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Abstract

The main goal of this work is to present GG z-metric space, a new
generalization of G-metric space. A comparison between the classes
of G-metric spaces, GG P-metric spaces, (G,-metric spaces, generalized
Gy-metric spaces, and G*-metric spaces and the class of G'z-metric
spaces is also presented. We examine a few fundamental aspects of
this newly defined abstract space. Proving the Banach contraction
principle and the fixed point result for (¢, ¢)-contractive mapping in
the context of G z-metric spaces is the paper’s secondary goal.
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1 Introduction

Gabhler [1] proposed the idea of 2-metric space, which is an extension of the fa-
mous concept of metric space (X,d). Various writers have demonstrated that there
is no relation between the two functions. For example, Ha ef al. [2] demonstrate
that the 2-metric does not necessarily need to be continuous. Dhage [3] intro-
duced the concept of D-metric space, a new class of generalized metric space,
in 1992. Most of the assertions about the basic topological structure of D-metric
space were later proved inappropriate by Mustafa and Sims [4], Naidu et al. [5, 6].
Therefore, Mustafa and Sims [7] created a more suitable concept, known as G-
metric space.

Definition 1.1. [7] Let A be a non-empty set and G : A x A x A — [0,00) be a
function satisfying:

(G1) G(Cn,¥) =0ifC=n=1;

(G2) 0 <G(¢,¢,m), forall ¢,n € Awith ( # n;

(G3) G(¢,¢,n) < G(¢,n, ), forall ,n,v € Awithd # n;

(G4) G(¢,n,9) = G((,Y,n) = G(n,9,() = - (symmetric in its variables);
(G5) G(¢,n,9) < G((,a,a) + G(a,n, ), forall {,n,¥,a € A.

The pair (A, G) is a G-metric space, and the function G is referred to as a gener-
alized metric or a G-metric on A.

Example 1.1. Assume that the set of real numbers is A, define G : A x Ax A —
[0,00) as

G(Cﬂ%ﬁ) = |§_7I| + |77_19|+|19_C|7 forall Canaﬁ €A
G is therefore a G-metric on A.

[8, 9, 10, 11, 12, 13, 15, 14, 16] has more results and more information in
G-metric spaces. As a generalisation of partial metric space [17] and G-metric
space, Zand and Nezhad [18] presented GG P-metric space in 2011.

Definition 1.2. [18] Let A be a non-empty set. Let G : A x A x A — [0,00) be
a function such that the following conditions hold:

(Gy1) C=n =D G(C,n,9) = G(,¢,C) = Gln,m,n) = G(D, 0, )

(Gy2) G(C,C.C) < G(C.Com) < G(Con.d), forall (.0 € A

(Gp3) G(¢,n,v) =G((,Y,n) =G(n,9,() = --- (symmetric in its variables);
(Gpd) G(¢,n,v) < G(C,a,a) +G(a,n,0) — G(a,a,a), forall {,n,9,a € A.
Then, the function G is called a G P-metric on A, and the pair (A, G) is a GP-
metric space.

Later, in 2013, Parvaneh ez al. [19] discovered that (G,,2) makes G P-metric
spaces symmetric. Because those G-metric spaces are nonsymmetric, G P-metric
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spaces do not generalize them (see Example 1, [7]). Parvaneh et al. [19] redefined
G P-metric space in light of this by modifying the inequality (G,2) to read as
follows:

(Gp2) G((,¢ Q) < GG ¢m) < G(Cn, 1), forall ¢,n, 9 € Awithn # 0.

Example 1.2. [18] Let A = [0, 00) and define amap G : A x A x A — [0,00)
by setting
G(C,n,9) = max{¢,n,9}, forall (,n,V € A

Consequently, (A, G) is a G P-metric space but not a G-metric space since

G(1,1,1) =1 #0, i.e,, (G1) does not hold.

Further details about G P-metric spaces are provided in papers [20, 21, 22,
23, 24, 25, 26, 27, 28]. By merging the ideas of G-metric spaces and b-metric
spaces[30], Aghajani et al. introduced the notion of GG,-metric spaces in [29] as
follows:

Definition 1.3. [29] Let s > 1 be a real number and let A be a non-empty set.
LetG: Ax Ax A— [0,00) be a function such that:
1) G((,n,0)=0ifC=n="1
0 < G((,¢,m), forall (,n € Awith  # n;

(G

(Gv2)

(Gb3) G(C,¢,m) < G(C,n, V), forall (,n,9 € Awithd # n;

(Gyd) G(¢,n,9) =G(¢,0,n) =G(n,V,() = - (symmetric in its variables);
(Gwd) G(¢,n,9) < s[G((,a,a)+ G(a,n, V)], forall ¢,n,V,a € A.

Then, on A, the function G is referred to as a Gy-metric or a generalized b-metric,
and the pair (A, G) is a Gy-metric space or a generalized b-metric space. A G-
metric space is a Gy-metric space with s = 1, but the opposite is not true in
general.

Example 1.3. [29] Let A = R represent the set of real numbers. Define G :
Ax Ax A—[0,00) as follows:

1
G(¢m9) = (¢ —nl+n = 9| + ]9 ~ C)?, forall ¢,n,0 € A
Hence, on A, G is a Gy-metric but not a G-metric.

Numerous researchers demonstrated different findings in G,-metric spaces;
refer to [31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42]. In [29], the authors proposed
the idea of GG,-metric space. The term GG,-metric space was also used by Jain and
Kaur in [43], although it referred to a different abstract space. Jain et al. [44]
renamed this abstract space as ‘generalized G,-metric space’, and its definition is
as follows:
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Definition 1.4. [44] Let A be a non-empty set and s > 1 be a real number. Let
G:AxAxA—[0,00) be afunction satisfying:

(9Go1) G(¢,n, V) =0if ¢ =n="1;

(9Gy2) 0 < G(C.C,m). forall C,n € Awith ¢ # 1;

(9Gv3) G(¢,¢,m) < sG(¢n, ), forall ¢,n,9 € Awith ) # n;

(9Gvd) G(¢,n,09) =G(¢,9,n) = G(n,¥,() = - (symmetric in its variables);
(9Gyd) G((,n,9) < s[G(¢,a,a) + G(a,n,9)], forall {,n,9,a € A.

The pair (A, G) is a generalized Gy-metric space, and the function G is referred
to as a generalized Gy-metric on A. The following example shows that while it is
evident that every Gy-metric space is a generalized Gy,-metric space, the converse
is not true:

Example 1.4. [44] For every (,n,v € R, define amapping G : Rx Rx R — R,
as follows:

G(C,n,0) = |¢ =0 +|n = I]> + |9 = ¢J*.
In that case, (R, Q) is not a Gy-metric space, but it is a generalized Gy-metric
space with s = 2. To calculate G(¢,n,9) = |1 —=3*+ 3 —=2*+]2—-1*=6
and G(¢,n,m) = 2|1 = 31> =8, let ( = 1, n = 3, and ¥ = 2. Consequently,
G(¢mom) £ G(¢,n, V), that is, (G}3), is not true.

After that, Jain et al. [44] introduced G*-metric space to generalize GG P-metric
space and generalized GG,-metric space.

Definition 1.5. [44] Let G : A x A x A — |0, 00| be a mapping, where A is a
non-empty set. If there is an o > 0 such that for every (,n,0 € A, the following
conditions hold, then we say that G is a G*-metric on A:

(Ggl) G(¢,n,9) =0 implies ( =n =1;

(Gg2) G(¢,n,Y) =G((,Y,n) =G(n,9,() = - (symmetric in its variables);
(Gg3) if {Gu} € Ca(G,C), then

G((,nY) < a (limsup G(Cn,m, ) + G(C, €, C)) :

n—oo

where C4(G, () = {{Cn} CA| n}riglooG(QmCmC) =G((, ¢ () < OO}

The pair (A, G) in this instance is referred to as a G*-metric space with constant
a.

Example 1.5. [44] Assume that A = B U {0}, where B = {%|n € N}. Let
G:AxAx A— [0,00] be a mapping defined so that G satisfies (Gg2) and

(+n+17, if atleast one of (,n, Y is 0; or
G(¢,n,0) = if ¢ =2%,n=—= 0= wheren,m,l > 5;

9, otherwise.
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Then (A, G) is a G*-metric space with constant . However, G(0.5,0.5,0.5) = 5
# 0, (A, G) is not a generalized Gy-metric space. Also, (A, G) is not a GP-
metric space as for ( = 1—10 and n = %, G((, ¢ Q) =5¢%& % = G((,(,n), that is,
(Gp2') is not true.

Meanwhile, in 2018, Jleli and Samet [45] established an exciting generaliza-
tion of metric space as follows.
Let F be the set of functions f : (0, 00) — R satisfying the following conditions:
(F1) fis non-decreasing, i.e., 0 < s <t implies f(s) < f(t).
(F2) For every sequence {t,} in (0,00), we have
lim ¢, = 0 if and only if nh_g)lo f(tn) = — .

n—o0

Definition 1.6. [45] Let A be a non-empty set and let D : A x A — [0,00) be a
given mapping. Suppose that there exists (f,a) € F x [0, 00) such that
(D1) (C.) € Ax A, D(C,n) =0 ifand only if ¢ =1,
(D2) D(¢,n) = D(n,¢), forall (¢,n) € Ax A
(D3) Forevery (¢,n) € A x A, foreveryn € N, n > 2, and for every
{uy,ug, -+ yu,} € Awith (uy,u,) = (¢,n), we have
n—1

D(¢,n) > 0 implies f(D(¢,n)) < f (Z D(ui,um)) +a.
i=1
Then, the function D is said to be an F-metric on A, and the pair (A, D) is said
to be an F-metric space.

We refer to [46, 48, 49, 47, 50] for more details on F-metric spaces. Now,
motivated to the work done in [45], we define a new generalization of GG-metric
space as in the following section.

2 (G r-Metric Space

Definition 2.1. Let A be a non-empty set. Let G : A x A x A — [0,00) be a
mapping. Let there exists (f,a) € F x [0, 00) such that
(GF1) G(¢,n,9) =0 ifand only if ¢ =n= 1.
(GF2) F(G(C,Cm) < f(G(Gn,9)) +a, forall (0,0 € A with 9 %1,
¢ 71
(Gr3) G(¢,n,9) =G(¢,0,n) = G(n,9,() = - - (symmetric in its variables).
(G#4) For every ((,n,9) € Ax Ax A, foreveryn € N, n > 3, and every
{ai,a9, -+ ;an_1} C A withay =, G((,n,9) > 0 implies
n—2
f (G(gv 7, 19)) < f <Z G(aia Ai+1, ai+1) + G(an—la 7, 19)) +a.
i=1
Then, the function G is called a G x-metric on A, and the pair (A, G) is said to
be a G x-metric space.
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2.1 Examples

Example 2.1. Every G-metric space is a Gx-metric space. Let (A, G) be a G-
metric space. Then, G is a Gz metric on A, as (Gr1) and (Gx3) can be obtained
from (G1), (G2), (G3) and (G4). Also, with o = 0 and f(t) = 2, (G£2) and
(G £4) are satisfied using (G3) and (G5).

Now, we construct an example of a GG z-metric space which is a G,-metric
space as well, but not a G-metric space.

Example 2.2. Let A = {a,b, c} and define G : A x Ax A — [0,00) as follows:
G(a,a,a) = G(b,b,b) = G(c,c,c) =0, G(a,a,b) = G(a,b,b) =1, G(a,a,c) =
G(a,c,c) = 1.2, G(b,b,c) = G(b,c,c) = 1.3, G(a,b,c) = 3.3, and assume
that (G £3) holds. Then G is a G z-metric on A with f(t) = ln(t), t > 0, and
a = In(1.5). Also, G is a Gy-metric on A with s = 1.5, but G is not a G-metric
on Aas G(a,b,c) =33 % 2.3=G(a,b,b) + G(b,b,c).

See another example of a GG z-metric space which is a generalized GGy-metric
space as well, but not a G,-metric space.
Example 2.3. Let A = {1,2,3,--- ,1 =2} U{l — % | n € N}, where | be a
fixed natural number such that | > 5 and B = {1,2,3}. Consider a mapping
G:AxAx A—[0,00) defined by

G@nﬁyz{K—nP+M—m%uﬁ—w, if (¢,n,0)€BxBxB
o ¢ —=n|+[n—9]+]0—(|, otherwise.

Then, (Gx1) and (G £3) are satisfied for mapping G.

Let (¢,n,9) € Ax A x A such that G({,n,9) > 0 and for n > 3,

{ai, a9, -+ ;an_1} C A with a; = (.

LetP={i=1,2,3,--- ,n—2|a;,a;41 € B}andQ ={1,2,3,--- ,n—2}—P.
Case 1: If ((,n,9) € Bx B x Band a,_, € B, we have

G(¢,n,9)
= [C=nP+n—9+[9— ¢
< 20—+ |n—0P+ 10—

< 2 <Z jai —ai| + ) lai — @i+1\> +2lap-1 — | +[n = I + [0 — ¢
icP 1€Q

<2 (Z ja; — aa’ + ) lai — |> + 2lan— —nl* + In — I
i€EP 1€Q

+ 2|0 — an_1|* + 2|an—1 — ¢|?
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<2 (22 |a; — aia|” + QZ |a; — ai+1|> + 2[ap_1 — n|?

i€P i€Q
+2|n = I + 2|9 — an_1|* + 2|an_1 — ¢|?

< 10( (22 la; — ai+1|2 +2 Z la; — az‘+1’) + |an-1 — 77’2

i€eP ieQ

+ |77 — 19|2 + |’(9 — an_1|2)

n—2
= 10 <Z G(ai, aiy1,ai01) + Glayp_1,n, 19)) .

=1

Case 2: If ((,n,V) € Bx B x Band a,_, ¢ B, we have

G(¢,m,9)
= [C=nf+n =9 + 10— ¢
< 2[¢—nl+2[np— I+ 2]V —
2 (Z ]ai — ai+1’ + Z \ai — ai+1‘> + 2|an,1 — 77’ + 2‘77 — 19‘
i€P 1€Q
+ 2|fél - CLn—1| + 2|an—1 - C|
< 2 (2 Z la; — ai1]* + 2 Z la; — aiH\) + 2|an—1 — n| + 2n — 9|
€P 1€Q
+ 210 — ap_1| + 2|an—1 — |

< 21( (QZV% — a1 [P +2) o — az‘+1\> + an—1 =+ [n =9

i€P 1€Q

+ |19 — an_1|)

n—2
= 2] <Z G(ai, i1, CL1'+1) + G(an,l, n, 79)) .

IN

i=1

Case 3: If ((,n,9) € B x B x B, then using Case 1 and Case 2, we have
n—2

[ (Z G(a;, aipr1, aip1) + G(an-1, 77779)> :

i=1

IN
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Thus, combining all cases, we have
n—2

G(C? n, 19) >0 lmplles G(C, n, 79) S 21 Z G<ai7 Qi1 ai—l-l) + G(a’n—lv m, 19)

=1
Therefore, by taking f(t) = In(t), t > 0, and o = In(2l), (Gr4) and (Gx2) are
obtained. Hence, G is a G r-metric on A. Also, G is a generalized G-metric on
Awith s = 21. But G is not a Gy-metric on Aas G(1,1,3) =8 £ 6 = G(1,2,3),
i.e., (Gy3) does not hold.

In the following example, we see the existence of a G z-metric and G*-metric
space, which is not a generalized GG,-metric space.

Example 2.4. Let A =R and B = [0,1] x [0,1] x [0,1] — {(¢,¢,¢) | ¢ € [0,1]}
and G : A x A x A — [0,00) be a mapping defined by

0, if C=n=1,
G(¢n0) =9 (IC—nl+ =9 +0 =), i (¢n)eB,

2(C=nl+In=vl+ =) otherwise.

Then, G satisfies (Gx1) and (G £3) directly from the definition of G.

Let f(t) = _7% t > 0, and o = 1. Then, for any ({,n,9) € A x A x A such that
G((,n,9) > 0and forn > 3, {ai,as, -+ ,a,_1} C A with a1 = (, we consider
the following cases:

Case 1: If ((,n,V) € B, then

GG ) = S(C—ul+In—d]+19 )
n—2

< Z G(ai, iy 1, ai+1) + G(an_1, 7, 19)

=1

which implies that

IN

+ «.

f (G(<7 7, ﬁ)) S f <X_: G<ai7 Qi1 ai+1) + G(anflu 7, 79))

n—2
f <Z G(ai, air1; aiv1) + G(an—1,1,9)

i=1
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Case 2 : If ((,n, V) & B, then

i=1

—1 1
_ 1

+
V/2¢=nl+n—=9|+[9—C)) n—2
Z G(Gz‘, Qit1, ai+1> + G(an—la 7, 19)
=1

(G n,0) — f <Z G(ai, @ig1, @ig1) + Glan-1, 77>79)> -«

< —1
= V/20¢=nl+n=0l+9—¢])
Thus, (Gx4) holds.

Also, for {,n,v € Awith { # n, n # 9, we consider the following two cases:
Case 1: If (¢,(,n) € *B, then

1

+1-1<0.

which implies that

F(G(C¢m) < F(G(Gn, ) < fF(G(C 0, 7)) + o
Case 2: If (¢, (,n) & *B, then
-1 -1
G = < <
F(GG6m)) V2= T \/20C=nl+In—d+[0—C) /
Thus, (G#£2) holds; hence, G is a G z-metric on A. But G is not a generalized
Gy-metric on A as for any s > 1, and forn € N,
2" = G(2n+1,1,1)
< s(G2n+1,n+1,n+1)+Gn+1,1,1))
— 8(22n 4 22n)’

(G(¢,m,9)) +a.

which gives 2*"~! < s, therefore, by taking n — 0o, we have a contradiction.

The next example assures the existence of a GG z-metric space which is not a
G*-metric space.

Example 2.5. Let B = {1 |n € N} and A = BUNU{0}. Let G : Ax Ax A —
[0, 00) be a mapping defined by
0, if¢=mn=1;
if atleast one of (,n, ¥ is 0;
1, otherwise.

G(¢,n,0) =
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First, we prove that G is not a G*-metric. Suppose that G is a G*-metric with
constant 5 > 0.

Let ( = 0and ¢, = %, then {(,} € C4(G,(). Therefore, for n,9 € N, using
(Gg3), we get

G(¢,nv) < B <limﬁsup G (Gns 1, ) +G(C7C7C)) ,
that is,
|+ — I+ [9] < B(1+0) = B.

Taking limit n,9 — oo, we have a contradiction. Thus, (A, G) is not a G*-metric
space.

We now prove that (A, G) is a G z-metric space with (f,a) € F x [0, 00), where
f(t) = =t and a = 1. (G£1) and (Gx3) hold obviously. Now, for (Gx2), let
¢,n, 0 € Awith ( # n, n # V. Then consider the following two cases:

Case 1: If (,n,v € BU{0}, then G(,(,n) < G(¢,n, V). Therefore,

FG(C Cm) < F(G(Cn,9)) < FIG(¢n, D)) + a.
Case 2 : If at least one of (,n,9 € N, then G((,n,9) > 1. Thus,

f(G(Ca C7 7])) - f(G(<7 n, 79)) -«
—1 1
1

GC.Cn  GnY)
< —G(C,C,n) +1—-1<0.

Thus, (G £2) holds.
Now, for (Gz4,) let (,n,9 € A such that G((,n,9) > 0 and for n > 3,

{ai,as, -+ ,a,_1} C A with ay = (. Consider the following two cases:
Case 1: If If (,n,9 € BU {0}, then

n—2

G(Cv 7, 19) S Z G(aiv A1, ai-l-l) + G(an—lv 7, 19)’

=1

therefore,

[\

n—

FGEn,0) < f

A

G(ai, aiyr, air1) + G(an—1,7, 79))

n

IN

S

< G(a;, aiy1,ai01) + Glay_1,n, 79)) + .

1

)
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n—2

Case 2 : If at least one of (,n,¥ € N, then Z G(ai, i1, ai11)+G(ap_1,m,9) >
i=1

1. Thus,

f(G(¢n,0)) — f (Z G(ai, aiy1, aiv1) + G(an—1,m, 79)) -«

=1
I S 1 X
G(¢m,0)  n2
Z G(a;, i1, i) + G(an—1,n,7)
i=1
< ———4+1-1<0.
G(¢,n, )

Thus, (Gx4) holds. Hence, (A, G) is G z-metric space.

Remark 2.1. Abstract spaces in Example 1.2, Example 1.3, Example 1.4, and
Example 1.5 are not G g-metric spaces. A relation among the classes of abstract
spaces discussed so far is described in the following diagram (Figure 1):

G*-Metric Spaces

Generalized Gp-Metric Spaces

Gp-Metric Spaces
Example 1.5

Example 1.4 Example 1.3
G y-Metric Spaces
GP-Metrig Spaces
G-Metric Spaces
Example 2.5 Example 2.4 Example 2.3 Example 2.2 Example 1.1 Example 1.2

Figure 1: A comparison among various classes of abstract space.
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2.2 Some Basic Concepts

This section defines a few fundamental ideas and examines their characteris-
tics within the context of GG z-metric space.

Definition 2.2. Let A be a subset of G z-metric space (A, G). Then A is said to
be a G z-open set if for every ( € A, there exists v > 0 such that B((,r) C A,
where

B((,r)={ne A|G((,n,n) <r}.

Let 7¢;,. be the collection of all such open sets, then 7¢, is a topology on A.

Definition 2.3. Let {(, } be a sequence of points in G z-metric space (A, G). Then
sequence {(,} is said to be Gz-convergent to (, € A if, for each ¢ > 0, there
exists ng € N such that G((,, G, Co) < €, for all n,m > ny.

Proposition 2.1. Let (A, G) be a G z-metric space with (f,«) € F x[0,00), then

F(G(¢mm) < fF(2G(C,¢m) +a, forall ¢,;ne€ A with ¢ #n.

Proof. For (,n € Awith { # n, using (Gr1), (Gz4) and (G£3), we have,

f(G(¢n,n) < fF(GM, ¢ 0) +G((¢n) +a=f12G(( ¢ n) +a
O

Proposition 2.2. Let (A, G) be a Gz-metric space with (f,«) € F x [0,00).
Then, the following statements are equivalent.

(1) G(Cn, Cny Co) = 0 as n — oo.

(I1) G(Cn, Co,C0) — 0 as n — 0.

(II1) G(¢ny Cmy Co) — 0 as n,m — o0.

Proof. First, we prove (I) implies (11); for this, let G((y, G, Go) — 0 as n — oo.
If for infinitely many n, ,, # (o, then for those n, using Proposition 2.1, we have

f (G(Cm CO’ CO)) < f (2G<Cn7 Cm CO)) + «.

Taking n — oo on right-hand side and using (F2), we arrive at G(,, (o, (o) — 0.
and for rest of n, G((,, (o, (o) = 0, thus in overall G((,, (o, (o) — 0.
Now we prove (I1) implies (I11); for this, let G((,, (o, (o) — 0 as n — oo.
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If for infinitely many m and n, G((,, (m, (o) # 0, then for those (m,n), using
(Gx4), we have

J(G(Cns Cm, C0)) < f (G(Cns o5 Go) + G(Co, Cos Gm)) + .

Taking n, m — oo on right-hand side and using (F2), we arrive at G((,, G, Co) —
0, and for rest of n, m, G((, (m, o) = 0, thus in overall G((,, G, Co) — 0 as
n,m — 0o.

Also, (I11) implies (1) obviously. O

Proposition 2.3. Let (A, G) be a G z-metric space with (f,a) € F x[0,00). Then
a sequence {(,} in A which is G g-convergent, converges to a unique element in

A

Proof. Let, if possible that sequence {(,} converges to ¢ and 1 in A with { # n,
then, by (Gr4)

taking n — oo on right-hand side and using (F2), we arrive at a contradiction.
[

Definition 2.4. Let (A, G) be a G z-metric space. Then a sequence {(,} in A is
said to be G z-Cauchy sequence if, for each ¢ > 0, there exists ng € N such that
G(Cny Cms Q1) < €, forall m,m,l > ny,.

Proposition 2.4. Let (A, G) be a G r-metric space with (f,«) € F x [0,00).
Then, the following statements are equivalent.

(I) Sequence {(,} in Ais Gr-Cauchy sequence.

(I1) G(Cny Gy G) — 0 as m,m,l — 0.

(I11) G(Cny Gy ) — 0 as ny,m — oc.

Proof. (I) and (I1) are equivalent using Definition 2.4.

Now (/1) implies (/1) obviously, so we prove (/1) implies (/). If for in-
finitely many n, m and [, G((,, G, (i) # 0, then for those (n, m, 1), using (G#4),
we have

F (GG Gy 1)) < F (GG G Gn) + G (G Gy G1)) +

Taking n, m, [ — oo on the right-hand side and using (F2), we arrive at
G(Cn, Gy () — 0, and for rest of n,m,l, G((n, (m, () = 0, thus in overall
G(Cny CGns () = 0asn,m,l — oo. O

Proposition 2.5. Every G x-convergent sequence is a G z-Cauchy sequence.
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Remark 2.2. In Example 2.3, sequence {l — %} is G z-Cauchy sequence but not
a G x-convergent sequence.

Definition 2.5. A G r-metric space is said to be G r-complete if every G r-Cauchy
sequence is a G r-convergent sequence.

Remark 2.3. In Example 2.4, (A, G) is a Gx-complete metric space as every
G £-Cauchy sequence is a G z-convergent sequence.

Definition 2.6. Let (A, G) be a G z-metric space and B C A. Then closure of B
is denoted by B and defined by

B={¢e€ A|(€BorB((r)N B is infinite set for every r > 0}.
The following propositions are needed in the main results of this paper.

Proposition 2.6. Let (A, G) be a Gx-metric space with (f,a) € F x [0, 00) and
f is a continuous function. If {(,} is Gz-convergent to ¢ with ( # b or ( # ¢,
where b and c are real constants, then

f(G((,b,c)) —a < liggjlff (G(Cn,y b, 0)) <limsup f (G(¢n, b, 0))
< f(G(¢b,0) +a

Proof. Without loss of generality, consider { # b, so except first finitely many n,
(o # b. Now using (G#4), we have

G b ) —a < Tminf (GG Gu G) + GlGub,c)
lim inf f (G(Go, b, )

< limsup f (G(¢p, b, €))
< 1imﬁsupf(G(CmC )+ G b)) +
= limsup f (G((,b,¢)) +

f(G(Cb,0)) +a
[
Proposition 2.7. Let (A, G) be a G r-metric space with (f,a) € F x [0,00),

and [ is a continuous function. If {(,} and {n,} are Gx-convergent to ¢ and 7,
respectively, and c is a real constant such that ¢ # ( or ¢ # 1, then

F(G(Cm.)) — 20 < liminf £ (GG, ) < limsup £ (GG, 1, )

n—oo

< f(G(¢n,0) + 20
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Proof. Without loss of generality, assume that ¢ # (; therefore, except first
finitely many n, ¢ # (,,. Now using (G z4), we have

FG(Cm ) 20 < Tminf £ (GGG ) + GlGurn.c)) -
liminf f (G((n,m,¢)) — @

(G(

(G(

IN

n—o0

liminf f (G(1, M, ) + G (s Ca, €))

n—o0

liminff G(Cns My €))
hmsupf G(Cn»”m )

n—oo

limsup f (G(Ga, €, ¢

IN

IN

)
+G(C s €)) +

IN

n—o0

(
(
= limsup f (G(C, 7
(
(

n—oo

+G(n,(,0) + 2

= limsup f (G(n,(, ¢)) + 2a.

n—oo

= [(G(¢ ) +2a.

< limsup f (G, m, 7

n—oo

)
c)) +
)
)

3 Fixed Point Results in G r-Metric Space
This section deals with some fixed point results in the context of GG z-metric
space. Our first result is the following theorem.

Theorem 3.1. Let (A, G) be a Gx-complete metric space with (f,a) € F X

[0,00) and T : A — A be a mapping such that there exists a non-empty subset
B of Awith T(B) C B and

G(TC¢,Tn, TY) < AG(C,n,0), forall (1,9 € B,

where \ € [0,1). Then, T has a fixed point in A. Moreover, if the fixed point
belongs to B, then T has a unique fixed point in B.

Proof. Let (, € B be arbitrary. Define a sequence {(,} in A by (, = T'(,,_1, for
all n € N. If ¢, = (1 for some n € N, then (, is a fixed point of 7. So let
Cn 7 Cuya, for every n € N. Now for each n € N, we have

G(Cﬂ; CnJrla Cn+1) S AG(Cnflv Cn7 Cn)

Now, an easy induction gives that

G(C?"w C’fl-‘rl? gn—i-l) S AnG(COv Cla Cl)
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Let n,m € N with m > n; then, we have

m—1 AT
ZG(Q,QH,QH) < 1_\

i=n

G (Go, €1, G)-

If for infinitely many pairs (m,n) with m > n, G((,, G, () 7 0, then for these
m,n using (Gr4), we have

m—1
F (GG CnsGm)) < f (Z G(g,gﬂ,gﬂ)) +a

1=n

< f(lA_”AG@o,cl,cl)) ‘o,

taking n, m — oo and using (F2), we get G((p, G, () — 0.
Also, for rest of m, n with m > n, G((,, (m, () = 0. Thus in overall,

G(Cny Cmy Cm) — 0 as n,m — oo.

Thus, {(,} is a G-Cauchy sequence in A, but (A, G) is a Gr-complete metric
space, therefore {(,} is Gr-convergent to some (' € A. Suppose, if possible
G(T¢, (', (') > 0, then using (Gx4), we have

FG(TC.¢.C) < fIGTC T6, TG) + G(T6, ¢ () +a
FOAG(, Gy G) + G(Gnpr, ¢4 () + e

<
<

Taking n — oo on the right-hand side and using (F2), we arrive at a contradiction.
Thus, G(T'¢’, (", (") = 0 and which implies that 7'¢' = ¢’.
Now, if (' € B and 1) € B be another fixed point of 7', then

G(¢'\m,m) = G(T¢, Ty, Tn) < AG((,n,1)

which implies that G(¢',n,17) = 0 as A € [0, 1). Therefore, (' = n, that s, (' is a
unique fixed point of 7" in B. [

Example 3.1. Consider G z-metric space (A, G) as in Example 2.4, which is a
G r-complete metric space. Define a mapping T : A — A as

T¢ = C(CZ‘ 1), forall ¢ € A.
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Now, for B = [0, 1], we see that T(B) C B, and for ¢,n,9 € B, we have

G(T¢, T, TY)

_ e+ mt+ ) n+1) 9@ +1)

3 4 4 4 4
JW+1) ¢((+1)

+‘ 4 4 ‘)

S%X%(Ié—nlﬂn—ﬁlﬂﬁ—(p

3

Thus, the hypothesis of Theorem 3.1 is satisfied. And we notice that T' has two
fixed points, 0 and 3. Also, 0 is the only fixed point of T in B.

Example 3.2. Consider G z-metric space (A, G) as in Example 2.4, which is a

G £-complete metric space. Define a mappingT : A — AasT( = %, forall ( €
A

Then for B = [0, 1], we can easily see that hypothesis of Theorem 3.1 is satisfied.
Also, we notice that T has a unique fixed point in A.

Corollary 3.1. Let (A, G) be a Gz-complete metric space with (f,a) € F X
[0,00) and T : A — A be a mapping such that

G(T¢,Tn, TY9) < AG((,n,9), forall ¢,n,9 € A,
where \ € [0,1). Then, T has a unique fixed point in A.
Proof. Take B = A in Theorem 3.1. O
In the following result, we find the unique fixed point for (¢, ¢)-contractive

mapping (see detail of (¢, ¢)-contractive mapping in [51, 52, 14, 53, 29, 32, 54])
in the setting of G'z-complete metric space.

Theorem 3.2. Let (A, G) be a Gx-complete metric space with (f,a) € F X
[0, 00) such that f is a continuous function. Let T : A — A be a mapping such
that

& (f(M(C,n,9)) + 4a) <O (F(G(TC, T, TY))) = (M(C,n, 7)), (1)
forall ((,n,9) € AXAXxA—{((,n,V) € AXAXA|T(="Tn="TV}, where

¥ : R — R is a continuous non-decreasing function and ¢ : [0,00) — [0,00) is a
lower semi-continuous function with ¢~*(0) = {0} and

M(C? T]’ /19) = maX{G(C7 T]? /19)’ G(C? TC? TT/)? G(n? TT]? Tﬁ)? G(/l97 T/l97 TC)}'
Then, T' has a unique fixed point.
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Proof. Let (y € Abe arbitrary. Define a sequence {(, } in Aby (,,s1 = T¢,, n =
0,1,2,--- . If (, = (11, then (, is a fixed point of 7. Now, assume that (,, #
<n+17 for all n. Let Qn = f(G(gnv Cn—‘rl) Cn+2))a n = 1a 27 3.

Now,
V(M (Cns Crr1s Cnra))) < O (M(Cns Crras Cnra)) + 4ar)
S w(f(G(TQ% TCH—O—l? TCTH-?))) - ¢ (M(Cm Cn—O—la Cn+2))
S w (0n+1) - ¢ (M(Cna CTL+17 Cn+2)) )

where

M (Cny Guy1s Cura) = maz{G(Cu; Gur1, Cnsa)y G(Gos TCny TCnpn),
G(Ct1, TG 1, TCri2)y GGy TCni2, TCa)}
= maz{G(Cn; Cnr1, Cnr2)s G(Cns Gurty Cut2),
G(Crt15 Cnr2, Cots)s GGty Cursys Cotr)

and, therefore,

f(M(Cm Cn-ﬁ-la gn—l—Q)) = maX{f<G(Cna Cn+17 Cn+2))7 f(G(Cn—&-l» Cn+2a Cn+3))}

= max{6,,0,.1}.

If 0,, < 0,11 for some n, then we have ¢ (6,,11) < ¥(0ni1)—& (M (Cay Crt1s Cri2))s
which gives that M ((,, (ni1, Cure) = 0, a contradiction, therefore 6,1 < 6,, for
all n. Thus, {6, } is a non-increasing sequence. Suppose that {6,,} is bounded
below; then there exists a real # such that lim 6,, = 6. Now,

n—o0

w(en) S ¢(0n+1) - ¢ (M(Cna gn-i—la Cn+2))

taking limit supremum on both sides, we have

lim sup 1/](971) < limsup ¢(6n+1) - hnlinf ¢ (M(Cna Cn+1, Cn-&-?))
n—oo n—oo n—o0

ie., 0(6) < $(6) — o (tminf M(Gr,Gui,Gusa))

which gives that lim inf M ({,, (nv1, (ure) = 0, therefore, by (F2)
n—oo
liminf f (M ((n, Gty Cuao)) = —00, ie., lim 6, = —oo. Hence by (F2),
n—oo n—oo

nlgrolo G(Cm Cn-ﬁ-l: gn-i—?) = 0. (2)
Since ¢, # (n+1 for every n, therefore, by (G £2),
f (G(gna Cna Cn+1)) < f (G<Cn7 Cn-‘rl? §n+2)) + o
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So, by using (2) and (F2), we have
Also, using Proposition 2.1, we have

nlggo G(Cn» gn-i-la Cn-f—l) = 0. (4)

Next, we prove that {(,,} is a G z-Cauchy sequence. Suppose not, then there exists
¢ > 0 such that we can find subsequences {(,, } and {(,, } of {(,.} such that my
is the smallest index for which m;, > n; > k£ and

G (Crgs Gm> Gmae) = € 5)
this means that
G (Cagr Cmp—1, Gmg—1) < €. (©6)

Now further, consider only those £ for which left-hand side of (6) is greater than
0, and clearly, such £ exists infinitely many.

Now,

w (f(M(anv ka*% kafl)) + 405)

= ¢ (f(G(TCm;? Tka—% Tka—l))) - Cb (M(an7 ka—Qv ka—l))

S w (f(G(<nk+17 ka—b (mk))) - qb (M(anv <mk—27 ka_l)) ’ (7)
where

M (Guy» Gmg—25 Cmp—1)
= max{G(an, kaf% kafl% G(an, T(nk, Tka,Q),
G(Gmy—2: TCmy—2: TGy —1)5 G(Cp—15 TComp—15 Ty )
= maz{G(Cuy» Cmy—2> Cmi—1)5 GGy Gt Gmp—1);
G(kaf% kafla ka>7 G(kafla kaa an+1)}' (8)

Also, using (G'#4), (3), and (6), we have

limsup f (G(Cmp—1, Gmg> Crgt1))

k—o00

S lim sup f(G<<nk+17 ana <nk) + G(anu kafla ka*1>

k—00

+ G(ka*h gmkfb ka)) +a
S hi:n sup f (G(ana ka—h ka—l)) +a

< fle) +a )
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Now, using (5), (G#4), and (G£2), we have
fle) < limsup f(G(Cay, Gy Gmy))

k—o00

(
< liin_:supf (G(Capr Crpt15 Gg1) + G(Crpt15 G Gy, )) + @
= lim sup f (G(anJrla kaa ka)) ta

(

k—o00

< lim sup f G(an+17 kaa kafl)) + 2a. (10)

k—o00

Now, using (10), (7), and (9), we have

W(fle) +20) < @ (lim sup f(G(Cuyt1, Cmy—15 Gy )) + 200+ 2a)

k—o0

IA

w (hin sup f(M(ana kaf27 kafl)) + 404)

IA

w (hiri)suP f(G(gnkJrla ka*lv ka))>
- h]gg})l.}f ¢ (M(Cnm ka—% ka—l))

V() + ) = ¢ (tminf M(Gups G2 G 1))
() +20) = & (Hminf M (G, Gny2: G 1))

IN

IN

This gives
llm lnf M(an7 ka—27 ka—l) - 07
k—o0
therefore, we have
h]?’_l)g;lf f(M(ana ka—Q’ gmk—l)) = _OO’

which gives a contradiction in view of (8) and (10). Thus {(,} is a G#-Cauchy
sequence in (A, G), but (A, G) is Gr-complete. Therefore, there exists b € A
such that lim,, ., ¢, = b.

Next, we prove that b is a fixed point of 7. Suppose that T'b # b, then

’QD (f(M(ba <n+17 Cn+2)) + 4@)
< 1/) (f(G<Tb7 T<n+17 TCn—i—Z))) - qb (M(b7 Cn—‘rh Cn-‘r?))
- ¢(f(G(Tb, Cn+27Cn+3>)) - (b(M(b? CnJrlaCnJrQ)) ) (11)

where

M (b, Guy1, Cur2) = maz{G(b, Gur1, Cut2)s G0, T, T (1),
G(Car1: TCri1 TGrv2), G(Coi2, TCni2, TH) }
= mar{G (D, Cuy1,Cnr2), G(b,TD, Coy2),
G(Ca15Cnr2, Cuta)s G(Cavas Gurs, TD)}
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Thus, by Proposition 2.6 and Proposition 2.7, we have

f (G(Tb7 bv b)) — 2« S hTIngolf f (M(bv Cn-’rla Cn+2)>
S lim sup f (M(ba Cn+17 Cn-l—?))

n—oo

< f(G(Tb,b,b)) + 2a. (12)
Now, using (11) and (12), we have

w(f(G(Tb, b, b)) + 204)
<y (nm sup (b, ooty o)) + 4a)

n—oo

< 6 (s F(GTD. G Gura)) ) = ninf (0,61, )

n—oo

< Y(F(G(TH,5,5)) +20) = ¢ (lminf M(b, Guir, Cura) )

It gives that
lim inf M(b, Cn—i—la Cn+2) - 07

n—oo

therefore, we have
higg.}f f(M(b7 <n+17 Cn+2)) = —0Q,

which gives a contradiction in (12); therefore, 70 = 0. Next we prove that the
fixed point of 7" is unique. For this, let ¢ be another fixed point of 7" such that
¢ # b. Then

M(b,b,c) = mazx{G(b,b,c), G(b,Tb,Tb), G(b,Tb,Tc), G(e¢,Tc,Tb)}
= max{G(b,b,c), G(b,b,b), G(b,b,c), G(c,c,b)}
= maz{G(b,b,c), G(c,c,b)}

= M(e,c,b). (13)
Therefore,
V(f(G(b,b,c)) < Y (f(M(b,b,c))+4a)
S ¢ (f(G(Tbv Tbv TC))) - ¢ (M(b’ b7 C))
= Y (f(G(b,b,c)) — & (M(b,b,c)). (14)

It gives that M (b, b, ¢) = 0, and hence G (b, b, ¢) = G(c¢,¢,b) = 0. Thusb = c. [
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4 Conclusion

With the aid of F-metric space, we have introduced a new generalization of
G-metric space, which we call GG z-metric space. We have also shown a compari-
son between GG r-metric space and several abstract spaces found in literature. This
newly defined abstract space is also studied in terms of some fundamental con-
cepts. In the framework of Gx-metric space, we have demonstrated the Banach
Contraction Principle and the fixed point result for (¢, ¢)-contractive mapping. In
this newly defined abstract space, fixed point results for different mappings exist-
ing in the literature and for some new mappings can be studied.
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