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Abstract

Negations operators have been developed and applied in many fields such as
image processing, decision making, mathematical morphology, fuzzy logic, etc.
One of the most effective non-monotonic operators are weak negations.

This paper studies the algebraic structure and the characterization of the ad-
joint triples and Galois implication pairs which provides a fixed pair of weak
negations. The obtained results allow the user to select the best conjunctor and
implications associated with the most suitable negation to be used in the compu-
tations of the problem to be solved.

Keywords: Fuzzy sets, adjoint triples, negation operators, pair of weak nega-
tions.

1. Introduction

One important goal for obtaining useful information from (big) data sets is to
select the most suitable operators to be considered in the computations. The more
versatile and tractable the operators are, the better can be adapted to the data and
so, more knowledge can be extracted. For example, in image processing, the
noise is very notable and different general operators such as, pre-aggregations,
ordered directionally monotone functions, etc., have been introduced in order
to obtain better results [47]. Adjoint triples [15, 17, 18] are other general op-
erators which have been used to introduce flexible tools for defining fuzzy ver-
satile frameworks in logic programming [41, 42], formal concept analysis [40],
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rough set theory [21], fuzzy relation equations [27] and mathematical morphol-
ogy [2, 37]. These operators are based on the notion of Galois connection, which
have attracted the interest of many authors [3, 6, 7, 8, 22, 33, 35, 45].

Non-monotonicity operators are also fundamental in image processing and
other important applications [11, 13, 36, 38, 43] and they have been developed
and adapted to the current challenges [4, 9, 12, 19, 24, 43, 44]. One of the most
useful negation operators are weak negations [29, 30, 32, 49]. These operators
were generalized later by Georgescu and Popescu in [34], allowing the consid-
eration of a couple of negations defined on different domains. Although these
negations are not residuated negations [10, 46], in general, recently Cornejo et
al. [19] have proven that (pairs of) weak negations are a particular case of ad-
joint negations, that is, these negations can be obtained from the implications of
adjoint triples or pairs.

Since different adjoint triples provide the same (pair of) weak negations, as
we will show later, the study of the relationship among these triples is interesting
in order to discover hierarchies among them. Hence, the study of the whole set
of implications and conjunctors that provide (pairs of) weak negations will be the
main goal of this paper. Specifically, given a pair of weak negations, this paper
will prove that the set of Galois implications pairs associated with these nega-
tions forms a complete lattice, with a minimum and a maximum element, and
the corresponding set of adjoint triples forms a join-semilattice with a maximum
element.

As a consequence, when a specific negation (or pair of negations) is required
in the applications, the results given in this paper are helpful to select the most
suitable implications and conjunctors associated with this negation. For exam-
ple, if the user needs a conjunctor providing high values, (s)he will consider the
maximum, if (s)he demands a conservative conjunctor (s)he can use one of the
minimum conjunctors of the semilattice. On the contrary, if (s)he does not need
a conjunctor but only implications, (s)he can choose between the maximum and
the minimum Galois implication pairs, or any other in the middle, depending on
the requirements and the problem to be solved.

The paper is organized as follows: Section 2 recalls the basic definitions and
results used in the rest of the paper. Section 3 studies the algebraic structure of
Galois implications pairs generating a given pair of weak negations. Moreover,
the definition of these implications are characterized from a family of antitone
Galois connections. This study is extended to adjoint triples in Section 4, prov-
ing that the algebraic structure is a join-semilatice and characterizing the defi-
nition of the operators through a family of operators where only the supremum
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of non-empty sets is required. This property is very important since the num-
ber of possible conjunctors to be considered increases greatly. Finally, the paper
finishes with some conclusions and prospects for future work.

2. Preliminaries

We firstly provide some necessary definitions and properties in order to make
the paper self-contained.

2.1. Adjoint triples and Galois implications pairs

Adjoint triples generalize triangular norms and their residuated implications,
since they preserve their main properties and increase the flexibility of the oper-
ators usually used for computation in different frameworks [15, 17]. Taking into
account that the conjunctor of an adjoint triple does not need to be commutative,
we obtain an interesting generalization of the well-known adjoint property be-
tween a t-norm and its residuated implication, which is given in the following
definition.

Definition 1. Let (P, <y), (P2,<5), (P3,<3) be posets and &: P; X P, — Pj,
/i Py x P, —» P, \: P; Xx P - P, mappings. We say that (&, ,//,\) is
an adjoint triple with respect to Py, P,, P5 if the following double equivalence is
satisfied:

x<zy it x&y<zz iff y<ozN\x (D)

for all x € Py, y € P, and z € P5;. The previous double equivalence is called
adjoint property.

Interesting properties of adjoint triples are shown in the next proposition,
which have been extracted from [18]. Since the pair of weak negations are de-
fined on lattices, the following properties are given when the carriers are lattices.

Proposition 2. Given the complete lattices (L1, <), (L,, <), (L3, <3), an arbi-
trary operator & : Ly X Ly — Lz and the mappings /. Ly X L, — Ly, \: L3 X
L, — L,, definedasz /' y=sup{x €L, | x&y =<3z}andz\ x =sup{y € L, |
x &y =<3 z}, respectively, for all x € L, y € L, and 7 € L3, the next statements
are equivalent:

1. (&,.//,\) is an adjoint triple with respect to L, L,, Ls.



&y= \/(xi&y),for any X C Lyandy € L,.

xieX

2. (\/xi

x;eX

x&

\/ y,-) = \/(x & y;), forany Y C L, and x € L;.

yieY yi€Y

3.z y=max{xe L | x&y <sztandz\\ x=max{y e L, | x&y =<3 2}
forall x € Ly, y € L, and 7 € L3, being & an order-preserving operator in
both arguments.

Proposition 3. Given three complete lattices (L, <), (Lo, <;), (L3, <3), the ar-
bitrary operators /. Ly X L, — L;, \: L3y X Ly — L, and the mapping
&: L X L, — Lj defined as x&y = inf{z € L3 | x <y z ,/ y} = inf{z €
Ly |y <2zN\ x}, forall x € Ly and y € L,, the next statements are equivalent:

1. (&,.//,\) is an adjoint triple with respect to L, L,, Ls.

2. (/\Z,-]./):/\(z,-./y),forallZQPg and y € P».

Z,’EZ Z;EZ

{/\ z,-] AN x:/\(zi N\ X), forall Z C P; and x € P;.

Zi€Z zi€Z

3. x&y=min{z € L3 | x <1z / y} =min{z € L3 | y <, z \ x}, for all
xeLiandy € L,, being ,/ and \ order-preserving operators in the first
argument.

Galois implications pairs will also play an important role in this paper. In
the following, we will introduce the notion of Galois implications pairs which
are the basic operators used in frameworks as Formal Concept Analysis within
multi-adjoint paradigm [16, 40].

Definition 4. Let (P, <)), (P, <;), (P3,<3) be posets and ,/: P; X P, — Py,
\.: P3 X Py — P, mappings. We say that (,/,"\\) 1s a Galois implications pair
with respect to Py, P,, P5 if the next equivalence is verified:

x<zy Mty N 2
forall x€e Pi,ye P,and z € P;

Now, we will present some properties deduced from Equivalence (2).

Proposition 5. Let (L,,<,) and (L,,=<;) be two complete lattices, (P3,<3) a
poset, and ,/: P3 X Ly, — L;, \\: P3 X Ly — L, two mappings. The follow-

ing statements are equivalent:
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1. (/,\) is a Galois implications pair with respect to Ly, L,, Ps.

2. 2/ {\/ y,-] = /\(z v yi), forallY C L, and 7 € Ps.

yi€Y vieY
3.z'\{\/x,- :/\(z'\xi),foranngPlandzePg.
x;eX x;eX

A wide theoretical study including more illustrative examples related to ad-
joint triples and Galois implications pairs can be found in [15, 18].

Next, we recall the formal definition of antitone Galois connections and some
properties which will be helpful throughout the paper.

Definition 6. Given the posets (P, <p) and (Q, <p), the pair (', %) of mappings
L P — Q,7: Q — Pis an antitone Galois connection between P and Q if the
following equivalence holds:

p<pq' ifandonlyif g¢<,p*
forall pe Pand g € Q.

The following properties are straightfordwarly obtained from the definition
of antitone Galois connection.

Proposition 7. Let *: P — Q and ': Q — P be two mappings between the
posets (P,<p) and (Q,<p). If (", Y) is an antitone Galois connection then the
following properties are satisfied:

1. "and ' are order-reversing;

2. p<pplandq <y q', forallpe P, g€ Q.

3. Lpt = Tgand Lo = Tp when (P,<p, Lp, Tp) and (Q,<¢, Lo, To) are
bounded posets.

4. When the supremum and the infimum exist, for all X C Pand Y C Q:

Vo <pr i (Ve <o

peX peX qey qeyY

It is important to mention that, when we consider complete lattices instead
of posets, the definition of antitone Galois connection is equivalent to items (1)
and (2) of Proposition 7. Indeed, item (4) of Proposition 7 is also equivalent
to the definition of antitone Galois connection. More properties and examples

associated with Galois connections can be found in [23].
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2.2. Adjoint negations and pairs of weak negations

Adjoint negations were introduced in [19] as a generalization of residuated
negations [10, 31, 46]. These negation operators are defined on two different
posets since they are built from the implications of an adjoint triple with respect
to three different posets. In the following, we will include the definition of adjoint
negations and some interesting properties satisfied by them.

Definition 8. Let (Py, <), (P,, <;) be two posets, (P3, <3, L3) a lower bounded
poset and (&, ./, \) an adjoint triple with respect to Py, P, and P5;. The map-
pings n,: Py — P, and ny: P, — P, defined, for all x € Py, y € P, as

n,(x) = L3 \\ x n(y)=13.y

are called adjoint negations with respect to P, and P,.
The operators n; and n, satisfying that x = ny(n,(x)) and y = n,(n,(y)), for all
x € Py and y € P,, are called strong adjoint negations.

Corollary 9 is straightforwardly obtained taking into account that the pair
formed by adjoint negations (n, n,,) is an antitone Galois connection [25, 28, 48].

Corollary 9. Let (Py, <), (P, <) be posets, (P53, <3, 13) a lower bounded poset
and ng, n, adjoint negations. The following statements hold:

1. If (P, <1, L1, Ty) and (P2, <5, 1,5, T») are bounded partially ordered sets,
then ny(1y) = Ty and n,(Ly) = Ty,

n, and ng are order-reversing;

x <y ngny(x) and 'y <5 nyng(y);

nnny =ng, and n,nM, = N,

ngn, and n,ngare closure operators;

x<yng(y) iff y<onux), forall xe Py, ye€ P,

When the supremum and the infimum exist, for any X C Py, Y C P,,

(a) n, [v y) = A\ n;

NNk LD

yey yey
(b) nn[v ]: /\ )
xeX xeX

On the other hand, we will show the notion of pair of weak negations given
by Georgescu and Popescu in [34] and the relationship to adjoint negations in-

troduced in [19].
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Definition 10. Let (P, <, L, T) be a bounded partially ordered set and two map-
pings ny: P — P, ny: P — P, the pair (ny,n,) is said to be a pair of weak
negations on P, if the following conditions hold, for all x € P:

L ni(T) =no(T) = L
2. n; and n, are order-reversing;
3. x < myn(x) and x < niny(x).

The following result shows that every pair of weak negations can be derived
from the implications of an adjoint triple [19].

Theorem 11. Given a pair of weak negations (ny,n,) on (P, <, L, T), there exists
an adjoint triple (&, ,//, \) with respect to P satisfying that n, = ny and n, = n,.

The following example shows that different adjoint triples can generate the
same pair of weak negations. Hence, the unicity of adjoint triples generating
adjoint negations, which coincide with a given pair of weak negations, is not
guaranteed.

Example 12. Consider the complete lattice (L, <) and the pair of weak nega-
tions (n;, n,) defined on (L, <), both given by Figure 1. Given the adjoint triples
(&, ', \) and (&., /", \\+) defined on (L, <), as it is shown in Table 1, it is easy
to see that these adjoint triples are different and they satisfy Theorem 11, for all
X,y € L, that is:

n(y) =L,/ y=n() n(x)=1LN\ x=nx)
n,() =L,/ y=nm@Q) n,(x) =1L\, x=n(x)

Hence, we can conclude that the adjoint implications giving rise to adjoint nega-
tions, which coincide with a given pair of weak negations, are not unique. O

Figure 1: Pair of weak negations (n;, 1) and lattice (L, <) of Example 12.

T
Lila|b|c|T
n | T ala| Ll ¢
n | T|lc| L] L|L
a b
1



Table 1: Definition of (&, ./, \) and (&, ", \\») in Example 12.
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It is important to emphasize that, according to Definition 8, it seems that the
implications included in an adjoint triple to define adjoint negations are needed,
which is asserted in the following result.

Theorem 13. Given a pair of weak negations (ny,n,) on (P, <, L, T), there exists

a Galois implications pair (/,"\) with respect to P satisfying that n, = ny and
ny = n,.

Proor. First of all, we will define the operators ,/ and \, for each x,y € P, as
follows:

if T if T
oS y= ni(y) 1 ZF PN x= n,(x) 1 %
T if z=T T if z=T

We will see that (., \) is a Galois implications pair proving that Equivalence (2)
holds. We suppose that z # T, then we can ensure that the inequality x <z ,/ y
is equivalent to y < z N\ x, since by conditions (2) and (3) of Definition 10,
the inequality x < n;(y) is equivalent to y < ny(x). Otherwise, the equivalence
x <z yifandonly if y <z "\ xis trivially obtained. Therefore, we conclude
that .~ and N\ form a Galois implications pair.

Finally, from the definition of the operators , and \, we obtain that the
following equalities hold:

n(y) = L/y=mQ)

n,(x) = LN x=n(x)
8



O

It is convenient to mention that the proof of the previous result is obtained
without using the properties of the adjoint conjunctor unlike what happens in the
proof of Theorem 11 introduced in [19]. Once again, we cannot guarantee the
unicity of the Galois implications pair which allow us to ensure that each pair of
weak negation is actually an adjoint negation.

As we just show, we can define adjoint negations from the implications of
either a Galois implications pair or an adjoint triple. Now, we are interested
in: (1) characterizing Galois implications pairs, without associated conjunctor,
whose adjoint negations coincide with a given pair of weak negations; and (2)
studying the algebraic structure formed by these Galois implications pairs. A
similar study will be carry out with respect to adjoint triples generating a given
pair of weak negations.

3. Galois implications pairs generating a given pair of weak negations

This section is devoted to introduce mechanisms to define Galois implica-
tions pairs whose adjoint negations coincide with a given pair of weak negations.
In addition, a hierarchy among these Galois implications pairs will be established
and the obtained algebraic structure will be studied.

Given a pair of weak negations and an arbitrary Galois implications pair, the
following result proposes a first procedure to define Galois implications pairs
whose adjoint negations coincide with the given pair of weak negations.

Proposition 14. Given a pair of weak negations (ni,n,) on a complete lattice
(L, <) and a Galois implications pair (', \) with respect to (L, <), the mappings
defined, for all x,y,z € L, as:

m@)  if z=1 {m(x) if z=1

e y:{z/y if z#L1 2\ ¥ = Nx  if z#L

form a Galois implications pair with respect to (L, <). Moreover, the equalities
n = n,, andny = n,, hold, being n,, and n,, the adjoint negations associated
with the implications /™ and "\, respectively.

Proor. First of all, we will prove that (,/"', N ,,) 1s a Galois implications pair

with respect to (L, <). According to Proposition 3, it is equivalent to demonstrate
that, for all Y C L and z € L, the following equality holds:

2 /" [\/ y) = \es"y)

yey yeyY



We will distinguish two cases:

1. Case z # L: Taking into account that (., ) is a Galois implications
pair with respect to (L, <), the next chain of equalities is obtained from
Proposition 5.

2 /" [Vy]=z/ [Vy]= ANesn=A\es"y

yeyY yeY yey yey

2. Case z = L: Applying the definition of the implication /"', we have

L (V y] =m [V y] 2 Am»= Ay

yey yeyY yeY yeY

The equality (x) is straightforwardly obtained by Theorem 11 and Corol-
lary 9.

As a consequence, we can ensure that (,/™",",,) is a Galois implications pair
with respect to (L, <). Moreover, taking into account the definitions of adjoint
negations and the operators /"', N ,,, we can conclude that:

ng, 0 =L1./"y=mQ)

iy, (X) = L N X = m2(2)

for all x,y € L. O

As it happened with respect to adjoint triples, we can find different Galois im-
plications pair whose adjoint negations also coincide with the given pair of weak
negations, for example, exchanging the Galois implications pair in the definition
of the operators /"', ,, defined in Proposition 14.

The next result shows what conditions should be satisfied in order to guaran-
tee that the Galois implications pairs considered in Proposition 14, (,/,\) and
(™, \\n,), coincide.

Proposition 15. Let (ny,n,) be a pair of weak negations defined on a complete
lattice, (/',"\\) a Galois implications pair with respect to (L, <) and (,/"",\n,)
the Galois implications pair defined as in Proposition 14. If both Galois impli-
cations pairs ("', \n,), (., \) have adjoint conjunctors and, for some Z C L,
the equality \,,z = L holds, being z # L for all z € Z, then /" = and

'\nz = \
10



Proor. GivenZ C L, suchthat A\,.,z= 1 and z # L, forall z € Z, we obtain the
following chain of equalities:

my) =L,y = (/\z) Sy

zeZ

2 Aoy

z€Z

where (1) and (3) is obtained by Proposition 3 and (2) holds because z # L and
thenz /™ y =z / y. Consequently, we obtain that ,/"'= . The other equality
follows similarly. i

The next example evinces that Proposition 15 is not true when we consider a
complete lattice (L, <) which does not satisfy the existence of a set Z C L such
that A\,c,z=Landz # L, forallz € Z.

Example 16. Let (1, ny) be the pair of weak negations defined on the complete
lattice (L = {L,a,b, T},<), with L < a < b < T, as Table 2 shows. Following

Table 2: Pair of weak negations (7, np) of Example 16.

ny
np

~ |
|
|

S Q|

the procedure given in Proposition 14, from this pair of weak negations and the
Galois implications pair (,/,\\) definedasz .,  y=z\ y=T,forall y,z € L,
we obtain the Galois implications pair (,/""', "\ ,,) depicted in Table 3. By using
Proposition 3 and making simple computations, it is easy to see that (,/,\) and
(", \\n,) have adjoint conjunctors, which are displayed in Table 4.

Clearly, the adjoint triples (&, ./, \) and (&, n,> "', \s,) are different and

therefore, we can conclude that Proposition 15 is not true when we consider a
11



Table 3: Galois implications pair (,/™', \ ,,) of Example 16.

SN L o a bT \m|L a b T
L |T a a 1 L |T b L L
a |T T T T a |T T T T
b T T T 7T b T T T 7T
T|T T T T TI|IT T T T

Table 4: Adjoint conjunctors & and &,,, of Example 16.

&unm, | L a b T

4 4 1 1 L

x&y=1, forallx,yelL a |L 1 1 a
b L a a a

T 1l a a a

complete lattice (L, <) which does not satisfy the existence of a set Z C L such
that A,e,z = L and z # 1, for all z € Z. This fact is due to the condition
required in Proposition 15 is not verified by (L = {L, a, b, T}, <). Although this
condition can seem restrictive, it is important to mention that it is satisfied by a
large number of lattices such as the diamond lattice M, and the non-distributive
lattices M3, N5, among others. O

The following result shows that Galois implications pairs whose adjoint nega-
tions coincide with a given pair of weak negations can also be defined from more
general operators than Galois implications.

Proposition 17. Given a pair of weak negations (ny,n;) on a complete lattice
(L, <), the pair (™, "\, defined as:

m@) i z=1 {m(x) if z=1

Z/ y:{fz(y) Fozer O T e i z#d

for all x,y,z € L, is a Galois implications pair with respect to (L, <) verifying
that ny = ny, and ny = n,, , if and only if the family of mappings {(f., ) |
f2 8.1 L = L},ep\(1y are antitone Galois connections.

Proor. Assuming that (,/"',\,,) is a Galois implications pair, we will prove
that {(f;, 8.) | f:, 8.1 L = L}.er\uy 18 a family of antitone Galois connections. In
12



order to achieve this goal, by Proposition 7, we need to prove that:

fz[Vy] = \£o)  and gz(v x) = N\ &)

yeY yeyY xeX xeX

forall X,Y € Land z € L\ {L}. Notice that, the following chains of equalities

hold:
fz[VyJ =z /" [Vy] 2 N\ce =N\ £
yeYy yeyY yeY yeY
8 (\/ X) =2\ (\/ X] 2 ARV EWAVE)
xeX xeX xeX xeX

taking into account the definition of the operators /"', ,, and being (*) ob-
tained by Proposition 5.

Conversely, supposing that {(f;, g,) | f.,8:: L — L}.er\(1y is a family of anti-
tone Galois connections, we prove that (,/", N ,,) is a Galois implications pair,
verifying that n; = n,, and n, = n,, , following an analogous reasoning to the
one given in Proposition 14. O

Now, we will show that the pair (,/"',",,) defined as in Proposition 17
cannot be associated with an adjoint conjunctor &, in general.

Example 18. We will consider the complete lattice (L, <) and the pair of weak
negations (n, n,) defined on L which are depicted in Figure 2. First of all, we
will present a Galois implications pair, whose adjoint negations coincide with
n; and n,, and we will see that they can be defined as in Proposition 17. For
instance, the implications /"' and "\, displayed in Table 5 can be defined, for
all x,y,z € L, as follows:

2N x = {nz(x) %f z=1 3)
g:(x) if z#1

m@y if z=1

i y:{];(y) it oz#L

where {(f;, &) | f.-8:: L = L}.c1\(1) 1s a family of mappings defined as follows:

“)

fz(y):{z; if y#1 gz(x):{J_ if x=a or x=T

if y=1 T if x=1 or x=b

for all x,y € Land z € L\ {L1}. Making simple computations, we obtain that the
set{(f:,8.) | f-» 8.1 L = L},er\(1), Wwhose mappings are defined as in Equation (4),
13



is a family of antitone Galois connections. Then, by Proposition 17, we can
ensure that the pair (,/"', \\,,) displayed in Table 5 is a Galois implications pair
with respect to (L, <). Clearly, we have that the equalities:

n, O = L/ My=m()
My, (X)) = LN, X = ma(x)

Figure 2: Pair of weak negations (1, n;) and lattice (L, <) of Example 18.

T
Lla|b|T
n | T|b|L|L
| T L]alL a b
1

Table 5: Galois implications pair ("', \,,) of Example 18.

NS AN
444 4|F
NN RN AN S
S-S S
dea 1
4444
4448
(T

- F e

Finally, we will see that the pair (,/"', \,,) 1s not associated with an adjoint
conjunctor &. To reach this goal, we prove that the equality x & y = min{z €
L | x <z /™ y}is not verified, for all x,y € L. Specifically, considering
the elements x = band y = T, we obtain thatinf{z € L | b < z /™" T} =
infla,b, T} = L. Clearly, L ¢ {z € L | b <z /™ T}. As aconsequence, we
obtain that the infimum is not a minimum. O

Notice that, the operators /" and ", defined in Proposition 17 satisfy the
following boundary conditions corresponding to the classical implications:

L/"1L = m(L)=T LNmdLd = m(L)=T
L/"7T = m(M=1 LN, T = m(M=1
T/ML = AA)=T T\md = gr(D)=T

14



The boundary condition T /™ T =T N, T = T will be satisfied by /™
and N\, when it is assumed that f+(y) = T and g+(x) = T, forall x,y € L.

The following theorem introduces the structure formed by all Galois impli-
cations pairs generating a given pair of weak negations. Henceforth, given a pair
of weak negations (ny, n,) defined on a complete lattice (L, <), we denote the set
of all Galois implications pairs generating (ny,ny) as Z,,,,.

Theorem 19. Let (ny,n,) be a pair of weak negations defined on a complete
lattice (L, <). Then, the pair (1 ,,, ,C Inlnz) forms a complete lattice with respect
to (L, <), where Ty, , is the ordering relation defined, for all y,z € L, as:

(I/”lj’ \nzj) Efnwz (I/nlk, \lek) l\ﬁ < I/nlj y ﬁl Z l/nlk y

and (/™ '\nzj), (", \) € L yyn,- Moreover, the greatest and least elements
of the set 1,,,,, denoted by (,/"'s, '\nzg) and (/™ \"21)’ respectively, are de-
fined as:

m@y if z=1
Z/nlgy:{”l(Y) if z=1 z,/"My=41 if z#landy# L
T if z#1 T if z#landy=1

_ m(x) if z=1 m(x) if z=1
Z'\nzgx—{_l_ if z#Ll zN\mXx =L if z#landx# L
T if z#landx=1

forall x,y,z € L.

Proor. First of all, given a family {(,/",\,)}iesr € L0, Where I is a non-
empty index set, we will prove the mappings /™™, N\y: L X L — L, defined
as:
e /™y= Naw™yh 2N x= Nz, 1)
i€l i€l

for all x,y, z € L, form a Galois implications pair with respect to (L, <) by means
of Equivalence (2). We will suppose that the inequality x < z /™" y is verified,
being x,y,z € L. As x < A;gfz ™ y} then we have that x < z /™ y, for
all i € 1. Taking into account that (,/"',N ,,,) is a Galois implications pair, the
inequality x < z /™ yis equivalent to y < z \,,, x, for all i € I. From the
infimum property, we obtain that y < A ,.{z \,,, x} and therefore, y < z \nr x.

Following a similar reasoning to the previous one, we can prove the another
implication and we can conclude that (,/ ™™, N\ j,r) is a Galois implications pair
with respect to (L, <). 5
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Notice that, considering the point-wise ordering between the implications,
we have that /™™ is the infimum of {,/™"};c; and N ;s is the infimum of {N,,, }ie/-
Therefore, given a non-empty index set / and the family {(,/"", \,)ier € Loy
we have that the Galois implications pair (,/ ™™, N jyr) is the infimum of the family
mnJz,,,.

Now, we need to prove that (,/ ™, N ) isin 7, .- Since (™, \,) € Lninas
for every i € I, we can ensure that the equalities n,, (y) = L /™"y = ni(y) and
”nnz,.(x) = 1L N\, ¥ = m(x) hold, for all x,y € L and i € I. Hence, taking into
account the definition of ./ and N\ ;,, we obtain:

R =1 /™y = N1 /™y =)

iel

P () = L Nane x = A\ (L Ny ) = ma()
i€l
Therefore, we have proven that (,/™, N\ ;) is a Galois implications pair in ,,,,.
As a consequence, we can ensure that (Z,,,,,,E7, ,, ) is a complete meet-semilattice.
Now, we will prove that (,/"', ’\nzg) is an element of the set 7, ,,. Given
the pair of weak negations (n;,n,) defined on a complete lattice (L, <), we can
rewrite the pair (,/", ’\nzg), for all x,y € L, as follows:

ni(y) if z=1 ny(x) if z=1

Z/gy:{fz(\/) if z#1 Z\nz‘“x:{gz(X) if z#£1

where {(f;,8.) | f..8:: L — L},p\1) 18 a family of mappings defined, for each
z € L\ {1}, as f;(y) = g,(x) = T, with x,y € L. By Proposition 17, we only
need to prove that {(f;,8.) | f..8:: L — L}, is a family of antitone Galois
connections in order to ensure that (,/"'¢,\,, ) is a Galois implications pair.
This fact is equivalent to prove that, for each z € L \ {1}, the mappings f, and
g. form an antitone Galois connection. Clearly, fixed z € L\ {1}, the mappings
f: and g, defined as f,(y) = g.(x) = T, for all x,y € L, satisfy the equivalence
x < f,(y) if and only if y < g.(x), with x,y € L. Indeed, (f,, g.) is trivially
the greatest antitone Galois connection defined on (L, <). Moreover, from the
definition of /"¢ and ’\nzg , we obtain the following chains of equalities, for all
x,y € L:

Mg, ) L /My =n(y)

My ()= LNy, X = 12()

As a consequence, we conclude that (,/"'s, '\nzg) € Lyn,-
16



Finally, we can ensure that ("', ’\nzg) is the greatest element of the set
Iy, due to (", '\,,zg) is defined from the greatest antitone Galois connec-
tion defined on (L, <). Thus, (Z,,,,,C I’llnz) is a meet-semilattice with maximum
element and consequently, it is a complete lattice.

In the following, we will prove that (,/"", \”21) is the minimum element of
the set 7 ,,,,. It is easy to see that (,/"", '\,,21) can be rewritten, for all x,y,z € L,
as follows:

ny(x) if z=1

2/ "y =
< g if z# 1

my) if z=1
L) i z#L

Z\nzx:{

where {(f., 8.) | f., 8.1 L = L}.e\1y 1s a family of mappings defined as in Equa-
tion (5):
L if y#1 L if x#1
= X) = 5
£O) {T ¢ oyly &0 { R €
for all x,y € L and z € L\ {L}. Therefore, the same pair is considered for
every z € L\ {L}. Once again, by Proposition 17, we only need to prove that
{(f:8) | f: 8.1 L — L}.ep\juy 1s a family of antitone Galois connections to ensure
that (/"1 ’\,,21) is a Galois implications pair. Now, given z € L\ {L}, we will see
that the mappings f; and g, satisfy that if x < f,(y) then y < g,(x), with x,y € L.
Suppose that x < f;(y), with x,y € L. We will distinguish the following cases:

e Casey = L: as x < fo(y) and f.(y) = f,(L) = T then x < T. Clearly,
y=1=<g/(x),forall x € L.

e Casey # L: asx < f,(y)and f,(y) = Lthenx = 1L,and so,y < T =
8:(L) = g.().

The another implication, if y < g.(x) then x < f,(y) being x,y € L, is obtained
analogously. Hence, we can ensure that the pair (f;, g;) is an antitone Galois
connection.

In addition, from the definition of /" and \"21’ we obtain the following
chains of equalities, for all x,y € L:

n,, 0) = L/"My=m()

My (X) = L Ny, X = 1)

Consequently, we conclude that ("', s, ) € L,
17



Finally, we will demonstrate that (,/"", '\,,21) is the least element in the set
J,n,, since it is defined from the least antitone Galois connection defined on
(L, <). Therefore, we will prove that (f;, g;) is actually the least antitone Galois
connection. Given two mappings f, g>: L — L such that (f, g7) is an antitone
Galois connection, with z € L'\ {_LL}, we will prove that f,(y) < f7(y) and g.(x) <
g:(x), for all x,y € L. For that, we distinguish the following cases:

e Case y = L: by using Equation (5) and Proposition 7(3), we obtain that
f(L) =T = f(D).

e Casey # L: clearly, by Equation (5), we have that f.(y) = L < f7(y).

Analogously, we prove that g.(x) < gi(x), for all x € L. Therefore, we have
proven that given z € L\ {L} the mappings f, and g, defined as in Equation (5)
form the least antitone Galois connection defined on (L, <). O

To finish this section, we will continue with Example 18 in order to clarify
the previous results related to Galois implications pairs generating a given pair
of weak negations. In particular, we will show that (,,,,,Er, ,,) is not a linear
complete lattice, in general.

Example 20. From the framework given in Example 18 and following a sim-
ilar reasoning to the one introduced in this example, we can check that the
pairs given in Table 6 are also Galois implications pairs defined as in Propo-
sition 17. As a straightforward consequence of Theorem 19, we obtain that the
pairs (,/"*,\\,,) and (,/"+,\,,,) belong to 7, ,,. Obviously, we can define
more Galois implications pairs generating the pair of weak negations (n;, n,) be-
ing either greater or lesser than the ones given in this example. Specifically, the
greatest and the least Galois implication pairs in 7, ,, are the pairs (,/"'s, '\nzg)
and (/" '\,,21), respectively, which are given in Theorem 19.

According to the ordering relation £z, , introduced in Theorem 19 and tak-
ing into account that the pair (,/"', " ,,) defined in Equation (3) also belongs to
1 ,,1,, we obtain that (,/"*,N,,.) E Toimy (™, \\»,) and the Galois implications
pair (,/"'+,\\»,,) 18 incomparable to (,/",~N,,) and (", \,,.). As a conse-
quence, when the complete lattice (L, <) and the pair of weak negations (n;,n,)
depicted in Figure 2 are considered, the obtained complete lattice (Z,,,C1, )
is not linear. |

It is important to mention that the implications operators need to have an
adjoint conjunctor in different frameworks, such as fuzzy relation equations [14,
18



Table 6: Galois implications pairs (,/"'*,\ ,,) and (,/"'+, \\»,,,) of Example 20.

SV L oa b T N\om., | L a b T
1 T b L L L T L a L1
a T b b b a T 1 T 4L
b T b b b b T 1 T 1
T T b b 1L T T 1 b L
Sl L o oa bT N\m, | L a b T
L T b L 1 1 T 1L a L
a T 1L 1 1 a T 1 1 1
b T a a a b T T L 1
T T L 1 1 T T 1 1 1

26, 27], rough set theory [20, 21, 40] and fuzzy mathematical morphology [1, 2,
37]. Hence, it is also interesting to study adjoint triples generating a given pair
of weak negations.

4. Adjoint triples generating a given pair of weak negations

This section is focused on analyzing the algebraic structure formed by all
adjoint triples whose adjoint negations coincide with a given pair of weak nega-
tions. In addition, we will introduce two different mechanisms to define adjoint
triples generating a given pair of weak negations. We will include the notion
of compatibility between the implications of an adjoint triple and the operators
of a pair of weak negations, which will play an important role throughout this
section.

To begin with, we will show a restriction that the conjunctors of adjoint
triples generating a given pair of weak negations must satisfy.

Proposition 21. Let (ny,n,) be a pair of weak negations defined on a complete
lattice (L, <) and (&, . ,"\\) an adjoint triple with respect to (L, <) satisfying
ny =ngandny = n,. If x <ny(y) then x&y = L, forall x,y € L.

Proor. We will suppose that (n;,n,) is a pair of weak negations defined on a

complete lattice (L, <) and (&, ./, \) is an adjoint triple with respect to (L, <)

satisfying ny = ny and n, = n,. If x < n;(y), then the inequality x < L /" yis
19



verified. By the adjoint property, the last inequality x < L  y is equivalent to
x &y < L. Taking into account that L < x &y, for all x,y € L, we can conclude
that x &y = L. O

Notice that, we need to require only the inequality x < n;(y) in the statement
of Proposition 21, since it is equivalent to y < n,(x), by conditions (2) and (3) of
Definition 10.

Before introducing the first mechanism to define adjoint triples generating a
given pair of weak negations, we need to include the following definition.

Definition 22. Let (n;,n,) be a pair of weak negations defined on a complete
lattice (L, <) and (&, ./, \\) an adjoint triple with respect to (L, <). Then, we
will say that:

e / is compatible with ny if either n1(y) < z ./ yorz .,/ y < ni(y) is
satisfied, for all y, z € L.

e \ is compatible with n, if either ny(x) < z N\ xor z \ x =< nmy(x) is
satisfied, for all x,z € L.

Once we have introduced the compatibility notion between the implications
of an adjoint triple and a given pair of weak negations, we will show the first
procedure to obtain adjoint triples generating such a pair of weak negations.

Proposition 23. Let (ny,n,) be a pair of weak negations defined on a complete
lattice (L, <) and (&, //,\) an adjoint triple with respect to (L, <) such that the
implication / is compatible with n,, the implication "\ is compatible with n,
and the inequalities 1 /'y < ni(y), L\ x < ny(x) hold, for all x,y € L. The
mappings &nnr» ™ N\, : L X L — L defined, for all x,y,z € L, as:

x&y if  xZ£n(y)

X &nin =
- {L i x<m)

2 /" y=max{z / y, ni(y)} z N\, X = max{z \ x, ny(x)}

form an adjoint triple with respect to (L, <) such that ny = ns, and n, = ny,,,
where ng, and ny, are the adjoint negations associated with the implications
" and N\,,, respectively.
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Proor. We will use Proposition 2 in order to demonstrate that (&,n,» "> N\,)
is an adjoint triple with respect to (L, <). Therefore, we need to prove that the
operators defined as z /™ y = sup{x € L | x&un,y < 2} and z Ny, X =
sup{y € L | x &,y < z} for all x,y,z € L, are actually maximums, being &, ,,
an order-preserving operator in both arguments.

First of all, given y,z € L, we will show that the value z /™ y = sup{x €
L | Xx&pn,y = z}1s a maximum. Note that, L € {x € L | x &y, y = 2}, since
1 &nm,y = L < zholds. Therefore, the set {x € L | x &,n, ¥y < 2} 1s not empty.
We will consider the next partition of the set {x € L | x&u,n,y = 2} = X1 U Xp,
where:

Xl = {XEleﬁnl(y),x&nmzyﬁZ}
X2 = {xe L | x = nl(}’), x&nlnzy < Z}

The set X, is not empty, since L < n(y) and L &,y = L =< z holds. In
addition, by Proposition 21, x &, y = L, for all x < n;(y). Hence, we have
sup(Xp) = sup{x € L | x < ny(y), X&nn,y = 2} =sup{x € L | x < mi(y)} = n1(y)
and clearly n;(y) belongs to X,.

Suppose that X; # @, then there exists xy € X; such that x, £ n;(y) and
X0 &nin, ¥ =< z. In particular, by definition of &,,,,, we have that xo &y =
Xo &mn, ¥y < z. Hence, we can ensure that xo € {x € L | x&y < z}. Since
(&, ./, \) 1s an adjoint triple with respect to (L, <), we have that xo <z ,/ y =
max{x € L | x&y < z}. In additon, as xy £ n;(y), we obtain that z .,/ y £ n;(y).
Moreover, by the definition of &,,,, and the adjoint property, we obtain that
2/ Y) &y =z y)&y =<z Hence, z / y € X,. Consequently, we obtain
the following chain of inequalities:

sup(X;) = sup{xe L|xZm(), x&un,y =<2}
= sup{x € L|x£n(y), x&y =z}
< sup{xeL|x&y=7z}

=z./y

Therefore, since z /' y € Xj, by the definition of supremum, we obtain that
sup(X;) = z ./ y and it is a maximum.

Notice that, we have proven that if X; # @ then we obtain thatz ./ y £ ni(y).
As / is compatible with ny, then n,(y) < z .,/ y. Therefore, we conclude that
2" y=sup{x € L| x&nun, ¥y = 2} = sup(X1UXy) = sup{z /" y,ni(M} =z . Y,
and, since z /' y € Xj, the supremum in the definition of z /™ y is a maximum

and, specifically, z /™ y = max{z .,/ y,n;()}.
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Now, suppose that X; = @. Hence, z /™ y = sup{x € L | x&pn, ¥y =<
z} = sup(X;) = ny(y), which belongs to X, and so, is the maximum of the set.
On the other hand, in this case, given x’ € {x € L | x&y < z}, if X’ £ n1(y),
then we obtain that x’ &,,, ¥y = X’ &y =< z, thatis x’ € X;, which leads us to a
contradiction. Consequently, x" < ni(y) and so,z ./ y =max{x € L | x&y =<
z} < ny(y) and we just obtain z /™ y = max{z ./ y,n;(y)}.

In the following, we will prove that &,,,, is an order-preserving operator in
the first argument. That is, given x;, x, € L such that x; < x,, we will obtain that
X1 &mn, Y = X2 &nyny ¥, for all y € L, distinguishing the following three cases:

e Case x; £ ni(y) and x, £ ni(y): By definition of the operator &,,,, and
taking into account that & is an order preserving operator, we obtain that
X1 &nm, Y =X1 &YX &Y = X2 &y, ¥, forally € L.

e Case x; < ni(y) and x, < n(y): Straigthfordwardly, by definition of the
operator &,,,, we can ensure that x; &,y = X2 &uny = L. Hence,
X1 &nyny Y = X2 &nyny ¥, forall y € L.

e Case x; < ni(y) and x, £ ni(y): Applying the definition of the operator

&niny» We have that x; &y, ¥ = L < X0 &Y = X2 &nyny ¥, forall y € L.

As a consequence, we conclude that &,,,, 1s an order-preserving operator in the
first argument.

On the other hand, notice that the inequality x < n;(y) is equivalent to y <
ny(x), by conditions (2) and (3) of Definition 10. Therefore, the conjunctor &, ,,
can be also expressed by means of n, as follows:

{x &y ify£n(x)

X&nn, ¥y = .

1 if y < na(x)

By using the last expression of the conjunctor &,,,, and following an analogous
reasoning to the previous one, we obtain that the operator \,,: L XL — L
defined as z N\, x = sup{y € L | x&u,n, y =< 2}, for all x,z € L, is a maximum.
Specifically, we obtain that z N,, x = max{y € L | x&u,», ¥ < z} = max{z \\
x, np(x)}, for all x,z € L. In addition, we have that &,,,, is an order-preserving
operator in the second argument. Therefore, we conclude that (&,1,, "', \n,)
is an adjoint triple.

Finally, it remains to prove that n; = ng, and n, = ny, . The equality n;(y) =
ns,, (v) is deduced from the following chain of equalities ns,, W=1Lym y=
max{Ll . y, ni(y)} = ni(y), since by hypothesis L , y < n;(y) holds for
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all y € L. In a similar way, we can prove that the equality ny(x) = ny,, (x) is
satisfied, for all x € L. m]

In order to clarify the previous results, we will include the following example.
Example 24. Consider the pair of weak negations (7, n,) and the complete lat-
tice (L, <) depicted in Figure 1 of Example 12. Now, we will consider the oper-

ators &, .~ and \_displayed in Table 7. It is easy to check that (&, ./, \) is an
adjoint triple by using either Proposition 2 or Proposition 3.

Table 7: Adjoint triple (&, ./, \\) of Example 24.

&|lL a b ¢ T JIlL o a b ¢ T NlL a b ¢ T
/L L 1 1 4L LT L 1 1 41 LT L 1 1 41
all a ¢ ¢ ¢ a|T a 1 1 L1 a | T a 1L 1 L1
b|lL ¢ ¢ ¢ ¢ b|T L 1 1 1 b|T 1L 1 1 L
C 1 C C C C C T C C C C C T T T T L
T|L T T T T T|T T T T T T|T T T T T

Taking into account Definition 22 and Table 7, we can conclude that the impli-
cation / is compatible with n; and the implication N\ is compatible with n,.
Besides, it is easy to see that the inequalities L /'y < n(y) and L\ x < ny(x)
are verified, for all x,y € L. Therefore, since the hypothesis of Proposition 23
are satisfied, we obtain that the mappings & n,» /"', N\, : L X L — L defined
as:

x&y if xEm(y)

X &un, ¥ = )
i Y {J_ if x=<n(©®)

2" y=max{z / y, m(y)} 7 N\, X =max{z \ x, ny(x)}

for all x,y, z € L, form an adjoint triple. Making simple computations, we obtain
that the adjoint triple (&n,n,> ™'s \n,) 15 the one given in Table 8. Moreover,
the equalities n;(y) = ns, (v) and ny(x) = ny,, (x) are satisfied straightforwardly,
for all x,y € L. o

We are interested in generalizing the compatibility property shown in Def-
inition 22 in order to address a wider range of situations from which adjoint

23



Table 8: Adjoint triple (&nny» /™', \n,) of Example 24.

&, | L a b ¢ T 7" |lL a b ¢ T Nm |4 a b ¢ T
1 1l 1L L 1 L 1 T a a a L L T ¢ L 1 L
a 1 1L 1 1 c a T a a a 1 a T ¢ 1 1 1
b L ¢ ¢ ¢ ¢ b |T a a a 1 b |T ¢ 1L 1 1
c L ¢ ¢ ¢ ¢ c |T ¢ ¢ ¢ ¢ c |T T T T 1
T L. T T T T T T T T T T T T T T T T

triples generating a given pair of weak negations can be defined. From now on,
given (n;,n,) a pair of weak negations defined on a complete lattice (L, <) and
g: L X L — L an arbitrary mapping, we will say that g is compatible with n; if
either n;(y) < g(z,y) or g(z,y) < ni(y) holds, for all y,z € L. The notion of an
arbitrary mapping h: LXL — Lbeing compatible with n, is defined analogously.

The following technical result, related to the compatibility property previ-
ously mentioned, will be useful in order to obtain the second mechanism for
defining adjoint triples generating such pair of weak negations.

Proposition 25. Given a pair of weak negations (n,, n), two mappings f,g: LX
L — L, such that f preserves the supremum of non-empty sets in the first argu-
ment, that is

f(\/ x,-,y] = \/ f(x;,y), for all non-empty set X C Landy € L
xieX x;eX

and g is defined for all y,z € L as g(z,y) = sup{x € L | f(x,y) < z}, satisfying
that g is compatible with ny. For each y € L, subset X C L, and the partition of
the set X = X1 U Xy, where Xy ={xe X | x£Zn(W)}#Qand X, ={xe X | x =<
ni(y)} # @, we obtain that f(x;,y) < f(x1,y), for all x; € X| and x, € X;.

Proor. Given y € L, a subset X C L, the partition of the set X = X; U X, such
that Xy ={xe X |x£€n()}#2and X; = {x € X | x < ni(y)} # @, and x| € X|,
we consider the element:

g(f(x1,y),y) =sup{x € L| f(x,y) < f(x1,y)}

From now on, we will denote the set {x € L | f(x,y) < f(x1,y)} as X;. Applying
that f preserves the supremum of non-empty sets in the first argument and X, #
@, since clearly x; € X, we obtain that:

flxry) < f[v x,y) = \/ Fey) = f(n,y)

YeXy YeXy



Therefore, f(x1,) = f(Viex, %¥) = f(@(f(x1.5).).). because \/ oy, x =
g(f(x1,y),y). As a consequence, g(f(x;,y)) is in Xy and it is the maximum.

Hence, x; < g(f(x1,y)) and we obtain that g(f(x;,y),y) £ ni(y) and by the com-
patibility of g, the inequality n;(y) < g(f(x;,y),y) holds.

Finally, given x, € X, as x, < n;(y) and f is order-preserving in the first
argument, we obtain the result:

flx2,y) = fi(y),y) < fe(f(x1,),¥),y) = f(x1,Y)

O

An analogous result to Proposition 25 is obtained assuming that f preserves
the supremum of non-empty sets in the second argument and that the mapping
h: L x L — L defined as h(z,x) = sup{y € L | f(x,y) <z}, forall x,z € L, is
compatible with n,.

These results are interesting to weaken the restrictions in the hypothesis of
Proposition 23 and allow more general operators than adjoint triples. The fol-
lowing proposition gives a weaker sufficient condition to define adjoint triples
generating a given pair of weak negations.

Proposition 26. Let (n;,n,) be a pair of weak negations, f,g,h: LX L — L
three mappings such that f preserves the supremum of non-empty sets in both
arguments, g is defined as g(z,y) = sup{x € L | f(x,y) < z}, is compatible
with ny satisfying that g(L,y) < n;(y) and h is defined as h(z,x) = sup{y €
L | f(x,y) < z}, is compatible with n, satisfying that h(L,x) < ny(x), for all
x,¥,2 € L. The triple (&uny> ™ s N\1,) composed of the following operators:

f(x,y) if  x£n(y)

&nyn =
* S Y {J- if x=2<m(y)

z /" y=max{gz,y), m()}  z N\w x=max{h(z, x), no(x)}
is an adjoint triple with respect to (L, <) verifying that ny = ng, and n, = ny, .

Proor. In order to prove that (&> "', N\n,) 1S an adjoint triple, by using
Proposition 2, we only need to see that & preserves the supremum in both ar-
guments.

Given X C L and y € L, we will consider the following partition of the set
X=XiUX,,where X ={x e X | x£nand X; = {x € X | x < ni(y)}.
Notice that, the set X, is a non-empty set since L < n(y) and therefore L € X,.



If X; = @,then X = X; UX; = X, and so, \/,cx X < n1(y), and we obtain that

\/(x &nins y) =1= (\/ x) &niny ¥

xeX xeX

Otherwise, if X; # @, taking into account that f preserves the supremum of
non-empty sets in the first argument and the definition of the operator &,,,,, we
obtain the following chain of equalities:

\ ( \/ (xj &niny YY)

XJEXZ

\ G &umy) = [V(x,-&nmw

xeX x;€X|

= \/ (Xi &nyny )

x;€X|

= \/ fxy)

x;€X|

=\ f@yv \/ feg

x;€X XjEXz

=/ few

xeX1UX,

)

xeX

e (v X) &nny ¥

xeX

where (1) is obtained by Proposition 25, (2) is given because f preserves the
supremum of non-empty sets in the first argument, and (3) holds because X; # @

and so, \/,ex X £ n1(y).
\/Y] = \/(x &nin, ¥), for any

yey yey
Y € L and x € L. Hence, we conclude that (&,»,, "', \1,) 1S an adjoint triple
with respect to (L, <). Consequently, by Proposition 2, we have that:

Analogously, we prove the equality x &;,»,

2/ y=max{x e L|x&yny =<2, forallye Landz € L.

ZRNm X=max{y € L | x &y =<2}, forallxe Land z € L.

Now, given y,z € L, we will prove that z /™ y = max{g(z,y),n(y)}, distin-

guishing two cases:
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e Case z ™ y =< n(y): applying the definition of &,,,,, we have that

m(y) &nn, Y = L =< z. Therefore, we can ensure that n;(y) € {x € L |
X&nmy = z). Asz ™y = max{x € L | x&un,y = z} and, by hy-
pothesys, z /" y < n;(y) holds, we can conclude that z /™ y = n;(y).
In order to assert thatz /™' y = max{g(z,y), n1(y)}, we also need to prove
that g(z,y) < n;(y). We will proceed by reductio ad absurdum. Hence, we
will assume that g(z,y) £ n;(y) and we will arrive to a contradiction. If
{xeL| f(x,y) <z} = @, then

gz, y) =sup{x e L| f(x,y) <z} = L

which implies that g(z,y) = L < n;(y) and leads us to a contradiction. Oth-
erwise, the set {x € L | f(x,y) < z} # @, since f preserves the supremum
of non-empty sets and by the definition of &,,,,, we obtain that:

g8z &,y = f(8(z,9),y)
f(sup{x e L| f(x,y) <z},y)

sup{f(x,y) € L| f(x,y) <z}
< z

Therefore, g(z,y) < max{x € L | x&un, ¥y 22} =2 ™ ¥, which also leads
to a contradiction since z /™' y = n;(y), as it was proved above. Thus, in
this case, we have z /™ y = max{g(z,y), n;()}.

e Case z /™ y £ ni(y): by the definition of &,,,, and considering that
2™ y€el{xe L] x&uny =z}, we have that f(z /™ y,y) = (z /™
Y) &nin, ¥ < 2. Therefore, z /™ y € {x € L| f(x,y) < z} and consequently
2 /™y <g(zYy),since g: Lx L — Lis defined as g(z,y) = sup{x € L |
f(x,y) < z}. On the other hand, given xy € {x € L | f(x,y) < z}, we have
that:

S (x0,) it xo £ ni(y)

X &n n = .
0 & Y {J_ if  xo <m(©®)

Consequently, xo &n,n, ¥ < zand so, xo € {x € L | x&,n, ¥y < z}. Since
/"y =max{x € L | x&uny = 2z}, we have that xo < z /™ ».
Therefore, xo, < z /™ y holds, for each xo € {x € L | f(x,y) < z}.
Specifically, g(z,y) = sup{x € L | f(x,y) <z} <z ™ yand, as a
consequence, we obtain that z /™ y = g(z,y).

To ensure that z /™ y = max{g(z,y), n;(y)}, we also need to prove that

ni(y) < g(z,y). Notice that, g is compatible with n; by hyphotesis, then
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either the inequality n;(y) < g(z,y) or the inequality g(z,y) < n;(y) holds,
for all y,z € L. Suppose that g(z,y) < n(y) is verified, taking into account
that z /™ y = g(z,y), we can conclude that z /"< n(y). This last
inequality leads us to a contradiction since we are assuming thatz /™ y £
n1(y). Hence, in this case, we also have thatz /™ y = max{g(z,y), n1(y)}.

Following an analogous reasoning to the previous one, we obtain that z N, x =
max{y € L | x &u,n, ¥ < z} = max{h(z, x), ny(x)}, for all x,z € L.

Finally, it remains to prove that n; = ns, and n, = ny,, - The equality n;(y) =
ng, (v) is deduced considering that ng, (y) = L " y = max{g(L,y),m(y)} =
n1(y), for all y € L, since the inequality g(L,y) < n;(y) is verified, for all y € L,
by hypothesis. We can prove that the equality n,(x) = ny,, (x) is satisfied, for all
x € L, in an analogous way. O

Now, we will illustrate the procedure given in Proposition 26 in order to build
adjoint triples generating a given pair of weak negations.

Example 27. Consider again the pair of weak negations (n;,n,) and the com-
plete lattice (L, <) depicted in Figure 1 of Example 12. Consider also the map-
pings f, g and h defined in Table 9. According to Tables 1 and 9, we can en-
sure that g is compatible with n;, & is compatible with n, and the inequalities
g(L,y) < ni(y) and h(L,x) < np(x) hold, for all x,y € L. It is also easy to
see that the mapping f preserves the supremum of non-empty sets in both argu-
ments. Therefore, applying Proposition 26, we have that (&,,,, /"', N\n,) 1S an
adjoint triple, which definition is given by Table 8 of Example 24, and verifies
that n; = ns,, and n, = ny,, -

It is important to highlight that Proposition 26 requires a weaker constraint
than Proposition 23. Notice that, when X = @ and y = T, we have that:

f[\/ Xi» ¥

x;eX

= f M =a%1=\/f0iT=\/fxy)

xieX x;eX

Therefore, f does not preserve the supremum in the first argument, for all X € L
and y € L, and it cannot be the conjunctor of an adjoint triple. As a consequence,
we can ensure that the procedure given in Proposition 26 provides adjoint triples
build from more general operators. O
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Table 9: Mappings f, g and h of Example 27.

flL a b ¢ T glL a b ¢ T h|lL a b ¢ T
7L 1 1 1L a l|lec L 1 1 1L ljlec 1L 1 1 1L
all a ¢ c¢ c alc a L1 1 L al|T a L1 1 L
b|L ¢ ¢ ¢ ¢ b|T 1 1 1 1 b|lc 1L 1 1 1
c|lLl ¢ ¢ ¢ c c| T ¢ ¢ ¢ ¢ c|T T T T 4
T|b T T T T T|T T T T T T|T T T T T

The possibility of considering general mappings that do not need to preserve
the supremum of the empty set is very interesting, since the number of operators
to be considered increases considerably. Notice that, preserving the supremum
of the empty set is an important property in many frameworks [5, 26, 39]. Having
the possibility of removing such a property is a remarkable achievement.

The next result proves that the set of all adjoint triples generating a given pair
of weak negations has the structure of a complete join-semilattice. From now on,
given a pair of weak negations (n;,n,) defined on a complete lattice (L, <), we
denote the set of all adjoint triples generating (ny, nz) as 7, ,, .
Theorem 28. Let (ny,n,) be a pair of weak negations defined on a complete lat-
tice (L, <). We have that the pair (T y,n,, Er, ,,) forms a complete join-semilattice,
where T, , is the ordering relation defined as:

k . j k
n]nz’ /nll ,\’Q] ”1”2 &n]nz’ /nlk’ R’Qk) l‘ﬁ x&illnzy 5 x&n1n2y

for all x,y € L and (&nm,/”lr N\,)» (&nlnz,/”'k,’\m) € Tun,- More-
over, the greatest element is the adjoint triple (&, n,» /"% \ny,) defined, for
all x,y,z € L, as follows:

x &8

niny

T if  xZ£n(y)
L if x=2<m(y)

T if z=T T if z=T

z /mg y = {nl(y) lf Z#FT z ang X = {l’lz(X) lf ZFT

Proor. First of all, given the family (&mnz, 7" R\ iet € Tnyny» Where I non-
empty index set, we will prove that the mappings &sup, *, \sup: LX L — L
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defined, for all x,y,z € L, as:
x&supy = \/{X &mnz }

i€l

Z/supy - /\{Z l‘//"11'))}

iel

Az, %)

iel

2 \\sup X

form an adjoint triple with respect to (L, <) by the adjoint property. We as-
sume that the inequality x &,y =< z is verified, where x,y,z € L, that is,
Vierd x&ﬁ,m2 } < z holds. Applying the supremum property, we have that the
1nequa11ty x&, ,,y = zis satisfied, for all i € I. Taking into account that

& s /™ Nmy;) 18 an adjoint triple, we obtain that x &}, .y < z is equiva-

lent tox <z ™" y, forall i € [. By the infimum property, we have that

x < Nirlz £ ¥} = 2 /™ y holds.

As the previous deductions are equivalences, if we suppose that x < z /P
vy = Nierlz ™ y}, the we obtain that \/;c;{ x&;ln2 v} <z, thatis x &gpy =< 2.

The another equivalence x &,y < zif and only if y < z Ngp X can be
proved in a similar way. Hence, (&qup, ¢ P, N\\sup) 15 an adjoint triple with re-
spect to (L, <).

Notice that, considering the point-wise ordering between the conjunctors,
we obtain that &, is the supremum of {&fﬂnz},g Therefore, given a non-
empty index set / and the family (&nlnz, "N et € Tnyny» We have that
(&sups 7P, N\sup) 18 the supremum of the family (&nlnz, M RN ier 10 Ty, -

Now, we need to prove that the triple (&qup, """, N\sup) belongs to 7, ,,.
Since (&, > 7™, \\ns;) € Ty for every i € I, we can ensure that the equalities
ngn“(y) =1 /" y=n(y)and nanl_(x) 1L N\\n,; X = na(x) hold, forall x,y € L.
Hence, taking into account the definition of //*'P and N\, wWe obtain:

ns,0) =Ly =/\{L 2" 3 =m0)

iel

My () = L N ¥ =\ (L N\, 2} = ma(x)
i€l
Therefore, we have proven that (&gup, 7 *F, \sup) 1 an adjoint triple in 77, ,,,. As
a consequence, we can ensure that (7,,.,,Cr, , ) is a complete join-semilattice.
Now, we will see that (&,,.,, /" » N\na,) 18 an adjoint triple with respect to
(L, <). By Proposition 3, we need to prove that x &5 ,,y = min{z € L | x <
zyMeyb=min{z € L |y <z R\, X : }, for all x,y € L, being /"'« and N\,
O



order-preserving operators in the first argument. We begin proving that, for each
x,y € L, the value x & ,,y = inf{z € L | x < z /"¢ y} is a minimum. Given
x,y € L, the following two cases have to be considered:

o If x < n(y), then every z € L satisfies x < z /"« y, since z /"¢ y is either
T or ny(y). Consequently, x &5 ,,y = inf{z € L | x < z /"¢ y} = inf{z €
L}=_1and L €{zeL|x=<zy/™ y} hence x & ,, y is a minimum.

e When x £ n(y), the element z = T is the unique value verifying that x <
z /™M y. Therefore, x & mn, Yy =Inflz € L x <z /M y} =inf{T} = T.
Hence, x &S, ,, y is a minimum.

Therefore, we have that x &5 ,,, y = min{z € L | x < z /"¢ y}, forall x,y € L.

Now, we will prove that /"« is an order-preserving operator in the first
argument. Given z;,2, € L, suppose that z; < z, and distinguish the following
cases:

e Case z; # T and z; # T: by definition of the operator ,/"'«, we obtain that

7 /”1&' y =2 /”15' y = nl(y) Hence, z; /nl&' Yy 2 /”15' V, for all
yeL.

e Case z; = T and z, = T: by definition of the operator ,/"'¢, we can ensure
thatz; /"¢y =20 ™« y=T.Thus,zy y"sy <z, "¢y, forally € L.

e Case z; = T and 7, # T: Applying the definition of the operator /"¢, we
have thatz; /"¢y =ni(y) < T =2z, "¢y, forally € L.

As a consequence, we conclude that /"'« is an order-preserving operator in the
first argument.

Notice that, the inequality x < n;(y) is equivalent to y < n,(x), by conditions
(2) and (3) of Definition 10. Therefore, the conjunctor &, ,, verifies that:

g
x&nlnz

)T itxEAm@y) T ify £ ma(x)
Loifx<m@y) |1 ify<nx
By using the last expression of &, and following an analogous reasoning to
the previous one, we obtain that the operator defined as x &",,, y = inf{z € L |
y =2\, &}, forall x,y € L, is a minimum. In addition, we obtain that \,,, 1
an order-preservmg operator in the first argument.
Moreover, we trivially obtain that n; = ns,,. and n, = N, and therefore the

adjoint triple (&3 n,» "¢, \\n,,) belongs to 77,
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Finally, we will demonstrate that (&5,,.,, ™%, Niny,) 18 the greatest element
Of Ty - GIVEN (&nynys ™5 N\iy) € Tnyny» We Will prove that x &y, ¥ < X &5y Vs
for all x,y € L. If x £ n;(y), then the inequality x &,,, ¥ < T = x &,,, y holds.
Otherwise, if x < n;(y), then the equality x &,,,, ¥ = L is obtained for all x,y € L,
by Proposition 21. In addition, when x < n;(y), we have that x &,y = L. Asa
consequence, we obtain that (&,n,» "> N\n,) C (&S ps &M% N\, )» for all
(&nlnz’ /n] ’ an) € 7711"2' o

Therefore, the previous result has detailed the algebraic structure of the pair
(7w E73,,,,)» showing that the supremum of any subset of adjoint triples in a
complete lattice always exists and this set also has a greatest element. However,
this structure is not a complete lattice since the least adjoint triple does not exist,
as the following example shows.

Example 29. Once again, we will consider the complete lattice (L, <) and the
pair of weak negations (n,n,) displayed in Figure 1 of Example 12. We can
easily see that the triples (&;, ,,,» " \n,,) and (& ", N\n,,) defined as:

e s e I At
oy = 0L e = 10 0K

for all x,y,z € L, are incomparable adjoint triples belonging to 7,,,,. Indeed,
the triples (&2 .. Z" \n,,) and (&% .. /"%, \n,,) are the minimal elements
of 7,,n,- In order to obtain an adjoint triple lesser than both previous ones, we
need to consider a conjunctor operator being constantly bottom. However, the
conjunctor operator being constantly bottom gives rise to an adjoint triple which
does not belong to 7,,, and therefore, 7, ,, has not a least element.

Obviously, we can find other adjoint triples generating the pair of weak nega-
tions (n, n,), being greater than (&;, .., /"', \n,,) and (&ﬁm, 7", N\m,)- By
using the point-wise ordering among the adjoint conjunctors and Theorem 28,
we have that these adjoint triples can be hierarchized in a proper non linear com-
plete join-semilattice. O
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5. Conclusions and further work

This paper has proven that the Galois implications pairs associated with a
(pair of) weak negations form a complete lattice, with a minimum and a max-
imum element. A similar study has been carried out with respect to adjoint
triples generating these negations, obtaining that the set of adjoint triples forms
a join-semilattice with a maximum element. In addition, the definitions of these
operators, associated with a (pair of) weak negations, have been characterized.
The characterization of Galois implications pairs has been introduced from a
family of antitone Galois connections whereas the characterization of adjoint
triples has been given through a family of operators where only the supremum of
non-empty sets is required. These characterizations will be very useful in future
applications, since they provide an extra flexibility level, allowing the use of a
bigger range of operators. On the other hand, the hierarchies established in this
paper allow the user to select the most suitable adjoint triple or pair, depending
on the most useful negation operator to be considered in each practical problem.

In the future, the obtained results will be applied to particular frameworks,
such as, in fuzzy relation equations, formal concept analysis, rough set theory,
etc. Moreover, they will be used in real problems, such as, the ones associated
with image processing.
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