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Abstract

The main objectives of this research work is to explore and detect
some new types of graphs that exhibit octagonal prime graceful la-
beling. The methodology entails developing a mathematical formula-
tion for labeling a given graph’s vertices and demonstrating that these
formulations result in octagonal prime graceful labeling. Here we de-
scribe octagonal prime graceful labeling which is a new version of oc-
tagonal graceful labeling. In the present paper, we establish octagonal
prime graceful labeling for fan graph and friendship graph. Octago-
nal graceful labeling was introduced by S. Mahendran, K. Kovusalyal
and P. Namasivayam, here we find the octagonal prime graceful label-
ing for the join of two graphs, shell graph, generalised butterfly graph,
prism and polar grid graph. This is the first attempt of its sort, involv-
ing the investigation of octagonal prime graceful labeling for special
graphs.
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1 Introduction

The finite, straightforward, as well as undirected graphs are examined in this
paper. The graph definition with ¢ edges and p vertices is G = (V, E). Label-
ing is the process of giving numbers to a graph’s vertices, edges, or both. If the
mapping’s domain is a set of edge (vertices/both), this labeling is referred to as
a vertex labeling (edge/both). Graph labeling strategies include graceful label-
ing, incidence labeling, gracious labeling, radio labeling, antimagic labeling and
prime labeling. One of these most often-used graph labeling approaches is grace-
ful labeling [15]. The concept of [-valuation of a graph is proposed by Rosa[1].
According to Golomb[12], it was a graceful labeling.

Let’s assume that G is a (p, q) graph. The graceful G labeling is considered to
be a one-to-one function if the induced edge labeling f : V(G) — {0,1,2,...,q}
represented by f*(e) = |f(u) — f(v)| for all edges e = wv of G is likewise
one-to-one. A ‘G’ graph with graceful labeling is referred to as a graceful graph.
Several families of graceful graphs were built in [12]. A thorough examination of
the many forms of graceful labeling can be found in [8].

Applications include creating an addressing system for communication networks,
producing X-Ray crystallography, selecting the best circuit topologies and solv-
ing additive number theory problems and others, labelled graphs are becoming a
more important family of mathematical models [7].

Numbers of the form O,, = n(3n — 2) for all n > 1 are called octagonal numbers.
Let G be a graph with p vertices and ¢ edges. Let f : V(G) — {0,1,2,...,0,,}
where O,,, is the m'" octagonal number be an injective function. Define the func-
tion f* : E(G) — {1,8,21,...,0,,} such that f*(uv) = |f(u) — f(v)| for all
edges uv € E(G). If f*(E(G)) is a sequence of distinct consecutive octagonal
numbers 1, 2, ..., Oy, then the function f is said to be octagonal graceful labeling
and the graph which admits such a labeling is called a octagonal graceful graph[7].
In this paper we have introduced octagonal prime graceful labeling and it is de-
fined as follows. Let GG be a graph with p vertices and g edges. Define a bijection
f:V(G) = {1,8,....,p(8p — 2)} by f(v;) = i(3i — 2) for every ¢ from 1 to p
and define a 1 — 1 mapping f7,, : E (G) — set of natural number N such that
f*(uv) = |f(u) — f(v)| for all edges (uv) € E(G). The induced function f is
said to be octagonal prime graceful labeling if the gcin of each vertex of degree
atleast 2 is one.

This research examines the octagonal prime graceful labeling fan graph and friend-
ship graph and some special graphs namely join of two graphs, shell graph, gen-
eralised butterfly graph, prism and polar grid graph.
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2 Preliminaries

Definition 2.1. [9] A fan graph obtained by joining all vertices of F,, n > 2 is a
path P, to a further vertex, called the centre. Thus F,, contains n + 1 vertices say
C and (2n — 1) edges, say cv;, 1 <i <nand v;viy1,1 <i<n-—1.

Definition 2.2. [5] If G| and G5 are disjoint graphs then the join of G and G,
written as G1 + G is the graph consisting of the union G, U G2 , together with
all edges of the type vivy where vi € V(G1) and vy € V(Gs).

Definition 2.3. [10] A shell graph is defined as a cycle C,, with (n — 3) chords
sharing a common end point called the apex. Shell graph are denoted as Cn,n —
3). A shell S,, is also called fan f,_;.

Definition 2.4. [14] A generalized butterfly graph, BF,, , obtained by inserting
vertices to every wing with assumption that sum of inserting vertices to every wing
are same then it has 2n + 1 vertices and 4n — 2 edges. Let the vertex set of BF,,
be V(BF,) = {vli = 0,1,2,...,2n} and the edge set of BF, be E(BF,) =
{(vi,viz))i=1,2,.;n—1L,n+1,....2n — 1} U {(vo,v;)[i = 1,2, ..., 2n}.

Definition 2.5. [3] The friendship graph F r,(f’), is a planar undirected graph with
2n + 1 vertices and 3n edges constructed by joining n copies of the cycle graph
C3 with a common vertex

Definition 2.6. [16] For n > 3, let {vy, v, v, ...,v,} be the vertices of W,
with hub vertex vy and w, = {ug, u1,us, ..., u,} be a copy of W,,. Define the
Prism(W,,), called the prism of W,, by, P(W,,) = Ky xW, i.e., joining vy of W,
to the corresponding vertex ug of w;L and each v; of W, to the corresponding vertex
u; of W, foralli € {1,2,...,n}. Thus, E(P(W,))) = E(W,)UE(W, )U{v;u;,i €
{1, 2, ,n}} U {Uoug}.

Definition 2.7. [2] The polargrid graph P, ,, is the graph consists of n copies of
circles C,,, which will be numbered from the inner most circle to the outer circle

as CT(,P, C’,g), . C’,(#_l), C and m copies of paths P, ., intersected at the center
vertex vy which will be numbered as P,Ei)l, Pﬁ)l, o P,ET; b, érf:i
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3 Main Results

Theorem 3.1. The Fan graph F),, admits octagonal prime graceful labeling.

Proof. Let G = F,, and let vy, vs, ..., v,11 are the vertices of G.
Let p and ¢ be the total number of vertices and edges of GG respectively.
The fan graph F), has n + 1 vertices and (2n — 1) edges.
ie)p=|V(F,)|=n+1landq = |E(F,)| =2n— 1.
Define a function f : V(G) — {1,8,...,p(3p — 2)} by f(v;) = i(3i — 2),
where 1 = 1,2, ....,n + 1 and the edge labelings are given as
fopgt(Vivig1) = 6i + 1, where i =2,3,...,n

forg(V1Vi1) = 31> + 40, where i =1,2,...,n

Clearly f,,, is an injection and f induces the function f;,, on £ (G) such that
P (u0) = [ £(u) = f)].

Also the gcin of (vy) = ged of edges incident on v; = 1

gcin of (v;41) = ged of edges incident on v, = 1, wherei = 1,2,....,n

In general, gcin of v, 1 = gcd of edges incident on v,, ¢

Hence the gcin of each vertex of degree atleast 2 is one.

Therefore f is said to be an octagonal prime graceful labeling.

Hence the graph £, is an octagonal prime graceful graph.

Example 3.1. Fan graph Fs admits octagonal prime graceful labeling.

1
(%1

>
39
o

s 19 25 vy
8 U3 Vs 4 Us 65 U6 o6 133

Figure 1: Octagonal prime graceful labeling of Fx

Theorem 3.2. The graph P, + mK; is an octagonal prime graceful graph for
m < 6.

Proof. Consider a path P, with two vertices vy, vs.
Let vs, vy, ..., Umto be the m isolated vertices.
Joining vy, vy with v; , 3 <7 < m + 2 we get P» + mK;
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Let G = P2 + mKl

Let V(G) = {Ul, V2, U3, ..., Um+2} and E(G) = {Ul’UQ}

U{vv/3 <i<m+ 2} U{v;/3 <i<m+ 2}

Then |V (G)| =2+ mand |E(G)| =2m +1

Let p and ¢ denote the total number of vertices and edges of graph G respectively.
Define a function f : V(G) — {1,8,...,p(3p — 2)} by f(v;) = i(3i — 2) , where
1 <1 < m+ 2 and the edge labels are as follows:

fapr(V10Vig1) = 3i% +4i , where i = 1,2, ..., m + 1 and

fo*pgl(vgng) = f(vlvi+2) — f('UlUQ) , where ¢ = 1, 2, -

Clearly , f;,,, is an injection and f induces the function f; , on E(G) such that
P () = 1£(u) = F(0)]

Also gcin of vy = gcd of edges incident on vy

= ged of edges ({v1vio} U {vive}) =1, where i = 1,2,...,m

gcin of vy = ged of edges incident on vy

= ged of edges ({vovi2} U {vjve}) =1, where ¢ = 1,2,...,m and

gcin of v, 9 = ged of edges incident on v; o = 1, where 1 =1,2,....m

In general, gcin of v, = gcd of edges incident on v,, 1o = 1

Hence the gcin of each vertex of degree greater than one is 1

Therefore f is said to be an octagonal prime graceful labeling.

Hence the graph P, + m K is an octagonal prime graceful graph.

Example 3.2. The octagonal prime graceful labeling of graph P, 46K is shown
below.

Figure 2: Octagonal prime grace ful labeling of Py + 6K,
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3.1 Remark

The Graph P, + mK; 1is octagonal graceful but does not admits an octagonal
prime graceful labeling for m > 7.

Proof. The Graph P, + mI; is octagonal graceful but not an octagonal prime
graceful graph for m > 7 which is shown below by a figure P, 4+ 7K, U

Figure 3: P, + 7K, which is not an Octagonal prime grace ful labeling.
Here gcin of vertex vg =ged{224,217} # 1

Theorem 3.3. The Shell graph S,, is an octagonal prime graceful graph.

Proof. Let S, be a shell graph and let vy, vy, ..., v, be the successive vertices
of S,,.
Let |V (S,)| =nand |E(S,)| =2n—3
Let p and g denote the total number of vertices and edges of graph S, respectively.
Define a function f : V(S,) — {1,8,...,p(3p — 2) } by f(v;) = i(3i — 2) , where
1 =1,2,...,n and the edge labels are as follows:
fopg(Vivig1) = 6i + 1, for 1 <i<n—1
fo(010,) = 0, — 1
Clearly f,,, is an injection and f induces the function f;,

= a(u0) = | f(u) = F(v)]

Also gcin of v, = ged of edges incident on vy

s on E(G) such that



Octagonal Prime Graceful Labeling

= ged of edges (viv;41) = 1, where 1 <i<n-—1

gcin of vy = ged of edges incident on vy

= ng of edges {f:pgl(vlv2)7 fo*pgl (U2U3)} =1

gcin of v; = ged of edges incident on v; , where 3 <7 <n—1

gcin of v; = ged of edges {v;v;_1, v;v1,vv;41} , where 3 <i <n—1and
In general , gcin of v,,= gcd of edges incident on v,

= ged of edges {v, vy, vv, 1} =1

Hence the gcin of each vertex of degree atleast two is 1

Therefore f is said to be an octagonal prime graceful labeling.

Hence the graph S, is an octagonal prime graceful graph

Example 3.3. The octagonal prime graceful labeling of shell graph Ss is shown
in the figure.

Vg 25 Vs

(%3
96

13
LE

(%) U7

133

U1 Ug

1 176

Figure 4: Octagonal prime grace ful labeling of Sg

Theorem 3.4. For n > 2, a generalized butterfly graph BF,, admits octagonal
prime graceful labeling.

Proof. A generalized butterfly graph , BF,, is obtained by inserting vertices
to every wing with the assumption that sum of inserting vertices to every wing are
same then it has 2n + 1 vertices and 4n — 2 edges.

Let the vertex set of BF,, be V(BF,)) = {v;/i = 0,1,2,...,2n} and the edge set
of BF,,be E(BF,) = {(vivit1)/i = 1,2,....,n—1,n+1, ..., 2n—1}U{(vov;) /i =
1,2,...,2n}
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Let BF,, has {vy} as an apex , {vy, vo, ..., 0,1, 0, } as vertices on right wing and
{Vn+1, Uns2y -y Vop_1, U2, } as vertices on left wing.

Let f(v,) =1

Define a function f : V(BF,) — {1,8,...,p(3p — 2)} by f(v;—1) = i(3i — 2),
where ¢ = 2,3, ..., 2n + 1 and the edge labels are as follows:

forg(Vovi) = 31> +4i , for 1 <i<2n+1

fopgt(Vic1vi) = 6i + 1, for 2,3,...,n and

fopgt(Vic1vi) = 6i + 1, for i =n+2,n+3,..,2n
Clearly, f;,, is an injection and f induces the function f,

op.
f:pgl(uv) = ’f(u) - f(?])‘
Also the gcin of each vertex of degree greater than one is 1
Therefore f is said to be an octagonal prime graceful labeling.
Hence the generalized butterfly graph B F;, is an octagonal prime graceful graph
forn > 2

s on E(G) such that

Example 3.4. The Generalized butterfly graph BF5 admits Octagonal prime
graceful labeling.

Vg

133

U7
176

Ug
225

Vg
280

V10
341

Figure 5: Octagonal prime grace ful labeling of BFj

Theorem 3.5. The Friendship graph F'r,, is an octagonal prime graceful graph.

Proof. The friendship graph F'r,, is a planar undirected graph constructed by
joining n copies of cycle graph C5 with common vertex.
Letp = |V(Fr,)| =2n+1land ¢ = |E(F'r,)| = 3n
Let the vertex set of Fr, be V(Fr,) = {v;/i = 0,1,2,...,2n} with v, as the
central vertex and edge set of F'r,, be E(Fr,) = {vov;, v;v;41,1 = 1,2,...,2n}
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Define a function f : V/(Fr,,) — {1,8,...,p(3p—2) } by f(v;_1) = i(3i—2),where
1 =2,3,...,2n + 1 and the edge labels are as follows:

fapgr(Vovi) = 3i% +4i, for 1 <i < 2n

and f; ,(viov;) = 6i+ 1, for 2 <i<2n

Clearly, f;,, is an injection and f induces the function f;,, on E(F'r,) such that
Pt (w0) = | £ () = J(0)]

Also the gcin of each vertex of degree atleast two is 1

Therefore f is said to be an octagonal prime graceful labeling.

Hence the friendship graph F'r,, is an octagonal prime graceful graph.

Example 3.5. The Friendship graph F'r; is an Octagonal prime graceful graph.

Figure 6: Octagonal prime graceful labeling of Fr;

Theorem 3.6. The Prism of the wheel P(W,,) is an Octagonal prime graceful
graph forn > 3.

Proof. Let P(1V,) be the prism of the wheel graph and let the vertices of
P(W,,) be {vg,vy,v;/1 < i < 2n} and the corresponding edges of P(IV,,) be
E(PW,) = EW,)UEW,)U{vv;/i=1,2,...,n,j =n+1,n+2,.. 2n}U
{vov, } where W, is the copy of IV,

Let p = 2n + 2 and ¢ = 5n + 1 be the total number of vertices and edges of the
prism of wheel P(WW,,) respectively.
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Define a function f : V(P(W,)) — {1,8,...,p(3p — 2)} by f(v;i—1) = i(3i —
2),where i = 2,3, ...,2n + 1 and let
f(vo) = 1and
f(vg) = Oapnyo /
Let the edge labels are f;, ;(vov;) = 3i* +4i,for 1 <i<n
Also fpgl(v{)vz) = f(vy) — Ogp1,for n+1<i<2n
opgl viqv;) =60+ 1,for i =23,...,n,n+2n+3, ..,2n
Uovo) O2n+2 O
Vi Un+z) = Opg14i — Ojq1,for 1 <i<n
opg 1\Unl1 ) = n+1 - f(’U1>
fopgl<v2nvn+1> Oan+1 — f(Uns1)
Clearly, f;,, is an injection and f induces the function f; , on E(P(W,)) such
that f3,,,(u0) = |f(u) — f(0)
Also the gcin of each vertex of degree atleast two is 1
Therefore f is said to be an octagonal prime graceful labeling.
Hence the prism of the wheel P(WV,,) is an octagonal prime graceful graph for
n > 3.

Example 3.6. The prism graph P(W5) is an octagonal prime graceful graph .

v
221

Figure 7: Octagonal prime grace ful labeling of P(Ws)

Theorem 3.7. If m and n are positive integers such that m > 3 and n > 2, then
the polar grid graph P,, ,, is an octagonal prime graceful graph.

Proof. Let P, ,, be the polar grid graph and let the vertices and edges of P,, ,,
be respectively
p=|V(Pnn)| =mn+1land q=|E(P,,)| =2mn
Let vy be the central vertex and v; where 1 < 7 < mn be the remaining vertices.
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Define a function f : V(P,.,) — {1.8,...,p(3p — 2)} by f(vi—1) = i(3i — 2) ,
where: = 2,3,...,mn + 1.

The edges of P, ,, are labeled in such a way that

fopgt(Vov:) = 3i2+4i,forl1 <i<m

fopg(Vic1vi) = 6i+1, wherei =2,3,...,m,m+2,...,2m,2m+2, ..., 3m, 3m +
2,...,mn

fopg(ivj) = f(v;) — f(v;) , for 1 <7 <m(n—1)andm +1 < j < mn and
fopg(vivs) = f(vi) = f(v;) , where i = mk and j = mk— (m—1)for1 <k <n
Here all the edge labels are distinct.

Clearly , f;,,; is an injection and f induces the function f; , on E(F,, ) such
that f3,,,(uv) = | f(u) — J(v)

Also the gcin of each vertex of degree atleast two is 1

Therefore f is said to be an octagonal prime graceful labeling.

Hence the polar grid graph £, ,, is an octagonal prime graceful graph for m > 3

and n > 2.

Example 3.7. An octagonal prime graceful labeling of polar grid P,,, where
both m and n are even is given below

833 Uilg

V15 V13
736 232176 280280 [ 560

645 U14

Figure 8: Octagonal prime graceful labeling of Py 4
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3.2 Remark.

If m and n are positive integers such that m < 3 and n < 2, then the polar
grid graph P,, ,, is not an octagonal prime graceful graph.

Proof. We prove this by an example , that is the graph P ; is not an octagonal
prime graceful graph.

(% (%1
21 8

13

Figure 9: Pg,l
In the above figure the edge labels are not distinct
Hence P, ; is not an octagonal prime graceful graph

4 Conclusion

The authors of this study investigated the octagonal prime graceful labeling
of fan F;, and friendship graph F'r,,. Further octagonal prime graceful labeling
of some special graphs namely join of two graphs P» + mK;, shell graph 5,
generalised butterfly graph BF,,, prism P(W,,) and polar grid graph P, ,, have
been studied. We have also proved P, + mK; for m > 7 and polar grid graph
P, form < 3 & n < 2 are not octagonal prime graceful. Future development
requires combination of the prime graceful labeling with some other polygonal
numbers such as triangular, pentagonal, tetrahedral etc with reference from this
study.
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