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Common fixed points for two pairs of
selfmaps satisfying certain contraction
condition in b-metric spaces
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Abstract

This study introduces generalized contraction for two pairs of self-
maps in complete b-metric spaces, and it then establishes the exis-
tence of common fixed points under the presumptions that these two
pairs of maps are weakly compatible and satisfy the condition for gen-
eralized contraction. A sequence of selfmaps is added as an extension
of the same. Additionally, we demonstrate the same using various
hypotheses on two pairs of selfmaps that satisfy the b-(E.A)-property.
Some of the conclusions in the literature are extended /generalized to
two pairs of self maps by our theorems.
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1 Introduction

Czerwik (10) introduced the notion of b-metric space which is a generalization
of metric space. Following that, numerous authors looked into fixed point theo-
rems for single-valued and multi-valued mappings in b-metric spaces, we refer
(3;8;9; 11; 15; 16; 17, 22; 23; 24).

The concept of property (E.A) was introduced by Aamari and Moutawakil (1).
Several authors then used this idea to demonstrate the presence of common fixed
points, we refer (2; 4; 5; 6; 19; 20; 21).

Definition 1.1. (10) Let X, be a non-empty set and s > 1 be a given real number.
A function d, : X, x X, — [0,00) is said to be a b-metric if the following
conditions are satisfied: for any xp, ys, 25 € X

(1) 0 < dy(p, yp) and dp(p, yp) = 0 iff 2 = s,
(1) dy(p, ) = dy(ys, T),
(@i9) dp(xp, 2) < s[dp(Tp, Yo) + do(Yp, 20)]-
The pair (Xy, dy) is called a b-metric space with coefficient s.

Every metric space is a b-metric space with s = 1, but converse is need not be
true.

Definition 1.2. (9) Let (X}, d,) be a b-metric space. Then a sequence {z, } inX,
is said to be

(1) b-convergent if there exists x;, € X}, such that dy(zp, , z,) — 0 as n — oc.
In this case, we write lim z,, = .
n—oo
(77) b-Cauchy if dy(z,, , 2,,) — 0 asn,m — oo.

In general, a b-metric is not necessarily continuous (12).

Definition 1.3. (13) Let A and B be selfmaps of a metric space (X,d). The
pair (A, B) is said to be a compatible pair on X, if lim d(ABz,, BAz,) = 0

n—oo

whenever {z,} is a sequence in X such that lim Az, = lim Bz, = t, for some
n—oo n—oo
te X.

Definition 1.4. (14) Let X be anonempty set. Let A: X — X and B: X — X
be two selfmaps. If Az = Bx implies that ABx = BAx for z in X, then we say
that the pair (A, B) is weakly compatible.
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Definition 1.5. (19) Two selfmappings A, and B, of a b-metric space (Xj, dp)
are said to satisfy b-(E.A)-property if there exists a sequence {z;, } in X, >
lim Ayxp, = lim Byxy,, = 2, for some z, € X,.

n—oo n—oo

Lemma 1.1. (2) Let (X3, d;) be a b-metric space with coefficient s > 1. Suppose
that {x;, } and {y, } are b-convergent to x;, and y, respectively, then we have

1 . .
?db(xb,yb) < lim inf dy (23,,, yp,,) < limsup dy(zs,,, 4, ) < s%dy (y, yy)

n—oo

In particular, if 2, = v, then we have lim dy(zp,,vs,) = 0. Moreover for each
n—0o0
2z, € X, we have

1

—dy(wp, 25) < liminf dy (s, 25) < lmsup dy(xs,, 25) < sdp(2p, 28).
S n—00 n—00

Lemma 1.2. (7) Let (X,,d;) be a b-metric space with coefficient s > 1 and

Ty, : X, — X, be a self map. Suppose that {z;} is a sequence in X, induced

by xy,,., = Tyxp, such that dy(xy,, zp,,,) < Ady(xp, ., p,) foralln € N,where

A € (0,1) is a constant.Then z;, is a b-cauchy sequence in X,

Recently, Nagaraju, Raju and Thirupathi (18) proved a theorem in metric
spaces as follows:

Theorem 1.1. (18) Let £, F', G and H be self-mappings of a metric space (X, d)
satisfying the following conditions:

() E(X) C H(X)and F(X) C G(X),
(i) (E,G) and (F, H) are weakly compatible and

(i) [d(Ey, F2)]* < amax{[d(Gy, Ey)]* [d(Hz, Fz) [Gy, Hz]*}
+ Bmax{d Gy, Ey)dGy, Fz),dEy, Hz)d(Fz, Hz)}
+0d(Gy, Fz)d(Hz, Ey)
forally,z € X, where a, 5,0 > 0, a+28 <landa+§ < 1.

(iv) Further, if the pair (E,G) satisfies (CLR_G)-property or the pair (F, H)
satisfies (CLR_H)-property, then the self-maps E, I, G and H have a unique
common fixed point.

We introduce generalized contraction for two pairs of selfmaps in b-metric
spaces and prove the existence of common fixed points under the assumptions
that these two pairs of maps are weakly compatible and satisfying a generalized
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contraction condition in complete b-metric spaces. Our work is inspired by works
of Nagaraju, Raju and Thirupathi (18). A series of selfmaps is added as an exten-
sion of the same. Additionally, we demonstrate the same using various hypotheses
on two pairs of selfmaps that satisfy the b-(E.A)-property. Some of the conclu-
sions in the literature are extended or generalized to two pairs of self maps by
our theorems. We present examples to corroborate our findings and draw some
conclusions from them.

2 Main Results

We introduce generalized contraction maps in b-metric spaces as follows.

Definition 2.1. Let (X,, dy,) be a b-metric space with coefficient s > 1 and Ay, By, Sy, Tj :
Xy, — X, be selfmaps. If there exist A1, Ao, A3 > 0 with \; + s\s + 52\ < 1 such
that

34[db<Abxba Bbyb)]2 <\ maX{[db(Sbeb,Tbyb)] [db(sbxba Ab$b)]27 [db(Tbyba Bbyb)]2}

dy (Spxp, Apzy)dy (Spxy, B dp (Tyyp,B dp (Tyyp,Apx
+)\2max{ b (Svxp bb) b(bb byb)’ b (T byb)Qb( bYb bb)}

dy Sbﬁbvayb)db(Tbyvabxb)
+ A3 5

(1

Then we call Ay, By, Sy, and Ty, are generalized contraction maps.

Example 2.1. Let X;, = [0, 1] and let d;, : X}, x X}, — [0, 00) defined by

_ 0 if Ty, = yp,
db(wb’yb) B { ($b + yb)2 if Ty # Y.

Then clearly (X, dp) is a complete b-metric space with s = 2.
We d€ﬁi’l€ Ab7 Bb> Sb> Tb : Xb N Xb by Ab(xb) _ 1_5xb7Bb(:Eb) _ log10(51+mb)’
Sy(z) = 22, Ty(xp) = xp for all T, € X
Take Ay = 2,2 = £, X3 = 15.
Clearly, \; + s\g + s2Xg < 1.
Then we have
s*[dy(Apy, Byys)]? = 16(1=E2  L8nlltm)ye
< Lmax{ (23 + )", (27 + 5E0)4, (y, + Bullimlys }
)*(y»

224 1= e ) 2, logi1g(1+yp) \2 10g10(1+yb) 1—e®b
byt +7 Yo+
+ 2 max{ G ) ,( 5

lo. 1 e
n L( w2+ g1o<o+yb)) (v +1 b)
10

<)\1max{[db(5b$b72Tbyb)] [dy(Syy, Apwy) ), [do(Toys, Boy)]*}

dp(S A dy (Spxy,B, dy(Tpyp,B, dy (Tyyp, A
EESW max{ b (S, bfﬁb) b( v %5, Byyp)  do(Toys byb) v (Toys bﬂlb)}

)

dy Sblb,Bbyb)db(Tbyb,Abﬂ?b)
+ A3 5

Therefore Ay, By, Sy, and Ty, are generalized contraction maps.
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Let Ay, By, S, and T, be mappings from a b-metric space (X, dp) into itself
and satisfying
Ab(Xb) g Tb(Xb) and Bb(Xb) g Sb(Xb) (2)

Now, by (2), for any x;, € X, there exists z;, € X such that

Yby = Ab$b0 = wabl-

In the same way for this z;,, we can choose a point x;, € X, such that
Yy, = Byxp, = Spaxp, and so on.

In general, we can define a sequence {1, } € X, such that

Yby, = Abl'b% = Tb$b2n+1 and Ybops1 — Bb$b2n+1 = beb2n+2 forn = 0, 1, 2, e

3)

Proposition 2.1. Let (X, dy) be a b-metric space with coefficient s > 1. Suppose
that Ay, By, Sy and Ty, are generalized contraction maps. Then we have the fol-
lowing:

(i) If Ay(Xy) C Ty(Xy) and the pair (By, Ty) is weakly compatible, and if xy is a
common fixed point of A, and Sy, then xy, is a common fixed point of Ay, By, Sy and T,
and it is unique.

(ii) If By(Xy) C Sy(Xy) and the pair (A, Sy) is weakly compatible, and if xy, is a
common fixed point of By and Ty, then x;, is a common fixed point of Ay, By, Sy and T},
and it is unique.

Proof. First, we assume that (i) holds. Let z;, be a common fixed point of A, and Sj,.
Then Ayxy, = Spxy, = xp.

Since Ay(X,) C Tp(X,), there exists y € X, such that Tyy, = .

Therefore AbZL‘b = Sbl'b = Tbyb = Typ. If Ab(Eb 7é Bbyb, then

s dyp(Apy, Boyp)]? < A max{[dy(Spxs, Tyys)]?, [do(Spx, Avs)]?, [do(Toys, Byys)]*}

dp (S A dp (S, B dy (Tpyp, B, dp(Tpyp, A
W maX{ ACIE bl‘b) b( bTh, byb)’ b (ToYb, byb)2b( bYb, bxb)}

TESW dy(Spxp, Bbyb)db(Tbyb App)

2
= M [do(Apzs, Byy)|?
which implies that (s* — \;)[dy(Apzy, Byys)]* < 0.
Since (s*—\;) > 0, we have d,( Ay, Byyy) < 0 which implies that A,z = Byys.
Therefore Ayx, = By, = Spxy, = Ty, = Tp.
As (By, T}) is weakly compatible and Ty, = Byyp, we have
BbTbyb = TbBbyb- i.e., Bbxb = TbQJb.
Now, we prove that Byx, = xy. If Byx, # w3, then
84[db($b, Bbxb)]2 = 84 [db(AbZL'b, Bbxb)]z
< A max{[dy(Spxs, Tyay)]?, [dy(Sps, Avxs)|?, [do(Tyxs, Byxs)|*}
W max{ dy(Spxp, Abﬂﬁb)de(SbJ?b Bbwb) dp (Thp, Bbxb de Tyzy,ApTy) }
s dy(Spxp, Bbﬂcb)db(Tbxb App)

= Ai[dy(wy, Bpas)|? + A3 meBme
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(A1 + Af)[db(iﬁby Bbxb)]
— (M + 2)][db (25, Byxy)]* < 0.
0, we have db(a;b, Bbl’b) <0

which implies that [ 4
Since [s* — (A + %)) >
Hence, Byx, = xp.
Therefore Abxb Bbl‘b SbCL’b Tbl‘b = Typ.

Therefore, z; is a common fixed point of Ay, By, S, and Ty,

If 2} is also a common fixed point of Ay, By, S, and T}, with z;, # x;, then

stldy(xy, 73)]7 = s*[dy(Apy, Byzy)]?
< )\1 max{ [db<SbIb, Tbl‘b)] [db(SbLL’b, Abl’b)]Q, [db<Tbl’g, Bbxg)]Q}

dSCU,AIl‘dSl‘,B:D dTiB/,Bm/d Ta?’,Am
+>\2ma{b bTh bb)b(bb bb), b (Thay, bb)gb(bb bb)}

dp( Sm,B:c)d(Tz,Aa:)
W b(SpTp bbzb bdb bTh
= (]2 + g
= (A + 3)[dy (@, 7))

which implies that [s* — (A; + 23)][dy (23, 2})]*> < 0

Since [s* — (A + 22)] > 0, we have dy(z, 2}) < 0.

Hence, 7, = xy.

Therefore x;, is the unique common fixed point of A;, By, S, and T},.

The proof of (ii) is similar to (i) and hence is omitted. [l

Lemma 2.1. Let Ay, By, S, and T, be selfmaps of a b-metric space (X, d,) and
satisfy (2) and are generalized contraction maps. Then for any z;, € X, the
sequence {y, } defined by (3) is b-Cauchy in X.

Proof. Let xy,, € X, and let {y;, } be a sequence defined by (3).
Assume that y,, = ., for some n.

Case (i): n even.

We write n = 2m, m € N.

Now, we consider

5* [db<ybn+l » Ybrga )]2 =s? [db (yb2m+l ) Ybormyo )}
=5 [db(yb2m+27 Ybomi1 )]2
=5 [db(Abxb2m+2’ Bbxb2m+1)]2
< )‘1 max{ [db<sbxb2m+2 ) Tbxbzm+1)]2> [db(bebzmH? Ab$b2m+2)]27
[do(Tsts 115 BoTosyin)]*}

dy beb2m+27Abzb2m+2)db(sbwb2m+2:Bb$b2m+1)

+ Ao max{ ,

do(To @by, 1 +BoToy,, 1 )db(Tbl’bgmH AbToy,, o) }

2

2
b(SoTby,, 1o BoTog,, 11 )36 (ToToy,, 4 1 AbTby,, 4 o)

F s 5
- )‘1 max{[db(yb2m+1 ) yb2m)] db (yb2m+1 ; yb2m+2)] ) [db (yb2m7 Yboma1 )]2}

)|
yb2m+1 7yb2m+2) b(y bom41 ’ybgm+1 ) db(bem 7yb2m+1 )db(bem 7yb2m+2) }

‘l‘)\z max { 5 2
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yb2m+1 7y62m+1 )db(yb2m 7y62m+2 )

—|—)\3

=\ maX{[db(ybn+1,yb 2 1Yoy ors Ybnio)1%s [do(Yby s Ybpa)])*

Ay (Yb,, 4 19Ybys 06 Yo,y 19Ybp 1) Go(Ybp Yoy, 11 )86 Yy Yo, o)
_|_)\2 max{ n+1 n+42 n+1 n+41 , n n+12 n1S0n 42 }

2
db ybn+1 7ybn+1 )db (ybn ’ybn+2)

+ A3 5
— )\1 [db<ybn+1 ) ybn+2)]2

which implies that (s* — X\)[dy(Yb,, 1+ Yb10)]* < 0.
Since (s* — A1) > 0, we have dy(yp, ., s Ypnin) < 0
which implies that v, ., = Yp,,., = Vb,
In general, we have y, ., =y, for k=0,1,2,... .
Case (ii): n odd.
We write n = 2m + 1 for some m € N.
Now we consider

84 [db (ybn+1? ybn+2)]2 = 54 [db(yb2m+2a yb2m+3)]2

= 54[db<Abxb2m+27 Bbxb2m+3)]2
<X\ maX{[db(bebzm+2? Tbxb2m+3)]27 [db(Sb‘rb2m+27 Abxb2m+2)]27
[db(Tbbeerm Bbxb2m+3 )]2}

b (SoThyyr, 4 2 A0Tb3 12 )b (S6Tbo 0 BoThoyr, 4 3)

+ A max{ :

2
dy (Toyy,, 1 5 BoThg,, 1 5)db (ToToy,, | 5> AbTby,, o) }

dy (SpTvg,, 2 BoTbg,, 3 )0 (ToTbg,, | 3+ A0Thg,, o)

+ A3

2
- /\1 max{ [db (yb2m+1 y Ybormyo )] [db (yb2m+l y Ybormyo )]27 [db (yb2m+2 y Ybomta )]2}

v(Yb Wb )db(yb Yo )
+ )\2 max { 2m-41 2m-+42 5 2m—4+12792m 43 7
dp (yb2m+2 Yoo 43 )db (yb2m+2 7yb2m+2 } + )\ yb2m+1 Yoo 43 )db(yb2m+2 7yb2m+2)

2
=N\ max{ [db (ybn7 ybn+1 )] [db (ybn7 ybn+1)] ) [db (ybn+1’ ybn+2)]2}
+ )\2 max { db Yon, vybn+1 )2db(ybn ’ybn+2) ’ db(ybn+1 7ybn+2 )2db(ybn+1 7ybn+1) }

db(Ybr, Yoy 4 5) 86 (Y, 413Uyt 1)
S +2 1Y 41

2
= /\1 [db (yan y Yoy )]2

which implies that (s* — X\)[dy (b, Ybn.s)]?
Since (s* — A1) > 0, we have dy(yp, 1 Yb,.0)
which implies that v, ., = ¥,.,, = Ys,

In general, we have y, ., =y, fork =1,2,3,... .

From Case (i) and Case (ii), we have y,, ., = up, for k =0,1,2,... .
Therefore, {1, ., } is a constant sequence and hence {y;, } is b- Cauchy.
Now we assume that y;,, # ., foralln € N.

If n is odd then n = 2m + 1 for some m € N.

<0.
<0
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We now consider

s* [db (yanv ybn+2)]2 = 84[db(yb2m+27 yb2m+3)]2

= s [db (Abwbzmwv Bbxb2m+3):|2

S )\1 max{ [db(5b$52m+2, Tb$b2m+3)]27 [db(8b$b2m+27 Abxb2m+2)]2;
[db(Tbxb2m+37 Bbxb2m+3)]2}

b (SbToy,r, 4 5 A6Tby 4 2) Db (S6Tbg, 4 o - BbToopy )

+)\2 max{ s

2
do(To @by, | 3:BoTog,, 1 3)d(ToTby,, | 5> AbTby,, o) }

2
b(SoTby,, 10 BoTbg,, 4 3) 06 (ToTy,, 4 5 ATy, o)

+A3 a 5
= >‘1 maX{ [db(yb2m+l ) yb2m+2)]27 [db(ybzm+1 ) yb2m+2)]27 [db(ybzm+27 yb2m+3)]2}

+)\2 max{ dp (yb2m+1 7yb2m+2 )db(yb2m+1 7yl72m+3) ’ db(yb2m+2 7yb2m+3 )de (yb2m+2 7yb2m+2) }

2
A\ Ao (U, 11 Y02 43)80 Yoo 40 Yo 1)
+TA3

2
- >\1 max{ [db<ybn7 Yt )]27 [db(ybn7 Yoyt )]27 [db (ybn+17 ybn+2)]2}

db Yy Yoy 1 )80 (Yo s Uby o) @b (Yby, 41 Yby 4 0)d6 (U, g 5 Ybyysq)
+>\2 max{ n nt1 5 n n4+2 , n+1 n+2 5 n+1 n+1 }
+)\3 dp (ybn ’ybn+2 )d2b (ybn+1 ’ybn+1 )

“)
If [db (Y s Yo ia))* < [db(Ybpsrs Ybnyn)]? then from (4), we have
S Ay (U Yoy ) < ML (Wi1s Yb2) ]+ SN2l (U 15 Yoy
which implies that (s* — Ay — sX2)[dp(Yb,, 1+ Ybn 0 )]* < 0.
Since (s* — A; — sA2) > 0, we have [dy(ys, s Yp, »)]* <0
which implies that y,, ., = p,,.,»
which is a contradiction.
Therefore [dy (Yo, 11, Ybus2))> < [db(Ys,s Yb,00)]*.
From the inequality (4), we have s*[[d}, (Y6, 1+ Ybn o )]*] < (M+5A2)[db (b, Yo, )]

which implies that dy, (v, ., Ub,.») < kdy(Us,,Ys,., ), Where k = @ < 1.
Similarly, we can prove that dy (s, Yb,,») < kdv(Ys,,, Yb,,,, ) Whenever n is even.
By Lemma 1.2, we have {y, } is a b-Cauchy sequence in Xj,. O

n+2

The following is the main result of this paper.

Theorem 2.1. Let Ay, By, Sy and Ty, be selfmaps on a complete b-metric space
(Xs, dy) and satisfy (2) and the maps are generalized contraction maps . If the
pairs (Ay, Sp) and (By,Ty) are weakly compatible and one of the range sets
Sp(Xp), To(Xy), Ap(Xy) and By(Xy) is closed, then for any x,, € X, the se-
quence {y,, } defined by (3) is Cauchy in X, and ILm Y, = z(say), z» €
Xy, and zy, is the unique common fixed point of Ay, Bb,nSb Ocjnd Ty.

Proof. By Lemma 2.1, the sequence {y, } is b-Cauchy in Xj.
Since X, is b-complete, 3 z;, € X, 3 lim vy, = 2.
n—oo
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Then
)

{ i Yo = 150, Ao, = 100, Tilbany, = 2 200

i Ytnros = 101 By = 1 Stz = 2

We consider the below cases.

Case (i). Sp(Xp) is closed.

In this case z;, € S,(X}) and there exists ¢, € X, such that z, = Syt
If Abtb 7é Zbs then

s*[dy(Apty, By, ,)])* < A max{[dy(Sets, Toany, ,)]* [do(Sets, Apts)]?,

lTitr sy Bt )] )
W maX{ b(Sbte,Avtp)dp (Spts, bxb2n+1)’ ©6)

2
do(Tv @by, | 1:BoZoy, 1 )do(ToTby, 1 -Avts)

+A3

2
dy (Spto, ByToy,, |1 )do(ToToy, 1 »Abts)
2

On letting limit superior as n — oo in the inequality (6) , using Lemma 1.1 and
(5), we get

2 (s [do(Apty, 2)]7) < Mildy(Apts, 2)]°

which implies that (s* — A;)[dy( Apty, 23)]? < 0.

Since (s> — A1) > 0, we have Ayt = z,.

Therefore, Apty, = 2, = Spts.

Since (A, Sp) is weakly compatible and Ayt, = Sptp, we have

AbSbtb = SbAbtb. i.e., Abzb = szb-

Suppose Apz, # z,. We now consider

84 [db(Abe7 Bbxb2n+1 )]2

< Mvmax{[dy(Sp 2, Tobg, )] [do(Sbze, Avzs) ], [do(Tobn,, 1 s Boha, i )]?}
S A S A
W maX{db( b2bsA626)db (Sp 260, Bvy,, 1) db(To@bg, 1 BoTog, 1 )do(ToToy, ;s bzb)}

(
2 ? 2
W -

dy (Sp26,ByTbsy,, 1 )6 (ToTby,, , 1 »Ab2b)

(7)
On letting limit superior as n — oo in the inequality (7) , using Lemma 1.1 and
(5), we get
1 (.4 2 52)3 2
= (M [dp (A2, 26)]%) < (M1 + 52) [dp(Ap2p, 26)]
which implies that (s> — \; — £29)[dy(Ap2p, 2)]? < 0.
Since (s* — \; — %) > (), we have 4,2, = 2.
Therefore Ayzy, = Spzp = 2.
Hence, z;, is a common fixed point of A, and S.
By Proposition 2.1, we get that 2, is a unique common fixed point of A;, By, S, and Ty,
Case (ii). T,(X}) is closed.
In this case z, € T,(X}) and there exists u, € X, 2 2z, = Tyuy.
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If Bbub 7§ Zb, then

st [db(Abxb2n+2 ) Bbub)]2
< )\1 max{[db(beb2n+2, Tbub)]Q, [db(Sb$b2n+27 Abxb2n+2>]27 [db<Tbub7 Bbub)]Q}

db(Sb.be 74x1,1'b )db(Sb.Z’b 7Bbub) db(,lbubvaub)db(zbubv‘lb$b )
)\ IHSX{ 2n+2 2n+42 2n+2 , 2n+2 }
db(beb ,Bbub)db(Tbub,A
)\3 2n+2

bThop o)

8)
On letting limit superior as n — oo in (8) , using Lemma 1.1 and (5), we get
% (s*[dy(Byup, 25)]*) < A1 [do(Byus, 2)]* which implies that
(82 — Al)[db(Bbub, Zb>]2 S 0.
Since (s> — \;) > 0, we have Byu;, = z,.
Therefore, Byuy, = 2z, = Tyuy.
Since the pair (B, T}) is weakly compatible and Byuy, = Tyu,, we have
BbTbub = TbBb’U,b. i.e., Bbzb = Tbe.
We now prove that Byz, = 2,. Suppose that Byz, # z,. We now consider

54 [db(AbxbgnJrz 9 Bbe)]2

< M max{[dy(SpTby, 00 To2))?, [db(SoTbapns Abin, o)1, [db(Toze, Byzy)]*}
dy (S A dy (S B dy (T2, By 2 )y (Th 25, A
A max{ b(SoTby,, 1 0> ATy, 4 5)d6(SeToy, 5, Bozb)  do(Thzp,Boze)dy (Th 2 bxb2n+2)}

2 ) 2
A\ dy (SpTby,, 5 Bo2b)do(Th26,AbZ0,y,, , o)
+A3 5

)
On letting limit superior as n — oo in (9) , using Lemma 1.1 and (5), we get
sig(84[db(Bbe, Zb)]Z) S (/\1 + 822/\3)[db(Bbe, Zb)]2 which 1mphes that
<S2 — /\1 — 822)\3)[db(Bbe, Zb)]2 S 0.
Since (s* — \; — %) > 0, we have Byz, = 2.
Therefore Byz, = Tyzy = 2.
Therefore, 2, is a common fixed point of B and 7T'.
By Proposition 2.1, we get that z;, is the unique common fixed point of Ay, By, S, and Tj,.
Case (iii). Ap(X,) is closed.
From the inequality (2) and Case (ii), the conclusion follows.
Case (iv). By(X}) is closed.
From the inequality (2) and Case (i), the Proof follows. [l

Theorem 2.2. Let (X, dy) be a b-metric space with coefficient s > 1. Assume that
Ay, By, Sy, Ty, © Xy — X, are generalized contraction maps and satisfy (2). Sup-
pose that one of the pairs (Ay, Sp) and ( By, T)) satisfies the b-(E.A)-property and
that one of the subspace Ay(Xy), By(Xy), Sp(Xp) and Ty(X,) is b-closed in X,
Then the pairs (A, Sp) and (By, Ty) have a point of coincidence in X, Moreover,
if the pairs (A, Sy) and (By, Ty,) are weakly compatible, then Ay, By, S, and T},
have a unique common fixed point in X,.
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Proof. We first assume that the pair (A, Sp) satisfies the b-(E.A)-property.
So there exists a sequence {x;, } in X, such that

lim Apzp, = lim Spxp, = g, for some g, € X, (10)
n—0o0

n—oo

Since Ay(X;) C Ty(X,), there exists a sequence {y, } in X, such that
Apzy, = Tpys, , and hence
im Ty, = g (11)

We now show that lim By, = q,. Suppose that lim Byys, # qp-
n—00 n—00
From (1), we have

s*[dy(Apy,, Byys, )]* < A max{[dy(Sps, . Toys, )], [dy(Spy, , Aps, )],

[db( Ty, B, )]}
—|—)\ max{ dy beb’"«’Abmbn)db(sbxbn,Bbybn)

Y

dy (Ty by, » Bbybn)db(Tbybn,Abwbn)}

W dy (Spz,, , BoYby, )de(Tbybn ApZpy, )

(12)
By taking limit superior as n — oo in (12), and using (10) and (11), we obtain
28t lim inf[dy(qs, Byys,)]* < s lim sup|dy( Ay, , Boys, )]
n—oo

n—oo

< lim sup(Ay max{[dy(Spzp, , Toys, )%, [do(Spxs, , Apts,)]?,

o [do(To Yo, » Boys, )]}

W max{ dp (SbTby, ,AbTby, ) db (ST, , BoYby, ) : dy(To Yoy, »BoYby, )de(Tbybn ApTpy, ) }

2
S dy Sb$bn7Bbybn)db(Tbybn Abzbn))

< s2\ lim sup|dy (g, Bbybn ).

n—oo

Since (1 — A1) > 0, we have
lim Byys, = g (13)
n—o0

Case (i). Assume T;(X,) is a b-closed subset of Xj,.

In this case g, € Tp,(X}), we can choose 1, € X, 3 Tyry, = qp.
Now, our claim is B,r, = g;. Suppose dy(Byrs, @) > 0. From (1), we have

s4dy(Apbs, .5, Bors))
<\ max{[db(beb2n+2,Tbrb)] [db(SbTbs, 25 ATy 1)1, [do(Tors, Byry)]?}

T maX{ dy( b$b2n+27Abrb2n_52)db(sbrb2n+2: bT) db(TbTb,BbTb)dbéTbTb,Abxb%_,_g) }
dp(SpTby,, 4 o 7Bb7'b)db(Tb7’b7Ab33b2n+2)
+A3 5

(14)
On letting limit superior as n — oo in (14), using (10), (11), (12) and Lemma 1.1,
we have % s*dy(qy, Byry) < Ai[dy(qv, Byry)]? which implies that
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(5% = A1)[dy(gs, Byry)]* < 0.

Since (52 — A1) > 0, we have Byry, = qp.

Hence Byr, = Tyry = g, so that g, is a coincidence point of B, and 7.

Since By(X,) C Sp(Xy), we have g, € Sp(X,), there exists z, € X, such that
Spzp = qy = Byry.

Now we show that Az, = q,. Suppose Ayz, # . From the inequality (1), we
have

st [db(Abe, %)]2 =5 [db(Abe> Blﬂ"b)]2
< A max{ [dy(Spzp, Tyrs) |2, [do(Sozp, Avze)|?, [dy(Tyre, Bery)]?}
Ay max{ dy (Sp2w, Abzb)db(sbzb Byry) db(Tb""bvaTb)db(Tb""vabzb)}
2
dp(Spzp,Byry)dp (Tyr Az)
s b (Sb2b, bb2b b7, Ab2p

which implies that (s* — \y)[dy(qp, Ap25)]* < 0.

Since (s* — A1) > 0, we have 4,2, = q.

Therefore Az, = Sp2z, = g SO that z;, is a coincidence point of A, and Sj.

Since the pairs (Ay, Sy) and (By, Tp) are weakly compatible, we have A,q, = Syqp
and Bygy = Tpqp.

Therefore g, is also a coincidence point of the pairs (A,, Sy) and (By, Ty).

We now show that ¢, is a common fixed point of Ay, By, S, and Ty,.

Suppose Aygy # G-
From the inequality (1), we have

s [dy(Avqs, 3)]> = 5'[dp(Apgs, Bers))?
< Ay max{[dy(Spqn, Tor))%, [do(Seqn, Avqn)]?, [dy(Tyrs, Byrs)]?}

dy (S A dy (S, B dy(Tyry, B, dy(Tyry, A
W max{ b (Spab, b%) b (Sb b, bﬁ;)) b (Tpry, brb)2 b (Tpry, be)}

dy (Spqy,Byrs)dy (Tyrs, Abe)
+A3 2

which implies that [s* — (A1 + 23)][d} (g, Abqs)]* < 0.

Since (s* — (A + 22)) > 0, we have Ayq, = s

Therefore Ayq, = Spqr, = qp so that g, is a common fixed point of A, and Sj.

By Proposition 2.1, ¢, is a unique common fixed point of Ay, By, Sy, and Tj,.

Case (ii). Suppose A,(X}) is b-closed.

In this case, we have ¢, € Ay(X}) and Ay(X,) C Tp(Xs),

we choose 1, € Xy, 2 q, = Tpry.

Rest of the proof follows as in Case (i).

Case (iii). Suppose S,(X}) is b-closed.

We follow the argument similar as Case (i) and we get conclusion.

Case (iv). Suppose By,(X}) is b-closed. As in Case (ii), we get the conclusion.
For the case of (By, T}) satisfies the b-(E.A)-property, we follow the argument

similar to the case (A, S;) satisfies the b-(E.A)-property. O
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3 Corollaries and Examples
The following is an example in support of Theorem 2.1.
Example 3.1. Let X}, = [0, 00) and let d;, : X}, x X, — R* defined by

0 if Ty, =y,
4 lfxb:ybe( 71)7

d Ty, = .
b( b yb) % + CEbiyb if Ty, Yy € [ 700)7
132 otherwise.
Then clearly (X, dy) is a complete b-metric space with coefficient s = ﬁ.
We define Ay, By, Sy, Ty, : Xy — X by
) Tp lf Ty € [07 1
Ay(zy) = 1if p € [0,00), By(x) = { Lif m € [1,00),
) my ifxy,el0,1) _ 2 if € 0,1
S0 = { 1 e o, @ e ={ ) el

Clearly Ab(Xb) Q Tb(Xb), Bb(Xb) Q Sb(Xb) and Ab(Xb) is closed.
Clearly the pairs (Ay, Sb) and (By, Ty) are weakly compatible.
We take )\1 51 s )\2 7)\3 = %
Then clearly A\ + s)\o —l— s2)\g < 1.
With out loss generality, we assume that x > y.
Case (i). zy, 1y, € [0, 1).
db(Abl“b,Bbyb) = 15_2>db(sbxbaTbyb) = 32761 (Sbl“b,Ab-Tb) = 32,
dy(Toys, Boys) = 2, dp(Sps, Boys) = 4, dp(Tyys, Apwy) = 5 + —
We now consider
s*[dy(Apy, Byyy))> = (3—5)4(15 )?
< oz} g(« 2)(3 + o)+ + 15)

< A\ max{[dy(Spxn, Toys)|?, [dp(Spn, App))?, [do(Toys, Boys)|*
EESW maX{ b (S, Abxb)db(sbxb Byys) db(Tbyb»Bbyb)db(Tbyb»Abxb)}
; 2

dy (Spxp, Bbyb)db(Tbyb Abxb)

+ A3
Case (ii). xp,y € (1,00).
dy(Avwy, Byys) = 2, dy(Sprv, Tyy) = + @ +y ’
db(Tbyb7 Bbyb) — %7 db(belH Bbyb) d (Tbyb; Alﬂﬁb) 9 +
We now consider
sty (Apy, Bbyb)]lzo = GD'(2) o 9 12y(9 . 1
1 7\2 1 1 L
<51t o) TG+ (E) (36 + 555)
<)\ max{ [db<5bxb7 Tbyb)} [db(beb, AbSL’b)]Q, [db(Tbyln Bbyb)]Q}
+ o max{ dp (Sps, Abmb)db(Sbmb Boys) db(Tbyb»Bbyb)de(Tbyb»Abxb)}

J

dp(Spxp, Apzs) = % + —

Tpt+yp’

Ib+yb

TV dy (Spx, Bbyb)db(Tbyb Abmb)

Case (iii). =}, € (1,00),y5 € (0, 1)
dy(Apze, Byy) = 22, dy( Sy, Toy) = § +

dy( Sy, Apzy) = 3+ —

1
Zp+yp’ Tptyp’
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dy(Toys, Byys) = 2, dyp(Sps, Boys) = 2, do(Tyye, Apty) = 5 + @
We now consider
s*dy(Apzy, Byyp))? = (—2)4(32)2
<BE+ AP+ HERG+5) HHBG+25)
< A max{[dy(Spws, Tyys)]?, [do( Sy, Aps)]?, [do(Toys, Boyn)]*}

d Apzy)d B dy (T B dy, (Tyyp,A
+ Ao max{ b (Spay, bzb) b (Sps, byb), o (Toyb,Boy )2 (Toyp, bxb)}

NI dy(Spx, Bbyb)db(Tbyb Abzb)

Therefore Ay, By, Sy and T, sansfy all the hypotheses of Theorem 2.1 and 1 is
the unique common fixed point in Xy.

The following is an example in support of Theorem 2.2.

Example 3.2. Ler X, = [0, 1] and let d;, : X}, x X, — RY defined by
0 if Tp = U,
0 %:Eb+yb lf To, Yo € [(2)7 %)7
m—}_ 200 lfffb,ybe [571]7
% otherwise.

Then clearly (X, dp) is a complete b-metric space with coefficient s =
We define Ay, By, Sy, Ty, : Xy, — X3 by

dy(z, Yp) =

25
24"

1 2

— 2 — 2 lfxbe[oag)

Ae) =30 v €01 Bua) =3 4 o e 2 )

- 5 l'f(L‘bE[O,%) - 1 l'fZL’bG[O,g)
o) ={ ada g0 CY) ana Tleo={ uda 10 ERY
Clearly Ap(Xp) C Ty(X,) and By (X,) C Sb(Xb). Ay(Xy) = {2} is b-closed.
We choose a sequence {xy, } with {xy,} = 2 + =, n > 4 with

lim Apxp, = hm Spxp, = % hence the pazr (Ab, Sy) satisfies the

n—oo

b-(E.A)- property

Clearly the pairs (Ap, Sb) and (By, Ty,) are weakly compatible.

We take \1 = 51 s A2 =7, Lo\ = % Then clearly i + shg + s°X3 < 1.

With out loss generallty, we assume that v > .

Case (i). x,y, € (0,3).

dy(Apxs, Byyp) = 257db(5b$b,Tbyb) = 25, dy(Syxy, Apzy) = 22,

dy(Toys, Boy) = 52, do(Sowe, Boys) = 15, do(Toy, Avy) = 155 + o2,

We now consider

Sl Ay, B = (B)1(22)

< 51(35)” + 5(035) (300 + “590")) + 1((33) (300 + *50")
<X\ maX{[ b(Sbl’b;Tbyb)] [dy(Spwp, Ay, [do(Toys, Byys)]*}

dp(Spxp, Apzy)dy (Spxy, B dy (Tyyp,B dy (Tyyp, Apx
+/\2max{ b (S, bb) b(bb vus)  do(Toys byb)2b( bUb bb)}

)

TV dy (Spxs, Bbyb)db(Tbyb Abzb)

Case (ii). xy, 1y, € (3, 1].
dy(Apxy, Byyp) = 0. In this case the inequality (1) trivially holds.
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Case (iii). =, € (3, 1],y € (0, 2).
dy(Apy, Byys) = 257db(beb;Tbyb> = 1990 + Bt (Syay, Ayzy) = HE2
db(Tbyb7 Bbyb) - 257 db(bebu Bbyb) = 257 db(Tbybv Abxb) = % + xgggb’
We now consider
s*[dy( Ay, Byys)]? 299( 32)4(2—2) N
10 £ 99+ 1//99+4ay\ (12 1/12 99 | zpt
< 51< 100b) +§(( 100b)(%))+1(%>)((@+ bzoé/b) )
<\ maX{[db( Sv, Toyn)|%, [do(Spxs, Aps)|?, [du(Toys, Boys)|*

b (Spxp, Apzy)dp (Spas, B dp (Tyyp, Boys ) do (Thyp, Apx
+)\2max{ bZb, bb) b(bb byb)’ b (Thyn byb)zb( bYb bb)}

db Sp, Boys) do (Tpyb, Abrb)

Therefore Ay, By, Sb and Ty, satisfy all the hypotheses of Theorem 2.2 and % is
the unique common fixed point in X

Corolary 3.1. Let {A,}2,, S, and Ty, be selfmaps on a complete b-metric space
(Xp, dp) satisfying Ay C Syp(Xp) and Ay C Ty(Xy). Assume that there exist
positive reals \i, o, A3 with \; + s\y + s%\3 < 1 such that

s*dy(Arzp, Ajyp)* < A max{[dy(Spxp, Toys)|*, [do(Spxn, A120) ]2, [do(Toys, Ajyp)]?}

dp (S Aqz)d, S A dp (Tyyp,Asy)dy (Tpyp, A
+)\2max{ b (Spxp, 156) b (Spp, ]yb)7 b (ToYb, Jy) b (ToYb, 1Ib)}

dy (S, Agyb)db(Tbyb All’b)
+A3 5

(15)
forall xy,y, € Xpand j = 1,2,3,... .. If the pairs (A1, Sy) and (A1, T,) are
weakly compatible and one of the range sets A1(Xy), Sy(Xy) and Ty (Xy) is closed,
then {A,,}5° 1, Sy and Ty, have a unique common fixed point in X,

Proof. Under the assumptions on Ay, .S, and T}, the existence of common fixed
point z, of Ay, S, and T, follows by choosing A, = B, = A; in Theorem 2.1.
Therefore Alzb szb Tbe = Zp-

Now, let j € N with j # 1.

We now consider

84[db<Zb, A]’Zb)]2 = 84[db(A12b, Aij)]2
S )\1 H’laX{[db(Sbe, szb)] [db(Sbe, Alzb)] [db(szln A Zb)]Q}

W maX{ dy (S 2, A1zb)db(5b2b Ajzp) : dy(Ty2s, Aga)2db(Tbe Ale)}

dy (Svzp,Aj2p)dy (Ty 2, A1Zb)
+ A3 5

(16)
From the inequality (16), we have
stldv(z, Aj2)]* < M[dy (20, A;2)]°
which implies that (s* — ;) [dy(2p, A;25)]* < 0.
Since (s* — A1) > 0, we have A;z, = z, for j = 1,2,3,... and uniqueness of
common fixed point follows from the inequality (15).
Therefore { A, }°°,, .S, and 7}, have a unique common fixed point in X;,. [
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Corolary 3.2. Let {A,}2°, S, and T, be selfmaps on a b-metric space (Xy, dy)
satisfy the conditions Ay C Sy(Xy), A1 C Ty(Xy) and (15). If one of the pairs
(Ay, Sy) and (A1, Ty) satisfies the b-(E.A)-property and that one of the subspace
A1(X), Sp(Xy) or Ty(Xy) is b-closed in X,. Then the pairs (A1, Sy) and (Ay, Ty)
have a point of coincidence in X;,. Moreover, if the pairs (A1, Sy) and (Ay,Ty) are
weakly compatible, then { A, }°° ,, Sy, and Ty, have a unique common fixed point in X,

Proof. Under the assumptions on Ay, S, and T, the existence of common fixed
point z, of Ay, .S, and Ty, follows by choosing A, = B, = A; in Theorem 2.2.
Therefore Alzb = Sbe = szb = Zp.

Now, let j € N with 5 # 1.

We now consider

s dp(zp, Aj20)]* = s dp(Ar2p, Aj2))?
S )\1 max{ [db(Sbe,Tbe)] [db(Sbe, Alzb)] [db(Tbe, A Zb)] }

dy (S A dp (S, A dy (T A dp(Tyzp,A
W max{ b (Sp2p, 1Zb) b( b2b) jzb)7 b (T 20, Zb)2b( bZb, 1Zb)}

dy (Spzp,Aj2p)dy (Th 20, Ale)
+A3 5

(17)
From the inequality (17), we have
s*dy (26, Aj25)]* < Ai]dp(21, A;25)]* which implies that
(S - A )[db(zb,A Zb)] S 0.
Since (s* — A1) > 0, we have A;z, = 2, for j = 1,2,3,... and uniqueness of
common fixed point follows from the inequality (15).
Therefore { A,,}5° ,, S, and T}, have a unique common fixed point in X,. [

4 Conclusion

In this paper, we introduced generalized contraction for two pairs of self-
maps in complete b-metric spaces and proved the existence and of common fixed
points. Our results extend/generalize the known results that are available in the
literature. A sequence of selfmaps is added as an extension of the same. We pro-
vided examples in support of our results and some corollaries to our results are
presented.

Acknowledgment. The authors are sincerely thankful to the anonymous referee
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