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H I G H L I G H T S  G R A P H I C A L  A B S T R A C T  

• A general and novel circuit-based model 
of electromembrane processes is 
presented. 

• A fully validated model of conventional 
electrodialysis is developed. 

• Key developments include novel trans-
port number and membrane resistance 
models. 

• Crucially, the model requires no exper-
imental fitting parameters. 

• The model’s flexibility allows for ex-
tensions to include virtually any 
phenomenon.  
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A B S T R A C T   

As the global water crisis worsens and natural resources of strategic inorganic elements dwindle, the need for 
efficient and effective salt separation methods is becoming ever more important. Electromembrane processes, 
and in particular electrodialysis, are emerging as efficient and effective separation technologies that use an 
electric field to drive the transport of ions against a concentration gradient. Modelling electromembrane pro-
cesses allows for process design and optimisation, as well as the identification of what technological improve-
ments would have the greatest effect. However, the wide use of empirical fitting parameters in most existing 
models greatly limits their globality. The presence of complex and confounding phenomena within electro-
membrane processes greatly exacerbates this. In this work, a novel, circuit-based modelling strategy for elec-
tromembrane processes is presented, avoiding the use of any fitting parameters. Conventional electrodialysis is 
adopted as a case study. The implementation of a novel transport number model and membrane resistance model 
are crucial for model accuracy over a wide range of process conditions. The model was experimentally validated 
and showed excellent agreement with experimental data across a range of concentrations and voltages. Conse-
quently, this model will prove to be an excellent tool for researchers and process designers.  
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1. Introduction 

1.1. Background and motivation 

As global water scarcity worsens, it is becoming ever more impera-
tive to conserve natural freshwater resources and unlock new sources 
[1]. Demand for water has increased by an order of magnitude in the last 
century due to a combination of rapid population growth and societal 
development [2]. Meanwhile, freshwater resources are rapidly declining 
due to the discharge of untreated sewage and industrial wastewater [3]. 
Without rectification, the world will face an estimated water deficit of 
40 % by 2030, likely worsened further by climate change [4]. Failure to 
correct this will result in environmental and humanitarian disasters in 
the form of ecological collapse and widespread famine. Reusing water in 
both municipal and industrial settings is the key to water conservation, 
and brackish water and brine desalination are the most promising 
pathways to novel freshwater sources. 

Electromembrane processes are uniquely positioned as effective and 
adaptable technologies for the treatment of aqueous ionic solutions [5]. 
In general, electromembrane processes use an electric field to drive the 
transport of ions between different streams through ion exchange 
membranes (IEMs). Membranes are typically either anion selective or 

cation selective and are layered in a repeating pattern with the solutions 
flowing between. One repeating unit is known as a ‘cell’ and when an 
arbitrary number of cells are placed between two electrodes, the engi-
neering unit of a ‘stack’ is formed. The electrostatic interactions between 
the membrane fixed charges and free ions in solution greatly inhibits the 
transport of like-charged co-ions while promoting the migration of 
opposite-charged counterions. Anion exchange membranes (AEMs) 
contain positive fixed charge groups bound to a polymeric backbone 
which are typically quaternary amine groups. This gives the membrane 
an overall positive charge which theoretically only permits the transfer 
of anions. The positive charge of cation exchange membranes (CEMs) 
typically results from fixed sulfonate or carboxylate groups and thus are 
selective towards cations. 

The quintessential electromembrane process is electrodialysis (ED) 
[6]. In ED, a unit cell is composed of one AEM and one CEM, with two 
separate solutions flowing between: a diluate and a concentrate. An 
electric field is imposed tangentially to the flow by electrodes housed in 
end-compartments. These electrodes are washed by an electrode rinsing 
solution to carry away electrode reaction products and are separated 
from the rest of the stack by end cation exchange membranes (eCEM). 
The electric field drives ion transfer from the diluate channel, through 
the appropriate IEM and into the concentrate channel (Fig. 1a). They are 

a)

b)

Fig. 1. a) A schematic presentation of ideal transport pathways within ED. b) Schematic representations of other electromembrane processes. Positively charged 
entities are darker and negatively charged entities are lighter. 
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theoretically blocked from migrating further by the oppositely charged 
IEM bounding the other side of the channel. However, an imperfect 
permselectivity results in some of the ions migrating back to the diluate, 
wasting energy, and reducing the efficiency. Nevertheless, this process 
results in an overall transfer of salt from the diluate to the concentrate, 
effectively separating the salt from a process stream and recovering the 
separated salts in a second highly concentrated stream. 

One of the greatest strengths of electromembrane technologies is the 
ability to change elements of the unit cell to adapt the functionality to 
different processes [7]. These modifications can be used to increase the 
effectiveness of ED under different circumstances or to change the 
chemical environment of the streams. The primary different forms of 
electromembrane processes are outlined below, and schematics of some 
of them can be found in Fig. 1b. Examples of potential and industrially 
implemented uses of each of these technologies are presented in Table 1.  

• Bipolar membrane electrodialysis (BPMED): A bipolar membrane 
(BPM) consists of an anion exchange layer and cation exchange layer. 
As such, neither anions nor cations can permeate, only water mole-
cules are able to diffuse in. Once a threshold voltage has been 
crossed, water splitting occurs at the bipolar junction between the 
two layers, and the hydroxide and hydronium ions are transported in 
opposite directions into the adjacent compartments. An additional 
CEM and AEM are placed adjacent to the BPM, and so three streams 
are formed: the diluate, acid, and base streams. Consequently, 
BPMED is useful for adjusting the pH of streams using only electricity 
or forming concentrated acid and base streams from salt solutions.  

• Electrodialysis Metathesis (EDM): The repeating unit of EDM is 
effectively two conventional ED cells and thus has two diluate and 
two concentrate streams with two different salts present initially in 
each of the diluate streams. In EDM, salt pairs are effectively swap-
ped. This can have significant impacts on the properties of the 
components of each stream, most notably the salt solubility. As such, 
EDM can function as a very effective pre-treatment step for precip-
itation or crystallisation reactors without increasing the overall salt 
concentration.  

• Electrodeionisation (EDI): In EDI, ion exchange resins are placed 
within (typically) the diluate channel to aid transport at low salt 
concentrations for ‘polishing’ separations. The resin increases the 
overall conductivity of the diluate channel and provides a low 
resistance path for current when salt concentrations are low. 

Consequently, EDI translates the benefits of ion adsorption separa-
tions into a continuous process.  

• Complexation electrodialysis (CPED): Complexing agents are 
added into solutions of a conventional ED process which can be used 
to change the charge of individual ions by forming complexes. This 
can drastically alter the selectivity of ED between different like- 
charged ions by neutralising or increasing the specific charge on 
certain species. 

• Reverse electrodialysis (RED): In RED the electrochemical poten-
tial difference between two streams of differing concentration drives 
the diffusion of salts from the diluate to the concentrate, driving 
electrons around an external electric circuit. Generator plants could 
be placed at river estuaries, utilising the difference in salinity and 
electrochemical potential between the river water and seawater to 
generate electricity.  

• Electromembrane reactors (EMR): An EMR stack is different to all 
previous processes mentioned in that the electrodes form part of the 
repeating unit. Membranes are also used to segregate different flows, 
which can be either gaseous or liquid solutions. Typical examples of 
EMR are the chlor-alkali process, where sodium chloride solutions 
are reacted into sodium hydroxide and chlorine gas, and CO2 elec-
trolysis where gaseous CO2 is reduced to useful feedstock chemicals 
such as ethylene. 

At present, reverse osmosis (RO) and nanofiltration (NF) dominate 
commercial membrane separations due to their maturity and reliability 
[28] and are a direct competitor to ED for desalination processes. 
However, there are many inherent advantages that all electromembrane 
processes, and especially ED, have over RO arising from their funda-
mental principles and design. A lot of inherent safety concerns are 
removed by operating ED at ambient pressure rather than the very high 
pressures required for RO and NF. Membrane fouling is much lower in 
ED because the salt is transported perpendicular to the direction of flow 
rather than in RO and NF where the membrane acts as a dead-end filter 
where foulants are brought to the membrane surface. A greater mem-
brane lifespan, higher recovery ratio, and greater controllability result 
from the transfer of the minority species (the salt) instead of the majority 
species (the solvent). The tunability of electromembrane processes are a 
crucial benefit, where the transport rate is directly controlled by the 
applied voltage. This makes startup times very low, and process control 
much easier. Further, the unit size of ED may be reduced by operating at 
a higher voltage, making it attractive when using expensive membranes 
or in locations where space comes at a premium. The similarity of 
electromembrane processes as well as its modularity allows for the reuse 
of components (membranes, electrodes, housings) for completely 
different applications. 

Current research into electromembrane processes principally focuses 
on proof-of-concept studies for novel applications [29]. However, very 
few of these can be implemented at industrial scale due to uncertain 
performance at this scale and significant uncertainties around process 
economics. This is, in part, due to the lack of reliable and scalable 
models that can traverse scales from lab to industry. Therefore, to bridge 
this gap between the promising research and industrial implementation, 
process modelling and optimisation is vital. Furthermore, an accurate 
and general model of electromembrane processes would be able to 
indicate areas of most beneficial to technological advancement, helping 
to direct future research and provide a boon for industrial development. 
Hence, in this work a modelling strategy applicable to all electro-
membrane processes is presented. The desired model should capture 
macroscopic behaviour during both steady state and batch modes to 
model industrial processes as well as laboratory experiments. Further, 
no empirical fitting parameters are to be used to ensure that the model is 
valid over a wide range of process conditions. This will ensure that 
process modelling and optimisation over a range of conditions can be 
accurate. 

Conventional ED is the most fundamental electromembrane process, 

Table 1 
Application examples of electromembrane processes in recent publications.  

Technology Application Ref 

BPMED Carbon capture solvent regeneration [8] 
Production of Biohydrogen [9] 
Copper recovery from electroplating sludge [10] 
Biomass pretreatment solvent regeneration [11] 
Treatment and recovery of Salicylic acid wastewater [12] 

EDM Ammonia wastewater chemical recovery [13] 
Potassium nitrate synthesis and purification [14] 
Production of a wide range of ionic liquids [15] 
Softening nanofiltration brine to prevent scaling [16] 

EDI Continuous arsenic removal from wastewater [17] 
Total desalination to produce deionised water [18] 
Boron removal using selective resins [19] 
Pineapple juice deacidification [20] 

CPED selective zinc removal from electroplating wastewater [21] 
heavy metal removal [22] 
organic contaminant removal [22] 

RED LiBr heat engine to convert low grade waste heat to electricity [23] 
Desalination of oilfield produced waters with concurrent 
power generation 

[24] 

Power generation from natural waters [25] 
EMR Partial oxidation of organic pollutants [26] 

Adiponitrile synthesis from acrylonitrile [27]  
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and all others mentioned are built on its foundations. Consequently, a 
valid model of EDI, BPMED or EDM must be built on a phenomenolog-
ically robust and adaptable model of ED. As such, the model presented 
herein will focus directly on ED, but be flexible enough to be expanded 
to any electromembrane process. 

1.2. Modelling strategies for electrodialysis 

Modelling of ED, and all electromembrane processes, is especially 
challenging due to the multitude of concurrent phenomena at the macro, 
micro, and nano scale which all interact to affect the overall behaviour. 
A wide range of ED modelling is presented in existing literature, but, in 
general, all aim to translate the controlled input variables (inlet con-
centration and applied voltage) into a measurable outlet concentration 
(or concentration profile) and current density. Important process per-
formance indicators such as the current efficiency and power con-
sumption can then be obtained. Models of ED can broadly be divided 
into three categories:  

1. Nernst-Planck Models [30–36]. Here, the Nernst-Planck equation is 
solved to generate a multi-dimensional concentration field by sum-
ming contributions to the overall flux from diffusion, convection, and 
electromigration [37]: 

Ji = Di∇Ci +uCi + μi zi Ci∇Φ (1)  

∇ • Ji = 0 (2) 

Here, J is the overall flux vector of component i, Di is its diffusivity, Ci 

its concentration, μi its mobility, zi its charge number, u is the velocity 
vector, F is the Faraday constant, and Φ is the electric potential. An 
additional charge condition is required for closure which either comes 
from assuming electroneutrality (the sum of all charges at a point, 
including that provided by the membrane, is zero) or implementing the 
Poisson equation [38]: 
∑

i
zi Ci = − εrε0∇

2Φ (3)  

where εr and ε0 are the relative permittivity of the media and the 
permittivity of free space, respectively. Due to the multitude of coupled 
partial differential equations, these models are often solved using the 
finite element method or finite volume method in computational fluid 
dynamics (CFD) software such as COMSOL Multiphysics, Ansys Fluent, 
or OpenFOAM. These models can achieve high resolution on a small 
scale and thus are useful for investigating localised phenomena, such as 
concentration polarisation, and the effect of a space charge region [39]. 
However, the small-scale focus results in extrapolation to full-scale 
process modelling being inefficient, and thus is not appropriate for the 
desired modelling strategy.  

2. Semi-empirical models [40–45] take a basis in ED mass transfer 
theory but simplify equations, only considering necessary variables 
and lumped empirical parameters. The parameters are then tuned to 
ensure model predictions fit existing experimental data. A subset of 
these models are irreversible thermodynamic models [46] which 
take their basis in thermodynamic relations rather than mass trans-
fer. Semi-empirical models generally capture process behaviour well 
but require many experiments to be trained initially, and many more 
to ensure accuracy over a range of conditions. Semi-empirical models 
also lack globality, meaning models validated on experimental lab- 
scale systems will not be applicable at industrial scale. Further, the 
lumping of empirical parameters obfuscates the effect individual 
phenomena contribute to overall behaviour, limiting insight and 
inhibiting process improvement. Since a globally valid model is 
desired, semi-empirical models are not appropriate. 

3. Equivalent Circuit models [47–57]: The transport of ions perpen-
dicular to the direction of flow in an ED stack is analogous to 

electrons moving in a direct current circuit with solutions and 
membranes comprising resistive elements. Equivalent circuit models 
use fundamental theories such as Ohm’s law and Faraday’s first law 
to link important variables of ion flux, current density, electrical 
resistance, and voltage. These models are very flexible in terms of 
what phenomena they include as additional phenomena can be 
accounted for through contributions to the resistance and a modifi-
cation to the material balance. As such, they vary widely in their 
formulation. Consequently, they are an effective compromise be-
tween the two aforementioned modelling methods. A high-level view 
of an ED system may be taken, while also accounting for essentially 
any small-scale phenomena deemed important. The most common 
variations in model aspects are:  
• Whether a fixed voltage or current is assumed  
• Whether a plug flow reactor (PFR) or continuous stirred tank 

reactor (CSTR) model is used for the channel material balance  
• Whether boundary layers adjacent to the membranes are included  
• Whether transport by diffusion is considered  
• Whether water transport is present  
• Whether electrode reactions and end compartment effects are 

considered,  
• How membrane selectivity is represented (perfect, fixed, or a 

transport number model) 

Each of these phenomena introduces additional intermediate con-
founding variables to the model (Fig. 2). Due to the complexity of the 
phenomena considered, most existing models in literature contain 
empirical parameters which are tuned to fit the model to experimental 
data. As such, there is an incentive to include as many phenomena and 
empirical parameters as possible as each addition increases the ability to 
achieve a good fit to experimental data. This is especially true given the 
confounding nature of the intermediate variables on the few output 
variables measured. For example, the rate of diffusion, rate of water 
transport and membrane selectivity are all solely impacted by the inlet 
concentration and impact only the outlet concentration. They are not 
impacted by the applied voltage, nor do they impact the current density. 
Their impacts are brought about through different intermediate vari-
ables which are not measured, and thus cannot be isolated in an 
empirically driven circuit-based model. This has the additional effect of 
converging the model onto a single specialised system, reducing glob-
ality and the insight that can be gained. Although this is not as prob-
lematic as for semi-empirical models due to the stronger basis in 
physical laws, it still greatly limits the translation of models to other 
systems and full process scale. The only way to avoid this result without 
the direct measurement of intermediate variables (extremely chal-
lenging, if not presently impossible) is to ensure that there are no 
empirical parameters present in the model. 

In circuit-based models, membranes are typically treated as a ‘black 
box’, where simplified empirical parameters are used to attempt to 
mathematically characterise the membrane. This is required due to the 
complexity of the myriad electrostatic interactions between all charged 
species within the membrane. For circuit-based models, these need to be 
simplified to a membrane selectivity and electrical resistance. 

A circuit-based model presented by Wright, Shah, and Winter [58] 
avoids the use of empirical parameters and was validated against both 
laboratory and industrial scale batch systems. The agreement between 
the model and experimental data was initially excellent, but tended to 
diverge as a more extreme difference in concentration between the 
diluate and concentrate was encountered. One potential reason could be 
the assumption of perfect permselectivity. Manufacturer data provided a 
membrane transport numbers (selectivity) of over 90 %, leading to the 
seemingly reasonable assumption of ideal permselectivity. However, 
over the course of the experiment, the concentration difference between 
the diluate and the concentrate grows, increasing the driving force on 
co-ions in the concentrate to migrate back to the diluate and reduce the 
current efficiency. Consequently, a more rigorous approach to defining 
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membrane selectivity may be required to accurately capture ED 
behaviour over a wide range of concentration differences. As such, to 
improve model globality, a membrane transport number model will be 
implemented in this work. 

The membrane electrical resistance is also typically treated as a fixed 
empirical parameter. Membranes make up approximately 25 % of the 
cost of a small-scale ED unit [59] and make up a significant proportion of 
the cost at industrial scale [60]. There is an inherent trade-off between 
the membrane area required and specific power consumption of an ED 
stack as they are inversely proportional for a given overall salt transfer 
rate. Since cost is one of the greatest barriers to widespread ED com-
mercialisation and membrane properties and performance vary widely, 
there is a great need for accurate representation of the membranes. 

Typically, literature models consider the membrane resistance to be 
fixed. The value is either provided by the membrane manufacturer, 
measured experimentally, or calculated from the fixed charge concen-
tration. It is desirable to move away from this approach and towards 
integrating an advanced membrane resistance model such as the one 
presented by Fan et al. [61]. 

In this work, a novel equivalent circuit model of conventional ED is 
presented containing no empirical tuning parameters so as to minimise 
the inaccurate confounding of variables. This model can straightfor-
wardly be validated against a laboratory scale ED unit and is directly 
applicable to full industrial scale for process design and optimisation. 
Notable novel aspects include a transport number model which con-
siders trans-membrane concentration differences, and the adaptation of 

Fig. 2. A flow diagram of common analogous circuit models of ED. The objective of these models is to compute output variables (which may be measured 
experimentally) from input variables (which are controlled) via intermediate variables which are not measured but represent key phenomena occurring within ED 
transport processes. The core ED variables are shown in green, the effect of inlet concentration is shown in red, and the effect of the operating voltage is shown in 
blue. Variables shown in purple are significantly impacted by both the inlet concentration and operating voltage. 
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a membrane transport model which accounts for electrostatic in-
teractions between fixed and mobile ions. Although derived principally 
for ED, this modelling strategy may be adapted to any electromembrane 
process, primarily by altering contributions to the electrical resistance 
and material balance. 

2. Model development 

2.1. Model overview 

Laboratory experiments of ED (and other electromembrane pro-
cesses) for proof-of-concept studies are almost exclusively conducted on 
recirculating batch systems (Fig. 3b). Separate concentrate and diluate 
reservoirs hold solutions, the concentrations of which vary over time. 
Conversely, industrial applications of ED are continuous and operate in 
steady state. The modelling approach presented herein allows for the 
direct translation of experimentally validated batch model to a full 
continuous process model. To achieve this, the presented model consists 
of several layers to achieve this, a flow diagram of which is presented in 
Fig. 3c. 

The inner-most layer is where the Tafel equation and Ohm’s law are 
solved iteratively on a differential volume slice of a cell pair 

perpendicular to the direction of flow to compute a current density 
(Fig. 3a). This is then passed to a middle layer and converted to an ion 
flux using Faraday’s first law and a current efficiency model. It is in this 
layer that the electrical resistance of the differential volume is computed 
and passed to the inner layer. The ion flux is then integrated across the 
length of the flow path within the membrane stack in a spatial material 
balance to determine the outlet conditions. This is sufficient for 
modelling a continuous process, as the steady-state inlet concentration is 
fed as an initial condition, and the internal profiles of concentration and 
resistance, as well as the overall current density and power consumption 
are computed. However, for batch-mode operation, the inlet conditions 
are continuously changing. Therefore, an outer layer is present which, 
for each time step, passes an inlet concentration to the middle layer, 
returning an outlet concentration. A delayed differential temporal ma-
terial balance is then used to compute how the reservoir and inlet con-
centrations vary with time while accounting for the dead time within the 
pipes. 

In this model, it is assumed that water transport and ion diffusion are 
negligible. These transport phenomena are at least two orders of 
magnitude smaller than transport by electromigration under normal 
conditions, and only become important for a low applied voltage [62]. 
The channel material balance model is that of a PFR, with differential 

Fig. 3. Schematic representations of various sections of the model. a) A diagram of the differential volumes over which the material balance is conducted (inner 
layer) and how they are related to find a concentration profile over the path length of the stack (middle layer). b) A schematic of a recirculating batch experiment. 
Solutions are contained within reservoirs and pumped in a loop though the ED stack and back to the reservoir. The middle layer and outer layer domains are also 
shown c) A flowchart representation of the overall layered equivalent circuit model. Arrows show the variables passed between different physical laws within the 
model. The adaptability of the model to both continuous and batch systems can also be seen through the decision point where the outer layer is engaged or not. 
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material balances solved along the internal flow path. Membrane 
boundary layers are not considered, as these require empirical models 
and are only impactful at high voltages and currents approaching the 
limiting current density (LCD) where this model is not valid. Electrode 
reactions and end chambers are considered for their contribution to the 
overall stack voltage. The model primarily considers stack voltage as a 
fixed input variable rather than the current, as this is what is controlled 
in typical ED experiments. This model was built and solved in MATLAB 
version R2022b. The flow of information within the layered approach 
allows for easy implementation in explicit programming solvers such as 
MATLAB and Python. However, an implicit solution approach in soft-
ware such as COMSOL Multiphysics or gPROMS may be preferable. A 
reformulated model of balanced differential and algebraic equations is 
presented in an electronic supplementary information document. 

2.2. Inner layer: computing current density 

In this layer, the cell resistance for the differential volume is passed 
as an input argument and the associated current density is returned. All 
other required parameters are unchanging. The current density (i) is 
computed from the resistance (Rcell) and voltage (Vcell) of a single 
repeating cell pair through Ohms law. 

i =
Vcell

Rcell
(4) 

In order to calculate the voltage of a single cell from the voltage 
imposed over the whole stack, several potential drops beyond those over 
the cell pairs must be accounted for. These are the electrode reaction 
equilibrium potentials (Veq) and overpotentials (η), and the voltage 
drops over the electrolyte end chambers (Vec). The cell voltage is found 
by subtracting each of these potential drops from the stack voltage and 
dividing by the number of cell pairs (n) 

Vcell =
1
n
(
Vstack − Veq − η − Vec

)
(5) 

The overpotential and end chamber potential drops are functions of 
the current density. The end chamber resistance is calculated using 
Ohm’s law and a fixed end chamber resistance (Rec) based on the un-
changing concentration of the electrode washing solution. 

Vec = i
(
Ranolyte +Rcatholyte + 2 Rm,ec

)
(6)  

Ranolyte = Rcatholyte =
dec

κm,ec Cec
(7) 

Here Rm,e is the electrical resistance of the membrane separating the 
end chambers from the rest of the stack, dec is the perpendicular distance 
from the electrode to the end chamber membrane, κm,e is the molar 
conductivity of the electrolyte, and Ce is the unchanging electrolyte 
concentration. The overpotential is computed using the Tafel equation 
[63] 

η = Aalog
(

i
i0,a

)

+Aclog
(

i
i0,c

)

(8)  

where A and i0 are empirical parameters found in literature and are 
dependent on the electrode and electrolytic reactions occurring. The two 
terms correspond to the overpotentials and the anode and cathode and 
are summed to compute an overall overpotential. It can be seen in these 
equations that the overpotential is a function of the current density, but 
also that the current density is a function of the overpotential. Since only 
the former is a logarithmic function, this cannot be solved analytically 
and so must be iterated. The MATLAB function ‘fzero’ is used iterate 
over the equations and find a solution. Using this method, the current 
density for the infinitesimal slice across the stack can be computed and 
passed to the middle layer. 

2.3. Middle layer: electrical resistance and spatial material balance 

The middle layer has two primary functionalities: (i) compute the 
cell resistance to pass to the lower layer, and (ii) to convert the current 
density returned by the lower layer into an ion flux to be integrated in 
the spatial material balance. 

2.3.1. Cell resistance 
An analogous circuit method allows the cell resistance to be calcu-

lated by summing the resistances of an arbitrary number of constituents. 
In this model, four resistive elements are considered: the diluate (RD), 
the concentrate (RC), the AEM (RAEM), and the CEM (RCEM). 

2.3.1.1. Electrolyte resistance. The electrolyte resistances of channel j 
(Rj) is computed from the conductivity of each channel (kj) and the 
intermembrane distance (d) 

Rj =
d
κj

(9) 

The solution conductivity is related to the concentration (Ci), charge 
number (zi), and ion mobility (μi) of each species, i [37] 

κj = F
∑

i
|zi| Ci,j μi (10) 

The ion mobility can be substituted out using the Einstein- 
Smoluchowski equation [64,65] 

μi =
F

Rg T
∣zi∣ Di (11) 

Consequently, an equation is found for the solution conductivity as a 
function of the ion concentration, charge number and diffusivity 

κj =
F2

RgT
∑

i
z2

i Ci,jDi,s (12)  

where F is the Faraday constant, Rg is the ideal gas constant, T is the 
operating temperature, and Di,s is the diffusivity of ion i in solution. 

2.3.1.2. Membrane resistance. The resistance of the membranes is 
determined using a method developed by Fan et al. [61]. In this method, 
electrostatic interactions between all transported ions (both co-ions and 
counterions) and fixed charge groups are accounted for and an effective 
membrane ion diffusivity (Di,m) is computed from the diffusivity in free 
solution. 

Di,m = Di,s

(
fw

2 − fw

)2

exp
(
− Az2

i

)
(13) 

Here, fw is the volume fraction of water in the membrane, and A is a 
collection of membrane parameters and physical constants, defined as 
follows 

A =
θe4N2/3

A

16 π4 ε2
m k2

B T2 C2/3
fix (14)  

where θ is a coefficient arising from the summation of infinite vectors 
(5.48 if fixed charges are assumed to be point charges, refer to the 
supporting information of [61] for more detail on this), e is the charge of 
an electron, NA is the Avogadro constant, εm is the permittivity of the 
membrane matrix, kB is the Boltzmann constant, and Cfix is the mem-
brane fixed charge concentration. The membrane diffusivity can then be 
used to compute the conductivity (κm) of membrane m using the ion 
mobility and Einstein-Smoluchowski relationship, as in Eq. 12 

κm =
F2

RT

∑

i
z2

i Ci,m Di,m (15) 

To find the counterion and co-ion concentrations inside the mem-
brane (Ci,m), the Donnan equilibrium equation is utilised with a charge 
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balance to compute the concentration equilibrium present at the 
membrane-solution interface [66]. 
∏

i
Cνi

i,s =
∏

i
Cνi

i,m (16)  

∑

i
Ci,szi =

∑

i
Ci,m zi + zm Cfix (17) 

Here νi is the stoichiometric coefficient (number of ions contributed 
to the salt) of ion i, Ci,s and Ci,m are the ion concentrations in the solution 
and membrane, respectively, and zm is the charge number of the mem-
brane fixed charges (+1 for AEM, − 1 for CEM). For two-component salts 
with a charge of unity (e.g., NaCl), this relation simplifies to the 
following 

Cct,m = 0.5

(

Cfix +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

C2
fix +

4C2
s γ2

s

γan,mγca,m

√ )

(18)  

Cco,m = Cfix − Cct,m (19)  

where the subscripts ct and co refer to counterions and co-ions, respec-
tively, Cs is the total concentration of solution s, γs is the overall salt 
activity coefficient, and γca,m and γan,m are the activity coefficients of 
individual anions and cations inside the membrane, respectively. Since 
the membrane is adjacent to both solutions, the concentration of an ion 
within the membrane would be different depending on which solution 
was considered for the equilibrium. One solution could be to take a 
simple average of the conductivities computed with either. However, 
this is not sufficient due to the reciprocal relationship between the 
conductivity and resistance. Instead, a linear concentration profile be-
tween the two membrane-solution interfaces is assumed, and the overall 
resistance of membrane m (Rm) is found through the integration of this 
profile. This approach essentially divides the membrane into an infinite 
number of resistors in series along its width and sums their contribu-
tions. 

Rm =

∫ dm

0

dy
κm(y)

(20)  

κm(0) = κm1 κm (dm) = κm2 (21)  

κm(y) = κm1 +(κm2 − κm1)
y

dm
(22)  

Rm =

dm ln
(

κm2
κm1

)

κm2 − κm1
(23) 

Here, κm1 and κm2 are the membrane conductivities at the membrane- 
solution interfaces on either side of the membrane and y is the distance 
coordinate through the membrane, ranging from zero to the membrane 
thickness, dm. Finally, the cell resistance can be found by summing the 
membrane and electrolyte resistances and passed to the inner layer 

Rcell = RAEM +RCEM +RC +RD (24) 

It is here where the flexibility of the model to be applied to other 
electromembrane processes is demonstrated. Different electro-
membrane technologies can be deconstructed into their individual 
resistive elements which can then be calculated by sub-models and 
aggregated. For example, an EDI model would have additional contri-
butions to the resistance from the ion exchange resin within the chan-
nels. For BPMED, the resistance of the BPM and voltage drops from 
splitting water at the bipolar junction must be accounted for. 

2.3.2. Spatial material balance 
Once a current density is returned from the inner layer, a differential 

spatial material balance can be solved to compute a concentration 

profile. Faraday’s first law is used to convert the current density passed 
from the inner layer into an overall ion flux (J). 

J =
iϕ
z F

(25) 

Here, ϕ is the current efficiency and z is half the total charge of the 
salt (e.g., 1 for NaCl, 2 for CaCl2 and CaO, 6 for Al2(SO4)3). This equation 
can be extended to allow for consideration of diffusion through the 
addition of a diffusive flux term (a simplified one would be: 
Dm(CC − CD)/dm). However, the rate of diffusion is typically at least two 
orders of magnitude lower than the rate of electromigration for most ED 
applications and its impact is often exaggerated through confounding 
with back migration. Therefore, diffusion is neglected here. 

The current efficiency, ϕ, is the ratio of useful current (resulting in 
salt transfer from the diluate to the concentrate) to the total current. As 
such, it accounts for the non-ideal permselectivity of membranes 
resulting in ions transported from the concentrate back to the diluate. 
The current efficiency is related to the transport number, tm of each 
membrane, which is defined as the ratio of the counterion equivalent 
flux to the total equivalent flux 

tm =
zct Jct

zct Jct + zco Jco
(26)  

ϕ = tCEM + tAEM − 1 (27) 

A value of tm of unity is representative of perfect permselectivity, 
whereas a value of 0.5 signifies no discrimination between co-ions and 
counterions. A value of less than 0.5 would indicate selectivity towards 
co-ions over counterions. 

In ED, it is often assumed that transport numbers are constant (often 
unity) and not a function of the electrolytic environment. However, this 
is not realistic, especially for large trans-membrane concentration dif-
ferences. Herein, a novel transport number model is presented. 

Membrane manufacturers often provide an experimental value for 
the membrane transport number, measured when the trans-membrane 
concentrations are equal. This value is used in the model and will be 
considered the ‘intrinsic’ transport number, t0, and has associated 
counterion and co-ion equivalent fluxes 

t0 =
zct Jct,0

zct Jct,0 + zco Jco,0
(28) 

The migratory flux of ionic species (Jm,i) is proportional to the ion 
concentration, according to the Nernst-Planck equation (Eq. 1) 

Jm,i = zi Ci μi∇Φ (29) 

The diffusive flux across membranes for conventional ED is typically 
a few orders of magnitude below the migratory flux and is thus 
neglected. Convective flux is not applicable since current is not trans-
ported through this method and there is no fluid convection inside the 
membrane. From this, the ratio between the ion flux at an arbitrary 
concentration and when the transmembrane concentrations are equal is 
as follows 

Ji

Ji,0
=

Ci

Ci,0
(30) 

To yield the final model for the transport number of membrane j, Eqs. 
28 and 30 are substituted into Eq. 26 along with the fact that Cco,0 and 
Cct,0 are equal (by definition) to find the final equation: 

1
tm

= 1+
zco Cco

zct Cct

(
1

t0,m
− 1
)

(31) 

The current efficiency can then be found by aggregating the trans-
port numbers through Eq. 27 and used in Eq. 25 to find the ion flux. For 
conventional ED, counterions are transported from the diluate and co- 
ions from the concentrate, and thus can be substituted appropriately. 
For a two-component salt such as NaCl, the final transport number 
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equation becomes: 

1
tm

= 1+
Cc

Cd

(
1

t0,m
− 1
)

(32) 

As expected, when the concentrate (co-ion) concentration is much 
larger than the diluate (counterion) concentration (Cc≫Cd), the trans-
port numbers approach zero. In this scenario, the current efficiency 
becomes negative one as essentially all current is carried by co-ions 
back-migrating to the diluate. Conversely, when Cd≫Cc, the current 
efficiency approaches unity. In practice, the transport numbers would 
not be able to be reduced below 0.5, where the current efficiency would 
be zero and an equilibrium would be established where the fluxes of co- 
ions and counterions would be equal and no overall transport would 
take place. 

After the current efficiency and ion flux are calculated, the concen-
tration differential for the concentrate and diluate streams can be 
computed: 

dCc

dx
=

J
uc d

(33)  

dCd

dx
= −

J
uc d

(34)  

where uc is the flow velocity. Only one of these differential equations 
needs to be solved to find the concentration in one channel, as the other 
can be found from a material balance. Boundary conditions of the stack 
inlet concentrations for both streams are passed by the outer layer of the 
numerical scheme, and integration generates concentration profiles 
along length of the stack. The function ‘ode45’ was used to solve the 
differential equation and compute spatial concentration profiles. Vari-
ables of interest such as the voltage over a single cell, current density, 
overall current efficiency, resistance, and power consumption were then 
extracted. This model may be directly used as a unit process model or in 
conjunction with full process simulations in software such as Aspen or 
gPROMS. 

This material balance can be adapted to other electromembrane 
processes as is required. For BPMED, a series of differential equations is 
required, one material balance for each species in each channel. This is 
because there are now multiple different co-ions and counterions, and 
the current must be split between them. Therefore, accounting for the 
membrane selectivity between like-charged ions in Eq. 25 is necessary 
for BPMED and multi-component ED where it is not for conventional ED 
with only one salt. Reactions taking place in BPMED and EMR are 
captured through the material balance as well. 

An implicit assumption of cell uniformity has been taken throughout 
this model, principally arising in Eqs. 5, 30, and 33. However, due to the 
analogous circuit approach of this method, extension to account for 
inefficiencies such as maldistribution [29] can be accounted for. Cells 
may be treated individually when computing their resistance with 
different velocities assigned, and an overall stack resistance computed. 
This flexibility also allows for potential consideration of a very broad 
range of phenomena such concentration polarisation and space charge 
regions. 

2.4. Outer layer: temporal material balance 

Experimental validation of ED models almost exclusively occurs on 
recirculating batch units. In these systems, the stack voltage is typically 
held constant, and salt is transferred from the diluate to concentrate 
reservoirs. Over time, variables such as the stack inlet concentration, 
current density, and resistance will change in response to the salt 
transfer. As such, this model requires an additional temporal material 
balance as an outer layer to compute how these variables change. This 
aspect of the model translates the fundamental transport phenomena of 
the middle layer up to the level of a real batch process. It is not necessary 

to include this model section for modelling a steady state continuous 
unit but is essential for a recirculating batch process. This is because in 
the latter the stack inlet concentration changes over time and so the 
entire middle and inner layers must be re-solved for each time step. 

For a given time, t, the outer layer passes a value of the diluate and 
concentrate inlet concentrations, Cd0 and Cco, respectively, to the middle 
layer. For each stream, the outlet concentration (Cex) is returned by the 
middle layer and used in the temporal material balance on the reservoir 
concentration (CR). It is assumed that the reservoirs are well mixed. If 
pipe dead-time is assumed to be negligible (and thus material transfer 
from the reservoir to the stack is instantaneous) the inlet concentrations 
are equal to reservoir concentrations and the temporal material balance 
for each reservoir is 

dCR

dt
= −

Q
VR

(CR − Cex) (35)  

where Q is the volumetric flow rate, and Vr is the reservoir volume. 
During ED experiments, measurements of pH and conductivity in flow 
cells are common. The additional dead-volume that tubing and flow cells 
contribute is often around 0.5 L. This is not negligible compared to the 
solution reservoirs which typically have a maximum volume of 2 L, and 
so the dead-time associated cannot be ignored. As such, a time-delayed 
differential equation is utilised for the temporal material balance. A time 
delay, τ, is defined as the time taken for a parcel of fluid to travel from 
the reservoir outlet and back to the reservoir. It is equal to the dead 
volume divided by the volumetric flow rate. What is essentially 
happening is that the flow leaving the reservoir is being replaced by the 
treated fluid which had left the reservoir a time τ in the past. Hence, the 
delayed differential temporal material balance is as follows. 

dCR(t)
dt

= −
Q
VR

(CR(t) − Cex(t − τ) ) (36) 

Initial reservoir concentrations are provided as boundary conditions 
and the stack exit concentration is computed using the middle layer of 
the model. Using the MATLAB delayed differential equation solver 
dde23, temporal reservoir concentration profiles are generated. It 
should be noted that when comparing experimental data obtained at 
different positions in the flow circuit, their individual delays must be 
accounted for. For instance, the current measured at the stack in will not 
mathematically match with the concentrations present in the reservoir 
in real time due to the delay between flow exiting the reservoir and 
entering the stack. The same is true of conductivity measured in flow 
cells. This will create a mismatch in validation data sets unless it is 
accounted for, which can be done by shifting the time series experi-
mental data to a standard time or adjusting predicted data to ‘real time’. 
In this work, the latter was performed. 

The current density varies along the internal pathlength, but only a 
single value is measured at a given time. To compute this ‘overall’ or 
‘stack’ current density, a simple average of the spatially varying current 
density is sufficient. This is essentially equivalent to summing contri-
butions from an infinite number of resistors in parallel, one for each 
differential volume. An extension can be added here to consider para-
sitic currents (also referred to as ‘shunt currents’) which bypass the 
membranes and pass through the solutions in the manifolds. This can be 
done by multiplying the stack current density by an additional efficiency 
term defined as the ratio of trans-membrane current to total current 
(sum of trans-membrane current and parasitic current). A resistors-in- 
parallel approach with resistive elements for the membrane stack and 
parasitic pathways can be implemented to compute this efficiency 
[67,68]. However, parasitic currents are typically negligible in ED un-
less high salt concentrations are present, a scenario where an alternative 
process such as RO may be preferable. For that reason, parasitic currents 
are neglected for this model. 
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3. Model validation 

3.1. Validation methods 

The inclusion of novel aspects in this model and avoidance of fitting 
parameters demand experimental validation. All experiments were 
conducted on a PC BED 1–4 unit (PCCell GmbH) and a PC Cell stack (ED 
64004) with ten cell pairs (AEM: PC Acid 60, CEM: PC MV, eCEM: PC 
MTE). The conductivity and pH of both streams were measured before 
and after the stack using JUMO CTI-500 inline conductivity probes and 
JUMO digiLine pH sensors, respectively. The pH has not directly been 
used in the model validation but was used to ensure that operation was 
consistently below the limiting current density, where this model would 
be valid. An SP-300 potentiostat (Biologic) was used to apply a stack 
voltage and record the current. 

Two orthogonal methods were used for validation, both of which 
used sodium chloride due to its simplicity and prevalence in ED desa-
lination applications. The first of these methods, temporal validation, is 
a typical recirculating-batch experiment. The initial concentrations of 
the diluate and concentrate reservoirs are chosen to be equal and the 
stack voltage is fixed well below the LCD. The solutions are circulated at 
a constant flow rate and reservoirs are jacketed to maintain a constant 
temperature. 

The other form of validation involves measuring the current and 
solution conductivities at steady state over a range of voltages and 
comparing to model predictions. To achieve steady state, the outlet 
streams from the diluate and concentrate are mixed to ‘undo’ the sep-
aration performed inside the stack and split again before returning to the 
reservoirs. This ensures that the feed concentrations of both streams 
remain consistent throughout the experiment. The stack voltage is 
increased stepwise, holding constant until a steady current is achieved. 
This steady current and outlet concentration is recorded before the 
voltage is increased. The use of a potentiostat for these experiments 
ensures very high accuracy and control over the measured current and 
applied potential. 

The two validation methods undertaken were chosen because they 
test the validity of the model over a range of concentrations and a range 
of voltages. These are the most common input variables of ED models 
and have a large impact on behaviour through confounding phenomena 
(Fig. 2c). Validity over a wide range of concentrations and voltages 
without the use of tuning parameters demonstrates that individual 
confounding phenomena are accurately captured. Membrane properties 
such as innate current efficiency, thickness, and ion exchange capacity 
were taken from manufacturer data. These can also be independently 
measured to guarantee accuracy. 

3.2. Temporal experimental validation 

Experimental settings and physical parameters for the temporal 
validation can be found in Table 2. The combination of 10 V stack 
voltage and 0.05 mol/L NaCl initial reservoir concentration ensured that 
the current density was below the LCD (independently measured to be 
~1.5 A and 18 V) and upper detection limit of the potentiostat (2 A, 36 
V). Dead volumes were measured to be 0.41 L and 0.33 L for the 
concentrate and diluate, respectively. 

Experimental and modelling results can be seen in Fig. 4a and b for 
the solution conductivity and current density, respectively. As expected, 
over time the conductivity of the diluate decreases and the conductivity 
of the concentrate increases as salt is transferred from the diluate to the 
concentrate. It can also be seen that the inlet diluate conductivity is 
consistently higher than the outlet, showing that salt has been removed 
from the diluate when passing through the stack. The inlayed graph in 
Fig. 4a shows the conductivities of the concentrate and diluate very 
early on in the experiment. Here, the outlet conductivity of the diluate 
decreases sharply, and before any change in the inlet diluate conduc-
tivity is seen. The sharp decrease to outlet diluate conductivity is seen 

soon after the voltage is activated, and the delay to the response in the 
inlet diluate conductivity is because of the time taken for the low con-
ductivity solution to flow back to the reservoir, mix with the solution 
there, and flow out to the conductivity meter. The presence of these 
delays demonstrates how vital the use of a delayed differential material 
balance is for these batch ED systems. 

The current density is initially high, decreasing over time with a 
sigmoidal behaviour (Fig. 4b). The decrease in current density is ex-
pected due to the increase in the electrical resistance (~20×) while the 
voltage across a cell only increases slightly (~1.1×, Fig. 4c). The elec-
trical resistance of the solutions is what is primarily driving the increase 
in overall resistance (Fig. 4d). Since the electrolyte resistance is 
inversely proportional to the salt concentration (Eqs. 9 & 12), the 
minimum overall electrolyte resistance (diluate + concentrate) occurs 
when the two solutions have the same concentration. As salt is trans-
ferred from the diluate to the concentrate, the increase in resistance of 
the diluate is higher than the decrease in the resistance of the concen-
trate, increasing the overall electrolyte resistance. The slight increase in 
cell voltage can be explained through Eq. 5. The electrode overpotential 
is the only quantity that changes as it is a function of the current density. 
Since this is a logarithmic function (Eq. 8), the overpotential decreases 
by only 0.95 V despite the fall the current density by over an order of 
magnitude. This is then further offset by the fixed reaction equilibrium 
potential and end chamber potential drop, reducing the relative impact 
of the falling overpotential to only a 13 % increase in cell voltage. 

The difference between the diluate inlet and outlet conductivities 
can be seen in Fig. 4e, with the inlayed graph showing the behaviour 
very early on. In both the model and experimental results, the conduc-
tivity difference spikes initially, remains constant for a short while, 
drops slightly, and then increases slowly, all in the first 60 s of the 
experiment. After this, the conductivity difference decreases over the 
rest of the experiment, ending in a very low value (0.0015 mS/cm). The 
initial erratic behaviour is a direct result of the delays incurred from the 
pipe dead time. The original spike occurs because the outlet conduc-
tivity falls long before a change in the inlet conductivity is seen. Since 
the inlet concentration is constant during this time, the outlet concen-
tration is as well. Once the response is detected by the inlet conductivity 
probe, it takes time for this to be measured by the outlet probe, as they 
have a relative delay of about ten seconds between them. This is what 
causes the rest of the odd behaviour. Once again, this demonstrates the 

Table 2 
Experimental settings and system parameters used in the temporal validation.  

Parameter Symbol Value Unit Source 

Applied Stack 
Voltage 

Vstack 10 V Set by design 

Initial reservoir 
concentration 

CR(0) 0.05 mol/L Set by design 

Reservoir volume VR 1.0 L Set by design 
Intermembrane 

distance 
d 0.8 mm Stack Characteristic 

Membrane area Am 64 cm2 Stack Characteristic 
Recirculation 

flowrate 
Q 20 L/h Set by design 

Temperature T 297 K Set by design 
Time delay τc, τd 59.1, 

47.6 
s Measured/Set by 

design 
Diffusivity DNa, DCl 1.33, 

2.03 
x109 m2/s [69] 

Membrane thickness dm 0.1 mm Membrane data from 
manufacturer 

Membrane water 
fraction 

fw 0.22 – Membrane data from 
manufacturer 

Fixed charge 
concentration 

Cfix 0.8 mol/L Membrane data from 
manufacturer 

Intrinsic transport 
number 

t0,cem,
t0,aem 

0.99, 
0.96 

– Membrane data from 
manufacturer  

J. Ledingham et al.                                                                                                                                                                                                                             



Desalination 576 (2024) 117386

11

importance of the use of a delayed differential temporal material 
balance. 

The current density can be seen to fall to a non-zero value (~3 A/m2, 
2.6 % of the initial amount) as the solution conductivity falls to a very 
low value (0.01 mS/cm, 0.16 % of the initial amount) and the single pass 
conductivity difference nearly vanishing (0.0014 mS/cm). This can be 

explained through having a low current efficiency, calculated to be ~20 
% (Fig. 4f). At this point, only 20 % of the current results in a net transfer 
of salt from the diluate to the concentrate. Approximately 40 % of the 
current is used to transport salt from the concentrate back to the diluate, 
effectively cancelling out part of the 60 % of current driving salt in the 
useful direction. The current efficiency decreases because the 

a) b)

d)c)

e) f)

Fig. 4. Experimental and modelling results for temporal experiments. a) Evolution of the experimental and model conductivities over time for the inlet and outlet of 
diluate and concentrate steams. Model predictions are solid lines and experimental data points are shown as crosses b) The current density evolution over time for 
both the experimental and model-predicted series. c) A graph showing the evolution of the calculated cell voltage and cell resistance over time. d) A graph showing 
the constituent electric resistances which comprise the overall stack resistance. It should be noted the y-axis is on a logarithmic scale. e) The time evolution of the 
difference in conductivity between the inlet and outlet of the diluate stream. f) The calculated current efficiency over the validation experiment, as well as the 
smoothed experimentally determined current efficiency calculated from both the rate of salt depletion and through the transport number model. 
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concentrate concentration increases far above that of the diluate, 
steepening the transmembrane electrochemical potential gradient and 
the driving force on co-ions in the concentrate. This clearly demon-
strates the need for an accurate current efficiency model when large 
concentration differences are present. The intrinsic transport number 
provided by manufacturers is above 99 %, which could, seemingly 
reasonably, lead to the assumption of perfect permselectivity. However, 
it is clear that this assumption becomes increasingly erroneous 
throughout the experiment. 

The goodness of fit between model and experimental results was 
quantified using the average absolute difference (AAD) metric: 

AAD =
1
N

∑

o=observation
|χo − χo| (37) 

Here, N is the total number of data points in an experiment, χo is a 
certain experimentally observed data point, and χo is the associated 
model predicted observation. The AAD values of the experimentally 
measured quantities are shown in Table 3 alongside the values of each 
variable at the beginning of the experiment. Excellent agreement be-
tween the experimental results and model can be seen, with all AAD 
values around two orders of magnitude below the initial variable values. 
These low difference values demonstrate the high accuracy of the model 
and is significant as no fitting parameters were utilised which would 
ensure a good fit. 

The divergence of a temporal experiment from model predictions are 
expected to be much larger than with a single steady-state measurement. 
This is because small errors compound over time, feeding back between 
the concentration and current density. The greatest sources of error 
within the experiments stem from control of the volumetric flow rate 
and the total volume of fluid within each circuit. These are difficult to 
control accurately and have a large effect on the measured data. Despite 
best efforts to fix them precisely, it is likely that remaining errors stem 
principally from these parameters. Nevertheless, the close resemblance 
of the model and experimental results for all concentrations demon-
strates that the model is valid over a range of concentrations and fluxes. 

The novel transport number model presented in this work appears to 
accurately capture both the trend of the current efficiency and the 
phenomenon driving it. The current efficiency can be found directly 
from the single pass concentration difference for a stream (ΔCj) and the 
current density through the following equation: 

ϕ =
ΔCj Qj F

i Am n
(38) 

Here, Am is the area of one membrane. The equation expresses the 
ratio of useful current (ΔC Q/n F) to total current (i Am). This value can 
be calculated from experimental data and is shown in orange in Fig. 4 f. 
A similar trend between the model and experimental results is seen for 
this validation but diverge significantly at later times. It should be noted 
that the experimental data curves have undergone smoothing using a 
moving mean method. Towards later times, the solution conductivity 
approaches the detection limit of the probe, and so the uncertainty in-
creases to over 100 %. Consequently, the data towards the end of the 
experiment is unreliable. Nevertheless, the qualitative agreement for the 
current efficiency data and the excellent quantitative agreement for both 
the current density and conductivities demonstrates that the current 

efficiency is accurately captured in the model. However, this is not 
sufficient to fully validate the transport number model. 

The underlying cause of the reduction in current efficiency was 
assumed to be the increase in the trans-membrane concentration dif-
ference. The transport number model may be isolated and indepen-
dently validated using the measured conductivities. Eq. 32 was used to 
calculate an experimental transport number for each membrane using 
the measured conductivities converted into concentrations. These 
transport numbers are then aggregated into a current efficiency through 
Eq. 27. The results of this are shown in yellow in Fig. 4f. Excellent 
agreement is seen with the model for much of the experiment which 
breaks down towards the end as the uncertainty in the conductivity 
grows to over 50 %. Overall, Fig. 4f demonstrates that the transport 
number model accurately describes not just the effect on the current 
efficiency, but the underlying phenomenon as well. This is crucial 
because it shows that a simple model which uses only manufacturer data 
can be used to capture the current efficiency up to extreme concentra-
tion differences where the selectivity falls to very low levels. 

3.3. Steady-state validation 

Current-voltage curves are used prevalently in ED research to 
determine the limiting current density as well as the ohmic resistance of 
the stack. These values are essential for process modelling and used to 
compute the power consumption and membrane area which are vital for 
cost optimisation. For a given desired outlet concentration and flowrate, 
the power consumption per unit volume of treated water is proportional 
to the stack voltage. Conversely, the total membrane area is inversely 
proportional to the stack voltage. Therefore, an optimum voltage can be 
found through minimisation of the overall cost. As such, it is important 
that the model presented herein is valid over all voltages below the LCD. 

Fig. 5a shows the controlled voltage and measured current over time 
for the steady state experiments. After each step increase in voltage, the 
current experiences a step increase as well, before asymptotically 
decreasing to a new steady state value. The initial surge of current could 
potentially be caused by the transient thickening of the electric double 
layer or increasing concentration polarisation adjacent to the mem-
brane. Additional current would flow to cause these effects which would 
dissipate over time. As the model presented is not designed to consider 
these transient migratory behaviours, only the steady state current is 
used for validation. 

The inlet and outlet conductivities of the diluate and concentrate 
streams over time are shown in Fig. 5b. The inlet concentrations for both 
the concentrate and diluate streams are constant throughout the 
experiment, demonstrating that a steady state was achieved using the 
experimental method described in Section 3.1. The outlet conductivities 
of the diluate and concentrate are seen to decrease and increase step-
wise, respectively. These steps coincide with the step increases in the 
applied voltage and show a greater amount of salt is removed in a single 
pass when a higher voltage is applied, as is expected. After the end of the 
experiment, at ~3500 s, the outlet conductivities fall immediately back 
to being the same as the inlet conductivities, again demonstrating that 
an effective steady-state environment has been achieved. 

The experimental and model current-voltage curves are shown in 
Fig. 5c. For low voltages (0-1 V), the current density is zero. This is 
because the applied voltage is lower than the equilibrium voltage (1.23 
V), and without electrode reactions, no current can flow. Above this 
value, the current-voltage curve is near-linear. A linear relationship is 
characteristic of an unchanging electric resistance, the calculated values 
of which can be seen in Fig. 5e. The electrolyte resistance is the only 
resistive element which changes with the applied voltage. It decreases 
because despite the inlet salt concentration being constant, a higher 
voltage results in a greater amount of salt transferred from the diluate in 
a single pass. This decreases the concentration of the diluate and in-
creases the concentration of the concentrate by the same amount. Since 
the resistance is inversely proportional to the salt concentration, the 

Table 3 
Values of the average absolute difference (AAD) between experimental and 
model values for measured quantities, along with their initial values for tem-
poral experiments.  

Measured Variable AAD Initial Value 

Current Density 2.563 A/m2 111 A/m2 

Diluate Inlet 0.051 mS/cm 5.95 mS/cm 
Diluate Outlet 0.105 mS/cm 5.95 mS/cm 
Concentrate Inlet 0.055 mS/cm 5.95 mS/cm 
Concentrate Outlet 0.063 mS/cm 5.95 mS/cm  
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increase in the diluate resistance is larger, resulting in an overall in-
crease in resistance. Nevertheless, the outlet diluate concentration only 
decreases by about 40 % at the highest voltage and so the increase in 
resistance is very low. This effect is further reduced due to the other 
fixed contributors to the resistance and the fact that the electrolyte 
resistance is averaged over the entire path length inside the stack. 

The model predicted and experimentally measured conductivities 
are seen in Fig. 5d. As with the current density, there is no response for 
voltages below the equilibrium voltage. Above this, the diluate and 
concentrate decrease and increase linearly with voltage, respectively. At 
these concentrations, the current efficiency remains relatively constant 
at above 0.99. As such, over this voltage range the current density and 

a) b)

c)
d)

e)
f)

Fig. 5. Figures showing the results of the steady-state validation experiments. a) The temporal evolution of the applied voltage and measured current showing the 
step increases in voltage and the transient behaviour of the current. b) The temporal evolution of the inlet and outlet conductivities of the diluate and concentrate 
streams. c) The current voltage curve for both the experimentally measured data (crosses) and model prediction (line). d) The voltage-conductivity plot for 
experimentally measured data (crosses) and model predictions. e) Variation of the constituents of the resistance of a single cell with the applied voltage. f) A current 
voltage plot showing the ‘true’ modelled profile, and a generic model which excludes the overpotential and equilibrium potential, empirically fit to experimental data 
at 10 V. 
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inlet-outlet salt concentration difference is directly proportional (Eq. 37) 
and so the outlet conductivity trends are expected to be linear. 

As with the temporal validation, the AAD was used to quantify the 
goodness of fit of the models (Table 4). Once again, excellent agreement 
is seen between the model and experimental results over the entire range 
of voltages, shown by AAD values two orders of magnitude below the 
range of experimental data. Consequently, it is shown that that the 
model accurately captures ED behaviour over a wide range of voltages. 
This is vital to ensure that the model is globally valid, and to ensure that 
ED voltage optimisation will be accurate. Further, it demonstrates that 
modelling the electrode reactions using the equilibrium potential and 
overpotential (using the Tafel equation) is necessary for global accuracy. 
A model without these potentials would only be able to capture a single 
temporal experiment using a resistance fitting parameter, and the 
equivalent current-voltage curve would be a straight line through the 
origin (Fig. 5f). Although this method would suffice for one design at a 
single voltage, it is apparent that at all other voltages, the model would 
not be accurate. Optimising the voltage is a key aspect of the design of all 
electromembrane processes, and so accurately capturing the behaviour 
over a wide range of voltages is paramount. 

The membrane resistance hardly increases over both time the tem-
poral experiments (Fig. 4f) and voltage in the steady-state experiments 
(Fig. 5e). This is primarily due to the low range of concentrations that 
are present in the validation experiments, chosen to ensure that the 
current and voltage were well below the upper detection limits of the 
potentiostat (2 A, 30 V) and that the LCD was not reached. The low NaCl 
concentrations result in a high electrolyte resistance relative to the 
membrane resistance. The impact of the membrane resistance at a wider 
range of concentrations is evaluated in Section 4. 

4. Exploration of novel model aspects 

The model presented herein contains several novel aspects, most 
notably the membrane resistance model and transport number model. In 
this section, the impact of these two aspects is investigated for their 
impact on the modelling results. 

The full details of the membrane resistance model can be found in a 
recent publication by Fan et al. [61]. Typically, membrane electrical 
resistances are considered constant in ED models, but realistically it 
varies with the salt identity and its concentration in the concentrate and 
diluate streams. Membrane resistances are often provided by manufac-
turers, but these will be only valid for a certain salt and concentration 
(typically 1 M NaCl). Membrane resistance can be accurately measured 
experimentally through electrochemical impedance spectroscopy (EIS) 
using a potentiostat [70]. However, this will still only be valid at that 
experimental concentration. The method presented by Fan et al. (Eqs. 
11–17) allows the membrane resistance to be modelled as a function of 
the external solution identity and concentration. Furthermore, the 
membrane model has been validated for bivalent and trivalent ions, 
ensuring that the electromembrane modelling strategy presented herein 
has global applicability across a range of salts and concentrations. 

Fig. 6a shows how the membrane electrical resistance varies with 
NaCl solution concentration. The membrane resistance is relatively 
constant at very low solution concentration, but decreases by an order of 

magnitude as the electrolyte concentration increases from zero to 2 mol/ 
L. This is because at low concentrations, the internal membrane coun-
terion concentration is almost equal to the membrane fixed charge 
density and the co-ion concentration is negligible. However, as the 

Table 4 
Values of the average absolute difference (AAD) between 
experimental and model values for measured quantities for 
steady-state experiments.  

Measured Variable AAD 

Current Density 1.956 A/m^2 
Diluate Inlet 0.020 mS/cm 
Diluate Outlet 0.024 mS/cm 
Concentrate Inlet 0.009 mS/cm 
Concentrate Outlet 0.045 mS/cm  

c)

b)

a)

Fig. 6. a) A graph of how the membrane resistance changes with the electrolyte 
concentration as well as the resistance provided by the membrane manufac-
turer. b) Results of how the transport number model (left y-axis, Eq. 32) and 
current efficiency (right y-axis, Eq. 27) vary with the ratio of the concentration 
of the concentrate to the diluate. Also shown are the intrinsic transport numbers 
provided by the membrane manufacturer and the maximum separation ratio. c) 
time evolution of the calculated current density with a transport number fixed 
at the intrinsic value and the with a varying transport number. 
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external solution concentration increases, the solution concentration 
inside the membrane pores increases, resulting in an increase of the 
conductivity(Eq. 15). As the external solution concentration approaches 
the range of the fixed charge density, co-ions become significant charge 
carriers, further reducing the resistance. This demonstrates why an 
advanced membrane resistance model which varies with electrolyte 
identity and concentration is important for model globality. The mem-
brane resistance provided by the manufacturer (6 Ω cm2) intersects the 
curve at around 1 mol/L, which is likely to be the conditions at which 
the resistance was measured. 

Membrane transport numbers are also provided by membrane 
manufacturers and are considered constant in most ED models. The 
transport numbers for each membrane in the model presented herein are 
a function of the transmembrane concentration difference (Eq. 28). 
Fig. 6b shows how the transport numbers for each of the membranes 
varies with the transmembrane concentration ratio (concentrate to 
diluate), along with the intrinsic transport numbers and current effi-
ciency. Transport numbers are equal to the intrinsic transport number 
when the concentration ratio is one (by definition). At concentration 
ratios lower than this, the transport numbers and current efficiency tend 
to unity as counterion transport dominates. At higher concentration 
ratios, the transport numbers decrease and asymptotically tend to zero. 
The current efficiency tends to negative one as co-ion transport domi-
nates. The current efficiency is zero when the concentration ratio is 
about 42. This represents an equilibrium where the flux of counterions 
and co-ions are equal, resulting in no overall transfer between the 
concentrate and diluate. As such, this is the effective separation limit for 
the ED stack. It is dependent only on the intrinsic transport numbers of 
the membranes and can be calculated by the following equation. 
(

Cc

Cd

)

max
=

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(

1
t0,aem

− 1
)(

1
t0,cem

− 1
)√ (39)  

This equation is derived by combining Eqs. 32 and 27 and setting ϕ equal 
to zero. The importance of membrane selectivity on high degrees of 
separation is made apparent through this equation. Further, the 
maximum concentration ratio serves as an important design parameter 
as it would instruct what degree of separation would be attainable. 

Fig. 6c shows a comparison of the temporal evolution of the current 
density when the transport numbers are fixed at the values provided by 
the membrane manufacturer and vary with the concentration as per Eq. 
32. Initially, the current densities are very similar as the concentration 
ratio is close to one, and thus the transport numbers are close to their 
intrinsic values. However, the current density in the fixed transport 
number model drops to a very low value much faster than in the varied 
transport number model due to the much higher current efficiency when 
there is a large transmembrane concentration difference. The difference 
in these values at the end of the time series would result in an under-
prediction of the power consumption by a factor of 32 if fixed transport 
numbers were used. As with the membrane resistance model, this 
demonstrates how crucial a transport number model is for model glob-
ality over a range of concentrations. 

5. Conclusion 

A robust layered circuit-based model of conventional ED is presented 
herein, the fundamental strategies of which may be applied to a wide 
range of electromembrane processes. The innermost layer of the model 
uses Ohm’s law to compute the current density within a differential 
volume tangent to the direction of flow for a given cell electrical resis-
tance. This is passed to the middle layer which converts the current 
density into a flux through the Faraday constant and current efficiency, 
which is then integrated to generate a spatial concentration profile. At 
this point, key variables for process design and optimisation including 
outlet concentration, overall current density, and power consumption 

can be extracted. An outer layer utilises a time-delayed differential 
material balance to compute how reservoirs in a recirculating batch 
system vary over time while accounting for the pipe dead time, which 
can be significant in laboratory systems. 

This model was validated on a standard recirculating batch experi-
ment and through how the steady-state behaviour varies with applied 
voltage. Both methods showed excellent agreement between model re-
sults and experimental data, with values of the average absolute dif-
ference being two orders of magnitude below the range of values 
measured. This is noteworthy since no parameter fitting was conducted. 
Further, it demonstrates that the model is valid over a wide range of 
concentrations and voltages and has not been undermined by con-
founding phenomena. 

To ensure model globality, a membrane resistance model and novel 
transport number model have been utilised. These were shown to have a 
significant impact on the model behaviour and were crucial to accu-
rately capture ED behaviour over a wide range of salts and concentra-
tions. The impact of the transport number model was found to be 
particularly strong when the diluate concentration is far lower than the 
concentrate concentration, as this leads to a very low current efficiency 
resulting from excessive back-migration. The membrane resistance 
model was found to be more impactful when the overall concentration 
varies over multiple orders of magnitude. Although the membrane 
resistance may not have a significant impact over a single batch exper-
iment, it is important for extending the results to processes with different 
concentrations or different salts. 

The modelling strategy presented is inherently flexible due to the 
presence of the multiple layers and analogy to an electrical circuit. As 
such, additional features can be added to the model with ease through 
modifications to the material balance and the consideration of auxiliary 
resistive elements. Examples of process units which can be modelled 
using this strategy include bipolar membrane electrodialysis, electro-
dialysis metathesis, electrodeionisation, and electromembrane reactors. 
Kinetic or equilibrium contributions to the material balance can account 
for any reactions present which is vital for BPMED. Membrane fouling 
can also be accounted for through an additional electrical resistance 
term. Concentration gradients within boundary layers can be considered 
using mass transport coefficients and Sherwood number correlations. 
This will be particularly impactful for low concentration ED and may be 
taken further to model behaviour of ED at or above the LCD by ac-
counting for the potential drop over a space charge region and the 
mixing resulting from electroconvection. This is becoming ever more 
important as industrial operation of ED at overlimiting conditions is 
explored. 

Membranes were characterised in the model through only their 
thickness, fixed charge concentration, and intrinsic transport number 
(when the transmembrane salt concentrations are equal). These are all 
fixed fundamental properties of a membrane which are either provided 
by membrane manufacturers or can be measured through simple ex-
periments. Consequently, they will remain fixed as process conditions 
change and thus the models should be globally valid. As such, an ideal 
membrane may be chosen for a given application through optimisation 
using this model. 

Fundamentally, this model was designed to contain no empirical 
parameters and be globally valid. Further, the model is applicable to 
both a recirculating batch system and a steady-state continuous process. 
As such, any model developed with this strategy may be validated on 
laboratory-scale batch system and then used in process modelling soft-
ware for full scale design and optimisation. Therefore, this represents a 
powerful tool for both researchers and industrial electromembrane 
process designers. 
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Nomenclature 

Latin symbol 

AAD average absolute difference 
A membrane physical parameter collection 
Aa Ac Tafel slope parameters 
Am area of one membrane 
C concentration 
Cfix membrane fixed charge concentration 
d distance 
D diffusivity 
e elementary charge 
F Faraday constant 
fw membrane water volume fraction 
i current density 
i0,a i0,c Tafel exchange current density parameter 
J ion flux 
kB Boltzmann’s constant 
n number of repeating cells 
N total number of experimental data points 
NA Avogadro’s constant 
Q volumetric flow rate 
R electric resistance 
Rg gas constant 
t time 
t transport number 
u velocity 
uc channel velocity 
Vcell cell voltage 
Vec end chamber voltage drop 
Veq equilibrium Voltage 
Vstack stack voltage 
x spatial coordinate 
y distance coordinate through the membrane 
z ion charge number 

Greek symbol 

ε0 permittivity of free space 
εr relative permittivity 
Φ electric potential 
γ activity coefficient 
η Overpotential 
θ coefficient of the summation of infinite vectors 
κ conductivity 
μ ion mobility 
ν ion stoichiometry 
τ time delay 
ϕ current efficiency 
χ experimentally measured data point 
χ model predicted data point 

Subscript 

0 referring to conditions when the concentrate and diluate are 
of equal concentration 

AEM anion exchange membrane 
C concentrate 
an anion 
ca cation 
co Co-ion 
ct counterion 
CEM cation exchange membrane 
D diluate 

ec referring to the end chamber domain 
ex referring to the stack exit conditions 
i ion species 
j ( = C,D) solution channel 
m ( = CEM,AEM) membrane 
o observation 
R referring to reservoir domain 
s solution 

Supplementary data to this article can be found online at https://doi. 
org/10.1016/j.desal.2024.117386. 
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