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Abstract

In order to begin an approach to the structure of arbitrary Leibniz
algebras, (with no restrictions neither on the dimension nor on the base
field), we introduce the class of split Leibniz algebras as the natural ex-
tension of the class of split Lie algebras. By developing techniques of
connections of roots for this kind of algebras, we show that any of such
algebras £ is of the form £ =4 + Y I; with I a subspace of the abelian

Fi

subalgebra H and any I; a well described ideal of £, satisfying [I;, Ix] = 0
if j # k. In the case of £ being of maximal length we characterize the
simplicity of the algebra in terms of connections of roots.
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1 Introduction and previous definitions

Throughout this paper, Leibniz algebras £ are considered of arbitrary dimension
and over an arbitrary field K. It is worth to mention that, unless otherwise
stated, there is not any restriction on dim £,, the products [£,, £_4], or {k €
K: ka € A, for a fixed @ € A}, where £, denotes the root space associated to
the root «, and A the set of nonzero roots of £.

Leibniz algebras were introduced as a nonantisymmetric analogue of Lie al-
gebras by Loday [16]. The structure of this kind of algebras has been considered
in the frameworks of low dimensional algebras, nilpotence and related problems
[3, 6, 7, 8, 11, 15, 14], the simple case being introduced in [1, 2] where some
results concerning special cases of simple Leibniz algebras were also obtained.
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All of these works necessarily concern finite dimensional Leibniz algebras. In the
present paper we try to give an approach to the structure of infinite dimensional
Leibniz algebras by introducing the class of split Leibniz algebras of arbitrary
dimension as the natural extension of the class of split Lie algebras.

In §2 we develop techniques of connections of roots in the framework of split
Leibniz algebras so as to show that £ is of the form £ = U + )" I; with U a

subspace of the abelian subalgebra H and any I; a well descril;ed ideal of £
satisfying [I;,I;] = 0 if j # k. In §3 we concrete on split Leibniz algebras of
maximal length £ by centering our attention on the simplicity of this kind of
algebras. As a main result we give a characterization of the simplicity of £ in
terms of connectivity on the set of its nonzero roots.

Definition 1.1. A Leibniz algebra £ is a vector space over a field K endowed
with a bilinear product [-,-] satisfying the Leibniz identity

[ly, 2], 2] = [[y, 2], 2] + [y, [2, 2],
forall x,y,z € £.

Clearly Lie algebras are examples of Leibniz algebras.

For any x € £, consider the adjoint mapping ad, : £ — £ defined by
ad;(z) = [z,z]. Observe that Leibniz identity is equivalent to assert that ad,
is a derivation for any x € £. An ideal I of £ is a vector subspace such that
[, 2]+ &I C I

Let £ be a Leibniz algebra, the ideal J generated by {[x,z] : € £} plays an
important role in the theory since it determines the (possible) non-Lie character
of £. From the Leibniz identity, this ideal satisfies

[£.3] = 0. (1)

Let us introduce the class of split algebras in the framework of Leibniz alge-
bras. We recall that given an element x of a Lie algebra L, and by denoting also
ad(z) for the adjoint mapping ad(z)(y) := [y, z]. A splitting Cartan subalgebra
H of a Lie algebra L is defined as a maximal abelian subalgebra, (MASA), of L
satisfying that the adjoint mappings ad(h) for h € H are simultaneously diago-
nalizable. If L contains a splitting Cartan subalgebra H, then L is called a split
Lie algebra, (see [9, 18]). This means that we have a root spaces decomposition

L=H® (@ L,) where L, = {vy € L : [, h] = a(h)v, for any h € H} for a
aEN
linear functional « € H* and A := {« € H*\{0} : L, # 0}. The subspaces L,

for « € H* are called root spaces of L and the elements o € AU {0} are called
roots of L. We introduce the concept of split Leibniz algebra in a analogous

way. Given a subalgebra S of a Leibniz algebra £, we say that S is abelian if
[S,S] = 0.

Definition 1.2. Denote by H a mazimal abelian subalgebra of a Leibniz algebra
L. For a linear functional o : H — K, we define the root space of £, (respect



to H ), associated to « as the subspace
Lo ={va € £: [, h] = a(h)vy for any h e H}.

The elements a € H* satisfying £, # 0 are called roots of £ respect to H and
we denote A := {a € H*\{0} : £, # 0}. We say that £ is a split Leibniz
algebra, respect to H, if

£=He (P L)

acA

We also say that A is the root system of £.

Split Lie algebras are examples of split Leibniz algebras. Hence, the present
paper extends the results in [9].
It is clear that the root space associated to the zero root satisfies H C £o.
n
Conversely, given any vy € £y we can write vg = h + Y. v,, with h € H
i=1
and vo;, € L4, for i = 1,...,n, being a; € A with o; # o if ¢ # j. Hence
n n
0=[h+ > va,, 1] = > aj(h)v,, for any b’ € H. So, taking into account the
i=1 i=1
direct character of the sum and that «; # 0, we have that any v,, = 0 and then

vg € H. Consequently
H=£.

The below lemma is an immediate consequence of Leibniz identity.

Lemma 1.1. If [£,, £5] # 0 with o, 8 € AU {0}, then a+ S € AU {0} and
[La, L8] C Lats-

Definition 1.3. A root system A of a split Leibniz algebra £ is called symmetric
if it satisfies that o € A implies —a € A.

2 Decompositions

In the following, £ denotes a split Leibniz algebra with a symmetric root system

Aand £ = H® (P £,) the corresponding root decomposition. We begin by
a€A
developing connections of roots techniques in this setting.

Definition 2.1. Let « and B be two nonzero roots. We say that o is connected
to B if there exist ay, ..., € A such that

1. ] = Q.
2. {a1, 01 + ag, 01 + g + g, eceyag + - -+ ap_1} CA.
3. a1+ t+a,_1+a, € 5.

We also say that {aq,...,an} is a connection from a to .



Observe that {a} is a connection from « to itself and to —a and so « is
connected to *a.
The next result shows the connection relation is of equivalence.

Proposition 2.1. The relation ~ in A defined by a ~ B if and only if « is
connected to 8 is of equivalence.

Proof. {a} is a connection from « to itself and therefore o ~ a.
Let us see the symmetric character of ~: If a ~ 3, there exists a connection

{a1,a2,a5...;an_1,an} T A
from « to B. Then a1 = a,

{a1,00 +ag,..;on +ag + -+ ap_1} CTA, (2)
and a3 + g + -+ -+ ap—1 + an, € {B,—8}. Hence, we can distinguish two
possibilities. In the first one

a;taz+-tap_1ta, =0
and in the second one
o tag+- o Fap_1+a, =—0. (3)
Suppose we have the first one. By the symmetry of A, we can consider the set
of nonzero roots
{aog+as+ -+ an_1+an, —ap, —Qp_1,...,—az, —as} C A.
By equation (2), this family of elements in A clearly satisfy
artaz+- ot an_1ta, =0,

(a1+as+-+ap_1+ay) —a,=a1+as+- -+ a,_1 €A,
(al+042+"'+an—1+an)_an_an—l:a1+a2+"'+0¢n—2€A7

(n+az+ - +ap1+an) —ap—an 1 —az=a1+az €A

and
(a1t top1toam) —an—ap1--—a3—az=o0 =

From here, (3 is connected to «, that is, 8 ~ a.

Suppose now we are in the second possibility given by equation (3). In this
case we have as above that {—a; —ag —+++ —ap_1 — Qp, A, A1, ..., 2} is A
connection from [ to o and ~ is symmetric.

Finally, suppose a ~ 8 and 8 ~ ~, and write {a,...,,} for a connection
from « to 8 and {f1,...,Bm} for a connection from 8 to v. If m > 1, then
{a1,...;an, B2, ..., Bm } is a connection from « to v in case oy +... + a, = B, and
{a1,.cey@py —B2y ey —Bm } In case ag + ... + a, = =0. f m =1, then v € £
and so {aq,...,a,} is a connection from « to 7. Therefore a ~ v and ~ is of
equivalence. O



Given a € A, we denote by
Ao :={B€EAN:8~a}

Clearly if 8 € A, then —3 € A, and, by Proposition 2.1, if v ¢ A, then
Ao NA, =0.

Our next goal is to associate an (adequate) ideal I, to any A,. For A,,
a € A, we define

Hy,, = spang{[€5,L£ 5] : B € Ao} C H,

VAQ = @ 25.

BEAa

and

We denote by £, the following subspace of £,
Lr, =Hp, ®@ V.
Proposition 2.2. Let « € A. Then the following assertions hold.
1. [€A.,LA.] C £La,-
2. If v ¢ Ao then [£4,,84,] = 0.

Proof. 1. Taking into account H = £y and Lemma 1.1, we have

[Cans La.) = [Ha, ®@ Vi, Ha, @ VAl CVa, + > [£5,85]. (4)
B,0€AL
If 6 = —f then
[SB, Sg] C HAQ. (5)
If § # —f, by Lemma 1.1 we have that in case [£3,£5] # 0 then 8+ § € A.
From here, if {aq,.....,a,} is a connection from « to § then {aq,.....,a,, 8} is

a connection from « to 5+ 4§ in case a; + ... + a, = f and {aq, ....., 0, =0} in
case a1 + ... + a,, = —f. Hence § + 3 € A, and so

[Qﬁ, £5] C VAQ. (6)

From equations (4), (5) and (6) we conclude [£_,£4,] C L4, .
2. We have

[SAQ,SAV] = [HAQ@VAMHAA,@VAW] C [HAQ7VAA,]'HVAMHAW]+[VAQ,VA7}' (7)

Consider the above third summand [Vj,, Va, ] and suppose there exist 3 € A,
and n € A, such that [£3, £,] # 0. As necessarily 8 # —n, then §+n € A. So
{B,n, — B} is a connection between § and 7. By the transitivity of the connection
relation we have v € A,, a contradiction. Hence [£3, £,] = 0 and so

Va.,Va,] = 0. (8)



Consider now the first summand [Hx,,Vj ] in equation (7) and suppose there
exist § € Ay and 1 € A, such that [[£5,£_3],£,] # 0. By Leibniz identity we
get either [£5, £,] # 0 or [£_5, £,] # 0. From here [V, V) ] # 0 in any case,
what contradicts equation (8). Hence

[Ha,,Va,]=0.
Finally, we note that the same above argument shows
VAo, Ha,] = 0.
By equation (7) we conclude [£4,,,£a ] = 0. O

Proposition 2.2-1 let us assert that for any a € A, £, is a subalgebra of £
that we call the subalgebra of £ associated to A,.

The usual definition of simple algebra lack of interest in the case of Leibniz
algebras because would imply the ideal J = £ or J = 0, being so £ an abelian
or a Lie algebra respectively. Abdykassymova and Dzhumadil’daev introduced
in [1, 2] the following adequate definition.

Definition 2.2. A Leibniz algebra £ is said to be simple if its product is nonzero
and its only ideals are {0}, J and £.

It should be noted that the above definition agrees with the definition of
simple Lie algebra, since J = {0} in this case.
Theorem 2.1. The following assertions hold.

1. For any a € A, the subalgebra

SAQ = }i\(y D VAO
of £ associated to Ay is an ideal of £.

2. If £ is simple, then there exists a connection from « to B for any a, 8 € A

and H= > [£4,£_4].
a€A

Proof. 1. Since [£a,, H] + [H, £a,] = [£a,,L0] + [L0, £, ] C Va,, taking into
account Proposition 2.2 we have

€. L =[x, . HO (P £s) @ (P £,)] C £a,
BEN, WQAQ

and
(€8] =[Ho (P ) o (P £,).8s.] C La,-
BEAL YEA

2. The simplicity of £ implies £5, € {7, £} for any o € A. If some o € A is
such that £5, = £, then A, = A. Hence, £ has all its nonzero roots connected
and H = )" [£4,£_,]. Otherwise, if £4, =T for any a € A then A, = Ag for

acA
any «, € A and so A, = A. We also conclude that £ has all its nonzero roots
connected and H = Y [£4, £_4]. O

a€cA



Theorem 2.2. For a vector space complement U of spang{[€a, L o] : a € A}
i H, we have

L=U+ Y I,
[a]eA/~

where any Iy is one of the ideals L4, of £ described in Theorem 2.1-1, satis-
fying [I1a), I1g)] = 0 if [a] # [B].

Proof. By Proposition 2.1, we can consider the quotient set A/ ~:= {[a] : o €
A}. Let us denote by Ijy) := £4,.We have Ij,) is well defined and by Theorem
2.1-1 an ideal of £. Therefore

L=U+ Z I[a].
laleA/~

By applying Proposition 2.2-2 we also obtain [I},), Ijg] = 0 if [a] # [3]. O
Definition 2.3. The annihilator of a Leibniz algebra £ is the set Z(£) = {x €
£z, £+ [L,2] =0}.

Corollary 2.1. If Z(£) = 0 and [£,£] = £, then £ is the direct sum of the
ideals given in Theorem 2.1-1,

= P Ia-

[a]eA/~

Proof. From [£, £] = £ it is clear that £= )  I4). The direct character of
(] €A/~
the sum now follows from the facts [I[o), I{5)]] = 0, if [a] # [3], and Z(£) =0. O

3 Split Leibniz algebras of maximal length. The
simple case.

In this section we focus on the simplicity of split Leibniz algebras by centering
our attention in those of maximal length. This terminology is taking borrowed
from the theory of gradations of Lie and Leibniz algebras, (see [4, 5, 12, 13]).
See also [5, 9, 10, 18] for examples. From now on char(K) = 0.

Definition 3.1. We say that a split Leibniz algebra £ is of maximal length if
dim £, =1 for any a € A.

Our target is to characterize the simplicity of £ in terms of connectivity
properties in A. We begin with a series of lemmas which hold for arbitrary split
Leibniz algebras over a field of characteristic zero.

Lemma 3.1. Let £ be a split Leibniz algebra with Z(£) = 0 and I an ideal of
L. IfI C H then I ={0}.



Proof. Suppose there exists a nonzero ideal I of £ such that I C H. We have
[I,H]+ [H,I] C [H H] =0. We also have [I, @ £,]+ [P La,I] C I C H.

a€A acl
Then, taking into account H = £y, we get [[, P £.] + [P La.I] € HN
aEA a€el
(B £4) =0. From here I C Z(£) =0, a contradiction. O

acA

Lemma 3.2. Let £ be a split Leibniz algebra. For any o, 8 € A with « # €0,
€ € K, there exists ho g € H such that a(hq,g) #0 and B(ha,p) = 0.

Proof. As a # 0, there exists h € H \ {0} such that a(h) # 0. If 5(h) =0 we
take hq, g := h. Suppose therefore 3(h) # 0 and let us write e = a(h)B(h) ™.
As a # €3, there exists ' € H such that a(h') # e¢B(h'). We can take hq g ==

B Yh — BR)N . 0
Lemma 3.3. Let £=H ® (P L) be a split Leibniz algebra. If I is an ideal
acA
of Lthen I =(INH)® (P (INL)).
acl

m
Proof. Let x € I be. We can write x = hg + Y Va; With hg € H, vo; € Ly,
j=1
and o # i if j # k. Let us show that any v,; € I. If v,, = 0 then v,, € I.
Suppose then v,, # 0. For any ay, # e, € € K and k. € {2,...,m}, Lemma
3.2 gives us ha, a,, € H satisfying a1(ha, a,,) # 0 and oy, (hay a, ) = 0. From
here,

[ haan, s Poc iy )s oo 15 Py an ] =

p
€1Va; + Z €ueVprar € I, (9)

t=1

e, € K—{0}, e #1, ¢,, €K
If any €,, = 0,t =1,...,p, then €;v,, € I and so v,, € I. Let us suppose
some €, 7 0 and write equation (9) as

,
€1Vq, + Z €. Vprar € 1, (10)
=1

with e, pue, €y, € K= {0}, iy #1, 7 < p.
Let h € H be such that aq(h) # 0, then

r r
[611}041 + Z €uVpyarrs h’] = 610&1(h)1}a1 + Z Epg e 1 (h)vutal € I?
t=1 t=1

and so

r
61”0&1 + Zeﬂt/’(‘tvﬂtal G I? /’[’t 7& 1 (11)
t=1



From equations (10) and (11) it follows easily that

K1Va; + Z KgVgrar € I (12)

t=1

with k1, kg, € K—{0}, ¢ € {pe : t =1,...,r} and s < r. Following this process,
(multiply equation (12) with h and compare the result with equation (12) taking
into account ¢; # 1, and so on), we obtain v,, € I. The same argument holds

for any «;, j # 1. From here, we deduce I = (INH) & (P (I NM,)). O
acA

Let us return to a split Leibniz algebra of maximal length £. In fact, from

now on £ = H® (P £,) denotes a split Leibniz algebra of maximal length.
acA
We begin by observing that in this case the previous lemma let us assert that

given any nonzero ideal I of £ then

I=InH) & (P £.) with A’ C A (13)
acA!

In the particular, (an important), case I = J, we get

I=0nH) o (P L) (14)

a€AN?
From here, we can write
A= ATUATY, (15)
where
A ={a€cA:L,CT}
and

A7 i={a€eA:L,NT =0}
As consequence

L=Hao (P Lo (P &) (16)

aeA™T BEAT

We note that the fact £ = [£, £], the split decomposition given by equation
(16) and equation (1) show

H= Y [£a, L] (17)

acA™T

Now, observe that the concept of connectivity of nonzero roots given in
Definition 2.1 is not strong enough to detect if a given o € A belongs to A7 or
to A77. Consequently we lose the information respect to whether a given root
space £, is contained in J or not, which is fundamental to study the simplicity
of £. So, we are going to refine the concept of connections of non-zero roots in
the setup of maximal length split Leibniz algebras. The symmetry of A7 and
A™7 will be understood as usual. That is, AT, T € {J, -7}, is called symmetric
if « € AT implies —a € AT



Definition 3.2. Let o, 3 € AT with T € {3,-3}. We say that o is =J-
connected to B, denoted by o ~_7 B, if there exist

gy gy € A7
such that
{alaal —|—C¥2,...,OZ1 +"'+an713a1 +---top1 +an} C AT»

oag =« and ag + -+ a, € £8. The set {aq, ..., an} is called a =J-connection
from « to S.

Proposition 3.1. The following assertions hold.
1. If A™7 is symmetric, then the relation ~_5 is of equivalence in A™7.

2. If £ =&, £] and A? is symmetric, then the relation ~_5 is of equivalence
in A7,

Proof. 1. can be proved in a similar way to Proposition 2.1.

2. Let 8 € A”. Since 8 # 0, equation (17) gives us that there exists o« € A™7
such that [£3,[La,L£_a]] # 0. By Leibniz identity, either [[£5,£4], £_a] # 0
or [[£5,£-a],£a] # 0. In the first case, the =J-connection {f,a, —a} gives
us 8 ~_3 [ while in the second one the —J-connection {3, —a, a} gives us the
same result. Consequently ~_5 is reflexive in A”. The symmetric and transitive
character of ~_5 in A” follows as in Proposition 2.1. O

Let us introduce the notion of root-multiplicativity in the framework of split
Leibniz algebras of maximal length, in a similar way to the ones for split Lie
algebras and split Lie triple systems, (see [9, 10] for these notions and examples).

Definition 3.3. We say that a split Leibniz algebra of maximal length £ is
root-multiplicative if the below conditions hold.

1. Given a, B € A7 such that o+ B € A then [£4, £5] # 0.
2. Given o € A7 and v € A7 such that o+~ € A? then [£,,L,] # 0.
Another interesting notion related to split Leibniz algebras of maximal length
£ is those of Lie-annihilator. Write £ = H& ( @ £4.) D ( D £5), (see
aeAN™T BEA?

equation (16)).

Definition 3.4. The Lie-annihilator of a split Leibniz algebra of maximal length
£ is the set

Zue(€) ={zc iz, Ho (P L)+ [H( P £a)2] =0}

aeAN™T aeAN™T

Clearly the above definition agrees with the definition of annihilator of a Lie
algebra, since in this case A7 = (). We also have Z(£) C Zp;e(£).

10



Proposition 3.2. Suppose £ = [£, £] and £ is root-multiplicative. If A™7 has
all of its roots =J-connected, then any ideal I of £ such that I ¢ H&7J satisfies
I1=2..

Proof. By equations (13) and (15) we can write

I=InH)e( P oo @ <) (18)

a; EANTT ﬁjGAij

with A7 € A7 and A% C A, As T ¢ H & J we have A™71 # () and so we
can fix some ag € A™7T such that

Loy C 1. (19)

For any 8 € A™7, B # +ay, the fact that oy and 3 are —=J-connected gives us a
—J-connection {71, ....,7-} C A™7 from g to 3 such that

71 = Qp,

Y1+ V2,71 + Y2+ V31 F Y2+ Y € AT

and
T+ tys o+ € £6.

Consider ag = 71, 72 and 7y; + 2. Since 1,72 € A77, the root-multiplicativity
and maximal length of £ show [£4,, £+,] = £ay++,, and by equation (19)

£ao+72 -y
We can argue in a similar way from ag + 72, v3 and ag + 2 + 73 to get
2ao+'¥2+'¥3 cl
Following this process with the —J-connection {~1,...., 7.} we obtain that
£oco+'yz+'yg+~--+'yr -
and so either £5 C I or £_3 C I. That is,
L5 C I for some € € +1 and any € A7,

Since H =Y, [£3,£_p], (see equation (17)), we get
BEA-T

HcCl. (20)

Now, given any ¢ € A, the facts 6 # 0, H C I and the maximal length of £
show
[L5,H] = L5 C I (21)

From equations (20) and (21) we conclude I = £. O

11



Proposition 3.3. Suppose £ = [£,£], Z(£) = 0 and £ is root-multiplicative.
If A™7, A7 are symmetric and A7 has all of its roots —J-connected, then any
nonzero ideal I of £ such that I C J satisfies either I =3 or 3 =1® K with K
an ideal of L.

Proof. By equations (13), and (15) we can write

I=(nme( @ L)

a; eANTT
with A%1 € A7. Observe that the fact Z(£) = 0 implies
INH = {0}. (22)

Indeed, [£,JN H]+ [JNH, &, C [£,3] =0 for any « € A%, [JN H,H] C
[H,H] = 0 and [JN H,£5] = 0 for any 3 € A7 because in the opposite case
£5 C J, being then 8 € A?. From here 3N H C Z(£) = 0. Hence, we can write

- @ s
OtiGAj'I

with A%! 2 ), and so we can take some ag € A% such that £,, C I. We
can argue with the root-multiplicativity and the maximal length of £ as in
Proposition 3.2 to conclude that given any 3 € A7, there exists a ~J-connection
{71,y 7} from o to B such that

[ [€a0s £ya]s 7], Lol € L
and so £.g C I for some € € £1. That is
egBB € A% for any B € A7 and some eg € +1.

Suppose —ag € A%!. Then we also have that {—~, ...., —7,.} is a =J-connection
from —aqq to B satisfying

H o [2*04072*72]’ o ']’ S*Qn] = 'Qfeaﬁ -yl

and so £ + £_5 C I. Equations (14) and (22) let us now conclude I = J.
Now suppose there is not any ag € A%! such that —ag € A%/, Equation
(15) let us write A7 = A7 TU(—A?T) and, (joint with equations (14) and (22)),
assert that by denoting K = € £_,, we have
a; €EATT

J=10K.

Let us finally show that K is an ideal of £. We have [£, K] C [£,7] = 0 and

K. g C K H+[K, P L]+[K P & lcK+[K, P g4l
BeA™T yEAT BeA™T

12



Let us consider the last summand [K, € £,] and suppose there exist «; €
BEATT
A%T and B € A7 such that [£_,,,L5] # 0. Since £_,, C K C J, we get
—a; + B € A7. By the root-multiplicativity of £, the symmetries of A™7 and
A7, and the fact £,, C I we obtain 0 # [£,,,£_5] = £4,—p C I, that is
a; — B € A>L. Hence, —a; + 8 € —A%! and so [£_,,,L5] C K. Consequently
[K, @ £, C K and K is an ideal of £. O
BEA™T

We introduce the definition of primeness in the framework of Leibniz algebras
following the same motivation that in the case of simplicity (see Definition 2.2
and the above paragraph).

Definition 3.5. A Leibniz algebra £ is said to be prime if given two ideals I,
K of £ satisfying [I, K|+ [K,I] =0, then either I € {0,7,£} or K € {0,7, £}.

We also note that the above definition agrees with the definition of prime
Lie algebra, since J = {0} in this case.
Under the hypotheses of Proposition 3.3 we have:

Corollary 3.1. If furthermore £ is prime, then any nonzero ideal I of £ such
that I C J satisfies I = 7.

Proof. Observe that, by Proposition 3.3, we could have J = I & K with I, K
ideals of £, being [I, K]+ [K, I] = 0 as consequence of I, K C J. The primeness
of £ completes the proof. O

Proposition 3.4. Suppose £ = [£, L], Z1:c(£) = 0 and £ is root-multiplicative.
If A™7 has all of its roots —J-connected, then any ideal I of £ such that I Z73
satisfies I = £.
Proof. Taking into account Proposition 3.2 we just have to study the case in
which
I—(unmae( @ =),
B; cAT T

with TN H # 0 (see equation (18)). But this possibility never happens. Indeed,
observe that [I N H,£,] + [€4,] N H] = 0 for any @ € A™7. Indeed, in the
opposite case £, C I and so o € A"V NATT € A7 N A7 = (). Since we also have
[INH,H|+[INH,H]) C [H,H] =0weget INH C Zy;(£) = 0, a contradiction.
Proposition 3.2 completes the proof. O

Given any o € AT, T € {A7,A™7} we denote by
A ={Be AN :B~5a}.
If « € AT, let us write Hyx = spang{[€s,£-p] : B € AY} ¢ H, and Vir =
@ £5. We denote by £,r the following subspace of £, £5r 1= Hpyr @ Var.
BeAX

Lemma 3.4. If £ = [£, £, then £,3 is an ideal of £ for any o € A7,
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Proof. By equation (17) we get Hp; =0 and so

Laa = P g

BEAI

We have [£, £43]+[£47,T] C [£,7] = 0and [€p5, H] C £5. Finally [€43,£,] C
L); for any v € A7, Indeed, given any B € A2 such that [£4, £,] # 0 we have
B+~ € A7 and so {B,~} is a =J-connection from 3 to 3 ++. By the symmetry
and transitivity of ~_5 in A” we get S+ € AJ. Hence [£4,£,] C L3, taking
into account equation (16) we conclude £, is an ideal of £. O

Theorem 3.1. Suppose £ = [£, £], Z1ie(£) = 0 and £ is root-multiplicative. If
A7, A7 are symmetric then £ is simple if and only if it is prime and A™7, A
have all of their roots —=J-connected.

Proof. Suppose £ simple. If A7 # () and we take o € A7, Lemma 3.4 gives us
£43 is a nonzero ideal of £ and so, (by simplicity), £43 = J = P L5 (see

BEAT
equations (14) and (22)). Hence, A2 = A? and consequently

A7 has all of its roots —J-connected.

Consider now any v € A™7 and the subspace SA;:). Let us denote by I(SA;a)
the ideal of £ generated by 2Ag~ Observe that the fact J is an ideal of £ let us

assert that 1(2/\;3) N( @ £Ls) is contained in the linear span of the set

seA™?
{[L..[U7/7UQ1L...]’van];[Uan’ﬁ..[va17v747...ﬂ;
[ o vy, - Van )5 [Wans [ [y Vaq ], -+ -] with 0 # vy € SA;a,

0# Vo, € Lo,y ; €A77 and n e N }.

By simplicity I(£ A;j) = £. From here, given any § € A7, the above observation
and Leibniz identity give us we can write § =" + a3 + -+ a,, with 7/ € A;j,
a; € A77 and being the partial sums nonzero. Hence {7, ay, ..., } is a =J-
connection from 7/ to 6. By the symmetry and transitivity of ~_5 in A7 we
deduce v is =J-connected to any 6 € A™7. Consequently, Proposition 3.1 let us
assert

A7 has all of its roots =J-connected.

Finally, since £ is simple then is prime.
The converse is consequence of Corollary 3.1 and Proposition 3.4. O
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