functions and Orlicz averages

Now, we recall that given a Young function A : [0, 00) — [0, o), namely a convex, non-decreasing function such that
A(0) = 0and A(t) — oo when t — oo we can define the average on weighted Luxemburg norm

1f laqo.o = inf {A 50 u(lQ) /Q A( L/ ‘A")' >u(x)dx < 1}.

Also, we can define the Luxemburg norm on spaces of homogenous type just replacing the Lebesgue measure, dx, by the
corresponding measure, du, and cubes by balls.
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It is also possible to settle a generalized Holder inequality for Young functions. If B=1(£)C~1(t) < cA~'(¢) fort >ty > 1
then

1f&gllacw,o < cllflw).ollgllcw).o-
We shall drop u in the notation in the case of Lebesgue measure. For each A Young function, we define the associated
Young function A by A(t) = sup,_, . ts — A(s). Note that A~ ())A~"(¢) < 2t.

A Young function A is said to be submultiplicative if there exists ¢, > 1 such that A(ts) < c4 A(£)A(s).
Let u be a weight and A be a Young function. We define the maximal operator Mz(u) by

Fooo_
Miw = sup, I laq.0

where the supremum is taken over all the cubes in the family 7.
We say A € B, if
[Se]
A
.
L, Pt

Given 1 < p < oo, M4 is bounded on L? if and only if A € B, for more details see [31]. Observe that if A € B), for all
p > 1 we get A(t) < c,x(e)t'¢ with x : (0, 00) — (0, c0) for all € > 0. For example, if A(t) = t(1 + logJr t)” then A(t) <
QyYe 7t *e fort > e.

An important result that connect the average given by a Young function with the class of weights A ,(u) is contained in
the following lemma.

Lemma 2.6. [5] Let u a weight, v € Ap(u) and ® a Young function. Then, for every cube Q,

I o). < I w1, @r@o).o-
Now, we recall if b € BMO then

Sgp ”b - bQ”expL,Q < Cn”b”BMO'

It is possible to define classes of symbols with ever better properties of integrability that BMO symbols. Given r > 1 we
say that b € OsCexp 7(w) if

”b”Oscexer(w) = Sgp llb— bQ”expL’(W),Q < co.

Note that Oscexp - & BMO for every r > 1. It is not hard to prove that for those classes of functions the following estimate
hold

Lemma2.7. Let j > 0, w € Ay, and b € OsCeyprr Withr > 1. Then

I :
lb—bolll  r  <clwly |l

expL] (w),Q Ostexprr

To deal with the case of spaces of the homogeneous type, we will need the following version of the lemma above.
Observe that a worse dependence on the constant appears, due to the fact that we need to change balls by cubes to use
John-Nirenberg’s type inequality.

858017 SUOWWOD 8AIE8.D 3(qedljdde ayy Aq peusencb ae 3ol VO '8sN JO S9|NJ 0} A%eiqi8UIjUO AB[IA UO (SUOTHPUOO-PUR-SWBILI0D" A3 1M A1q 1 U1 UO//SdNL) SUORIPUOD pue SWwie 1 8y} 88S *[Z02/T0/9T] Uo Akeid1auluo A8|IM ‘Sedsiol|qig 8Q 01I0su0D-enad Aq 65200£202 BUEW/Z00T 0T/I0pALI0D" A8 IM"Aleiq Ul |Uo//:Sdny WOy pepeoumoq ‘0 ‘9T92zZST



MATHEMATISCHE

IBANEZ-FIRNKORN and RIVERA-RIOS

NACHRICHTEN

Lemma 2.8. Let Q be a cube in a dyadic structure and b € Oscexp - withr > 1. Ifw € A,

1 1

b — bQ”expL’(w)Q ”b”Oscexer [w]zp [w];‘w~

Proof. First, we note that it is not hard to check that b € Oscey, 1, implies that
Ir

Ux €B ¢ |b(x)— byl >t} < eu(Ble " Peeptr |
Bearing that in mind we continue our argument observing that since
|b(x) — bg| < [b(x) — bl + clIblloseey
we have that

b — bQ”expL’(w),Q <|Ib- le”expo(w),Q + C”b”Oscexer

and hence it suffices to deal with ||b — byglexp r(w),o- We argue as follows:

Ib(x) — bIQV)_ )
w(Q)/ < < ¥ JReHE)

1 |b(x) = biol"
< w (exp <T> - 1>w(x)d,u(x)

(e b _b r
ﬁ/o etw<{xelQ : —l (X)lr 1l >t}>dt

1

IA

then

. b(x)=biql" ex(wlag,
) #({x (S 1Q . T > [})

- t J

> w(Q)/o ¢ u(cgQ) w(cgQ)dt
1 CX[UJ]AOO
#<{XE1Q : Ib(x)—b1Q|>Atr}>

= t 4

w(Q) /0 ) cqQ) w(cqQ)dt

A" 1
1 o [zrbuf“ ]c [l
_c—/ efle Oscexprr )54 w(cyQ)dt
w(Q) 0

i o
w(CdQ) ol T PToncy 5 Tace i
w( Q)

t[l [ Ar

hal Rl P exlwlag

< E[w]Ap / e OCexplr dt = (%).
0
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1 11 1 1
Choosing 1 = 2r 2||b||OSCexpL,c”r c;([w];100 [w]gp we have that

r

1 111 1
[z F2Wbloscqyy €7 o w1 0] f;p]
t1

bl exlwlag
« et °° t[1-c2lwls, |
(%) = e[w]y, e dt = élw]y, e Apldt
p p
0 0
« (1—€[w]A 2>t Clwla,
< C[LU]A / € p dt = — < 1
* Jo 2c[w]Ap -1
and this yields
! 1
lb— le ”expL’(w),Q p “b”Oscexer [w]ﬁm [w];lp'
Gathering the estimates above we are done. O

3 | PROOFS OF MAIN RESULTS
3.1 | Scheme of the proofs of the main results

In this section, we briefly outline the scheme that we are going to follow for each of the proofs of the estimates in the main
results. As we mentioned in the introduction, the scheme can be traced back to [5, 9, 21, 24]. Let T be a linear operator
and M maximal type and dyadic, in some sense, operator such that

uv({x € R" : Mf(x)>1t}) S /A<@>uv,

where A is a submultiplicative Young function. Note that by homogeneity it suffices to show that
T
uv xeR":M>1 S,KMU/A(lfl)uv,
v(x) ’

wherex, , > 1is the constant given by the dependence on the weights involved. Taking that into account we could proceed
as follows:

uv<{xelR” : TG o)) > 1}) 5uv<{xeR” : TG 0)Xx) > 1, Mf(x) < 1})
v(x) v(x) 2

+uv<{x eER" : Mf(x)> %})

Since the desired estimate holds for the second term it suffices to control the first one. Let us call

T(fu)x)

Gz{xelR”: 000

> 1, Mf(x) < %}
Then, it suffices to prove

W) < cury [ AUSDv + 3u0(G),
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since this yields

uv<{xe R” : % > 1, Mf(x) < %}) §2cnyTxu,v/A(|f|)uv.

3.2 | Proofs of the results in the Euclidean setting

3.21 | Lemmatta

Lemma3.1. Let1 <r < co.Ifu € RHywithq = 2r — landu” € A, thenfors =1+ !

and any measurable subset

2Tn[ur]Aoo
EcQ
u'(B) . od (@)‘_‘
wrQ ~ M\ 5y )
Proof. First, let see
1/2
we) < tullfy (49) v G

Indeed, since u € RH, we obtain

W@\ o (@)"1 a2 1Q1 <u’(Q)>_ a2 W(Q)
<M(Q)> <l \ Jor ) =eu, g9 TTar ) = e, gy

Then

: () ®\"
) <) Pt @) <y Pty 2D <l (48 o)

In the other hand, since s = 1 +

—— then by a similar argument as above we get
Tnlt Ay

< ur(Zs—l)(Q) > 1/2 < u(Q)

u"(Q) ~ u(Q)
and
w(EB) _ (wE)\
wQ ~ (ur(@)) G2
Taking into account Equations (3.1) and (3.2), we obtain
wi(EB) _ (wE\ < u(E) >1/ )
w@Q * <ur<o)> <l () O
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Lemma 3.2. Let 1 <r < oo and A be a Young function such that A € B, for all p > r. If u € RH, with ¢ = 2r — 1 and
u" € Ay, then for any cube Q and G measurable subset

1+4
lxcullao < CnKu[u]RH:r (Wo1 (X6 )

1

2ty [u" ] 4,

with s = 41 + ).

Remark 3.3. Observe thatif A(t) =t"(1 + logJr t)! then for any 0 < € < 1 we have A(t) < cy,rs_}’t’(“g) and x,, = C[u’]z .

00

Proof. Since A € B, for all p > r then A(f) < ct"1+ for all € > 0. Then

1 1

”XG““A,Q < cn§€”)(G“”r(1+£),Q = cngell)(Gur”{_,.E’Q = anu”)(Gur”{_,_E’Q (3-3)
withe = —— and x, =¢ 1 .Using Lemma 3.1 we have
2Tn[ur]Aoo 2plur g,
L q 1
rA+(G n 1+e — Gn a(1+e)
u S Cn [u]l:(;;'s) u . (3‘4)
ur(1+5)(Q) q u(Q)

1

Tn [”r Aco

On the other hand, since 1 +2¢ =1+ andu € RH,, with g = 2r — 1 > r, we get

1

<ur(1“)(Q)>m < (ur(@)m 1 / war )
@l “\Tl Q1 Jo

1 1+2¢

u'(Q) ) 049 <2u’(Q) > v L <u’(Q) ) :

< QI QI |Q
1
! uq(Q)> a u@Q
<2r <c _—. 35
(562) <entulun, 53 (3)
Taking into account the inequalities above, we obtain
1
Ixcullao < caxullxcu'll{ . o
1 1
ur(1+€)(Q) r(1+€) ur(1+s)(G NnQ)\ ra+
()" (o)
Q] w1+9(Q)
< 1+4r(f+£) u
—_ cnku[u]RHq <u>Q,1<XG>Q’4(1+£)r
+i
< Ul (W)o1 (X6) 41y 0

Now, we recall the followings lemmas proved in [5]
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Lemma 3.4 [5]. Let y,, 7, > 1. For every j, k nonnegative integers let
;i = min {y,27%jP1, By,27I27 K20k k2 },

where pq, 05,8 > 0and 3 > 0. Then

1
Z ik < Coppyys¥1108,(e + 7)1 + ﬁﬁ,
k>0

wherey > 1.

CA8A(2)

Lemma 3.5 [5]. Let A be a Young function such that A(xy) < c4A(x)A(y) for some cy, > 1 and S be a e 5AC)
CA

family. Let f € C and w € A, and assume that for every Q € S

-sparse

2777 < 1 f llaqwyo < 277

Then for every Q € S there exist EQ C Q such that

D Xig < calwla,,
Qes

and

A(2j+1)

W lawy < 4ea =553

- A(fDw.
Eq

Lemma 3.6 [5]. Let w € A, and S be a n-sparse family of cubes. Then
> w@ < cn[w]Amw< U Q>.
Qes Qes

Lemma 3.7 [5]. Let A be a Young function such that A(st) < c4A(s)A(t). Let D, j = 1,..., k be dyadic grids and let w be a
weight. Then

w({x eR": Mg(w)f(x) > t}) < cAcn/nA<|f(t—x)|>w(x)dx,

R
here F = J*_ D

where ' = J;_, D;.
We end this lemmatta section with the following key Lemma.

Lemma3.8. Let1<p<oo,§>1andp >0.Letu € Ay, v € A,(u) and A(t) = tlog(e + t)° and let S be a sparse family.
Then, if f € L° and g = yg where G C {x : M) f(x) < %} is a set of finite measure, we have that for every t,, ,,¥ > 1

o D 1 a8l e, ouo (@)

Qes

1
< Cn,pTup [uv]Aw 10g(€ + 7"u,v["“-)]Aoo [U]Ap(u))1+p / A(lfl)‘M.U + 5HU(G).
Rn
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Proof. Taking into account that G is a subset of the set where M 4(,,,y(f) < % we can split S as follows Q € S; i, j, k > 0if

2771 <”f”A(uU),Q < 2—j,
27kt <“g”L§(u),Q <27k,
Let us define

sik= 2 I laqo.ollglw uv(@).

QESj,k
We claim that
27k i° [, A
s < {cn [uvlaj® [ AQSfDuv

Cn,p [uv]Aoo [v]Ap(u)z_j 2k(§p—1)uv(G)

For the top estimate, we use Lemma 3.5 with w = uv and A(¢t) = t(1 + logJr t)°, and we have

W@ f s < ¢J° / A D
E,

Q

with

D X5,(0) < [ealuvls ).

QESj’k

Then,

six <cakje Y / A(f Duv < eqluv], 275 )P /R AQ S huv.
EQ n

QESj,k

For the lower estimate, using Lemma 3.6

si <27727F 3 wo(Q)

QESjk

: 1
< cn[uv]AWZ‘JZ‘kuv<{x eR" : M,(g)¢ > 2—k—1}>.

Since v € Ap(u) we have

1

1 [0la,w) P
@/qu$< 10(Q) /quv> .

Then,

1
Sjuc < ealuvly, 27727 uv< {x ER": <[U]Ap(u)Muv(g)> P> 2—’<—1}>

< cn[uv]AWZ‘jZ_kuv<{x € R" : My, (g) > 2~ ¢Pk+D[p] -1 })

Ap(@)

< e pluvla [v]a, )27 2P Dun(G).
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Combining the estimates above

[s9) (69
o D I lacyoligllze ouo(Q) = 7y kZ Z:,)sj,k
=0]=

Qes

(6]
< z min {chu,u[uU]sz_kjp/ A(lf Duv, cn,pTu,v[uU]Aoo [U]Ap(u)z_jzk(gp_l)uv(G)}-
Jjk=0 R

We end the proof using Lemma 3.4 with y; = ¢, 7, ,[uv]a_ /[R" A(lfDuv, O
Y2 =CnpTup [uU]Aw [U]Ap(u)a B = uv(G), 6 = §P, y=3"pp=pandp, =0.

3.2.2 | Proof of Theorem 1.1

Let G={x: TYLX) o, B\ {x : My, f(x)> %} and assume that ||f|l 1) = 1. If we denote g = x, for the sparse

2} 2; ( / fv>||gu||A,Q.

domination we have
Sinceu € A; NRH, thenu” € A; C A, then we can take s = 4(1 +

uv(G) < ‘/ T(fv)gudx| S

—)r By Lemma 3.2,
nlu ag
E

”gu”A,Q < CnKu[u]RHq <u>Q,1<g>Q,s'

Since u € Ay,

3"

w@gy ¥ ( / fv)ugunA,Q
Q

Jj=1Qes;

< cnxu[u]RHf[u]Al 2 D)UY

Jj= 1QeS

q

+
Now, we apply Lemma 3.8, with § =5, 0 =0, 7,,, = ¢,y%, [u ]RH [uls, and y = 3", then

q

u0(G) < Gyl [ 2 3 (% uv@)g),

J=1Q¢€S;

q q

< a1l Tl [u0], Tog(e + i [l Tl [wol,_[0], ) + 3U0(G)

3.2.3 | Proof of Theorems 1.2 and 1.3

We provide the proof of Theorem 1.2 first and at the end we show how to adJust the argument to settle Theorem 1.3.

LetG = { . Tb(fU)(x)

) > 1\ {x : M¢1 o) f(x) > } with gm (t) = tlog(e + t)r and g = g, for the sparse domination we
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have

uv(G) < ' / Ty(fv)gu| <

3" m
55 3 5 ([ ototols Jisto- ol
J=1h=00€Cy(b) Q€S; \’Q

Let £ =401+ )s. By u € A;, Theorem 3.2 and Hélder inequality we obtain

2[5]

¥ (/ folb —bQ|a/)||gu|b—bQ|a||A,Q

Qes Q

<y < / fv|b—bQ|a/>||gu||B,QH||b—bQ||expm,Q
Q

Q€S ico

I+ u(Q)
Sreululpy® Y ( / fv|b—bQ|g/>||g||Lg(u)Q 0 TTb = bollexprrio
Q

Qes ieo

1+
<K[]RH [ula, D) 11D = bolorlluoolglzo [ T 11D = bollexp i, ouv(@Q)

Qes ieo

1+q
S rululgy® [ula, [uvl, ZHub bollesprrill Il 1 - el ouv(@)
r(uv

Qes iel LlogLr (uv),

q

1+
:xu[u]RHy[u]Al[uv IIbIIZIIfII ¢ oo Bl
r(uv

QES OgL ( ),

q m—h
S

1+
Now, we apply Lemma 3.8 with p = %,A(t) =@1(t), Ty =%y [u]RH [ula, [uv]A andy = 3"( ) (recall that ( ) is the
cardinality of Cj (b)), then r

> (/ folb - bQ|a/>||gu|b —bolollag

ceCp(b) QeS
L/ 11Ibl| 1
< en1Cup /Rn §D%< 1 v+ 3"_2 uv(G),

where

q 1 m—h 1 m—h 1 q

+- + + " 141
Cuv =Xy [u]RH i [u]Al [UU]A ' IOg(e + [uv]Am ' Ku [u]RHqS [u]Al [U]Ap(u)) " |

To settle Theorem 1.3, due to the following lemma, that follows from ideas in [8], it suffices to apply the argument above
just to the cases in which o = @ or in which o contains the m “copies” of b.

Lemma 3.9. Givenb € Ll’(';c, a sparse family S, a positive integer m and h € {0, ..., m} we have that

AT, £)x) < D b= bol™If IlagxoC) + Y If1b = bol™lagxo(x)-
Qes Qes
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Proof.

AT, £)(x) = Y 1b(x) = bol™ | f1b — bg |1l 4.0 x0(x)

Qes
= 2" IF1b(x) = bol™"b = bol" |l 1.0x0(x)
Qes
< 2 II.f max{|b(x) — bgl, |b — bol}"ll4,0x(X)
Qes
< Y 1b0x) = bol™ I f lagxe®) + D, If1b = bol™ll4qxq(x)-
Q€S Qes O
3.3 | Proofs of the results in spaces of homogeneous type
3.31 | Lemmata
Our first Lemma is the following.
Lemma 3.10. Let1<r <oco. Ifu € RH, with q =2r —1 and u" € A, then fors =1+ W and any measurable
n A
subset E C Q,
L
WE) s < u(E) )
us(c4Q) u(cqgQ)
Proof. First, let us see
1/2
r < q/2 u(E) r
u'(E) < [ulgy, <u(1Q) u(cgQ). (3.6)
Indeed, since u € RH, we obtain
e (wae)” (s >‘1 i L
ui(1Q) _ | @ < [u]q/z 1(cqQ) — [u ]q/2 u(cgQ)
u(caQ) weg) [ = MR Tueg0) PIee)
u(cqQ) u(eaQ)
a2 BeaQ) (uea®\' g #eaQ) w(eaQ)
= [ulzy < lUulgy
1u(cgQ) \ u(cqaQ) 1u(cgQ) pcgQ)
g2 u(cqQ)
= ki e,

Taking that into account,

w(E) < wE)uI(1Q)/? = u(E)2u(c4Q): (“(“Si)
1op 02 WD e < ) W
S u(E) [u]RHq u(ch)l/z [ u(c Q) (ch)'
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On the other hand, since s =1 + we have that

2ty [ur]A(,o

25—1

<u’<2s-1><1Q)>E _ (u’@S-D(lQ) #(1Q) )5 < <ur(ch>>T ( #(1Q) >5
u’(cqQ) u1Q)  w(cgQ)) N\ ulcgQ) u(cqQ)

- <u’(cdo>>s < p(cqQ) ) - <u’S(ch)> < p(cqQ) >
~\ uleqQ) u(caQ) /) — \ u(egQ) ) \u"(cqQ)
_ uP(Q)

Cu(egQ)’

Summarizing

<ur<zs—1><1Q) > P uP(eQ)
u(cqQ) ERUCON

Observe that relying upon this estimate

wW(E) _ ') _ weIE )
usr(cgQ)  u(cgQ) T us(cqgQ)

1 1

. <u2r(s—1)(1Q) ) 2 u’(ch)Eur(E)é

u’(cgQ) us(c Q)

_ WeQ) W QW (B _ (2o )1/2
Tur(egQ) u(egQ) u(egQ))

Hence,

U (E) << u'(E) >1/2‘

3.7
(0 ~ \wea® G7
Taking into account Equations (3.6) and (3.7), we obtain
1/2
q/2 ( wE) 1/2 r
u¥ (E) << W' (E) )1/2 . [“]RHq(u@dQ)) W (caQ)
usT(cgQ) = \u(cqQ) u(cqgQ)
_ q/4 u(E) 4
_[u]RHq<u(ch)> ' O

We continue with the following lemma which is a counterpart of Lemma 3.2.

Lemma 3.11. Let 1 <r < co and A be a Young function such that A € B,, for all p > r. If u € RH, with ¢ = 2r — 1 and
u" € A, then for any cube Q and G measurable subset
q

1+4
”)(Gu”A,lQ < CXKu[u]RHzr <u>ch,1<XG>?dQ,s

with s = 4(1 +

)r.

2Tn[ur]Aoo
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Proof. Since A € B,, for all p > r, then A(t) < ¢{.t" (+9) for all € > 0. Then

1 1

lxcullaig < cCellxcullrareio = Cellxcu I 10 = Rullxcu Il 10 (3.8)
WithE:;andku:Q‘ 1
Tn [ur]Aoo 2tplu 4

Using Lemma 3.10, we have

1

r(1+¢) 1L+a —1_ 41+e)
(u (G n Q)> < x [u] 00 <u(G N Q)> “ )' (3.9)

ur1+9)(c;Q) R\ u(csQ)

In the other hand, since1 +2e =1 +

andueRH ,withg = 2r — 1 > r, we get
Tn[ur]A

1 1

<ur(1+£)(ch) ) r(1+e) _ u§+§+£(CdQ) r+e)

u(eqQ) u(eqQ)
<Q>)_ L )
= < HeaQ) <#(ch) /ch v (310
. (ur(1Q)>m<c”’<céo)>2fﬂ+f> < ’(CZQ)>
T\ H(cQ) H(cQ)
ul(c2Q)\ ¢ u(ciQ)
< S [u] . (3.11)
< H(c2Q) ) IRty u(cQ)

Taking into account the inequalities above we obtain
1
lxcullaig < cxullxcu'lly, 10
1 1
<#(ch)> T (w049, Q) | O (u’<1+5>(c n1Q) > h
K — —
“\ vQ) u(caQ) w+9(csQ)
1+ 4r(f+z) u
S CXKu[u]RHq <u>C§Qx1<XG>CdQ,4(1+E)V

1+L
4r u
S CXKu[u]RHq <u>c;Q,] <XG>ch,4(1+s)r' D

dcsA@relwla,

1+4CAA(4)c[w]Ap

Lemma3.12. Letw € A, and let A be a submultiplicative Young function and S a dyadic -sparse family. Let

f € C and assume that for every Q € S

277 < amyawyo < 277
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Then for every Q € S there exists EQ C Q such that

Z XEo(X) < exlwly,
Qes

and

A(2712)

WIS Nawy,o < 4? i A(lfDw.

Proof. We split the family S in the following way:

S% = {Maximal cubes in S}

S! = {Maximal cubes in S \ S}

S! = {Maximal cubes in S \ Uirj)Sr}

Recall that since w € A, we have that, for each cube Q and each measurable subset E C Q,

1

w(E) < c(%) R w(cyQ).

Now observe that if Q € S* and J; P,ifwecall x = 4cAA(4)c[w]Ap,

= UPesiH,PgQ

w=u U Pl U wu®

PeSi+! PCQ PeSI*1 PCQ

1+ x 1
s( ” —1>#(Q)=;/«L(Q).

Arguing by induction, if we denote J,, P then we have that

= Upesi+v,PcQ

woy < (3) w@ < (3) wao

and hence,

v

1 exlwla,,
w(J,) < 2(m) w(cyQ).

In particular if we choose v = |cx[w],_ |, then by Lemma 2.4

2 C[w]AP
w(J,) € Zw(egQ) € s— = w(Q) = )

1
2cAA(4)c[w]AP 2c4A(4) w

MATHEMATISCHE
NACHRICHTEN

1=
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LetQ € S'.andletEp =Q\ U

pesit[extvlag ] P. Then, we have that

WIS M aw.o

272 .
Sw(Q){2 J 2+m QA(21+2|f|)w}

< w(Q)2/~ 2y 1 A2 fw
Q

2J+2
1 ; 1 .
1 2 2
<w@2 I+ o5 | AR e o Y [ AR
Q Pe SH [_BX[wJAoo_]
A 2 J+2 1 .
< w2+ A / Alfbe+ o X [a@Rif)e
PESiAJr [extelac ] !
J.k
Observe that we can bound the last term as follows:
/ @ERfwsend Y wl)ogs [A@Iw
Pe SH'[‘X[“)]Aoo] Pe SH'[CX[w}Aoo]
<sa® Y el =cad@o(Iou,_)
e 5j+k [exTwlag |
CAA(4) 1
< A @ = @,
Hence
< AQ@™) A
W@ lawie < 5755 0(Q + T AL 3@
1 A(2772)
< (5+3)R@N o + 25 [ s
A(Z +2)
= —w(Q)IIfIIA(w)Q+ e A(lf Dw,
Eq
from which the desired conclusion readily follows. O

We end this lemmatta with the following key lemma.

Lemma 3.13. Let 1<p<oo, s>1and p>0. Let u € Aj, v € A,(u), and A(t) = tlogp(e +t). Assume that S is a
depA(d)clwl s,
1+4CAA(4)C[LU]AP
we have that for every t,, ,,,y > 1

-sparse family. Then if f € L® and g = yg where G C {x EX : Myunf < %} is a set of finite measure,

Tuw D I lacuyo(@)Y o 40(Q)

Qes

1
< ¢ tualuvla, logle + tu ol (014,00 | AUfDdk + 3ue().
X
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Proof. Assume that || || 5wy = 1. We split the sparse family S as follows. We say that Q € S, j, k > 0if

2771 < ”f“A(uv),Q < 2_j’
27 < (g) p S 27

Let

sk = 2y I laqoyo(@) o #0(Q).

QES;k

‘We claim that

Cn[uU]AwZ_kjp
Sjde S 2 —jrk(sp—1)
Cn,p[uv]AP[U]Ap(u)2 1288P~Yun(G)

For the top estimate, we argue as follows. Using Lemma 3.12, we have that there exists a set £, C Q such that

> xe,(0) < Tealuvla, ]

QESj,k
and
A2j+2 )
I s ouo@ 5 2o [ adspuo= e [ adsue.
2 Eq Eq
Then

Sik 270 1 laqwouv@ <278 Y je / A(1f 1uv

QES;k QES;k Eq

< ealuv],_27kje / A v = [uvl,_27%je.
X

For the lower estimate, by Lemma 2.4

sjx <2727k Z uv(Q)

QESj’k

< cyluvly, Z_jz_kUU<UQesjka)
1
< cn[uv]APZ_JZ"‘uv<{x eR" : M,(2)5 > 2"“1}).

Since v € Ap(u) we have

N
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Then,

1
Sjk < Cn[uv]Apz_jZ_kuv<{x cR" - <[v]Ap(u)Muu(g)>sp > 2_k_1}>

< cn[uv]APZ‘jZ‘kuv<{x ER" : My, (g) > 270Dl ! (u)})

< cn’p[uv]ip [U]Ap(u)z_jZk(SP_l)uv(G).

Combining the estimates above

o0 ]

Tuw Z Sjk < z mln{‘ruv[uv]A 27kje cnpfuv[uv]A [v]a NOLE Jpk(sp= 1)uv(G)}
Jj,k=0 Jj,k=0

L4
where Ky, = x,[ul,, " [u]a, [uv] A, We end the proof using Lemma 3.4, with y; =71,,[uvls_, 7,
q 00

CnpTuoluvl} [vla,w) B =uv(G), 8 = sp, p1 = p,p2 = 0. O

3.3.2 | Proof of Theorem 1.4

LetG ={x : DN B\ {x : My, f(x)> %} and assume that || f]|11(.0) = 1. If we denote g = x, by Equation (1.6)

v(x)
1 I
T Zngj < /Q fv)ngunA,Q.

uv(G) < '/T(fv)gudx < T
Jj=1

16c[uv]AP

‘We shall choose € = . Hence,

1+16c[uv]AP
l
w©) sluwls, 3, 3 < / fv)ﬂgunA,Q.
j=1 S

Sinceu € A; NRH,,thenu" € A; C A, and taking s = 4(1 + ;)r, by Lemma 3.11,

2t[u’] 4

1+1
”gu“A,Q < cgxy [u]RH:r <u>c(3iQ,1<g>?dQ,s'

Taking the estimates above into account and bearing in mind thatu € A,,

l

uv(G) < cluvly, Y, ( / fv>||gu||A,Q
Q

j=1QeS;

q 1
< ox fuoly [l Y Y ( /Q fv><u>ch,1<g>ZdQ,s

j=1Qes;

l

< e [uvly [ulgy; 2 2 (N8 o, uv (@)

=1Q€S;

1+L
A direct application of Lemma 3.13 with 7, ;, = cx,,[uv] 4, [uly" [u]4, ends the proof.
q
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3.3.3 | Proof of Theorem 1.5

We shall assume that ||bllps iy =1 for every i. Let G ={x : Tb(J;U))(X) > 1\ {x: Mm(uv)f(x) > %}, with @1(f) =

) 4oy 91 (@cluvly,
tlog(e + t)r and g = yg, by Equation (1.7), with ¢ = r’

1+4e,, @1 (4)c[uv]Ap

ror

L3>y 3/

s=1 h=0 c€Cp,(b) Q€S; \” Q

w(@) <| JEXDEES folb— bQ|afdu>||gu|b ~bolollag

I m

uv]A,,ZZ > ( /Q fv|b—bQ|aldu>||gu|b—bQ|a||A,Q.

s=1 h=0 o€Cj,(b) QES;

Leté =401+ —)s By u € A;, Theorem 3.11 and Holder inequality we obtain

(/ folb— bQ|a/du>||gu|b bolollac
Oes

<) < /Q fv|b—bQ|a/du>||gu||B,QH||b—bQ||exer,-,Q

Qes ieo

1+
SKu[u]RH‘;Sz‘,( / folb— bQ|ofdu>||g||Lg(u>ch| [ 16 - bollexprrio
Q

Qes ieo

q

1+
< lulpg " [ula, D 1F1b = bolorllus.ligll Ly e 0 [T 1P = Pollexp i, ouu(Q)

Qes ieo

q m—h

1+
< [l (vl fuvl ) ZHnb bollerriall Il 1 s ouo(@
r(uv

Qes iel ogLr (uv),

q

I+
= Ul [l ([0, 0], ) ||b||Q§S||f|| TN I R (O}

Taking into account the definition of G, since we removed the set where M, ,(f) > % we can split S as follows. We say
that Q € Sj, j,k > 0if

N 1 <27,
LlogLr (uv),Q

z_k_l <||g”L§(u),ch S z_k

Let us define

Sip = uv(Q).
],k Z ”f” L% wo Q”g”Lf(u),CdQ (Q)

QES;k LlogLr (uv),
We claim that

cn2 M [uvls_jr [ @1(IfDuv

ke = 2 ~igkEp-1
cn,p[uv]AP[v]AP(u)Z 128 P=Dyu(G).
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For the lower estimate we argue as we did in Theorem 1.1. For the top estimate, we use Lemma 3.5 with w = uv and

1
A =01 () =t(1 + log® £), and we have

w@Ifl 1 <cjr / 1 (1 v
E, r

LlogLr (uv),Q 0
with
> X5,(0) < [eqluvls .
QES.)',k
Then,

1 1
swsetic [ eufiw s elwly 25 [ @uifhue
E, R

QS Eq T

Combining the estimates above

m-h o
w@<kY Y Y x TN (PRSI I YOO
s=1 h=0ceCy(b) J.k=0
m o 1
<Iyp Z min {Cnfu,v,h[uU]sz_kj’ / (I)l(|f|)uvyCn,pfu,v,h[uv]ip [U]Ap(u)z_jzk(gp_l)uv(G)} ,
h=0 j,k=0 R r

m—h

1+4 -
wheret,,, =x, [u]RH‘;S [ula, ([uu]AP [uv]a,, > [uv]s, andTy) =1 ZZIZO dech(b). We end the proof using Lemma 3.4

. 1
withy; = CnTu,U,h[uU]Aoo /R CI’;(IfI)uv, Y2 = Cn,pTu,v,h[uv]ip [U]Ap(u)y g = uv(G), 6 = ‘fP, Y= 1—‘l,b, P1= ; and p, = 0.

4 | SPARSE DOMINATION AND APPLICATIONS OF THE MAIN RESULTS
Note that for each operator for which a bilinear sparse bounds as those presented in the first section of this work hold, the

corresponding endpoint estimates in the main results hold as well. We recall that given a Young function A, we say that
T is an A-Hormander operator if

ITlL2—p2 < 00

and T admits the following representation:

15 = [ K fG)au0)
X
with K belonging to the class H 4, namely satisfying that
HK,A = max {HK,A,I’HK,A,Z} < 00,

where

Hg a1 = sup sup Z,u(ZkB)“(K(x ) = K(z, ) Xokp\2k- 1B| g <
X,zE= Bk 1
Hic 2 =SUp Sup 2#(sz)||(1<( X) = KC.)zmaeis |, <

X,zE= Bk 1
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Observe that the class of L*-Hormander operators contains the class of Calder6n-Zygmund operators. A number of appli-
cations of A-Hormander classes of operators are contained in [25, 26]. Among them it is worth mentioning differential
1

transform operators which are exp(L 1+ )-Hérmander operators with € > 0, and multipliers that are L" log(L")-Hérmander
operators with r > 1.
The following result gathers pointwise sparse domination results for A-Hérmander operators in the Euclidean setting.

Theorem 4.1. Let A be a submultiplicative Young function, let T be a A-Hormander operator and let f € C. Lete € (0, 1).
Then, there exist 3" dyadic lattices D; and e-sparse families S; C D; such that

. [17,21]

T3 (| < Crmr—; Z A, f(0),

where

Ass(NG) = D0 1 Ilagxolx):

Qes

. e ] L m
[17] if m is a non-negative integer and b € LlOC(IR{"), then

TP FGIN < Comr 1 ZZ( )AE .0,

jlhO

where

AT B, 1)) = T 1BGe) = bol™ 1 1b = bl L4 g x0().

Qes

» [33]forby,...,b, € L;OC([R{”) such that |||bl;]l4,0 < oo for every cube Q and for every o € C;(b) where j € {1, ..., m}, then

3" m
|be(x)|<cnm1 ZZ 2 AL (0. N, (41)
j=1h=000eCy(b)

where

AT 50, )x) = Y b(x) = bola If1b = blsllagxo().
Qes

Observe that the required bilinear estimates (1.3)—(1.5) for the main results hold since if G is any of the operators above,

then
/Gfg‘= / fG*g
Rn Rn

and the same sparse bounds for G hold as well for G* and then Equations (1.3)-(1.5) readily follow. Hence, the main results
allow us to derive the corresponding estimates for the aforementioned operators.

Remark 4.2. Note that in the case of A-Hérmander operators the estimates above appeared first in [17] under some addi-
tional technical assumption on A. However, such an assumption can be dropped, as it was shown in [20] for T. In the case
of commutators (4.1) appeared first in [33] under some additional technical condition on A. Later on in [16, Theorem 3.5],
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some particular cases of that result were recovered. It is possible as well, to provide the quantitative version in terms of
the sparseness constant following ideas in [13]. In the next subsection, we will provide such a result in the realm of spaces
of the homogeneous type.

Remark 4.3. In view of the aforementioned sparse domination results, it is worth noting that results obtained here further
extend results in [5] and also allow to recover, for instance, results for T}, with T being a Calderén-Zygmund operator,
recently obtained in [4].

4.1 | A sparse domination result for T, commutators in spaces of homogeneous type and
applications

In this subsection, we provide a full argument, extending Equation (4.1) to spaces of the homogeneous type, which contains
b = (J as a particular case, and allows us to drop the aforementioned technical condition in [17]. Note that this result also
extends the commutator bound from [10]. We remit the reader to the latter mentioned paper and to [27], and references
therein for some further insight on sparse domination on spaces of the homogeneous type. We will also show how to apply
our main results to A-H6rmander operators and their commutators.

We begin recalling that given C a submultiplicative Young function

pEx € X @ Mcf(x) > 1}) < ||MC||/C<|fT|>d,U-
X

The proof of this fact can be obtained relying upon covering by dyadic structures and then using the same argument as
in, for instance, [21, Lemma 2.6].
We recall as well that given « > 0 we can define the operator M o> that was introduced in [20] by

M#’af(x) = sup eSSSl;PW(f)(X\aB)(Y) = T(f xx\aB)(@)I-

Bax y,ze

The statement of the sparse domination result we intend to prove is the following.

Theorem 4.4. Let (X, d, 1) be a space of homogeneous type and D a dyadic system with parameters cy, Cy, and 8. Let us fix
2
a> % and let f : X — R be a boundedly supported function such that f € L*(X). Assume as well that by, ..., b,, € L*.

Let A and B be submultiplicative Young functions and C = max(A, B), and assume that there exist non-increasing functions
¥ and ¢ such that for every Q € D and any supported function g € L*(X)

u({x € Q 1 IT(gxx)) > P()lIgllag}) < pu(Q) (0<p<1)
and

u(tr € Qs ME(@10)) > $(0ligllso}) < PuQ (O <p<1).

Then, given ¢ € (0, 1), there exists a (1 — ¢)-sparse family S C D such that

m
ITof) Sxzec D D D lb = baglofllcaqlb — baglor xo(X),

h=0 geCj,(b) Q€S

€ 1 €
=1(2 —||M,
Kz e ( §<3%> +§<3clc2>3clcz I c||>

where
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and £(p) = ¢P(p) + $(p) with ¢, and c, being constants depending on the parameters defining D. Furthermore, there exist
0<cy<Cy<o0,0<6<1,y>1andk €N such that there are dyadic systems D, ..., D) with parameters ¢, Cy, and §
and k (1 — €)-sparse families S; C D; such that

m k
ITof ) Sxepe D, D, 20 D0 D0 MlIb = bolaflicolb = bolaxo(X).

h=0 g€Cp,(b) Q€S j=1 Q€ES;

Before settling this result let us show how to provide applications from it. Observe that if an operator G satisfies the
bound

uix € Q : [GF( > A} < Co / A('ﬁ—')
X

then we have that if p(p) > 1 then

u(fx € Q 1 1G(gx ()| > e(P)lIglao}) < CG/A<%>
X :

1 g )
C A
> ch(p)/Q <||g||A,Q

—u(Q).

( )
Hence, we have that choosing, ¢(t) = Ct—G, since p € (0,1), then

u(fx € Q 1 1G(gx))| > ()l fllao}) < P(Q).

Observe that this would be a suitable choice for ¢ in order to apply Theorem 4.4. Furthermore, note that for this choice

of g, then
€ 1 € Ce Cs ¢
2 — | =—IIMcl| = —IIM
¢<3CIC2> +¢(3cl> 3C1C‘2|| _£ 1 3cicy “ C”

3162 3¢

4cchCG”MC”
—

Taking these ideas into account we have the following corollary:

Corollary 4.5. Let (X, d, i) be a space of homogeneous type and D a dyadic system with parameters ¢, Cy, and 8. Let us fix

2
a> % and let f : X — R be a boundedly supported function such that f € L®(X). Assume as well that by, ..., b,, € L*.
Let A and B be Young functions and C = max(A, B), and assume that there exist non-increasing functions ¥ and ¢ such that
forevery Q € D and any boundedly supported function g € L*(X)

) |f|>
T A T Al — 4.2
u(Ex € Q 1 |Tg(x)| > D) < || II/X </1 (4.2)
and

u(treQ: M (@) > 43) < IMEI / < ) (43)
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Then, given ¢ € (0, 1), there exists a e-sparse family S C D such that
m
ITofCOI S Y, D Db = buglofllc.aqlb = bagler Xo(X),
h=0 oeCj,(b) QES

where

exca(ITI+ 1M 1) IMc |
1-c¢

KX =

and £(p) = ¢P(p) + $(p) with ¢, and c, being constants depending on the parameters defining D. Furthermore, there exist
0<cy<Cy<o0,0<6<1,y>1andk €N such that there are dyadic systems Dy, ..., D) with parameters cy, Cy, and &
and k (1 — €)-sparse families S; C D; such that

|Top.f ()l <x2 > Y 2 D 1lIb = boloflle.qlb = bolar xo(x)-

=00eCy(b) Q€S j=1QES;

If T is an P-Hormander operator, then we have as well that it is not hard to check that Equation (4.2) holds for A(t) :=t
and Equation (4.3) holds for the Young function B(t) := ¥(t). Hence, the sparse control in the corollary above holds. Note
that since

Ty, f (x)g(x)du(x)
X

= ‘ [ Toetoseoducn
X

and T* is as well an ¥-Hormander operator, then

5—2 > Z > |||b—bo|og||w,Q/Q|f||b—bQ|gf.

h=0ceCj(b) j=1 QES;

be (x)g(x)du(x)

This yields that if T is an P-Hormander operator, then T itself and its commutators Ty, satisfy the sparse domination
conditions (1.6) and (1.7), respectively, and hence the estimates obtained in Theorems 1.4 and 1.5 hold as well for T and
Tp.

Remark 4.6. The results that we have just mentioned in the preceding lines extend some results from [5] and the estimate
for Ty, with T being a Calderén-Zygmund operator, recently obtained in [4] to spaces of the homogeneous type.

411 | Proofof Theorem 4.4

To settle Theorem 4.4, we need a few Lemmas. The first of them is an adaption of ideas in [19] and was settled in [10] and
relates sparse and Carleson families.

Lemma 4.7. Let D be a dyadic system. If S C D is a A-Carleson with A > 1, then itis a %-sparse family. Conversely, if S is
a e-sparse family with € € (0,1), then S isa L.Carleson Sfamily.
€

The second of them is contained in [19, Section 6.3]. Although there it is stated in the Euclidean setting the same proof
works as well for dyadic systems in spaces of the homogeneous type.

Lemma 4.8. Let D be a dyadic system. If S C D is a A-Carleson family and t > 2 then S = U \Sieach Siisal+ E-

Carleson family.
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The third and last lemma we need is the following one, which contains the key estimate to perform the iterative process
that will allow us to settle Theorem 4.4.

Lemma 4.9. Let (X,d, 1) be a space of the homogeneous type and D a dyadic system with parameters c,, Cy, and 8. Let
2
us fixo > % and let f be a boundedly supported function such that f € L*(X). Let A and B be Young functions and C =

max(A, B), and assume that there exist non-increasing functions ¢ and ¢ such that for every Q € D, and every boundedly
supported function g € L®(X)
#({x € Q 1 IT(gx)()| > Y(Pligllag}) < Pr@Q) (O<p<1)
and
u(tx € @ 1 MY (810 > ¢@ligllso}) < pr@ (©<p<1).

Then, given ¢ € (0, 1) there exist disjoint subcubes Q; € D(Q) such that

D u(Q)) < eu(Q)
J

and foreveryo € Cp(b)and h =0, ..., m,

m
<keec D Y, 1B = colollf1b = colorlleao o),

To(f %a))xq = D, Tolf Xar ))xp,(X)
J h=0ceCp,(b)

where

€ 1 €
=26 — — | —||M,
K ec §<3clc2> +€<3C1>36‘1€z IMc|

and £(p) = P(p) + ¢(p) with ¢; and c, being constants depending on the parameters defining D.

Proof. We shall use the following identity that was obtained in [32, p. 684]

Tof() =) D% (1) (b(x) = M)y T((b — A), f) ().

h=0ceC(b)

By the doubling condition of the measure, there exists ¢; such that u(aP) < ¢; u(P) for any cube P. Now, we observe that
for any disjoint family {P;} C D(Q)

To(f X)) x(x) = To(f Xa)(X¥) xo\up;(X) + Z To(f XaQ\ap )X xp,(X) + Z To(f Xar)(X) xp,(X)
J Jj

and we have that

To(f XaQ) ) XQ(X) = Y, To(f Xar Y X, (X) = To(f X)X \0P, () + Y, To(f Xagrar ) Xp,(X)
J Jj

=2 X U (b)), T( (b= o), f X0 ) orup, (X)

h=0ceC(b)

£ Y DD (b)), T( (b= cq)  f xarer, ) X)xp, ().
h

=00eC(b) j

858017 SUOWWOD 8AIE8.D 3(qedljdde ayy Aq peusencb ae 3ol VO '8sN JO S9|NJ 0} A%eiqi8UIjUO AB[IA UO (SUOTHPUOO-PUR-SWBILI0D" A3 1M A1q 1 U1 UO//SdNL) SUORIPUOD pue SWwie 1 8y} 88S *[Z02/T0/9T] Uo Akeid1auluo A8|IM ‘Sedsiol|qig 8Q 01I0su0D-enad Aq 65200£202 BUEW/Z00T 0T/I0pALI0D" A8 IM"Aleiq Ul |Uo//:Sdny WOy pepeoumoq ‘0 ‘9T92zZST



32 %ﬁgﬁ{%ﬁéﬁ’glgﬁHE IBANEZ-FIRNKORN and RIVERA-RIOS
[NACHRICHTEN |

We claim that there exists a disjoint family {P;} C D(Q) with

D uP) < eu(@Q)
J

and

ITo(f Xa0))xo\0p, + D, Tolf Xagrar )P, |
J

m
kg D0 D0 1B) = colsllf1b = colorllc.agxoX).

h=0c€eC h(b)
Note that to settle the claim, we are actually going to show that
m

Y X U (b — o), T( (b= o)., ftaq ) xoror, )

h=0oceC(b)

+ 2 Z Z(_l)m_h(b(x) - CQ)UT<(b - CQ)Urf)(ocQ\och )(x))(Pj(x)

h=0ceC(b) Jj

m

<knps D0 Dy 1b() = colollf1b = colorllcagxo(X).

h=0 oeCj(b)

For p € (0, 1) to be chosen let

M = max |T(|b_cQ|o,fX°‘Q)| M#,a(lb_cQ|a’f)(aQ)
! o€Cu(b).h=0...m | EOIIb = colo fllaag” E@IIND = color fllpag

and let us define the sets

_ . Mc(|b = color fXa)(X) - } }
Q—{xEQ : maX{P”Mclllllb_CQ|a’f”C,aQ,MT(f) >1 ;.

Observe that

Mq(lb—c ’ X
WQ) < ¥ u<{x co clb — colorf xa@)®) 1})
5€Cy(b), h=0,...m PIIMcIllb = coler fllc,aq

IT(1b = cqlor f XaQ)] })
+ €Q: >1
O’EC;,(b)Z];:O mlu<{x Q g(‘o)lllb _cha’f”A,sz

,,,,,

M (Ib = color f Xaq)
+ Z ,u({er: T’ab QAR
o€Cy(b), h=0,....m ‘E(p)”l - CQIG’f”B,O{Q

.....

< 3Tpu(aQ) < 3T, 0c 4(Q),

where Iy = ). - Now, we take the local Calderén-Zygmund decomposition (see [11, Lemma 4.5]) of

o€Cy(b), h=0,..,

1
QCZ = {S S Q . MD(Q)()(Q) > C_} Cy > 2.
2
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For a suitable choice of ¢, we have that Q,, is a proper subset of Q and that there exists a family {P;} C D(Q) such that
Q., = JPjand

uP;nQ)

1
<.
u(P}) 2

1
— <
2
Then, we have that
D HEP) <6 Y uPiN Q) < eu(Q) < 3pei6u(Q),
J J

and choosing p = £

3rccn ’

D H(P)) < Q).
J

Note that by the Lebesgue differentiation theorem there exists some set N of measure zero such that

Q\NcQ, =]JP; (4.4)
J

Now, we show that this family {P;} is suitable for the claim above to hold. Taking Equation (4.4) into accountif x € Q \ UP;
then the inequalities in Q hold reversed a.e. in particular,

IT(Ib = cqlor f Xa@)| < §PID = color fllaag-
Now, we deal with each term T(f XaQ\an)(x) Xp; (x). First, we note that u(P; \ Q) # 0. Indeed
1
M) = p®;n Q)+ uP;\ Q) < SuP)) + uPj\ Q.

Then for each x’ € P; \ Q

‘T<(b h cQ)a’fXaQ\an)(x)

= ’T<(b - CQ)O./f)(aQ\an >(x) - T((b - CQ)U/f)(ocQ\och)(x,)

+ ‘T<(b - CQ)J;oncQ\aPJ-)(x,)

For I we observe that since x’ € P; \ Q

'T<<b - CQ)U/f)(aQ\an>(x) - T((b - CQ)U/fXaQ\an)(x,)
< M ((b=cq)  F X)) < E@Ib = color fll -

Then

< E@INIb = cglor fllc.ag + x,g};f\ T((b - CQ)U;fXaQ\an>(x,)

\Q

[7((6 = c0) o acrar, )
For the remaining term, we note that

#[7((b=cq) far, )

’T<(b - CQ)U/fXaQ\an >(x,)

< ‘T((b - CQ)U,f)(aQ)(x’)
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For the first term, as above

'T<(b - CQ)U/fXaQ>(x,) < &@EIIIb - CQIc’f”A,aQ-

Then

x’g}}f\(} |T((b - CQ)O./ontQ\an)(x,)| < f(P)ll |b - CQlcr’f”A,otQ + x’g'}f\ﬂ ‘T<(b - CQ)U/f)(och)(x’) .

Now, we note that for t = %
C1

I~‘<{x EP; : ‘T((b_CQ)a’fXan>(x)

> EONI — cQlorf | aar, })

C 1
<tu(aPj) < 3—01#(Pj) = EM(PJ')-

Then, necessarily

8 [T ((b = o), S xer, )] < €O = el T ac,
<€ x/é%jf\QMC((b - CQ)U,oncQ)(x,)

< EOPIMCII (b = co), fllc.ag-

MP;NQ) 1
u(Pj) 2

Indeed, first we recall that since

K(P)) = WPy N Q) + K(P; \ ©) < TH(P)) + (P} \ ©)
and we have that
SHP)) < H(P;\ O

Now, we observe that if we had

Pj \ Qc {x € Pj : ‘T((b - CQ)o’f)fctPj)(x) > f(P)H(b _CQ)o/f”A,otPj}

then
1
SHP) < P\ )
< M({x €p; : ]T((b — Qlor Xar, )| > E@I (b= o), flaa, })
1
< gﬂ(P i)
which would be a contradiction. Gathering the estimates above the claim holds and hence we are done. O

Finally armed with the lemma above we are in the position to settle Theorem 4.4.
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Proof of Theorem 4.4. Let Q be a cube. We iterate Lemma 4.9 and we get {Q;} families of cubes with

Y m@ <en@)

I+1 1
Qjfcq;

such that

m L-1
ITo(F XN S Hnps 3, 2, 2, 21600 = gl 1B = €t lorlle 2! (6) + 2% Tolf Xa )00t (%)
J

h=0G€Cy(b) I=0 j

Note that
> Qb < Q).
J
Hence, letting L — o
m o]
ITo(f Xa@)XQ(X) STnps D, D0 D0 D16 = cotlollf 1 = et lorllc gt Xt (X)
h=0gECy(b) I=0 j J J s

and clearly
S = |J10'
Jil

isa (1 — ¢)-sparse family. Now, we use Lemma 2.2 with E = supp(f), there exists a partition of X, P C Dsuch thatE C aQ
for every Q € P. Then

Tpf() = Y Tp(f Xa))x0(x)

QeD

and it suffices to apply the estimate above to each term and we are done just choosing in this case Cok = bQ:;. Note that
J J

since D is a partition S = UpepSp is a (1 — ¢)-sparse family and hence we are done.

To prove the furthermore part, we fix the parameters in Proposition 2.1. Then, there exist Dy, ..., D, dyadic systems
associated to those parameters. We repeat the argument above for D; and its parameters. Then, there exists a (1 — €)-sparse
family S C D; such that

m
ITof Ol Sxeec D, D, D b= colorfllcaglb = colexo(X).

h=0c€Cy(b) Q€S

Now by Proposition 2.1, we have that for any Q € S with center z and side length 6 we can find Q' € D ; for some
1 < j < mg such that

aQ = B(z,aCy6*) € Q' diam(Q") < yaCys*
then there exists ¢ > 0 depending on X and « such that

1(Q") < u(B(z, ayCy6*)) < cuB(z, Cy*) < cu(Q).
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Taking E = E we have that

c

u(Q') < cu(P) < éu(EQ) = T u(Ey)

and hence
1-—c¢
WQ)—= < p(Eg)
and hence the collections of cubes
Si={Q eD; : Qe S}
are %—sparse. Gathering the facts above, at this point we have, choosing ¢, = by, the following estimate:
k to
ITof) Sexzec D D D0 D b =bglor fllcaqlbCe) = boloxo(x)
h=0 creCh(b) Jj=1 QEgj

and all we are left to do is to show that we can actually choose (1 — ¢)-sparse families. For that purpose, observe that our

families S ; are —1c -Carleson. Let u > c an integer. In virtue of Lemma 4.8 we have that we can write S = u;‘_lsji., where
e =
c

) -1
each 5';. is1 + 4= _Carleson. Note that
u

c—1+¢ € 1
u u(l—¢) ~— 1—-¢ 1-¢

This yields that each Sji. is %-Carleson and consequently, (1 — ¢)-sparse. Then, we have that

m ty u
ITof Sz 20 D0 DD, D b =bglorfllcaqlb(x) = boloxo(x)

h=00€Cy(b) j=1 i=1 g/
13
and reindexing, we are done. O
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